Chapter 2
Differentiation

In this chapter we will be primarily concerned with extending the derivative defined
for real-valued functions defined on an interval of R. We will also consider minima
and maxima of real-valued functions defined on a normed vector space.

2.1 Directional Derivatives

Let O be an open subset of a normed vector space E, f a real-valued function
defined on O, @ € O and u a nonzero element of E. The function f, : t —
f(a + tu) is defined on an open interval containing 0. If the derivative dd—’;“(O) is

defined, i.e., if the limit
i J@ 10— /(@

t—>0 t

exists, then we note this derivative d, f(a). It is called the derivative of f at a in
the direction u. We refer to such derivatives as directional derivatives. Notice that,
if 9, f(a) is defined and A € R*, then d,, f(a) is defined and

O f(a) = A0, f(a).

If E = R” and (e;) is its standard basis, then the directional derivative d,, f(a)
is called the ith partial derivative of f at a, or the derivative of f with respect to

x; at a. In this case we write d; f(a) or %{i(a). Ifa = (ay,...,ay,), then
af . flan, a0 a) — flar, . an)
——(a) = lim .
ax; 1—0 t

If for every point x € O, the partial derivative % (x) is defined, then we obtain the
function 7 th partial derivative % defined on O. If these functions are defined and
continuous for all 7, then we say that the function f is of class C'.
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Example. If f is the function defined on R? by f(x,y) = xe*’, then the partial
derivatives with respect to x and y are defined at all points (x, y) € R? and

of af

-y =0 +ape”  and = (xy) =%
ax dy

2

As the functions (x, y) +—> (1 + xy)e*” and (x, y) —> x~e*” are continuous, f is

of class C!.

Remark. 1f I is an open interval of R, @ € [ and f : I —> R has a derivative at a,
then f is continuous at . We have

JCEDZT@ _ ) 4 e,

where lim;_, €(¢) = 0. This implies that

fla+1t)— f(a) = t%(a} + te(t),

and the continuity of f at a follows. However, a function of two or more variables
may have all its partial derivatives defined at a given point without being continuous
there. Here is an example. Consider the function f defined on R? by

x6

o=z i () #(0,0)

S(x,y) = .
0 otherwise
We have
6 0
m s/t =0 and limeg/r=0
and so

f _f _
35 00 = 3,00 =0.

However, lim, ¢ f(x, x*) = oo, which implies that f is not continuous at 0.

The next result needs no proof. It is simply an application of the definition of a
partial derivative.

Proposition 2.1. Let O be an open subset of R", a € O and f and g real-valued
functions defined on O having partial derivatives with respect to x; at a. Then

WED = Lt @ a2 @) = Lz ra) @)
Xi axi axi B.X,' B.X,' axi
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In addition, if A € R then

IAS) ()
a—(a) =A——(a).

Xi axi

Suppose now that O is an open subset of R” and f a mapping defined on O with
image in R’" f has m coordinate mappings fi,..., fm. If a € O and the partial
derivatives —(a) for] <i <mand1 < j < n, are all defined, then the m x n

matrix
%(a) L (a)

8x1
Jy(a) = :
Yo (q) ... Lo(a)

3)(1

is called the Jacobian matrix of f ata.

Example. If the mapping f of R? into R? is defined by f(x.y.z) = (xy,ze*),
then all partial derivatives are defined at any point (x, y,z) € R? and

Jf(x»y,Z):( Yoo 0')'

yze™ xze™ e*Y

It is easy to generalize the definition of class C! to a mapping having its image
in R”. We say that such a function is of class C' if its coordinate mappings are all
of class C!.

Remark. We do not need to restrict the directional derivative to functions defined on
open sets of a normed vector space. Let A be a nonempty subset of a vector space
E, f areal-valued function defined on A, and a € A. If u is a nonzero element of
E and there exists € > 0 such that a 4+ fu € A, when |t| < ¢, then the function
fu 1t —> f(a + tu) is defined on the open interval (—e, €). If the derivative dd—’:“ 0)
is defined, then as above we note this derivative df,(a) and call it the derivative of
f at a in the direction u.

2.2 The Differential

Let E and F be normed vector spaces, O an open subset of E containing 0, and g
a mapping from O into F such that g(0) = 0. If there exists a mapping €, defined
on a neighbourhood of 0 € E and with image in F, such that limj,_,¢ €(h) = 0 and

g(h) = ||kl ze(h),
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then we write g(h) = o(h) and say that g is a “small o of K. If || - |5 ~ || - ll&
and || - |5 ~ || - |, then g(h) = o(h) for the norms || - ||z and || - || ¢ if and only if
g(h) = o(h) for the norms || - |5 and [| - || 7. In particular, if E = R" and F = R",
then the condition g(#) = o(h) is independent of the norms we choose for the two
spaces.

