Chapter 2

Distributed Optimization in Networking:
Recent Advances in Combinatorial and Robust
Formulations

Minghua Chen and Mung Chiang

2.1 Introduction

Optimization has become an essential modeling language and design method
for communication networks. It has been widely applied to many key problems,
including power control, coding, scheduling, routing, congestion control, content
distribution, and pricing. It has also provided a fresh angle to view the interactions
across a network protocol stack as the solutions to an underlying optimization
problem. A unique requirement for optimization in networks is that the solution
algorithm must be distributed. This has in turn motivated the development of new
tools in distributed optimization. Many of these results have been well documented.
In this chapter, we turn to a sample of three recent results on some of the challenging
new issues, centered around the need to tackle combinatorial or robust optimization
formulation through distributed algorithms.

2.1.1 Garg-Konemann Framework for Fractional Packing
Linear Programming Problems

A number of system design problems can be formulated as fraction packing linear
programming problems. Such problems often come with exponential number of
variables, and are challenging to solve. The example we will focus on in Sect. 2.2
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is peer-to-peer (P2P) streaming capacity problem [1-3]: given a P2P network with
a source node and a set of receivers, how to embed a set of multicast trees spanning
the receivers and to determine the amount of flow in each tree, such that the sum of
flows over these trees is maximized?

Garg and Konemann [4] presented a framework for solving these challenging
problems approximately in polynomial time. The intuitive observation behind the
framework is similar to those of column generation [5—7]: although solving the
problem exactly may require exploring the space spanned by all the exponential
number of variables, solving the problem approximately only requires tuning a
polynomial-size subset of them. The column generation technique does not specify
how to find one such subset of the variables, as they are usually problem-specific.
Interestingly, for all fractional packing problems, the Garg—Konemann framework
provides a systematic way to find one such subset of the variables.

2.1.2 Markov Approximation for Combinatorial Optimization

Many important network resource allocation problems are combinatorial in nature.
The objective of these problems is to maximize a system-wide performance metric,
which involves enumerating all possible configurations of many independent enti-
ties. Problems of this kind appear in various domains, including wireless networking
[8-10], P2P networking [2, 3], content distribution [11], and cloud computing
[12,13].

We observe a gap between the known and the desired solutions for many of
these combinatorial problems. On one hand, exact solutions are computationally
prohibitive. Research thus focuses on finding efficient approximation algorithms.
However, most of these algorithms only allow centralized implementations.

On the other hand, system designers usually prefer distributed algorithms.
Distributed algorithms are more adaptable to network resource fluctuation and users
joining and leaving as compared to centralized ones.

In Sect. 2.3, we present a general Markov approximation technique that allows
us to approximately solve combinatorial optimization problems in a distributed
manner. This also addresses the computational complexity issue to a certain extent
because the distributed implementation often allows parallel processing by different
elements. To demonstrate the usefulness of the technique, we apply it to design
a distributed streaming algorithm for P2P systems that achieves close-to-optimal
performance.

2.1.3 Distributed Robust Optimization

Robustness of optimization models for network problems in communication
networks has been an under-explored topic. Most existing algorithms for solving
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robust optimization problems are centralized, thus not suitable for networking
problems that demand distributed solutions. In Sect. 2.4, we summarize a first step
toward a systematic theory for designing distributed and robust optimization models
and algorithms. We first discuss several models for describing parameter uncertainty
sets that can lead to decomposable problem structures and thus distributed solutions.
These models include ellipsoid, polyhedron, and D-norm uncertainty sets. We then
apply these models in solving a robust rate control problem in wireline networks.

2.2 P2P Streaming Capacity

2.2.1 Problem Settings

Consider a P2P network as a P2P graph G = (V, E), where each node v € V may be
the source, a receiver, or a helper that serves only as a relay; each edge e = (u,v) € E
represents a neighboring relationship between vertices u and v. We assume that data
rate bottlenecks only appear at node uplinks. Denoting by C(v) the uplink capacity
of node v, we have for each node v,

T x <C), @1

ucV

where x,,, is the rate node v transmits to node u. This assumption is widely adopted in
the P2P literature because in today’s Internet, access links are the bottlenecks rather
than backbone links, and uplink capacity is several times smaller than downlink
capacity in access networks.

We consider the single session scenario in this chapter.! In this scenario, the
session content originates from one source s and is distributed to a given set of
receivers R, possibly using a set of helpers H. A packet in the session stream starts
from the source s, and traverses over all nodes in R, and some nodes in H—the
traversed paths form a Steiner tree in the overlay graph G. Here a Steiner tree refers
to a tree that connects the sender and all the receivers and allows the sender to reach
any receiver over it. Different packets in the same session may traverse different
trees, and we call each tree a sub-tree, and call their superposition a multi-tree.

There are P2P protocol constraints on sub-trees. The most frequently encountered
one is degree constraint. For example, in the widely used P2P protocol of BitTorrent,
although one node has 30-50 neighbors in G, it can upload to at most five of them
as peers. This gives an outgoing degree bound for each node and constrains the
construction of the trees. Degree bounds always apply to receivers and helpers and,

TAs compared to single-session scenario, the multi-session scenario involves multiple sessions
competing for the underlying physical link capacities, and one has to take the fairness consideration
into account when formulating the problem. We refer interested readers on the multi-session study
to [1].
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in some scenarios, to the source as well. Let m,; be the number of outgoing edges
of node v in tree ¢, and the bound be M (v): m,; < M(v),Vt. We denote by T the set
of all allowed sub-trees: trees that satisfy the constraints such as the degree bounds.

For each tree r € T, we denote by y; the rate of the sub-stream supported by
this tree. We say the session has a rate r = Y7 y; if all the receivers obtain the
streaming contents at a rate of r or above. A rate is called achievable if there is a
multi-tree in which all trees satisfy the topology constraint (¢ € T') and transmission
rates satisfy the uplink capacity constraint. We define P2P streaming capacity as the
largest achievable rate.

2.2.2 Formulation

The P2P streaming capacity problem for single session is formulated as follows.

