Chapter 2
Berry-Esseen Inequality for Unbounded
Exchangeable Pairs

Yanchu Chen and Qi-Man Shao

Abstract The Berry-Esseen inequality is well-established by the Stein method of
exchangeable pair approach when the difference of the pair is bounded. In this paper
we obtain a general result which can achieve the optimal bound under some moment
assumptions. As an application, a Berry-Esseen bound of O (1/4/n) is derived for an
independence test based on the sum of squared sample correlation coefficients.

2.1 Introduction and Main Result

Let W be the random variable of interest. Our goal is to prove a Berry-Esseen bound
for W. One powerful approach in establishing a Berry-Esseen bound is the Stein
method of exchangeable pairs. Let (W, W*) be an exchangeable pair. Assume that

E(W —W*W) =AW —R) (2.1)

for some 0 < A < 1, where R is a random variable. Put A = W — W*. The Berry-
Esseen bounds are extensively studied under assumption (2.1). Rinott and Rotar [19]
proved that (see e.g. [4, Theorem 5.2]) if |A| < § for some constant §, EW = 0 and
EW? = 1, then
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sup |[P(W < z) — ®(2)|

2.2)
1 1 (
< 5(1.1 n ﬁE|W|A2) + 2.7E‘1 — ﬁE(MW)‘ +0.63E|R|.

For the unbounded case, Stein [23] proved that [see e.g. 4, (Theorem 5.5)] if EW = 0
and EW? = 1, then under (2.1),

1
sup |[P(W < 2)—d(2)] < E‘l—ﬁE(A2|W)‘+E|R|+O.64(E|A|3/)L)l/2. 2.3)
Zz

The bound (2.2) is usually optimal, however, the contribution of the last term in (2.3)
may result in non-optimality. For example, when W is the standardized sum of n i.i.d.
random variables, the last term in (2.3) is of order n~ /% instead of the optimal n™ 172,
The main purpose of this note is to develop a general result which can achieve the
optimal bound under some moment assumptions.

Theorem 2.1. Assume that (2.1) is satisfied. Then
1
sup|P(W < z) — ®(2)| < E|R[ + KE(IWI + DA
Z
1 2
F+ 12)(4,\1/2 +4ta2 £ 6E[1 - ﬁE(MW)] + 2 ElA - EA|) (2.4)

where A is any variable such that A > E(A*|W) and t = VEA /.

We remark that if [A| < § for some constant §, then one can choose A equal to
8% and hence the bound on the right hand side of (2.4) reduces to C(E|R| +83 /0 +
A2+ E|1 — E(A?|[W)/(2))]), which is of the similar order as (2.2).

The paper is organized as follows. The proof of Theorem 2.1 will be given in the
next section. In Sect. 2.3, as an application, a Berry-Esseen bound is derived for an
independence test based on the sum of squared sample correlation coefficients.

2.2 Proof of the Main Result

Let f be absolutely continuous. Following the discussion in [4, Sect. 2.3], observing
that E[((W — W*)(f(W) + f(W*))] = 0, we have

1
EWf(W)) = —E[(W — WHf (W) = F(WDI+ ERF(W)). (2.5)

Recall A = W — W* and define K (1) = & (I_a<i<0) — lo<i<—a))- Then

oo A2 o0 R 1 5
K@)dt = —, t|K(t)dt = —|A|°. 2.6
/ (=5 / IR @) dr = 1Al 2.6)

—0o0 —00
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By (2.5),
wsovy = 5-£( [ OA FOW 4+ 0 = W*) dt )+ ERF(W))
= E(/_Z FW+DK(@) dt)+E(Rf(W)). 2.7)
and by (2.6),

Ef' (W) = E(f’(W)(l — %Az))+E(/_<: FWR @) dt)

- E(f/(W)(l - %E(AZIW)))—FE(/:: f/(W)I%(;)dt).

To prove Theorem 2.1, we first need to show the following concentration
inequality.