Let O be an open subset of a normed vector space £ and f a mapping from O
into a normed vector space F. If @ € O and there is a continuous linear mapping ¢
from E into F such that

fla+h) = fla) +¢(h) +o(h)

when £ is close to 0, then we say that f is differentiable at a.
Proposition 2.2. If f is differentiable at a, then

(a) f is continuous at a;
(b) ¢ is unique.
Proof. (a) As ¢ is continuous at 0, limy— ¢(h) = 0 and so limy—¢ f(a + h) =

f(a).
(b) Suppose that

fla+h) = f(a)+ ¢i(h) +o(h) = f(a) + ¢2(h) + o(h)

and let x € E. For ¢t > 0 small we have

fla+1tx)— fla) =tp1(x) + t|x[|pe1(tx) = 1da(x) + t] x| pe2(tx),

where lim,_,¢ €; (tx) = 0. This implies that

$2(x) — @1(x) = |l x[|£ (€1 (tx) — e2(1x))

Letting ¢ go to 0, we obtain ¢ (x) — ¢2(x) = 0. |

This unique continuous linear mapping ¢ is called the differential of f at a,
written f’(a), d f(a) or Df(a). If f is differentiable at every pointa € O, then we
say that f is differentiable on O. If in addition f is a bijection onto an open subset
U of F and the inverse mapping f ! is also differentiable, then we say that f a
diffeomorphism. Clearly a diffeomorphism is a homeomorphism.

Notation. We will use the notation f” for differentials. If considering the derivative
of a real-valued function f defined on an open interval of R, then we will use
the notation &~ or f. To simplify the notation, we will usually write f'(a)h for

dr
J'(@)(h).

Examples. If E and F are normed vector spaces and f : E —> F is constant,
then f’(a) is the zero mapping at any pointa € E.If f : E —> F is linear and
continuous, then f’(a) = f atany pointa € E.
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Exercise 2.1. Let E be a normed vector space and f a real-valued function defined
on E such that | f(x)| < [|x||%. Show that f is differentiable at 0.

Proposition 2.3. If we replace the norms on the spaces E and F by equivalent
norms, then the differentiability at a € O and the differential are unaffected.
In particular, if E and F are finite-dimensional, then we may choose any pair
of norms.

Proof. 1f f is differentiable at ¢ and

g(h) = fla+h)— f(a)— f(a)h,

then g(h) = o(h). If we replace one or both the norms of £ and F by an equivalent

norm, then with respect to the new pair of norms, we have g(h) = o(h). It
follows that f is differentiable with respect to the second pair of norms and that
the differential at a is the same. |

Example. Let A € M, (R) be symmetric, b € R” and f : R"” — R defined by
1
f(x) = Ex'Ax —b'x.

(Here, as elsewhere, when employing matrices, we identify elements of R" with
n-coordinate column vectors.) Let a € R". A simple calculation shows that

fla+h)= f(a)+ (@ A—b")h + %h’Ah.

The function ¢ : h —> (a’ A — b")h is linear. As R” is finite-dimensional, ¢ is also
continuous. We also have

|1 Ah| < [|AR|2]|k]2 < |AL]R5,
where | - |, is the matrix norm subordinate to the norm || - ||,. Hence f'(a) = ¢.

Exercise 2.2. Show that the mapping
f i MR — M,R),X — X'X
is differentiable at any point A € M,,(R) and determine f”(A).

Proposition 2.4. Let f be a mapping defined on an open subset O of a normed
vector space E with image in the cartesian product F = Fy X ---x F,. Then f is
differentiable at a € O if and only if the coordinate mappings f;, fori =1,...,p,
are differentiable at a.

Proof. Suppose first that the coordinate mappings are differentiable at a:

fita+h) = fila) + f(@h+ |[h] e (),
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where limj,_,¢ €; (h) = 0. The mapping
¢ E—> F.h (f/(@h..... [y(@h)

is a continuous linear mapping. If we set e(h) = (€i(h),...,€,(h)), then
limy ¢ €(h) = 0 and

fla+h) = fla) + ¢(h) + ||kl ge(h).

Therefore f is differentiable at a.
Suppose now that f" is differentiable at a:

fla+h) = fla) + f(@h+ ||| geh).
where limj, o €(h) = 0. Then
fita +h) = fi(a) + Li(h) + ||h| g€ (h),

where f’(a)h = (Li(h),...,L,(h)). For each i the mapping L; is linear and
continuous and limy,_q €; (k) = 0; hence f; is differentiable at a. O
Remark. The differential f’(a) is a continuous linear mapping from E into F. In

the above proof we have shown that the coordinate mappings of f’(a) at a are the
differentials at a of the coordinate mappings of f, i.e.,

@)= (f(@..... fy(@)).

Proposition 2.5. If O is an open subset of a normed vector space E and f : E —
R is differentiable at a € O, then the directional derivative df,(a) is defined for
any nonzero vector u € E and df,(a) = f'(a)u. In particular, if E = R”", then the
partial derivatives %(a}, cee, %(a} are defined.

Proof. We have
fla+tu) = f(a) +tf (@)u + o(tu)

and so

- fla+tu) — f(a)
m

_rr
}1_)0 ; = f'(a)u.