2.2.2.1 Single-Session (Primal) Problem

maximize r=2er Mt (2.2)
subject to Y, myyr < C(v), Vv eV (2.3)

yw>0vVteT 2.4
variables v,V eT (2.5)

For those trees not selected in the solution, their rates y, are simply zero.

The dual problem associates a nonnegative variable p(v), interpreted as price,
with each node v corresponding to constraint (2.3). It can be derived to be the
following problem.

2.2.2.2 Single-Session Dual Problem

minimize Yoev CV)p(v) (2.6)
subject to X, cy my p(v) > 1,V €T, 2.7)

p(v) >0,YveVv (2.8)
variables p(v),WweVv (2.9)

We can interpret the dual problem this way: p(v) is the per unit flow price for any
edge outgoing from v. If node v uploads with full capacity, the incurred cost is
p(v)C(v). There are m,, connections outgoing from node v in tree ¢, and thus the
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total tree price for tree t, which is defined as the sum of prices in any edge in tree 7, is
Y. cv My p(v). Therefore, the dual problem is to minimize the total full capacity tree
cost given that the tree price is at least 1, and the minimization is over all possible
p. where p := {p(v),¥v € V} is the price vector. For notational simplicity, we use
p(-) : V. — RTJ{0} to represent p.

In general, the number of trees we need to search when computing the right multi-
tree grows exponentially in the size of the network. This dimensionality increase
is the consequence of turning a difficult graph-theoretic, discrete problem into a
continuous optimization problem. Hence, the primal problem can have possibly
exponential number of variables and its dual can have an exponential number of
constraints, neither of which is suitable for direct solution in polynomial time.
However, as detailed in the next subsection, the above representations turn out to be
very useful to allow a primal—dual update outer loop that converts the combinatorial
problem of multi-tree construction into a usually simpler problem of smallest price
tree (SPT) construction.

2.2.3 Algorithm and Performance

Adapting the technique for solving the maximum multi-commodity flow problem in
[4], we design an iterative combinatorial algorithm that solves the primal and dual
problems approximately, where tree-flows are augmented in the primal solution and
dual variables are updated iteratively. Our algorithm constructs peering multi-trees
that achieve an objective function value within (1 4 §)-factor of optimal.

For a given tree ¢ and prices p(-), let O(¢, p) denote the left-hand side (LHS) of
constraint (2.7), which we call the price of tree 7. A set of prices p(-) is a feasible
solution for the dual program if and only if

i t > 1.
Igg;lQ( ,p) >

The algorithm works as follows. Start with initial weights p(v) = % for all
v € V. Parameter § depends on § and is described in more detail later. Repeat the

following steps until the dual objective function value becomes greater than 1:

1. Compute a tree 7 for which Q(z,p) is minimum. We call 7 a SPT problem,
algorithms for which are developed in next section.

2. Send the maximum flow on this tree 7 such that uplink capacity of at least one
internal node is saturated. Let I(¢) be the set of internal nodes in tree 7. The flow
sent on this tree is

~

. Cv
y = min
vel(r) My

(2.10)
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Fig. 2.1 The primal-dual

algorithm for single-session Primal-Dual Algorithm: Single-Session
fgrl;streapnng capacity p(v) —C?v),flow(v) — 0,Vv € V, Y «+ 0,
putation
D<+0
while D <1

Pick tree ¢t € T' with the smallest Q(t, p)
Y min,e @) C(v) /Mot
t < argming,e ) C(v)/Mo,t
flow(v) + flow(v) +ym, 7, Vv € I(%)
Y+—Y+y .
p(v)  p(v)(1 + )
D « Zvev C(v)p(v)
end while

flow(v) .

Compute scaling factor o <= maxvev 5oy~ ;

Output capacity 7* < Y/a ;

3. Update the prices p(v) as

Emy,yy

C(v)

where € depends on 6 and is explained in more detail later.
4. Increment the flow Y sent so far by y.

p(v) < p(v) (1+ ),Vvel(t‘).

The optimality gap can be estimated by computing the ratio of the primal and
dual objective function values in each step of the above iteration, which can be
terminated after the desired proximity to optimality is achieved. When the above
iteration terminates, primal capacity constraints on each uplink may be violated,
since we were working with the original (and not residual) uplink capacities at each
stage. To remedy this, we scale down the flows uniformly so that uplink capacity
constraints are satisfied.

The pseudo-code for the above procedure is provided in Fig. 2.1. Array flow(v)
keeps track of the traffic on uplink of node v as the algorithm progresses. The dual
objective function value is tracked by variable D which is initialized to 0. After
the “while” loop terminates, the maximum factor by which the uplink capacity
constraint is violated on any uplink is computed as ¢, which divides the total flow
Y, and the resulting value is output as r*.

The theorem below states accuracy and complexity properties of the algorithm.
Its proof can be found in [1].

Theorem 2.1. For any given { > 0, the Single-Session Primal-Dual Algorithm

computes a solution with objective function value within (1 + §)-factor of the

optimum, for algorithmic parameters () = 1 — \/11+_C and 8(§) = W
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It runs in time polynomial in the input size and % 0] (%Tw), where Ty is
the time to compute a SPT.

This unifying primal-dual framework works for all of the single session prob-
lems. The core issue now lies with the inner loop of SPT computation: can this
be accomplished in polynomial time for a given price vector? This graph-theoretic
problem is generally much more tractable than the original problem of searching for
the multi-tree that maximizes the achievable rate. However, when the given graph G
is not a full mesh, or when there are degree bounds on nodes in each tree, or when
there are helper nodes, computing an SPT becomes difficult.

2.2.4 Computing SPT

For iterative algorithms, efficiently and accurately computing an SPT for a given
set of node prices is the key module in each outer loop. We have developed SPT
algorithms for general problem formulations over P2P graph in [1]. We present the
case of general P2P graph without degree bound and with helpers in the following;
we leverage special structures of the P2P graph G in the development.

We now study the cases where the given graph G is not complete and without
degree bounds in the trees. We consider the case with the presence of helpers. In
this case, the SPT computation problem is a minimum cost directed Steiner tree
problem with symmetric connectivity and a special structure on the costs—the costs
of all edges going out of a node are equal. We leverage these two special features to
accelerate the algorithm through a graph transformation.

