Chapter 2
Connectedness

Abstract A fundamental question about inverse limits with set-valued bonding
functions relates to the connectedness of the inverse limit. For inverse limits on
compact, connected factor spaces with bonding functions that are mappings, the
inverse limit is always connected. However, for inverse limits with set-valued
functions as bonding functions, the inverse limit is rarely connected. One might
suspect that this is due to the fact that the graph of an upper semicontinuous function
on a compact, connected space can fail to be connected, but the reasons go much
deeper. In this chapter we study connectedness of inverse limits on [0, 1] with set-
valued functions.

2.1 Introduction

All but one of the examples from Chap. 1 were not connected, and after examining
those examples, one might conjecture that if the graphs of the bonding functions
are connected, then the inverse limit is connected. This is not the case, and in
Example 2.1 of Sect.2.2, we provide the first of several examples of functions
having connected graphs and a nonconnected inverse limit. In fact, there are
examples of inverse limit sequences with only one bonding function such that the
inverse limit is totally disconnected even though the graph of the bonding function
is connected. Although their example is beyond the scope of this book, it has been
shown by Sina Greenwood and Judy Kennedy that there exists an inverse limit
on [0, 1] with a single surjective set-valued bonding function having a connected
graph such that the inverse limit is a Cantor set. They go on to show that in some
sense most inverse limits with upper semicontinuous bonding functions are not
connected. In this chapter we discuss connectedness of the inverse limit with upper
semicontinuous bonding functions. Much of our discussion relates, in one way or
another, the unsolved problem of characterizing connectedness of inverse limits with
upper semicontinuous bonding functions in terms of the bonding functions.
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14 2 Connectedness

One of the major problems in the theory of inverse limits with set-valued
functions is the question of under what conditions is the inverse limit connected (see
Problem 6.1 in Chap. 6). A word about a solution to the problem of characterizing
connectedness is in order. In the next section, we actually present a solution to
the problem. However, the solution is not very satisfying because it is not given
specifically in terms of the nature of the bonding functions. Ideally, a solution would
allow us to determine the connectedness of the inverse limit by an examination of
the bonding functions. From this perspective, the problem remains unsolved even in
the case that each factor space is the interval [0, 1].

2.2 A Characterization of Connectedness

We begin our discussion of connectedness with a theorem that characterizes this
property for inverse limits. Unfortunately, when the bonding functions are set-
valued, it is rarely easy to verify that the hypothesis of Theorem 2.1 is satisfied,
so the theorem is not very useful except under special circumstances. As with
many theorems in this book, the following theorem holds in a much more general
setting than we state. For a more general theorem, see [6, Theorem 116, p. 85]
where it is shown that the connectedness of the inverse limit follows from the
connectedness of the terms of the sequence G. Recall from Chap. 1 that, for a
sequence X of closed subsets of [0, 1] and a sequence f of upper semicontinuous
functions such that f; : X;4; — 2%i for each positive integer i, G, is defined to be
{x € Qlx; € fi(xi41) forl <i <nj}.

Theorem 2.1. Suppose X is a sequence of closed subsets of [0,1] and f is a
sequence of upper semicontinuous functions such that f; : Xiy1 — 2% for each
positive integer i. Then, 1(21 f is a continuum if and only if G, is connected for each
positive integer n.

Proof. Let M = 1(21 f . We showed in Theorem 1.5 that G, is compact for each

positive integer n and M = ﬂn>0 G,,. Thus, if G, is connected for each n € N,
then M is a continuum, being the intersection of a nested sequence of subcontinua
of Q.

On the other hand, if M is connected, then 7y,  ,+13(M) is connected
for each positive integer n because 7, ,+1} is a mapping. However, G, =
w2, a+13 (M) X ]_[i>n+l X;, a connected set because it is a product of two
connected sets. O

The proof of Theorem 2.1 makes use of the continuity of 74 where A € N
to conclude that the image of a connected set under w4 is connected. This leads
to our next theorem that was first observed by Van Nall in [10]. One can often
obtain information about inverse limits with mappings by examining composites
of the bonding maps, especially if the inverse limit in question is produced by a
single bonding map. As we shall see later, this is rarely the case when the bonding
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Fig. 2.1 Graph of the bonding function f (left) in Example 2.1 and f2 (right)

functions are set-valued. However, Theorem 2.2 provides one of the few cases in
the theory of inverse limits where composites provide some insight into the nature
of the inverse limit when the bonding functions are set-valued.

Theorem 2.2 (Nall). Suppose X is a sequence of closed subsets of [0, 1] and f is
a sequence of surjective set-valued functions such that f; : Xix1 — 2% is upper
semicontinuous for each positive integeri. If m and n are positive integers such that
m < n and G( f,, ) is not connected, then l(£1 [ is not connected.

Proof. 1f Linf is connected and m,n € N with m < n, then n{m,n}(l(il_n f)
is connected. However, by using Theorem 1.8, we see that rr{m,n}(l(igl f) =

(G(finn) ", 80 G(finn) is connected, a contradiction. O

One consequence of Theorem 2.2 is that if an inverse limit with surjective
bonding functions is connected, then each of the bonding functions (including
compositions) has a connected graph. In Example 1.8, we saw that an inverse limit
using nonsurjective bonding functions with graphs that are not connected can be
connected. Our first example of this chapter is a surjective upper semicontinuous
function having a connected graph and an inverse limit that is not connected. It was
first published in [5] but with a different proof that it is not connected.

