
Chapter 2
Stastical Techniques and Location
Discovery

In this chapter, we survey the relevant literature of the related fields along the
following line: Location Discovery in wireless ad hoc sensor networks, statistical
techniques including error modeling and regression, linear, and nonlinear function
optimization.

2.1 Statistical Techniques

Least linear-squares fitting/regression is one of the most popular parametric
techniques for fitting a set of data to a particular compressed form. The technique
is optimal under the assumption that the error distribution follows the Gaussian
distribution. The standard technique for conducting least squares fitting is to use
the singular value decomposition (SVD). In addition, there are various available
techniques that can be applied to determine whether the least squares model is
appropriate for the given set of data. Belsley et al. [1], Chatterjee and Price [2], and
Good [3] provide the detailed description of these methods. In addition to para-
metric techniques, nonparametric techniques that do not depend on any underlying
assumptions have been gaining popularity. Some standard references of non-
parametric regression techniques include [4–7].

Linear programming (LP) and nonlinear programming have been the popular
optimization mechanisms since the 1940s. Both of these methods involve three
entities: variables, an OF, and constraints. The objective is to find a set of
assignments to the variables in such a way that the OF is minimized or maximized,
and at the same time have all the constraints remain satisfied. Standard references
for linear programming include [8–10]. For nonlinear programming, some useful
sources include [11–13]. In our research, we chose to use unconstrained nonlinear
function minimization techniques. More specifically, we used the public available
software package WNLIB [14]. The NLP problem instance was solved by
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weighting all constraints into the OF and relying on the conjugate direction-based
unconstrained nonlinear function minimization techniques provided by WNLIB.

There exist a wide variety of widely used parametric and nonparametric regres-
sion techniques [15]. Isotonic (monotone) regression is a prediction technique that
for a set of real data values (xi, yi, wi) is the set (xi, zi) that minimizes a specific norm
s.t. z1� z2� . . .� zn: The class of unimodular regressions is closely related to iso-
tonic regression, where the condition has form z1� z2� . . .� zk � z1� zn: Both
isotonic and unimodular regressions belong to a family of nonparametric techniques
with restricted properties [16], and are often used when assumption about being
monotonic is easily justifiable but there is no a priori parametric knowledge [17–19].
A number of algorithms for both polynomial and exponential complexity have been
proposed for monotonic and unimodular regressions [16, 18, 20]. All of them exploit
the pair adjacent violators (PAV) principle [21] in continuous domains to construct a
set of piecewise horizontal monotonic or unimodular segments. PAV starts by
sorting points according to their x coordinates and allocating horizontal segment to
each node. It replaces each pair of adjacent segments that violate the constraint of
being monotonic by a new single horizontal segment that is optimal with respect to
the selected Lp norm and removes the violation.

More recently, several techniques for approximating smooth monotonic and
unimodular regression have been developed [22, 23]. Pairwise consistency is the
property that for a pair of variables (xi, yi) and (xj, yj), a larger x component implies
a larger (or in less strict definition—not smaller) y component. Pairwise consis-
tency among all pairs of variables strongly implies that monotonic regression is
bound to be accurate. It is often used as the requirement for correct decision
making with respect to selecting better y options in presence of knowledge only
about x components. Pairwise consistency should not be confused with consis-
tency, a term that is used in statistics to indicate that a considered statistical
technique guarantees that in presence of asymptotically large data set, it will
produce actual distribution of the data. To the best of our knowledge, no previous
work has been done on constructing measurement error models based on mono-
tonic regression that follows the pairwise consistency.

2.2 Location Discovery

Sensor networks and pervasive computing systems form one of the fastest growing
computer and networking research frontiers. Once the nodes that form a network
or an infrastructure are deployed, invariably there is a need that each node dis-
covers its position. Global positioning system (GPS) greatly facilitates this task.
However, because of obstacles such as trees and walls, GPS system often does not
lock to satellite signals. At the same time, GPS systems are relatively expensive
and consume significant amount of energy. Therefore, usually only a limited
subset of nodes is equipped with GPS and other nodes deduce their locations by
measuring distances between themselves.
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2.2.1 Definition

The Location Discovery (LD or localization) problem is defined in the following
way. A total of N nodes, K of which (K �N) have exact information about their
positions. In addition, the measured distances, which are subject to errors, between
M pairs of nodes are also available. The goal is to conclude the location (xi, yi) of
each unknown location node i in such a way that L xri � xi; yri � yið Þ is minimized,
where (xri, yri) is the real location of i. Usually, the targeted error norm L is L1, L2,
or L?.

For the sake of completeness, we formally state the Location Discovery
problem in the standard Garry–Johnson format:

The Location Discovery Problems
Instance: A network of N sensor nodes embedded in a k dimensional space,

each has location Li ¼ xi1; xi2; . . .; xikð Þ; i ¼ 1; . . .;N; a subset of sensors P is
aware of their locations P ¼ fi; i 2 Ng; a subset of pairs of sensors has distance
measurements Q ¼ fdji; i; j 2 Ng; positive integer M.

Question: Is there a one-to-one function g: i! L0i ¼ x0i1; x
0
i2; . . .; x0ik

� �
, where

x0i1; x
0
i2; . . .; x0ik

� �
is the estimated location of i ; i 62 P; such that the overall dis-

crepancy between the estimated locations and the real locations of nodes not in
P satisfies the following condition:

P
i 62P Li � Lj j0i�M?

Numerous problem formulations for Location Discovery that target different
technologies for distance measurements, use different optimization mechanisms,
and impose different sets of constraints and objectives have been proposed. These
efforts formed strong foundations for addressing Location Discovery in sensor
networks. They range from iterative linearization and convex programming to
conjugate direction-based and multi-resolution search. In addition, a variety of
distance measurement technologies have been employed, including signal strength
attenuation techniques, ultra-wide-band approaches, Doppler-assisted methods,
carrier-phase-based measurements, and acoustic signal-based techniques. The
technologies significantly differ in terms of maximum and minimum measuring
range, resilience toward obstacles, power consumption, cost of deployment, and
required power budget. Nevertheless, they share a common denominator: Distance
measurements are prone to both small fluctuation and occasional large errors.

2.2.2 Classification

There are many possible ways to classify the Location Discovery algorithms, such
as based on (1) how the algorithms is executed—centralized versus Localized,
(2) what environment is the algorithm targeting—indoor versus Outdoor,
(3) network topology—static versus dynamic networks, (4) available resources—
GPS-based versus GPS-less, etc. Centralized algorithms are executed at a single
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place with the availability of the complete information about all measurements,
and localized algorithms are executed by multiple nodes simultaneously and/or
consecutively where each node has limited information provided by its neighbors.
Indoor Location Discovery is in general more robust than the outdoor environment
because of the presence of physical obstacles and reflections. Some networks
consist of beacons/anchors (the nodes that have GPS devices, therefore, are aware
of their absolute positions, while some networks do not). In GPS-based Location
Discovery, it is possible to realize the absolute positions of the unknown nodes,
whereas the positions derived are relative positions in GPS-less networks. How-
ever, it is possible to derive the absolute locations from the relative locations given
the ground truth of at least three nodes. In addition, there are also algorithms
specifically tailored for the mobile networks.

