
Chapter 2
Differentiation

In this chapter we will be primarily concerned with extending the derivative defined
for real-valued functions defined on an interval of R. We will also consider minima
and maxima of real-valued functions defined on a normed vector space.

2.1 Directional Derivatives

Let O be an open subset of a normed vector space E , f a real-valued function
defined on O , a 2 O and u a nonzero element of E . The function fu W t �!
f .a C tu/ is defined on an open interval containing 0. If the derivative dfu

dt
.0/ is

defined, i.e., if the limit

lim
t�!0

f .a C tu/ � f .a/

t

exists, then we note this derivative @uf .a/. It is called the derivative of f at a in
the direction u. We refer to such derivatives as directional derivatives. Notice that,
if @uf .a/ is defined and � 2 R

�, then @�uf .a/ is defined and

@�uf .a/ D �@uf .a/:

If E D R
n and .ei / is its standard basis, then the directional derivative @ei f .a/

is called the i th partial derivative of f at a, or the derivative of f with respect to
xi at a. In this case we write @i f .a/ or @f

@xi
.a/. If a D .a1; : : : ; an/, then

@f

@xi

.a/ D lim
t!0

f .a1; : : : ; ai C t; : : : ; an/ � f .a1; : : : ; an/

t
:

If for every point x 2 O , the partial derivative @f

@xi
.x/ is defined, then we obtain the

function i th partial derivative @f

@xi
defined on O . If these functions are defined and

continuous for all i , then we say that the function f is of class C 1.
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36 2 Differentiation

Example. If f is the function defined on R
2 by f .x; y/ D xexy , then the partial

derivatives with respect to x and y are defined at all points .x; y/ 2 R
2 and

@f

@x
.x; y/ D .1 C xy/exy and

@f

@y
.x; y/ D x2exy:

As the functions .x; y/ 7�! .1 C xy/exy and .x; y/ 7�! x2exy are continuous, f is
of class C 1.

Remark. If I is an open interval of R, a 2 I and f W I �! R has a derivative at a,
then f is continuous at a. We have

f .a C t/ � f .a/

t
D df

dt
.a/ C �.t/;

where limt!0 �.t/ D 0. This implies that

f .a C t/ � f .a/ D t
df

dt
.a/ C t�.t/;

and the continuity of f at a follows. However, a function of two or more variables
may have all its partial derivatives defined at a given point without being continuous
there. Here is an example. Consider the function f defined on R

2 by

f .x; y/ D
(

x6

x8C.y�x2/2 if .x; y/ ¤ .0; 0/

0 otherwise
:

We have

lim
t!0

t6

t8 C t4
=t D 0 and lim

t!0

0

t2
=t D 0

and so
@f

@x
.0; 0/ D @f

@y
.0; 0/ D 0:

However, limx!0 f .x; x2/ D 1, which implies that f is not continuous at 0.

The next result needs no proof. It is simply an application of the definition of a
partial derivative.

Proposition 2.1. Let O be an open subset of R
n, a 2 O and f and g real-valued

functions defined on O having partial derivatives with respect to xi at a. Then

@.f C g/

@xi

.a/ D @f

@xi

.a/C @g

@xi

.a/ and
@.fg/

@xi

.a/ D @f

@xi

.a/g.a/Cf .a/
@g

@xi

.a/:



2.2 The Differential 37

In addition, if � 2 R then

@.�f /

@xi

.a/ D �
@.f /

@xi

.a/:

Suppose now that O is an open subset of Rn and f a mapping defined on O with
image in R

m. f has m coordinate mappings f1; : : : ; fm. If a 2 O and the partial
derivatives @fi

xj
.a/, for 1 � i � m and 1 � j � n, are all defined, then the m � n

matrix

Jf .a/ D

0
BB@

@f1

@x1
.a/ : : :

@f1

@xn
.a/

:::
:::

:::
@fm

@x1
.a/ : : :

@fm

@xn
.a/

1
CCA

is called the Jacobian matrix of f at a.

Example. If the mapping f of R3 into R
2 is defined by f .x; y; z/ D .xy; zexy/,

then all partial derivatives are defined at any point .x; y; z/ 2 R
3 and

Jf .x; y; z/ D
�

y x 0

yzexy xzexy exy

�
:

It is easy to generalize the definition of class C 1 to a mapping having its image
in R

m. We say that such a function is of class C 1 if its coordinate mappings are all
of class C 1.

Remark. We do not need to restrict the directional derivative to functions defined on
open sets of a normed vector space. Let A be a nonempty subset of a vector space
E , f a real-valued function defined on A, and a 2 A. If u is a nonzero element of
E and there exists � > 0 such that a C tu 2 A, when jt j < �, then the function
fu W t �! f .a C tu/ is defined on the open interval .��; �/. If the derivative dfu

dt
.0/

is defined, then as above we note this derivative @fu.a/ and call it the derivative of
f at a in the direction u.

2.2 The Differential

Let E and F be normed vector spaces, O an open subset of E containing 0, and g

a mapping from O into F such that g.0/ D 0. If there exists a mapping �, defined
on a neighbourhood of 0 2 E and with image in F , such that limh!0 �.h/ D 0 and

g.h/ D khkE�.h/;
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then we write g.h/ D o.h/ and say that g is a “small o of h”. If k � k�
E � k � kE

and k � k�
F � k � kF , then g.h/ D o.h/ for the norms k � kE and k � kF if and only if

g.h/ D o.h/ for the norms k � k�
E and k � k�

F . In particular, if E D R
n and F D R

m,
then the condition g.h/ D o.h/ is independent of the norms we choose for the two
spaces.

Let O be an open subset of a normed vector space E and f a mapping from O

into a normed vector space F . If a 2 O and there is a continuous linear mapping �

from E into F such that

f .a C h/ D f .a/ C �.h/ C o.h/

when h is close to 0, then we say that f is differentiable at a.