Example 2.1. Let f : [0,1] — 2% be given by f(¢) = {0,¢} for0 <t < 1/4,
f(@t) =0forl/4 <t <3/4, f(t) ={3t—2,0}for3/4 <t < l,and f(1) = [0, 1].
Then, G( f) is connected, but 1(31 f is not connected. (See the graph on the left in
Fig.2.1 for G(f).)

Proof. It is not difficult to show that f2(t) = {¢,0}for0 <t < 1/4, f>(t) = 0
for 1/4 <t < 3/4, f2(3/4) = {1/4,0}, f*(t) = 0 for3/4 <t < 11/12, and
f2(t) = {9t —8,0} for 11/12 < ¢t < 1 (G(f?) are pictured on the right in Fig. 2.1).
Because (3/4, 1/4) is an isolated point of G( f?), it follows from Theorem 2.2 that
1(11_‘[1 f is not connected. O
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To conclude this section, we present a second simple theorem, this one
characterizing connectedness of an inverse limit on intervals with a single bonding
function. Nall included this theorem for inverse limits on Hausdorff continua in
[10, Theorem 3.3, p. 171]. The proof given here is based on his proof.

Theorem 2.3. Suppose f : [0, 1] — 20U is an upper semicontinuous function that
is surjective. Then, I(El f is connected if and only if 1(21 f~Vis connected.

Proof. Supposen € N. Observethath : @ — Q givenby h(x) = (Xy+1, Xn, - .., X1,
Xn42, Xut3,...) is a homeomorphism. Let g = f~'. If G, = {x € Q|x; €
fi(xigy) forl <i <n}and H, = {x € Q|x; € g(x;41) forl <i < n}, then
h(G,) = H,, and thus H, is connected if and only if G, is connected. The theorem
now follows from Theorem 2.1. |

In Theorem 2.10 below, we show that a theorem similar to Theorem 2.3 holds
if the constant sequence f is replaced by a sequence of mappings. It would be
interesting to know if the constant sequence in Theorem 2.3 can be replaced by a
sequence of surjective upper semicontinuous functions (see Problem 6.7).

2.3 A Basic Connectedness Theorem

Theorem 2.7 as stated below for sequences of upper semicontinuous functions on
subintervals of [0, 1] appeared in Mahavier’s original paper [7] on inverse limits with
subsets of [0, 1] x [0, 1]. It was generalized in [5] to inverse limits of sequences of
compact, connected Hausdorff spaces with upper semicontinuous bonding functions
and in [6] to consistent inverse limit systems on compact, connected Hausdorff
spaces with upper semicontinuous bonding functions over directed sets. Although
we state and prove it for inverse limits on subintervals of [0, 1], we give a different
proof of the theorem based on the following theorems not found in those references.

Suppose that each of X and Y is a continuum. A mapping f : X — Y is said
to be monotone provided f~!(y) is connected for each y € f(X). In the case that
f~!is a surjective mapping, Theorem 2.4 follows from the well-known theorem
that a surjective map of continua is monotone if and only if the preimage of each
subcontinuum of the range is a subcontinuum of the domain [9, Exercise 8.46, p.
137]. We present a proof of a slightly different theorem based on a direct use of
upper semicontinuity. Recall our notation that if f : X — 2¥ and 4 € X, by f(A)
wemean {y € Y |, there is a point x € A such that y € f(x)}.

Theorem 2.4. Suppose X is a continuum, Y is a compact metric space, and | :
X — C(Y) is an upper semicontinuous function. Then, f(X) is a continuum.

Proof. Because G(f) is compact and f(X) = p(G(f)) where p is the projection
of X x Y onto Y, f(X) is compact. If f(X) is not connected, then there are
two mutually exclusive compact sets H and K such that f(X) = H U K. The
normality of metric spaces provides two mutually exclusive open sets U and V
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suchthat H CU and K C V. If x € X, f(x) is connected so f(x) € H or
f(x) €S K. Let Xg ={x € X|f(x) € H}and Xx = {x € X| f(x) C K}.
Then, X = Xy U Xk, and no point of X belongs to both Xy and Xg. If 1 € Xy,
then f(z) € U. Because f is upper semicontinuous at z, there is an open set W
containing ¢ such that if s € W, then f(s) C U. Then, W C Xy, and it follows
that Xy is open. Therefore, Xg is closed. A similar argument yields that Xy is
closed. This involves a contradiction because the continuum X is not the union of
two mutually exclusive closed sets. O

Theorem 2.5. Suppose X is a continuum and Y is a compact metric space. If | :
X — C(Y) is upper semicontinuous, then G(f) is a continuum.

Proof. Let ¢ : X — X x Y be function given by ¢(x) = {x} x f(x); ¢ is upper
semicontinuous by Theorem 1.3. Then G(f) = ¢(X) and ¢(X) is a continuum by
Theorem 2.4. O

Next we extend our notion of the graph of an upper semicontinuous function
in the following way. Suppose {Xi, X2, ..., X,,+1} is a finite collection of metric
spaces and { f1, f2,..., fu} is a finite collection of functions such that f; : X; 4 —
2% for 1 < i < n. Define G'(fi, fon.... ) = {x € [['2] Xi|lx €

fi(xiy1) forl < i < n}. Note that if f : X — 2% is a function, G'(f) =
GUN' =G6(f.
Lemma 2.1. Suppose { X1, X2, ..., X,+1} is a finite collection of closed subsets of

[0, 1] and { f1, f2, ..., fu} is a finite collection of upper semicontinuous functions
such that f; : Xiy1 — 2% for 1 <i < n. Then, G'(f1, fa, ..., f,) is compact.