This ends the proof. O

Suppose that dim £ = n < oo and that (e;) is a basis of E. If x = Z?=1 X;e;,
then

fl@x =Y xifl(@e; =Y b, fla)e] (x),

i=1 i=1
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where (e) is the dual basis of (e;). We thus obtain the expression

f1@) =30, f@er.

i=1

If E = R" and (e;) its standard basis, then we usually write dx; for . This gives
us the expression

/
a) = —(a)dx;.
f'(a) Z gy (@
i=1
What we have just seen has practical importance. If we wish to determine
whether a real-valued function f defined on an open subset of R” is differentiable
at a given point a, then first we determine whether all its partial derivatives at a
exist. If this is not the case, then f is not differentiable at a. If all the partial
derivatives exist, then we know that the only possibility for f’(a) is the linear
functiong = Y, %(a)dxi. To conclude, we consider the expression

fla+h— f@—¢h) _
]

e(h).

If limy, 0 €(h) = 0, then f is differentiable at a, otherwise it is not.

Example. Let f : R> — R be defined by

3 3

L () #0.0)

flx.y) = :
0 otherwise
A simple calculation shows that
af af

500.00=1  and 5(0,0):—1.

Therefore, if f/(0, 0) exists, then f'(0,0) = dx — dy. However,

-k |hk(h — k)|
——(h—k h k)|, = —F5.
e~ =GBl 0+ )

Setting k = —h in the expression on the right-hand side of the equation, we

obtain \/Li Therefore we do not have the necessary convergence and so f is not
differentiable at (0, 0).

The previous example shows that a function may have partial derivatives at a
point without being differentiable at that point. This however is not the case for
functions of a single variable.
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Proposition 2.6. Let [ be an open interval of R. Then [ : I —> R is differentiable
ata € I ifand only if f has a derivative at a.

Proof. From Proposmon 2.5,if f is differentiable at a, then f has a derivative at a.
Now suppose that —(a) exists. Then

flat+h)—fla@ df

Y o @ =€),

where limj,_,o €(h) = 0. Multiplying by # we obtain

fla+h)= f(a)+ %(a)h + he(h).

. . . _ df
It follows that f is differentiable at @ and that f'(a)h = F-(a)h. |

If O is an open subset of R” and f : O — R” is differentiable at a € O, then
f’(a) is a linear mapping from R” into R™. Let us write (e}) (resp.(e;")) for the
standard basis of R” (resp. R™). We have f'(a) = (f/(a)..... f, (a)). However,
fl(a)e = af’ (a) and so

r@e = (Hra..... ) - é‘?i

Therefore the jth column of the matrix of f”(a) with respect to the bases (e”.) and

e™) has for elements ﬂ a,... af”’ a). It follows that this matrix is the Jacobian
i dax
J
matrix J 7 (a).

Notation. If £ and F are finite-dimensional vector spaces, B and Bf bases of
these spaces and L : E — F a linear mapping, then we will write mat g, 3, L for
the matrix of L with respect to the bases By and Br. So we could write

mat . em f'(a) = Tz (a).

The proof of the next result is elementary.

Proposition 2.7. Let E and F be normed vector spaces, O an open subset of E and
a an element of O. If f and g are differentiable at a, then [ + g is differentiable
ata, asis Af, forany A € R, and

(f+8'@=f(@+g@ ad @Af)(a)=Ar(f"().
If F is a commutative normed algebra, then fg is differentiable at a and
(f8)'(a) = f(a)g'(a) + g(a) f'(a).

Suppose that £ and F are normed vector spaces, O an open subset of E and
f 1 O — F differentiable at a € O. If F is a vector subspace of F and the
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image of f lies in F, then f is differentiable at a as a mapping from O into F if
the image of f’(a) lies in F. The following result gives us a sufficient condition for
this to be so.

Proposition 2.8. If F is closed, then f is differentiable at a as a mapping from O
into F.

Proof. Forany h € E

i @+ th) — fa)
im

t—0 t

= f'(a)h.

Let (¢,) be a sequence in R* with limit O and such that a + t,h € O. If we set

u, = w, then the sequence (u,) is a convergent sequence contained in

F. As F is closed, its limit f'(a)h is an element this subspace. This ends the proof.
|

2.3 Differentials of Compositions

In this section we consider the differentiability of mappings which are compositions.
Let E, F and G be normed vector spaces, O an open subset of E, U an open subset
of Fand f : O — F, g : U — G be such that f(O) C U. Then the mapping
g o f is defined on O.

Theorem 2.1. If f is differentiable at a and g is differentiable at f(a), then g o

is differentiable at a and

(go f)(a) =g (f(a) o f'(a)
Proof. To simplify the notation let us write » = f(a). We have

fla+h) = f(a) + f(@)h + ||kl g€ (h)
and
gb +k)=gb)+ g (b)k + |Ik| rex(k),

with limj,_,¢ €;(h) = 0 and lims_, €2(k) = 0. For h sufficiently small we may
write

g(fla+h) =gb+ f'@h+|hllze(h))
=g(®) + & O)(f"(@h + |l ze(h))
+If @h + |hlleec W e (f'(@h + 7] e ()
=g(b) +g'(b) o f'(@)h + ||h]|z&(h),
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where

h
7]l

é(h) = g'b)er(h) + 11 f'(a) +eaMllre(f'@h + ] pei(h)).