Proposition 2.2. If f is differentiable at a, then

(a) f is continuous at a;
(b) � is unique.

Proof. (a) As � is continuous at 0, limh!0 �.h/ D 0 and so limh!0 f .a C h/ D
f .a/.

(b) Suppose that

f .a C h/ D f .a/ C �1.h/ C o.h/ D f .a/ C �2.h/ C o.h/

and let x 2 E . For t > 0 small we have

f .a C tx/ � f .a/ D t�1.x/ C tkxkE�1.tx/ D t�2.x/ C tkxkE�2.tx/;

where limt!0 �i .tx/ D 0. This implies that

�2.x/ � �1.x/ D kxkE.�1.tx/ � �2.tx//

Letting t go to 0, we obtain �1.x/ � �2.x/ D 0. �

This unique continuous linear mapping � is called the differential of f at a,
written f 0.a/, df .a/ or Df(a). If f is differentiable at every point a 2 O , then we
say that f is differentiable on O . If in addition f is a bijection onto an open subset
U of F and the inverse mapping f �1 is also differentiable, then we say that f a
diffeomorphism. Clearly a diffeomorphism is a homeomorphism.

Notation. We will use the notation f 0 for differentials. If considering the derivative
of a real-valued function f defined on an open interval of R, then we will use
the notation df

dt
or Pf . To simplify the notation, we will usually write f 0.a/h for

f 0.a/.h/.

Examples. If E and F are normed vector spaces and f W E �! F is constant,
then f 0.a/ is the zero mapping at any point a 2 E . If f W E �! F is linear and
continuous, then f 0.a/ D f at any point a 2 E .
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Exercise 2.1. Let E be a normed vector space and f a real-valued function defined
on E such that jf .x/j � kxk2

E . Show that f is differentiable at 0.

Proposition 2.3. If we replace the norms on the spaces E and F by equivalent
norms, then the differentiability at a 2 O and the differential are unaffected.
In particular, if E and F are finite-dimensional, then we may choose any pair
of norms.

Proof. If f is differentiable at a and

g.h/ D f .a C h/ � f .a/ � f 0.a/h;

then g.h/ D o.h/. If we replace one or both the norms of E and F by an equivalent
norm, then with respect to the new pair of norms, we have g.h/ D o.h/. It
follows that f is differentiable with respect to the second pair of norms and that
the differential at a is the same. �

Example. Let A 2 Mn.R/ be symmetric, b 2 R
n and f W Rn �! R defined by

f .x/ D 1

2
xt Ax � btx:

(Here, as elsewhere, when employing matrices, we identify elements of R
n with

n-coordinate column vectors.) Let a 2 R
n. A simple calculation shows that

f .a C h/ D f .a/ C .at A � bt /h C 1

2
ht Ah:

The function � W h 7�! .at A � bt /h is linear. As Rn is finite-dimensional, � is also
continuous. We also have

jhtAhj � kAhk2khk2 � jAj2khk2
2;

where j � j2 is the matrix norm subordinate to the norm k � k2. Hence f 0.a/ D �.

Exercise 2.2. Show that the mapping

f W Mn.R/ �! Mn.R/; X 7�! Xt X

is differentiable at any point A 2 Mn.R/ and determine f 0.A/.

Proposition 2.4. Let f be a mapping defined on an open subset O of a normed
vector space E with image in the cartesian product F D F1 � � � � � Fp . Then f is
differentiable at a 2 O if and only if the coordinate mappings fi , for i D 1; : : : ; p,
are differentiable at a.

Proof. Suppose first that the coordinate mappings are differentiable at a:

fi .a C h/ D fi .a/ C f 0
i .a/h C khkE�i .h/;
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where limh!0 �i .h/ D 0. The mapping

� W E �! F; h 7�! .f 0
1 .a/h; : : : ; f 0

p.a/h/

is a continuous linear mapping. If we set �.h/ D .�1.h/; : : : ; �p.h//, then
limh!0 �.h/ D 0 and

f .a C h/ D f .a/ C �.h/ C khkE�.h/:

Therefore f is differentiable at a.
Suppose now that f is differentiable at a:

f .a C h/ D f .a/ C f 0.a/h C khkE�.h/;

where limh!0 �.h/ D 0. Then

fi .a C h/ D fi .a/ C Li .h/ C khkE�i .h/;

where f 0.a/h D .L1.h/; : : : ; Lp.h//. For each i the mapping Li is linear and
continuous and limh!0 �i .h/ D 0; hence fi is differentiable at a. �

Remark. The differential f 0.a/ is a continuous linear mapping from E into F . In
the above proof we have shown that the coordinate mappings of f 0.a/ at a are the
differentials at a of the coordinate mappings of f , i.e.,

f 0.a/ D .f 0
1 .a/; : : : ; f 0

p.a//:

Proposition 2.5. If O is an open subset of a normed vector space E and f W E �!
R is differentiable at a 2 O , then the directional derivative @fu.a/ is defined for
any nonzero vector u 2 E and @fu.a/ D f 0.a/u. In particular, if E D R

n, then the
partial derivatives @f

@x1
.a/; : : : ;

@f

@xn
.a/ are defined.

Proof. We have

f .a C tu/ D f .a/ C tf 0.a/u C o.tu/

and so

lim
t!0

f .a C tu/ � f .a/

t
D f 0.a/u:

This ends the proof. �

Suppose that dim E D n < 1 and that .ei / is a basis of E . If x D Pn
iD1 xi ei ,

then

f 0.a/x D
nX

iD1

xi f
0.a/ei D

nX
iD1

@ei f .a/e�
i .x/;
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where .e�
i / is the dual basis of .ei /. We thus obtain the expression

f 0.a/ D
nX

iD1

@ei f .a/e�
i :

If E D R
n and .ei / its standard basis, then we usually write dxi for e�

i . This gives
us the expression

f 0.a/ D
nX

iD1

@f

@xi

.a/dxi :

What we have just seen has practical importance. If we wish to determine
whether a real-valued function f defined on an open subset of Rn is differentiable
at a given point a, then first we determine whether all its partial derivatives at a

exist. If this is not the case, then f is not differentiable at a. If all the partial
derivatives exist, then we know that the only possibility for f 0.a/ is the linear
function � D Pn

iD1
@f

@xi
.a/dxi . To conclude, we consider the expression

f .a C h/ � f .a/ � �.h/

khk D �.h/:

If limh!0 �.h/ D 0, then f is differentiable at a, otherwise it is not.

