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An informal introduction to hazard-based
analyses

This chapter explains in a non-technical manner why methods for analysing
standard survival data — one endpoint, observation of which is subject to
right-censoring — transfer to more complex models, namely competing risks
and multistate models, this book’s topic.

In Section 2.1, we explain how right-censoring, where only an individual’s
minimum lifetime may be known due to closing of a study, say, leads to the
hazard rate being the key statistical quantity. Probability estimates are then
derived as deterministic functions of simpler estimators of the cumulative
hazards. In fact, the technical difficulty of right-censoring is a consequence of
an important conceptual aspect: time is not just another measurement on a
scale, but plays a special role. Events happen over the course of time, e.g.,
illness often precedes death, and one has to wait in order to observe an event.
This requires a dedicated statistical theory, and hazards are in general well
suited to analyse events that occur over the course of time like survival data
do. The concept of a hazard is also important for the data analyst’s intuition:
approximately, one may think of a hazard as the probability of experiencing
an event within the next time unit conditional on presently being event-free.
Say the event is death. Then this information may be more relevant given
current vital status than an unconditional survival probability.

In Section 2.2, we explain why hazard-based techniques also apply to
analysing competing risks data and multistate model data. Competing risks
models allow for investigating different endpoint types that may occur at the
event time in question. Occurrence of subsequent events may be investigated
by multistate models. The type of multistate models that we consider are
time-inhomogeneous Markov models, which are realized as a series of nested
competing risks experiments. It is also discussed that these techniques allow
for left-truncation in addition to right-censoring. Data are left-truncated if pa-
tients have a delayed study entry time. The mathematical basis behind these
extensions are counting processes, which count different event types over the
course of time, and martingales, which represent noise over the course of time.

J. Beyersmann et al., Competing Risks and Multistate Models with R, Use R, 9
DOI 10.1007/978-1-4614-2035-4 2, © Springer Science+Business Media, LLC 2012
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The connection to counting processes and martingales is also explained in an
informal way.

Finally, the brief Section 2.3 explains that asymptotic results are used for
approximate inference when analysing event times in practice. Typically, the
statistical techniques are of a nonparametric kind, and, e.g., using approximate
normality has been found to work well even in moderate sample sizes.

Section 2.1 contains a lot of R code. Readers are encouraged to reproduce
the code which explains how we may estimate cumulative hazards in the
presence of right-censoring and how probabilities and their estimates may
be computed from either the true or the estimated cumulative hazards. There
is hardly any R code in Sections 2.2 and 2.3; this is what the remainder of the
book is about.

2.1 Why survival analysis is hazard-based.

2.1.1 Survival multistate model, hazard, and survival probability

Figure 2.1 displays the simplest multistate model. An individual is in the initial

Initial Absorbing

Fig. 2.1. Survival multistate model.

state 0 at time origin. At some later random time 7', the individual moves to
the absorbing state 1. ‘Absorbing’ means that the individual cannot move out
of state 1, or that transitions out of state 1 are not modelled. Figure 2.1 is the
classical model of survival analysis, if we interpret state 0 as ‘alive’ and state 1
as ‘dead’. We are interested in the event time T; T is often called ‘survival
time’ or ‘failure time’.

To find out about T', we need to record data over the course of time, i.e. we
need to record in which state, 0 or 1, an individual is for every point in time.
This is what a stochastic process does. We write X; for the state occupied by
the individual at time ¢ > 0, X; € {0,1}. T is the smallest time at which the
process is not in the initial state 0 anymore,

T :=inf{t : X; #0}. (2.1)

This relationship between the stochastic process (X;);>o and the event time T
is illustrated in Figure 2.2. For illustration, consider an individual with event
time T' = 52. This individual will be in state 0 for all times ¢ € [0,52) and in
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Fig. 2.2. Stochastic process (X¢);>0 and the event time T: The bullet e is included
in the graph, and the circle o is not.

state 1 for all times ¢ > 52. Note that the state occupied at the event time T'
is the absorbing state 1, i.e., X7 = X350 = 1. This definition implies that the
sample paths of the stochastic process, i.e.

[0,00) Dt — X,

are right-continuous, as illustrated in Figure 2.2. As state 1 is absorbing, data
recording may stop for an individual with time 7.
The statistical analysis of T' is based on the hazard «(t) attached to the
distribution of 1™
at)-dt:=P(T edt|T >1), (2.2)

where we write dt both for the length of the infinitesimal (i.e., very small)
time interval [t,¢ + dt) and the interval itself. Equation (2.2) is a short, but
more intuitive form of

)T >t
alt) = AI?{IO P(T e [t,tZtAtHT >t)

Throughout this book, we assume that derivatives such as in Equation (2.2)
exist. The hazard is ‘just’ a different ‘representation’ of the distribution of 7

Before we answer the question of why survival analysis is hazard-based,
let us first note that knowing the cumulative hazard A(t),

t
A(t) == / a(u) du, (2.3)
0
suffices to recover the distribution function of 7',
F(t):=1-8():=P(T <t)=1—exp(—A(Y)), (2.4)

where S(t) = P(T > t) = exp(—A(t)) is usually called the survival function
of T. The right hand side of (2.4) is easily derived from (2.2) using standard
calculus, but this adds little to our understanding. A more useful notion is
product integration: because dA(u) = a(u)du, we may rewrite (2.2),

1—-dA(uw) =P(T > u+du|T > u). (2.5)



12 2 An informal introduction to hazard-based analyses

The survival function should then be an infinite product over conditional
probabilities of type (2.5). This is, in fact, the case. We call such an infinite
product a product integral and write JT. So,

t

S(t) = ﬂ (1 - dA(w)) (2.6)

0
K K
~ [[ (- AA) ~ [[P(T > tx | T > try), (2.7)
k=1 k=1

where 0 = tp < t; < to < ... < tg_1 < lxg = t partitions the time inter-
val [0,t] and AA(t,) = A(tr) — A(tk—1). Now, the right hand side of (2.4) can
simply be seen as a solution of the product integral in (2.6). The product inte-
gral itself, however, shows up again with the famous Kaplan-Meier or product
limit estimator of the survival function, and, in a matrix-valued form, when
we move from survival analysis to competing risks and multistate models. Let
us now check the approximation of (2.6) by (2.7) empirically using R. The
following function prodint takes a vector of time points and a cumulative
hazard A as an argument and returns the approximation H,le (1 — AA(tg)).

> prodint <- function(time.points, A) {

+ times <- c¢(0, sort(unique(time.points)))

+ S <- prod(1 - diff(apply (X = matrix(times),
+ MARGIN = 1, FUN = 4)))
+ return(S)

+ }

A standard parametric example is the exponential distribution with constant
hazard «(t) = « and cumulative hazard A(t) = « - t. We exemplarily look at
an exponential distribution with hazard 0.9,

> A.exp <- function(time.point) {
+ return(0.9 * time.point)

+F
on the time interval [0, 1]:

> times <- seq(0, 1, 0.001)
> prodint(times, A.exp)

[1] 0.4064049
> exp(-0.9 * max(times))
[1] 0.4065697

The vector of time points does not have to be equally spaced:

> prodint (runif(n = 1000, min = 0, max = 1), A.exp)
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[1] 0.4068678

A more flexible parametric model is the Weibull distribution with shape pa-
rameter 0 and scale parameter . It has hazard a(t) = v-0-t~" and cumulative
hazard A(t) = v - t%. Let us look at a Weibull distribution with scale 2 and
shape 0.25,

> A.weibull <- function(time.point){
+ return(2 * time.point~0.25)
+

and the time interval [0, 1] as before:

> prodint(times, A.weibull)
[1] 0.1234838
> exp(-2 * max(times)~0.25)
[1] 0.1353353

The approximation becomes better with an ever finer spaced partition:

> prodint(seq(0, 1, 0.000001), A.weibull)
[1] 0.1350193

The next section 2.1.2 explains why the cumulative hazard can still be esti-
mated, if data are incomplete due to, e.g., individuals surviving the closing of
a study. An estimator of the survival probability is then derived by computing
the product integral with respect to the estimated cumulative hazard.