In this section, we classify the Location Discovery algorithms based on the
inputs of the algorithm, i.e., the available resources used to derive the locations.
All the algorithms are categorized to two classes: range-based and range-free
Location Discovery. In the range-based Location Discovery, a set of distance
measurements between a subset of pairs of nodes is available. In addition, acoustic
source Location Discovery can also provide an inexpensive and easily integrated
solution to the more general sensor node localization problem, by using a source-
localizing infrastructure to detect and locate small inexpensive nodes that emit a
characteristic calibration signal. On the other hand, no such requirement is posed
in the range-free Location Discovery. Within each class, we further differentiate
the algorithms according to the four possible categorizations. Figure 2.1 shows the
taxonomy of the algorithms in detail.

2.2.3 Ranging Technology

For range-based techniques, the accuracy of range estimation, the process
of measuring the Euclidean distances between nodes, strongly affects the accuracy
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Fig. 2.1 Taxonomy of localization algorithms

12 2 Stastical Techniques and Location Discovery



of the derived locations. The range estimation mainly exploits four types of
technologies: (1) radio frequency (RF), (2) infrared, (3) ultrasound, and
(4) acoustic. There are four main ranging techniques developed based on these
four different technologies: (1) angle of arrival (AoA), (2) time of arrival (ToA),
(3) received signal strength (RSS), and (4) time difference of arrival (TDoA).
Whitehouse et al. [24] give a top-down approach to evaluate various models of
how empirical ranging data affect the multihop Location Discovery. The authors
use the Noisy Disk Model, which is well known to model ultrasound and radio
signal strength, and identifies where and how it deviates from real-world charac-
teristics. In addition, Cerpa et al. [25] constructs nonparametric statistical models
that establish the relationship between location (e.g., distance) and communication
properties (e.g., reception rate).

Angle of arrival (AoA) is generally measured using a multiple element antenna
array, followed by computation to extract the angle information. The multiple
element array requires calibration, and the phase and amplitude response of each
element and cables, switches, etc. must be known and stable for measurement
accuracy. Alternately, a single antenna may be moved to synthesize an array. The
angle resolution is limited by the size of the array and the limitations of the
processing algorithm, and many implementations of this method are very slow.

Direct measurement of AoA is possible using a rotating directional antenna.
Resolution depends on the antenna beam width, which in turn depends on antenna
size in terms of wavelength, and antenna travel during the measurement. Antenna
front to back ratio will also limit the dynamic range of the measurement. The
rotating antenna method, combined with a wide-band channel sounder, has the
attraction of being direct and reasonably fast.

The differences in the arrival times of a signal at spatially separated sensors can
be used to estimate the angle of arrival of the signal. Because of noise or sensor
malfunction, the time difference estimates may be erroneous and thus the angle of
arrival estimate may be inaccurate. If the signal to noise ratio is high enough, these
differences, i.e., time delays, can be estimated by simple methods, e.g., polarity
coincidence correlation.

Time of arrival (ToA) requires precise time synchronization between the sender
and the receiver. The sender transmits the signal along with a time stamp to
indicate the time the signal is sent. The receiver can, therefore, calculate the
traveling time and estimate the distance between by multiplying the traveling time
with the speed of the signal in a particular medium. Given the requirement on the
desired precision, acoustic signal is usually chosen because the speed of radio or
light signal is so fast that a small timing error would lead to an unacceptably large
ranging error [26]. But even if the relatively slower acoustic signal is chosen, the
precision requirement on ToA estimation is still very stringent. For example, one
millisecond error in ToA estimation will translate to more than 30 cm error in the
ranging result.

Received signal strength (RSS) measures the power of the signal at the receiver.
Based on the known transmit power, the effective propagation loss can be
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calculated. Theoretical and empirical models are used to translate this loss into a
distance estimate.

Time difference of arrival (TDoA) relies on the difference between two signal
receptions. Usually, one signal is assumed to arrive at the receiver instantaneously,
which serves as the reference as when the signals are sent. On receiving the second
type of signal, the time difference is calculated and the estimated distance can be
derived as in the case of ToA. Table 2.1 shows the four ranging technologies, the
four popular ranging techniques, and which techniques are usually used on which
type of technologies.

Peng et al. [26] present an acoustic-based ranging system—BeepBeep, readily
applicable to many low-cost sensor platforms and to commercial-off-the-shelf
mobile devices such as cell phones and PDAs. It achieves high accuracy through a
combination of three techniques: two-way sensing, self-recording, and sample
counting. Each device emits an acoustic signal, the signal is detected both the
emitting device and the other devices. Exchanging the time duration information
with its peers, each device can derive the two-way time of flight of the beeps at the
granularity of sound sampling rate. The algorithm is evaluated based on ranging
accuracy, confidence, and operational range, based on both indoor and outdoor
environments using off-the-shelf devices. In addition, the authors also provide
lower bound estimation of the sending and receiving uncertainties.

In [27], the authors present ENSBox, acoustic-embedded networked sensing
box, a platform for prototyping rapidly deployable distributed acoustic sensing
systems. Each ENSBox integrates a developer-friendly ARM/Linux environment
with key facilities required for source localization. One of the capabilities—self-
calibration—is especially important to source localization applications. The
authors report a 5 cm average 2D positioning error and 1.5 degree orientation error
over a partially obstructed 80 9 50 m2 area, which is an order of magnitude better
than prior similar acoustic work.

2.2.4 Ranged-Based Location Discovery

Given the measured Euclidean distances of pairs of nodes, we survey some of the
state-of-the-algorithms. Sheng and Hu [28] present a Location Discovery approach
based on the acoustic energy decay model, where the acoustic energy decays

Table 2.1 Ranging technologies and techniques

Technology Technique

AoA ToA RSS TDoA

Acoustic X X X (w/RF)
Infrared X
RF (radio) X X X X (w/ultrasound or Acoustic)
Ultrasound X X (w/RF)
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inverse of distance square under some mild conditions. This energy-based Loca-
tion Discovery problem is then solved by combining maximum likelihood (ML)
estimation with expected maximization (EM) solution and projection solution. In
addition, they also derived the Cramer-Rao Bound (CRB) for sensor deployment
analysis.

Niculescu and Nath [29] propose a Location Discovery approach that is based
on the basic idea of distance vector routing using only a fraction of beacons, with
the assumption that each sensor node has some combination of ability to measure
range, angle of arrival (AOF), and orientation. They propose a lower bound for
positioning error for a range/angle free algorithm and examine the error charac-
teristics of various classes of multihop ad hoc positioning systems (APS)
algorithms.

The Location Discovery method proposed by Galstyan et al. [30] is distributed
and on-line, which means the Location Discovery process is simultaneously
conducted with an application task. Sensor nodes use their geometric constraints
induced by radio connectivity and sensing to decrease the uncertainty of positions.
The performance of the algorithm is compared with the centralized (convex)
programming.

In addition to static networks, Hu and Evens [31] introduce the sequential
Monte Carlo Location Discovery method for mobile networks, which exploits
mobility to improve the accuracy and precision of positioning. The approach does
not require any additional hardware and has competitive results when compared
with static Location Discovery methods.

Biswas and Ye [32] propose a semi-definite programming (SDP) relaxation-
based Location Discovery method where the main idea is to convert the nonconvex
quadratic distance constraints into linear constraints by introducing a relaxation to
remove the quadratic term. The L1 norm of location errors is served as the opti-
mization target.