Example. Let f W R2 �! R be defined by

f .x; y/ D
(

x3�y3

x2Cy2 if .x; y/ ¤ .0; 0/

0 otherwise
:

A simple calculation shows that

@f

@x
.0; 0/ D 1 and

@f

@y
.0; 0/ D �1:

Therefore, if f 0.0; 0/ exists, then f 0.0; 0/ D dx � dy. However,ˇ̌̌
ˇ h3 � k3

h2 C k2
� .h � k/

ˇ̌̌
ˇ =k.h; k/k2 D jhk.h � k/j

.h2 C k2/
3
2

:

Setting k D �h in the expression on the right-hand side of the equation, we
obtain 1p

2
. Therefore we do not have the necessary convergence and so f is not

differentiable at .0; 0/.

The previous example shows that a function may have partial derivatives at a
point without being differentiable at that point. This however is not the case for
functions of a single variable.
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Proposition 2.6. Let I be an open interval of R. Then f W I �! R is differentiable
at a 2 I if and only if f has a derivative at a.

Proof. From Proposition 2.5, if f is differentiable at a, then f has a derivative at a.
Now suppose that df

dx
.a/ exists. Then

f .a C h/ � f .a/

h
� df

dx
.a/ D �.h/;

where limh!0 �.h/ D 0. Multiplying by h we obtain

f .a C h/ D f .a/ C df

dx
.a/h C h�.h/:

It follows that f is differentiable at a and that f 0.a/h D df

dx
.a/h. �

If O is an open subset of Rn and f W O �! R
m is differentiable at a 2 O , then

f 0.a/ is a linear mapping from R
n into R

m. Let us write .en
j / (resp..em

i /) for the
standard basis of Rn (resp. Rm). We have f 0.a/ D .f 0

1 .a/; : : : ; f 0
m.a//. However,

f 0
i .a/en

j D @fi

@xj
.a/ and so

f 0.a/en
j D

�
@f1

@xj

.a/; : : : ;
@fm

@xj

.a/

�
D

mX
iD1

@fi

@xj

.a/em
i :

Therefore the j th column of the matrix of f 0.a/ with respect to the bases .en
j / and

.em
i / has for elements @f1

@xj
.a/; : : : ;

@fm

@xj
.a/. It follows that this matrix is the Jacobian

matrix Jf .a/.

Notation. If E and F are finite-dimensional vector spaces, BE and BF bases of
these spaces and L W E �! F a linear mapping, then we will write mat BEBF L for
the matrix of L with respect to the bases BE and BF . So we could write

mat .en
i /.em

i /f
0.a/ D Jf .a/:

The proof of the next result is elementary.

Proposition 2.7. Let E and F be normed vector spaces, O an open subset of E and
a an element of O . If f and g are differentiable at a, then f C g is differentiable
at a, as is �f , for any � 2 R, and

.f C g/0.a/ D f 0.a/ C g0.a/ and .�f /0.a/ D �.f 0.a//:

If F is a commutative normed algebra, then fg is differentiable at a and

.fg/0.a/ D f .a/g0.a/ C g.a/f 0.a/:

Suppose that E and F are normed vector spaces, O an open subset of E and
f W O �! F differentiable at a 2 O . If QF is a vector subspace of F and the
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image of f lies in QF , then f is differentiable at a as a mapping from O into QF if
the image of f 0.a/ lies in QF . The following result gives us a sufficient condition for
this to be so.

Proposition 2.8. If QF is closed, then f is differentiable at a as a mapping from O

into QF .

Proof. For any h 2 E

lim
t!0

f .a C th/ � f .a/

t
D f 0.a/h:

Let .tn/ be a sequence in R
� with limit 0 and such that a C tnh 2 O . If we set

un D f .aCtnh/�f .a/

tn
, then the sequence .un/ is a convergent sequence contained in

QF . As QF is closed, its limit f 0.a/h is an element this subspace. This ends the proof.
�

2.3 Differentials of Compositions

In this section we consider the differentiability of mappings which are compositions.
Let E , F and G be normed vector spaces, O an open subset of E , U an open subset
of F and f W O �! F , g W U �! G be such that f .O/ � U . Then the mapping
g ı f is defined on O .

Theorem 2.1. If f is differentiable at a and g is differentiable at f .a/, then g ı f

is differentiable at a and

.g ı f /0.a/ D g0.f .a// ı f 0.a/:

Proof. To simplify the notation let us write b D f .a/. We have

f .a C h/ D f .a/ C f 0.a/h C khkE�1.h/

and

g.b C k/ D g.b/ C g0.b/k C kkkF �2.k/;

with limh!0 �1.h/ D 0 and limk!0 �2.k/ D 0. For h sufficiently small we may
write

g.f .a C h// D g.b C f 0.a/h C khkE�1.h//

D g.b/ C g0.b/.f 0.a/h C khkE�1.h//

Ckf 0.a/h C khkE�1.h/kF �2

�
f 0.a/h C khkE�1.h/

�
D g.b/ C g0.b/ ı f 0.a/h C khkE Q�.h/;
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where

Q�.h/ D g0.b/�1.h/ C kf 0.a/
h

khkE

C �1.h/kF �2

�
f 0.a/h C khkE�1.h/

�
:

To finish, we only need to show that limh!0 Q�.h/ D 0. However,

• limh!0 �1.h/ D 0 H) limh!0 g0.b/�1.h/, because g0.b/ is continuous;
• kf 0.a/ h

khkE
C �1.h/kF is bounded for small values of h, because f 0.a/ is

continuous and so bounded on the unit sphere;
• limh!0 �2.f 0.a/h C khkE�1.h// D 0, because f 0.a/ is continuous.

