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Preliminaries

1 Poincaré and Sobolev Inequalities

Let E be a bounded domain in RY with boundary F. If f € LY(E) for some
1 < ¢ < o0, denote by || f|lq,E the LY(E)-norm of f over E. We also write || f||4
whenever the specification of the domain F is unambiguous from the context.
The function f € LL _(E) if || f|lq,x < oo, for all compact subsets K C E. For

loc

f € CHE) denote by Df = (fz,,. .-, fzy) its gradient and set

Iflhpie = I fllp.e +1Df

The spaces W1P(E) and WLP(E) for p > 1 are defined as

|p,E~

WYP(E)  the completion of C*(E) under || - ||1 .z
WLP(E) the completion of C°(E) under || - ||1 p:5-

Equivalently W1P(E) is the Banach space of functions f € LP(E) whose
generalized derivatives f;, belong to LP(F) for alli=1,..., N.

A function f € Wl})f(E) if || f]l1,p:x < oo for every compact subset K C E.

Let W1°°(E) denote the Banach space of functions f € L*°(FE) whose
distributional derivatives f,, € L*°(E), for i =1,..., N.

The space VVIECOO (E) is defined analogously.

Theorem 1.1 (Gagliardo—Nirenberg [71, 124]) Let v € WYP(E) for
some p > 1. For every s > 1 there exists a constant C depending only on
N, p, q, and s, and independent of E, such that

[[v

0.2 < ClDvl} vl 5 (1.1)

where a € [0,1] and p,q > 1, are linked by

(L1 1_1+1*1
“\s g N p s
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14 2 Preliminaries

and their admissible range is

if N=1, a €0 q € [s,0];

=)
> pts(p—1) 0

qG[s,NN—z)] ifsgﬂ,
if 1<p<N, «a€l0,1],

qe [ 5] if 52 2
2f1<N§p, aG[O,%), qG[S,OO).

Corollary 1.1 Let v € WYP(E), and assume p € [1,N). There ezists a
constant v = (N, p) such that

_ b
=N

[vllg.e < IDvlpe,  where  q (1.1
The boundary OF is piecewise smooth if it is the union of finitely many por-
tions of (N — 1)-dimensional hypersurfaces of class C1:*, for some A € (0, 1).

If OF is piecewise smooth, functions v in W1P(E) are defined up to OF
via their traces denoted by v | oE"

Theorem 1.2 Let OF be piecewise smooth. There exists a constant C' depend-
ing only on N,p and the structure of OF such that

[v

lg.08 < Cllvllwie(m),
where
ge [, B2L) if1<p<N
q € [1,00), if p=N.

If OF is piecewise smooth, the space W}P(E) can be defined equivalently as
the set of functions v € W?(E) whose trace on dF is zero.

Remark 1.1 The embedding inequalities of Theorem 1.1 and Corollary 1.1
continue to hold for functions v in W?(E), not necessarily vanishing on 0E
in the sense of the traces, provided OF is piecewise smooth and

/Ev(ar)dar =0.

In such a case the constant C' depends on s, p, ¢, N and the structure of OF.
However, it does not depend on the size of E, and in particular it does not
change by dilations of F.
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2 Cuts and Truncations of Functions in W'?(E) and
Their Embeddings

Let k be any real number and for a function v € W1P(E) consider the trun-
cations of v given by

(v k) = max{(v— k);0}
(v —k)- =max{—(v—k);0}.

Lemma 2.1 (Stampacchia [144]) Let v € WYP(E). Then (v — k)+ €
WYP(E) for all k € R. If in addition the trace of v on OF is essentially
bounded and

|V||o,0m < M for some M >0,

then (v —k)x € WHP(E) for all k > M.

Corollary 2.1 Let v; € WYP(E) fori=1,...,n € N. Then
w = min{vy,...,v,} € WHP(E).

For a function v defined in F and real numbers k < £, set

[v>{ ={x € Ev(x)>{}
[v<k]={z € Elv(z) <k}
[k <v<l]={zeElk<v(z) <}

For p > 0 and y € R, denote by B,(y) the ball of radius p centered at y,
and by K,(y) the cube of edge p, centered at y and with faces parallel to the
coordinate planes. If y is the origin, let B,(0) = B,, and K,(0) = K,,.