Lemma. 2.1 Assume that (2.1) is satisfied and that E|\W| < 1, E|R| < 1. Let A be
a random variable such that A > E(A*|\W). Then

Pla< W <b)

<2(b—a) +2(EA/M? +2E[1 — E(A*|W)/(20)| + E|A — EA|/EA.
(2.8)

Proof Let

—%(b—a)—(Sforw<a—6,
fw) = w—%(b—l—a) fora —8 <w<b+34,
%(b—a)—}-(S forw > b+,

where § = (4EA/(270))"/2. Clearly, f > 0 and K > 0. By (2.7).
2AE{(W = R) f(W)} = ZAE/ F(W + 0)K (r)dr

S
> ZAE/ F'(W + 0K (1) dr
-8

> Z)MEI(agng) I%(l‘) dt
118

= Ela<w<p)|Almin(s, [A])
404

> Elacwsp) (A% — 2757 (2.9)

where in the last inequality we use the fact that min(x, y) > x — 4x3/(27y?) for
x > 0,y > 0. The right hand side of (2.9) is equal to
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_2)

VN }
278

E{I(agwgb)(A2 -

AE(AY W
(A7 ))}

- E{I( <wen (E(A2|W) — 2752
{1<a<w<h><E(A W) — >}[forA > E(AY W)

(a<W<b)(2r— 4151\/(2752 )) — E|E(A?|W) — 21| —4278°E|A — EA|

=AP(a < ng)—E|E(A2|W)—2,\| E|A — EA|,

2782
(2.10)

recalling that § = (4EA/(271))'/2. For the left hand side of (2.9), we have

WE{(W — R) f(W)} < 2,\(%(1; —a)+ 8)(E|W| L EIR) < 41(%(1; —a)+ 5).
.11
Combining (2.9)—(2.11) gives (2.8), as desired. m]

Proof of Theorem 2.1 For fixed z, let f = f, be the solution to the Stein equation
flw) —wf(w) = Iy — Q). (2.12)

It is known that || f|| < 1 and || f'|] < 1 (see e.g., [6]). Hence by (2.12),
|[P(W < 2)= @) = [E(f(W)=Wf(W))| < E|(1——E(A2|W)|+E|RI+H
where
00 A
H= E(/ (F (W) — f' (W +t))K(t)dt(.
—00
From the definition of f'it follows that

H < E‘/ (WFW) — (W+z)f(w+t))1€(z)dt‘

00 0
+ E/ I—iswgy K (t) dt + E/ Iz<w<—n K (1) dt
0

1
S EAWI+ DIA]P + Hy + Hy,

where

o0 0
Hy = E/ T <w<y K@) dt, Hy = E/ Tosw<—n K (1) dr.
0

To evaluate Hj, divide the integral into two parts: foﬁ and ff}% For the first part,
we have
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Vi R
E/ I{Z_tgwgz}l((l‘)dl‘
0

1 N/
= ﬁE/ I rxcw<y (D) Lo g—ay At
0

1 Vi
ﬁE/O I vigw<g (A o<y dt

1

2
ﬁEl{Z—«/X<W<z}A

< Pz—vVA<W<2)+E|l — E(AYW)/2))]
<2VA+2(EA/MY? +3E|1 — E(A* W)/ V)| + EIA — EAJ/EA,
(2.13)

by Lemma 2.1. For the second part, noting that 1%(;) < A4/(2A t3) fort > 0, we
have

N

N

oo
ZAE/ I <wy K (1)de
N
o0
< E/ Ip—icweg At/ dt
N/
oo
= E/ Ioi<w< E(AY W) /£ dt
Vi

0
< E/ﬁ ]{Z_,<W<Z}A/t3dt

1 o0 o0
< —E/ P(z—t < W <2)E(A)/dt + E|A — EA|/ 1/63dr
26 Jux vV

< E(A)E/;o (2t +2EAN/WY+2E|1 = E(A?|W)/20)|
A

+ E|A — EA|/EA)t_3dt + E|A — EA|/(2)) [by Lemma 2.1 again]
_ E(A)(2/ﬁ+ (2(EA/WV? 4 2E|1 — E(A2 W)/ 20|

+ E|A — EA|/EA}/(2A)) + E|A — EA|/(2))
- i—f(“ﬂ 2AEA/N? 4 2E|1 — E(A?|W)/20)|
F2E|A — EA|/EA).
(2.14)
Therefore, by(2.13) and (2.14),
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Hy <2Vh+2(EA/WDV? +3E|1 — E(A* W)/ (20| + E|A — EA|/EA
EA
+ m(4\/X+ 2EA/NV2 4 2E|1 — E(A2|W)/2h)]

F2E|A — EA|/EA).
(2.15)
Similarly, (2.15) holds with Hj replaced by H». This proves (2.4) by combining the
above inequalities. O