Therefore limh!0 Q�.h/ D 0. �
Corollary 2.1. If in the above theorem the normed vector spaces are euclidian
spaces, then

Jgıf .a/ D Jg.f .a//Jf .a/:

Proof. If E D R
n, F D R

m, G D R
s and Bn, Bm, Bs their standard bases, then

we have

Jgıf .a/ D mat BnBs .g ı f /0.a/

D mat BnBs g0.f .a// ı f 0.a/

D mat BmBs g0.f .a//mat BnBmf 0.a/

D Jg.f .a//Jf .a/;

which is the result we were looking for. �

Remark. The expression

.g ı f /0.a/ D g0.f .a// ı f 0.a/:

is often referred to as the chain rule.

Example. Let f W R3 �! R
2 and g W R2 �! R be defined by

f .x; y; z/ D .xy; exz/ and g.u; v/ D u2v:

Then

Jf .x; y; z/ D
�

y x 0

zexz 0 xexz

�
and Jg.u; v/ D �

2uv u2
�

:

Setting u D xy and v D exz in the second matrix, we obtain

Jg.f .x; y; z// D �
2xyexz x2y2

�
:
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Multiplying the matrices Jg.f .x; y; z// and Jf .x; y; z/, we obtain

Jgıf .x; y; z/ D �
.2xy2 C x2y2z/exz 2x2yexz x3y2exz

�
:

Exercise 2.3. Let I be an open interval of R, O an open subset of Rm, f a mapping
of I into R

m and g a real-valued function defined on O . We suppose that f .I / � O .
If a 2 I and f 0.a/ and g0.f .a// exist, show that

d

dt
g ı f .t/ D

mX
iD1

@g

@xi

.f .t//
dfi

dt
.t/:

For the functions

f W R �! R
2; t 7�! .t2; t3/ and g W R2 �! R; .x; y/ 7�! xy

calculate d
dt

g ı f .t/ using the formula. Find an expression for the function g ı f

and then confirm the result.

Exercise 2.4. Let E and F be normed vector spaces, O an open subset of E , U

an open subset of F and f W O �! U a diffeomorphism. Show that, for any
point x 2 O , f 0.x/ is a normed vector space isomorphism from E into F and that
.f �1/0.f .x// D f 0.x/�1.

2.4 Mappings of Class C 1

If O � R
n is open and f a real-valued function whose partial derivatives are

defined and continuous on O , then we say that f is of class C 1. More generally,
if f W O �! R

m is such that the mn functions @fi

@xj
are defined and continuous on

O , then we say that f is of class C 1. In this section we will obtain a result giving
necessary and sufficient conditions for a mapping to be of class C 1. This will enable
us to generalize this notion to mappings between any pair of normed vector spaces.

Consider a real-valued function f defined on an open subset O of Rn. We have
seen that if f has partial derivatives at a point a 2 O , then this does not imply
that f is differentiable at a. However, if we add a condition, then we do obtain
differentiability.

Theorem 2.2. If the functions @f

@x1
; : : : ;

@f

@xn
are defined on a neighbourhood V of a

and continuous at a, then f is differentiable at a.

Proof. As V is a neighbourhood of a, there is an open cube

C.a; �/ D fx 2 R
n W jxi � ai j < �g
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contained in V . If h lies in the open cube C.0; �/, then a C h 2 C.a; �/ and

f .a C h/ � f .a/ D f .a1 C h1; : : : ; an C hn/ � f .a1; : : : ; an/

D f .a1 C h1; : : : ; an C hn/ � f .a1 C h1; : : : ; an�1 C hn�1; an/

Cf .a1 C h1; : : : ; an�1 C hn�1; an/

�f .a1 C h1; : : : ; an�2 C hn�2; an�1; an/

:::

Cf .a1 C h1; a2; : : : ; an/ � f .a1; : : : ; an/:

Suppose that hn ¤ 0 and consider the function

gn W Œ0; hn� �! R; t 7�! f .a1 C h1; : : : ; an�1 C hn�1; an C t/:

From the mean value theorem there exists � 2 .0; 1/ such that

gn.hn/ � gn.0/ D dgn

dt
.�hn/hn:

It follows that there exists yn 2 C.a; �/ such that

f .a1 C h1; : : : ; an C hn/ � f .a1 C h1; : : : ; an�1 C hn�1; an/ D @f

@xn

.yn/hn:

(If hn D 0, then we may take yn D a.) We proceed in the same way for each line on
the right-hand side of the above expression to obtain y1; : : : ; yn 2 C.a; �/ such that

f .a C h/ � f .a/ D
nX

iD1

hi

@f

@xi

.yi /:

Therefore

f .a C h/ � f .a/ �
nX

iD1

hi

@f

@xi

.a/ D
nX

iD1

hi

�
@f

@xi

.yi / � @f

@xi

.a/

�
:

Now, ˇ̌̌
ˇ̌ nX

iD1

hi

�
@f

@xi

.yi / � @f

@xi

.a/

�ˇ̌̌
ˇ̌ � khk1

nX
iD1

ˇ̌̌
ˇ @f

@xi

.yi / � @f

@xi

.a/

ˇ̌̌
ˇ
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and limh!0 yi D a for each i . As the functions @f

@xi
are continuous at a, we have

lim
h!0

nX
iD1

ˇ̌̌
ˇ @f

@xi

.yi / � @f

@xi

.a/

ˇ̌̌
ˇ D 0:

It follows that

f .a C h/ � f .a/ �
nX

iD1

hi

@f

@xi

.a/ D o.h/

and so f is differentiable at a. �

Corollary 2.2. Let O be an open subset of Rn and f W O �! R
m such that the

functions @fi

@xj
, for 1 � i � m and 1 � j � n, are defined on a neighbourhood V of

a 2 O and continuous at a. Then f is differentiable at a.