Let [vq,v;] represent the pair of links connecting two neighboring nodes v; and
v2. We want to find the minimum price directed Steiner tree connecting source s and
a set of receivers in R. We transform the directed graph G to an undirected graph
G' = (V',E’), which represents the adjacency between link pairs and the source
node s:

* For source node s, we copy it into G'.

* For every two neighboring nodes vy,v, € V, we map the link pair [vi,v;] to a
node ny, ) in G,

* For every node v € V in G, we map it to a series of undirected links connecting
nodes n,, ., and np, . in G’ where v, and v are any neighbors of v in G; we
set the prices of these undirected links to p(v).

 In graph G’, we connect any two of nodes s and nj,,)» with a series of undirected
links, where v is any neighbor of s in G; we set the prices of these links to be p(s).

An example of such transformation is illustrated in Fig. 2.2.

For the undirected graph G’, we consider the following group Steiner tree
problem. For every receiver r € R in G, we group all the nodes nj,.,) € V', veV,into
a set, denoted by g,. Set g, in G’ corresponds to the set of link pairs in G connecting
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Fig. 2.2 (a) An overlay graph with source node s, receiver nodes a and b, and Steiner node ¢
with node prices being ps, pa, pp, and p. respectively; (b) the undirected graph mapped from the
overlay graph in (a); for example, the link pair between a and b in (a) maps to the node n, ;) in
(b), and node a maps to three links with link cost p, in (b)

r to all its neighbors. We also construct a set g, that contains only the source s
in G'. The group Steiner tree problem in G’ is to find the minimum price Steiner
tree that connects at least one node from each of sets g; and g,, r € R. Solving
the group Steiner tree problem in undirected graph is NP-hard [14]. The authors
in [14] propose a polynomial time algorithm that achieves an approximation factor

1 . .
of OnN, N where N, is the number of groups and N, is total number of nodes.

The following theorem, proved in [1], states that finding the minimum cost
Steiner tree in G is equivalent to searching the minimum cost group Steiner tree
in G

Theorem 2.2. Consider finding a Steiner tree in G that connects s and all nodes
in R, and searching a group Steiner tree in G' that connects at least one node from
each of node sets g; and g,, r € R, the following is true:

1. A directed Steiner tree in G can be mapped to a group Steiner tree in G' with the
same price in polynomial time.

2. A group Steiner tree in G' can be mapped to a directed Steiner tree in G with the
same or less price in polynomial time.

Consequently, the optimal group Steiner tree in G' can be mapped to the optimal
directed Steiner tree in G in polynomial time and vice versa. Furthermore, their
prices are equal.

The minimum cost directed Steiner tree problem is hard to approximate to a
factor better than m\l_m [15]. An m-factor approximation algorithm that runs
in polynomial time for any fixed € > 0 is given in [16]. Theorem 2.2 states that
the directed Steiner tree problem in graph G can be approached by studying a group
Steiner tree problem in G’. We first apply the randomized algorithm proposed in [ 14]

/ . . . . 1
to G', and get a group Steiner tree with an approximation factor of IR N Np

corresponds to total number of link pairs in G, and is at most |V |?>. We then map
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this group Steiner tree to a directed Steiner tree in G. Since this mapping keeps
or reduces the price, at the end we compute a directed Steiner tree in G with an
approximation factor of m in polynomial time. In the case where |V| =
O(|R|), we can compute a directed Steiner tree with an approximation factor of

TR in polynomial time.

2.3 Markov Approximation for Combinatorial Optimization

2.3.1 General Framework

2.3.1.1 Problem Formulation

Consider a system with a set of users R, and a set of configurations F. A network
configuration f € F consists of individual components using one of its local
configurations. The system obtains a certain performance when it operates under
configuration f, denoted by W;. The problem of maximizing the system per-
formance by choosing the best configuration can then be cast as the following
combinatorial optimization problem

MWC : maxscr Wy. (2.11)

One well-known example is the neighbor selection problem in P2P streaming
systems. The name of the game is to assign the “best” set of neighbors for every
peer/cache, in order to form the best topology to support a streaming video at the
highest possible quality [2, 3]. In the example, a local configuration of a peer is the
set of neighbors it connects to, and a network configuration is a vector consisting of
local configurations of all the peers. The system performance metric in the example
is the video streaming rate.
For the problem MWC, an equivalent formulation is

MWC — EQ : max w (2.12
Q: may %,Tl’f G )

S.t. 2 pr=1,

feFr

where py is the percentage of time the configuration f is in use. Treating Wy in
(2.11) as the “weight” of f, the problem MWC is to find a maximum weighted
configuration.
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2.3.1.2 Log-Sum-Exp Approximation

To gain insights on the structure of the problem MWC, we approximate the max
function in (2.11) by a differentiable function as follows:

1 A
1}1ea}<Wf ~ Elog < > exp (ﬁW,r)) g (W), (2.13)

feF

where JB is a positive constant and W £ [Wy, f € F|. This approximation is known
as the convex log—sum—exp approximation to the max function. The following
bound on approximation accuracy is well known.

Theorem 2.3. For a positive constant B and n nonnegative real variables
V1,Y2y. -3 Yn, W€ have

max(y1,....yn) < %mg(expwm+---+exp<ﬁyn>>

1
< max(y,...,yn) + B logn. (2.14)

Hence, max(yi.....ys) = im  log (exp(By1) + -+ exp(Bya).

We summarize some important, well-known observations of gg (x) in the follow-
ing theorem. Some of these observations were also found relevant in the context of
Geometric Programming [17].

