Chapter 2
Algorithms and Computational Complexity

As we saw in the last chapter, for some special graphs the computation of
the rainbow connection numbers can be done without much difficulty. However,
computing the rainbow connection number for a general graph is a hard problem.
For the introduction of complexity theory, see [43]. In [11], Caro, Lev, Roditty,
Tuza, and Yuster gave two conjectures (see Conjectures 4.1 and 4.2 in [11]) on
the complexity of determining the rainbow connection numbers of graphs. Later,
Chakraborty, Fischer, Matsliah and Yuster [12] verified these two conjectures.

Theorem 2.0.1 ([12]). Given a graph G, deciding if rc(G) = 2 is NP-complete.
In particular, computing rc(G) is NP-hard.

Proof. The proof will be divided into three steps: the first step (Claim 1) shows
the computational equivalence of the problem of rainbow connection number 2,
that asks for a red-blue edge coloring in which all vertex pairs have a rainbow
path connecting them, to the problem of subset rainbow connection number 2, that
asks for a red-blue coloring in which every pair of vertices in a given subset of
pairs has a rainbow path connecting them. In the second step (Claim 2), we reduce
the problem of extending to rainbow connection number 2, asking whether a given
partial red-blue coloring can be completed to obtain a rainbow connected graph,
to the problem of subset rainbow connection number 2. Finally, the proof of the
theorem is completed by reducing the problem 3-SAT to the problem of extending
to rainbow connection number 2.

Claim 1. The following problems are polynomial-time equivalent:

1. Given a graph G decide whether r¢(G) = 2.

2. Given a graph G and a set of pairs P C V(G) x V(G), decide whether there is
an edge-coloring of G with two colors such that all pairs (u,v) € P are rainbow
connected.

Proof of Claim 1. It is enough to describe a reduction from Problem 2 to Problem 1.
Given a graph G = (V,E) and a set of pairs P C V x V, we construct a graph
G = (V' ,E’) as follows.
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For every vertex v € V, we introduce a new vertex x,, and for every pair (u,v) €
(V x V) \ P we introduce a new vertex x,,,). We set

V' =VU{x, :veV}U{xqy, : (u,v) € (VxV)\P}
and

E'=EU{{vx}:veV}u Huxwy b {vixum o (w,v) € (VX V)\ P}
U{{x, X'} :x,x e V/\V}.

It is not hard to show that G’ is 2-rainbow connected if and only if there is an edge
coloring of G with two colors such that all pairs (u,v) € P are rainbow connected.

Claim 2. The first problem defined below is polynomially reducible to the sec-
ond one:

1. Given a graph G and a partial 2-edge-coloring ¥ : E— {0,1} for E C E, decide
whether § can be extended to a complete 2-edge-coloring y : E — {0,1} that
makes G rainbow connected.

2. Given a graph G and a set of pairs P C V(G) x V(G), decide whether there is
an edge-coloring of G with two colors such that all pairs (u,v) € P are rainbow
connected.

Proof of Claim 2. Since the identity of the colors does not matter, it is more
convenient that instead of a coloring y : E — {0, 1} we consider the corresponding
partition my = (E,E) of E. Similarly, in the case of a partial coloring f, the pair
Ty = (Ey,E>) will contain the corresponding disjoint subsets of E (which may
not cover E). Now, given such a partial coloring ¥, we extend the original graph
G = (V,E) to a graph G’ = (V',E’), and define a set P of pairs of vertices.

Let £:V — [|V]] be arbitrary linear ordering of the vertices, and let high: E — V
be a mapping that maps an edge e = {u,v} to u if £(u) > ¢(v), and to v otherwise.
Similarly, let low: E — V be a mapping that maps an edge e = {u,v} to u if £(u) <
£(v), and to v otherwise.

We construct G’ as follows. We add 3 + |E;| + | Ea| new vertices

{b1,c,b2} U{c, e € (EyUEy)}
and add the edges
{{b1,c} {c,br}} U{{bic.} 1i€{1,2},e € E}U{{c.,low(e)} : e € (E UE,)}.
Now we define the set P of pairs of vertices that have to be 2-rainbow connected:
P={{b1,b2}yU{{u,v}:u,y e V}u{{c,c.} e € (EyUE,)}
U{{bi.low(e)} :i € {1,2},e € Ei} U{{ce,high(e)} : e € (E, UE,)}.