Proof. From the theorem above each coordinate function is differentiable at a and
so f is differentiable at a. �

Examples. 1. If f W R2 �! R
2 is defined by

f .r; �/ D .r cos �; r sin �/;

then we have

@f1

@r
D cos �;

@f1

@�
D �r sin �;

@f2

@r
D sin � and

@f2

@�
D r cos �:

The four partial derivatives are clearly continuous; therefore f is differentiable
at any point .r; �/ and

f 0.r; �/ D .cos �dr � r sin �d�; sin �dr C r cos �d�/:

2. If f W Rn �! R is defined by

f .x1; : : : ; xn/ D x1x2 � � � xn;

then
@f

@xi

.x/ D x1 � � � xi�1 Oxi xiC1 � � � xn;

where the “hat” indicates that the variable is absent. The n partial derivatives are
clearly continuous; hence f is differentiable at any point x and

f 0.x/ D
nX

iD1

x1 � � � xi�1 Oxi xiC1 � � � xndxi :
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It is relatively easy to extend Theorem 2.2 to general finite-dimensional normed
vector spaces. Let E be an n-dimensional normed vector space, .vi / a basis of E ,
.ei / the standard basis of Rn and L the linear mapping which sends vi to ei . Consider
a real-valued function f defined on an open subset O of E and suppose that the
directional derivatives @vi f .x/ are defined and continuous on a neighbourhood V

of a point a 2 O . If we set Qf D f ı L�1, then Qf is defined on the open subset
L.O/ of Rn and L.V / is a neighbourhood of L.a/. A simple calculation shows

that @ Qf
@xi

.L.x// D @vi f .x/ and it follows that Qf is differentiable at L.a/. As L is

differentiable at a and f D Qf ı L, f is differentiable at a and

f 0.a/ D Qf 0.L.a// ı L0.a/ D Qf 0.L.a// ı L:

Example. Suppose that n � 1 and let us consider the mapping det W Mn.R/ �! R,
where det.X/ is the determinant of X . We will write E.i; j /, with 1 � i; j � n, for
the elements of the standard basis of Mn.R/, i.e.,

E.i; j /k;l D
(

1 if i D k; j D l

0 otherwise
:

For X 2 Mn.R/ we have

det.X C tE.i; j // � det.X/ D t�ij .X/;

where �ij .X/ is the .i; j /-cofactor of X . It follows that

@E.i;j / det X D �ij .X/:

As �ij .X/ is a polynomial in the entries Xij of X , @E.i;j /X is a continuous function
of X and so the mapping det is differentiable at any point X 2 Mn.R/.

Proposition 2.9. Let O be an open subset of Rn, f and g real-valued functions of
class C 1 defined on O and � 2 R. Then f C g, �f and fg are of class C 1. If g

does not vanish on O , then f

g
is of class C 1.

Proof. We have the relations

@.f C g/

@xi

.x/ D @f

@xi

.x/ C @g

@xi

.x/ and
@.�g/

@xi

.x/ D �
@f

@xi

.x/:

Also,
@.fg/

@xi

.x/ D @f

@xi

.x/g.x/ C f .x/
@g

@xi

.x/:

As f and g are of class C 1, the functions f , g, @f

@xi
and @g

@xi
are continuous; hence

the right-hand sides of the above expressions are continuous and so the functions
f C g, �f and fg are of class C 1. If g does not vanish and we set h D f

g
, then
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@h

@xi

.x/ D g.x/
@f

@xi
.x/ � f .x/

@g

@xi
.x/

.g.x//2
;

and so @h
@xi

is continuous. Thus h is of class C 1. �

Corollary 2.3. Let O be an open subset of Rn, f and g mappings of class C 1

defined on O with image in R
m and � 2 R. Then f C g and �f are of class C 1.

Proof. As f and g are of class C 1, so are their coordinate mappings. Now

.f C g/i D fi C gi and .�f /i D �fi

and so the coordinate mappings of f C g and �f are of class C 1. It follows that
f C g and �f are C 1-mappings. �

Remark. From the above proposition and corollary, we see that the C 1-mappings
defined on O form a vector space if the image space is Rm and, in the case where
m D 1, this is an algebra.

Proposition 2.10. Let O be an open subset of Rn, U an open subset of Rm, f a
mapping from O into R

m and g a mapping from U into R
s . If f .O/ � U and f

and g are of class C 1, then g ı f is of class C 1.

Proof. For x 2 O we have

Jgıf .x/ D Jg.f .x// ı Jf .x/;

therefore
@.g ı f /i

@xj

D
mX

kD1

@gi

@yk

.f .x//
@fk

@xj

.x/:

As f and the partial derivatives @gi

@yk
and @fk

@xj
are continuous, the partial derivative

@.gıf /i

@xj
is continuous. It follows that g ı f is of class C 1. �

We now prove the characterization of C 1-mappings referred to at the beginning
of the section.

Theorem 2.3. Let O be an open subset of Rn and f a mapping from O into R
m.

Then f is of class C 1 if and only if f is differentiable on O and the mapping f 0
from O into L.Rn;Rm/ is continuous.