2.3 An Application to an Independence Test

Consider a m-variable population represented by arandom vector X = (X1, ..., X))’
with covariance matrix ¥ and let {X1, ..., X, } be a random sample of size n from
the population. In applications of multivariate analysis, m is usually large and even
larger than the sample size n. However, most inference procedures in classical mul-
tivariate analysis are based on asymptotic theory which has the sample size n going
to infinity while m is fixed. Therefore, these procedures may not be very accurate
when m is of the same order of magnitude as n. More and more attentions have been
paid to the asymptotic theory for large m, see for example, [2, 9, 10, 12, 14, 20, 21]
and references therein.

For concreteness, we focus on a common testing problem: complete indepen-
dence. Let R be the sample correlation matrix of {X1, ..., X, }. When the population
has a multivariate normal distribution, testing for complete independence is equiva-
lent to testing ¥ = [,,;, and many test statistics have been developed in the literature.
The likelihood ratio test statistic

—(n B 2m+5)10g|R|

is commonly used for m < n; however, it is degenerate when m exceeds n since
|R| = 0 for m > n. Nagao [18] proposed to use %tr[(R — I?], where tr denotes
the trace. However, this test is not consistent against the alternative when m goes to
infinity with n. Leboit and Wolf [14] introduced a revised statistic %tr[(R -1 )2] —
%[%tr(R)]2 + %, which is robust against m large, and even larger than n. Schott
[21] considered a test based on the sum of squared sample correlation coefficients.
Let R = (r;j, 1 <1, j < m) be the sample correlation matrix, where

B Do (Xik — X)) (X jx — X))
rij - n v n v ’
I K= X2 S (X — X))?

Xi = (X1iy..., Xmi) and X; = % > k—1 Xik. Let t, , be the sum of squared r;;’s
fori > j,
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m i—1

Inm = erizjv

i=2 j=1

and

nv/n+2
Jmm = Dn—=1)

Under the assumption 0 < lim,_,o,m/n < oo and complete independence,
Schott [21] proved the central limit theorem

m(m — 1)

2(n — 1)

Wn,m =Cnm (tn,m - ), where Cnm =

Wim — N(O, 1),

and then uses W, to test the complete independence. When the population is
not necessarily normally distributed, Jiang [13], Liu, Lin and Shao [15] introduced
new statistics based on the maximum of absolute values of the sample correla-
tion coefficients and prove that the limiting distribution is an extreme distribution
of type L.

As an application of Theorem 2.1, we establish the following Berry-Essen bound
for W, ,,, with an optimal rate of O(m=172).

Theorem 2.2. Let {X;;,1 < i < m,1 < j < n} be i.id. random variables,
and let Z be a standard normally distributed random variable. Assume m = O (n).
IfE(X}) < oo, then

sup |[P(Wym < 2) — ®(2)| = O(m~'/?). (2.16)

To apply Theorem 2.1, we first construct W* so that (W, W*) is an exchangeable
pair. Let X;", 1 < i < n be an independent copy of X;, 1 < i < n, and let / be a
random index uniformly distributed over {1, 2, . .., m}, independent of { X f, Xi, 1<
i <n}.Define ¥, =ty m — Z'fz} r12j + ZT:} r,z*j, where

J J

=1 (Xf = X)Xk — X ;)
I (X — K02 S (K — R

ri*j =

Itis easy to see that (¢, s, t,’l"’ ) 1s an exchangeable pair. Write W = W,, ,, and define

W* = cpm (tr)zk,m - %)

Clearly, (W, W*) is also an exchangeable pair. To prove (2.16), it suffices to show
by Theorem 2.1 that there exists A such that A > A% + E(A* Xy, ..., X,) with
A=2/m,
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E(W — W¥|W) = A W, (2.17)
E|1— %E(A2|W) =0m~'?), (2.18)
EIAP? = 0m™3?), (2.19)

m~2 < E(A) = O0@m™2), (2.20)
var(A) = O(m™), (2.21)

E(W|+ D|A]P = om™3?). (2.22)

To prove (2.17)~(2.22) above, we start with some preliminary properties on

moments of r;;. Letu; = (i1, ..., u;,) , where u;; = —Xu=Xi __ Clearl L We
ij i (ui1 in) ik m y
have
n n
Du =0, uj =1, (2.23)
k=1 k=1

and r;; = u;/u;. It follows from (2.23) and the symmetry of the variables involved
that

