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Abstract This chapter addresses the economic theory of electricity markets,
viewed from an idealized competitive equilibrium setting, taking into account
volatility and the physical and operational constraints inherent to transmission
and generation. In a general dynamic setting, we establish many of the standard
conclusions of competitive equilibrium theory: Market equilibria are efficient, and
average prices coincide with average marginal costs. However, these conclusions
hold only on average. An important contribution of this chapter is the explanation of
the exotic behavior of electricity prices. Through theory and examples, we explain
why, in the competitive equilibrium, sample-paths of prices can range from negative
values, to values far beyond the “choke-up” price—which is usually considered to
be the maximum price consumers are willing to pay. We also find that the variance
of prices may be very large, but this variance decreases with increasing demand
response.

1 Introduction

Electricity markets are intended to fulfill a range of goals: the pricing of electricity,
the prescription of supply and demand-side decisions, and the creation of incentives
for enhanced services and better technologies for electricity generation. The earliest
efforts at deregulation appear to have been in Latin America in the 1980s, and
subsequently in the UK in 1990. In the late 1990s, electricity markets were
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Fig. 1 Electricity prices in Texas and New Zealand in 2011

created in various US zones, such as in California, New York, New England, and
the Pennsylvania—Jersey—Maryland (PJM) interchange [33]. The last decade has
witnessed many changes in the design and organization of electricity markets both
within the United States and beyond.

An electricity market may be viewed as a coupling between two constrained and
highly complex dynamical systems, of which the first is purely physical while the
second is financial.

e The physical system is a complex network comprising of power flowing through
transmission lines, modulated by distributed generation units, Kirchhoff’s laws,
and operational and security constraints. Loads and generation are each subject
to uncertainty. The stability of this network relies on instantaneous balancing
between the production and consumption of electricity. Achieving this balance in
a constrained environment is challenging due to the combination of uncertainty
and a wide range of system constraints.

e The financial system is typically comprised of a coupled set of markets, such as
the forward, day-ahead, and real-time auctions. A sequence of market clearings
leads to an associated trajectory of electricity prices for a specific type of
auction. The financial system is also subject to both constraints and uncertainty:
Constraints from the market structure itself, and uncertainty in the form of
unpredictable fuel prices, volatility in demand, and supply-side stochasticity
(e.g., via wind-based resources). The dynamics of the financial system can be
dramatic: prices may vary by two orders of magnitude within short durations—A
few examples are shown in Fig. 1.

The presence of such complicating factors in these coupled systems, along with the
often orthogonal relationship between societal needs and the economic goals of the
market players, makes electricity market design a challenging proposition.

Given the importance of an efficient and reliable grid infrastructure, the modeling
and subsequent analysis of electricity markets has been a dominant area of re-
search. Static equilibrium analysis via competitive equilibrium models [14], supply-
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function models [2, 4, 19] and Nash—Cournot models [13, 23] has provided insights
regarding the nature of equilibria. Of these, supply-function equilibrium problems
often lead to infinite dimensional variational problems, but conjectured [10] and
parameterized [17] variants lead to more tractable problems. Extensions to more
representative regimes that incorporate forward and day-ahead markets were exam-
ined in [16, 28, 35]. Dynamic generalizations have seen far less study in strategic
settings, with recent work on dynamic Nash—Cournot models by Mookherjee
et al. [25] being an exception. In general, the implication of dynamics in market
analysis has received limited attention, in spite of the remarkable volatility seen in
electricity markets around the world. This chapter surveys modest beginnings in the
area of dynamic equilibrium analysis, drawing mainly from [6, 24, 30], following
Cho and Meyn [7,27], and also inspired by recent research reported in [18,31,36].

In the US, price swings observed in California in 2000-2001 are the most
famous examples of price volatility. A few years prior, unexpected and equally
dramatic price patterns brought down the Illinois electricity market [12]. More
recent examples are illustrated in Fig. 1. Shown on the left are prices in ERCOT
(the Texas market) for two days in 2011. January 31 was a typical day, with prices
ranging from a high near $80/MWh, and a low that was just below zero. Two days
later on February 2, 2011, unusually cold weather in Texas resulted in real-time
prices hitting the price cap of $3,000, which is about 100 times the average price
of $30/MWh. Shown on the right is a far more dramatic example drawn from New
Zealand in March, 2011, where electricity prices exceeded $20,000/MWh in one
region of the country, and remained near this extraordinary level for about 6 h. These
two incidents resulted in investigations in their respective communities [15, 32].
In New Zealand, the Electricity Authority has recently responded by retroactively
reversing the prices to roughly one-tenth of the peak value, since these high prices
threatened to “undermine confidence in, and . ..damage the integrity and reputation
of the wholesale electricity market.”

While it is possible that strategic behavior and manipulation resulted in the wild
price swings observed in Texas and New Zealand, in this chapter we demonstrate
that such price patterns are not inconsistent with the efficient competitive equilib-
rium, where such manipulation is ruled out by assumption.

In a broad survey of reliability and market issues in the grid [9], Joe Chow
and his coauthors assert that “System reliability is an integral part of a properly
designed deregulated electricity market, even though wholesale energy prices are
its most visible piece.” Models that capture dynamics, constraints, and volatility are
needed to gain any understanding of how to create markets that enhance reliability,
with stable price profiles, in the face of uncertain generation assets and volatile
demand. Understanding the coupled dynamics of the physical grid overlaid by a set
of sequentially occurring markets is especially important today: There are incentives
from the government to make wider use of “smart meters” to create a “smart grid.”
Concomitantly, there has been an impetus to install greater levels of intermittent
renewable energy from sun, wind, and waves, which will bring greater uncertainty
to the grid. Until some intelligence can be introduced to accommodate the increased
complexity and uncertainty that will come with these changes, we believe that the
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term entropic grid best describes the power grid envisioned by policy makers and
researchers today in 2011 [26]. A basic message to the power system community
is that while we recognize the potential benefits of the Smart Grid vision, we
must be aware of the potential issues arising from its entropic characteristics. With
proper design, this uncertainty can be reduced, and the term Smart Grid will be
justified.

The focus of this chapter is on developing models to capture the dynamics
associated with the market side of the entropic grid. Our goal is to contribute
to the understanding of the impact of dynamics, constraints, and uncertainty on
dynamic competitive equilibria; factors which we expect to become more acute
with the increased deployment of renewable resources. Such sentiment is aptly
conveyed by Smith et al. in the recent article [29], where the authors write that, “little
consideration was given to market design and operation under conditions of high
penetrations of remote, variable renewable generation, such as wind ... and solar
energy, which had not yet appeared on the scene in any significant amounts.” Our
approach is the development of models that are able to characterize the competitive
equilibria for a power network model that captures these complexities. This may be
regarded as a stepping stone toward the creation of reliable markets for a smart grid.

