Chapter 3
Unconstrained Global Optimization

3.1 A Randomized Curve of Steepest Descent

After a short discussion of local optimization, we investigate the following uncon-
strained global minimization problem:

globmin{ f(x)}, f:R"—>R, neN, feC*R"R).

In other words, we have to compute a point X, € R” such that
f(x) > f(x,) forallx e R".

It is not reasonable to develop methods for solving unconstrained global minimiza-
tion problems neglecting the existence of powerful methods solving unconstrained
local minimization problems. Therefore, we are only interested in computing a
suitable starting point close enough to a global minimum point in order to apply
a local minimizing procedure.

Let the objective function f : R" — R be such that

/eXp (—Zigx)) dx < 00

R”

for some € > 0. In this case, the function

exp (— 2{ g") )

an exp (—Zg")) dx

AriR" >R, x+—
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Fig. 3.1 Objective function f

can be interpreted as a Lebesgue density function of an n-dimensional real-valued
random variable X ;. We illustrate the main relationship between f and A r in the
following example.

Example 3.1. The objective function
fiR2 =R, (x,9)" - 6x% 4 6y? — cos(12x) — cos(12y) + 2

has 25 isolated minimum points with the unique global minimum point at the origin
(Figs.3.1 and 3.2).
Figure 3.3 shows the corresponding Lebesgue density function A 7.

The smaller the function value of f, the larger the function value of A, and
finally the likelihood of X . If we would be able to generate realizations of the
random variable X s, we would be able to generate suitable starting points for local
minimization procedures to compute a global minimum point of f. Unfortunately,
there is no easy way to compute realizations of X s in general. Therefore, we will use
a dynamical system representing a suitable randomization of the curve of steepest
descent in order to compute realizations of X ;. For that, we have to introduce n-
dimensional Brownian Motion.
Let

2 :=C°([0,00),R")
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Fig. 3.2 Contour lines of f

Fig. 3.3 Lebesgue density function A

be the set of all continuous functions w : [0, 00) — R” (for ¢ = 0, continuity from
the right). We define a metric d; on £2 by

o0
I .
do 2 x2 >R, (0.0) Zl 2 min ;021[21;” w1 (t) — wr (1), 1
m—
With B(£2), we denote the smallest o-field containing all open subsets of £2 with
respect to the topology defined by the metric dg. Using the Borel o-field B(R")
which is defined by all open subsets of R” in the topology given by the Euclidean
norm, we obtain 3(£2)-B(R")-measurable functions:

B :2—>R' wr o), tel0,00).
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There is a uniquely defined probability measure W on B(§2) (the so-called
Wiener measure) fulfilling the following conditions, where A/(e, X') denotes the
n-dimensional Gaussian distribution with expectation e and covariance matrix ¥
(see, e.g., [KarShr08]):

1) W(w € 2; By(w) =0}) = 1.
(i) Forall0 <ty <t <...<t, k €N, the random variables

Bthfl - Bfo’ cee ’Btk - Btkfl

are stochastically independent.
(iii) For every 0 < s < t, the random variable B, — By is A/(0, (¢ — s)I,,) Gaussian
distributed.

The stochastic process {B; }/c[0,00) is called n-dimensional Brownian Motion.
Based on the Wiener space, we will now investigate a stochastic process {X };e[0,00)»

X;: 2 —>R" te][0,00),

given by
Xi () =X — / ViX:(@))dt + € (B (@) —Bo(w)). e,
0

where x¢p € R” and € > 0 are fixed. This process can be interpreted as a randomized
curve of steepest descent, where the curve of steepest descent in integral form is
given by

x(1) = xg — / Vfx(r))dt, te€][0,00),
0

as noted above. The balance between steepest descent represented by

1

X0 — / V /(X (@)d

0

and a purely random search using Gaussian distributed random variables
B/ (w) — Bo(w)

is controlled by the parameter €.

In Sect. 2.1, we investigated the curve of steepest descent under weak assump-
tions on the objective function. In order to analyze the randomized curve of steepest
descent, it is necessary again to formulate weak assumptions on the objective
function:
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Assumption 3.2 There exists a real number € > 0 such that

1 2
XV f(x) = €

max{l, |V f(X)|,}

forallx € {z € R"; ||z||, > p} for some p € R, p > 0.

This assumption describes a special behavior of f outside a ball with radius p, for
which only the existence is postulated. Starting at the origin, the objective function
f hasto increase sufficiently fast along each straight line outside the mentioned ball.
Therefore, each function f € C%(R",R) fulfilling Assumption 3.2 has at least one
global minimum point x,, within the ball {z € R"; ||z||, < p}. The converse is not
true as the sin-function shows. The fact that only the existence of some possibly
very large p > 0 is postulated ensures the weakness of this assumption.