Proof. Let us set E D R
n, F D R

m and fix norms on these spaces. Suppose that f

is of class C 1. From Theorem 2.2, we know that f is differentiable on O . Also, for
x 2 O and u 2 R

n we have

f 0.x/u D Jf .x/u:

Now jf 0.x/jL.E;F / D jJf .x/j;
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where j � j is the norm defined on Mmn.R/ by

jAj D sup
kxkE�1

kAxkF :

If we let
jAjM D max jaij j;

where A D .aij /, then j � jM also defines a norm on Mmn.R/. As f is of class C 1,
we have

lim
h!0

jJf .x C h/ � Jf .x/jM D 0:

However, the norm j � jM is equivalent to the norm j � j and so

lim
h!0

jJf .x C h/ � Jf .x/j D 0:

It follows that f 0 is continuous at x.
Now suppose that f 0 is defined and continuous on O . From Proposition 2.5 we

know that the partial derivatives of f are defined on O . Also, for x 2 O and u 2 R
n

we have
f 0.x/u D Jf .x/u:

As f 0 is continuous, we have

lim
h!0

jJf .x C h/ � Jf .x/j D 0 H) lim
h!0

jJf .x C h/ � Jf .x/jM D 0;

which implies that the partial derivatives are continuous at x. �
The preceding theorem suggests the following generalization of the notion

of class C 1. If E and F are normed vector spaces and O is open in E , then
f W O �! F is of class C 1 if f is differentiable at every point x 2 O and the
mapping f 0 W O �! L.E; F / is continuous.

In closing this section we mention that the exponential mapping is of class C 1.
This can be shown directly. However, the calculations are rather long. Later on we
will prove this result in a simple way, avoiding arduous calculations.

2.5 Extrema

Let us recall the notions of minimum and maximum. Suppose that f is a real-valued
function defined on a set X . We say that a 2 X is a (global) minimum if, for all
x 2 X ,

f .a/ � f .x/I
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a 2 X is (global) maximum if, for all x 2 X ,

f .a/ � f .x/:

If the inequality is strict when x ¤ a, then we speak of a strict minimum or strict
maximum. A point which is either a minimum or a maximum is called an extremum.
A function may have no minimum, a single minimum or several minima. The same
is true for maxima.

Examples. 1. f W R �! R; x 7�! x has neither a minimum nor a maximum.
2. f W R �! R; x 7�! x2 has a minimum but no maximum.
3. f W R �! R; x 7�! �x2 has a maximum but no minimum.
4. f W R �! R; x 7�! cos x has an infinite number of minima and maxima.

Let us now turn to normed vector spaces. We have already seen that if E is a
normed vector space, X � E compact and f W X �! R continuous, then f has
a minimum and a maximum (Theorem 1.3). This result is one of existence: it does
not tell us how to find the extrema. We now introduce a related notion which can
often help us in this direction. Let X be a subset of a normed vector space E and f

a real-valued function defined on X . We say that a 2 X is a local minimum if a has
a neighbourhood N such that

f .a/ � f .x/

for all x 2 N \ X . We define a local maximum in an analogous way (reversing
the direction of the inequality). As above, if the inequality is strict when x ¤ a,
then we speak of a strict local minimum or maximum. A point which is either a
local minimum or maximum is called a local extremum . Clearly a global minimum
(resp. maximum) is a local minimum (resp. maximum); however, the converse is
not true. As a first step in looking for an extremum, it can be useful to look for local
extrema. We will present a fundamental result which helps us to do so.

Let a and b be elements of a vector space E . We call the set

Œa; b� D fx 2 E W x D �a C .1 � �/b ; � 2 Œ0; 1�g

the segment joining a to b. We write .a; b/ for Œa; b� � fa; bg. If X � E is such that
the segment Œa; b� always lies in E when a; b 2 E , then we say that X is convex.

Exercise 2.5. Show that segments and affine subspaces are convex and that in a
normed vector space closed and open balls are convex.

Theorem 2.4. Let E be a normed vector space, O � E open and X � O convex
and suppose that f is a real-valued function defined on O . If f restricted to X has
a local minimum at x and f is differentiable at x, then

f 0.x/.y � x/ � 0

for all y 2 X .
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Proof. Let � 2 .0; 1/. As X is convex, x C �.y � x/ 2 X and for � sufficiently
small we have

f .x C �.y � x// � f .x/ D f 0.x/.�.y � x// C o.�.y � x//

D �f 0.x/.y � x/ C j�jky � xk�.�.y � x//;

where limh!0 �.h/ D 0. Dividing by �, we obtain

f 0.x/.y � x/ C j�j
�

ky � xk�.�.y � x// � 0;

because x is a local minimum. Letting � go to 0, we obtain the result. �

Remark. The above inequality is called Euler’s inequality . If x is a maximum, then
x is a minimum of the function �f restricted to X and so we obtain the inequality
in the opposite direction.

Corollary 2.4. Let O be an open subset of a normed vector space E and X an
affine subspace of E: X D a C V , where V is a vector subspace of E and a 2 X .
We suppose that O \ X ¤ ;. If f is a real-valued function defined on O such that
f restricted to X has a local extremum at x and f is differentiable at x, then

f 0.x/v D 0

for all v 2 V .

Proof. We will prove the result for a local minimum; the other case can be proved
by considering �f . Suppose that f 0.x/v ¤ 0 for some v 2 V . Replacing v by �v
if necessary, we may suppose that f 0.x/v > 0. Let B be an open ball centred on
x and lying in O . If we set X1 D B \ X , then X1 is a convex subset of O . There
exists � > 0 such that y D x � �v 2 X1 and

f 0.x/.y � x/ D ��f 0.x/v � 0 H) f 0.x/v � 0;

a contradiction. Hence f 0.x/v D 0 for all v 2 V . �

Remarks. 1. A special case of the above result is when the function f is defined on
E: if fjX has a local extremum at x, then

f 0.x/v D 0

for all v 2 V .
2. If E D R

n, then we have
rf .x/v D 0

for all v 2 V , i.e., rf .x/ 2 V ?.
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Corollary 2.5. Suppose that O is an open subset of a normed vector space E . If
f W O �! R has a local extremum at x 2 O and f is differentiable at x, then
f 0.x/ D 0.