To finish, we only need to show that limj,_,o €(h) = 0. However,

o limp—g € (h) = 0 = lim;—o g’ (b)e1 (h), because g’(b) is continuous;
||f’(a)”hhT + €1(h)| r is bounded for small values of h, because f’(a) is
continuous and so bounded on the unit sphere;

o limy—o 2(f'(@)h + ||h||ge1(h)) = 0, because f”'(a) is continuous.

Therefore limj,_,¢ €(h) = 0. |

Corollary 2.1. If in the above theorem the normed vector spaces are euclidian
spaces, then

Jgor(a) = Jo(f(a))J g (a).
Proof. f E = R", F = R", G = R* and B", B, B° their standard bases, then
we have

Jeor(a) = matpip (g o f) (a)

= matgips g (f(a) o f'(a)

= mat gns g (f (a))mat gon f'(a)

=l (f(a)]y(a),
which is the result we were looking for. |

Remark. The expression

(go f)(a) =g (f(a)o f'(a).

is often referred to as the chain rule.

Example. Let f : R? — R? and g : R?> — R be defined by

f(x,y,2) = (xy,e¥) and gu,v) = .

Then

y x 0
ZeXZ 0 xeXZ

Ji(x,y,2) = ( ) and  Jo(u,v) = (2uv u?).

Setting u = xy and v = e** in the second matrix, we obtain

Jo(f(x,p.2)) = (2xye™ x2y?).
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Multiplying the matrices J,(f(x, y.z)) and J s (x, y, z), we obtain
Joor(x,y,2) = ((2xy? + x2y2z)e*® 2x2ye’ x3y2e'?).

Exercise 2.3. Let I be an open interval of R, O an open subset of R™, f a mapping
of I into R™ and g a real-valued function defined on O. We suppose that f(/) C O.
Ifa € I and f'(a) and g’(f(a)) exist, show that

d
8o/ = Z 5 (f(t))—(t)

For the functions
T R— Rt (t2,¢°) and g:R?— R, (x,y)+— xy

calculate d% g o f(t) using the formula. Find an expression for the function g o f
and then confirm the result.

Exercise 2.4. Let £ and F be normed vector spaces, O an open subset of E, U
an open subset of F and f : O — U a diffeomorphism. Show that, for any
point x € O, f’(x) is a normed vector space isomorphism from E into F and that

ST = o

2.4 Mappings of Class C!

If O C R”" is open and f a real-valued function whose partial derivatives are
defined and continuous on O, then we say that f is of class C'. More generally,

if f: O — R™ is such that the mn functions % are defined and continuous on
J

O, then we say that f is of class C'. In this section we will obtain a result giving
necessary and sufficient conditions for a mapping to be of class C!. This will enable
us to generalize this notion to mappings between any pair of normed vector spaces.

Consider a real-valued function f defined on an open subset O of R”. We have
seen that if f has partial derivatives at a point @ € O, then this does not imply
that f is differentiable at a. However, if we add a condition, then we do obtain
differentiability.

Theorem 2.2. [f the functions ;—f e ax are defined on a neighbourhood V of a

X1’

and continuous at a, then f is diﬁ‘erennable ata.

Proof. As V is a neighbourhood of a, there is an open cube

Cla,e) ={x eR": |x; —a;| <€}
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contained in V. If & lies in the open cube C(0, €), thena + h € C(a, €) and

fla+h)— f(a)= fla1 + hi,....ay + hy) — flai,...,a,)
= flar+hi,....an +hy)— flar + hy, ..o an—1 + hy—1,a,)
+far +hi,...,an—1 + hy—1,ay)
—flar +hi,....an—2 + hy—,an—1,an)

+f(ar+hi,az,....a,) — flai,...,a).
Suppose that i, # 0 and consider the function
gn:[0,h,] — Rt —> f(a; + hy,....ay—1 + hy—1,a, +1).

From the mean value theorem there exists 6 € (0, 1) such that

dg
80 (1) = 8(0) = (0, ).

It follows that there exists y” € C(a, €) such that

0
ax,

flay+hy,....,an +hy)— flay +hy,...,a40—1 + hy—1,a,) =

Y.

(If h, = 0, then we may take y" = a.) We proceed in the same way for each line on
the right-hand side of the above expression to obtain y!,...,y" € C(a, €) such that

n 9 4
flat - f@) =Y h ()
i=1 !

Therefore
fla+h) - f()—Zh U—Zh (£00-@).

Now,

—f( )—%(a)

(—( - i(a))i < oY

i=1




2.4 Mappings of Class C'! 47

and limj, ¢ yi = qa for each i. As the functions % are continuous at a, we have
L |lof af

li —0") - = =0.

hl—rH) = 8x,~ (y ) 8x,~ (Cl))
It follows that

of
fla+h) - fa >—Zh o (@ = o)
i=1

and so f is differentiable at a. a
Corollary 2 2. Let O be an open subset of R" and f : O —> R such that the
funcnons for 1 <i <mandl < j < n, are defined on a neighbourhood V' of

aeO and c0ntlnu0us ata. Then f is differentiable at a.