Proof. Fori > n +1,let X; = X4 and f; = Idy, . By Theorem 1.5, G, =
{x € [;=o Xi | xi € fi(xi+1)} is nonempty and compact. Because G'( fi, f>....,

f1) = w2, a+13(Gy), the conclusion follows. O
Lemma 2.2. Suppose {Xi,Xs,...,X,41} is a finite collection of continua,
{fi, for ..., fu} is a finite collection of upper semicontinuous functions such that
fiiXizn = 2% for2 <i <moand fi : Xo = C(X1). IfG'(fo, f3...., fu) is
connected, then G'( f1, fa, ..., fy) is a continuum.

Proof. Tn light of Lemma 2.1, we only need to show that G'(f1, f2,..., fu) is

connected. Let p denote the projection of ]_[I";Lz1 X; to its first factor space X».

Because p is a mapping, f; o p is upper semicontinuous. The function ¢ :
G'(fa. faoo o o) = G'(f1, fou..., fu) givenby ¥ (x) = fi(p(x))x{x}is upper
semicontinuous. It follows that G’(f, f2,..., fu) is connected by Theorem 2.4
being the image of G'( f2, f3, ..., f») under the upper semicontinuous function .

O

Theorem 2.6. Suppose {X1, X>,...,X,+1} is a finite collection of continua and
{fi, for ..., fu} is a finite collection of upper semicontinuous functions such that
fi : Xiv1 = C(X;) for 1 <i <n.Then, G'(fi, f-.., fn) is a continuum.
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Proof. 1f the finite collection of continua contains only one function fi, then
G'(f1) = (G(f1))”" is a continuum by Theorem 2.5.

Inductively, suppose k > 2 is an integer such that if {X|, X5,...,X;} is a
collection of k continua and {gi, g2,...,8k—1} is a collection of k& — 1 upper
semicontinuous functions such that g; : X;4; — C(X;) for1 < i < k —1,
then G'(g1, g2, ..., 8k—1) is a continuum. Let {X|, X5, ..., Xx+1} be a collection
of k + 1 continua and let { f1, f2, ... fi} be a collection of k upper semicontinuous
functions such that f; : X;1; — C(X;) for 1 < i < k. By the inductive
hypothesis, G'( f2, f5,..., fx) is a continuum. It follows from Lemma 2.2 that
G'(f1, fa, ..., fx) is a continuum. ]

We now prove the main theorem of this section.

Theorem 2.7. Suppose X is a sequence of subintervals of [0,1] and f is a
sequence of upper semicontinuous functions such that f; : X;41 — C(X;). Then,
l(inf is a continuum.

Proof. Suppose n € N and note that G, = G'(f1, fa,.... fu) X [l;2,41 Xi- By

Theorem 2.6, G'(f1, f>,..., fu) is a continuum, so G, is a continuum being the
product of two continua. That I(Ln f is a continuum now follows from Theorem 2.1.
O

A stronger statement than that of Theorem 2.7 is true. We leave its proof to the
interested reader. A proof in a very general setting may be found in [6, Theorem
125, p. 89].

Theorem 2.8. Suppose X is a sequence of subintervals of [0,1] and f is a
sequence of upper semicontinuous functions such that f; : X;11 — 2%. Suppose
further that for each positive integer i such that f; does not have connected values,
fi(Xi41) is connected and f;"'(x) is an interval for each x € f;(Xit1). Then,
lim f is a continuum.

<«

By way of contrast to Theorem 2.7, in Example 2.7 below we see that an inverse
limit can be connected even if most of the values of the bonding function are totally
disconnected. This is only one of many such examples to be found in this book.

2.4 Examples

We consider some examples having connected inverse limits in which the connect-
edness is a consequence of Theorem 2.7. However, in these examples, we show more
than that continua are produced in the inverse limit. We are able to say something
about the nature of the inverse limit; in fact, in some cases, we identify what the
inverse limit is and provide a model for it. Such is the case in our next example.

Example 2.2 (An arc). Let f :[0,1] — C([0, 1]) be given by f(r) = 0 for 0 <
t < 1and f(1) = [0,1]. Then 1(21 f is an arc (see the graph on the left side of
Fig.2.2 for G(f') and Fig. 2.3 for a model of the inverse limit).
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Fig. 2.2 Graphs of the bonding functions in Examples 2.2 (left) and 2.3 (right)

Fig. 2.3 A model of the arc A, A A,
that is the inverse limit in
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Proof. LetM = l(ln f . The connectedness of M follows from Theorem 2.7, but we
wish to conclude that the inverse limit is an arc. To that end, let ¢ = (0,0,0,...),
po=(1,1,1,...),and Ay = {x € M | x; = 1 fori > 1}. For each positive integer
n, let p, be the point whose first n coordinates are 0 and all remaining coordinates
are landlet A, = {x € M |x; = 0fori <nandx; = 1fori > n + 1}. Then,
foreachn > 0, A, is an arc and A, N A,4+1 = {pn+1}. It is not difficult to see that
M = (U,>¢A41) U {(0,0,0,...)}, and if x; € A; for each positive integer i, then
X1,X2,X3, . converges to ¢. It follows that M is an arc. O

If we move the vertical line to the left side of [0, 1]2 in Example 2.2, we get an
entirely different inverse limit.

Example 2.3 (An infinite-dimensional continuum). Let f : [0,1] — C([0, 1]) be
given by f(0) = [0,1] and f(#) = O for 0 < ¢t < 1. Then l(inf is an infinite-
dimensional continuum (see the graph on the right side of Fig. 2.2 for G( f)).