Nasipuri and Li [33] propose a Location Discovery method that a sensor node
can determine its location by noting the times when it receives the different beacon
signals and evaluating its angular bearings and location with respect to the beacon
nodes using triangulation.

Shang and Zhang [34] present an algorithm that uses the basic connectivity
information––which nodes are in the communication ranges of which others, to
derive the locations of the unknown nodes.

As location-based services become more prevalent, the Location Discovery
Infrastructure will become the target of malicious attacks. These attacks are spe-
cific to Location Discovery services and are different in nature than the traditional
security systems. Li et al. [35] not only suggest a list of attacks that are unique to
Location Discovery algorithms but also present robust statistical methods such as
least median squares estimator and adaptive least squares to make Location
Discovery attack tolerant on both triangulation and RF-based fingerprinting
Location Discovery methods. Liu et al. [36] argue that location determination uses
certain physical features, such as the received signal strength of radio signals,
makes authentication not as effective as in the traditional security applications.
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They propose two methods that (i) filter out or (ii) iteratively refine the malicious
beacons signals to ensure specified location accuracy.

To the best of our knowledge, no comprehensive statistical studies on mea-
surement errors or error modeling have been conducted. Two popular assumptions
regarding the measurement/ranging errors include the Gaussian distribution [29]
and the L1 norm [32]. When Location Discovery is formed in terms of an opti-
mization instance, maximizing the likelihood of Gaussian-based errors or mini-
mizing the L1 norm of location errors usually serves as the optimization target.
For example, Niculescu and Nath [29] derive a Cramer-Rao lower bound for
positioning error of multihop distance-vector-based algorithms based on the
assumption of Gaussian error measurements. Savvides et al. [37] conduct com-
prehensive studies on the position error behavior of multihop Location Discovery
protocols based on the assumption that the measurement errors are independent
Gaussian random variables with zero mean and a known variance.

Recent development of new deployable acoustic sensor platforms presents
opportunities to develop automated tools for bio-acoustic field research. Ali et al.
[38] report an approximate maximum likelihood (AML)-based source localization
algorithm and use it to localize marmot alarm-calls. The authors assess the per-
formance of the techniques based on results from two field experiments.

Ash and Potter [39] propose an algorithm to self-localize and orient sensors in a
network based on AoA information. The proposed noniterative subspace-based
method can operate given missing and noisy measurements and work regardless
whether the sensor orientations are known. The computational complexity of the
algorithm is O(mn2), where m is the number of measurements and n is the total
number of sensors. In simulation, the authors show that their algorithm is able to
achieve comparable location error with iterative maximum-likelihood estimator,
but the runtime is nearly two orders of magnitude less.

Goldenberg et al. [40] present a class of simple algorithms referred to as
sweeps. The authors improve the computational complexity of sweeping using
consistent position combinations and shell sweeps and extend sweeping to handle
angle and noisy measurements. The simulation shows that under the condition of
precise distance measurements (no measurement error present), the algorithm
achieves an at least 90% of all uniquely localizable nodes when the average
connectivity is between 6 and 7.5 in a network of 250 nodes. The authors also
consider the condition of zero-mean Gaussian noise with standard deviation of 1,
5, and 15% of the sensing range to all distance measurements with no outliers.

Taylor et al. [41] introduce a simultaneous localization and tracking algorithm.
The Bayesian filter-based algorithm tracks a target in a sensor network while
simultaneously localizes and calibrates the nodes of the network.

Zhong and He [42] present a multi-sequence positioning (MSP) method for
large-scale stationary sensor node localization in outdoor environments. Their
method utilizes two-dimensional location information for each sensor node by
processing multiple one-dimensional node sequences. The authors assume that in
deployments where an event source has line-of-sight (LOS) to all sensors (i.e.,
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centralized). The impact of factors such as number of anchors and target node
density is studied in the simulation.

Many sensor network applications require sensors’ locations to function cor-
rectly. Despite the recent advances, Location Discovery for sensor networks in
hostile environments has not been addressed extensively. Li et al. [35] and Liu
et al. [36] address the Location Discovery problem in presence of hostile attacks.
Li et al. [35] first identify a list of malicious attacks that are unique to localization
algorithms and also present statistical methods to identify intentionally corrupted
measurements, therefore, making localization attack-tolerant.

Stoleru et al. [43] present an outdoor localization system for wireless sensor
networks—spotlight. The system does not require any additional hardware for the
sensor nodes, other than what already exists. All the complexity of the system is
encapsulated into a single spotlight device. More specifically, the system uses the
spatiotemporal properties of well-controlled events in the network (e.g., light) to
obtain the locations of sensor nodes. The main idea is to generate controlled events
in the deployed field. Mica2 and XSM motes are used to evaluate the system, and
the authors report an average of 20 cm localization error in an outdoor environ-
ment. In addition, with any number of nodes deployed in a 2500 m2 area, the sensor
nodes can be localized less than 10 min, using a device that costs less than $1000.

2.2.5 Range-Free Location Discovery

Because nodes in a network may not be equipped to find exact range to other nodes
and coarse accuracy is sufficient for most sensor network applications, solutions in
range-free Location Discovery are being pursued as a cost-effective alternative to
more expensive range-based approaches. Range-free Location Discovery methods
do not require accurate distance measurements, but localize the nodes based on
network connectivity (proximity) information. However, because wireless con-
nectivity is highly influenced by the environment and hardware calibration, most
of the existing solutions fail to deliver encouraging empirical results, or require
substantial survey and calibration on a case-by-case basis [42].

Range-free Location Discovery techniques do not require the availability of the
estimated/measured Euclidean distances between pairs of communicating nodes.
He et al. [44] propose a range-free Location Discovery approach, which performs
the best when an irregular radio pattern and random node placement are consid-
ered. The algorithm is so called area-based, which has two phases: (i) isolating the
environment into triangular regions between beacon nodes and (ii) by considering
whether a node’s presence inside or outside of these triangular regions allows a
node to narrow down the area in which it can potentially reside. The algorithm is
demonstrated in conjunction with the routing and the tracking problems.

Shang et al. [34] presents a Location Discovery method that uses the connec-
tivity information (i.e., who is within the communication ranges of whom) to
derive the positions of the unknown sensor nodes. The algorithm is based on a data
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analysis technique––multidimensional scaling. The algorithm provides the flexi-
bility of constructing relative coordinates when no beacon nodes are available.

We survey three range-free Location Discovery schemes in detail: (1) centroid,
(2) DV-Hop, and (3) amorphous APIT—approximate point-in-triangulation.
Before we start, here is a list of terminologies used in the following section:

• Node Density (ND): average number of nodes per node radio area.
• Anchor Heard (AH): average number of anchors heard by a node.
• Anchor to Node Range Ratio (ANR): average distance an anchor beacon travels

divided by the average distance a regular node signal travels.
• Anchor Percentage (AP): The number of anchors divided by the total number of

nodes.