We present a competitive economic equilibrium model that refines standard
economic models (e.g., [1]), by including dynamics, uncertainty in supply and
demand, and operational constraints associated with generation and transmission.
Using a Lagrangian decomposition that is standard in static economic analysis and
certain dynamic economic analyses [8,22], we provide conditions for the existence
of a competitive equilibrium in this dynamic setting, and its optimality with regard to
suitably defined social planner’s problem (SPP). Many of the conclusions obtained
may be predicted from classical economic theory. In particular, under general
conditions, the average equilibrium price coincides with the average marginal cost.
However, in a competitive equilibrium, the sample path behavior can be as volatile
as seen in the examples shown in Fig. 1. Moreover, in the presence of transmission
constraints, equilibrium prices may become negative or they may exceed beyond the
“choke-up” price that was predicted in [7].

The chapter also contains a brief economic analysis of a market with mixed
generation sources, in which fast responding, expensive ancillary services are
available to improve reliability. We consider a single example based on [6], where
the solution to the “SPP” was obtained, but a market analysis was not considered.
We illustrate through numerical experiments that volatile price patterns result in
very large variance, which can negatively impact ancillary service providers. We
explore demand response as a potential solution and demonstrate its effectiveness
in reducing price variance, We contend that models and concepts surveyed in this
chapter will open new pathways for accommodating uncertainty, dynamics, and
strategic behavior in electricity market models.

The remainder of this chapter contains three additional sections and is organized
as follows. In Sect.2, we present the economic and physical models for the
electricity market players in a dynamic setting, and illustrate the models through
representative test case examples. We devote Sect.3 to the characterization of
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the competitive equilibrium of the dynamic electricity market model using a
control-theoretic scaffolding. In particular, we derive conditions for the existence of
a competitive equilibrium in terms of duality concepts from optimization theory. We
also prove the two celebrated theorems of welfare economics, thus establishing the
efficiency of market equilibria. In Sect. 4, we characterize the equilibrium prices for
the dynamic market, and show that average prices coincide with average marginal
cost under some general assumptions. However, the test case examples emphasize
the volatility observed in the sample paths of prices as well as the price range, which
reaches both negative and extremely large positive values. We provide concluding
remarks and final thoughts in Sect. 5.

2 Electricity Market Model

Electricity markets are driven by economic objectives of the market participants
as well as the reliability constraints associated with the physical limitations on
generation and transmission. Hence, we explicitly consider both the economic
objectives and the reliability constraints in our modeling.

The market model described here is a high-level abstraction of the electric indus-
try. It is an extension of the equilibrium models found in standard economic texts,
suitably modified to accommodate dynamics, physical constraints on generation
and transmission, and uncertainty in supply and demand. The model consists of
three “players”: As in typical economic analyses, the two main players are the
consumers and the suppliers representing the utility companies and generation
owners, respectively. For simplicity, we restrict the discussion to a single consumer
and a single supplier that, respectively, represent aggregation of all utility companies
and generators across the grid. The third player is the network. The network is
introduced as a player to capture the impacts of transmission constraints and exploit
the network structure. We can think of this third player as corresponding to the
independent system operator' (ISO) that operates the transmission grid in most
electricity markets in the world. In what follows, we discuss the modeling of the
three players and motivate the modeling aspects through examples.

2.1 The Players

The power grid is represented by a graph in which each node represents a bus (which
corresponds to a specific area/location), and each link represents a transmission
line. There are N nodes, indexed as {1,..., N}, and L transmission lines, indexed

I'The ISO is an entity independent of the consumers and the suppliers that coordinates, controls
and monitors a large electric power transmission grid and its associated electricity markets.
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as {1,..., L}. The network is assumed to be connected. A lossless DC model is
used to characterize the relationship between nodal generation and demand, and
power flow across the various links. For simplicity, throughout most of this chapter
we assume that at each node there is exactly one source of generation, and one
exogenous demand.

2.1.1 The Consumer

We denote by D, () the demand at bus n at time ¢, and by Ep,(t) the energy
withdrawn by the consumer at that bus. We assume that there is no free disposal
for energy, which requires that Ep,(t) < D,(t) for all ¢. At time ¢, if sufficient
generation is available at bus n, then Ep,(#) = D,(t). In the event of insufficient
generation, we have Ep,(t) < D,(t), i.e., the consumer’s demand is not met and he
experiences a forced blackout.

The consumer must pay for energy consumed: The price’ at bus n is denoted
by P,(t). We use D(t), Ep(t), and P(¢) to denote the associated N -dimensional
column vectors, and we use boldface font to denote the entire sample path. For
instance, P := {P(t) : t > 0}.

The consumer obtains utility for energy consumption and disutility when demand
is not met: This is modeled by the following two functions:

Utility of consumption: v,(Ep,(t)), (1a)
Disutility of blackout: c,?o (Dy(t) — Epn(1)). (1b)

The welfare of the consumer at time ¢ is the signed sum of benefits and costs:

Wo () := Y [va(Epa(1)) — e2°(Dy(1) = Epu(t)) — Pu(t)Epa(D].  (2)

n

2.1.2 The Supplier

We denote by Es,(¢) and Rs,(¢) the energy and reserve produced by the supplier at
bus n at time ¢. The generation capacity G s available online coincides with E's +
Rs. The operational and physical constraints on available generation are expressed
abstractly as

(Es.Rs) € Xs. 3)

These constraints include minimum up/down-time constraints, ramping constraints,
and capacity constraints imposed by the physical limitations on generation.