Proof. From the theorem above each coordinate function is differentiable at a and
so f is differentiable at a. |

Examples. 1. If f : R? — R? is defined by

f(r,0) = (rcos,rsinf),

then we have
%— 0s 6, %z—rsiné, %zsiné and %ZFCOSQ.
or a0

or ¢ 20
The four partial derivatives are clearly continuous; therefore f is differentiable
at any point (r, 6) and
f'(r,0) = (cos Odr — r sin 0d6, sin Odr + r cos 6dH).
2. If f: R" — R is defined by

f(xlv---,x,,):xlxz...xn’

then

aof A
g(x) = X1 X1 X X410 Xy,
1

where the “hat” indicates that the variable is absent. The n partial derivatives are
clearly continuous; hence f is differentiable at any point x and

n
f(x) = le C X1 X Xy s X dX

i=1
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It is relatively easy to extend Theorem 2.2 to general finite-dimensional normed
vector spaces. Let E be an n-dimensional normed vector space, (v;) a basis of E,
(e;) the standard basis of R” and L the linear mapping which sends v; to ¢;. Consider
a real-valued function f defined on an open subset O of E and suppose that the
directional derivatives d,; f(x) are defined and continuous on a neighbourhood V
of apointa € O.If weset f = f o L™, then f is defined on the open subset
L(O) of R" and L(V) is a nelghbourhood of L(a). A simple calculation shows

that g—){:(L(x)) = 0,, f(x) an~d it follows that f is differentiable at L(a). As L is
differentiable ata and f = f o L, f is differentiable at a and

f'(a) = f'(L@)oL'(a) = f(L(a))oL.

Example. Suppose thatn > 1 and let us consider the mapping det : M,,(R) — R,
where det(X) is the determinant of X. We will write E(i, j), with 1 <i, j <n, for
the elements of the standard basis of M, (R), i.e.,

1 if i=kj=I

E@, jkir =
0 otherwise

For X € M, (R) we have
det(X +tE(i, j)) —det(X) = ty;; (X),
where y;; (X) is the (i, j)-cofactor of X. It follows that
IEq.j)det X = yi; (X).
As y;;(X) is a polynomial in the entries X;; of X, dg( j)X is a continuous function

of X and so the mapping det is differentiable at any point X € M, (R).

Proposition 2.9. Let O be an open subset of R", f and g real-valued functions of
class C' defined on O andk € R. Then f + g, Af and fg are of class C'. If g

does not vanish on O, then L s of class C.

Proof. We have the relations

0 (A
WD =L+ Ew aa =il

Also,

m( )= Lo )g(x)+f(x)—(x)

As f and g are of class C', the functions f, g, 3 and are continuous; hence
the right-hand sides of the above expressions are contlnuous and so the functions
f + g, Af and fg are of class C'. If g does not vanish and we set 1 = ﬁ, then
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Oy 8O 7 () = f(0) 75 (%)
0x; (g(x))? ’
and so 5'_;2 is continuous. Thus /% is of class C'. O

Corollary 2.3. Let O be an open subset of R", f and g mappings of class C'
defined on O with image in R™ and A € R. Then f + g and Af are of class C".

Proof. As f and g are of class C', so are their coordinate mappings. Now

(f+8i=/fi+g and  (Af)i=Afi

and so the coordinate mappings of f + g and Af are of class C'. It follows that
f + g and A f are C'-mappings. |

Remark. From the above proposition and corollary, we see that the C'-mappings
defined on O form a vector space if the image space is R™ and, in the case where
m = 1, this is an algebra.

Proposition 2.10. Let O be an open subset of R", U an open subset of R", f a
mapping from O into R™ and g a mapping from U into R*. If f(O) C U and f
and g are of class C1, then g o f is of class C.

Proof. For x € O we have
Jgor (x) = Jo(f(x)) 0T s (x),

therefore

—a(ga" I3 o D).
XJ

As f and the partial derivatives y/lc and af"

3(g°f)l

are continuous, the partial derivative
is continuous. It follows that g o f is of class C'. O

We now prove the characterization of C'-mappings referred to at the beginning
of the section.

Theorem 2.3. Let O be an open subset of R" and f a mapping from O into R™.
Then f is of class C" if and only if f is differentiable on O and the mapping f'
from O into L(R",R™) is continuous.

Proof. Letusset E = R", F = R™ and fix norms on these spaces. Suppose that f
is of class C''. From Theorem 2.2, we know that f is differentiable on O. Also, for
x € O and u € R" we have

S u=1Ts(x)u.

Now
Lf' () zery = T ()],
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where | - | is the norm defined on M,,,(R) by

|Al = sup [|Ax|F.

lxllz=<1

If we let
|A|py = max |a;;|,

where A = (a;;), then | - |y also defines a norm on M, (R). As f is of class C!,
we have

}111_13) Jr(x+h)=Jr(x)|m =0.
However, the norm | - | is equivalent to the norm | - | and so

]lin%)llf(x +h)=Jr(x)| =0.

It follows that f” is continuous at x.

Now suppose that f’ is defined and continuous on O. From Proposition 2.5 we
know that the partial derivatives of f are defined on O. Also, forx € O andu € R”
we have

' x)u=1Tr(x)u.

As f’is continuous, we have
llin%)IJf(x +h)-Jrx)=0= %in})IJf(x +h)=Jr(x)|m =0,

which implies that the partial derivatives are continuous at x. |

The preceding theorem suggests the following generalization of the notion
of class C!. If E and F are normed vector spaces and O is open in E, then
f : O — Fisofclass C' if f is differentiable at every point x € O and the
mapping ' : O —> L(E, F) is continuous.