Eui) =0, E(uf) = % (2.24)
1 .
E(ujjuix) = —m for j # k. (2.25)

By (2.24) and (2.25), we have for i # j
E(Vizj) = E(uﬁuju/ju,') = E(E(u;u.,'u’ju”u,'))
1 1 1 (2.26)
=E( /.( I, — 1, u; )= ——,
i\ nin—1) ,,)u,) n—1

where I, is the n x n identity matrix and 1,, denotes a n x n matrix with all entries 1.
If EX?1 < 00, itis easy to see that (see e.g., [16])

E(Xy —

4 K 1
E(uj) = ) + O(n—3), whereK = o

(2.27)

From (2.23), we also have
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Eu?)
E(M?kluikz) = _n—_lll’
Eu?) 1
E(u?kluizkz) -, —111 nn—1)
2E @) !
El ) — 11 _
(Ui, WikyUiks) n—Dmn—-2) nn-Dn-=2)"

Eltinttiatinstin) = 6 03~ = D —2)n —3)"

for distinct k1, k3, k3, k4. Hence for i # j,

n n n n
4
E(r;;) = E( Z Z Z Z ”ikl“ikz“ik3”ik4”jk1"‘jkzujk3”jk4)

ki=1ky=1k3z=1kqg=1
=nEuiut) +4nn — D)E@W), uip,u’, u;
=n (uikujk)—i- n(n ) (uiklulkzujklu]kz)
2 2 2 2
+ 3n(n — I)E(“ikluikzujh“jkz)
2 2
+on(n — 1)(n —2)E(ujp ik WikyWjg, U jky U js)

+nn— 1D —2)(n = 3)E Wik, UikyUiks Wiky W jky U jky U jks U jiky)

=G+ 0 G)) v (-5 0 )
1 K 1Y)?
+3n(n - l)(n(n D o " O(F))

sntn 00— 2K ! o] )2
o =D =D T =  rm— D=2 (n_5)

3
+n(n— 1D —2)(n— 3)(11(71 — D(n=2)(n —3)

K 1\\2
nZ(n — (n —2)(n —3) + O(n_é))
3 1

=5+0(5)

Similarly to (2.26), for j; # ja,

(2.28)

1 1
E(rljl [JZ) = E(E(rl,l l/2|X )) ((}’l _ 1)2)2 (n _ 1)2, (2.29)

EG1X)) = E@j k>2u o AE iy, wit,) Z Z Wik U jks

ki=1 kp=1

ky#k1
+ 3E Gy, wZ S i

=1 kp=1
ko #ky
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n n n
2 2
+6E(ul‘k1uik2uik3) Z Z Z ujklujkzujk3

ki=1 ko=l k3=1
kpky K3k
k3 #ka
n n n n
+E(uik1uik2uik3uik4) E 2 z Z Ujky U jkyU jkzU jky-
ki=1 k=1 k3=l k=1

ko#ky k3#tky kytky
k3#ky  kg#ky
ky#k3

Since > }_, ujx = 0and >}_, u% = 1, we have:
4 N 4 3 2 2 2 .
E(ri;1Xj) = ( E(ug) — 4E (i wiky) — 3E (ujy, uj,) + 12E (i, wik, Uiks)
n
— 6E (i, uik2“ik3uik4))z Wiy

k=1
+ 3E(ufy upy,) — OE (ujy ity i) + 3E (i WikyUiks Uiky)

= o) + (5 o) X

Thus,
E(ri ris,) = E(E(ri i, |X)

ij1'ij2
= (o) + (5 o) X))

Similarly, if EX{? < oo,

E(f) = 0@m™,

and if EX%‘I1 < 00,

E(r}))=0@m™),

By (2.26), (2.28) and (2.29), we have

m(m — 1) 5 m(m — 1)
E(tym) = TE(V,-J-) = m,
var(ty,m) = E(ty ) — (E(tym))*
(m—1)(m—2)
2

-1
ZME(r?j)—i—m

2 .2
) E(rijrij,)

(2.30)

2.31)
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m(mT_l)E(r,?/.) - w
‘ (n—1)
Var(tn’m) = E(tl’%,m) - (E(tn,m))z
m(m —1) m@m — 1)(m — 2)
= TE(V?J) + 5
m(m — 1)*(m — 2)
4 E( llj1 12]2) (E(tn,m))2