2Observe that prices may vary by the location. In the language of electricity markets, they are
locational prices.
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At each time ¢, the supplier incurs costs for producing energy as well as
maintaining reserves, which are represented as

Cost of energy: ¢E(Es, (1)), (4a)
Cost of reserve: ¢7(Rg,(1)). (4b)

The supplier at bus n receives the revenue P, Es,(¢) for producing energy. The
welfare of the supplier at time 7 is the difference between the supplier’s revenue and
costs,

Ws(1) 1= ) [ PuEsa(t) — ¢ (Esu(1)) — ¢ (Rs (1))] . )

n

2.1.3 The Network

The network player can be thought of as a broker, who buys energy from the supplier
and sells it to the consumer. The transactions brokered by the network player are
subject to the physical constraints of the transmission grid. The first constraint is
based on the assumption that the network is lossless, so it neither generates nor
consumes energy. Consequently, the network transactions are subject to the supply-
demand balance constraint,

1"Es(t) = 1"Ep(t) fort > 0. (6)

The next set of constraints are due to the limitations of power flow through
transmission lines. We adopt the DC power flow model [34] for the power flows
through the lines. Without loss of generality, bus 1 is selected as the reference bus
and the injection shift factor matrix H € [—1,1]"*! is defined. Note that H,,;
represents the power that is distributed on line / when 1 MW is injected into bus
n and withdrawn at the reference bus. If f,™® denotes the capacity of transmission
line / and H; € RY represents the /-th column of H, the power flow constraint for
line / can be expressed as

— /™ < [Es(t) - Eo(0))'H < f;™ fort = 0. @

We find it convenient to introduce a “network welfare function” to define a
competitive equilibrium for the dynamic market model. The welfare of the network
at time 7 represents the “brokerage charges” and is defined by

Wr(t) ==Y [ Pa(Epa(t) — Es,(1))] - ®)
n
The introduction of the network welfare function is purely for the sake of analysis. In
Sect. 3, we assume that the “network” maximizes its welfare, subject to the supply-
demand balance constraint (6), and power flow constraint (7) for each line /, which
are collectively summarized by the notation,

(Ep.Es) € Xr. )
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2.2 Test Case Examples

The following three examples are intended to illustrate the modeling conventions
described in the preceding section. We return to these in Sect.4 to illustrate the
conclusions of Sect. 3.

2.2.1 Example A—Single-Bus Model

In this simple model, there is a single generator, a single consumer, and no
transmission network. The exogenous demand D is scalar valued, and the supply-
demand balance constraints amount to E := Eg = Ep. This example is similar to
the model of [7].

We impose the simplest constraints on generation—those imposed by limitations
on ramping capabilities. The positive constants ¢+ and ¢~ represent the maximum
rates for ramping up and down the generators: For each #; > 7y > 0,

< Es(t1) — Es(t) n Rs(t1) — Rs(to) <+ 10)
I —1 Hh—1t

The constraint set Xg consists of all pairs (E g, Rs), which satisfy (10).
Piecewise-linear utility, disutility, and cost functions take the following form:

Utility of consumption: vE(t),
Disutility of blackout: ¢®® max(D(r) — E(z),0),
Cost of generation: cE(t) + cR(t), (11)

where v, ¢®°, and ¢ are positive constants. The parameter ¢ is the cost of outage
incurred by the consumers for each unit of demand that is not satisfied. This may be
tens of thousands of dollars per megawatt hour, depending on the location and time
of day. In typical static analysis, the quantity (v 4 ¢°) represents the maximum
price the consumer is willing to pay for electricity, and is known as the choke-up
price [7].

2.2.2 Example B—Texas Model
The network topology is shown in Fig. 2. There are sources of demand and supply
at each of the three nodes shown in the figure, and each node is connected to the

other nodes via transmission lines.
The supply-demand balance constraints (6) result in the single equation:

Esi(t) + Esa(t) + Es3(t) = Epi(¢) + Ep2(t) + Eps(t) fort>0. (12)
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Fig. 2 Texas model:
a three-bus network

Rs, Es, Line 1 \I;lne 2 Es; Re,
<—®
—
~— Line 3 >
Ep, Eps

Suppose that the impedances of all three transmission lines are identical. Further, the
arrows indicate the direction of power flow, which is assumed to be positive. Then
with bus 1 chosen as the reference bus, the injection shift factor matrix is given by

| 0 0 0
H=|-2-1-1]. (13)
—1-2 1

The power flow constraints for the three transmission lines are expressed as

ESl(t) — EDI(I)
— F™* < | Eq(1)— Epo(t) | H < F™ forz >0, (14)

Es3(t) — Ep3 (1)

where FM&X = [fT&X fT& f18] with f,"@ representing the capacity limit of
each line / = 1,2, 3 connected between nodes m and n. Then the network con-

straints set Xt consists of all sample paths (Ep, Es), which satisfy (12) and (14).

2.2.3 Example C—Primary and Ancillary Services

Although we have restricted the analysis to a single source of generation at each
node, the physical characteristics of generation may vary by node and also for
generators located at one node. In the case of two generation sources, and with
network constraints relaxed, we arrive at a model similar to the dynamic newsboy
model for generation introduced in [6].

Example C is used to illustrate the role of ancillary service in power systems
operation. In power markets operating in the world today, the forecast demand is
often met by a primary service—the cheapest source of service capacity—through
a prior contract. Nuclear and coal generators are typical primary service providers.
The deviations from forecast demand can be met through primary service, as well as
ancillary service. Ancillary service may be costly, but it can be ramped up/down at a
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Fig. 3 Primary and Ancillary
Service
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much faster rate than the primary service. Gas turbine generators are an example of
the more expensive, yet more responsive sources of ancillary service. The simplified
model for a system with primary and ancillary generators is depicted in Fig. 3.

We denote by Gp(f) and Ga(t) the available online capacity of primary and
ancillary generators at time ¢. Note that Gp(¢) represents the deviations in primary
service from the day-ahead schedules and, hence, can be less than zero while
Ga(t) = 0. The demand at time ¢ is given as D(¢) and the reserve at that time is,

R(t) = Gp(t) + Ga(t) — D(t), 1 > 0. (15)

The two sources of generation are distinguished by their ramping capabilities:
QS' , o {p and {, represent the maximum rates for ramping up and down the
primary and ancillary services, respectively. The ramping limits imposed on Gp(t)
and Ga(?) take the form similar to (10). We assume that ¢ > ¢ and &7 > ¢
to reflect the ability of ancillary service to ramp up faster than primary service.
Similarly, with ¢P and ¢? representing the per unit production costs of primary and
ancillary services, respectively, we assume ¢® > ¢P to emphasize that ancillary
service is more expensive than primary service.

3 Competitive Equilibria and Efficiency

The competitive equilibrium is used in economic analysis as a vehicle to study
the outcomes of a market under a set of idealized assumptions [1, 3, 22]. It is
characterized by the allocation of goods and their prices: for the given prices, each
player maximizes its welfare subject to constraints on production/consumption of
the goods. That is, the competitive equilibrium characterizes an allocation that is
optimal from the point of view of individual players. In this theory, the solution
to the so-called SPP serves as a benchmark and is an allocation of goods that
maximizes the economic well-being of the aggregation of all players, and is optimal
from the point of view of the entire system. This optimal solution is known as an
efficient allocation.