In closing this section we mention that the exponential mapping is of class C'.
This can be shown directly. However, the calculations are rather long. Later on we
will prove this result in a simple way, avoiding arduous calculations.

2.5 Extrema

Let us recall the notions of minimum and maximum. Suppose that f is a real-valued
function defined on a set X. We say that a € X is a (global) minimum if, for all
xeX,

fla) = f(x):
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a € X is (global) maximum if, for all x € X,

fla) = fx).

If the inequality is strict when x # a, then we speak of a strict minimum or strict
maximum. A point which is either a minimum or a maximum is called an extremum.
A function may have no minimum, a single minimum or several minima. The same
is true for maxima.

Examples. 1. f : R — R, x —> x has neither a minimum nor a maximum.
2. f:R — R, x —> x? has a minimum but no maximum.

3. f:R — R, x —> —x? has a maximum but no minimum.

4. f :R — R, x —> cosx has an infinite number of minima and maxima.

Let us now turn to normed vector spaces. We have already seen that if £ is a
normed vector space, X C E compact and f : X —> R continuous, then f has
a minimum and a maximum (Theorem 1.3). This result is one of existence: it does
not tell us how to find the extrema. We now introduce a related notion which can
often help us in this direction. Let X be a subset of a normed vector space E and f
a real-valued function defined on X . We say that a € X is a local minimum if a has
a neighbourhood N such that

fla) = f(x)

for all x € N N X. We define a local maximum in an analogous way (reversing
the direction of the inequality). As above, if the inequality is strict when x # a,
then we speak of a strict local minimum or maximum. A point which is either a
local minimum or maximum is called a local extremum . Clearly a global minimum
(resp. maximum) is a local minimum (resp. maximum); however, the converse is
not true. As a first step in looking for an extremum, it can be useful to look for local
extrema. We will present a fundamental result which helps us to do so.

Let a and b be elements of a vector space E. We call the set
[a,b]={x e E:x=Aa+ (1—-A2)b,A€][0,1]}
the segment joining a to b. We write (a, b) for [a, b] —{a,b}.If X C E is such that

the segment [a, b] always lies in £ when a,b € E, then we say that X is convex.

Exercise 2.5. Show that segments and affine subspaces are convex and that in a
normed vector space closed and open balls are convex.

Theorem 2.4. Let E be a normed vector space, O C E open and X C O convex
and suppose that f is a real-valued function defined on O. If f restricted to X has
a local minimum at x and f is differentiable at x, then

S &)y —x)=0

forall y € X.



52 2 Differentiation

Proof. Let A € (0,1). As X is convex, x + A(y — x) € X and for A sufficiently
small we have

S +Ay=x) = f(x) = f1()A —x) + oAy —x))
= A/ () (y = x) +1Allly = xlle((y = x)).

where lim;,_,¢ €(h) = 0. Dividing by A, we obtain

A
') =x) + Sy = xlle@(y —x)) = 0,
because x is a local minimum. Letting A go to 0, we obtain the result. |

Remark. The above inequality is called Euler’s inequality . If x is a maximum, then
x is a minimum of the function — f restricted to X and so we obtain the inequality
in the opposite direction.

Corollary 2.4. Let O be an open subset of a normed vector space E and X an
affine subspace of E: X = a + V, where V is a vector subspace of E anda € X.
We suppose that O N X # Q. If f is a real-valued function defined on O such that
f restricted to X has a local extremum at x and f is differentiable at x, then

f(x)y=0

forallveV.

Proof. We will prove the result for a local minimum; the other case can be proved
by considering — /. Suppose that f/(x)v # 0 for some v € V. Replacing v by —v
if necessary, we may suppose that f’(x)v > 0. Let B be an open ball centred on
x and lying in O. If we set X; = B N X, then X is a convex subset of O. There
exists A > O such that y = x — Av € X and

F' @) —x)==Af'(x)p 2 0= f'(x)r <0,

a contradiction. Hence f’/(x)v = O forallv e V. |

Remarks. 1. A special case of the above result is when the function f is defined on
E:if f, hasalocal extremum at x, then

f(x)y=0

forallve V.
2. If E = R", then we have
Vix)y=0

forallv e V,ie., Vf(x) e V<t
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Corollary 2.5. Suppose that O is an open subset of a normed vector space E. If
f : O — R has a local extremum at x € O and f is differentiable at x, then

£'(x) = 0.

Proof. This result follows immediately from Corollary 2.4: it is sufficient to set
X=EFE. O

Suppose that O is an open subset of a normed vector space E and that the
mapping f : O —> R is differentiable at a point x € O. If f'(x) = 0, then
we say that x is a critical point of f. From what we have just seen, if x is a local
extremum, then x is a critical point; however, the converse is false. For example,
0 is a critical point of the mapping f : R — R, x > x>, but 0 is not a local
extremum.

Example. Consider the function
iR —R, (x,y) — x>y2(1—x —y)
defined on the set
X:{(x,yeRz:xzo,yzO,x—}-yfl}.