Proof. This result follows immediately from Corollary 2.4: it is sufficient to set
X D E . �

Suppose that O is an open subset of a normed vector space E and that the
mapping f W O �! R is differentiable at a point x 2 O . If f 0.x/ D 0, then
we say that x is a critical point of f . From what we have just seen, if x is a local
extremum, then x is a critical point; however, the converse is false. For example,
0 is a critical point of the mapping f W R �! R; x 7�! x3, but 0 is not a local
extremum.

Example. Consider the function

f W R2 �! R; .x; y/ 7�! x3y2.1 � x � y/

defined on the set

X D
n
.x; y 2 R

2 W x � 0; y � 0; x C y � 1
o
:

As X is closed and bounded, X is compact. Therefore f has a minimum and a
maximum on X . Clearly f .x; y/ � 0 and f .x; y/ D 0 if and only if x D 0; y D 0

or x Cy D 1, i.e., if and only if .x; y/ lies on the boundary of X . Hence the minima
of f are those points lying on the boundary of X . As there are points .x; y/ such
that f .x; y/ > 0, any maximum .x; y/ of f must lie in the interior O of X , an open
set. Such a point is a maximum of the function restricted to O and so a critical point
of this function. We have

@f

@x
.x; y/ D x2y2.3 � 4x � 3y/ and

@f

@y
.x; y/ D x3y.2 � 2x � 3y/:

Setting the partial derivatives equal to 0, we find a unique solution to these equations
in the interior of X , namely the point A D . 1

2
; 1

3
/, so this must be the unique

maximum of f . (If we had found more than one critical point, then it would have
been necessary to calculate the value of f at each one of them and then choose the
point(s) giving the maximum value.)

Exercise 2.6. (An extension of Rolle’s Theorem) Let E be a normed vector space,
X a compact subset, whose interior is not empty, and f a real-valued continuous
function defined on X , which is differentiable on the interior of X . Show that if f

is constant on the boundary of X , then f has a critical point in the interior of X .
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2.6 Differentiability of the Norm

If E is a normed vector space with norm k�k, then k�k is itself a mapping from E into
R and we may consider its differentiability. We will write kxk0 for the differential of
the norm at x (if it exists). We should first notice that the norm is never differentiable
at the origin. Suppose that k0k0 exists. Then for small nonzero values of h, we have

khk D k0k0h C o.h/ H) lim
h!0

�
1 � k0k0 h

khk
�

D 0

and

khk D k � hk D �k0k0h C o.h/ H) lim
h!0

�
1 C k0k0 h

khk
�

D 0:

Summing the two limits we obtain 2 D 0, which is clearly a contradiction. Hence
k0k0 does not exist.

The norm may or may not be differentiable at a point other than the origin. For
example, the norm k � kp defined on R

n is differentiable at all points other than the
origin if p 2 .1; 1/; however, this is not the case if p D 1 or p D 1. We will study
these norms more in detail at the end of the section. At points where the differential
exists, we have the following interesting result:

Proposition 2.11. Let E be a normed vector space and k � k its norm. If k � k is
differentiable at a ¤ 0 and � > 0, then k � k is differentiable at �a and k�ak0 D
kak0. In addition, jkak0jE� D 1.

Proof. If k � k is differentiable at a, � > 0 and h 2 E n f0g small, then we have

k�a C hk D �ka C h

�
k

D �

�
kak C kak0 h

�
C o

�
h

�

��

D k�ak C kak0h C o.h/:

It follows that k�ak0 exists and k�ak0 D kak0.
Now let us show that jkak0jE� D 1. Consider the function

f W R�C �! R; � 7�! k�ak:

For a given � 2 R
�C and h 2 R sufficiently small, we have

k.� C h/ak D .� C h/kak

and so

lim
h!0

k.� C h/ak � k�ak
h

D lim
h!0

hkak
h

D kak:
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Therefore Pf .�/ D kak for all values of �. On the other hand, f D k � k ı �, where
�.�/ D �a, and so

f 0.�/s D k�ak0sa D skak0a:

This implies that Pf .�/ D kak0a and hence kak0a D kak. It follows that
jkak0jE� � 1.

Now let us show that jkak0jE� � 1. As k � k is differentiable at a, we may write

ka C �xk � kak � kak0�x D k�xk�.�x/;

where limh!0 �.h/ D 0. This implies that

jkak0�xj � jka C �xk � kakj C jk�xk�.�x/j;

hence
jkak0xj � kxk.1 C j�.�x/j/:

Letting � go to 0 we obtain
jkak0xj � kxk;

which implies that jkak0jE� � 1. This finishes the proof. �
Corollary 2.6. The norm is differentiable on E nf0g if and only if it is differentiable
on the unit sphere.

We have already briefly spoken of the differentiability of the norms k � kp defined
on R

n. We will now consider these norms in more detail. We will use the notation
@i kxkp for the i th partial derivative at x, which is simpler than @k�kp

@xi
.x/. There are

three cases to consider, namely k � kp , with 1 < p < 1, k � k1 and k � k1.

Case 1. k � kp , 1 < p < 1: all partial derivatives exist and are continuous on the
open set Rn n f0g.
If xi > 0, then

@i kxkp D 1

p
.jx1jp C � � � C jxnjp/

1
p �1

px
p�1
i D kxk1�p

p x
p�1
i

and, for xi < 0, we have

@i kxkp D � 1

p
.jx1jp C � � � C jxnjp/

1
p �1

p.�xi /
p�1 D kxk1�p

p .�xi /
p�1:

The case where xi D 0 is a little more delicate. We are interested in the following
limit (if it exists):

lim
t!0

1

t

�kx C tei kp � kxkp

� D lim
t!0

1

t

��
jt jp C kxkp

p

� 1
p � kxkp

�
;
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where ei is the i th element of the standard basis of Rn. If we divide the numerator
of the expression on the right-hand side by kxkp we obtain

�� jt j
kxkp

�p

C 1

� 1
p

� 1 D
�

1 C 1

p

� jt j
kxkp

�p

C o

�� jt j
kxkp

�p��
� 1

D 1

p

� jt j
kxkp

�p

C o.jt jp/:

As

lim
t!0

kxkp

t

�
1

p

� jt j
kxkp

�p

C o.jt jp/

�
D 0;

we have
@i kxkp D 0:

Hence the partial derivatives are defined and continuous on R
n nf0g and so the norm

k � kp is of class C 1 on this set.

