Contents

Preface . ... ... . . vii

Part I Introduction through Examples

1 Plane Curves . ........... i e 3
Ll COmiCS . oot 3
1.2 Singularities . . ... ..ottt 5
1.3 Bézout’sTheorem ............ ...t 7
14 CUbICS . .ot 9
1.5 Genus2and 3 ... 11
1.6 Hyperelliptic Curves .. ...ttt 14

Part IT Sheaves and Geometry

2  Manifolds and Varieties viaSheaves . . .......... ... ... ... ... ... ... 21
2.1 Sheavesof Functions ............... .. ... ... ..., 22
2.2 Manifolds .. ... 24
2.3 Affine Varieties . ...t 28
2.4 Algebraic Varieties ... ........uuuinii i 32
2.5 Stalks and Tangent SPaces ... .........ouiiiinneeeennnann. 35
2.6 1-Forms, Vector Fields,and Bundles .......................... 41
2.7 Compact Complex Manifolds and Varieties ..................... 45

3 MoreSheaf Theory......... ... ... .. 49
3.1 The Category of Sheaves ..............ooiiiiiiiineeinnnn.. 49
3.2 EXACLSEQUENCES ..ottt ettt et et 53
3.3 AffineSchemes ......... .. ... . 58
34 Schemesand Gluing . ...........o ittt 62
3.5 Sheavesof Modules ............. ... .. i 66
3.6 Line Bundles on Projective Space ............................. 70
3.7 Directand InverseImages .......... ... ..., 72
3.8 Differentials .. ........... 76

ix



Contents

Sheaf Cohomology .......... ... ... . i 79
4.1 Flasque Sheaves. ... .......uuuuuuun it 79
4.2 Cohomology . .....ooii i 81
43 SoftSheaves........ ..ot 86
4.4 C”-Modules Are Soft . ... 89
4.5 Mayer—Vietoris SEqUENCe . . . .. ...ttt 90
4.6 Products™ .. ... .. e 93
De Rham Cohomology of Manifolds . ............................. 97
5.1 AcyclicResolutions .............cooiiiiiiiiiiiiiiii 97
5.2 DeRham’s Theorem .......... ... iiiiiiiiiniiiiinnna.. 100
5.3 Kinneth’sFormula . ........ ... ... ... 102
5.4 Poincaré Duality ...........ooiiin i 105
5.5 GySINMaps ..ottt 108

551 Projections...........oouiiiiiiiiiiii 109

552 INCluSiONS .. ...ttt 110
5.6 Fundamental Class .......... ... ittt 111
5.7 Lefschetz Trace Formula ......... ... ... .. ... . oot 113
Riemann Surfaces.......... ... ... . . ... 117
6.1 GeNUS ..ottt 117
6.2 9-CohOMOIOZY . ...ttt e 122
6.3 Projective Embeddings ........... ... i 126
6.4 Function Fields and Automorphisms .......................... 130
6.5 Modular Formsand Curves .................coiiiiiiiiiia... 133
Simplicial Methods . . .............. ... ... . i 137
7.1 Simplicial and Singular Cohomology . ......................... 137
7.2 Cohomology of Projective Space.................. ..., 142
7.3 Cech COROMOIOZY . . . ..o ottt 144
7.4 Cech Versus Sheaf Cohomology . ...............couueeueen... 147
7.5 FirstChern Class ... ...oouuun it 150

Part III Hodge Theory

8

The Hodge Theorem for Riemannian Manifolds ................... 157
8.1 Hodge Theory on a Simplicial Complex........................ 157
8.2 HarmonicForms ........ .. ... ... ... .. .. . . .. 159
8.3 The Heat Equation™® ....... ... . ... . i, 163
Toward Hodge Theory for Complex Manifolds .................... 169
9.1 Riemann SurfacesRevisited.................................. 169
9.2 Dolbeault’sTheorem. ......... ...t 172