Theorem 2.4. For the log—sum—exp function gg (W), we have
e [ts conjugate functionis given by

8B (2.15)

 (p) = 5 Xrerprlogpy ifp>0and 1'p =1
oo otherwise.

e [Itis a convex and closed function, hence, the conjugate of its conjugate gzg (p)is
itself, i.e., gg (W) = 85 (W). Specifically,

1
gg (W) = max pWr——

s.t. Z pr=1

feFr

Y prlogps (2.16)
feF

Several observations can be made. First, by the log—sum-exp approximation
in (2.13), we are implicitly solving an approximated version of the problem
MWC —EQ, off by an entropy term —%Zfe FPrlogpys. The optimality gap is
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thus bounded by %log|}' |, where |F| represents the size of F. This is a direct
consequence of us theoretically approximating the max function by a log—sum-—
exp function in (2.13). Practically, adding this additional entropy term in fact opens
new design space for exploration. Second, the approximation becomes exact as
B approaches infinity. As discussed in [18], however, usually 8 should not take
too large values as there are practical constraints or convergence rate concerns in
the algorithm design afterwards. Third, we can derive a close form of the optimal
solution of the problem in (2.16). Let A be the Lagrange multiplier associated with
the equality constraint in (2.16) and p}i (x), f € F be the optimal solution of the
problem in (2.16). By solving the Karush—Kuhn—-Tucker (KKT) conditions [19] of
the problem in (2.16):

Wf—%logp}(W)—%+l =0, VfEF, (2.17)
> pyW)=1,1>0, 2.18)
feF
we have
. exp (ﬁWf)
W) = YfeF. (2.19)
Pr) Sperexp(BWy) !

By time-sharing among different configurations f according to p”; (W), we can
solve the problem MWC —EQ, and hence the problem MWC, approximately.
We remark that the optimality gap is bounded by %10g|]—' |, which can be made

small by choosing large 3.

2.3.1.3 Distributed Markov Chain Monte Carlo

We design a Markov chain with a state space being the set of all feasible peering
configurations F and has a stationary distribution as p} (W) in (2.19). We implement
the Markov chain to guide the system to optimize the configuration. As the system
hops among configurations, the Markov chain converges and the configurations are
time-shared according to the desired distribution p}(W).

The key lies in designing such Markov chain that allows distributed implemen-
tation. Since p}(W) in (2.19) is product-form, it suffices to focus on designing
time-reversible Markov chains [18].

Let f, f € F be two states of Markov chain, and denote ¢ 7 a8 the transition rate

from state f to f'. We have two degrees of freedom in designing a time-reversible
Markov chain:

o The state space structure: we can add or cut direct transitions between any
two states, given that the state space remains connected and any two states are
reachable from each other. For example, assume that the four-states Markov
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Fig. 2.3 The Markov chains in (b), (¢), (d), by adding/removing transition edge-pair between two
states in the time-reversible Markov chain in (a), are also time-reversible. All Markov chains have
the same stationary distribution

chain in Fig. 2.3a is time-reversible. The “sparse” Markov chains in Fig. 2.3b—d,
modified from the “dense” one in Fig. 2.3a by adding/removing transition edge-
pair between two states, are also time-reversible. Furthermore, all Markov chains
share the same stationary distribution.

o The transition rates: we can explore various options in designing ‘e given that
the detailed balance equation is satisfied, i.e.,

p}(W)qf’f/ = p}(W)qf/’f, vaf/ €F. (2.20)

Satisfying the above equations guarantees the designed Markov chain and has the
desired stationary distribution as in (2.19). For instance, 802.11b wireless CSMA
MAC protocol implements a time-reversible Markov chain with

qr.p = oexp (B (Wp —Wy)), 2.21)
qap s = o, (2.22)

where o is a positive constant [18]. We show another example on P2P streaming
later in this chapter.

In Markov approximation framework, with large values of 3, the system hops
toward better configurations more greedily. However, this may as well lead to the
system getting trapped in locally optimal configurations. Hence there is a trade-off
to consider when setting the value of . The value of 8 also affects the convergence
rate of the time-reversible Markov chain to the desired stationary distribution. It is
worth future investigation to further understand the impact of 3.

2.3.2 Application to Distributed P2P Streaming

In this subsection, we apply Markov approximation technique elaborated above to
design distributed algorithms for maximizing P2P streaming rate under node degree
bounds.
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(I3

Fig. 2.4 Peering configuration examples for a five-node network with node degree bound 3 for
each node

2.3.2.1 Settings and Notations

Like in Sect. 2.2, we model the P2P overlay network as a general directed graph
G = (V,E), where V denotes the set of nodes and E denotes the set of links.
Each link in the graph corresponds to a TCP/UDP connection between two nodes.
Each node v € V is associated with an upload capacity C(v) > 0. We assume there
is no constraint on the downloading rate for each node v € V. This assumption
can be partly justified by the empirical observation that as residential broadband
connections with asymmetric upload and download rates become increasingly
dominant, bottlenecks typically are at the uplinks of the access networks rather than
on end-user download speeds or in the middle of the Internet.

We again focus on the single-source streaming scenario, i.e., a source s broad-
casts a continuous stream of contents to the entire network; we denote its receiver
setasR=V — {s}.

We consider the peering constraints that each node has a degree bound B,, i.e.,
it can only simultaneously connect to a B, number of neighbors due to connection
overhead cost. We allow different nodes to have different degree bounds. Figure 2.4
shows four sample peering configurations of a five-node network with node degree
bound 3 for each node.

2.3.2.2 Problem Formulation and Our Approach

Let F denote the set of all feasible peering configurations over graph G under
node degree bounds. For a configuration f € F, let x; be the maximum achievable
broadcast rate under f. The problem of maximizing broadcast rate under node
degree bounds can be formulated as follows:

MRC : maxser x¢. (2.23)

This problem is known to be NP-complete [2]. To address this problem in a
distributed manner, we first develop a distributed broadcasting algorithm that can
achieve xy under arbitrary f € F. We then design a distributed topology-hopping
algorithm that optimizes toward the best peering configurations. They operate in
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tandem to achieve a close-to-optimal broadcast rate under arbitrary node degree
bounds, and over arbitrary overlay graph. We elaborate on the topology-hopping
algorithm in the following. Details of the broadcasting algorithm are in [3].