It is not hard to show that the answer for Problem 2 for the resulting graph G’ is
yes if and only if the answer for Problem 1 for the original graph G is yes.
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‘We show that Problem 1 of Claim 2 is NP-hard, and then deduce that 2-rainbow-
colorability is NP-complete by applying Claims 1 and 2 while observing that it
clearly belongs to NP. We reduce the problem 3-SAT to Problem 1 of Claim 2.
Given a 3CNF formula ¢ = A" c; over variables x1,x2, - - - ,X,, we construct a graph
Gy and a partial 2-edge coloring ' : E(G4) — {0, 1} such that there is an extension
x of ' that makes G, rainbow connected if and only if ¢ is satisfiable.

We define G as follows:
V(Gy)={cizie[m]}U{xi:i€ [n]}U{a}

E(Gy) = {{ci,xj}ixjeciin o} U{{x,a} i€ n]}U{{ci,c;} :i,j € [m]}
U{{xi,x;} 14, j € [n]}

and we define the partial coloring ' as follows:

Vi j€lml x'({cic;}) =0, Vi,je[n] x'({xi,x;}) =0,

V {xi,c;} € E(Gy) x'({xi,c;}) = 0if x; is positive in cj, 1 otherwise

while all the edges in {{x;,a} : i € [n]} (and only they) are left uncolored.
Assuming without loss of generality that all variables in ¢ appear both as positive

and as negative, one can verify that a 2-rainbow-coloring of the uncolored edges

corresponds to a satisfying assignment of ¢ and vice versa. a

Chakraborty et al. [12] also proposed a problem. Suppose that we are given a
graph G for which we are told that r¢(G) = 2. Can we rainbow-color it in polynomial
time with o(n) colors? For the usual coloring problem, this version has been well
studied. It is known that if a graph is 3-colorable (in the usual sense), then there is a
polynomial time algorithm that colors it with O(rn3/'#) colors [7]. Dong and Li [32]
solved this problem by showing a stronger result.

Theorem 2.0.2 ([32]). Suppose that we are given a graph G for which we are told
that re(G) = 2. We can rainbow-color it in polynomial time with no more than five
colors.

For general k, it has been shown in [56] that for every k > 2, deciding if re(G) =k
is NP-complete. Ananth and Nasre in [4] derived the following results.

Theorem 2.0.3 ([4]). For every k > 3, deciding whether rc(G) < k is NP-hard.

Proof. We only describe the outline of our reduction. Let (G = (V,E),P) be the
input to the k-subset rainbow connected problem where P C V x V. We construct a
graph G’ = (V' E’) such that G is a subgraph of G’ and rc(G') < k if and only if
G is k-subset rainbow connected. To construct G, we first construct a graph Hy =
(Wi, Ey) such that V. C W, and V' = W;. Corresponding to the set P of pairs of
vertices we associate a set of pairs of vertices P, with respect to the graph Hy, (The set
Py is only a relabeling of pairs of vertices in the set P). Then, the edge disjoint union
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of the two graphs G and H; will yield the graph G'. The graph G’ is constructed
such that it satisfies the following two properties:

(1) There exists an edge-coloring y of Hy with k colors such that all pairs of vertices
in G’ except those in P, i. e., all pairs in (V/ x V') \ P are rainbow connected.
Thus, if G is k-subset rainbow connected then there exists a k-edge-coloring of
G such that all pairs in P will be rainbow connected. From this, we prove that
G’ can be rainbow colored using k colors if G is k-subset rainbow connected.

(2) All paths of length k or less between any pair of vertices in P are contained
entirely in G (as a subgraph of G') itself. This ensures that for a rainbow coloring
of G’ with k colors, any pair of vertices in P should have all its rainbow paths
inside G itself. Hence, if G’ can be rainbow colored with & colors, then G can be
edge-colored with k colors such that it is subset rainbow connected with respect
to P.

We construct the family of graphs H; inductively. For the base cases k = 2 and
k =3 we give explicit constructions, then show our inductive step. Finally, we
describe our graph G'.