2.1.2 Estimation: The hazard remains ‘undisturbed’ by censoring.

The approximation (2.7) of the product integral (2.6), implemented via
prodint, directly results in the Kaplan-Meier estimator of S(t), if we sub-
stitute the increment of the cumulative hazard by an adequate estimator,
which turns out to be the Nelson-Aalen estimator of the cumulative hazard.
In other words, we may estimate the survival function S of the event time T’
by the product integral of an estimator of the cumulative hazard. This leads
us to the question of why survival analysis is hazard-based, and, of course,
how the cumulative hazard may be estimated: so far, we may estimate S(t)
either by the empirical survival function,

n~! - (number of individuals surviving ¢), (2.8)

if we start with n individuals at time origin. Or we may base things on esti-
mating the cumulative hazard. A natural estimator of the increments AA(t)
is
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~ number of individuals failing at ¢

AA(t) = , 2.9
®) number of individuals alive just prior to ¢ (2.9)
so that we estimate the cumulative hazard as
K o -
~ number of individuals failing at ¢
At) = 2.10
®) Z_: number of individuals alive just prior to 5’ ( )
0 <t <ty < ... < tg_1 < tg = t is the ordered sequence of ob-

served failure times. It is a straightforward algebraic exercise to show that
ﬂf) (1 - dﬁ(u)) = Hle (1 — Ag(tk)) equals (2.8), if we observe the failure
times for all n individuals. We briefly check this with R: we simulate 100

independent random variables from the exponential distribution with param-
eter 0.9,

> event.times <- rexp(100,0.9)

for which we wish to estimate the survival distribution at ¢ = 1. We now
need to compute the increments (2.9), which can be conveniently done us-
ing the survival package (Therneau and Grambsch, 2000): First, we create
the fundamental ‘survival object’ using Surv on the simulated times. The
survfit-function then gives us the necessary information:

> library(survival)
> fit.surv <- survfit(Surv(event.times) ~ 1)

Now, fit.surv$time is the vector of times t; < to < ... < tx_1 < tx, and
fit.surv$n.event and fit.surv$n.risk are the numerator and denomina-
tor of (2.9), respectively. The function A computes (2.10):

> A <- function(time.point) {

+ sum(fit.surv$n.event [fit.surv$time <= time.point]/
+ fit.surv$n.risk[fit.surv$time <= time.point])
+ 1

The estimator of the survival function at time 1 based on A and product
integration then is

> prodint(event.times[event.times <= 1], A)
[1] 0.41

and the empirical survival function is

> sum(event.times > 1) / length(event.times)
[1] 0.41

The restrictive assumption required to use the empirical survival function (2.8)
is that we are supposed to know the actual failure times of all individuals. This
will usually not be the case. Event history data occur over the course of time,
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and a data analysis is regularly performed before or without knowing all failure
times. E.g., a clinical study may be closed with, one hopes, many patients
surviving, or individuals may drop out of a study because they move to a
different place. In these instances, we will only know the minimum failure time.
That is, we only know the actual failure time to be greater than a certain value,
but not its precise value. This mechanism leads to incomplete observations
and is known as (right-)censoring. In the presence of censoring, the empirical
survival function (2.8) is rendered useless, as we cannot compute it anymore.
But hazards remain undisturbed by censoring: recall Definition (2.2) of the
hazard. Now introduce a censoring time C', independent of the event time 7T'.
(This is the so-called random censorship model.) The observation is

(TAC, LT <C)), (2.11)

where we write A for the minimum and 1(+) for the indicator function: 1(T" <
() equals 1, if T' is less than or equal to C. TAC'is the censored event time, and
the event indicator 1(T' < () tells us, whether T'A C' equals the actual event
time T'. Now, what is the probability of observing the actual event time in the
small time interval d¢ = [¢, t+dt), conditional on the fact that neither event nor
censoring have happened before ¢? Le., what is P(T € dt,T < C|TAC > t)?
The interval dt is so short that, assuming 7" and C' to be different, at most one
is in d¢: if the event occurs in dt, it will be observed (still supposing TAC > t).
Because C and T are independent, the probability that the event occurs in dt,
conditional on T'A C > t, is the same as in the absence of censoring:

alt) - dt=P(Tedt|T>t)=P(Tedt,T<C|TAC>1).  (2.12)

In words: censoring has not disturbed the hazard. As a consequence, we may
estimate the cumulative hazard from censored data. Using product integra-
tion, this results in an estimator of the survival function. Equation (2.12) has
farther reaching consequences, which we investigate in Section 2.2. These are
also seen to be the reason why hazard-based techniques translate from the
simple survival multistate model of Figure 2.1 to competing risks and more
complex multistate models. Before we do so, let us briefly investigate estima-
tion from censored data:

We say an individual with T'A C' > t is ‘at risk’ just prior to ¢. In order to
estimate the cumulative hazard, adapting Equations (2.9) and (2.10) to the
censored data set-up is straightforward:

A E(t) _ number of. inc.li\'/iduals obs?rv?d to fa'uil at ¢ 7 (2.13)
number of individuals at risk just prior to ¢
so that we estimate the cumulative hazard as
i () = i number of individuals observed to fail at ¢, (2.14)

Pt number of individuals at risk just prior to
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if0 <ty <ty <...<tg_1 <tg =tisthe ordered sequence of observed
failure times. A of (2.14) is the Nelson-Aalen estimator of the cumulative haz-

ard. The product integral of A is the Kaplan-Meier estimator of the survival
function:

t

S(t) = ]{(1—dA ) fi(l—AAtk> (2.15)

0

We briefly revisit the R data example from above: in addition to event .times,
we simulate censoring times, which we choose to be uniformly distributed
on [0, 5]:

> cens.times <- runif(100,0,5)

The observable data are the censored event times T' A C,
> obs.times <- pmin (event.times, cens.times)
and the event indicator 1(T' < (),

> event.times <= cens.times

The number of observed event times is

> sum(event.times <= cens.times)
[1]1 80

We now have to refit the survival object, also telling Surv which event times
were observed and which were censored:

> fit.surv <- survfit(Surv(obs.times,
+ event.times <= cens.times) ~ 1)

The Kaplan-Meier estimator of the survival function at time 1 then is

> prodint (obs.times[obs.times<=1], A)
[1] 0.3967501

The result is reasonably close both to the estimate previously obtained in the
absence of right-censoring and to the true value. Of course, we may also use
the survival package in order to estimate the survival function at time 1:

> S <- fit.surv$surv
> S[fit.surv$time <= 1][length(S[fit.surv§time <= 1])]

[1] 0.3967501
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So far, we have only estimated the survival function at one time point. Eval-
uating formula (2.15) at all observed event times yields an estimate of the
survival curve. A plot of the estimated survival function together with its
theoretical counterpart is displayed in Figure 4.3 in Section 4, where a more
in-depth discussion of the Kaplan-Meier estimator, the survival package, and
plotting the respective results is given.

In summary, survival analysis is hazard-based, because we can still es-
timate the cumulative hazard from right-censored data. We may then use
product integration to recover the survival function or, equivalently, the dis-
tribution function. In the remainder of this chapter, we find that this program
still works, in essence, with even more complex event data. Crucial to this is
an intimate relationship between hazards and counting processes; the latter do
a very intuitive thing: they count the number of observed events of a certain
type over the course of time. However, the interpretation of hazard-based re-
sults becomes more involved with more complex event data, which is a major
topic of this book.