In the theory of partial differential equations (see, e.g., [RenRog04]), g : R" —
R” is called a coercive function if

x'g(x)
1im =
Ixl,—oo  [IX[|

The following alternative formulation of Assumption 3.2:

There exists a real number € > 0 such that

X'Vfx) _ 1+ne max | L V@I,

Ixl, = 2 Ixll, ™ 11l

forallx € {z € R"; ||z||, > p} forsomep € R, p >0

shows the relation of these two conditions on g and V f'.
If Assumption 3.2 is not fulfilled, one can try to use an auxiliary objective
function f of the following type:

f:R' >R, x»—)f(x)+(P(||x||§—c))m,meN,mEB,cER,C>O,

where
x for x>0

P:R—>R, xt+ .
0 for x<0O

For ]; , we obtain:

« feC*R"R).

+ )= S forallx € fn € B ol <.
P> ) forallx & fr € B el > o]
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The practicability of £ instead of f is shown by

XTV 700 =xTV f) +2m (P (Ix13 <)) Il

In the following theorem, we study properties of the randomized curve of steepest
descent.

Theorem 3.3 Consider
f:R" >R, neN, feC*R"R)
and let the following Assumption 3.2 be fulfilled:

There exists a real number € > 0 such that

1 + ne?

X'V f(x) >

max{1, |V f(x)[,}
forallx € {z € R"; ||z||, > p} for some p € R, p > 0,

then we obtain:

(1) Using the Wiener space (§2,B(82), W) and € > 0 from Assumption 3.2, the
integral equation

X(t,w) = Xo—/ ViX(r,w))dt+€ (B (w) —By(w)), t €[0,00), w € 2
0

has a unique solution X : [0, 00) x 2 — R”" for each xy € R".
(ii) Foreacht € [0, c0), the mapping

X, : 2 ->R" o X(t o)

is an n-dimensional random variable (therefore, 3(§2) — B(R") measurable)
and its probability distribution is given by a Lebesgue density function

p R >R
with
exp (— 2£ g"))

forall xeR".
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The pointwise convergence of the Lebesgue density functions p; to
exp (— —ZC g"))

[ exp (—@) dx
Rn

AriR"=> R, x+—

can be interpreted as follows:

The randomized curve of steepest descent can be interpreted as a machine
learning scheme for the computation of pseudorandom vectors according to the
probability distribution given by A s using evaluations of V f* (or higher derivatives)
and using the computation of standard Gaussian distributed pseudorandom numbers
as inputs. This will be done by the numerical approximation of a path of the
randomized curve of steepest descent.

For lucidity of the proof of Theorem 3.3, we first prove two lemmata.

Lemma 3.4 Let
g:R" > R"
be a globally Lipschitz-continuous function with Lipschitz constant L > 0, and let

B:[0,00) > R"

be a continuous function; then the integral equation

t

x(1) = xo —/g(X(‘L’))d‘C + B(t), te]0,00),

0
has a unique solution
x:[0,00) > R”
for each xy € R".

Proof. Since g is globally Lipschitz-continuous with Lipschitz constant L > 0, we
prove existence and uniqueness of a solution x : [0, 00) — R” of the considered
integral equation using the fixed point theorem of Banach. Let C°([0, T ], R") be
the set of all continuous functionsu : [0, 7 ] — R", and

K:C°0.T].R") — C°(0,T].R"),

1

Ku() = xo—/g(u(r))dr +B(t), te<[0,T].
0

Obviously, each solution x7 of

z(t) = Xo —/g(z(r))dr +B(t), te][0,7T]
0
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is a fixed point of K and vice versa. With

d:C°0,T].R)xC°[0,T].R") - R, (u,v)— tg%(??] (la(@)—v(0)[l,e ™),

(C°([0,T],R"), d) is a complete metric space as mentioned before.
Again, the calculation

IK@) () = KM (@)],e™*" = /(g(V(f)) —gu(0))de| e
0

2

IA

/ I8V (D) — g dt - 2
0
- / lgv (@) — gu(D) et e d e - e
0
<L / V(D) = u() e 2F oo dr - o2
0

t
< L-d(u, v)/eZert'e_ZL’
0

1
= L-d(u, V)Z (L —1) e

L 1
E _Ld(uv V) = Ed(us V)s 1 e [07 T]
shows that

d(K(u), K(v)) < %d(u, v,

and that the fixed point theorem of Banach is applicable. Consequently, we have
found a unique solution x7 : [0, T ] — R” of

t

z(t) = Xo —/g(z(r))dr +B(t), te][0,T]

0

forall T > 0, and this gives us a unique solution x : [0, 00) — R” of

x(t) = xo — / g(x(7))dt +B(), te€]0,00),
0
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Lemma 3.5 Let f € C?>(R",R) and € > 0 such that Assumption 3.2 is fulfilled,

then
/exp (—2];2)()) dx < oo.