E(tn,m) =

2 .2
E(rijrij,)

+

Proof of (2.17) Let 2, = {X1,..., X,} and define u} similarly as u; by using
{Xl?kj} instead of {X;;}. Asin (2.26), we have

E(rf | 20) = EEWufuy'uj| 25))

1 1
— E LAY i
n—1" (ugui n—1

and hence

m m

m
E(W — W W) = Cm" ZE(ZriZj >

i=l = =
J# J#i

2
W):—W
m

as desired.
Proof of (2.18) Recall A = 2/m and the definition of A and observe that

‘E(AZI%) _1‘

2 my 1 4m — D(n—1)
" ‘Ei ((Zru_r* "%)) 2(n +2)
7#1

nm T\ 2 > 1 2m =D —1)
m E(;(r” n— 1)) nZ(n+2)

2m —1)(n—1)
— (Z(rlj —7 |%)—W
=1 J#t

"+ )+ 0 /n), (2.32)
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Instead of estimate E J;, we look at the second moment of J;. From (2.28) and (2.29)
we obtain

w S E S - ) =2 o

n—1

et = 2 (2 0= ) -2

n

:E(%i{z(@ . nil)}2)2_4<mn_;1>2+0(mz/ns)

-2 “ 2 1 2 " 2 1 2
w3 B (- ) - =)
1<i|#ir<m Jj=1 I=1
J#i I#in
4m?
A + O(mz/nS)

DI I R

i=1 =1
J#

m m

m
1 3 1
2 2
423> > E((rh - =) (- =9))
i=1 j1=1 jp=1
£ 2 #
J2#0
m m m

1 2 1 2
2 2
+32 > > E((h - =) (h-—=))
[ i1=1 jr=
Ji#i ﬁ#zl'
n#i
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1 \2/, 1 5 1
5D ID WD E((h = =) (= =) (= =)
i=1 j1=1l j=1 j3=l
N#F pF J3F

h#i1 J3FN
J3#i2

1535 3D 3D D (R

n—1
i=1 j1=1 jp=1 jz=1l jy=I1
N#F AL BFL jaF
h#FN BFEI JaF

J3FEi JaFER
JAFJ3
1 4
2 2 § : 2
tj3 n—1 tj4 I’l—l — = lllz n—1
i1= 2=
ip#i]

m m m m
+ZZZZI(jI¢izorjz¢il)
i1=1 2=l ji=1 jp=1
#
1 \2 1 \2
2 2
E((rilj]_n_]) (rizjz_n_l))

m m

$ 556

n—1
1 ip=1

in#i| J#ll
J#i

+E(( Tiria nil)(r"zlj - nil)z(rizzj - nil)))} _4&4‘0(’" /n’)

=0 +0+3m@n*+0m™>)+0+0+0mn""

4m?
+m*@n*+0mn) +mo(n™) — T+ O (m?/n’)
= O(m/n4).
(2.33)
We get the last equality by (2.30), (2.31) and the method in (2.26). Thus
EJi = 0(m'?/n?). (2.34)

Similarly, we have

E122=E(nl1i{i r
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Thus
EJ, = O(m'?/n?). (2.35)

Noting that ¢, , = O(n/m), we prove (2.18) by (2.32), (2.34) and (2.35). m|
Proof of (2.19) We estimate the forth moment of A. We have

= 2 (X0 1)

1#1
- 0((n/m)4)E(i (rfj - i 1))4
j=2
+ 0((n/m)4)E(§:(rl* ~ ))4 (2.36)

j=2

Following the same argument as in (2.33), we have

X ()

=
-3 (-5
" 2w 1 \3 1
42 X (- =) (e )
=2 ./122#121
o ) 1 \2/, 1 \2
#3222 E((h - =) (-5 =))
n=2

62 > > E((rljl — o1 1) (rljz i 1)(%‘; -1 1))
J1=2 2=2 j3=2

#il BFEN
3#N

S S E((h - ) (- )

J1=2 =2 j3=2 j4=2
Q#FN BFEIL JaF
B3#Ei JaFi

Ja#i3

1 1
2 2
X (r1j3_n— 1)(}’1]-4— n—]))
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=mOm™)+0+0m>HO0mn™*H+0+0

= O(m2 n_4).