2.2 Consequences of survival analysis being based on
hazards

In Section 2.1, we illustrated that the analysis of event time data is based
on hazards. This fact has a number of important consequences, which are
briefly outlined below. In Section 2.2.1, we find that estimation of the cumu-
lative hazard is intimately connected to counting processes and martingales. A
counting process simply counts the number of observed events over the course
of time. Martingale theory provides us with estimating equations and both
small and large sample properties of estimators. This connection allows us to
also analyse event time data which go beyond the right-censored, single-event
type situation discussed in Section 2.1.

In Section 2.2.2, we show that the hazard-based approach can also account
for left-truncated data, where patients have delayed study entry times. Sec-
tions 2.2.3 and 2.2.4 show how the current framework generalizes to compet-
ing risks and to time-inhomogeneous Markov multistate models. In addition
to considering an event time, competing risks models also distinguish between
different event types, one of which occurs at the event time. Multistate mod-
els can be thought of as being realized as a series of nested competing risks
experiments: an individual may experience different events over the course of
time, which are modelled as transitions between multiple states.

2.2.1 Counting processes and martingales

In Equation (2.12), we found that random right-censoring does not disturb
the hazard. We reformulate (2.12) as
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E(L(T € dt, T < C)|Past) = 1L(T AC >t)-«ft) dt, (2.16)

where ‘Past’ stands for knowledge about all failure or censoring events before t.
Given the past, the at-risk indicator 1(T'AC > ¢) is known. If the individual
is at risk just prior to t (i.e., if we have that T A C > t), the probability
(conditional on the past) that we observe an event in the very small time
interval dt is as in (2.12). However, if the individual is not at risk just prior
to t because either a failure or a censoring event has happened before ¢ (i.e.,
1(T' A C > t) =0), this probability is zero. This is summarized in (2.16).

As outlined earlier, Equation (2.12) implies that the cumulative hazard is
estimable from the observable data. In fact, (2.12) shows that a key role in
the estimation is played by the counting process

t— LT <t,T<C)t>0, (2.17)

which has (infinitesimal) increments 1(7 € dt,T < C). The process (2.17)
simply counts the number of observed events in the time interval [0, ¢, either 0
or 1. Attached to the counting process is the at-risk process

t 1T AC >1). (2.18)

The counting process may only jump (from 0 to 1) at time ¢, if the at-risk
process equals 1. For estimation, we aggregate these processes over all indi-
viduals under study such that we count the number of observed events within
the sample and over the course of time. The at-risk process then keeps track
of the number of individuals currently at risk, i.e., without prior failure or
censoring event. This is reflected in the Nelson-Aalen estimator (2.14).
Furthermore, Equation (2.12) is tantamount to the fact that

1(T§t,TgC’)—/tl(T/\C’zu)-a(u)du (2.19)
0

is a so-called martingale. Martingale theory provides a powerful tool to derive
estimators and test statistics as well as to study their small and large sample
properties. The latter may be used for approximate inference in practice. An
in-depth treatment of the application of martingale theory to the analysis of
event time data is beyond the technical level of this book. Interested readers
are referred to Andersen et al. (1993) and Aalen et al. (2008). We, however,
often make use of the results provided by the application of martingale the-
ory. E.g., variance estimators and approximate 95% confidence intervals may
conveniently be derived in this way.

We note, though, that equations (2.16) and (2.19), aggregated over all
individuals under study, suggest estimating A(t) = f(f a(u) du by the Nelson-
Aalen estimator

n () = Z number of individuals observed to fail at ¢
N < number of individuals at risk just prior to #;’
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where the summation is over all event times ¢, which are less than or equal
to t (cf. (2.14)). Equation (2.16) also suggests that A should be an almost
unbiased estimator of A, as long as the risk set (i.e., the set of all individuals
currently at risk) is non-empty with a high probability. Martingale theory can
be used to show that this is actually the case.

In other words, the martingale (2.19), potentially aggregated over all in-
dividuals, can be considered as a noise process. Figure 2.3 shows the counting
process

t — number of individuals observed to fail in [0, ¢]

computed based on the simulated data in Section 2.1 and its so-called com-
pensator

t
t— / (number of individuals at risk just prior to «) - 0.9 du,
0

i.e., the integral over the at-risk process times the hazard «(t) = 0.9 of the
uncensored event times (cf. equations (2.16) and (2.19)). Figure 2.3 illustrates
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Fig. 2.3. Simulated data. The step function is the counting process of observed
events. The smooth line is the compensator of the counting process, i.e. the integral
over the risk set times the true hazard. Note that the compensator is only an almost
smooth line which has ‘edges’. The left hand derivative does not equal the right
hand derivative at time points where the number of individuals at risk changes.
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that the counting process approximates the compensator, which is intimately
related to the cumulative hazard. The martingale itself, i.e., the counting
process minus the compensator, is unpredictable zero-mean noise.

Readers are encouraged to check the approximation illustrated in Fig-
ure 2.3 in R: as explained in Section 2.1, the increments of the counting
process at times fit.surv$time are contained in fit.surv$n.event, which
allows for convenient computation of the counting process itself. The integral
over the at-risk process times 0.9 may be computed from fit.surv$n.risk,
which contains the number of individuals at risk just prior to times
fit.surv$time.

The fact that counting the number of observed events over the course of
time approximates a quantity which is closely related to the cumulative haz-
ard, which, in turn, is a key target quantity for estimation, makes counting
processes and martingales a starting point for a rich statistical theory. Sec-
tions 2.2.2-2.2.4 discuss how we can profit from the counting process approach
for more complex event time patterns.

2.2.2 Left-truncation and right-censoring

So far, we have considered the situation where observation of an event time T'
is restricted by a right-censoring time C: if the event happens in (0,C], it
will be observed. However, if the event happens after C', we will only know
that T" exceeds C'. A typical example is a clinical study where the time origin 0
corresponds to random assignment of a patient to a treatment. The event
time T then measures the patient’s survival time since treatment assignment.
Patients who survive beyond administrative closing of the study will be right-
censored. Usually, the study is closed at a particular fixed date such that
we may assume the right-censoring time C' to be independent of the event
time 7', random right-censorship. In this set-up, individuals are assumed to
be followed from time 0 until T'A C.

There are, however, situations where individuals enter the study at a time
later than time origin 0. Such data with a delayed study entry time are said
to be left-truncated. The concept is best understood via an example. Meister
and Schaefer (2008) study duration of drug-exposed pregnancies. Observation
does not start at time of conception. In the study of Meister and Schaefer,
women enter the study when first contacting a Teratology Information Service.
For these women, the time of conception may reasonably well be determined
in retrospect and is thus assumed to be known. However, women who, e.g.,
experience a spontaneous abortion before their potential future study entry
time never enter the study. The hazard/counting process based approach of
Section 2.2.1 also allows us to analyse such left-truncated data. The data
analysed in Meister and Schaefer (2008) are available in the R package etm.

In addition to T and C, we denote an individual’s left-truncation/study
entry time by L: the event will only be observed, if it happens in (L, C].
If it happens in (L,C], we will know T. An individual who experiences an
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event before its left-truncation time (i.e., T < L) will never enter the study.
An individual under study (i.e., an individual with L < T') is right-censored,
if it experiences an event after its right-censoring time (i.e., C < T'). Data
subject to right-censoring only are included in this set-up: they formally have
a left-truncation time L = 0. Similarly, data which are only subject to left-
truncation formally have a right-censoring time beyond the largest possible
event time.