Centroid Localization:
In this method, the idea is not to use any ranging at all, but simply deploy enough
beacons. Anchors periodically broadcast their location. This method uses anchor
beacons, containing location information (Xi, Yi), to estimate node position. After
receiving these beacons, a node estimates its location using the following Centroid
formula:

Xest; Yestð Þ ¼ X1 þ . . .þ XN

N
;
Y1 þ . . .þ YN

N

� �
ð2:1Þ

We can estimate location of a node by averaging the values of the nodes within
signal range within an error of:

LE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xest � Xað Þ2þ Yest � Yað Þ2

q
ð2:2Þ

The distinguished advantage of this centroid localization is its simplicity and ease
of implementation. The disadvantage is that a good anchor placement is crucial.

DV-Hop Localization:
DV-Hop localization uses a mechanism that is similar to classical distance vector
routing. In this work, one anchor broadcasts a beacon to be flooded throughout the
network containing the anchors location with a hop-count parameter initialized to
one. Each receiving node maintains the minimum counter value per anchor of all
beacons it receives and ignores those beacons with higher hop-count values.
Beacons are flooded outward with hop-count values incremented at every inter-
mediate hop. Through this mechanism, all nodes in the network (including other
anchors) get the shortest distance, in hops, to every anchor. The average hop-count
distance is estimated by anchor i using the following formula:

HopSize ¼
P ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xi � xj

� �2þ yi � yj

� �2
q

P
hj

ð2:3Þ
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where (xj, yj) is the location of anchor j and hj is the distance in hops from anchor
j to anchor i. Trilateration is used to estimate location in every node. Nodes will
calculate the distance estimation to more than three anchors in the plane. When
distance is known, the nodes will use trilateration to estimate its location. Error
will decrease with the greater number of anchors.

Amorphous Localization:
This method is very similar to DV-Hop localization. First, each node obtains the
hop distance to distributed anchors through beacon propagation. It assumes that
the density of the network nlocal is known a priori, so that it can calculate HopSize
offline in accordance with the Kleinrock and Silvester formula:

HopSize ¼ r 1þ e�nlocal �
Z1

�1

e�
nlocal

p arccos t�t
ffiffiffiffiffiffiffi
1�t2
pð Þdt

0

@

1

A ð2:4Þ

Finally, after obtaining the estimated distances to three anchors, triangulation is
used to estimate a node’s location.

APIT Localization:
APIT (approximation point-in-triangulation) algorithm narrows down the possible
area in which a target node resides. Each node chooses three anchors from all
audible anchors and tests whether it is inside the triangle formed by connecting
these three anchors. The steps to perform this algorithm are:

• Beacon exchange
• PIT testing
• APIT aggregation
• COG—center of gravity calculation

These steps are performed at individual nodes in a purely distributed fashion. For
PIT testing, the problem is that for three given anchors, Aðax; ayÞ;Bðbx; byÞ; and
Cðcx; cyÞ; determine whether a point M is inside triangle DABC or not. The perfect
solution is that M is inside triangle DABC if for any direction node M moves, it will
be closer to A, B, or C, but not for all three nodes. The problem with this method is
that nodes cannot move, and also it needs a way to determine that a node is closer to
an anchor. The solution is to use neighbor information to simulate movement,
assuming nodes know their relative distance to other nodes using signal strength.

Once the individual APIT tests finish, APIT aggregates the results through a
grid SCAN algorithm. In this algorithm, a grid is used to represent the maximum
area in which a node will likely reside. For each APIT inside decision, the values
of the grid regions over which the corresponding triangle resides are incremented.
For an outside decision, the grid area is decremented. Once all triangular regions
are computed, the resulting information is used to find the maximum overlapping
area, which is then used to calculate the center of gravity for position estimation.
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Comparison of different algorithms:
It is natural to compare different algorithms by estimation error over different
parameters:

• With varying anchor heard (AH)
• Node density
• Anchor noise ratio
• Degree of irregularity
• Tolerance to GPS error
• Communication overhead for AH and varied neighborhood density

The result of the comparison is summarized in Table 2.2. As we can observe from
the table, there is no one particular technique that is superior to others in all criteria.

More recently, GPS-less positioning approaches have also emerged where the
resultant locations of the unknown nodes are relative with respect to their
neighboring nodes either in terms of the Euclidean distances or hops. For example,
Capkun et al. [45] developed a distributed infrastructure-free (mobile) positioning
algorithm that uses the measured Euclidean distances between the nodes to build a
relative coordinate system in which the node positions are computed in two
dimensions. The authors also demonstrated that relative coordinates are sufficient
for applications such as location-aided routing and geodesic packet forwarding. In
addition, there have been studies on the positioning algorithms targeting mobile
sensor networks as well [31, 45].

Li and Liu [46] claim that existing range-free localization schemes often suffer from
poor accuracy and low scalability. They propose a rendered path (REP) protocol for
locating sensors with constant number of beacons in anisotropic sensor networks in
presence of possible holes. By path rendering and virtual hole constructions in a
distributed manner, REP is able to accurately estimate the node-to-node distances and
calculate the node locations with only three beacons, as supposed to seven in most of
the existing range-free localization algorithms. In their simulation, the authors report
an average of 7.4% distance estimation error in a perturbed grid deployment of 3024
nodes with average 7.3 neighbors. In a random deployment of 3027 nodes, the distance
estimation error is 11.7% given the same average 7.3 neighbors.

Rudafshani and Datta [47] present two range-free algorithms: mobile and static
sensor network localization (MSL) and MSL*, that work when any number of

Table 2.2 Comparison of four range-free localizations

Centroid DV-Hop Amorp APIT

Accuracy Fair Good Good Good
Node density [0 [8 [8 [6
Anchor heard [10 [8 [8 [10
ANR [0 [0 [0 [3
DOI Good Good Fair Good
GPS error Good Good Good Good
Overhead Smallest Largest Large Small
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sensors are static or mobile. Both algorithms are variations of the Monte Carlo
method. The authors model irregularity in radio range by assuming that the radio
range of a sensor follows a normal distribution with variable mean and standard
deviation. Convergence, accuracy, and computational time are compared across
four different algorithms: MSL*, Gradient, MCL, and MSL.

StarDust, a framework for wireless sensor network localization based on pas-
sive optical components, is proposed in [48]. Each sensor node is equipped with
optical retro-reflectors. An aerial device projects light towards the deployed sensor
network and records an image of the reflected light. Then, an image-processing
algorithm is used for obtaining the locations of the sensor nodes. The authors
report localization accuracy ranges from 2 to 5 ft in an experimental setting of 26
sensor nodes in a 120 9 60 ft2. The operational time ranges from 10 to 2 min.

2.2.6 Performance, Topology Control, Coverage and Connectivity

Deploying sensors deterministically is an expensive undertaking in terms of time,
effort, and money. However, properties such as deployment topology, coverage,
and connectivity of a network are crucial to the performance of the network.

When monitoring spatial phenomena with wireless sensor networks, selecting
the best sensor placements is a fundamental task. Krause et al. [49] present a data-
driven approach that addresses the three central aspects of the sensor selection
problem: sensing quality communication cost; and designing an algorithm with
provable quality guarantees that optimizes the NP-hard tradeoff. The authors use
data from a pilot deployment to construct nonparametric probabilistic models
called Gaussian processes. A polynomial-time data-driven algorithm, pSPIEL
(sensor placements at informative and cost-effective locations), is developed based
on the models.