Proof. The inverse limit is a continuum by Theorem 2.7, and it contains a continuum
homeomorphic to Q, namely, ([0, 1] x {0})*°. O

Placing the vertical line at 1/2 yields yet a third continuum as we see in
Example 2.4.

Example 2.4 (A “comb”). Let f : [0,1] — C(]0, 1]) be given by f(t) = 0 for
t # 1/2 and f(1/2) = [0,1]. Then l(iilf is the union of a sequence of arcs
Ay, Ay, A3, ... and the point (0,0,0,...) such that, for each positive integer i,
A;+1 N A; is a single point that is an endpoint of A; and an interior point of A;
(see Fig. 2.4 for the graph of the bonding function and a model of the inverse limit).
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Fig. 2.4 The graph of the bonding function and a model of the inverse limit in Example 2.4

Proof. Let M = l(inf and, foreachi e N,let 4; = {x e M |x; € [0,1],x; =
1/2for j >i,andif i > 1,thenx; = Ofor j < i}. Foreachi € N, let p; be the
point of A; such that 7r; (p;) = 0 and ¢; be the point of A; such that 7;(g;) = 1.
Then A; is an arc with endpoints p; and ¢;. Letting z = (0,0,0,...), we have
1(i£1f ={z} U (U, 4n). Ifi € N, then A4; N A; 41 = {pi}. Let py denote the
point of M having every coordinate 1/2. Note that p; is an interior point of A;4;
for each nonnegative integer i. O

2.5 Topological Conjugacy

Placing the vertical line in Example 2.4 above any number other than 0 and 1 yields
a continuum homeomorphic to the continuum of Example 2.4. To show this, we
introduce the notion of topological conjugacy. Functions f : [0,1] — 2[%! and
g : [0, 1] = 2% are said to be topologically conjugate provided there is a surjective
homeomorphism % : [0, 1] —> [0, 1] such that fh = hg.

The following theorem may be found in [5, Theorem 5.3, p. 126] in a more
general setting.

Theorem 2.9. If f : [0,1] — 2 and g : [0, 1] — 2% are topologically conju-
gate upper semicontinuous functions, then l(ln f and l(in g are homeomorphic.

Proof. Let M = l(iilf and N = l(iglg. If h : [0,1] — [0,1] is a surjective
homeomorphism such that fh = hg, then H : N — M given by H(x) =
(h(x1),h(x2), h(x3),...) is a homeomorphism from N onto M. To see this, note
that the function H is continuous because it is coordinatewise continuous and it
is 1-1 because h is 1-1. That H(x) € M for each x € N is a consequence of

Jh = hg for h(x;) € h(g(xi+1)) = f(h(xi41)).
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Fig. 2.5 The graph of the i)
bonding function in
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If y € M,thenx = (™' (y1),h~"(32), A1 (33),...) is a point of Q such that
H(x) = y.That x € N may be seen as follows. Because f = hgh™'and y € M,
for each positive integer i, y; € hgh™'(y;+1). Therefore, h~'(y;) € g(h™ ' (yi+1)),
ie., x; € g(xiy1). O

Example2.5. If0 < ¢ < 1 and f : [0,1] — C([0, 1]) is the function given by
f(@) =0fort # c and f(c) = [0, 1], then 1(21 f is homeomorphic to the inverse
limit from Example 2.4.

Proof. Denote by g the function from Example 2.4. Using Theorem 2.9, it
can be seen that lim f is homeomorphic to l(ln g. Indeed, the piecewise linear
homeomorphism /# whose graph is the union of two straight line intervals, one
from (0, 0) to (1/2, ¢) and the other from (1/2,¢) to (1, 1), is a conjugacy because
fh=hg. O

For ¢ € [0, 1], let g. : [0, 1] — C([0, 1]) denote the function given by g.(¢) = 1
fort # ¢ and g.(c) = [0, 1]. Because the function f from Example 2.5 is conjugate
to the function g;—. under the homeomorphism 1 — /d, 1(&1 f is homeomorphic to
1(111 g1—.. For ¢ = 0, the function g, is conjugate under 1—/d to the bonding function
in Example 2.2 so l(ln g. 18 an arc; for ¢ = 1, the function g, is conjugate under
1 — Id to the bonding function in Example 2.3, so 1(&1 g. is infinite dimensional.

We end this section with an additional application of Theorem 2.9. Our proof
also uses Theorem 1.9.

Example 2.6 (An arc). Let f : [0,1] — C(]0, 1]) be given by f(0) = [0,1/2],

f(@) =1/2for0 <t < 1,and f(1) = [1/2,1] (see Fig.2.5 for the graph of f).
Then, 1(21 f is an arc.

Proof. Let fi = f1[0,1/2] and f, = f|[1/2,1]. Because G(f;) < G(f),
1(i£1f,- - l(iilf fori = 1,2. Suppose x € l(iglf and x # (1/2,1/2,1/2,...).
Let k be the least integer j such that x; # 1/2.If x; < 1/2, then x; = 0 for
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j = k,and,incase k > 1,x; = 1/2for j < k. If xx > 1/2, then x;, = 1
for j > k, and,incase k > 1, x; = 1/2for j < k. Thus, x € l(il_nfl when
X < 1/2and x € l(infz when x; > 1/2. Therefore,l(inf = l(infl U l(infz.
Let g : [0,1] — C(][0,1]) be the function given by g(t) = 0 for0 <t < 1
and g(1) = [0,1] (i.e., g is the function from Example 2.2 having an arc as its
inverse limit). Then f; and g are conjugate under the homeomorphism /; given
by hi(t) = 1/2—1t/2for 0 <t < 1, while f, and g are conjugate under the
homeomorphism %, given by h,(t) = 1/2 4+ t/2 for0 <t < 1. Thus, lim f is the
union of two arcs intersecting only at {(1/2,1/2,1/2,...)} and is therefore an arc.