R~

Proof. Foreveryy € R”, |ly|l, # 0, we obtain for y > p

T 2
y y 14 ne
\% (V ) Y >
Iyl Iyl 2

d y 1 + ne?
—f ()’ ) > )
dy lyll, 2y

Integration over [p, ], £ > p, with respect to y, leads to

(e y)>1+“1(a 1(m+f(””)

vl
- ||§I||12iario{f (pﬁ)} '

For every x € {z € R"; ||z|, > p}, there exists a unique § > p and a unique y € R”
with

and therefore

Let

X= g

We obtain:

2 2
F® = ) + e — 2 g

forallx € {z € R"; ||z||, > p}. This inequality is equivalent to

2/ () -
eXP(— - )SCIHX”z <

with

1 + ne? 2c
¢ = exp( = In(p) — 6—2) .
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Integration leads to

/ exp (— 2];§X)) dx = / exp (— 2];gx)) dx

R {2eR"; |1zl <p}

+ / exp (— ngx)) dx
€
{z€R"; |lz]l,>p}

< / exp (— 2];§X) ) dx

{zeR"; ||z[l,<p}

—n—
+ allxll, < dx
{z€R"; |1z]l,>p}

< 0

using n-dimensional polar coordinates for the computation of

=t
calxll, “dx

{z€R"; ||zll,> o}
q.e.d.
Proof of Theorem 3.3. Using
Vi) if x—=xol, =~
g:R" > R", x> ) , r>0,
VI (xo+ FEg) i Ix—xoll, > 7

we consider the integral equation

t

Z(t,w) = X —/g(Z(r,a)))dr + e (B (w) —Bo(w)), te€[0,00), weL2.
0

Since g is globally Lipschitz-continuous with Lipschitz constant L > 0, and since
each path of a Brownian Motion is continuous, the application of Lemma 3.4 for
each w € §2 shows the existence and uniqueness of a solution

Z:[0,00) x 2 > R"

of the above integral equation.
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Now, we have to consider the connection between the function Z and the integral
equation

X(t, w) :xo—/Vf(X(t,w))dt+e(Bt(w)—Bo(a))), t €[0,00), we L.
0

Therefore, we introduce the functions
s, 1 2 —> R U {oo},
inf{t > 0; |Z(t, ) = %ol = r} if {1 = 0; |Z(t, @) =Xoll, = 1} # @
o
00 it {1 >0 |Z(tw) —xoll, = r} = 0
for every r > 0. Using s,, it is obvious that the set of functions

{Z, 1 [0,5,(0)) > R", t > Z(t,0); o€ 2}

defines the unique solution of

X(t,w) = xo—/ Vi X(t,w))dt+€ (B;(w)—Bo(w)), t€][0,s.(w)), e L.
0

Hence, we have to show that
lim s,(w) =00 forallw € £2.

r—>00

For every w € £2, we obtain a monotonically increasing function
Sy 1 [0,00) > R U {o0}, r s ().

Now, we assume the existence of @ € §2 such that

lim s5(r) = lim 5,(®) =5 < o0.

r—00 r—00

In order to lead this assumption to a contradiction, we consider the function

k:(0,5)>R, 1+ % (%IIZ(Z,CD)—G (B (@) —Bo(@)) +¢ (Bs(aA))—Bo(c?)))lli)-

Choosing 7 € [0, s) such that

* |ZE#, »)|l, > p (p from Assumption 3.2),

© |eBy(@) —B,(@)l, < < forall 1€ [i,s),




32 3 Unconstrained Global Optimization
we obtain for all 7 € [7,s) with || Z(t, ®)]|, > p

k(1) = — (Z(t,®) + € Bs(@) — B, (&))" VF(Z(t,»))
= —Z(1,0) Vf(Z(1,d)) — € (By(@) —B,(@)) Vf(Z(1,0))

1 + ne? 1 + ne? R
IV f(Z(t, )|,

= == max{1L IV @ )} +
1+ née? . .
=-— (max{2,2||V f(Z(t, ®))|l,} — IV f(Z(t, ®))]],)
1 + ne? R R
=-— max{2 — ||V f(Z(t,®)) |5, |V f(Z(t, ®)) |}
- 1 +4I’l€2 0.

Consequently, for all 7 € [7, s) holds:

12,0}l = |24t &) + € (Bo(®) = B(@)) — € (B(&) ~ B (@)
< 12(1.) + € Bi(@) = B@)]; + [l€ (B(6) ~ B (@)
= I2(t.&) = € (B.(@) ~ Bo(@)) + € (B(@) ~ Bo(@))]
+e (B,(@) ~B.(@)]
= 20 &)> + max {]le (B,(@) — Bo(@)) — € (B,(@) —~ Bo(@) 1.}

+1+ne2
R

This is a contradiction to
lim ”Z(Sr (CA’))v C'A)) - X0||2 o0
r—>00

and the proof of the first part of the theorem is finished.
Now, we choose 7 € (0,00),m € N,andt; := jL, j=0,...m.
Since
X, : 2 >R o~X()

is the limit of a fixed point iteration

X, () = lim X ()
with
e XV 2 S5 R", wxp,

e XF:2 SR, o |—>x0—ftVf (X N(w)) dT + € (B, (w) — Bo(w)),
0
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and since
[ v X @)= fim Y VF (X7 @) @ -1y
0 j=1

each function X, is B(£2) — B(R") measurable. Existence and properties of the
Lebesgue density functions p; are proven by Lemma 3.5 in combination with the
analysis of the Cauchy problem for parabolic equations (see, e.g. [Fried06], Chap. 6,
Sect. 4). q.e.d.