Following Markov approximation framework, we need to design a Markov chain
with a state space being the set of feasible configurations F and with a stationary
distribution as follows:

exp (Bxy)
> exp ( Bx f/)

I'eF

pi(x) =  VfEF. (2.24)

Since p} (x) in (2.24) is product-form, it suffices to focus on designing time-
reversible Markov chains. The key lies in designing such Markov chain that allows
distributed implementation.

Let f,f' € F be two states of Markov chain, and denote g YA the transition

rate from state f to f/. In our Markov chain design, we first specify its state space
structure as follows: we set the transition rate g p to be zero, unless f and f” satisfy
that

o NJUNp —NyNNy| =2, ie., fand f' differ by only two node pairs.
* There exists a node, denoted by v*, so that Ny UNy — Ny NNy C {{v*,u},Yu e
N+ }. That is, these two node pairs share a common node v*.

In other words, we only allow direct transitions between two configurations if such
transitions correspond to a single node swapping an in-use neighbor with a not-
in-use one. Second, given the state space structure of Markov chain, we design
the transition rates to favor distributed implementation while satisfying the detailed
balance equation.

One possible option is to set ¢, + to be exp~!(Bxs). One way to implement this
option is for every node to generate a timer according to its measured receiving rate
and counts down accordingly. When the timer expires, the dedicated node performs
the neighbor swapping and resets its timer. As simple as the implementation may
sound, this option is expensive to implement. Once the peering configuration
changes, the system needs to notify all the nodes to measure the new receiving rate
and reset their timers accordingly. It is not clear how to implement such system-wide
notification in a low-overhead manner.

Instead, we choose to design qy s and g r as follows:

1 exp(ﬁxf/)
94" exp(r) exp(Bxyr) +exp(Bx 1) (2.25)
and
1
apy= exp(Bxy) 2.26)

exp(7) exp(Bxs) + exp(ﬂxf/) ’



2 Distributed Optimization in Networking 39

where 7 is a constant. It is straightforward to verify that detailed balance equation is
satisfied. Such choices of transition rates do not require coordination or notification
among peers in its implementation. We leave details of the distributed implementa-
tion to [3].

2.3.2.3 Impact of Inaccurate Observations

In practice, it is possible to obtain only an inaccurate measurement or estimate of x .
These inaccuracies root in two sources. One is the noisy measurements of the max-
imum broadcast rates given the configuration. The other is the fast state transition
of Markov chain, i.e., the Markov chain transits before the underlying broadcasting
algorithm converges and thus it transits based on inaccurate observations of the
broadcast rates.

Consequently, the topology hopping Markov chain may not converge to the
desired stationary distribution p} (x). This observation motivates our following study
on the convergence of Markov chain in the presence of inaccurate transition rates.

For each configuration f € F with broadcastrate x ¢, we assume its corresponding
inaccurate observed rate belongs to the bounded region [x; —Ag,xs+Ay], fol-
lowing arbitrary distribution. As is the inaccuracy bound and can be different for
different f.

With such random inaccurate observed rates, it turns out that the topology-
hopping process is still a time-reversible Markov chain [3]. We denote p : [p 7 (x),f €
F] as its stationary distribution of the configurations in this Makrov chain. Recall
that the stationary distribution of the configurations for the original inaccuracy-free
topology hopping Markov chain is p* : [p}(x), f € F|. We use the total variance
distance [20] to quantify the difference between p* and p, as

* = 1 * -
drv(p".p) = 5 2. Py =Byl (2.27)
feF
We have the following main result:

Theorem 2.5. Let Apax = maxXse 7 Ay, and xmax = maxscrxy. The dry (p*,p) are
bounded as follows:

0<dry(p*,p) <1 —exp(—2BAmax)- (2.28)
Further; the optimality gap in broadcast rates |p*x” — px” | is bounded as below:

|p*xT —pr| < 2xmax (1 — exp(—2BAmax))- (2.29)

The upper bound on dry (p*,p) shown in (2.28) is general, as it is independent of
the number of configurations | F| and the distributions of inaccurate observed rates.
The upper bound on dry (p*,p) shown in (2.28) decreases exponentially with the
worst inaccuracy bound Ap,x decreasing. It would be interesting to explore a tighter
upper bound on dyy (p*,p) than the one in (2.28).



40 M. Chen and M. Chiang

2.4 Distributed Robust Optimization

2.4.1 General Framework

Despite the importance and success of using optimization theory to study com-
munication and network problems, most work in this area makes the unrealistic
assumption that the data defining the constraints and objective function of the
optimization problem can be obtained precisely. We call the corresponding prob-
lems “nominal.” In many practical problems, these data are typically inaccurate,
uncertain, or time-varying. Solving the nominal optimization problems may lead to
poor or even infeasible solutions when deployed.

Over the last 10 years, robust optimization has emerged as a framework of
tackling optimization problems under data uncertainty (e.g., [21-25]). The basic
idea of robust optimization is to seek a solution which remains feasible and near-
optimal under the perturbation of parameters in the optimization problem. Each
robust optimization problem is defined by three-tuple: a nominal formulation, a
definition of robustness, and a representation of the uncertainty set. The process
of making an optimization formulation robust can be viewed as a mapping from
one optimization problem to another. A central question is as follows: when will
important properties, such as convexity and decomposability, be preserved under
such mapping? In particular, what kind of nominal formulation and uncertainty set
representation will preserve convexity and decomposability in the robust version of
the optimization problem?

So far, almost all of the work on robust optimization focuses on determining what
representations of data uncertainty preserves convexity, thus tractability through
a centralized solution, in the robust counter part of the nominal problem for a
given definition of robustness. For example, for the worst-case robustness, it has
been shown that under the assumption of ellipsoid set of data uncertainty, a robust
linear optimization problem can be converted into a second-order cone problem;
and a robust second-order cone problem can be reformulated as a semi-definite
optimization problem [26].

In this section, motivated by needs in communication networking, we will focus
instead on the distributiveness-preserving formulation of the robust optimization.
The driving question thus becomes: how much more communication overhead is
introduced in making the problem robust?