The fundamental theorems of welfare economics provide a strong link between
competitive equilibria and the SPP. The first theorem states that any competitive
equilibrium leads to an efficient allocation, while the second states the converse. In
this section, we revisit the concepts of competitive equilibrium and efficiency for the
dynamic electricity market model presented in Sect. 2, and establish the fundamental
welfare theorems for such a market.
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3.1 Preliminaries

The usual definition of a competitive equilibrium with two players is based on the
respective optimization problems of the consumer and the supplier. We adopt the
same convention in the dynamic setting, but we extend the equilibrium definition to
accommodate the third player—the network. In the dynamic setting, we adopt the
long-run discounted expected surplus as the consumer’s objective function. With
discount rate y, the long-run discounted expected consumer welfare is

Kp:=E |:/ e " Wh(1) dl‘:| .

The long-run discounted welfare of the supplier and the network are defined
similarly, denoted Kg, KT, respectively.

The consumer, supplier, and network each aims to optimize its respective mean
discounted welfare Kp, Kg, and Kt. In general, these quantities depend on the
initial condition of the system; we suppress this dependency whenever possible.

The assumptions imposed in this dynamic setting are intended to mirror those
used in equilibrium theory for static economic models. To emphasize the similari-
ties, we adopt the following Hilbert-space notation: For two real-valued stochastic
processes F and G, we introduce the inner product,

(F,G):=E [/ e_”tF(t)G(t)dt:|, (16)

and write F € L, if (F,F) < oo. For example, using this notation, we have
Kp = (Whp, 1), where 1 denotes the process that is identically unity. It is assumed
throughout that the components of the vector-valued processes {Ep, Es, Rs, P}
belong to L.

In the formal definition of a competitive equilibrium given in Definition 1 below,
the optimization problems of the supplier and of the network are each subject
to physical constraints. However, as in [7], the set of feasible strategies for the
consumer are not subject to the constraints on generation or transmission specified
in (3,9).

We impose several additional assumptions for the dynamic market model, each
of which is an extension of what is typically assumed in the competitive equilibrium
analysis of a static model.

(A1) Consumers and suppliers share equal information. This is modeled using a
common filtration: an increasing family of o-algebras, denoted H = {H; :
t > 0}. The demand process D, the price process P, and the decisions of the
consumer Ep and the supplier (E's, Rs) are adapted to this filtration.

(A2) The components of these vector-valued processes lie in L,: Consumer deci-
sions Ep, supplier decisions (E's, Rg), and the price process P. Moreover,
utility and cost functions are subject to quadratic growth: These functions are
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non-negative, and for each n, there exists k,, < oo such that for each scalar r,
and each e > 0,

va(e) < kn(14€%) cr(e) < ka(1+ €2,
) k(1477 ¢ < k(1 +77).
(A3) Prices are exogenous in the following sense: for each 7y > 0, the future prices

{P(t) : t > to} are conditionally independent of {Ep(?), Es(t) : t < to},
given current and past prices { P(¢) : t < fo}.

Under assumption (A3), also known as the price-taking assumption, no market
player is large enough to influence prices and, hence, market manipulation is
eliminated.

A competitive equilibrium for the dynamic market model is defined as follows.

Definition 1. A competitive equilibrium is a quadruple of process vectors: con-
sumed energy, supplied energy, supplied reserve, and energy price; denoted as
{ED. Eg, Rg, P}, which satisfies the following conditions:

b solves the consumer’s optimization problem:

Ej € aIgEmax(WD, 1). 17
D

(Eg, RS) solves the supplier’s optimization problem:

(Eg, RS) € argmax(Ws, 1)
ES’RS

subjectto  generation constraints (3). (18)

(Ep, EG) solves the network’s optimization problem with P* being the La-
grange multiplier associated with (9),

(Ep, Eg) € argmax(Wh, 1)
Ep.Eg

subjectto  network constraints (9). (19)

The consumer, supplier, and network are also subject to the measurability constraint
outlined in assumption (A1) in their respective optimization problems.

As discussed at the start of this section, to evaluate the market, we introduce
a social planner who aims to maximize the economic well-being of aggregate
representation of the players in the system. We stress that there is no actual
planner—this is another analytical device. The social planner uses the total welfare,
denoted by Wiet(?), to measure the economic well-being of the system with

Wiet(1) := Ws(1) + Who(1) + Wr(1) . (20)
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The total welfare can be expressed as

Wiat(t) = Y [va(Eoa (1)) = e (D) = Epy (1)) = c5(Es, (1)) = e} (Rs, (1))

n

which is independent of the price process.
The efficient allocation is derived by solving the SPP described at the start of this
section. It is formally defined as follows:

Definition 2. The SPP is given by

max (Wi, 1)
ED’ES'RS

subject to  generation constraints (3),

and network constraints (9). 21

Its solution is called an efficient allocation.

We assume that the SPP (21) has a solution, denoted by (E, E 5. R3).
Given these preliminaries, we have set the stage for the two fundamental
theorems of welfare economics, which link the above two definitions.

Theorem 1 (First Welfare Theorem). Any competitive equilibrium, if it exists, is
efficient.

Theorem 2 (Second Welfare Theorem). Ifa market admits a competitive equilib-
rium, then any efficient allocation can be sustained by a competitive equilibrium.

The proofs of these results are contained in Sect. 3.2 that follows.

3.2 Analysis

The main result here is Theorem 3 that characterizes the existence of a competitive
equilibrium. At the end of this section, we establish the first and second fundamental
theorems as corollaries to this result.

The analysis in this section is based on the Lagrangian relaxation framework
presented in [30]. Lagrange multipliers are scalar processes, denoted (A, u,+, "),
with A unconstrained, and with le+ (t) = 0 and p; (t) > O for all ¢ and /. These
processes are assumed to lie in L, and adapted to H (see (A1)). The Lagrangian of
the SPP is denoted as

L=—Wo1)+ (A, (I"Ep—1"Es)) + Y _(n]. (Es — Ep)" H — f™)
i

+> (uy.—(Es— Ep)" Hy — f™™). (22)
!
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A key step is to define the candidate price process P as

Pu(t) := (1) + Y (i () = ) Hiwo 120,02 1. (23)
i

The Lagrangian is then expressed as the sum of three terms, each of which is a sum
over the N nodes,

L==Y {(v(Ep)) —c®(D, — Ep,), 1) — (P, Ep,)}

— Y Py Esy) — (cF(Esy) + R (Rs). 1)} = Y (uf +pr. ™).
n 1

The first two terms correspond to —Wp and —Ws, respectively (the negative
consumer and supplier welfare functions), defined using the price P given in (23).
The dual functional for the SPP is defined as the minimum,

+ -\ .