Deriving the critical density (which is equivalent to deriving the critical power
or radius) needed to achieve coverage and/or connectivity is a fundamental
problem. It can be used to predict the behavior of a network with regard to
coverage and/or connectivity. Balister et al. [50] claim that one major limitation of
most existing techniques of deriving critical density is that they limit themselves to
thin deployment regions such as disks and squares. They present technique to
derive reliable density estimates for achieving barrier coverage in finite realistic
(e.g., not squares or disks) regions, such as thin strips.

Qiu et al. [51] developed a general model to estimate the throughput between
arbitrary pairs of nodes in the presence of interference from other nodes in static
multihop wireless networks. The model is based on measurements from the
underlying network itself and consists of three major components: N-node Markov
model for capturing interactions among an arbitrary number of broadcast senders,
a receiver model of packet-level loss rates, and unicast sender and receiver models.

Goldenberg et al. [40] present a class of simple algorithms referred to as
sweeps. The authors improve the computational complexity of sweeping using
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consistent position combinations and shell sweeps, and extend sweeping to handle
angle and noisy measurements. The simulation shows that under the condition of
precise distance measurements (no measurement error present), the algorithm
achieves at least 90% of all uniquely localizable nodes when the average con-
nectivity is between 6 and 7.5 in a network of 250 nodes. The authors also consider
the condition of zero-mean Gaussian noise with standard deviation of 1, 5, and
15% of the sensing range to all distance measurements with no outliers.

The cricket compass system is a position and orientation indoors, for a hand-
held, mobile device, and informs an application running on the device of the
position and orientation in a local coordinate system established by the fixed set of
beacons [52]. In addition, Priyantha et al. [53] present a location-support system
that allows mobile and static nodes to learn their physical location by estimating
their distances to beacons thought the building. The beacons are equipped with
combined RF and ultrasound signals in a decentralized uncoordinated architecture.
The authors note that positioning of a beacon within a room or space plays a
nontrivial role in enabling nodes to make the correct choice of their location.
As the cricket system is decentralized and preserves privacy, the beacons placed to
demarcate a physical or virtual boundary corresponding to a different space must
be placed at a fixed distance away from the boundary demarcating the two spaces.
In addition, the beacons utilize a randomized transmission schedule.

2.3 Location Discovery Computational Complexity

Recently, it has been proven that localization is a NP-complete problem by
transforming the graph-embedding problem into the localization problem [54]. It
was identified that mirroring and flipping in 3D space are the cause of computa-
tional intractability [55]. We provide an alternative proof of the computational
intractability of the localization problem. The impetus for the development of the
new proof is provided by our objective to better understand the sources of the
complexity, to establish more precise conditions under which localization is NP-
complete and to better understand the importance of noisy measurements. Our
main conclusion is that localization is NP-complete even when no mirroring and
flipping are possible as in the one-dimensional localization problem because of
errors in measurements. At the same time, actual distance measurements usually
have significant errors and, therefore, there is a need to address error modeling,
optimization in the presence of error and to develop and employ powerful opti-
mization mechanisms for localization.

We prove the NP-completeness of the 1D Location Discovery problem by
polynomial transformation of an instance of the known NP-complete problem––
optimal linear arrangement problem [56], into the 1D localization problems, in
polynomial time. For the sake of completeness and readability, we state both
problems using the standard Gary-Johnson format:
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The Optimlinear Arrangement Problem
Instance: Graph G ¼ V ;Eð Þ; positive integer K� jVj:
Question: Is there a one-to-one function f : V ! 1; 2; . . .; jV jf g such thatP
fu;vg2E f ðuÞ � f ðvÞj j �K?

The 1D Localization Problem
Instance: A network of N sensor nodes, measured distances between all pairs of

sensors P ¼ fdij; i; j 2 Ng; a subset of P also has bi-directional measurements
Q ¼ dji

� �
;Q 2 P; positive integer M.

Question: Is there a one-to-one function g: i! xi; where xi is the estimated
location of i; i ¼ 1; . . .;N; such that the overall discrepancy between the calculated
distances g ið Þ � �g jð Þj j and the measured distances dij and dji of all pairs of
sensor nodes i and j satisfy the following condition:

P
fi;jg2P gðiÞ � gðjÞj j�j

dijj þ
P
fi;jg2Q gðiÞ � gðjÞj j � dji

		 		�M?

Proof The reduction from the linear arrangement problem to the localization
problem is as follows. Let the vertices in G be the sensor nodes, i.e., V ¼ fi; i ¼
1; . . .;Ng: Let the edges in G be the measurements in Q, i.e., E ¼ fdji; dji 2 Qg:

More formally, let the graph G ¼ V;Eð Þ and the positive integer K constitute an
arbitrary instance of the linear arrangement problem. The basic units of the
instance of the linear arrangement problem are the vertices and the edges of G. The
instance of the localization problem is completely specified by:

i ¼ v : v 2 Vf g

dij ¼ i; jf g : i; j 2 Vf g

dji ¼ j; if g : j; if g 2 Ef g

M ¼ K þ C; where C ¼ 1
4
ðK2 þ K þ 2Þ K � 1ð Þ

It is easy to see that this instance can be constructed in linear time. Note that the
measured distances dij act as an ‘‘enforcer’’ [56, 57], which impose additional
restrictions on the ways the sensor nodes must be placed. Specifically, all the dij

have value K ? h, where h specifies the least distance between any pair of nodes.
This enforcer is necessary and sufficient to prevent multiple nodes being placed on
an identical location, which corresponds to the condition that each node must have
a unique assignment in the linear arrangement problem, that the distance between
any two nodes is at least 1 unit. Therefore, each node maps into a unique integer
location between 0 and K.

Function f exists if and only if there exists a function g that satisfies the
condition of

X

fi;jg2P

gðiÞ � gðjÞ � dij

		 		þ
X

fi;jg2Q

gðiÞ � gðjÞ � dji

		 		�M
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Suppose g such that
X

fi;jg2P

gðiÞ � gðjÞj j � dij

		 		þ
X

fi;jg2Q

gðiÞ � gðjÞj j � dji

		 		�M

Consequently, there exists an f such that
X

fi;jg2P

f ðiÞ � f ðjÞj j �K

Therefore, function f satisfies the condition
X

fu;vg2E

f ðuÞ � f ðvÞj j �K since P ¼ dji : j; if g 2 E
� �

Figure 2.2 shows a small instance of the linear arrangement problem with
K = 7. G consists of five nodes and five edges. Table 2.3 demonstrates the
transformation of the linear arrangement problem to the localization problem.

In the localization problem, all pairs of nodes have measured distance dij ¼
8 m ðK ¼ 7 m; h ¼ 1 mÞ: This enforcer restricts any pair of sensor nodes must be
at least 1 m apart. A subset of pairs of nodes has an additional measurement dji,
which corresponds to the edges in G.

It is easy to see that it requires polynomial time to verify a proposed solution. Also
note that the localization problem considered in the proceeding sections is an extension
of the 1D localization problem, i.e., the localization is done in 2D or 3D space.

2.4 Measurements, Error Sources and Modeling

Sensor networks frequently operate in indoor or outdoor settings where the impact
of the environment on the sensing and communication capabilities of the nodes
cannot be estimated in advance. Therefore, we need to ensure that network

53 41 2

5

3

4

12

V:

f(V): 53 41 2

Fig. 2.2 An instance of the
linear arrangement problem
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protocols and algorithms in WASNs perform well under a wide range of condi-
tions before the network is actually deployed. Also, we need to know before the
network deployment if it is advantageous for WASN applications to adapt their
functionality to the actual conditions in the monitored area.