For a Lebesgue measurable set A C RV denote by |A| its measure.

Lemma 2.2 (DeGiorgi [36]) Let v € W (K,(y)), and let k < £ be real
numbers. There exists a constant v depending only on N,p and independent
of k,l,v,y, p, such that

N+1
p

=Rl >l <

|Dvl|dz. (2.1)

Remark 2.1 The conclusion of the lemma continues to hold for functions
v € WH(E) provided E is conver. It can be used for balls B,(y).

The embedding (1.1)" of Corollary 1.1 gives a majorization of the L4(E)-norm
of u solely in terms of the L?(E)-norm of its gradient. This is possible because
u vanishes on JF in the sense of the traces.

A Poincaré-type inequality bounds some integral norm of a function u €
WLP(E) in terms only of some integral norm of its gradient, provided some
information is available on the set where u vanishes.
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Proposition 2.1 Let E ¢ RN be bounded and conver and let ¢ € C(E)
satisfy

0<@<1, andthe sets[p > k] are convex for all k € R,.
Let v € WYP(E) and assume that the set
E=v=0N[p=1]

has positive measure. There exists a constant C' depending only on N and p
and independent of v and ¢, such that

1

» ' N v
</ <p|v|pd$> < C%(/ <p|Dvpdx) . (2.2)
E || E

Remark 2.2 Inequality (2.1) follows from this by applying (2.2) with p =1
and p = 1 to the function

~ fmin{v, ¢} -k ifv>k
Y=o if v <k

By Lemma 2.1 such a function is in WH1(E).

3 A Measure-Theoretical Lemma ([48])

Ifu e C(F)and u(y) = 1forsome y € E, for every o € (0, 1) there exists a ball
B,(y) C E,such that uw > 1—o in B,(y), with p being determined by ¢ and the
modulus of continuity of . A similar statement valid for measurable functions
follows from the Severini-Egorov theorem ([142], [64]), where, however, one
cannot, in general, quantify the size and shape of the neighborhood of y where,
roughly speaking, u is near 1. The following measure-theoretical lemma can
be regarded as a quantitative version of the Severini-Egorov theorem, for
functions u € W,"1(E).

loc

Lemma 3.1 Let u € WH(K),) satisfy

lullwrae,y < 9oVt and - |fu>1]] > ol K|

for some v >0 and o € (0,1). Then, for every § € (0,1) and 0 < A < 1 there
existy € K, and ¢ = e(, 8,7, \,N) € (0,1), such that

[u>AlN Kep(y)] > (1= 0)| Kep(y)]-

Roughly speaking the lemma asserts that if the set where u is bounded away
from zero occupies a sizable portion of K, then there exist at least one point
y and a neighborhood K.,(y) where u remains large in a large portion of
K.,(y). Thus the set where u is positive clusters about at least one point
y € K.
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Proof 1t suffices to establish the lemma for v smooth and p = 1. For n € N
partition K into nV cubes, with pairwise disjoint interior and each of edge
1/n. Divide these cubes into two finite subcollections Q* and Q~ by

QieQ" = |u>1nQ; > 5alQ;l
Q:eQ = |[’LL>1]0QZ|§%C¥|QZ‘
and denote by #(Q™) the number of cubes in Q™. By the assumption

S > UnQl+ X > 10Qi > alKi| = an®Q
Q;€QT QieQ~

where |Q| is the common measure of the ;. From the definition of Q*

o <y 2100 o [>1N00Q
Q,eQt Q5 Q/cQ- Qi
<#(Qh) + ( N —#(Q")).
Therefore o
#(QF) > n?. (3.1)

2—«

Fix 0, A € (0,1). The integer n can be chosen depending on «,d, A, v, and N,
such that

llu>ANQ;|>(1-19)|Q; forsome Q; € Q. (3.2)
This would establish the lemma for ¢ = 1/n. Let Q € Q7 satisfy
lu>ANQ[<(1-9)Q] (3.3)

We will show that for such a cube, there exists a constant ¢ = ¢(d, A\, N) such
that

1
ullw1(q) > ac(d, A\, N)—— oy (3.4)
From the assumptions
14+ A
eNnQ=oQ  amd |fu>—]0@)> Fal