Case 2. k � k1: all partial derivatives are defined and continuous on the open set
S D fx 2 R

n W xi ¤ 0 for al l ig.
We have

kxk1 D jx1j C � � � C jxnj:
If xi D 0, then

1

t
.kx C tei k1 � kxk1/ D jt j

t

and so @i kxk1 does not exist, which implies that the differential is not defined at a
point x with a coordinate whose value is 0. Now suppose that this not the case and
that t 2 R is such that jt j < jxi j. For xi > 0

1

t
.kx C tei k1 � kxk1/ D 1

and for xi < 0
1

t
.kx C tei k1 � kxk1/ D �1:

It follows that in the first case @i kxk1 D 1 and in the second @i kxk1 D �1. If all
the coordinates of a point x are nonzero, then we may find a neighbourhood N of x

such that, if y 2 N , then each coordinate yi of y is nonzero and has the same sign
as that of xi . Hence all partial derivatives of the norm are defined and continuous on
N . It follows that k � k1 is of class C 1 on S .

Case 3. k � k1: all partial derivatives are defined and continuous on the open set
T D fx 2 R

n W jxi j D kxk1 for a unique ig.
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Let x ¤ 0 with jxkj D kxk1. First let us suppose that xk is not unique, i.e., there
is an index l , with l ¤ k, such that jxl j D jxkj. We now take hk; hl 2 R

� with
the same absolute value and such that hk has the same sign as xk and hl the sign
opposite to that of xl . We set h D .h1; : : : ; hn/, where hi D 0 for i ¤ k; l . Then
we have

kx C hk1 D jxk C hkj D jxkj C jhkj D kxk1 C khk1

and
kx � hk1 D jxl � hl j D jxl j C jhl j D kxk1 C khk1:

By addition we obtain

kx C hk1 C kx � hk1 � 2kxk1 D 2khk1: (2.1)

If we suppose that the differential exists at x, then we have

kx C hk1 � kxk1 � kxk01h D o.h/

and
kx � hk1 � kxk1 C kxk01h D o.h/:

An addition of the two expressions gives us

kx C hk1 C kx � hk1 � 2kxk1 D o.h/: (2.2)

Now, from the (2.1) and (2.2) we obtain

2khk1 D o.h/ H) lim
h!0

khk1
khk1

D 0;

which is clearly false. It follows that the norm is not differentiable at x.
Now let us suppose that xk is unique. Let ei be the i th member of the standard

basis of Rn and t 2 R
� small. Then

kx C tei k1 D
(

jxk j for i ¤ k

jxk C t j for i D k
:

Therefore

@i kxk1 D

8̂̂
<
ˆ̂:

0 if i ¤ k

1 if i D k and xk > 0

�1 if i D k and xk < 0

:
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Also, there is a neighbourhood N of x such that, if y 2 N , then yk is nonzero, has
the same sign as xk and kyk1 D jykj for a unique k. It follows that @i kyk1 D
@i kxk1 for all i . Thus the partial derivatives are defined and continuous on N and
so the norm is of class C 1 on T .

Remark. We have seen above that certain norms onRn are differentiable at all points
other than the origin and others not. Thus equivalent norms on a vector space may
have different differentiability properties.
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Appendix: Gâteaux Differentiability

There is another differential which is often used. We have already defined the
directional derivative at a point with respect to a nonzero vector for a real-valued
function. In fact, we can extend this definition to mappings whose image lies in any
normed vector space. Let O be an open subset of a normed vector space E , f a
mapping defined on O whose image lies in a normed vector space F , a 2 O and u
a nonzero element of E . If the limit

lim
t�!0

f .a C tu/ � f .a/

t

exists, then we note this derivative @uf .a/. It is called the directional derivative of
f at a in the direction u. If the directional derivative is defined in all directions and
there is a continuous linear mapping � from E into F such that for all u 2 E

@uf .a/ D �.u/;

then we say that f is Gâteaux-differentiable at a and that � is the Gâteaux
differential of f at a. If a mapping f is differentiable at a point a, then clearly
all its directional derivatives exist and we have @uf .a/ D f 0.a/u. Thus f is
Gâteaux-differentiable at a. However, the Gâteaux differential may exist without the
differential existing. Here is an example. If the mapping f W R2 �! R is defined by

f .x; y/ D
(

x6

x8C.y�x2/2 if .x; y/ ¤ .0; 0/

0 if .x; y/ D .0; 0/
;

then @.u;v/f .0; 0/ D 0 for all .u; v/ 2 R
2 and so the Gâteaux differential exists at

the origin. However, f .x; x2/ D x�2 and so f is not continuous at the origin and a
fortiori not differentiable.

Another point should also be made, namely that the existence of directional
derivatives at a point does not imply that the mapping is Gâteaux differentiable.
Let us consider the mapping g W R2 �! R defined by

g.x; y/ D
(

x.x2�3y2/

x2Cy2 if .x; y/ ¤ .0; 0/

0 if .x; y/ D .0; 0/
:

Then @.u;v/g.0; 0/ D g.u; v/ for all .u; v/ 2 R
2. As g is not linear, g is not Gâteaux

differentiable at .0; 0/.
To distinguish the differential from the Gâteaux differential, the differential is

often referred to as the Fréchet differential. From what we have seen, we have the
implications:
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Fréchet differentiable H) Gâteaux differentiable H) existence of
directional derivatives

and the implications are not reversible.
In fact, the Gâteaux differentiability of the norm is closely related to the geometry

of the unit sphere. The book by Beauzamy [3] handles this subject in some detail.



http://www.springer.com/978-1-4614-3893-9
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