O

2.6 Connectedness from Bonding Functions
Without Connected Values

An inverse limit with a single surjective bonding function can be connected even
if the function does not have all of its values connected. We shall see many such
examples in this book. Example 2.7 below is an interesting one. The inverse limit
is the cone over the Cantor set, often called the Cantor fan. There are a Cantor set
C lying in the inverse limit and a point v of the inverse limit such that the inverse
limit is the union of a collection of arcs each having v as one of its endpoints with its
other endpoint in C and such that the only point common to any two of the arcs is v.

Example 2.7 (The Cantor fan). Let f : [0, 1] — 2% be givenby f(¢) = {t,1—1¢}
for0 <t <1 (i.e., G(f) is the union of Id and 1 — Id). Then l(glf is the Cantor
fan with vertex v = (1/2,1/2,1/2,...). (See Fig.2.6.)

(0,1) (L,1)

(1/2,1/2)

(0,0) (1,0)

Fig. 2.6 The graph of the bonding function and a model of the inverse limit in Example 2.7
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Fig. 2.7 The graph of the bonding function and a model of the inverse limit in Example 2.8

Proof. There are four homeomorphisms whose unionis f. They are g; : [0, 1/2] —
[0,1/2] given by g1(t) = ¢, g» : [0,1/2] — [1/2,1] givenby g,(t) = 1—1¢, g3 :
[1/2,1] — [0,1/2] given by g3(t) = 1 —¢,and g4 : [1/2,1] — [1/2,1] given by
g4(t) = t. Apointx isin 1(21 f if and only if there is a sequence &, /i3, h3, ... such
that h; € {g1, g2, g3, g4} for each i and x; = h; (x;41) for each positive integer i.
Each such inverse limit is an arc havingv = (1/2,1/2,1/2,...) as one endpoint
and the other endpoint in the Cantor set {0, 1}°°. Moreover, if p € {0, 1}°°, there is
a sequence h such h; € {g1, g2, g3, g4} foreachi and p € l(il_nh. O

The connectedness of Example 2.7 is demonstrated here in an ad hoc manner,
although it is a consequence of a theorem that we prove later (see Theorem 2.11).
We now include some additional examples of inverse limits that are continua
even though in each case, the bonding function does not have all of its values
connected. The connectedness of each of the next two examples is also demonstrated
in an ad hoc manner. Unlike the previous example, however, we do not have
a subsequent theorem from which the connectedness follows (see Problem 6.5).
We make additional use of these examples later.

Example 2.8. Let f : [0,1] — 2[%1 be the function given by f(t) = 0 for 0 <
t <3/4, f(t) ={0,3t —2} for3/4 <t < 1,and f(1) = [0, 1]. Then l(inf is a
continuum. (See Fig. 2.7 for the graph of f and a model of its inverse limit.)

Proof. Let M = 1(21 f . Let g be the bonding function from Example 2.2, i.e.,
g :[0,1] - C([0,1]) is given by g(¢) = Ofor 0 < ¢ < 1 and g(1) = [0, 1], and
let A = l(il_ng. Then A is an arc and A € M because G(g) S G(f). Let py be the
point (1,1,1,...) and, for each positive integer j, let p; be the point of M whose
first j coordinates are 0 and all other coordinates are 1. Each point of the sequence
Po> P15 P2,... isapointof A. For j > 0,let D; = {x € M|1/4 < x;41 <
I, x¢k+1 = (xx +2)/3fork > j, and,if j > 0,x; = Ofor1 < k < j}. For each
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(1/4, 1/4)
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Fig. 2.8 The graph of the bonding function and a model of the inverse limit in Example 2.9

integer j > 0 and each integer i suchthati > j +2,let E;; = {x e M |1/4 <
Xjt1 < Lixggr = (xx +2)/3forj +1 <k <i,xx = 1fork > iand,if j >
0,xxy =0forl <k < j}.Foreachn >0, F, = D, U (., Exn) is afan with
vertex p,. Note that M = AU (|J,~o Fn), so M is connected. O

Example 2.9. Let f : [0,1] — 21 be the function given by f(t) = {0,¢} for
0<t<1/4, f(t) =0forl/4 <t < 1,and f(1) = [0,1]. Then,l(il_nf is a
continuum. (See Fig. 2.8 for the graph of f and a model of its inverse limit.)

Proof. Let M = 1(21 f . As in the previous example, let g be the bonding function
from Example 2.2, i.e., g : [0,1] — C(]0, 1]) is given by g(¢) = 0 for0 < ¢ < 1
and g(1) = [0,1], and let A = 1(il_ng. Then A is an arc and A C M because
G(g) € G(f). Leti and j be integers withi > 2and 0 < j < i — 1. Let
Cij={x e M|x; € [0,1/4,x, = x; for j < k <i,xx = 1fork > i,
and if j > 0,x, = O0forl <k < j}.Let B = {x € M |x; € [0,1/4] and
Xp+1 = Xi for each positive integer k} and, for each positive integer i, let B; =
{x e M |x;41 €[0,1/4] and x; = x; 41 fork > i+ 1and x; = 0fork <i}. Note
that F = Ui>0 B; is a fan with vertex (0, 0,0, .. .), its point of intersection with A.
Let po = (1,1,1,...) and, for each positive integer i, let p; be the point such that
the first i coordinates of p; are 0 and the remaining coordinates are 1. If i and j are
integers withi > 2and 0 < j <i — 1, then C; ; intersects A at the point p;. To see
that M is connected, one only need observe thatif x € M — (A U F), then x is in
C;; forsomei, j. O

We close this section with a simple theorem that is easy to prove. Except for
the case that some of the terms of the sequence of mappings in the hypothesis of
Theorem 2.10 are homeomorphisms, the bonding functions do not have all of their
values connected.