Although testing of a real network in various physical environments is an
indispensable part of the deployment preparation, we still rely on simulations as a
cheaper and a faster way to test networks under varying conditions. In this chapter,
we develop error models for the input parameters of the self-localization process.
For localization algorithms, one of the most important parameters affected by the
environment is the ranging error because a large number of localization algorithms
depend on the range estimates to derive the locations of nodes. We comment first
on the sources of errors in WASNs and their relative importance for error mod-
eling, and then we describe three different error models. Two of them are based on
general assumptions about the sources of ranging error for the radio and acoustic
signal, and one error model is based on the real life data.

2.4.1 Error Sources

We identify at least five main sources of error that influence optimization results in
WASNs:

(1) Measurement
(2) Finite precision
(3) Objective function specific
(4) Intractable optimization tasks
(5) Localized algorithms.

The first two, measurement-related and finite precision-related errors, are inherent
in all physical computing systems. Measurement errors arise because of sensing
technology limitations, phenomena instability, and environment noise. Numerous
well-studied techniques exist to reduce or compensate for such errors in many
domains. Examples of such techniques are averaging methods that rely on several

Table 2.3 The corresponding arrangement problem localization problem

i j dij dji

1 2 8 0
1 3 8 0
1 4 8 –
1 5 8 –
2 3 8 –
2 4 8 0
2 5 8 0
3 4 8 –
3 5 8 –
4 5 8 0
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distinct measurements and digital signal processing (DSP) techniques. Finite pre-
cision errors are caused by inaccuracies induced in the result because of the limited
computation precision of digital computers. Because the WASNs hardware is typi-
cally very resource constrained, such errors can be of significant magnitude.

The third and the fourth source of errors are optimization task specific. The OF
used at the heart of an optimization process may not accurately or completely
capture the essence of the problem and thus can lead to erroneous conclusions. The
fourth source of error is because of the inherently intractable nature of many
optimization tasks tackled by WASNs. Optimal solutions to intractable problems
are by definition very difficult to compute. Furthermore, exceptionally limited
resources such as energy, communication bandwidth, storage, and processing
power make tackling such problems and their associated errors (in results) espe-
cially challenging in WASNs.

As opposed to the sources of error described above, which exist in many
computation domains, the error associated with localized algorithms is unique to
distributed computation systems such as WASNs. Localized algorithms are
especially suited to WASNs because of the geographic structure of the network. In
localized algorithms, only nodes in spatial (or other) ‘‘proximity’’ collaborate and
participate in a computation. Using local information to compute inherently global
metrics can be a very error-prone task. Understanding such errors and their
behavior is a fundamental task in designing successful localized algorithms.

Distance measurements, and in some cases GPS-generated location estimates,
are the input parameters of the Location Discovery process. They are also the main
source of errors in results of Location Discovery algorithms. Modeling of errors in
input parameters, therefore, is of great significance for simulations of algorithms
and applications in WASNs. As wireless sensor networks are intended to be used,
among other environments, in remote and inhospitable areas, where the error
characteristics of different measurements cannot be examined in advance, the
prediction of the performances of the network depends on simulations with
carefully chosen error models.

2.4.2 Theoretical Error Models

The distance estimates in WASNs are susceptible to different sources of error,
including obstacles, interference, and multipath effects. The impact of these
sources of error depends on a hardware technology used for measurements. As
mentioned previously, there are three most frequently proposed distance measur-
ing technologies: RSS, TDoA combining the radio and acoustic signal, and
acoustic-based ranging. Each of the given technologies has different characteristics
of the error. Unfortunately, there are no enough publicly available data to precisely
characterize the given technologies. We opted for two error models that corre-
spond to each of the hardware technologies. The first error model, mainly intended
to capture properties of distance measurement error for RSS, is based on the path
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loss models from Girod et al. [58]. The main source of error in RSS-based distance
measurements is the complexity of modeling of environmental effects in the
propagation model. Reflection, scattering, and diffraction, as well as the antenna
gains, produce significantly different path losses for equal distances. From [58] (p.

104) the distribution of measured distances d
_

is:

10n log
d
_

d0

 !

� 10n log
d

d0

� �
¼ Xr½dB� ð2:5Þ

where d
_

is the actual distance, and Xris a zero-mean Gaussian random variable
with the standard deviation r, both in dB (Eq. 2.5):

d
_

¼ d þ dð10
Xr
10n � 1Þ ð2:6Þ

The second term in (2.6) represents the distance-dependent error. The second

error model is based on the Gaussian distribution. The distance estimate d
_

is given

d
_

¼ d þ d � Gð0; rÞ; where Gð0; rÞ is white Gaussian noise with the standard
deviation r.

Modeling of the acoustic ranging error is based on the research reported in [59].
There are three important sources of error in acoustic ranging that cannot be
eliminated by averaging distance measurements over time [59]:

1. Non-line-of-sight (NLOS) error: This error is caused by obstacles between
nodes. We model it as a distance-dependent uniformly distributed positive error
Unð0;NLOS ERRORmaxðdÞÞ:

2. Speed of sound error: Atmospheric changes in the environment, as well as
different atmospheric conditions in various parts of the network, affect the
speed of sound. We model this as distance-dependent Gaussian noise
G1ð0; rðdÞÞ:

3. Orientation error: The emitter and the sound sensor may not be aimed directly
towards each other, which create an error that depends on the angle between
them. We model this error as angle-dependent Gaussian noise aG2ð0; rÞ; where
a is the angle between the emitter and the sound sensor.

Thus, the acoustic distance measurement between the nodes i and j is simulated
as:

d
_

¼ d þ d Un þ G1ð Þ þ aG2 ð2:7Þ

For each simulation, a subset of nodes that have initial estimates of their
locations (beacons) is randomly selected. The initial locations of beacons are
generated by superimposing an error to the real locations as follows. The real
locations of sensor nodes Ai; i ¼ 0; . . .; n are represented as points Aiðxi; yiÞ:
Coordinates xi and yi are generated from two uniform distributions, one on the
interval ½0; Xmax� and the other on the interval ½0; Ymax�: The error is generated
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from the Rayleigh distribution, by generating a pair ðDxi;DyiÞ; where both Dxi and
Dyi are selected from a zero-mean Gaussian distribution Nð0; rlocÞ: The average
location error is then:

l ¼
ffiffiffi
p
2

r
lloc ð2:8Þ

Now, by selecting rloc; we can generate a location error distribution with a
desired mean value.

2.4.3 Real Data Error Models

The statistical model of the ranging error defined in this section is based on data
sets obtained from Lewis Girod’s experiments at the UCR James Reserve [60]. We
demonstrate that the ranging error in the data sets is correlated with the measured
distance. We then determine that a linear regression model, with the measured
distance as the independent variable, fits well with the experimental data. We also
propose an explanation of the physical meaning of the parameters of the model as
well as possible sources of the variability of the parameters.