From Theorem 3.3, we know that choosing any starting point xo € R", the
numerical computation of a path

X; :[0,00) > R", > X;(®)

with
X (@) = X0 — / Vf(X:(w))dt + € (B, (@) —Bo(@)), 1€[0,00)
0

leads to a realization of X s with Lebesgue density function

exp (— —Z-Z g") )

Ar:R" >R, x+— , .
fexp(—@)dx
R?

Furthermore, we obtain from the stability theory of stochastic differential equations
(see [Has80], Chap. 3, Theorem 7.1):

Theorem 3.6 Let
f:R'">R, neN, feC*R"R),
and let Assumption 3.2 be fulfilled. Choose any r > 0 and let X, be any global

minimum point of f. Using

e The Wiener space (52, B(§2), W),
e Anye > 0 from Assumption 3.2,
e The integral equation

X(t,w) = xo—/ Vi X(t,w))dt+€ (B;(w)—Bp(w)), te€[0,00), weSNR
0

with unique solution X according to Theorem 3.3,
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e The stopping time

st 2 —R U {0},
inf{r = 0 |X(t.0)—x,, <7} if {t=0;[|X(t,0)—X,[l, <r} #0

w =

00 if {t =0 IX(t, 0)—x,ll, < r} =0
we obtain the following results:

1) W({w € £2; st(w) < oo}) = 1.
(ii) For the expectation of st holds

E(st) < oo.

Theorem 3.6 shows that almost all paths of the stochastic process {X};e[0.00)
generated by

X, () = Xo — / V(X (@)dT + € (B, (®) —Bo(w)), €[0,00), weR
0

approximate each global minimum point of f with arbitrary accuracy in finite time.

3.2 Concepts of Numerical Analysis

As pointed out above, the solution of

1

X (@) = Xo — / Vf(X:(@))dt + € (B; (&) — Bo(d))

0

can be interpreted as a path of a randomized curve of steepest descent, where the
curve of steepest descent in integral form is given by

t

x(t) = xo—/Vf(x(t))dt, t €0, 00).

0

The balance between steepest descent represented by

1

X — / V /(X (@))d

0
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and a purely random search using Gaussian distributed random variables
represented by

B; (@) — Bo(®)

is controlled by the parameter €.

The optimal choice of € > 0 (such that Assumption 3.2 is fulfilled) depends
on the scaling of the objective function and has to be guided by the following
considerations:

e If a long time is spent on the chosen path close to (local) minimum points of the
objective function, then local minimization dominates and € has to be increased.

e If minimum points of the objective function play no significant role along the
path, then purely random search dominates and € has to be decreased.

One can try to replace the parameter € with a function
€:[0,00) > R, ¢+ €(t)

such that

1. €(r) >0 forallz >0,
2. lim €(¢) =0,
—>00

hoping that the Lebesgue density function

exp (— —2{ g"))
[ exp (—@) dx
RH

will converge pointwise to the point measure on all global minimum points (cooling
strategy). But this strategy will only work if

A R" >R, x+—

* ¢€(0) > C, where C is a constant depending on f.
. tl_i)m e2(t)In(r) > 0.
o0

If one of these conditions is not fulfilled, we find only local minimum points in
general (as shown in [GemHwa860]).

Since almost all paths of the stochastic process {X;}/ec[0,00) are continuous but
nowhere differentiable, classical strategies of step size control in numerical analysis
are not applicable. Therefore, a step size control based on following principle is
used:

Using a computed approximation x,,,(f, @) of a path at 7, an approximation
X,,(f + h,®) is computed twice, in one step with step size 4 and in two steps
with step sizes ’% If both approximations are close enough to each other, the step is
accepted; otherwise, the approach must be repeated with % instead of &. This step
size control is based on the assumption that the exact solution is sufficiently close
to the computed approximations, if these approximations are close enough to each
other.
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3.3 A Semi-implicit Euler Method

In this section, we investigate a semi-implicit Euler method for the numerical
solution of

t

X (@) =% — / V(X (@))dt + € (B, (@) —Bo(d)), 1 €[0,00).
0

The implicit Euler method based on an approximation x,,(7, @) of X;(®) leads to a
system

Koo @+ 1,@) = Xy (1. @) = Y f (X, ([ + 1, D)) + € (Br1,(®) — Br(@))
or equivalently
X (T + 1, D) — X, (1, D) + IV f (X, (f + 1, D)) — € (Bry, (@) — By (@) = 0
of nonlinear equations in general. We consider the linearization of
F:R" > R", zt>z—x,»00)+hVf(z)—e®Bi,(®)—Bid)),
at x,,,(f, ®), which is given by
LF:R" - R",
2> hV f(x,,(f,®)) + (In + hV2 f(x,, (1, (T)))) (Z — X, (7, D))
—€ (Bi1; (@) — Bi(@)) .
Solving LF = 0 instead of F = 0 leads to

X + 1, D) = X, (1, D)

-1
(G VD) (TG0 - Braa@) - Bi(@)

for small enough & > 0 (at least such that (+I, + V? f(x,,(7,®))) is positive
definite).