Potential subsequent occurrences of L, T', and C are schematically illus-
trated in Figure 2.4. The individual in Figure 2.4 a) enters the study at time L

a) % %
0 L T c
b) | % % %
0 L c T
o % %
0o T L c

Fig. 2.4. a) Individual with an observed event. b) Censored individual. ¢) Individual
with an event before study entry.

after time origin 0. The individual’s event is observed at time 7', because the
censoring time C' is larger than T'. The individual in Figure 2.4 b) also enters
the study at a time L, but the observation of the individual is right-censored.
In Figure 2.4 ¢), the individual experiences an event before its study entry
time, i.e., T' < L. This individual never enters the study.

We assume for the moment random right-censoring and random left-
truncation: T' is independent of (L, ). Then Equation (2.16) generalizes to

E(U(T cdt,L <T <C)|Past) =1L <t<TAC)-a(t)dt,  (2.20)

where ‘Past’ now means knowledge about all failure, truncation, or censoring
events before £. As in (2.16), Equation (2.20) states that the probability of
observing an event in dt is 0, if the individual is not at risk just before t.
However, if the individual is at risk, an event that happens in d¢ will be
observed; such an event occurs with probability «(t) d¢. The key point is that
the at-risk process

t—1(L<t<TAQC) (2.21)

now also accounts for left-truncation. An individual is only ‘at risk’ right after
the time L of study entry. The Nelson-Aalen estimator (2.14)
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K e .
number of individuals observed to fail at t,
t=>

A

#— number of individuals at risk just prior to tr’

of the cumulative hazard A(t) = fot a(u) du is straightforwardly adapted to
data subject to both left-truncation and right-censoring. The denominator
now includes all individuals who have entered the study before t; but have
not experienced an actual event or a censoring event before 5. The numerator
counts the number of observed events at ¢;, within the set of these individuals.

A further important consequence of Equation (2.20) is that it allows us to
relax the assumption of random right-censoring and random left-truncation.
The application of martingale theory and counting processes only requires
Equation (2.20) to hold, but not necessarily random right-censoring or ran-
dom left-truncation. Restrictions of observing T that fulfill (2.20) are known
as independent right-censoring and independent left-truncation, respectively.
A crucial issue here is that L and C may depend on the ‘Past’: if covariates are
considered in the statistical analysis, L and C may depend on past covariate
values. A simple example of this is a clinical study where censoring may differ
between treatment groups; see, e.g., Clark et al. (2002). A more complex ex-
ample is the illness-death model as considered in Section 2.2.4 below. In this
model, individuals may experience different events over time, i.e., undergo
‘healthy’ < ‘diseased’ transitions and may also die. A right-censoring mecha-
nism that is independent censoring in the aforementioned sense may depend
on whether an individual is currently ‘healthy’ or ‘diseased’. Because of this
potential dependency, however, such right-censoring would not be random any
more.

So far, our discussion of left-truncation and right-censoring referred to situ-
ations where observation of an individual was restricted due to some ‘external’
mechanism. Observation does not start before the time of left-truncation, and
an event that happens after the right-censoring time will not be observed. In
Sections 2.2.3 and 2.2.4, our aim is to estimate multiple (cumulative) hazards
that correspond to multiple event types. Equation (2.20) can be generalized
to such situations. A key point is to adapt the risk sets. In the aforementioned
illness-death model, individuals will only be at risk of making a ‘diseased” —
‘dead’ transition, after having acquired the disease and thus having entered the
disease state. The set of individuals at risk of making a ‘healthy’ — ‘diseased’
transition not only excludes individuals who have previously fallen ill and have
not yet recovered, but also those who previously died without prior disease.
As discussed below, the appropriate changes to the risk set may be made
by coding these as left-truncation and right-censoring, respectively, but these
modifications of the risk set are due to the presence of multiple event types
and not to external restrictions on an individual’s observable data. We note,
however, that, conversely, the presence of multiple event types may motivate
data collection which is subject to left-truncation. E.g., in hospital epidemi-
ology, the time scale of interest typically is time since admission to hospital,
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but sometimes data are collected conditional on detection of some infectious
strain during hospital stay (Beyersmann et al., 2011).

In brief, left-truncation corresponds to observation being switched on,
and right-censoring corresponds to observation being switched off. If these
switches, which are, in fact, a ‘censoring’ process, are independent as explained
above, ‘the Nelson-Aalen estimator works’. We make two final comments on
this: First, the idea of switching observation on and off may be generalized to
quite complex observation schemes called filtering, and it disposes of the la-
tent variables L and C. We do not further pursue the concept of filtering here.
The variables L and C are latent in the sense that, e.g., L is unobservable if
L > T, which is somewhat unpleasant. In contrast, the concept of ‘observation
on’ as mirrored in the risk set does not require these latent times. In fact, our
discussion of the illness-death model above has implicitly used the concept
of ‘observation on/off” rather than latent times. We have, however, chosen to
use L and C' in line with many accounts in the applied literature. Second, the
independence assumption is obviously crucial, and it would therefore be useful
if one could check it for a real data set. Unfortunately, there are identifiability
problems that typically prevent checking the assumption for right-censoring,
but it may be investigated for left-truncation. For the latter, see Section 11.3.

We finally note that left-truncation should not be confused with left-
censoring. For a left-censored event time, we know that an event has happened
before a left-censoring time in the past, but the exact time is not known. E.g.,
the occurrence time of a certain disease is left-censored, if it is only known
to have occurred before the time of diagnosis. Klein and Moeschberger (2003)
give a very readable account of the different variants of truncation and cen-
soring. Our current approach conveniently allows for right-censoring, which
is the most frequent reason for incompletely observed event time data, and
left-truncation.

2.2.3 Competing risks

So far, we have considered a time 7" until one single possible event. The stan-
dard example is time until death, hence the name survival analysis. Often,
however, a combined endpoint is considered. E.g., medical studies often inves-
tigate ‘disease-free survival’, i.e., time until (recurrence of a) disease or death
(without prior disease), whatever comes first. In economics, one might wish
to study durations of unemployment, ended either by finding a new job or
retirement. Thus, 7" in general denotes time until some first event. The aim of
a competing risks model is to distinguish between the possible types of that
first event.

The analysis of competing risks is covered in depth in Chapters 3-7. At
the current stage, the key question is how to generalize the basic two-state
survival model of Figure 2.1 to competing risks. Our preceding discussion im-
plies that an individual moves into the absorbing state of Figure 2.1 at time 7',
when the first of the possible events under study occurs. In other words, the
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absorbing state of Figure 2.1 represents a combined endpoint. The two-state
survival model may now be generalized to competing risks by introducing
several competing absorbing states which represent the possible event types.
Occurrence of a competing event is modelled by a transition into the corre-
sponding competing event state. Such a model is depicted in Figure 2.5 and
a finite number J of competing risks. Figure 3.1 in Chapter 3 displays the
corresponding model for two competing risks.

Initial state 0

J

Fig. 2.5. Competing risks multistate model with cause-specific hazards ao;(t), j =
1,2,...,J. The vertical dots indicate the competing event states 3,4,...,J — 1.

Restricting for the moment the discussion to two competing risks, the
stochastic process (X;)¢>o attached to Figure 2.1 may easily be extended to
the competing risks setting. Again, X; simply denotes the state occupied by
the individual at time ¢ > 0. X; equals 0, if the individual is still event-free
at time t. Coding, as in Figure 3.1, the two potential competing events as 1
and 2, X; equals 1, if event type 1 has occurred in [0,¢]. If event type 2 has
occurred in [0,t], X; = 2. As before, the event time T is the smallest time at
which the process is not in the initial state 0 anymore; T := inf{¢ : X; # 0}
(cf. Equation (2.1)).