For fixedz € [u < A|NQand y € [u> (1+X)/2]NQ,

ly—z|
el —u@) = [ Due+m) s

where
n=-"——  for z#y.
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Let R(xz,w) be the polar representation of dQ with pole at x, for the solid
angle w. Integrate the previous relation in dy over [u > (14+X)/2]N@Q. Minorize
the resulting left-hand side, by using the lower bound on the measure of such
a set, and majorize the resulting integral on the right-hand side by extending
the integration over ). Expressing such integration in polar coordinates with
pole at x € [u < AN Q gives

1— R(z,n) ly—z|
oll=2) Q| < / / rN1 / |Du(x + tn)|dt dr dn
4 nj=1Jo 0

R(z,n)
< NY2|| / | Du(z + tn)|dt dn
|n|=1J0

Du(z)|
= NN/2 / | dz.
|Q‘ 0 |Z—$|N_1 Z

Integrate now in dx over [u < A\] N Q. Minorize the resulting left-hand side by
using the lower bound on the measure of such a set, and majorize the resulting
right-hand side, by extending the integration to ). This gives
ad(l =) 1
— 0| < , 3 —d
e 1 < el | s

< ORI [[ullwq)

for a constant C'(N) depending only on N, thereby establishing (3.4).
If (3.2) does not hold for any cube Q; € Q*, then (3.3) and hence (3.4) is
verified for all such @;. Adding over such cubes and taking into account (3.1),

Oé2

2_QC(5,)\,N)H§ HUHWLI(IQ) <7. u
Remark 3.1 Following the various steps of the proof, the dependence of the
reducing parameter € on the measure-theoretical parameter «, and on the
constant v appearing in the assumptions of the lemma, can be traced to be

of the form ,

(0%
e=B1— 3.5
. (3.5)

for a constant B > 1 depending on 4, N, and A and independent of a.

4 Parabolic Spaces and Embeddings

For 0 < T < oo let Ep denote the cylindrical domain E x (0,7]. The space
L™(E7) for g,r > 1 is the collection of functions f defined and measurable

in E7 such that
e = ([ ([ 151002) 7)< .
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Also f € LET(Er), if for every compact subset K C E and every subinterval

[t1,t2] C (0,T] . )
/t (/K|f\qdw)gd7'<oo.

Whenever ¢ = r we set L?Y(Er) = LY(Er). These definitions are extended in
the obvious way when either ¢ or r is infinity.

We introduce spaces of functions, depending on (z,t) € Ep, that exhibit
different behavior in the space and time variables. These are spaces where
typically solutions to parabolic equations in divergence form are found.

Let m,p > 1 and consider the Banach spaces

V™P(Er) = L>(0,T; L™(E)) N LP(0, T; W'P(E))
VyP(Er) = L= (0, T3 L™(E)) N LP(0,T; W, (E))

both equipped with the norm

[ollvms(mr) = esssup [[v(, ) |lm,e + | Dvl[p,£r-
0<t<T
When m = p, set VPP(Erp) = VP(Er) and VPP(Ep) = VP(E7). Both spaces
are embedded in LY(Er) for some ¢ > p. In a precise way we have

Proposition 4.1 There exists a constant v depending only on N, p, m such
that for every v € V,""P(Er)

//ET [v(z, t)|%dx dt < 1 //ET |Dv(z, t)|Pda dt)

% (4.1)
esssup/ lv(x,t) \mdx
0<t<T
where
_ N+m
q=7p N
Moreover
[vllg,pr < Yl[vllvme(Ey)- (4.2)

Remark 4.1 The multiplicative inequality (4.1) and the embedding (4.2)
continue to hold for functions v € V"P(Er) such that

/ v(z,t)de =0 for a.e. t € (0,7)
B

provided JF is piecewise smooth. In such a case the constant v depends also
on the structure of F, but not on its size.

The next corollary follows from Proposition 4.1 by taking m = p and by
applying Holder’s inequality.
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Corollary 4.1 Let p > 1. There exists a constant v depending only on N
and p, such that for every v € VP(ET),

R
loll? 5y < ATl > 017 0] -
When m = p, Proposition 4.1 takes the form

Proposition 4.2 There exists a constant v depending only on N and p such
that for every v € VP(Er),

[v

lg.riEr < VIV[lve(Er),

where the numbers q,r > 1 are linked by

1 N N
ropg p*
and their admissible range is
if N=1, q € (p,oc], r € [p?, 00);

f1<p<N, qepgL], relpod;

if1<N<p, qelpo), re (&, ol

We conclude this section by stating a parabolic version of Lemma 2.1 and
Corollary 2.1 concerning the truncated functions (v — k).