To develop a systematic theory of distributed robust optimization (DRO), we
first show how to represent an uncertainty set in a way that not only captures
the data uncertainty in the model but also leads to a distributively solvable
optimization problem. Second, in the case where a fully distributed algorithm is
not obtainable, we focus on the tradeoff between robustness and distributiveness.
Distributed algorithms are often developed based on decomposability structure of
the problem, which may disappear as the optimization formulation is made robust.
While distributed computation has long been studied, unlike convexity of a problem,
distributiveness of an algorithm does not have a widely agreed definition. It is often
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quantified by the amount of communication overhead required: how far and how
frequent do the nodes have to pass message around? Zero communication overhead
is obviously the “most distributed”, and we will see how the amount of overhead
trades-off with the degree of robustness.

There are many uncertainties in the design of communication networks. These
uncertainties stem from various sources and can be broadly grouped into two
categories. The first type of uncertainties are related to the perturbation of a set
of design parameters due to erroneous inputs such as errors in estimation or
implementation. We call them perturbation errors. A common characteristic of such
perturbation errors is that they can often be modeled as a continuous uncertainty set
surrounding the basic point estimate of the parameter. The size of the uncertainty set
could be used to characterize the level of perturbations the designer needs to protect
against. The second type of uncertainties is termed as disruptive errors, as they are
caused by the failure of communication links within the network. This type of errors
can be modeled as a discrete uncertainty set.

As a starter, we will focus on a class of optimization problems with the following
nominal form: maximization of a concave objective function over a given data set
characterized by /inear constraints,

maximize fp (x) (2.30)
subject to Ax XD

variables x,

where A is an M x N matrix, x is an N x 1 vector, and b is an M x 1 vector. This
class of problems can model a wide range of engineering systems (e.g., [27]).

The uncertainty of problem (2.30) may exist in the objective function fp,
matrix parameter A, and vector parameter b. In many cases, the uncertainty in
objective function fy can be converted into uncertainty of the parameters defining
the constraints [28]. It is also possible to convert the uncertainty in b into uncertainty
in A in certain cases (although this could be difficult in general). In the rest of
this section, we will focus on studying the uncertainty in A. In many networking
problems, structures and physical meaning of matrix A readily lead to distributed
algorithms, e.g., in rate control where A is a given routing matrix, distributed
subgradient algorithm is well known to solve the problem, with an interesting
correspondence with the practical protocol of TCP. Making the optimization robust
may turn the linear constraints into nonlinear ones and increase the amount of
message passing.

In the robust counterpart of problem (2.30), we require the constraints Ax < b
to be valid for any A € A, where A denotes the uncertainty set of A, and the
definition of robustness is in the worst-case sense [19]. This approach might be
too conservative. A more meaningful choice of robustness is the chance-constrained
robustness, i.e., the probability of infeasibility (or outage) is upper bounded. We can
flexibly adjust the chance-constrained robustness of the robust solution by solving
the worst-case robust optimization problem over a properly selected subset of the
exact uncertainty set.
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If we allow an arbitrary uncertainty set A, then the robust optimization problem
is difficult to solve even in a centralized manner [29]. We will focus on the study
of constraint-wise (i.e., row-wise) uncertainty set, where the uncertainties between
different rows in matrix A are decoupled. This restricted class of uncertainty set
characterizes the data uncertainty in many practical problems, and it also allows us
to convert the robust optimization problem into a formulation that is distributively
solvable.

Denote the j™ row of A be a]T-, which lies in a compact uncertainty set .A;. Then
the robust optimization problem that we focus on in this chapter can be written in
the following form:

maximize fp(x), (2.31)
subject to ajrx <bj,Vaje A;, V1 < j<M,
variables x.

It is easy to see that the robust optimization problem (2.31) can be equivalently
written in a form represented by protection functions instead of uncertainty sets.
Denote the nominal counterpart of problem (2.31) with a coefficient matrix A (i.e.,
the values when there is no uncertainty), with the jth row’s coefficient a; € A;.
Then

Theorem 2.6. Problem (2.31) is equivalent to the following convex optimization
problem:

maximize fy(x), (2.32)
subject to ﬁJT-x—i-gj(x) <b;,V1<j<M,
variables x,

where
~\T
gj(x) = max (a; —a;)" x, (2.33)
ajE.Aj
is the protection function for the jth constraint, which depends on the uncertainty
set A; and the nominal row aj. Furthermore, g;j(x) is a convex function since for
any 0 <t <1, we have that

_\T _\T YA
arjneeg‘(j(aj—aj) [tx1+(1—t)x2] Staljnea(j(aj—aj) xl—i—(l—t)aljnea(j(aj—aj) X3.
(2.34)

Different forms of A; will lead to different protection function g;(x), which
results in different robustness and performance tradeoff of the formulation. Next
we consider several approaches in terms of modeling A; and the corresponding
protection function g;(x).
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2.4.1.1 Polyhedron Uncertain Set

In this case, the uncertainty set .A; is a polyhedron characterized by a set of linear
inequalities, i.e., A; £ {aj:Dja; < c;j}. The protection function is

gix)= max (a;—a;) x, (2.35)

aj:Djaijj

which involves a linear program (LP). We next show that the uncertainty set can be
translated into a set of linear constraints. In the jth constraint in (2.31), with x = £
fixed, we can characterize the set Va; € A; by comparing b; with the outcome of
the following LP:

vi= max alf. (2.36)
. (ljiDj(lijj :
If v}‘- < bj, then £ is feasible for (2.31). However, this approach is not very useful
since it requires solving one LP in (2.36) for each possible &. Alternatively, we take
the Lagrange dual problem of the LP in (2.36),

Vi = min cjrpj. (2.37)

p;:DIp;=2p ;=0

If we can find a feasible solution p | for (2.37), and cjrﬁ i < bj, then we must

have vj- < cJT. Pj < bj. We can thus replace constraints in (2.31) by the following
constraints:

pj<b;, Dlip;=x,p; =0,Y1< j<M, (2.38)

and we now have an equivalent and deterministic formulation for problem (2.31),
where all the constraints are linear.

2.4.1.2 D-Norm Uncertainty Set

D-norm approach [28] is another method to model the uncertainty set, and has
advantages such as guarantee of feasibility independent of uncertainty distributions
and flexibility in trading off between robustness and performance.