Theorem 2.10. If g is a sequence of surjective mappings of [0, 1] onto [0, 1] and
fi = gl-_lfor eachi € N, thenl(iilf is an arc.
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Proof. Because g; is surjective, f; : [0,1] — 21 is an upper semicontinuous
function for each i € N. Then, 2 : [0,1] — 1(111f given by h(t) =

(t,g1(2), g2(g1(2)), g3(g2(g1(2))), ...) is a homeomorphism of [0, 1] onto l(in f.
]

2.7 Union Theorems

One method of obtaining connected inverse limits with set-valued functions is to
use upper semicontinuous bonding functions having graphs that are set-theoretic
unions of the graphs of upper semicontinuous functions with connected values as
shown below in Theorem 2.11. Because mappings (continuous functions) on [0, 1]
have connected values, set-valued functions that are unions of mappings often (but
not always) produce connected inverse limits. That some restrictions along the lines
of those in Theorem 2.11 must be imposed can be seen from Example 1.2 where
the bonding function is the union of two constant maps and the inverse limit is a
Cantor set.

Our first theorem in this section is due to Nall [Theorem 3.1, 10], although we
have cast it in slightly different language from his original statement. Theorem 2.11
generalizes a theorem on unions of upper semicontinuous continuum-valued func-
tions published earlier [3, Theorem 2.12, p. 363] (at least in the metric setting), and
its hypothesis is perhaps somewhat easier to verify. After proving this theorem,
we provide examples that can be shown to be connected using it. Although Nall
proves this theorem for compact metric spaces, we state and prove it on [0, 1].
Recall that if {X;, X5,..., X,+1} is a finite collection of closed subsets of [0, 1]
and { fi, f>...., fn} is a finite collection of functions such that f; : X;; — 2% for
1<i<nandG'(fi. foo.... fo) ={x € [['2 Xi|xi € fi(xip1) for 1 <i <n}.

i=1
Theorem 2.11 (Nall). Suppose F is a collection of upper semi-continuous func-
tions such that if g € F, then g : [0,1] — C([0, 1]), and f is the function whose
graph is the set-theoretic union of all of the graphs of the functions in F. If f is
surjective and G( f) is a continuum, then l(in f is a continuum.

Proof. Because G( f) is a continuum, f is upper semicontinuous. By Theorem 2.1,
showing that G, = {x € Q|x; € f(x;41) for 1 <i < n} is connected for each
n € Nis sufficient to prove the theorem. To that end, we proceed by induction.

Note that G; = G(f ') x Q is connected, being the product of two connected
sets, so G is connected.

Suppose k is a positive integer such that Gy is connected. We adopt the following
notation. If j is a positive integer, let G = G'(fi, f2...., f;) where f; = f for
1 <i < j.Then, G, = pgis.. k+13(Gy) is connected. Suppose G, _ | is the union

of two closed sets H and K. Then, G(f~!) = p(G,,,) = p(H) U p(K) where

p : [0,1]¥F2 — [0, 1]? is the mapping given by p(x) = (x|, x2). Because G(f)
is connected, G(f~!) is connected, so there is a point (c,d) € p(H) N p(K).
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Fig. 2.9 The graph of (0,1)
bonding the function in ’
Example 2.10

(7/8,1/2)

(1/4,1/4)
(3/4,1/4)

(0,0) (1,0)

There are points x € H and y € K such that p(x) = (¢,d) = p(y). There is
a function g € F such that (d,c) € g. By Lemma 2.2, G'(g1, g2, ..., 8k+1) is a
connected subset of G, | where g = gand g; = f for2 <i < k + 1 and
contains both x and y. Thus, H N K # @, and it follows that G, 41 1s connected.
Because G+ = G,’H_l X Q, Gi+1 is connected. O

A major reason for at least some of the initial interest in inverse limits with upper
semicontinuous functions of the type satisfying the hypothesis of Theorem 2.11 is a
potential application to economics. Models in backward economics can involve two
mappings, and it is important to understand the potential outcomes of the models
no matter which of the mappings is used at each stage. Thus, we are led to consider
inverse limits with set-valued functions having graphs that are the union of two
mappings. However, this topic is of interest in its own right because of theorems
like Theorem 2.11. Indeed, most of the research on set-valued functions that are
unions of mappings has been concentrated on determining when the inverse limit
is a continuum, and this is the case for two maps with a coincidence point and
a surjective union. It would be of interest to conduct a study of inverse limits of
upper semicontinuous functions that are the union of two maps of [0, 1] that do not
have a coincidence point (see Problem 6.6) even though such inverse limits are not
connected.

Our next example demonstrates that we cannot weaken the hypothesis in
Theorem 2.11 that the elements of F have connected values to require simply that
the elements of F have connected inverse limits.