Since (Biy, — By) is a N(0, 1) Gaussian distributed random variable, the
numerical evaluation of  (B;;(®) — B7(®)) can be done by algorithmic gener-
ation of n stochastically independent NV (0, 1) Gaussian distributed pseudorandom

numbers py,. .., p, € R. Hence, the vector + (B;;,(®) — B7(®)) can be realized by
P1
€ - - €
7 By (@) —Bi (@) = T

Pn
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Assume that we have computed x,,,(/, @) by a step with fixed step size /1 based on
the starting point xo € R” as described above:

D1
€

v

-1
o (. &) = X0 — (%I + vzf(xO)) V fixo) —

Pn

Prima facie, the choice of @ € 2 is left to the computer by computing
P1s-.., pn € R.Butlet us consider the set

2 :={w € 2; X)(w) = Xp(@)}.

Apparently, the vector x,,,(/, @) is not only an approximation of X;,(®) but also of
X () for all w € £2;. Consequently, the computation of py,..., p, € R does not
cause a determination of @ € §2 but only a reduction of 2 to £2;,.

Assume that we would like to compute x,,,(2%, @) by a step with fixed step size &
based on the point x,,,(/, ®). Therefore, we have to compute again n stochastically
independent A/ (0, 1) Gaussian distributed pseudorandom numbers ¢y, ...,q, € R
and

Xapp(zhv (D) = Xapp(hs (Z))

q1
€

-1
- (%In + sz(xapp(h,c?)))) V f (X (h. @) — 7

qn

Since the random variables (B,, —By,) and (B, —By) are stochastically independent,
itis allowed to compute gy, . . . , ¢, independentof pi, ..., p,. The vector x,,,(2h, @)
is a numerical approximation of Xy, () for all w € §2,, with

2o = {w € 2; Xp(w) = Xp(®) and Xy (w) = Xop(@)}.

Since the function
X;(®) : [0,00) —> R"

is continuous but nowhere differentiable for almost all ® € §2, classical strategies
of step size control in numerical analysis are not applicable. Therefore, we present
a step size control based on the principle introduced in the last section. Beginning
with a starting value #,,,, for & such that

( L+ V£, ca)))
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is positive definite, we compute

~ - hmax - hmax ~ z ~
i+ =) =% |1+ 70 = Xy (1, @)

-1 P1
1 - - €
_ (EI" + VZf(xapp(t, a)))) V(X (t, @) — - : ,
2 - Pn
~1 /7 h . 1 - h ~\ = - hmax
X (Z + max) T Xapp (Z + max % (U) =X t + 2
—1 q1
1 _ h _ h €
_ I vz ~ [ max V ~ [ max _ : ,
(Lo () (5=
2 2 \ g,
and
iz (t_ + hmax) := Xip (t_ + hmax? 03) = Xdpp(f’ (13)
: 4 Pt aq
- ( L vy <z‘>>) VS () — —— -]
max pn + qn

The vectors X' (f + h,,,.) and X* (f + h,,,.) represent two numerical approximations
_ ~ : : 3l (7 : Bmax

of X7y, (@). The approximation X' (7 + h,,) is computed by two =2* steps
based on x,,(f, @) and using the random numbers py, ..., p, for the first step and
q1,-..,q, for the second step.

The approximation X* (f + h.,,,,) is computed by one %, step based on X (F, D)
and using the random numbers py, ..., p, and qi, ..., q,. This is necessary because
we have to compute different approximations of the same path. Chosen any § > 0,

we accept X' (f + h,,,) as a numerical approximation of X7, By (@) 1f

" (7 + o) = X2 (F 4 how) |5 < 8.

Otherwise, we have to repeat the step size procedure with 7 = hLZ“X (Fig.3.4).
The following algorithm describes a semi-implicit Euler method for the compu-
tation of

Xo(@) 1 [0,00) > R", 1> X,(®).
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Fig. 3.4 Step size control

Step 0: (Initialization)
Choose xp € R" and €¢,6 > 0,
Choose maxit € N,
j =0,
goto step 1.

In step 0, the starting point Xy, the parameter € according to
assumption 3.2, the parameter § > 0 according to the step size
control, and the maximal number of iterations have to be

determined by the user.
Step 1: (Derivatives)
h:=1,

compute V f(x;), V2 f(x;),
goto step 2.

The initial value h,.,, of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)

Compute 2n stochastically independent A/(0, 1) Gaussian distributed
pseudorandom numbers py, ... py,q1,-..,qn € R,
goto step 3.

In this step, the choice of the path is determined successively

by the computer.

Step 3: (Cholesky Decomposition)
If (%In +V2f (xj)) € R™" is positive definite,
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then
compute L € R"" such that:
LLT = (+I, + V2f (x;)) (Cholesky),
goto step 4.

else

.y
he=1,

goto step 3.

Step 4: (Computation of x% 11 by one step with step size /)
Compute x? 41 by solving

P+ q

T2 _ € .