Similarly,

E( 07 1)) = ot

j=2

This proves EA* = O(m™?) by (2.36)—(2.39), and hence (2.19) holds.
Proof of (2.20) and (2.21) Similarly to (2.36), we have

B2 = 0tmE((20, - )| %)
j=1

J# 1
FonmE (X (- ) 45)
j=1
J#l

27

(2.38)

(2.39)

(2.40)

Let the right hand side of (2.40) be A. From the proof of (2.19) we see that (2.21)

holds.
Consider the variance of the first term of A. Note that

(U 6 ) )22 6 5))

j=
J#I J#I
m

(B 05— 2) (0 ) )

j=1 j=1
J#l J#I
_ 2 2
= > 2 E(( X (P =) (X (- o=
i1=lir=1 J1=1 J2=1
J1#i] J#iy
m m
1 4 1 4
2 2
_E(Z (rll]l n—l)) E(Z (izjz 1 1)) }
J1=1 j2=1
J1#i] J#ip

i1=1 Jj1=1 J2=1
J1#i1 J2#]
m m
1 4 1 4
2 2
—E(X (= 7=9) (X (= 7=9)
J1=1 2=l
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1 m m m 1 g m 1 4
2 2
2 HE(XZ (- =) X (=) )
i1=1 ip=1 j1=1 ja=1
ip#i] J17#0] 2 #i
m m
1 4 1 4
2 2
_E<Z (riljl T a— 1)) E(Z (rizjz T a— 1)) }
j1=1 =1
N#i] 2 #ip

= 0(%) (A4—4 +A431+A422+ As211+As-1111
+A3131+A3122+A31211+A31-11110F A2 202+ A0 011
+A2o-11,1,10 + A2 1-2,01 A2 1-11,0,1 + A1,1,1,171,1,1,1)
+ 0(1)(34—4 + B4—31+ Ba—oz2+ Bao11+ Ba—11.11
+ B3, 13,1+ B3,1—22+ B3,1—2,1,1 + B3,1-1,1,1,1 + B22—22+ B22-21.1
+ Bao-1.1,11+ B2ii-210 + Baai-11,11 + 31,1,1,1—1,1,1,1),

where

AallvalL-u_aleHZZ-n

=3 3 > 3 ()" (e )

: ; : , n n—1
in=t Jji2=t 1=l jp=1
in#F Ji#E jpF i

J12#in J2#i21

1 asy 1 an
2 2
X(rijzl_n_l) (rijzz_n_l) )
1 apy 1 ap
2 2
_E((rij“_n—l) (rij'z_n—l) )
1 azy 1 a
2 2
XE((rijm_n_l) (rim__n—l) )}

Bbyyb1a,.. b1, b

=3 3 3 S (- ) ()

. : : , n—1
=l jin=l jpi=l jn=1
in#r Ji#F jai#iy jn#Fn

Jn2#in J22#121

1 bai 1 by
2 2
X(rizjzl_n_l) (rizjzz_n_]) )
1 b1y 1 bia
2 2
_E((riljll_n_l) (riljlz_n_l) )
1 by 1 by
2 2
XE((rizjm_n_l) (rizjzz_n_l) )}’
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for i1y # ip. Since there are m? terms in As_4 and every term is of order
0(11]—8), Ag_g4 = 0(':—82). Any term in A4_3 1 is zero if jp is not equal to either
i or ji1, thus there are O (m?) nonzero terms in As—3qand Ay_31 = ( ) By

similar arguments, all the A-type terms are of order O (’:—;) and all the B—type terms

3 ..
are of order 0(%) except Bz 1,1-2.1,1 and By 1,1,1-1.1.1.1- Similarly,

s =0((5) £ oue(( - 5) ()

() (3 ) (s ) (e 5)
)

(s

(%) + 00t (= ) (1= ) (= 55)
(o= ) (= =) (2= )

(25 =) (2= 1)

3
m
=0(—).
(%)
Therefore, the variance of the first term of A is O(#) and so is the variance of the

second term. Hence (2.20) holds. m|

Proof of (2.22)  Following the proof of (2.20) gives EA® = O(m~*). Thus

—
LI\):

(5]

=0

Bi1,1,1-1,1,1,1 = O

X

E(W|+ DIAP < (EQ+ |WDH2EAS? = 0m™>),

as desired. O
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