The following weak duality bound follows since the minimization in (24) amounts
to a relaxation of the SPP (21).

Lemma 1 (Weak Duality). For any allocation {Ep, Es, Rs} and Lagrangian
multiplier (A, u, w=) with u ™, u= > 0, we have

— Wt 1) = h(A, ™, 7). (25)

We say that strong duality holds if we have equality in (25).
Theorem 3 characterizes the existence of a competitive equilibrium in terms of
strong duality.

Theorem 3 (Existence of Competitive Equilibria). The market admits a compet-
itive equilibrium if and only if the SPP satisfies strong duality.

Proof. We first prove the sufficient condition: strong duality implies existence of
competitive equilibrium. Since strong duality holds, we have

-~ Wt 1) =h(A, n T, 17). (26)

Suppose that the allocation { Ep, E s, Rgs} is feasible for the SPP. We then construct
a competitive equilibrium with price as given in (23).

The feasibility of the triple { Ep, E's, Rs} for SPP implies 1"Es(¢) = 1"Ep(¢t)
for all ¢, and hence
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L==Wea 1)+ ) (n) . (Es—Ep)'H — f;™)
l

+> (uy.—(Es — Ep) Hy — ™).
/

Furthermore, feasibility also implies — /™ < (Es(t) — Ep(1))"H; < f™, and
given the non-negativity of ™+, ™, we have

([,l,+, (ES — ED)TH] — flmax> <0, and ([,l,_, —(Es— ED)THI — f,max) <0.

Therefore, using (26), we have £ < h(A,u™, u™). But, by the definition (24), we
have £ > h(A, u™, u™), so that we obtain the identity,

ha,.pt.on™) = L. (27)

This identity implies that Ep maximizes the consumer’s welfare, { Es, Rs} maxi-
mizes the supplier’s welfare, and

(Wt (Es—Ep)'H — ™) =0, and (u ,—(Es— Ep)"H; — f™) =0.

Using the prices defined in (23), we compute the network’s optimization objective
as follows:

<Z [P.(Ep, — Esy). 1> = <Z [Z(M — ) Hiu(Ep, — ESn)} : 1>

n i
= <Z<u,+ +up) S 1>-
i

Note that the network’s objective function is independent of Ep and {Es, Rs},
which implies that the network welfare is maximized under the prices { P, }. Thus,
we conclude that P as defined in (23) is the equilibrium price as claimed and that
{Ep, Es, Rs, P} constitute a competitive equilibrium.

Next we establish the necessary condition: existence of a competitive equi-
librium implies strong duality. Suppose that {EQ, ES, Rg, P°} is a competitive
equilibrium. Then we know that {E}, E¢} maximizes the network welfare when
the price is P¢. The Lagrangian associated with the network’s optimization problem

is expressed as follows: For any ™, u~ > 0,

Lr=—) (P;.(Ep, — E§,) + (A ('Ep — VE9)) + ) (n (Es — Ep)’

n i

x Hp— f™) + > (uy . —(Eg — EB) Hy — ™). (28)
!
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The network’s optimization problem is a linear program and, hence, the optimum
{E} E "S} satisfies the Karush—Kuhn—Tucker (KKT) conditions. As a consequence,

associated with the constraints % = % = 0 at the optimum, there exist
n n
{A, uT, ™} such that

Po =24+ (n) — ) H:
/

that is, equilibrium price process P, satisfies (23). Moreover, by complementary-
slackness, we have

(A, (I'ES, — 1"E%)) = 0,
(IL+7 (EES - E))TH[ - f]max> = 07
(W™, —(Eg— ER)'H — f™) =0. (29)

Suppose that the dual function /() for the SPP is formulated using the multipliers
A, T, and p~ from the network’s optimization problem. Since {E ), s Rg, P°}
is a competitive equilibrium, E'fy maximizes the consumer’s welfare, and { EG, Rg}
maximizes the supplier’s welfare. Based on the form (23) for price process P¢, we
conclude that

{Ep. Eg, Rg} € argmin L.
Ep.Eg.Rg

Substituting {Ep, Eg, Rg} into (22), and applying the complementary slackness
conditions from (29), we have

~Wiot: 1) = h(A, 7).

That is, strong duality holds. O
We stress that Theorem 3 characterizes prices in any competitive equilibrium.

Corollary 1. The only candidates for prices in a competitive equilibrium are given
by (23), based on the optimal Lagrange multipliers.

Proof. This is because only the optimal Lagrange multipliers could possibly lead to
strong duality. O

Thus, Theorem 3 tells us that computation of prices and quantities can be decoupled:
The quantities {Ep, Es, Rs} are obtained through the solution of the SPP, and
the price process P is obtained as a solution to its dual. The following corollary
underlines the fact that if P¢ supports one competitive equilibrium, then it supports
any other competitive equilibrium.

Corollary 2. If {E}, Eg, Rg, P'} and {E}, ES, R, P} are two competitive
equilibria, then {E%, E%, R%, P'} is also a competitive equilibrium.
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Proof. Due to the necessary condition of Theorem 3, there exist Lagrange
multipliers (41, u?’, ) and (Ao, [,L;_ , ;) corresponding to the two equilibria,
such that

hA, 1 m)) = =(Wioti, 1) = —(Wien, 1).

By the sufficient condition of Theorem 3, any of these price and quantity pairs
satisfying strong duality will constitute a competitive equilibrium. O

Proof of Theorem 1. From the proof of necessary condition of Theorem 3, for any
competitive equilibrium {Ef), E§, R§, P¢}, there exist dual variables (A, u+, ™)

such that
h(lv I’l'+s ”’_) = _(Wtotv 1)

From weak duality (25), we know that both the SPP and its dual problem are

optimized. Therefore, {Ef, Eg, Rg} is an efficient allocation. O

Proof of Theorem 2. We assume that a competitive equilibrium exists. Then
applying Theorem 1, there exists at least one equilibrium price process P¢ that
supports one of the efficient allocations. By Theorem 3, the existence of competitive
equilibrium implies strong duality. Consequently, from the sufficient condition of
Theorem 3, any of these price and quantity pairs satisfying strong duality will
constitute a competitive equilibrium. In other words, the price P¢ supports all
efficient allocations. O

4 Equilibrium Prices for the Test Cases

The dynamic electricity market model of Sect.2 is an appropriate representation
of a competitive market as analyzed in a standard economics text. The dynamic
nature of the constraints on generation may lead to volatile prices that negatively
impact the consumers, the suppliers, or both. The sample path behavior of prices in
a competitive equilibrium can look as erratic as the worst days during the crises in
Illinois or California in the 1990s, or in Texas and New Zealand during the early
months of 2011.