LL'XG,, = | Vf (%) - 75 : :

Pn + qn
Xi =X =X,
goto step 5.

x§+1 is computed by a step with starting point x; using the step

size h.
Step 5: (Cholesky Decomposition)

Compute L € R™" such that:
LLT = (7L + V2/ (x;)),
goto step 6.

The matrix (%Ll+-sz(xﬂ) is obviously positive definite.

Step 6: (Computation of x i )

Compute x i by solving

(S

Pn
Xp 1= X; — Xy,
2

goto step 7.
X is computed by a step with starting point Xx; using the step

: h
size 3.

Step 7: (Derivatives)
Compute V f(xy), sz(x%),
goto step 8.

Step 8: (Cholesky Decomposition)

If (31, + V2 (x4 )) € R* is positive definite,
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then
compute L € R"" such that:

LLT = (%In LV (X%)) (Cholesky),
goto step 9.
else
e
h:=3,
goto step 3.

Step 9: (Computation of x} 41 by two steps with step size %)
Compute x| | by solving
q1
LLx!,, = Vf(Xg)—\/Lg i
4n
Xj 4y = Xs —Xj 41>

goto step 10.

X}_H is computed by a step with starting point Xy using the step

. h
slze 7

Step 10: (Acceptance condition)
If ||X}+1 —X§+1||2 < 4,

then
Xj+1 = X}H,
print (j + 1.X; 41, f (Xj41)).
goto step 11.

else

o

h:=3,
goto step 3.

Step 11: (Termination condition)
If j + 1 < maxit,
then
Ji=J+1
goto step 1.
else
STOP.
The point
X, € {X0, X1, -+ » Xpaxit}
with the smallest function value is chosen as a starting point for a local minimization

procedure.
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Fig. 3.5 Path of the randomized curve of steepest descent and contour lines, Problem 1, € = 1,
1,500 points

Now, we apply this algorithm to eight global minimization problems. The first
problem serves as an example for the visualization of the numerical results.

Problem 1. n = 2 (Example 3.1)

globmin { f : R* > R, x > 6x] + 6x; — cos 12x; — cos 12x; + 2},
X

This problem has 25 isolated minimum points within the box [—1, 1] x [—1, 1] with
six different function values. Starting at (—1, 1) (very close to a local minimum
point with the largest function value), Figs. 3.5-3.7 show a typical behavior of a
path of the randomized curve of steepest descent (numerically approximated using
the semi-implicit Euler method) in combination with

e Contour lines of the objective function
* Graph of the objective function
e Graph of the appropriate Lebesgue density function

Figure 3.8 shows a path with an € too large.

This looks like purely random search using Gaussian distributed pseudorandom
vectors without minimization part.

Now, we consider an € too small (Figs. 3.9 and 3.10).

Figures 3.8, 3.9, and 3.10 show the importance of the possibility to match the
free parameter € to the global minimization problem.



43

25

, Problem 1,

101.

funct

bjective

steepest descent and o

d curve of

ty, Problem 1,

i

d curve of steepest descent and Lebesgue dens

3.3 A Semi-implicit Euler Method

“
i

s
g gttty
4 et tet

e e r e
o, ot tagteyte:
o, o eate g e
G itacegtegtess;

&

1Z€

gttt
e

&

Fig. 3.6 Path of the random
€ = 1, 1,500 points

1Z€

Fig. 3.7 Path of the random
ts

e = 1, 1,500 poin



44 3 Unconstrained Global Optimization

N

-3

Fig. 3.8 Path of the randomized curve of steepest descent and contour lines, Problem 1, € = 5,
1,500 points
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Fig. 3.9 Path of the randomized curve of steepest descent and contour lines, Problem 1, € = 0.3,
1,500 points
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Fig. 3.10 Path of the randomized curve of steepest descent and objective function, Problem 1,
€ = 0.3, 1,500 points

Problem 2. n = 90
90

fiRY SR x> 9.5x7 —cos(19x1) + 792 (3x; + sin’(x;-1))’
i=3

+ \/3 + 12x2 — 2 cos(12x2) — 12x3 cos(12x2) + 36x5 — sin®(12x,)

This objective function has 35 isolated minimum points with function values less
than 17. The unique global minimum point is given by x, = 0 with f(x,) = 0.

e=5 §6§=0.1.
Chosen number of iterations: maxit = 500.
X is chosen as a local minimum point with the largest function value.

x, denotes the computed starting point for local minimization.

Results: f(x,) = 0.1.

Number of gradient evaluations: 1,246.
Number of Hessian evaluations: 1,246.

Local minimization leads to the global minimum point.
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Problem 3. n = 100

97
FiRY SR x> 6xfy — cos(12x100) + 980 Y (x; — x7y,)’

i=1

+ 15x39 — 2.5cos(12x99) 4 18x%; — 3 cos(12x9g) + 6.5

This objective function has 125 isolated minimum points with function values less
than 21. The unique global minimum point is given by x,, = 0 with f(x,) = 0.

e=35 §=0.1
Chosen number of iterations: maxit = 3,000.
X is chosen as a local minimum point with the largest function value.

x, denotes the computed starting point for local minimization.
Results: f(x,) = 0.27.
Number of gradient evaluations: 6,160.