As X is closed and bounded, X is compact. Therefore f has a minimum and a
maximum on X . Clearly f(x,y) > 0and f(x,y) =0ifandonlyifx =0,y =0
orx +y = l,i.e., if and only if (x, y) lies on the boundary of X . Hence the minima
of f are those points lying on the boundary of X. As there are points (x, y) such
that f(x, y) > 0, any maximum (x, y) of f must lie in the interior O of X, an open
set. Such a point is a maximum of the function restricted to O and so a critical point
of this function. We have

of

ax

of

(x,y) = x2y2(3 —4x —3y) and I
y

(x.y) = xX’y(2—2x —3y).

Setting the partial derivatives equal to 0, we find a unique solution to these equations
in the interior of X, namely the point A = (%, %), so this must be the unique
maximum of f. (If we had found more than one critical point, then it would have
been necessary to calculate the value of f at each one of them and then choose the
point(s) giving the maximum value.)

Exercise 2.6. (An extension of Rolle’s Theorem) Let E be a normed vector space,
X a compact subset, whose interior is not empty, and f a real-valued continuous
function defined on X, which is differentiable on the interior of X. Show that if f
is constant on the boundary of X, then f has a critical point in the interior of X.
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2.6 Differentiability of the Norm

If E is anormed vector space with norm ||-|, then ||-|| is itself a mapping from E into
R and we may consider its differentiability. We will write ||x||" for the differential of
the norm at x (if it exists). We should first notice that the norm is never differentiable
at the origin. Suppose that ||0]|" exists. Then for small nonzero values of &, we have

h
1B = [0 + o(h) —> lim (1 - ||0||’—) -
) 12|l

and

. h
Il = 11 il = =10k + 005 = Jim (1-+ ol 51 ) =0,

Summing the two limits we obtain 2 = 0, which is clearly a contradiction. Hence
|0]]" does not exist.

The norm may or may not be differentiable at a point other than the origin. For
example, the norm || - ||, defined on R” is differentiable at all points other than the
originif p € (1, 00); however, this is not the case if p = 1 or p = co. We will study
these norms more in detail at the end of the section. At points where the differential
exists, we have the following interesting result:

Proposition 2.11. Let E be a normed vector space and || - || its norm. If || - || is
differentiable at a # 0 and A > 0, then || - || is differentiable at Aa and |La|’ =
lall'. In addition, |[la]'| g~ = 1.

Proof. If || - | is differentiable at a, A > O and i € E \ {0} small, then we have

h
1Aa +hll = Alla + |

) (||a|| a4 o (%))

= |Aall + llal'h + o(h).

It follows that || Aa||’ exists and || Aa|’ = |a]|’.
Now let us show that |||a]|’'| g+ = 1. Consider the function

f iR — R, A +—> [[Aa].
For a given A € R% and & € R sufficiently small, we have
A+ mal = A + h)llall
and so

N+ mal —Aall . hfall
lim = lim

= ||d]|.
h—0 h h—0 h ” ”




2.6 Differentiability of the Norm 55

Therefore f () = ||la|| for all values of A. On the other hand, f = | - || o ¢, where
¢(A) = Aa, and so
f'W)s = llAal'sa = s|all'a.

This implies that f(1) = |la|’a and hence ||la|'a = |a|. It follows that
lall’l= = 1.
Now let us show that |||a]’|g+ < 1. As || - || is differentiable at a, we may write

la +Ax| = llall = lall'’Ax = ||Ax[le(Ax),
where lim;,—¢ €(h) = 0. This implies that
llal'Ax] < llla + x|l = llalll + [IAx[le(Ax)],
hence

Mallx| < lx]I(1 + [e(Ax))).
Letting A go to 0 we obtain
allx| < lIx],
which implies that |||a||’| g= < 1. This finishes the proof. |

Corollary 2.6. The norm is differentiable on E\{0} if and only if it is differentiable
on the unit sphere.

We have already briefly spoken of the differentiability of the norms || - || , defined
on R”. We will now consider these norms in more detail. We will use the notation
i ||x|| , for the ith partial derivative at x, which is simpler than ag Iy (x). There are

three cases to consider, namely || - ||,, with 1 < p < oo, || - || and || Iloo-
Casel. || -||,, 1 < p < oo: all partial derivatives exist and are continuous on the
open set R” \ {0}.
If x; > 0, then
_1 P Py Pl — (1P P
ai”x”p—;(lxll ot P e =,

and, for x; < 0, we have
1 P Pyl p—1 1-p p—1
dillxll, = —;(lel +o D) p(=x) P = x|, (=X)L

The case where x; = 0 is a little more delicate. We are interested in the following
limit (if it exists):

1 1 H
i & (1 + sl = xly) = tim 1 (117 + 1v15)” = el ).
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where ¢; is the ith element of the standard basis of R”. If we divide the numerator
of the expression on the right-hand side by ||x||, we obtain

((ubL)p+l);'”:=(1+“%(WZL)p+”((n;L)p))_l

P
:l( i ) +o(t]7).
p \xl,

1 t\?
MJMM(_(II) +MM@):Q
o ¢t \p \xll,

di|lx|, = 0.

we have

Hence the partial derivatives are defined and continuous on R” \ {0} and so the norm
|| -1l is of class C' on this set.