In addition to the event time 7', competing risks data consist of a second
component, the event type. Recall from our discussion of Figure 2.2 that
X7 denotes the absorbing state entered at time 7'. In our setting with two
competing event states, Xp equals either 1 or 2. L.e., X1 denotes the event
type, and complete competing risks data consist of the tuple (T, X1). More
than two competing risks are easily included in this set-up by letting Xp €
{1,2,...,J}.

As illustrated in Figure 3.1, we now have one event-specific hazard per
competing event. Paralleling Definition (2.2), these are defined as
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agj(t) - dt :=P(T edt,Xr=j|T >t),j=1,...,J, (2.22)

where the index 0j denotes the transition type out of the initial state 0 into
the competing event state j. The aqg;s are often called cause-specific hazards
(e.g., Prentice et al., 1978). The interpretation of (2.22) is that oy, (t) - d¢ is
the probability that a type j event happens in the small time interval dt =
[t,t 4 dt), conditional on the fact that no event (of any type) has happened
before t. For the more complex multistate models considered in Section 2.2.4
below, it is useful to rewrite Definition (2.22) in terms of the simple stochastic
process (X¢)i>0,

Oé07(t) -dt = P(X(t—l—dt)— = ] | Xt_ = 0), j = 1, ey J, (223)

where X;_ denotes the state occupied just before time ¢.
As in Section 2.2.2, we call mechanisms of left-truncation and right-
censoring independent, if they do not change these probabilities, i.e.,

E(L(T edt, Xy =j,L <T <C)|Past) =1(L <t <TAC) - ag;(t)dt,

(2.24)
j=1,...,J. A cause-specific Nelson-Aalen estimator of the cumulative haz-
ard Ag;(t) = f(f ag;(u) du is now given as

K .
~ number of observed type j events at ¢y,
Apj(t) = ) i, (2.25)
#— number of individuals at risk just prior to ¢
7 =1,...,J, where the summation is over all event times t;, which are less
than or equal to ¢. In Chapter 3, we show that we can compute probability
estimates as deterministic functions of ¢ — (Agi(t),...,Ags(t)). Here, we

note two important facts which have already been alluded to earlier: first, the
numerator in (2.25) now represents increments of a cause-specific counting
process. Second, the risk set in (2.25) excludes all prior type j events, all prior
censoring events, and all prior events of a type J, j # j.

In other words, when coding computation of Ag;(t), say, we may code
type j events, jJ # j, as censoring events and only count type j events as
‘actual events’: occurrence of type j events acts as independent right-censoring
with respect to type j events. This means that removal of prior type j events
from the risk set allows for estimation of Ay;(t) = fot ap;(uw) du. However,
in Chapter 3, we also show that such ‘censoring by a competing event’ is
informative in the sense that probability estimates depend on computing all
Apo1(t),..., Aps(t). This has two important implications for any competing
risks analysis:

e In a cause-specific hazards analysis, competing events may be coded as a
censoring event.
e This has to be done for every competing event type in turn.



26 2 An informal introduction to hazard-based analyses

These two steps are, in particular, illustrated in Chapter 5.

Finally, in Section 2.2.4 below, we extend the hazard-based approach to
multistate models, which can be thought of as being realized as successive
nested competing risks experiments. To this end we note that competing risks
data can be considered as realizations of a two-step simulation experiment
that determines the time T at which the event occurs via the all-cause haz-
ard a(t) = ag1(t) + ... ags(t) (i-e., the usual hazard of the event time T); the
event type Xp for a given time T is determined via a multinomial experiment
that decides with probability «o;(T)/a(T) on X7 = j. This simulation point
of view towards competing risks data shows up again and again in the main
part of the book. See, in particular, Sections 3.2 and 5.2.2 for an in-depth
treatment.

2.2.4 Time-inhomogeneous Markov multistate models

The preceding Section 2.2.3 on competing risks generalized the standard sur-
vival set-up with one event time T and one event type to modelling different
possible event types (the competing risks) that may occur at time T'. Le., com-
peting risks model time until some first event and the type of the first event,
but (by definition) potential subsequent events are not modelled. Multistate
models allow for modelling both the occurrence of different event types and
the occurrence of subsequent events, the latter potentially of different types.

The present section is organized as follows. We first consider some impor-
tant examples of multistate modelling. In such a model, events are modelled
as transitions between different states. Next, we explain that a sequence of
events/transitions (i.e., a realization of a multistate process) can be thought
of as being realized as a series of nested competing risks experiments. This
implies that the estimation techniques of Sections 2.2.1 and 2.2.2 also work
in the more complex multistate situation. We then discuss that such a multi-
state model is time-inhomogeneous Markov and introduce its transition prob-
abilities and transition hazards. Next, the Nelson-Aalen estimator of the cu-
mulative transition hazards is considered, and finally we show how matrix-
valued product integration yields the matrix of transition probabilities as a
deterministic function of the cumulative transition hazards. Replacing the cu-
mulative transition hazards by their Nelson-Aalen estimators results in the
Aalen-Johansen estimator of the transition probabilities.

Examples of a multistate process

In Section 2.1, we explained that we need to keep track of an individual’s
status over the course of time, which is what a stochastic process (X;)¢>o
does. In Section 2.2.3, the realized competing event type X7 naturally arose
as the state occupied by the process at event time 7T'. This process point of view
becomes indispensable when keeping track of an individual’s course through
multistate models as depicted in Figures 2.6 and 2.7. In all these models, we
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Fig. 2.6. Illness-death models without recovery.
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Fig. 2.7. Illness-death model with recovery.

write X; for the state occupied by the individual at time ¢.

The model in Figure 2.6 (left) is a so-called illness-death model without
recovery. The name of the model stems from the fact that in medical ap-
plications state 0 is often interpreted as ‘healthy’, state 1 is interpreted as
‘diseased’, and state 2 as ‘dead’. The model is ‘without recovery’, because
‘diseased” — ‘healthy’ transitions are not modelled. An individual may either
start in the ‘healthy’ state or in the ‘diseased’ state (i.e., X € {0,1}).

An individual that starts in the ‘healthy’ state will have either one or two
event times. Say, T is the time the individual leaves its initial state 0. Then
X, =0forallt € [0,T) and Xr € {1, 2}. If the individual makes a ‘healthy’ —
‘dead’ transition (i.e., a 0 — 2 transition and Xp = 2), there will be no further
events for this individual. However, if the individual moves into the ‘diseased’
state 1 at time T (i.e., X7 = 1), there will be a future event time T, say, at
which the individual moves from ‘diseased’ to ‘dead’, Xz = 2. An individual
that starts in the ‘diseased’ state has only one event time, at which a 1 — 2
transition is made. Note again that the individual is in the ‘target state’ of
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a transition at the event time in question. If we have a [ — j transition at
time 7', [ # j, then Xp = j.

The model in Figure 2.6 (right) is a so-called progressive illness-death
model without recovery. The attribute ‘progressive’ implies that every state
has at most one single possible transition into it. There is, in fact, not much
difference between the two models of Figure 2.6, still interpreting state 0 as
‘healthy’ and state 1 as ‘diseased’. Both models have the same number of
arrows (i.e., transition types), and in both models an individual enters an
absorbing state at the time of ‘death’, which is either state 2 in the non-
progressive model or state 2 or 3 in the progressive model. This means that
states 2 and 3 of the progressive model have the same interpretation ‘death’.
The advantage of the progressive model is one of coding: by simply looking at
the state entered at time of ‘death’, one is able to tell whether the individual
was ‘healthy’ or ‘diseased’ just prior to ‘death’. In the non-progressive model,
one would also have to look at the state occupied just prior to ‘death’.