Construction of H;: The construction of the graph H, is derived from the
reduction of Chakraborty et al. [12] used to prove that the 2-subset rainbow
connected problem is NP-hard (see the proof of Theorem 2.0.1). Let H, = (W,, E»)
where the vertex set W, is defined as follows:

WQZWZ(I)UWZ(Z), W2(1>:{Vi,2:i€{17"'an}}a
Wi = {uzi € {1, n}yU{wi;c (vi,v) € (V < V)\ P}

The edge set E is defined as:

2)

E,=EVUEP UEP), EVY = {((igsw) i€ {1, n}},

Y = {2, wi), (v2wig) s (iovj) € (VxVINPY B = {(y) ixyew?

The set of vertices in Wz(l) are referred to as base vertices of H,. Let P, =
{(vi2,vj2) : (vi,vj) € P}. The graph H> has the property that for all (vi2,vj2) € P»
there is no path of length <2 between v;» and v;,. Also, if (vi2,v;2) & P> the
shortest path between v;» and v; 5 is of length 2.

Construction of H3: We now describe the construction of the graph Hs. Let Hz =
(W3, E3) be a graph where the vertex set Wj is defined as follows:

W3 = W3(1>UW3(2>UW3(3>7 W3(1> = {V,"3 S {15 7n}}a
W3(2) ={ui:vieV}U{a;bij: (vi,v;) € (VxV)\P},

W3(3> = {uj:vieV}yU{a ;b ;: (vi,v;) € (VxV)\P}.
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The edge set E3 is defined as:
Es=ENUEPUEP UEYW, BV = {(vis,u) vie VY,

EP = {(iz,aiz), (via,big) : (viv;) € (V X V) \ P},

EY = {(x,x) i xe W ¥ e WD}, EY = {(ai,bij) : (vi,vj) € (V x V) \ P}.

The set of vertices in W3(1) are referred to as base vertices of H;. Let P3 =
{(viz,v;3): (vi,vj) € P}. The graph H3 has the property that for all (v;3,v;3) € P3
there is no path of length <3 between v; 3 and v; 3. Also, if (v;3,v;3) & P3, then the
shortest path between v; 3 and v; 3 is of length 3.

Inductive Step: Assume that we have constructed H; , = (W,_5,E;_»). From
H,_», we first construct an intermediate graph H, , from which we construct H;.
The graph H, , is constructed as follows: Each base vertex v;;_» in W;_; is
split into three vertices vflllz,vgzllz,vgilz and edges are added between them, i. e.,
the vertices vl(lll 2 vﬁilz, Vz(31)72 form a triangle. Any edge of the form (w,v;; ) is
replaced by three edges (w, Vz(?fz) (w, vle) 5)s (W, V,Bz)fz) Formally, the graph H] , =
(W/ »E| 2) is defined as follows. The set of vertices is W/ , = Wlm2 U WI(Z; where
{VIIZ’tZZ’ 1(12"6{1 -t} sz—Wl 2\ {vig—2:i€{l,--- n}}

and the edgesetis E| , = El( )ZUEI( )ZUEI( )2 where
E) = {(Vg,jzljsz) t(vig—2,w) € Epa, 1 €{1,2,3}},
2 3
B2 = {00, i) 2 € (1,231, By = Ero\{(vig2,w) s w € Wia).
The graph H; = (W;, E;) where W, =W/ , UV, and E; = E;_, UE’ such that

1 2 3 .
Vl = {Vl,lv e ;Vn,l}v El = {(ngllzavi,l)v (VI(J),Qavi,l)? (VI(J),Qavi,l) 1 S l S I’l}
The vertices in V; are the base vertices of H; (see Fig. 2.1 for the construction of H;).

Reduction: Let the instance for k-subset rainbow connected problem be (G =
(V,E),P). We construct a graph G’ as an instance for k-rainbow connected problem
as follows:

(1) Construct Hy = (Vi,Er). (2)Let V! =Wy, E' = Ex U{(vix,vjx) : (vi,v;) € E}.

Then G’ = (V',E’) is the required graph. We call the induced subgraph of G’
containing the base vertices as base graph Gy. It can be seen that Gy is isomorphic
to G.