9.3 ComplexX TOTri . . .ovt ettt e e 173



Contents xi

10

11

12

13

14

Kahler Manifolds . .......... ... ... . ... . . 179
10.1 Kéhler Metrics . . . ..o oottt 179
10.2 The Hodge Decomposition. . ... ........ooveiiiiinneeennnn... 183
10.3 Picard Groups ... ...ttt e e i 187
A Little Algebraic Surface Theory ............................... 189
T1.1 EXamples . ..ot e e e 189
11.2 The Neron—Severi Group .. .........vuiiiiiiniineennnennn.. 193
11.3 Adjunction and Riemann—-Roch............ ... ... ... ..... 195
11.4 The Hodge Index Theorem. ........... ..., 198
11.5 Fibered Surfaces™ .......... ... .. 200
Hodge Structures and Homological Methods ...................... 203
12.1 Pure Hodge Structures .............. i, 203
12.2 Canonical Hodge Decomposition ............................. 205
12.3 Hodge Decomposition for Moishezon Manifolds ................ 210
12.4 Hypercohomology™ .. ... ...t 212
12.5 Holomorphic de Rham Complex™® ................... .. ....... 216
12.6 The Deligne—-Hodge Decomposition™® .......................... 217
Topology of Families. ... ..... ... ... .. ... . ... ... ... . ... 223
13.1 Topology of Families of Elliptic Curves ........................ 223
13.2 Local SYStBMS . ..o v vttt e 228
13.3 Higher Direct Images™ ........ ... . ... . . ... 230
13.4 First Betti Number of a Fibered Variety* ....................... 235
The Hard Lefschetz Theorem. ................................... 237
14.1 Hard Lefschetz. . ... i 237
14.2 Proof of Hard Lefschetz .......... ... ... .. . i ... 239
14.3 Weak Lefschetz and Barth’s Theorem.......................... 241
14.4 Lefschetz Pencils™. . ..... ... ... . i i 242
14.5 Cohomology of Smooth Projective Maps™®...................... 247

Part IV Coherent Cohomology

15

16

Coherent Sheaves ......... ... ... ... .. . i 255
15.1 Coherence on Ringed Spaces...............cooiiiiiiiin... 255
15.2 Coherent Sheaves on Affine Schemes .......................... 257
15.3 Coherent Sheaveson P" ... . ... ... .. 259
154 GAGA,PartI. ... 263
Cohomology of Coherent Sheaves ................................ 265
16.1 Cohomology of Affine Schemes .............................. 265
16.2 Cohomology of Coherent SheavesonP” ....................... 267
16.3 Cohomology of Analytic Sheaves ............................. 272

16.4 GAGA, PartIl ... 274



xii Contents

17 Computation of Some Hodge Numbers ........................... 279
17.1 Hodge Numbers of P .. ... .. ... i 279
17.2 Hodge Numbers of a Hypersurface . ........................... 282
17.3 Hodge Numbers of a Hypersurface IT . ......................... 285
17.4 Double COVETS . . ..ottt et et 287
17.5 Griffiths Residues™ ......... ... .. i 289
18 Deformations and Hodge Theory ................................ 293
18.1 Families of Varieties via Schemes ............................. 293
18.2 Semicontinuity of Coherent Cohomology ...................... 297
18.3 Deformation Invariance of Hodge Numbers..................... 300
18.4 Noether-Lefschetz* ........ ... ... ... . . ... 302

Part V Analogies and Conjectures™

19 Analogies and Conjectures ............. ... ... ..., 307
19.1 Counting Points and Euler Characteristics ...................... 307
19.2 The Weil CONjectures . ..........ouieriiieiiiinnenennnnnnnnnn 309
19.3 A Transcendental Analogue of Weil’s Conjecture ................ 312
19.4 Conjectures of Grothendieck and Hodge ....................... 313
19.5 Problem of Computability ............ ... ... i, 317
19.6 Hodge Theory without Analysis ..............ooiiviinenn... 319
References. ... ......... .. 321



2 Springer
http://www.springer.com/978-1-4614-1808-5

Algebraic Geometry over the Complex Mumbers
Arapura, D.

2012, XN, 329 p. 17 illus., 1 illus. in color., Softcover
ISEMN: 278-1-4614-1808-5



	Contents