The model in Figure 2.7 is called an illness-death model with recovery.
The difference compared to the models in Figure 2.6 is that now ‘diseased’ —
‘healthy’ transitions (i.e., recoveries) are also possible. Already in the model
without recovery, we saw that the number of an individual’s event time can
be random. However, there were at most two subsequent events. In a model
with recovery, there is, at least theoretically, no such maximum number. When
actually collecting data, practical restrictions may impose a maximum num-
ber. Still, the number of an individual’s event times would be random, which
further stresses the process way of writing things. As in Section 2.1, an indi-
vidual’s course through model Figure 2.7 is still conveniently written as

[0,00) St— Xt,

X: €{0,1,2}.

Obviously, multistate models can be quite complex. In principle, any finite
number of states is admissible, and there may be transitions in both direc-
tions between every pair of states. E.g., if states 0 and 1 correspond to two
operational levels of a machine, say ‘on’ and ‘off’, and state 2 corresponds to
‘malfunctioning’, the machine may be repaired, such that transitions out of
state 2 are also possible. This model specification (i.e., the state space and
the possible transitions types between the states) will be directly reflected
when using the R packages mvna, etm, and mstate. We also refer to the excel-
lent textbook by Hougaard (2000) who gives a comprehensive account of the
different types of multistate models.

Multistate models as a series of nested competing risks
experiments

As stated earlier, the multistate models that we consider are realized as succes-
sive nested competing risks experiments. For illustration, consider the illness-
death model with recovery of Figure 2.7. An individual either starts in state 0
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or in state 1 at time origin 0. Consider an individual that starts in state 0;
Xo = 0. The course of this individual through the multistate model is realized
as follows.

1. Being in state 0, the individual is exposed to ‘cause-specific’ hazards a1 (t)
and a2 (t). As explained at the end of Section 2.2.3, the individual’s wait-
ing time until an event, the time until moving out of state 0, is determined
by the ‘all-cause’ hazard «g1(t) + aoa(t). The state entered at the time
of transition is determined by a binomial experiment and the relative
magnitude of the ‘cause-specific’ hazards o1 (t) and apa(t) at the time of
transition.

2. The next step depends on the state entered at the first transition time.

a) If the absorbing state 2 has been entered, there will be no further
transition.

b) If state 1 has been entered, a new competing risks experiment is carried
out using the current values of the ‘cause-specific’ hazards aqo(t) and
a12(t). Otherwise, the experiment runs analogously to step 1.

3. The next step depends on the state entered at the second transition time.
If the absorbing state has been entered, there will be no further transition.
If state 0 has been entered, a further competing risks experiment will be
carried out.

This series of competing risks experiments will be carried out until absorption.
If there is no absorbing state in the model (i.e., backward transitions are
feasible out of every state), we will need to keep track of the series of competing
risks experiments until observation ends.

As with competing risks, this simulation point of view towards multistate
models shows up again and again in the main part of the book. See, in partic-
ular, Chapter 8 for an in-depth treatment. A more formal justification of the
above algorithm is given in Section 4.4 of Gill and Johansen (1990); see also
Theorem I1.6.7 of Andersen et al. (1993).

Transition probabilities and transitions hazards of a
time-inhomogeneous Markov multistate process

So far, our treatment of multistate models has been a bit lax in that the
transitions hazards a;;(t), [ # j, which we indicated at the [ — j arrows in the
multistate figures, have been treated as cause-specific hazards of a competing
risks model in the above algorithm. Although conceptually correct, a slightly
more precise definition is desirable. We also wish to estimate the cumulative
transition hazards and derive probability estimates, and we need to state in
a more precise manner that multistate models that are realized as successive
nested competing risks experiments are time-inhomogeneous Markov.

The Markov property is a key assumption for the estimation techniques
discussed below to work with data subject to independent left-truncation and
independent right-censoring, respectively. In essence, the Markov property,



30 2 An informal introduction to hazard-based analyses

which is given a precise form in Equation (2.27) below, means that the future
course of an individual depends on the past only via the current time and the
state currently occupied by the individual. E.g., the future development of a
‘diseased’ individual at time ¢ in the models of Figure 2.6 depends on the past
only through the time elapsed since time origin (i.e., t and the fact that the
individual is currently ‘diseased’) but not on the time span the individual has
already been ill. The analysis of non-Markov models is a quite active research
field, on which we briefly comment in Chapter 12.

We begin by defining the matrix of transition probabilities of a Markov
process (X;);>0 with state space {0,1,2,...,J} as

P(s,t) .= (Py;(s,t)),;, 1,5 €40,1,2,...,J}, (2.26)

Ly’

with transition probabilities
Pii(s,t) :=P(X; =j| Xs=1) =P(X; =j| Xs =1,Past), s <t.  (2.27)

The Markov property P(X; = j| Xs = 1) = P(Xy = j| Xs = [, Past) intu-
itively states that past and future of the process are independent given the
present at time s. We also note that the Markov process (X;)i>o is said to
be time-inhomogeneous, because the transition probabilities (2.27) depend on
the actual time interval [s,¢]. In contrast, a homogeneous process makes the
more restrictive assumption that these probabilities are identical whenever
the length of the time interval d = t — s is. The transition probabilities of a
homogeneous Markov process only depend on the length of the time interval,
but not the interval itself. Readers should note that sometimes homogeneous
Markov processes are simply called ‘Markov processes’, dropping the attribute
‘homogeneous’.

Analogous to Definition (2.23) of the cause-specific hazards, we now define
the transition hazards of the Markov process

Ozlj(t) -dt = P(X(t+dt)— =j|Xee=10),1,j=0,...,J, 1 #]. (2.28)

Note that the Markov property implies that conditioning on X;_ = [ is tan-
tamount to conditioning on the entire past of the process before ¢. In words,
o (t) - dt is the probability of making an { — j transition in the very small
time interval dt. Intuitively, d¢ will be so small that the transition occurs di-
rectly from [ to j (i.e., without visiting another state in between). Thus, we
can think of a;;(t) as momentary forces of transition between states [ and j.
Formally, we also define

J
an(t) = — Y ay(t),1=0,...,J (2.29)
J=0,5#1
This definition is justified following Equation (2.31) below.

At the beginning of this chapter, we claimed that transition hazards are an
intuitively important concept. And, in fact, the ay;(¢)s of (2.28) are well suited
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to contrast time-inhomogeneous Markov models from homogeneous models
and from non-Markov models, respectively.

In a homogeneous Markov model, P(s,t) only depends on ¢ — s, but not
on the actual time interval. As a consequence, oy;(t) = «y;(0) for all t: a
homogeneous model is a parametric model with constant transition hazards.
In contrast, the transition hazards (2.28) can essentially be any integrable
nonnegative function. Hence, assuming (X;);>o to be time-inhomogeneous
Markov provides for a much larger nonparametric model.

The restriction implied by the Markov assumption is also well illustrated
in terms of the transition hazards. In the illness-death models of Figure 2.6,
the ‘illness’” — ‘death’-hazard is aqo(t). It depends on the transition type
‘illness” — ‘death’ and on the current time ¢ since time origin 0. However,
a12(t) does not depend on the entry time #, say, into the ‘illness’-state 1,
t < t. In a non-Markov model, the transition hazard would be aqo (f, t), which
would potentially be different for fixed ¢ but different times ¢ of falling ill.