Then, it is not difficult to check that G is k-subset rainbow connected if and only
if G’ is k-rainbow connected. The details are omitted. O

For the strong rainbow connection number, they obtained a similar result.

Theorem 2.0.4 ([4]). For every k > 3, deciding whether src(G) < k, is NP-hard
even when G is bipartite.
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Fig. 2.1 Construction of H;
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Proof. We will first consider an intermediate problem called the k-subset strong
rainbow connected problem which is the decision version of the subset strong rain-
bow connected problem. The input to the k-subset strong rainbow connected
problem is a graph G along with a set of pairs P = {(u,v) : (u;v) CV x V} and
an integer k. Our goal is to answer whether there exists an edge-coloring of G with
at most k colors such that every pair (u,v) € P has a geodesic rainbow path.

Let G = (V,E) be an instance of the k-vertex-coloring problem. We say that
G can be vertex-colored using k colors if there exists an assignment of at most k
colors to the vertices of G such that no pair of adjacent vertices are colored using
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the same color. This problem is NP-hard for k > 3. Given an instance G = (V,E)
of the k-vertex-coloring problem, we construct an instance (G’ = (V' E’), P) of the
k-subset strong rainbow connected problem below:

V' ={a}UV;E'={(a,v):veV}, P={(uv):(u,v)€E}.

It is not hard to show the following claim which establishes the hardness of the
k-subset strong rainbow connected problem.

Claim 3. The graph G = (V,E) is vertex colorable using k(> 3) colors if and only
if the graph G’ = (V' E’) can be colored using k colors such that for every pair
(u,v) € P there is a geodesic rainbow path between u and v.

Note that our graph G’ construed in the above reduction is a tree, in fact a star
and hence between every pair of vertices there is exactly one path. Thus, all the
above arguments apply for the k-subset rainbow connected problem as well. As a
consequence we can conclude the following: For every k > 3, the k-subset strong
rainbow connected problem and the k-subset rainbow connected problem are NP-
hard even when the input graph G is a star (which is a bipartite graph).

Next, we will show that the problem of deciding whether a graph G can be
strongly rainbow colored using k colors is polynomial time equivalent to the
k-subset strong rainbow connected problem.

Claim 4. The following two problems are reducible to each other in polyno-
mial time:

(1) Given a graph G = (V,E) and an integer k, decide whether the edges of G can
be colored using k colors such that between every pair of vertices in G there is
a geodesic rainbow path.

(2) Given a graph G = (V,E), an integer k and a set of pairs P C V x V, decide
whether the edges of G can be colored using k colors such that between every
pair (u,v) € P there is a geodesic rainbow path.

Proof of Claim 4. It suffices to show that problem (2) reduces to problem (1).
Let (G = (V,E),P) be an instance of the k-subset strong rainbow connected
problem. As noted above, we know that the k-subset strong rainbow connected
problem is NP-hard even when G is a star as well as the pairs (u,v) € P are such
that both u and v are leaves of the star. We assume both these properties on the input
(G,P) and use it crucially in our reduction. Let us denote the central vertex of the
star G by a and the leaves by L = {v{,va,---, v}, that is, V = {a} UL. Using the
graph G and the pairs P, we construct a new graph G' = (V' E’) as follows: For
every leaf v; € L we introduce two new vertices u; and u}, and for every pair of
leaves (v;,v;) € (L x L)\ P, we introduce two new vertices w; ; and wj ;. Then the
vertex set V' is defined as

V/ZVUV1UV2, V= {M,’ S {1,--- ,n}}U{w[,j : (V,’,Vj) S (LXL)\P},
Vo={u:ie{l, ,n}}U{w;j :(vi,vj) € (Lx L)\ P},
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and the edge set E’ is defined as

E/ZEUElUEQUE3,
E, = {(V,’,u,‘) tvi € Lu; 6Vl}U{(v,',W,'J),(Vj,W,‘J) : (V,‘,Vj) (S (LXL)\P},
Ey = {(x,x):xeVi,X e W}, E3={(a,x): X' € Vh}.