Example 2.10. Let fi : [0,1] — 2% be given by fi(t) = {0,¢} for0 <t < 1/4,
fit) =0for1/4 <t < 1,and fi(1) = [0,1]. Let g : [0,1] — [0, 1] be the
mapping givenby g(¢) = 1—t for0 <t <3/4,g(t) = 2t—-5/4for3/4 <t <7/8,
and g(t) = 4 —4¢for7/8 <t < 1. Let f be the upper semicontinuous function
whose graph is G(f1) U g. Then l(iLnfl and l(il_ng are connected, but l(lnf is not
connected. (See Fig. 2.9 for a graph of f.)
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(1,1/2)

Fig. 2.10 The graph of the bonding function and a model of the inverse limit in Example 2.11

Proof. Let M = l(in f . Because f] is the bonding function from Example 2.9, its
inverse limit is connected. Because g is a mapping, its inverse limit is connected.
Let N = {x € M|x; = x; = 1/4and x3 = 3/4} and note that N is closed.
However, because N = M N ((1/8,3/8) x (1/8,3/8)x (5/8,7/8) x Q), N is also
open in M. Thus, M is not connected. O

Example 2.11. Let g; : [0,1] — [0, 1] be the mapping given by g,(¢) = ¢ + 1/2
for0 <t <1/2and gi(t) =3/2—tfor1/2 <t < 1.Letg, :[0,1] — [0,1]
be the mapping given by g»(r) = 1/2 — ¢ for0 < ¢t < 1/2 and g,(¢t) = ¢ —
1/2for1/2 <t < 1.Let F = {g1, g} and f : [0,1] — 21 be the upper
semicontinuous function whose graph is the set-theoretic union of g; and g». Then,
lim f is a nonplanar continuum. (See Fig. 2.10 for the graph of f and a model of
the inverse limit.)

Proof. Let M = l(iglf. Because g; and g, are mappings, G(f) = g1 U &
is connected, and f is surjective; the proof that M is a continuum is a simple
application of Theorem 2.11.

To obtain a model for the inverse limit, we view it in a slightly different way.
There are two intervals J; = [0,1/2] and J, = [1/2, 1] and four mappings f; :
Ji > Ji, oS, > Ji, 30 Jo > Jo,and fy 0 J; —> Jp such that G(f) =
SfiU f2 U f3U fi. The continuum M contains two Cantor sets: C; containing all
the points p of M with all odd coordinates 1/2 and all even coordinates in {0, 1}
and C; containing all the points p of M with all even coordinates 1/2 and all odd
coordinates in {0, 1}. The continuum M consists of all arcs of the form lim g where,
foreachi € N, g; € { f1, /2, f3, fa} and the domain of g; is the range of g; 4. Each
such arc joins a point of C; with a point of C,, and furthermore, if p is point of C;
and ¢ is a point of C5, there is such an arc having endpoints p and ¢. Moreover, each
two such arcs that intersect do so at only one point belonging to C; U C,. The reader
should note that M contains numerous simple closed curves. Because each point
of Cy is a vertex of a Cantor fan over C, and each two such Cantor fans contain
mutually exclusive fans, M contains uncountably many mutually exclusive triods
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Fig. 2.11 The graph of the
bonding function in (0,1)
Example 2.12

(0,1/2) (1,172

(0,0)

and so is nonplanar [8, Theorem 84, p. 222] (a triod is a continuum that contains a
subcontinuum having a complement with at least three components).

The continuum can also be seen to be nonplanar because it contains a Kuratowski
complete bipartite graph K3 3 that consists of six vertices, three from C; and three
from C,, and edges joining each vertex of the three in C; with each vertex of the
three in C,.

To depict our model, choose two skew lines in three-dimensional Euclidean space
and embed C| in one of these lines and C; in the other. By joining each point of C;
with each point of C, by a straight line interval, we obtain a model of M . O

The inverse limit M in Example 2.11 is the well-known Hurewicz continuum
having the property that if C is a continuum, then there exist a subcontinuum H of
M and a monotone mapping of H onto C [2].

We end this section with one more example of an inverse limit that we show is
a continuum using Theorem 2.11. The function in this example does not satisfy the
hypothesis of Theorem 2.12 of [3].

Example 2.12. Let T denote the full tent map, 7(t) = 2¢ for 0 < ¢t < 1/2 and
T(t)=2—2tfor1/2 <t <1.Let f :[0,1] — 2! be the upper semicontinuous
function whose graph G(f) = T~ U ({0} x [0, 1/2]). Then 1(&1 f is a continuum.
(See Fig.2.11 for the graph of f and Fig. 2.12 for an indication of a model for the
inverse limit.)

Proof. Let g1 : [0,1] — [0,1] be given by g;(¢) = 1 —¢/2for0 < ¢ < 1 and
g2 1[0, 1] = C(]0, 1]) be given by g,(0) = [0,1/2] and go(¢) = ¢/2for0 <t < 1.
Because G(f) = G(g1) U G(g2) is connected, the proof that M = 1(i£1f is a
continuum is a simple application of Theorem 2.11.

We now construct a model for this inverse limit. Let ¢ : [0, 1] — [0, 1] be the
homeomorphism given by ¢(¢) = ¢/2 and denote by ¢ the mapping of M given by
o(x) = (¢(x1),x1,x2,...). Because ¢ is a homeomorphism and ¢ € G(f), ¢ is
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Fig. 2.12 A model of the inverse limit in Example 2.12

a homeomorphism of M into M. Let ¥ : [0,1] — [0, 1] be the homeomorphism
given by ¥ (¢) = 1 —1¢/2 and denote by 1} the homeomorphism of M into M given
by ¥(x) = (Y (x1), X1, X2, . ...).

Let A = l(iLnT_l. By Theorem 1.9, A is a subset of M because G(T ') C
G(f).By Theorem 2.10, A is an arc. The endpoints of 4 are py = (0,0,0,...) and
p1=(1,0,0,...).