The data sets are gathered from a network of 10 nodes, where the nodes
measure mutual distances generating one data set during intervals of one or two
minutes in length, with 10 min intervals between data sets. There are 114 data sets;
however, not every pair of nodes generates a measurement in a particular data set.
The original data sets contain five measurements between each pair of nodes that
communicated in that particular round. In [60], it was assumed that the errors are
because of NLOS propagation, and therefore, the shortest of the five measurements
should be selected as the one closest to the actual distance. However, the speed of
sound changes with temperature, so there is a possibility that the speed of sound
decreases enough that one of the excluded four measurements is actually closer to
the actual distance. In the data sets, there are some negative values for error, which
could confirm that using the shortest distance estimate might not always give the
closest estimate of the measured distance. However, we will also show that the
data sets with such negative values are most likely unreliable, so the negative error
might not be a result of the incorrect calibration.

The problem of dependence on temperature is lessened in [60] by the imple-
mented localization algorithm. The map of the network is built with the distance
estimates, without any assumptions about the absolute locations of the nodes. Once
the map is in the place, the absolute locations of some of the nodes are taken into
account, and the map is scaled until it fits the known locations. If we assume that the
environmental effects affect the distance measurements proportionally, the scaling
of the map would negate the effects of the incorrect calibration. However, because
temperature, wind, and obstacles affect the distance estimates by different factors,
these approximations can add one more component of error.
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2.4.3.1 Linear Regression Model

If dij denotes the actual distance between nodes i and j, and d
_

ij;k denotes the
corresponding distance measurement in the data set k, the ranging error eij;k for the
distance dij in the data set k is:

eij;k ¼ d
_

ij;k � dij ð2:9Þ

Our goal is to determine a parametric model in which we can express the
ranging error as

eij;k ¼ Fkðdij; hÞ ð2:10Þ

where Fkðdij; hÞ is a probability distribution, with a set of parameters h.
The initial statistical examination of the data sets attempts to determine if there

is any correlation between the ranging error and the measured distance. To detect
correlation, we use the Pearson’s correlation coefficient, with outliers removed
from the data sets before calculating the correlation coefficient. For most mea-
surements, the ranging error is less than 1 m, so the threshold for outliers set at
5 m for ranging error removes one or zero measurements per data set.

The results show an important difference between two groups of data sets. The
first 42 data sets show a high degree of correlation between the ranging error and
the measured distance. Two typical scatterplots from that set of data are given in
Fig. 2.3. The first data set is Set 9, where the coefficient of correlation is 0.98,
whereas the second data set, Set 29, has the coefficient of correlation of 0.94.

Figure 2.4 shows two typical data sets from the group containing the last 72
data sets. The correlation in these data sets is significantly lower. For data set 55,
the coefficient of correlation is 0.39, and for the set 101, it is 0.38. It is important to
note that, while the negative values of errors are shown in figures, the correlation
coefficients are calculated using absolute values.

Finally, correlation coefficients for all 114 data sets are displayed in Fig. 2.5.
There is a significant change in the value and the size of the 95% confidence
ranges between the data sets before or around the data set 40 and the following
data sets. A possible cause of this difference is malfunctioning of the nodes in the
latter data sets. The batteries in some nodes ran out and a bug in the time syn-
chronization service validated measurements after a certain point, according to L.
Girod (personal communication, December 22, 2006). It is not known at what time
the mentioned problems occurred. Therefore, we model only the first group
because the second group most likely contains invalid measurements.

The validity of the correlation coefficient relies on the assumptions that both
distances and errors are normally distributed, and that the variance of the error does
not change across all measured distances. We should note here that even if the second
condition is not met, its influence on the results would be to increase the confidence
ranges for the correlation coefficient. Therefore, the real correlation between the
distance measurements and ranging error could only be higher in that case.
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For each data set in this group, we tested the measured distances and ranging
errors for normality to ensure that the correlation coefficients are valid. Using both,
Lilliefors and Jarque–Bera test, we can report the following results:

• Both tests do not reject the normality hypothesis for measured distances for any
of the data sets at the significance level of 0.05. Although distances are not
sampled from a normally distributed population, the results of the tests ensure
that the high values of the correlation coefficient are not caused by a specific
distribution of either variable.

• For errors, both tests rejected the normality hypothesis for only 2 out of 42 data
sets.

Because the correlation coefficients confirm that there is a linear relation
between measured distances and ranging errors, we determine the parameters of
the linear regression model and use the model and the parameters to simulate the
distance error. For a data set k, we can represent the linear regression model
between the measured distance dij and the distance error eij;k as:

Fig. 2.3 Scatterplot of
the measured distance and
the ranging error for two of
the first 42 data sets, where
the correlation exists
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eij;k ¼ ak þ bk � dij þ �k ð2:11Þ

where ak and bk are regression parameters specific for the data set k, while ek is a
random Gaussian component of error.

The model for the distance estimates d
_

i for the data set k can be then repre-
sented as:

d
_

ij;k ¼ dij þ ak þ bk � dij þ �k ð2:12Þ

As mentioned previously, there are two more assumptions we need to verify to
validate the results of the regression analysis. The assumptions state that (a) for
each data set, ek is normally distributed, and that (b) the variance for ek does not
change with the distance (homoscedasticity).

When testing the correlation between the measured distances d and the resid-
uals e, we need to confirm that the residuals are randomly dispersed when shown
as a function dependent on distance. Visual observation of the 42 data sets shows
that the dispersion does not show any dependence on distance. A typical case is

Fig. 2.4 Scatterplot of the
measured distance and the
ranging error for two of the
last 72 data sets, where there
is no correlation
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given in Fig. 2.6. We need to ensure not only that there is no linear dependency but
also that there is no any visible pattern in data.

Additionally, we run correlation tests to formally determine that there is no
correlation between distances and residuals. For 34 out of 42 data sets, the
hypothesis of the correlation is rejected, as shown in Fig. 2.7. The figure shows the
value of the correlation coefficient, together with the 95% intervals of confidence,
which in 34 cases intersect the y-axis. For eight cases, the correlation coefficient is
between 0.48 and 0.61. Combined with the visual observation of the variance of
residuals in each data set separately, we accepted that residuals e can be modeled
as a normal distribution. Furthermore, the results of testing of e for normalcy using
Lilliefors and Jarque–Bera test show that in 35 data sets for Lilliefors, and in 36
data sets for Jarque–Bera, the hypothesis of the normalcy cannot be rejected at the
significance level of 0.05.

As the final step, we need to establish the formulas for generating the values of
the parameters a and b and the variance for e in the model represented by
(Eq. 2.12). Figure 2.8 presents the values of the parameters with the data sets
chronologically ordered. The range of values for b is between 0.005 and 0.04 (0.5
and 4% of the measured distance), whereas the range for a is between -0.53 and
0.27. However, more important to notice is that there is seemingly an inverse
correlation between a and b. To verify the correlation, we perform another
regression analysis to find a relationship between these parameters.

From the results of that analysis, we derive the following relation between a
and b:

a ¼ �13:4bþ 0:25þ N 0; 0:14ð Þ ð2:13Þ

Fig. 2.5 Correlation coefficients of measured distances and ranging error with 95% confidence
ranges
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where N(0;0.14) is a normal distribution with r2 ¼ 0:14: Therefore, when the error
model is used, we randomly select b from its interval given above, and then
generate the value for a from (Eq. 2.13). The same analysis is applied to variance
of e in the data sets, but there were no correlation between e and either a or b.
Therefore, the variance for e is randomly selected from the range in the data sets,
between 0.01 and 0.23.