In this section, we characterize the equilibrium prices for the test case examples
presented in Sect. 2.2 using the Lagrangian relaxation framework of Sect. 3. We find
that even in the dynamic setting, market outcomes reflect the standard conclusions
for efficient markets: Prices equal marginal costs, but only on average. We also
illustrate how binding transmission constraints can result in prices that are negative
or that exceed the choke-up price. Finally, we investigate the characteristics of
prices for fast responding, expensive ancillary services introduced in Example C
and show, through numerical experiments, that volatile price patterns result in very
large variance of price.
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4.1 Single-Bus Model

Here, we investigate sample path prices and their mean value for Example A—
the single-bus model. Recall that the generation constraint set Xg is defined by the
ramp constraints (10), and piecewise-linear forms are assumed for the utility and
cost functions. Also, supply-demand balance necessitates that £ := Eg = Ep.

A special case of Example A is the model of [7], wherein the equilibrium price
is obtained as

Pe(t) = (v + c®)I{R*(r) < 0}, (30)

with R* denoting the reserve process in the solution of the SPP. The quantity (v +
) is the choke-up price, which can be extremely large in a real power system.
Consequently, equilibrium prices show tremendous volatility. However, when initial
reserves are sufficiently large, the average price coincides with marginal cost ¢ for
generation, in the sense that

yE [/ e V' P(1) dt} =c. 31)

These conclusions were first obtained in [7] through direct calculation, based on

specific statistical assumptions on demand. We show here that the same conclusions

can be derived in far greater generality based on a Lagrangian relaxation technique.
We first establish the formula for P°.

Proposition 1. Suppose that (E*, R*) is a solution to the SPP that defines a
competitive equilibrium with price process P¢. Then

P(t) = Vv (E*(t)) + Ve (D(t) — E* (1)), t > 0. (32)

Proof. In the single-bus model, we have Wp(t) := v(Ep(t )—cb°(D t)—Ep(t))—
f. g

P¢(t)Ep(t). The result (32) follows because E* = Ep in the competitive
equilibrium, and the consumer is myopic (recall that the consumer does not consider
ramp constraints). O

To find the average price, we consider the supplier’s optimization problem. We
then consider a Lagrangian relaxation, in which the constraint Es(0) + Rs(0) = go
is captured by the Lagrange multiplier v. The Lagrangian is denoted,

Ls(Es, Rs,v) = E[/e_”Ws(l)dt} —V[Es(0) + Rs(0) — gol. (33)

The following result is a consequence of the local Lagrange multiplier theorem [21,
Theorem 1 of Sect. 9.3].

Lemma 2. Let Xéo C Xg represent the set of feasible (Eg, Rs), subject to the
given initial condition go. Suppose (EE’, RE’) maximizes Ls(Es, Rs,0) over the
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set Xg). Then there exist v* € R such that (Eg), Rgo) maximizes Ls(Es, Rs,v™)
over the larger set Xs.

The next result is a construction required in the application of the local Lagrange
multiplier result of Lemma 2.

Lemma 3. Suppose that (Es, Rs) € Xs. Then there exists a family of solutions

{(ES, Rs) : |a| < 1} C Xs satisfying E§(0) = max(Es(0) + «,0); [EZ(t) —

Es(t)| < || for all t; and, lim L(E&(t) — Es(1)) = 14 (t) :=={Es(1) > 0} for
o—>

t>0.

The extension of the average-price formula (31) is obtained on combining these
results:

Theorem 4. Suppose that (E*, R*) is a solution to the SPP that defines a
competitive equilibrium with price process P¢. Suppose that E*(0) > 0. Moreover,
assume that the following strengthening of (A2) holds: The cost function satisfies
cB(e) + |VcEB(e)| < ko(1 + €?) for some ko > 0 and for all e > 0. Then,

E[/ooe_y’lg(t)Pe(t)dt} = E[/we—yflg(r)vcf (E*(t))dt}—}—v*, (34)
0 0

where v* is the sensitivity term from Lemma 2.

Proof. Under the assumptions of the theorem, the Lagrangian Ls(E, R*,v) can
be differentiated by « so that

iCS(E‘)‘, R* v =E [/ e_”’il/\/g(t) dt} — iv*[E‘)‘(O) + R*(0) — gol,
do do do
(35

where Wg (1) == P°(t)Eg(t) — CE(Eg (1)) — c¢R(R*(¢)). In this calculation, the
square integrability assumption and bounds on ¢F justify taking the derivative under
the expectation and integral in (33).

Then the result follows from two facts. First, the optimality of the Lagrangian at
a = 0 gives %ES(E“, R*,v) = 0 for @ = 0. Second, application of Lemma 3
followed by the chain rule gives,

d
aWg(t)‘azo =15 (0)(PC(0)E* (1) — VB (E*(1))).

Evaluating (35) at @ = 0 then gives the desired result. O

Thus, we can establish an extended version of (31). The average price depends
on the initial value gy, and this dependence is captured through the sensitivity term
v*. When ramping down is unconstrained, v* > 0.
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4.2 Network Model

We now study the network-based dynamic market model introduced in Sect. 2. In
general, the analysis of this model is complicated by the constraints imposed on the
transmission lines, in addition to the dynamic constraints on generation. Therefore,
we look for appropriate relaxations to proceed with the analysis.

The relaxation introduced here is based on the assumption that the network
and the consumer are not subject to dynamic constraints. Consequently, these two
players are myopic in their respective optimization problems. On the other hand, the
dynamic nature of the generation constraints restricts the supplier and, consequently,
the social planner from adopting myopic strategies in their optimization problems.

To characterize the equilibrium prices, we introduce a market without any
suppliers. It is a fictitious model introduced solely for analysis:

Definition 3. The $-market is defined as follows:

(i) The models for the consumer and network players are unchanged. The supplier
model is modified by relaxing the operational/physical constraints (3) on
(Es, Rs).

(ii) The welfare functions of the consumer and the network are unchanged.
The welfare function of the supplier is identically zero. This is achieved by
overriding the production cost functions as follows:

BB (Es,(1)) = PL(1)Esn(t),  c8(Rs, (1)) = 0. (36)

Since the welfare function Wg for the supplier is identically zero, the
$-market essentially reduces to a model consisting of two players: the consumer
and the network. We find that the equilibrium for the original market provides an
equilibrium for this two-player market.