Consider the jth constraint ajrx < b; in (2.31). Denote the set of all uncertain
coefficients in a; as &;. The size of &; is |€;|, which might be smaller than the
total number of coefficients N (i.e., a;; for some i might not have uncertainty).
For each a;; € £;, assume the actual value falls into the range of [Ez,-j —ajj,aij + &,'j],
in which d;; is a given error bound. Also choose a nonnegative integer I'; < |€;].
The definition of robustness associated with the D-norm formulation is to maintain
feasibility if at most I'; out of all possible |£;| parameters are perturbed. Let us
denote S; as the set of I'; uncertain coefficients. As is well known, the above
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robustness definition can be characterized by the following protection function,

gj(x)= max aijlxil. (2:39)
/ s,-:s,-gj,\sj\:rjie%j o

If T'j =0, then g;(T'j,x) = 0 and the jth constraint is reduced to the nominal
constraint. If I'; = [€], then g;(x) = Y,c¢, dij|xi|, and the jth constraint becomes

Soyster’s worst-case formulation [28]. The tradeoff between robustness and perfor-
mance can be obtained by adjusting I';.

2.4.1.3 Ellipsoid Uncertainty Set

Ellipsoid is commonly used to approximate complicated uncertainty sets for
statistical reasons [29] and for its ability to succinctly describe a set of discrete
points in Euclidean geometry [19]. Here we consider the case where coefficient a;
falls in an ellipsoid centered at the nominal a;. Specifically,

Aj={aj+Aa;: Z|Aaij|2§£f}. (2.40)
]
By (2.33), the protection function is given by
gj(x) = max {ZAa,’jx,' Y |Aa;j)? < 812} ; (241)

Denote by |jx|l, = /37 ,x? as the {y-norm (or the Euclidean norm) of x.
By Cauchy—-Schwartz inequality,

ZAaijxi < Z|Aai,~|2||x||2 < &llx[l,,
1 1

and the equality is attained by choosing

Therefore, we conclude that

8j(x) = &jllxll,- (2.42)
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2.4.2 Robust Multipath Rate Control for Network Service
Reliability

2.4.2.1 Nominal and Robust Formulations

Consider a wireline network where some links might fail because of human
mistakes, software bugs, hardware defects, or natural hazard. Network operators
typically reserve some bandwidth for some backup paths. When the primary paths
fail, some or all of the traffic will be rerouted to the corresponding disjoint backup
paths. Fast system recovery schemes are essential to ensure service availability in
the presence of link failure. There are three key components for fast system recovery
[30]: identifying a backup path disjoint from the primary path, computing network
resource (such as bandwidth) in reservation prior to link failure, and detecting the
link failure in real-time and rerouting the traffic. The first component has been
investigated extensively in graph theory. The third component has been extensively
studied in system research community. Here we consider the robust rate control
and bandwidth reservation in the face of possible failure of primary path, which is
related to the second component.

We first consider the nominal problem with no link failures. Following similar
notation as in Kelly’s seminal work [27], we consider a network with S users, L links,
and T paths, indexed by s, [/, and #, respectively. Each user is a unique flow from one
source node to one destination node. There could be multiple users between the
same source—destination node pair. The network is characterized by the L x T path-
availability 0 — I matrix

D] = dy =1, if link / is on path ¢,
e 0, otherwise.

and T x S primary-path-choice nonnegative matrix

Wl = { Wy, if user s uses path ¢ as the primary path,
s — .
0, otherwise.

where w;; > 0 indicates the percentage that user s allocates its rate to primary path
t,and Y, wys = 1. Let x, ¢, and y denote source rates, link capacities, and aggregated
path rates, respectively. The nominal multipath rate control problem is

maximize Y f;(x;) (2.43)

s
subjectto Dy <c¢, Wx =<y,

variables x >~ 0,y > 0,

where f;(x,) is user s” utility function, which is increasing and strictly concave in x;.
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To represent Problem (2.43) in a more compact way, we denote R = DW as the
link-source matrix

[R]s — ris = XseT(1) Wis, 1f user s uses link / in one of its primary paths,
bk 0, otherwise.

where T (1) denotes the set of all paths associated with link /, i.e., T(I) = {t : d;; = 1}.
The nominal problem can be compactly rewritten as

maximize Y f;(x;) (2.44)

subject to Rx < c,

variables x = 0.

To ensure robust data transmission against the link failures, each user also
determines a backup path when it joins the network. The nonnegative backup path
choice matrix is

(B, — { by, if user s uses path ¢ as the backup path,
0, otherwise.

where b;; > 0 indicates the maximum percentage that user s allocates its rate to
path ¢. The actual rate allocation will be a random variable between 0 and b,
depending on whether the primary paths fail. We further assume that a path can only
be used as either a primary path or a backup path for the same user but not both.
The corresponding robust multipath routing rate allocation problem is given by

maximize Y f;(x;) (2.45)

subject to Z rieXs + 2 & (br,x) <c¢y, VI
sesS(l) teT (1)

variables x = 0.

Here S(I) denotes the set of users using the link / in one of their primary paths, and
Xses(1) TisXs 1s the aggregate rate from users. Moveover, g (b, x) is the protection
function for the traffic from users who use path ¢ as their backup path, and b, is the
tth row of matrix B.

There are several ways of characterizing the protection function. Here we take
D-norm as an example. Let & = {s : b;; > 0,Vs} denote the set of users who utilize
path ¢ as the backup path, and F; , denote a set such that

Fir, €& and [Fir | =T
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Here I'; denotes the number of users who might experience path failures, and its
value controls the tradeoff between robustness and performance. The protection
function can then be written as

gi(br,x) = max_ Y byxg, Vi, (2.46)

Frr, C& €T

Notice that I'; is a parameter (instead of a variable) in the protection function (2.46).

A centralized algorithm such as the interior point method can be used to solve
the service reliability problem (2.45). In practice, however, a distributed solution
is preferred in many situations. For example, for a large-scale communication
network, multiple nodes and associated links might be removed or updated, and it
could be difficult to collect the updated topology information of the whole network.
Furthermore, a distributed algorithm can be used to dynamically adjust the rates
according to changes in the network topology. Since we consider service reliability
in this application, most likely such a update is only required infrequently.