Lemma 4.1 Let v € V™P(Er). Then (v — k)x € V™P(Er) for all k € R.
Assume in addition that OF is piecewise smooth and that the trace of v(-,t)
on OF is essentially bounded and

esssup ||[v(,t)||co,08 < M for some M > 0.
0<t<T

Then (v —k)y € VI™P(Er) for all k > M.

5 Some Technical Facts

5.1 A Lemma on Fast Geometric Convergence

Lemma 5.1 Let {Y,,} forn = 0,1,..., be a sequence of positive numbers,
satisfying the recursive inequalities

Y1 < CVMYHT
where C,b > 1 and a > 0 are given numbers. If
Y, < C*l/abfl/oﬁ,

then {Y,} — 0 as n — oo.
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5.2 An Interpolation Lemma

Lemma 5.2 Let {Y,} forn=0,1,..., be a sequence of equi-bounded positive
numbers satisfying the recursive inequalities

Y, <Cb"Y, 11,

where C,;b > 1 and « € (0,1) are given constants. Then

Y, < < ch)a.
< (s

Remark 5.1 The lemma turns the qualitative information of equi-bounded-
ness of the sequence {Y,,} into a quantitative a priori estimate for Y5,

5.3 Steklov Averages

Let v € LY(Er) and let 0 < h < T. The Steklov averages vp,(-,t) and vy, (-, t)
are defined by

1 t+h

—/ v(-,7)dr  for t € (0,7 — hl,
Vp = h t

0, for t>1T — h.

1 t

—/ v(,7)dr for t e (h,T],
. by

0, for ¢ < h.

Lemma 5.3 Let v € LY"(Er). Then, as h — 0, vy, — v in LY (Ep_.) for
every € € (0,T). If v € C(0,T; LY(E)), then vp(-,t) — v(-,t) in LI(E) for
every t € (0,T —¢) for alle € (0,T).

A similar statement holds for v;. The proof of the lemma is straightforward
from the theory of LP spaces.

6 Remarks and Bibliographical Notes

The proofs of the multiplicative embedding of Theorem 1.1 and the embed-
dings of Theorem 1.2, are in a number of monographs ([102, 114, 5, 42]).
The best constants in (1.1) are traced by Talenti [146].
Theorem 1.2 is due to Sobolev and Nikol’ski [143]. The dependence of the
constant C of the structure of OF is traced in [42].
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Poincaré first stated and proved the inequality that was later named after
him in [128]; he then gave a second and more refined proof in [129].

A thorough treatment of Sobolev inequalities and their connection with
Harnack-type estimates is in [136].

In the context of partial differential equations, the truncations (v — k)4
were introduced by Bernstein ([17]) and effectively used by Stampacchia
([144]) and DeGiorgi ([36]).

The proof of Lemma 2.1, on the truncations (v— k)4, is in [144]. A simpler
proof is reported in [76].

Inequality (2.1) is due to DeGiorgi [36] and it is referred to as a “discrete”
isoperimetric inequality. A continuous version is in [67].

The proof of Proposition 2.1 is in [101] and it follows essentially DeGiorgi’s
proof of Lemma 2.2.

A version of the measure-theoretical Lemma 3.1 was first established in
[63] for u € WhP(K,) and p > 1. Such a limitation on p was essential to the
proof. The proof presented here, taken from [48], removes such a restriction
and is simpler.

The parabolic spaces V™P(Er) and V,™P(Er) are generalizations of the
spaces V2(Er) introduced in [101]. The generalizations are introduced to track
down the notion of degenerate and singular parabolic equations. The embed-
dings of § 4 of these spaces are established in [41].

The proof of Lemma 5.1 on fast geometric convergence is in [36] and re-
ported in [102, 101]. A simpler proof is in [41].

The interpolation Lemma 5.2 is taken from [26, 27].

In a series of papers published at the beginning of the 20th century, Steklov
studied completeness problems, making a large use of integral averaging of
functions. This later prompted the use of the term Steklov averages.
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