Lemma 4. A competitive equilibrium for the original three-player market is a
competitive equilibrium for the two-player $-market.

Proof. Let {EQ, E, Rg, P°} be a competitive equilibrium of the original three-
player market. Clearly, the triple { E}), E'§, Rg} satisfies the supply-demand balance
and the network constraints, and maximizes the consumer and the network welfare
functions under price P¢. Since the supplier’s welfare Wg is always zero by
assumption, we can view the pair { Eg, R} as maximizing the supplier’s welfare in
the $-market. Thus, the lemma holds. O

Therefore, all equilibrium prices P¢ in the original market model support a
competitive equilibrium in the $-market. Hence, we can hope to extract properties
of P¢ by analyzing the simpler $-market model. This is the main motivation behind
the introduction of the $-market.

Recall that in the single-bus model, the characterization of the price in (32) was
based on the assumption that consumers are not subject to dynamic constraints and
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are hence myopic. Lemma 5, which follows from the definition of $-market, justifies
the same approach to analyze the network model.

Lemma 5. All players, as well as the social planner, are myopic in the $-market.

Hence the optimization problems of the consumer and the network in the $-market
are reduced to a “snapshot model” in which we can fix a time ¢ to obtain properties
of P°(t), exactly similar to the derivation of (32).

With time ¢ fixed, we can suppress the time notation so that the snapshot version
of the SPP is given as the maximization of the total welfare Wt%t with

WE, = Z[v,, (Epy) — ¢®(D,, — Ep,) — P¢ Es,,], 37)

n

subject to the following constraints:

1TES = 1TED <~ A,
—fM&X < (Eg — Ep)'H; < ™ < pr,uf >0 foralll,
0< Ep, <D, <, >0 for all n.
A, ,ul_,p,f', n,.n! are Lagrange multipliers associated with the corresponding

constraints. The Lagrangian of the SPP for the $-market is the function of static
variables:

L% =— W + A(I"(Ep — Es)) + Y _ ' [(Es — Ep) Hy — f™]
I
+ Y i [=(Es — Ep) Hy — f™]+ Y nf(Eow — Da) = > 0 Eon.
l n n
(38)
For the fixed time ¢, we characterize the nodal price P¢ as follows.

Proposition 2. Consider the SPP for the $-market with welfare function defined
in (37). Suppose that 1}, ,ul+, n, .0, are the non-negative, optimal solutions to the
dual with Lagrangian (38). Then the equilibrium price has entries given as follows:
Forn=1,...,N,

P¢ = Vv,(E,) + Ve°(D, — ES,) + A, (39)
0, 0< Ep, < D,,
where A= {—nt, Ef =D,
77;’ Elgn = 0’

and EY, is the energy consumed in the equilibrium.
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Proof. Since {Ep, Eg, RS, P°} is a competitive equilibrium for the $-market,
{Ep, E g} maximizes the SPP for the $-market. By the KKT conditions, we obtain

oL . . _
0= g == Vwn(Ep,) - Vel (Dy — Ef) + A+ Y (g, — tih) Hi
n 1
+0y =,
are _

l

On summing these two equations, we obtain
P! = Vv,(Eg,) + Vel (D, — E§,) —nf + 1, .
The proposition follows from the complementary slackness conditions. O

Note that result (39) holds for all equilibria in the two-player $-market.
Consequently, from Lemma 4, it holds for all equilibria in the original three-player
market. Although it appears from (39) that prices depend upon the actions of the
players, this is not the case. Similar to the Proposition 1, we can write the price as

Py (t) = Vva(Eg, (1)) + Ve (Du(t) — Eg, (1)) + A™ (1), (40)

where { EJ (¢)} and, consequently, A*(¢) are obtained from the solution of the SPP.

To apply Proposition 2, we must identify the parameters {n,,n;}, which
represent the sensitivities of the SPP solution with respect to the constraints Ep, > 0
and Ep, < D, respectively. Next, we motivate the price computations through
numerical examples.

4.3 Texas Model: Range of Prices

We revisit Example B to illustrate the application of Proposition 2. We show how
prices in a network with binding transmission constraints can go below zero or well
above the choke-up price.

For the Texas model shown in Fig. 2, we assume that a single supplier is located at
bus 1 while buses 2 and 3 are load buses. The buyer has linear utility of consumption
and disutility of blackout (1b) at buses 2 and 3, with identical parameters v and c®°.
With identical impedances for the three transmission lines and bus 1 chosen as the
reference bus, the injection shift factor matrix H is given by the expression (13).

We assume that the supporting price P{ at bus 1 is zero, and that this is true
not only for the snapshot values { Ep;, Es;, Rs;} and parameters { fi}“ax}, but also
for all values in a neighborhood of these nominal values. This is not unreasonable
based on the results of Sect. 4.1 if the reserves are strictly positive at bus 1. Under
these assumptions, we can then compute the prices Py and Py at buses 2 and 3,
respectively, using the $-market introduced in Sect. 4.2.
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Recall that the supplier’s welfare function is identically zero in the $-market.
Suppose that D, = 170 MW and D3 = 30 MW. Then the snapshot SPP for
the $-market is

min — [v(Epz + Ep3) — ¢P°(200 — Ep; — Ep;3) ]
subject to Esi = Epy + Eps

2 1
-0 = Ep + 2 Eps = [T

3 3

IA

1 1
e gEDz - gEDS < i

1 2
— fiyex §E02 + gEm < i3

0 < Epy <170, 0 < Ep3 < 30.

IA

IA

4.3.1 Negative Prices

Assume that f;7% = 40 MW, while the other two lines are unconstrained. Solving
the SPP for the $-market we obtain Ep, = 150MW and Eps; = 30 MW, and we
find that the limit f;7%* = 40MW is reached. Since 0 < Ep, < D, we have
P§ = v + ¢ by Proposition 2.

For a given € € R, we perturb the constraint on Eps3 to obtain 0 < Ep3 < 30 +e.
On re-solving the SPP, we obtain Ep, = 150 + € MW and Ep; = 30 4+ ¢ MW.
Applying Proposition 2, Py is given by the limit

P iz vt ¢ 4 lim —(180 4 2€)v + (20 — 2¢€)cP° 4 180v — 20cP° '

e—0 €

That is, P{ = —(v + ¢°), which is clearly negative.

4.3.2 Prices Exceeding the Choke Up Price

Assume that fl'_lfax = 50 MW, while the other two lines are unconstrained. Again,
solving the SPP for the $-market gives Ep, = 150 MW and Ep; = 0 MW with the
limit 7% = 50 MW being reached. Proposition 2 gives P{ = v + ¢ since 0 <
ED2 < Dz.