Number of Hessian evaluations: 6,160.

Local minimization leads to the global minimum point.

Now, we consider test problems from linear complementarity theory (see
[Cottle.etal92]), which plays a very important role in game theory (computation
of Nash equilibrium points (cf. [Owen68] and [Schifer08])), and free boundary
value problems (see [Crank84] and [Has.etal05]):

Given ¢ € R” and C € R"", find any x € R” such that:

(c+Cx)'x=0

x;i >0 i

|
—_
=

(LCP)
(c+Cx); >0 i=1,...,n.
Using

x for x>0

P :R—>R, ,
- XH%O for x <0

the first idea to solve (LCP) may consist in the investigation of unconstrained global
optimization problems of the following type:

globmin
X

Tx+xTCx+ (Z (P=x)* + D (P(—(e + m»“)} ,

i=1 i=1
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Fig. 3.11 Contour lines of f', LCP with two solutions, n = 2

where ;> 0. Unfortunately, the objective function

n

g:R" >R, xre'x+x Cx+p (Z (P(=x)* + ) (P(—(c+ Cx)i))4)

i=1 i=1
is not bounded from below in general. Therefore, we use the following objective
function (again with o > 0):
f:R" >R,

x> /14 (€Tx+XTCx) =1+ (Z (P(=x)*+) (P(—(c+0x),-))4) :
i=l1

i=1
with

e f(x)>0 forallx € R".
e x* solves (LCP) iff f(x*) = 0.

Example 3.7. We consider two examples with n = 2 visualized in Figs. 3.11-3.14:

The method of Best and Ritter [BesRit88] is chosen as a local minimization
procedure of the quadratic problem

locmin{ch+xTCx; x>0 i=1,...,n
X

(e+Cx); =0 i=1,....n}
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Fig. 3.12 Objective function f, LCP with two solutions, n = 2
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Fig. 3.13 Contour lines of f', LCP with no solution, n = 2
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4 4

Fig. 3.14 Objective function f, LCP with no solution, n = 2

The following numerical results can be found in [Schd95] (with . = 1,000).

Problem4. n = 30
x}, > 0is chosen randomly, k = 1,...,15.

X =0k=1,...15

C € R3*3% is computed by pseudorandom numbers.

e = —(Cx*)op, bk =1,...,15.

¢ox— is chosen randomly such that ¢ > —(Cx*)op—1, k = 1,...,15.

X is chosen far away from x*, f(xo) = 2.8 - 1017,

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.

Results: f(x,) = 20.7, f(x,) = 6.7-107°.

49
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Problem 5. n = 40

X}, > 0is chosen randomly, k = 1,...,20.

Xy, =0,k=1,...,20.

C € R*4 is computed by pseudorandom numbers.

e = —(Cx™ ),k =1,...,20.

¢ox— is chosen randomly such that ¢y > —(Cx*)or—1, k = 1,...,20.

X is chosen far away from x*, f(xo) = 2.6 - 10'°.

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.
Results: f(x,) = 31.6, f(x,) = 4.7-107>.
Problem 6. n = 50

;‘k > 0 is chosen randomly, k = 1, ..., 25.

X
X =0k =125

C € R is computed by pseudorandom numbers.
e = —(Cx*)x, k =1,...,25.

C2k—1 is chosen randomly such that ¢p5—; > —(Cx™)y—1, k = 1,...,25.

Xo is chosen far away from x*, f(xo) = 2.3-10'°.

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.
Results: f(x,) = 40.8, f(x,) = 8.9-107°.
Problem 7. n = 60

X}, > 0is chosen randomly, k = 1,...,30.

X5, =0,k=1,..30.

C € R%% js computed by pseudorandom numbers.
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Cyp = —(CX*)zk,k = 1,... ,30.

Cok—1 is chosen randomly such that ¢pp—; > —(Cx*)y—1, k = 1,...

X is chosen far away from x*, f(xo) = 3.8 -10'°.

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.
Results: f(x,) = 54.2, f(x,) =2.7-107°.
Problem 8. n =70

X}, > 0is chosen randomly, k = 1,...,35.
X =0.k=1.....35
C € R77% is computed by pseudorandom numbers.

Cyp = —(CX*)zk,k = 1,... ,35.

Cok—1 is chosen randomly such that ¢p;—; > —(Cx*)y—1, k = 1,...

Xo is chosen far away from x*, f(xo) = 4.0-10'°.

Chosen number of iterations: maxit = 1,000.
X, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.

Results: f(x,) = 66.4, f(x,) = 1.2-107°.

51

,30.

,35.

A collection of linear complementarity problems discussed in the literature is
published in the Handbook of Test Problems in Local and Global Optimization
([Flo.etal99], Chap. 10). The maximal dimension of these problems isn = 16.

It is important to see that the efficiency of the semi-implicit Euler method apparently
does not depend on the dimension of the problem. This is a very atypical property

of a global optimization procedure.