Nelson-Aalen estimator

As our Definition (2.28) of the transition hazards has been analogous to Def-
inition (2.23) of the cause-specific hazards, it should not come as a surprise
that we may estimate the cumulative transition hazards A;;(t) = f(f agj(u) du
in a manner similar to the cause-specific Nelson-Aalen estimators (2.25). The
appropriate Nelson-Aalen estimators are

K

~ number of observed [ j transitions at g
HOEDY O o PR | ) TR Mk (2.30)
— number of individuals at risk in state [ just prior to ¢
l,j=0,...,J, 1 # j, where the summation is over all event times ¢;, which

are less than or equal to ¢t. As with the cause-specific Nelson-Aalen estimators,
we stress a couple of important facts which have been alluded to earlier: the
numerator in (2.30) represents increments of a transition-specific counting
process. And the risk set in (2.30) includes all individuals who have entered
state [ before time t; and who have not yet moved out of state [ again or have
been censored.

This has three important implications. First, as with the cause-specific
Nelson-Aalen estimators, we may code computation of A;;(t) via coding [ — j
transitions, j # j, as censoring events and only count type [ — j transitions as
‘actual events’. Second, an individual only contributes to the risk set in state [
after entry into the state; movements within a multistate model generate
‘internal” left-truncation as explained towards the end of Section 2.2.2. An
analysis of A;;(t) must be coded accordingly. Third, every individual in state {
and under observation contributes to the risk set alike; there is no further
accounting for the individual’s entry time into state [. This is a consequence
of the Markov assumption. Each of these implications will be directly reflected
in R coding.
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In fact, one may adopt the view that these three implications are con-
sequences of multistate models being realized as a series of competing risks
experiments. It then is via the methodology of Sections 2.2.1 and 2.2.2 that
we may analyse the transition hazards of, first, competing risks, and, next,
multistate models.

Product integration and the Aalen-Johansen estimator

Finally, we wish to estimate the matrix of transition probabilities P(s,t). In
the simple survival set-up of Section 2.1, we found that we may compute the
survival probability as a deterministic function, namely product integration,
of the cumulative survival hazard. Replacing the true cumulative hazard by its
Nelson-Aalen estimator resulted in the Kaplan-Meier estimator of the survival
function. An analogous approach works for estimating P(s, ).

Analogous to P, we write

A(t) = (Ay(t), ., L,jef{0,1,2,... J} (2.31)

Ly’

for the matrix of cumulative transition hazards A;;(t) = fot ayj(u) du. The
aim is to show that P(s,¢) can be computed as a continuous matrix-valued
product over terms

I+ dA(u),

where u ranges from s to ¢, where we have written I for the (J+1) x (J+1)
identity matrix, and where dA (u) is defined element wise as

d (Ayi(u)), ; = (auj(u)), ; du,

l,j € {0,1,2,...,J}. This idea obviously parallels that of Equations (2.5)—
(2.7). Also recall from (2.29) that dA;(u) = — E]J.:OJ# dAi;(t), such that

1-— dAll(’LL) =1- P(X(t-‘rdt)— # l | Xt_ = l) = P(X(t—‘,-dt)— =1 | Xt_ = l),

which explains Definition (2.29), or equivalently why we have to consider a
product over terms I + dA(u).
Now consider a time v, s < v < t. The Markov property implies that

P(s,t) =P(s,v) - P(v,t). (2.32)

In order to see that (2.32) holds, consider the (I, j)th entry of P(s,t):

J
P(X, =j|X,=1) =Y P(X, = ]| X, =1)-P(X, = j| X, = ], X, = 1)

=Y P(X, =j|X.=1)-P(X, =j| X, = }),
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where the last equation holds because of the Markov property, and the right
hand side equals the (I, j)th entry of the right hand side of (2.32).

Next, assume that v is close to t such that an approximation such as in
Equation (2.7) holds,

D P(X, =X, =1) (1( =) + A4y (2)).

where we have written AA;;(t) for Aj;;(t) — Ajj(v). Doing this recursively for
a partition s = tg < t; <ta <...<tg_1 <tg =t of the time interval [s, ],
we get the approximation

K
P(s,t) ~ [[ @+ AA(t)), (2.33)
k=1

where the (I, j)th element of AA(tx) is Ayj(tn) — Aij(tk—1). Computing the
approximation on the right hand side of (2.33) for ever finer partitions of [s, t]
approaches a limit, the matrix-valued product integral J[ € (s.] (I+dA(uw)).
The product integral equals the matrix of transition probabilities,

P(s,t) = K (I+dA(uw)). (2.34)

ue(s,t]

An estimator of P(s, t) is now naturally derived by replacing A (u) with the
matrix A(u) of Nelson-Aalen estimators with the (I, j)th entry A\lj(u) as in
Equation (2.30) for I # j and Ay (u) := — >l Elj (u). We also define dA (u)
as the matrix with entries A\U(u) - A\lj(u—) (i.e., the increment of the Nelson-

Aalen estimators at time w). This results in the Aalen-Johansen estimator
(Aalen and Johansen, 1978),

Pls, 1) = H (I + dK(u)) , (2.35)

u€(s,t]

which is an ordinary, finite matrix product over all event times w in (s, t] and
matrices I + dA(u). The Aalen-Johansen estimator is often also called the
empirical transition matrix. The estimator and ‘empirical’ product integration
are implemented in the R package etm.

We finally note that checking approximation (2.33) in R as we did for the
simple survival situation in Section 2.1 is not straightforward. The reason is
that closed formulae for P(s,t) only exist for some special, practically impor-
tant multistate models; see Section 9.1. In fact, approximation (2.33) provides
a numerical tool to compute P(s,t) in the absence of closed formulae.
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2.3 Approximate inference in practice based on large
sample results

As with standard survival data, statistical inference for competing risks and
multistate models is typically of a nonparametric kind. Asymptotic results
are used for approximate inference in practice. E.g., the transition-specific
Nelson-Aalen estimator A;;(t) as defined in (2.30) is approximately unbiased
in the sense that ﬁlj (t) converges in probability to the true quantity A;;(t).
Properly standardized, the distribution of the estimator approaches a normal
distribution,

Vi (A0 = A1) — N(O,08 1), (2.36)
where n is the number of individuals under study. An (again asymptoti-

cally /approximately unbiased) estimator of the asymptotic variance ofj(t) is
n-67;(t), where

e B at number of observed [ — j transitions at ¢,
0=y

i+ (number of individuals at risk in state [ just prior to te)?
where the summation is over all event times t;, which are less than or equal
to ¢ as in (2.30); see also Section 4.1. This can be used, e.g., to construct an
approximate 95% confidence interval

Ayj(t) + 63;(t) - 1.96,

where 1.96 ~ gqnorm(0.975), i.e., the 0.975 quantile of the standard normal
distribution. (We note, however, that a log-transformed confidence interval
should be preferred in small samples; see (4.10).)

A common feature of these approximate procedures is, loosely speaking,
that they only hold on the ‘observable time interval’. For continuous event
times and continuous censoring times, the ‘observable time interval’ is re-
stricted by the upper limit of the joint support of event time and censoring
time. In practice, the ‘observable time interval’ is considered to be restricted
by the largest uncensored event time. Analogous considerations are needed
for left-truncated data and for more complex multistate models. A detailed
discussion can be found in Examples IV.1.6-IV.1.9 in Andersen et al. (1993).
A sufficient condition for the approximate procedures to work is that there
is a positive probability of being at risk in a transient state of the multistate
model under consideration (Andersen et al., 1993, Equation (4.1.16)). Tran-
sient states are those states out of which a transition is possible. E.g., in the
competing risks model of Figure 2.5, only the initial state 0 is transient, but
in the illness-death models of Figures 2.6 and 2.7, both states 0 and 1 are
transient. An individual is said to be at risk in a transient state [ just prior to
time ¢, if the individual is in state [ and under observation at t—. Only such
an individual may be observed to make a transition out of state [ at time t.
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Requiring a positive probability of a non-empty risk set has different im-
plications depending on which quantity is being estimated. If the aim is to
estimate the cumulative transition hazard between states [ and j of a certain
multistate model, [ # j, the requirement only affects the risk set Y;. Esti-
mation of probabilities, however, in general depends on the estimation of all
cumulative hazards because of relations (2.34) and (2.35).