It is not hard to show that G’ is strongly rainbow colorable using k colors if and
only if there is an edge-coloring of G (using k colors) such that every pair (u,v) € P
has a strong rainbow path. The details are omitted. Note that the graph G’ = (V' E')
constructed in the proof of Claim 4 is in fact bipatrtite, i.e., the vertex set V' can be
partitioned into two sets A and B, where A = {a} UV| and B = LUV, such that there
are no edges between vertices in the same partition. The result is thus proved. O

From the same construction above, one can see that the following corollary is
immediate.

Corollary 2.0.5 ([4]). Deciding if the rainbow connection number of a graph G is
at most 3 is NP-hard even when G is bipartite.

In [64] Li and Li showed that for any fixed integer k, the problems in Theorems
2.0.3 and 2.0.4 as well as Corollary 2.0.5 are all in NP class, and therefore, “NP-
hard” can be replaced by “NP-complete” in the three results if we replace “For every
k” by “For any fixed k.”

Corollary 2.0.5 suggests us the following problem.

Problem 2.1. For every (any fixed) integer k > 2, deciding if a given bipartite graph
G has rc(G) < k is NP-hard (complete).

In [12], Chakraborty, Fischer, Matsliah and Yuster also derived some positive
algorithmic results. Parts of the following two results will be shown in Theorems
3.1.9and 4.1.9.

Theorem 2.0.6 ([12]). Forevery € > 0 there is a constant C = C(€) such that if G is
a connected graph with n vertices and minimum degree at least en, then rc(G) < C.
Furthermore, there is a polynomial time algorithm that constructs a corresponding
coloring for a fixed €.

As mentioned above, Theorem 2.0.6 is based upon a modified degree-form
version of Szemerédi Regularity Lemma that they proved and that may be useful
in other applications. From their algorithm, it is also not hard to find a probabilistic
polynomial time algorithm for finding this coloring with high probability (using on
the way the algorithmic version of the Regularity Lemma from [2] or [39]).

Theorem 2.0.7 ([12]). If G is an n-vertex graph with diameter 2 and minimum
degree at least 8logn, then rc(G) < 3. Furthermore, such a coloring is given with
high probability by a uniformly random 3-edge-coloring of the graph G, and can
also be found by a polynomial time deterministic algorithm.

Because computing r¢(G) is NP-hard, it was tried to give approximate algorithms
to compute the rainbow connection number. Basavaraju, Chandran, Rajendraprasad
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and Ramaswamy in [5] presented an (r + 3)-factor approximation algorithm which
runs in O(nm) time and a (d + 3)-factor approximation algorithm which runs in
O(dm) time to rainbow color any connected graph G on n vertices, with m edges,
diameter d and radius r.

Suppose we are given an edge-coloring of a graph. Is it then easier to verify
whether the colored graph is rainbow connected? Clearly, if the number of colors
is constant, then this problem becomes easy. However, if the coloring is arbitrary
(with an unbounded number of colors), the problem becomes N P-complete.

Theorem 2.0.8 ([12]). The following problem is NP-complete: Given an edge-
colored graph G, check whether the given coloring makes G rainbow connected.

For the proof of Theorem 2.0.8, Chakraborty, Fischer, Matsliah and Yuster first
showed that the s — ¢ version of the problem is NP-complete, that is, given two
vertices s and ¢ of an edge-colored graph, decide whether there is a rainbow path
connecting them. Then they reduced the problem of Theorem 2.0.8 from it.

By subdividing each edge of a given edge-colored graph G exactly once, one can
get a bipartite graph G'. Then color the edges of G’ as follows: Let ¢’ and ¢” be the
two edges of G’ produced by subdividing at the edge e of G. Then color the edge
¢’ with the same color of e and color the edge ¢” with a new color, such that all the
new colors of the edges ¢” are distinct. In this way, Li and Li [64] reduced from
Theorem 2.0.8 a result: Given an edge-colored bipartite graph G, checking whether
the given coloring makes G rainbow connected is NP-complete. Reducing also from
Theorem 2.0.8 in a clever way, Huang et al. in [49] first obtained a result: Given an
edge-colored planar graph G, checking whether the given coloring makes G rainbow
connected is NP-complete. Then by using the same subdividing technique as above,
they got the following stronger result.

Theorem 2.0.9 ([49]). Given an edge-colored bipartite planar graph G, checking
whether the given coloring makes G rainbow connected is NP-complete.
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