The error model derived from Eqs. 2.12 and 2.13 does not make any
assumptions about environmental conditions that could be represented by the

Fig. 2.6 Dispersion of distance measurement residuals for one of the datasets

Fig. 2.7 Correlation of measured distances and regression residuals with 95% confidence ranges
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parameters of both linear models. However, we can assume that the linear relation
between the measured distance and the distance error can be explained by several
different factors. First, the speed of the sound depends on temperature, so the speed
of the sound for which the ranging system is calibrated can differ from the actual
speed. Wind and humidity can also affect the speed of sound. Second, the likeli-
hood of foliage between nodes is higher when nodes are further apart. The
parameter a represents the component of error that does not change with the
distance. Such error can be caused by the phase error in clocks on the nodes.
Because we do not have the measurements of the environmental conditions, fur-
ther studies are needed to determine physical nature of the parameters. However,
our primary goal is to define an error model that approximates well the real life
data, so we can use that model to simulate networks with sizes and topologies
different from the original network in which the data sets were acquired.

2.5 Distance Measurements and Experimental Platform

We construct the statistical error models and conduct Location Discovery on sets
of distance measurements that are collected using the acoustic signal detection-
based ranging techniques. The number of deployed sensor nodes varies from 79 to
93, with the average being 90. The sensor nodes are custom designed based on an
SH4 microprocessor running at 200 MHz (Fig. 2.9a). The nodes are deployed at

Fig. 2.8 Regression parameters for data sets where the linear dependency of the ranging error on
measured distances is established
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the Fort Leonard Wood Self Healing Minefield Test Facility, which measures
200 9 50 m. The nodes are roughly 10.5 m apart, and the radio signal (commu-
nication) range is about 50 m. Figure 2.9b shows an example of a deployment
topology. Each node is equipped with four independent speakers and microphones
that are used as the ranging tool. The distance between two nodes is obtained by
timing the arrival of the acoustic signals [61]. Each node in the network takes turns
to transmit the acoustic signals; all the nodes that receive the signals record the
ToA and convert the time of flight to distance in meters. There are 33 sets of
distance measurements in total that were collected during the course of few days.
Each set consists of one round of acoustic signal transmission by all the nodes. For
the sake of simplicity, we demonstrate the algorithms and techniques on a ran-
domly selected set of measurements, and we present the results for other data sets
in the experimental result section of each chapter. The details on the experimental
setup and the acoustic detection scheme used can be found in [62].

From the communication point of view, we distinguish two types of the
communications between a pair of sensors: (1) exchange of the acoustic signals for
the purpose of distance ranging and (2) transmission and reception of radio signals
(in terms of bytes) for the purpose of exchanging information. More specifically,
we denote Li as a set of sensors that receive sensor i’s acoustic signals, therefore
can estimate the distances between themselves to sensor i. Similarly, Ci denotes a
set of sensors that receive the radio signals from i. We assume that the Acoustic
Signal Range (ASR) is independent from the Radio Signal Range (RSR), which
means that it is possible for a sensor i to have the distance estimate to another
sensor j (i has received j’s acoustic signals), while i cannot exchange information
with j (j is out of i’s radio signal range) and vice versa. Furthermore, it is not
necessary that all sensors in the network have the same ASR and RSR properties.
In our study, we assume ASR and RSR are identical for all beacons and unknown
location sensors. In our study, ‘‘neighbors’’ of sensor i refer to Ci, the set of sensors
i has distance estimates, and because we assume Ci ¼ Li; therefore it is also the set
of sensors i can communicate information with.

Fig. 2.9 a A SH4 node. b An example of deployment topology
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2.5.1 ILP-Based Instance Generation/Selection

In this section, we present the boolean ILP formulation, which selects a portion of
the original data set to satisfy a set of neighboring requirements, while the mea-
surement errors still follow the same distribution as the original instance. Note that
the larger instance creation is very similar to the instance selection we are pre-
senting. Because of the limitation of space, we only present the latter case. We
formulated this problem as ILP because of its optimality and its ability of solving
large instances. All of our experiments regarding instance selection and generation
are done by the commercial ILP solver CPLEX. The input of the formulation is a
set of constants that denote the existence of edges between all N nodes:

Eij ¼
1; if there exists edge between nodes i and j
0; otherwise



ð2:14Þ

The outputs are the subset of nodes selected and the size of the subset. More
specifically, the goal is to select a subset S of nodes from the original network in
such a way that (1) each node in S has at least C1 but not more than C2 neighbors in
S and (2) the average number of neighbors in the subset is equal to C3. The ILP
formulation has two types of variables and four types of constraints:

xi ¼
1; if node i is chosed
0; otherwise



ð2:15Þ

Lij ¼
1; if edge between nodes i and j is chosen
0; otherwise



ð2:16Þ

Four required types of constraints are:
All variables must have value either 1 or 0.

xi� 0; xi� 1; i ¼ 1; . . .;N

8Eij ¼ 1; Lij� 0; Lij� 1; i ¼ 1; . . .;N; j ¼ 1; . . .;N ð2:17Þ

Each node in S must have at least C1 and at most C2 neighbors that also belong
to S.

XN

j¼1

Lij ^ Eij xi ^ yið Þ
� �� �

� C1xi� 0; ð2:18Þ

XN

j¼1

Lij ^ Eij xi ^ yið Þ
� �� �

� C2xi� 0 ; i ¼ 1; . . .;N ð2:19Þ

The nodes in S have an average number of neighbors close to C3.
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XN

i¼1

XN

j¼1

Lij � C3

XN

i¼1

xi� e; ð2:20Þ

where e is a small user-specified discrepancy constant.
If an edge between nodes i and j is selected, then nodes i and j must be selected

too.

Lij � ðxi ^ yiÞ� 0; i ¼ 1; . . .;N; j ¼ 1; . . .;N ð2:21Þ

In the second type of constraint, the term Lij ^ Eijðxi ^ yiÞ specifies whether the
edge Eij is chosen (value 1) or not (value 0). The summation of this term over all
j is, therefore, the number of edges (or neighbors) chosen for node i. The condition
of not fewer than C1 number of chosen neighbors is enforced by constraining the
difference between the summation and C1xið Þ to be greater than or equal to zero.
Similarly, constraining the difference between the summation and C2xið Þ requires
that the number of chosen neighbors does not exceed C2. The last constraint
ensures that in the situation in which an edge Eij is chosen, the corresponding node
i and j must belong to the subset.

The OF is to maximize the number of nodes that satisfy these conditions (i.e.,
the size of the selected subset):

max :
XN

i¼1

xi ð2:22Þ

The logical and operator (^) operator is implemented in the following way.
Consider a and b as the two operands and c is the result (i.e. c ¼ a ^ b). There are
four types of constraints:

1. a � 0; a � 1; b � 0; b � 1; c � 0; c � 1;
2. c � a � 0;
3. c � b � 0;
4. c � a þ bð Þ � � 1;

The first type of constraint forces every variable to be boolean. The second and
the third type of constraint enforce c to be 0 when either a or b or both have value
0. The forth constraint enforces c to be 1 when both a and b have value 1.
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