2.4.2.2 Distributed Primal-Dual Algorithms

We now develop a fast distributed algorithm to solve the robust optimization of
multipath rate control based on a combination of active-set method [31] and dual-
based decomposition method.

We first show that the nonlinear constraints in Problem (2.45) can be replaced by
a set of linear constraints:

Proposition 2.1. For any path t, the single constraint

> rxs+ Y, &i(brx) <, (2.47)
seS(l) teT (1)

is equivalent to the following set of constraints

Y, rgxs+ Y, buxs <,V (For,, Vi € T(1)) such that Fyr, C&. (2.48)
seS(1) teT(l)SEFL T,

We further define some short-hand notation. For each choice of parameters
(IT ()] sets of users)

Fi= (]:;717 C&, Vte T(l)),

we define a set corresponding to the choices of paths and users:

Or &{(t,s):t€T(l),s€ Fir,}.
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We further define G; = {Qr,,V.F;}. The constraints in (2.48) can be rewritten as
follows:

N ngxe+ Y, buxs <c, YQF, €G). (2.49)
seS(l) (t,S)EQ]-'l

Note the number of constraints in (2.49) is [;c7() (‘15_;‘), and increases quickly
with T, and |&|. This motivates us to design an alternative method to solve (2.45).
We next present a sequential optimization approach. The basic idea is to iteratively
generate a set G; C G;, and use the following set of constraints to approximate (2.49):

z TisXs + z brsxs <y, VQ]—‘, € g_l. (2.50)
seS(l) (t,S)EQ]-'l

This leads to a relaxation of Problem (2.45):

maximize Y f;(x;) (2.51)

N

subject to Z rigXs + 2 bisxs < c1, VOF, € G, VI,
seS(l) (ts)€Qr,

variables x = 0.

Let x denote an optimal solution to the relaxed problem (2.51) and x* denote an
optimal solution of the original problem (2.45). If G; = G;, then we have 3, f; (%;) =
> fs(x}). Even if G; C G, it is still possible that the two optimal objective values
are the same.

Proposition 2.2. Y, fs(X,) = X, f5(x¥) if the following condition holds

max_ Y b¥i= max Y bk, Vi (2.52)
07101 15)eQ, 271 15)eQr,

Next we develop a distributed algorithm to solve Problem (2.51) for a fixed G
for each I, which is suboptimal for solving Problem (2.45). We can then design an
optimal distributed algorithm that achieves the optimal solution of Problem (2.45)
by iteratively using the following algorithm.

First, by relaxing the constraints in Problem (2.51) using dual variables A =

{{Ai} li’l‘ {‘:1 , we obtain the following Lagrangian,
B [
ZAx) =Y filxs) + 2D i ler— Y, msxs— Y, biexg
s I i=1

seS(l) (t,x)EQ]:l (i)

For easy indexing, here we denote each set G, = { Q7 (i), i=1,...,|G/|}.
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Distributed Primal-dual Subgradient Algorithm
k < 0,A(0) < 0, 1(0) < 0, and choose € < 1

Do Fs(@s,i(k)

Z(Ag)

while there exists an ¢ so that n;(k) =1 —
k«—k+1
Each user s determines z;(k) by solving Problem (1.54)
Each user s passes the value of xs(k) to each link associated with this user
Each user s who uses link [ on either its primary or backup paths calculates
the associated dual prices by passing messages over path ¢
from its destination to its source
Each user s computes As (k) = ming [(As(l,k))mw, (B}, 2o, wmrcon (i)] ,

and Zs i (k) = zs(k)As i (k) by collecting messages from its associated links
end while

> €

Fig. 2.5 Distributed primal-dual subgradient algorithm for robust optimization of multipath rate
control

The dual function is

Z(A) = maxZ(A,x). (2.53)
x=0
The optimization over x in (2.53) can be decomposed into one problem for each
user s:

1S
max fv xv ZZ Aiiris + A Z bis | x5 | - (2.54)

%20 1=l (5)€ Q7 (i)

Notice that link / can be viewed as the composition of |G;| sub-links and each
sub-link is associated with a price (dual variable) A;;. Each user s determines its
transmission rate x; by considering prices from both its primary path and backup
path.
The master dual problem is
min Z(A), 2.55
min (1) 255
which can be solved by the subgradient method. For each dual variable 4, its
subgradient can be calculated as

Gi(Ai) =1 — 2 rsXs— Y, bxs. (2.56)

seS(l (t,s)EQ]:](i)

The value of A;; will be updated using the subgradient information correspondingly.

Pseudo-code of the algorithm is in Fig. 2.5. Here 0(k) is the step-size at time
k. If it meets conditions such as those given in [32, p. 505], then this subgradient
method is guaranteed to converge to the optimal solution. Common choices of step
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size include the constant step size (6 (k) = ), diminish step size (0 (k) = 7];), and

square summable (0 (k) = [,(—3). The parameter ¢&; is a predefined small threshold.
Due to the special structure of (2.51), we can characterize the suboptimality gap
of the obtained solution at each iteration, as shown below.

Proposition 2.3. Let P*({G;}) be the optimal object function value of the relaxed
problem (2.51), A% be the dual variables at the k™ iteration of the algorithm
above, and [%1 (k), . .. ,%s(k)] be a feasible solution to (2.51). Then P*({G;}) is lower

bounded by ¥, f;(%,(k)) and upper bounded by Z(AY), i.e.,

> A(&(K) < PTG} < Z(AN). (2.57)

Furthermore, the suboptimality gap 1;(k) satisfies limg_,.. Ni(k) = 0 for all i.

2.5 Summary

To summarize, these applications to rate control and P2P capacity are only small
samples of the use of distributed optimization in networking. This chapter serves
as a terse teaser. Much more on existing results, including proofs and numerical
examples, can be found from the papers referenced here. Much more also remains
to be explored as the research community continues to formulate difficult and robust
optimization problems and try out distributed solutions.
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