On the other hand, the proposed approach may not work for unconstrained
global minimization problems with a huge number of local minimum points as the

following example shows.



52 3 Unconstrained Global Optimization
Example 3.8. Considering

n
g R'">R, x> 2:(4x,-2 —cos(8x;) + 1),
i=1

Assumption 3.2 is fulfilled for all ¢ > 0 and we know that each function g, has
3" isolated minimum points and a unique global minimum point at x = 0 (cf.
Example 1.1).

The region of attraction to the unique global minimum point is approximately
given by [—0.4,0.4]".

Choosing € = +/2 and using the probability distribution given by the Lebesgue
density function

exp (—gn(x))

Ae T exp (—gn () dx°
R”

‘R" >R, X+

n

the probability for the region of attraction of the global minimum point is

[ exp(—g.(x)dx
0404y

Po = T exp (—ga (%)) dx
Ri’l

~ 0.8".

This probability decreases exponentially with the exponential growth of the number
of isolated local minimum points.

3.4 An Euler Method with Gradient Approximations

In this section, we investigate an Euler method for the numerical solution of

t

X (@) = X0 — / ViX(@))dt + € (B,(@) —Bo(?)), 1 €[0,00).
0

This Euler method is based on an approximation x,,,(f, @) of X7(®) and is given by
Xep(l + 1, &) =X, (1, &) = hV f(X,, (1, @) + € B74, (@) — B (@)
approximating the gradient by centered differences

Sx(.0)1+yX(1.0)2... X(0,0)n) = f(X(L.0)1 =y X(1.8)2.... X(£.D)n)
2y

Df(x(t,®)) =

2y

We arrive at the following algorithm, which uses only function values.
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Step 0: (Initialization)
Choose xp € R" and €,6,y > 0,
Choose maxit € N,
j =0,
goto step 1.

In step 0, the starting point Xy, the parameter € according to
Assumption 3.2, the parameter § > 0 according to the step size
control, the parameter y > 0 according to the approximation of the
gradient information, and the maximal number of iterations have

to be determined by the user.

Step 1: (Gradient Approximation)
h=1,
compute D f(x;)
goto step 2.

The initial value h,.,, of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)

Compute 2n stochastically independent A/(0, 1) Gaussian distributed
pseudorandom numbers pi, ... Pn,q1,.-.,qn € R,
goto step 3.

In this step, the choice of the path is determined successively
by the computer.

Step 3: (Computation of x? +1 by one step with step size /)
P1+qi
x§+1 =x; —hD f(x;) + e\/g
DPn t qn
goto step 4.

X§+1 is computed by a step with starting point X; using the step
size h.

Step 4: (Computation of X )
P1
X =X — D f(x)) —i—e\/z
5 i T2 J 2

Pn
goto step 5.
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X is computed by a step with starting point Xx; using the step

. h
slze 7

Step 5: (Gradient Approximation)
compute D f(x i )
goto step 6.

Step 6: (Computation of x} 41 by two steps with step size %)

q1
Xi4p = X — %Df(x%) +6\/§

qn
goto step 7.

X}_H is computed by a step with starting point Xy using the step

: h
size 3.

Step 7: (Acceptance condition)

If ||X}+1 —X§+1||2 < 4,
then
Xj+1 = X}H,
print (j + 1X; 41, f (X;41)),
goto step 8.
else
—
h:=3,
goto step 3.

Step 7: (Termination condition)
If j + 1 < maxit,
then
Ji=J+1
goto step 1.
else
STOP.

The point
X, € X0, X1, .+ + s Xonarit)

with the smallest function value is chosen as a starting point for a local minimization
procedure. The following numerical results are summarized in [Bar97].
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Problem 9. n = 80

79
iR 5 R, x> 24 12x2, — 2 cos(12xg) +720 Z(x,- —sin(cos(x;41)—1))%

i=1

This objective function has five isolated minimum points with function values less
than 16. The unique global minimum point is given by x,, = 0 with f(x,) = 0.

e=05 68=05y=10"°

Chosen number of iterations: maxit = 300.

xo = (10,...,10)7, f(xo) = 1.1-10%

X, denotes the computed starting point for local minimization.
Results: f(x,) = 3.8565, 122 — 0.024.

Number of function evaluations: 144,781.

Local minimization leads to the global minimum point.

Problem 10. n» = 70

70
fR?” SR, x+— IOOOZ(x,- —In(x2, +1)* =1+
i=2

+ \/3 + 19x7 — 2 cos(19x1) — 19x7 cos(19x;) + 90.25x] — sin?(19x;)

This objective function has 7 isolated minimum points with function values less than
12. The unique global minimum point is given by x, = 0 with f(x,) = 0.

e=35 68§=10, y=10"°

Chosen number of iterations: maxit = 1,000.

xo = (10,...,10)T, f(x0) =2 10°.

x, denotes the computed starting point for local minimization.
Results: f(x,) = 302.7, I2l2 — 0.00811.

Number of function evaluations: 422,681.

Local minimization leads to the global minimum point.
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