Case 2. | - ||;: all partial derivatives are defined and continuous on the open set
S={xeR":x; #0 foralli}.
We have

Il = Tl + -+ xal.

If x; = 0, then
1 |7]
(e el = ) = =

and so d;]|x||; does not exist, which implies that the differential is not defined at a
point x with a coordinate whose value is 0. Now suppose that this not the case and
that ¢ € R is such that |¢| < |x;|. For x; > 0

1
T el =il =1

and for x; <0

1
;(HX +eilli —[x[) = —1.

It follows that in the first case d;||x|; = 1 and in the second 0;|x|; = —1. If all
the coordinates of a point x are nonzero, then we may find a neighbourhood N of x
such that, if y € N, then each coordinate y; of y is nonzero and has the same sign
as that of x;. Hence all partial derivatives of the norm are defined and continuous on
N . It follows that || - ||; is of class C! on S.

Case 3. | - ||oo: all partial derivatives are defined and continuous on the open set
T ={x eR":|xi| = ||x|loo fOr a unique i}.
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Let x # 0 with |xx| = ||x|co- First let us suppose that x; is not unique, i.e., there
is an index [, with [ # k, such that |x;| = |xi|. We now take hy,h; € R* with
the same absolute value and such that /; has the same sign as x; and h; the sign
opposite to that of x;. We set h = (hy,...,h,), where h; = 0 fori # k,[. Then
we have

[ + Alloo = lxk + hil = x| + |he| = llxlloo + 7]l

and
[x = hlloo = |x1 — hi| = |x1] + [1i] = lIx]loo + 17]lco-

By addition we obtain
[ + Alloo + ¥ = Alloo = 2l xlloo = 2[|A]lco- 2.1)
If we suppose that the differential exists at x, then we have
1 + 2lloe = l1xlloo — llx[loah = 0 ()

and
X = lloo — Ixlloo + Ix[loh = o(h).

An addition of the two expressions gives us
X + Alloo + llx = Alleo = 2[|x[lec = 0(h). 22
Now, from the (2.1) and (2.2) we obtain

2|l = 0(h) = lim —— = 0,
(7] (h) 20

which is clearly false. It follows that the norm is not differentiable at x.
Now let us suppose that x; is unique. Let e; be the ith member of the standard
basis of R” and ¢ € R* small. Then

Xk fori #k
I + relloo = 3 ! TE
|xk + ¢] fori =k
Therefore
0 ifi £k
Oillx]loo = 41 ifi =kandx; > 0.

—1 ifi =kandx; <0
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Also, there is a neighbourhood N of x such that, if y € N, then y is nonzero, has
the same sign as x; and ||y|lcc = || for a unique k. It follows that 9; ||y]co =
0; || x||co for all i. Thus the partial derivatives are defined and continuous on N and
so the norm is of class C' on 7.

Remark. We have seen above that certain norms on R” are differentiable at all points
other than the origin and others not. Thus equivalent norms on a vector space may
have different differentiability properties.
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Appendix: Gateaux Differentiability

There is another differential which is often used. We have already defined the
directional derivative at a point with respect to a nonzero vector for a real-valued
function. In fact, we can extend this definition to mappings whose image lies in any
normed vector space. Let O be an open subset of a normed vector space E, f a
mapping defined on O whose image lies in a normed vector space F,a € O and u
a nonzero element of E. If the limit

i L@t - fa)
im

t—>0 t

exists, then we note this derivative d, f (a). It is called the directional derivative of
f at a in the direction u. If the directional derivative is defined in all directions and
there is a continuous linear mapping ¢ from E into F such thatforallu € E

du f(a) = o (u),

then we say that f is GAiteaux-differentiable at a and that ¢ is the Gdteaux
differential of f at a. If a mapping f is differentiable at a point a, then clearly
all its directional derivatives exist and we have d, f(a) = f'(a)u. Thus f is
Gateaux-differentiable at a. However, the Gateaux differential may exist without the
differential existing. Here is an example. If the mapping f : R?> — R is defined by

6

m if (x, y) # (0,0)

X,y) = )
fee ) if (x,y) =(0,0)
then 0, f(0,0) = 0 for all (u,v) € R? and so the Gateaux differential exists at
the origin. However, f(x,x?) = x~2 and so f is not continuous at the origin and a
fortiori not differentiable.

Another point should also be made, namely that the existence of directional
derivatives at a point does not imply that the mapping is Gateaux differentiable.
Let us consider the mapping g : R? — R defined by

2_3.2 .
MBI if () # (0.0)

glx,y) = _ .
0 if (x,y) = (0,0)
Then 0(,,)g(0,0) = g(u,v) for all (u,v) € R2. As g is not linear, g is not Gateaux
differentiable at (0, 0).

To distinguish the differential from the Gateaux differential, the differential is
often referred to as the Fréchet differential. From what we have seen, we have the
implications:
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Fréchet differentiable — Gateaux differentiable — existence of
directional derivatives

and the implications are not reversible.
In fact, the Gateaux differentiability of the norm is closely related to the geometry
of the unit sphere. The book by Beauzamy [3] handles this subject in some detail.
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