For a given € € R, we perturb the constraint on Eps3 to obtain 0+ € < Epz < 30.
On re-solving the SPP, we obtain Ep, = 150 — 2¢e MW and Ep3; = ¢ MW. Again,
applying Proposition 2, Py is expressed as a limit

—(180 — 20 bo 4 180v — 20cP°
. v+cb°+lin(1) ( €)v + (20 + €)c™ + 180v i
€—> €

Thatis, P{ =2(v+ cbo), which is twice the choke-up price.
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Thus, when the transmission constraints come into play, the equilibrium prices
are spread over a wide range, encompassing values well below zero as well as values
far exceeding the choke-up price.

4.4 Ancillary Service Prices

Given the volatile nature of prices in the dynamic setting, we are interested in
understanding the implications of volatility on the providers of ancillary service.
The results presented in the preceding sections can be adapted to a market setting in
which a number of services can be used to meet the demand.

Here, we restrict to the model of [6] presented in Example C of Sect.2.2. We
consider two sources of generation—primary and ancillary—whose instantaneous
output at time ¢ is denoted by G () and Ga(?), respectively. For simplicity, we focus
on the case in which ramping down is unconstrained, i.e., é‘p_, &y = oo.

We assume that the consumers exhibit demand-response capabilities: certain
loads can be turned off to maintain supply-demand balance in the event of reserves
shortfall. When the demand exceeds the available supply, loads with demand
response capabilities are the first ones to be turned off. If the load of the responsive
consumers can sufficiently cover the reserve shortfall, the price is set by the cost
of demand response. Otherwise, forced blackout occurs and the price equals the
choke-up price. Since the cost of demand response is typically lower than the cost of
blackout, the price when the supply deficiency can be covered by demand response
is lower than that if demand response was unavailable. Thus, demand response acts
as a cushion between the normal secure operations and the blackout. We refer the
reader to [20] and the references therein for more details on demand response.

In our model, we use 797 to denote total load of the consumers with demand

max
response capability. That is, we have forced blackouts only if R(z) < —79" . In this

max*
example, we convert the SPP into a cost minimization problem, in which the cost
function on (GP, G2, R) has the following form: For ¢ > 0,

C(t) = cPGp(t) + PGalt) + (™ — cMI(R(t) < -3 ) + cI(R(?) < 0),
where ¢P, ¢? represent the per unit production costs of primary and ancillary
services, respectively, ¢?" is the cost of demand response-based load shedding and
PO is the cost of blackout [6].

To investigate the impact of prices on the ancillary service providers, we simulate
the market based on a controlled random-walk (CRW) model for demand, where
D(t) has the form,

Dk +1)=Dk)+EK+1), k>0, D) =0,

in which the increment process £ is a discrete-valued, bounded, i.i.d. sequence, with
marginal distribution symmetric on {£1}. The reserve R is modeled in discrete
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Fig. 5 Average prices and variance of P¢

time using the expression (15). The other parameters used are as follows: ¢? = 1,
¢® =20, ¢™ =100 and ¢ = 400. The ramp-up rates are taken as {;~ = 1/10 and
H=2/5.

We describe results from experiments using threshold policies, based on two
thresholds (7P, 72). Under the policy considered, primary service is ramped up
whenever R(¢) < #P. Similarly, ancillary service is ramped up whenever R(f) < 2.
The simulation experiments from [5] were conducted in discrete-time: The discount

factor B = 0.995 used there corresponds approximately to the discount rate
y = 0.005 in (21). We refer the reader to [5] further details about the threshold
policy.

We find the “best-threshold” by approximating the discounted cost by the
standard Monte—Carlo estimate. We use ¢ and 797 as simulation parameters to
study sensitivity of average prices to demand response capabilities.

In Fig. 4, we plot the optimal thresholds for primary and ancillary service against
the demand response capacity 737, . Note that the optimal threshold for primary
service is much higher than that of ancillary service, since primary service ramps up
slower than ancillary service and is less expensive. The low sensitivity is consistent
with the conclusions of [6].

The average price for primary service, and the conditional average price for
ancillary service are shown in Fig. 5, for different values of 79", . The average price
E[P¢] = cP is consistent with the conclusions of [7] and Theorem 4 (recall that G,

is not sign-constrained). The conditional average ancillary service price is given by

oo

00 —1
E[P¢|Ga > 0] = UO e P ()(Galt) > 0) dt:| [/O e I(Galt) > 0) dt:| .
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The results shown are consistent with (34): It appears that when 797 > 3, v* ~
5(fiy° e U(Ga(r) > 0) dr ).

Also shown in Fig. 5 is a plot of the variance of the equilibrium price with respect
to 7.9 . We see that the price variance drops dramatically with an increase in the
demand response capacity, even though the optimal reserve thresholds are virtually
unchanged.

Recall that the prices for primary and ancillary service are identical. However,
the bulk of primary service is allocated in the day ahead market. Consequently,
ancillary service, such as provided by gas turbines, will be exposed to much greater
variability in the efficient market outcome. We hypothesize that high risk and low
average prices may drive generators out of business. Market operators and regulators
should consider such consequences when designing electricity markets.

5 Conclusions

In this chapter, we have described a framework for constructing dynamic models
for electricity markets, and methods for characterizing the resulting competitive
equilibria. The dynamic model is constructed using techniques well-known in the
control community and can effectively handle the underlying physics of the power
system while taking into account the economic aspects of electricity trading.

Competitive equilibrium theory has elegant mathematical underpinnings, and
gives some insight into market outcomes. For example, volatile electricity prices
seen throughout the world today are not surprising, given the theory surveyed in
Sect. 4.

However, just as in equilibrium theory for control (as taught in senior-level
undergraduate electrical engineering courses), an equilibrium is an extreme ide-
alization, intended merely as a starting point for understanding market behavior.
In particular, (A1) is rarely strictly valid: consumers and suppliers do not share
the same information. The price taking assumption in (A3) does not hold in
real-life energy markets. The quantitative formulation of “cost” in the SPP requires
more careful consideration to capture a broader range of issues: In our discussions,
we have ignored environmental impact and other long-term costs [11].

We urgently need to think about market design as engineers think about control
design: How can we formulate market rules that assure reliability on a range of
time-scales, provide incentives for new technology that is inexpensive in terms of
cost and environmental impact, and adapt to an evolving environment and populace?

We hope that the ideas described in this chapter will form building blocks for
addressing these questions; our ambition is to create a richer science for the design
of smarter energy networks.
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