For illustration, we briefly comment on a basic implication in the simple
competing risks model. Often, there is interest in the failure type probabil-
ities P(X7 = j), where j is one of the competing event states 1,2,...,J as
in Figure 2.5. E.g., Mackenbach et al. (1999) investigated such ‘prevalences’
of causes of death in the Netherlands. P(X1 = j) is the limit of the so-called
cumulative incidence function,

P(Xr = j) = lim P(T <t, X7 = j).

Estimation of P(T < t, X1 = j) is a special application of the Aalen-Johansen
estimator (2.35). Estimation of its limit P(Xp = j) is simple, if the data are
complete. The Aalen-Johansen estimator evaluated at the largest time point
then simply equals the so-called ‘crude rates’, the number of type j events
(at any time), divided by the sample size n. However, P(X7 = j) will not
be nonparametrically estimable with most right-censored data. The reason
for this is that censoring typically restricts the ‘observable time interval’ such
that one will not be able to observe the limit of the cumulative incidence
function. See also our discussion following (4.21).

It is worthwhile to note that approximate unbiasedness and approximate
normality hold uniformly on what we have loosely called an ‘observable time
interval’. For weak convergence, this requires a theory of convergence of prob-
ability measures on a space of functions rather than the well-known concept
of weak convergence of distribution functions. This functional point of view is,
e.g., relevant when moving from the Nelson-Aalen estimator A to the Aalen-
Johansen estimator P(s,t); see (2.35). This is so, because P(s, ) is a function
of all previous Nelson-Aalen estimates between s and ¢, i.e., all A(u), u € (s,t].

The mathematics of such a convergence theory are formidable and beyond
the technical level of this book. We are content with the fact that asymptotic
unbiasedness and asymptotic normality can be formulated rigorously and suf-
ficiently general for the applications in this book. The generally interested
reader is referred to the excellent books by Billingsley (1968), Andersen et al.
(1993), and van der Vaart and Wellner (1996). In particular, Billingsley’s in-
troduction gives a very readable account of why a functional point of view is
useful. On the other hand, his Section 3.18 concisely explains why obtaining
uniform results is difficult. These difficulties have been solved using the mod-
ern theory of empirical processes, of which van der Vaart and Wellner give a
definite account. Finally, Andersen et al. give a dense but thorough descrip-
tion of asymptotic theory for event history analysis; see, in particular, their
Section IL.8.
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‘We must, however, still mention the functional delta method as an im-
portant tool from the theory of empirical processes. The usual delta method
starts with standard, i.c., pointwise convergence as in (2.36). Considering a
differentiable transformation ¢ : R — R with derivative ¢’, the delta method
implies that

Vi (6(A)(0) = (A)(1)) = ¢/ (AN (O, (1),  (2.37)

and that the left-hand side of (2.37) is asymptotically equivalent to ¢’ (A;;(t))-
vn (glj (t) — Ay (t)), i.e., the difference of the asymptotically equivalent
terms converges to zero in probability. We use the ordinary delta method for
obtaining pointwise confidence intervals of the Nelson-Aalen estimator based
on a log-transformation; see (4.10). A generalization of the delta method to
p vectors and transformations ¢ : RP — R? is immediately available, but what
is really needed is a functional delta method. This does exist (Gill, 1989), but
is again beyond the technical level of this book. We note, however, that the
functional delta method works for product integration as in Equations (2.34)
and (2.35). This further emphasizes the key roles played by both the Nelson-
Aalen estimator and the product integral. We mention two further important
consequences. The functional delta method preserves asymptotic normality
and it justifies using bootstrap resampling as discussed in Appendix A; see
Gill (1989) and van der Vaart and Wellner (1996). This is helpful in situations
where variance estimators are analytically hardly tractable. The variance may
then be estimated based on the bootstrap and confidence intervals may again
be constructed based on approximate normality.

2.4 Exercises

1. Show that an event time T with hazard «(¢) has distribution func-
tion P(T <t)=1—exp(— fot a(u) du).

2. Write a function A.gompertz for the cumulative hazard when the survival
time distribution follows a Gompertz distribution with shape parameter
A =1 and scale parameter v = 2.
Under the Gompertz distribution, the hazard is

a(t) = Aexp(t/v).

Using the prodint function from Section 2.1.1, approximate S(1) =
P(T > 1) and compare it to the true value.

3. Simulate 100 individuals with survival times following a Gompertz dis-
tribution with parameters as in Exercise 2. Also simulate independent
censoring times following a uniform distribution in order to obtain approx-
imately 30% of censored observations. A function to generate Gompertz
random variables can be found in the R package eha.
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Estimate S(1) both using prodint and the survfit function.

Using the output of survfit, compute the Nelson-Aalen estimator of the
cumulative hazard and check whether it is close to the true cumulative
hazard function.

Plot the counting process of observed events and its compensator as in
Figure 2.3. Check that the compensator is only almost a smooth line by
displaying some ‘edges’.

Redo the analysis of Exercise 3, but this time with at least 50% censoring.
Reuse the simulated data set from Exercise 3 and additionally simulate
independent left-truncation times which follow a Weibull distribution.
Choose the parameters such that approximately 70% of the simulated in-
dividuals are actually included in the study. Check that the Nelson-Aalen
estimator 'works’ in the presence of left-truncation and right-censoring.
Competing risks: Simulate competing risks data for 200 individuals with
constant cause-specific hazards g (t) = 0.5 and ag2(t) = 0.9. Indepen-
dent right-censoring times follow a uniform distribution with parameter
chosen to give approximately 20% of censored observations.

Compute the cause-specific Nelson-Aalen estimators.

Definition (2.22) of the cause-specific hazards implies that

t
PT<t,Xr=1)= / P(T > u—)apy (u) du.
0
Show that
t
P(T <7 = 1) < 1-expl= [ am(u)du)
Jo

One minus the right hand side of the previous equation is sometimes called
the ‘cause-specific survivor function’. The right hand side of the equation
can be estimated using one minus a Kaplan-Meier-type estimator, but
it lacks a proper probability interpretation. Check that this estimator
overestimates P(T" < ¢,Xp = 1) using the simulated competing risks
data.
Multistate models: Simulate data from an illness-death model without re-
covery. All individuals are assumed to start in an initial state 0, ‘healthy’.
Hazards out of the initial state are as in Exercise 7. For individuals
who reach state 1, simulate new event times T with constant hazard
a12(t) = 0.8. T+ T will then be the time of entry into state 2, ‘death’, for
individuals who have moved through the ‘illness’ state 1.
Estimate the cumulative transition hazards for the following scenarios.
a) Complete data.
b) Randomly right-censored data: Draw uniformly distributed censoring
times C' such that approximately 20% of the observations are censored
in the initial state.
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c) State-dependent censoring: Assume that individuals who are observed
to move into state 1 are subject to censoring times C' which follow a
uniform distribution that is different from the distribution of C.

d) Repeat the previous analyses, but additionally introduce random left-
truncation, with left-truncation times stemming from a gamma dis-
tribution with parameters chosen to let approximately 90% of the
individuals enter the study.

10. Time-inhomogeneous Markov property: Show that a competing risks pro-
cess fulfills the Markov property. When is an illness-death model without
recovery Markov?
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