Suppose x € M and x ¢ A. There is a positive integer n such that x,, € (0, 1/2]
andx; =0forj >n.Let M, ={x € M |x, €[0,1/2]and x; = O for j > n}. It
follows that M = A U ({UJ;. Mi).

As we proceed, we identify arcs and points that are shown in our model of M
depicted in Fig. 2.12. With that in mind, note that M is an arc with endpoints py and
qo = (1/2,0,0,0,...). Letting A;; = M, we see that M, = ¢(A11) U @(AM).
Let Ay; = ¢(A1)) and Ay, = @(AM). So, A, is an arc with endpoints py =
(0,0,0,...) and ¢1 = (1/4,1/2,0,0,...), while A,, is an arc with endpoints
p1 = (1,0,0,0,...)and ¢» = (3/4,1/2,0,0,0,.. .A). Further, M3 is the qnion of
four arcs Az = @(A21), Az2 = @(A22), A33 = Y (A21), and A3 4 = Y (A22).
Note that the endpoints of A3, are py and ¢q3 = (1/8,1/4,1/2,0,0,...); the
endpoints of A3, are p» = (1/2,1,0,0,0,...)and g4 = (3/8,3/4,1/2,0,0,...);
Aj 3 has endpoints py and g5 = (7/8,1/4,1/2,0,0,...); and A3 4 has endpoints
p2 and g6 = (5/8,3/4,1/2,0,0,...). Continuing inductively, we observe that,
for each positive integer n, M),y is the union of 2" arcs that are, respectively, the
images under ¢ of the arcs that comprise the components of M,, together with the
arcs that are the images under g@ of the arcs comprising the components of M,,. 0O

We revisit Example 2.12 in Chap. 4 (Example 4.3).
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2.8 Examples from Eight Similar Functions

In this section we consider inverse limits produced by eight similar graphs of upper
semicontinuous functions that one obtains by the following process: choose one
of the corners of [0, 1] x [0, 1] and take the union of the diagonal of the square
emanating from that point and either the horizontal or the vertical side of the
square that emanates from that point. Use that union as the graph of an upper
semicontinuous set-valued function. Let £ denote the collection of these eight
inverse limits. Due to the fact that these eight graphs consist of the graphs of four
topologically conjugate pairs of upper semicontinuous functions, we may examine
four such graphs and through Theorem 2.9 know all the elements of £. Interestingly
enough, £ contains four quite different continua even though the graphs that produce
them are very similar. We begin with perhaps the simplest of these examples by
choosing the graph that is the union of the diagonal and the horizontal side of the
square lying on the bottom of the square.

Example 2.13 (A simple fan). Let f :[0,1] — C([0, 1]) be given by f(¢) = {0,¢}
for0 <t < 1. Then, 1(21 f is a fan with vertex v = (0, 0,0, . ..). (See Fig.2.13 for
the graph of f and a model of its inverse limit.)

Proof. Let M = lim f. That M is a continuum is a consequence of Theorem 2.8
(or of Theorem 2.11 by observing that G( f') is a union of two mappings). Let Ay =
{x € M | x; = x| for each positive integer j}.If i e N,let 4; ={x e M |x; =0
for j < i and x; = x;4; for j > i 4 1}. Note that A; is an arc containing
v = (0,0,0,...) for each nonnegative integer i . Moreover, 1(21 f= Ukzo Ar. O

The function in Example 2.13 is conjugate to the function g : [0, 1] — 2!l given by
g(t) = {t,1} for 0 <t < 1 under the homeomorphism z = 1 — Id. Consequently,
l(il_n g is homeomorphic to the inverse limit from Example 2.13.

Example 2.14. Let f : [0,1] — C([0,1]) be given by f(z) =t for0 <t < 1
and f(1) = [0, 1]. Then the inverse limit is a fan with vertex v = (1,1,1,...).
(See Fig. 2.14 for the graph of f and a model of its inverse limit.)

(1.1)

Ay

Ay

(0,0) (1,0)

v

Fig. 2.13 The graph of the bonding function and a model of the inverse limit in Example 2.13
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(1.1)

(0,0) (1,0)

Fig. 2.14 The graph of the bonding function and a model of the inverse limit in Example 2.14

Proof. Let M = l(iilf andlet Ag = {x € M |x; = x; foreach j}. That M is a
continuum is a consequence of Theorem 2.7. Let i be a positive integer and let A; =
{x € M |x; = 1for j > i}. Note that A is an arc containingv = (1,1,1,...) for
each positive integer k. Moreover, l(in S = Uso 4k O

The function in Example 2.14 is conjugate to the function g : [0, 1] — C([0, 1])
given by g(0) = [0,1] and g(¢) = ¢ for 0 < ¢t < 1 under the homeomorphism
h = 1 — Id. Consequently, l(iglg is homeomorphic to the inverse limit from
Example 2.14.

Itis known thatif 0 < ¢ < 1and f, : [0, 1] — [0, 1] is the mapping whose graph
is the union of two straight line intervals one from (0, 0) to (¢, 1) and the other from
(c,1) to (1,0), then 1(21 fe is homeomorphic to the BJK horseshoe, 1(21 f.forc =
1/2 (i.e., f; is the full tent map). In Example 2.14, we examined the corresponding
set-valued function for ¢ = 1. Although we do not get a fan as an inverse limit
of the upper semicontinuous set-valued function for ¢ = 0, we next look at the
surprisingly complicated inverse limit for this function.

Example 2.15. Let f: [0, 1] — C(][0, 1)) be givenby f(0) = [0, 1]and f(¢) = 1—¢
for 0 < ¢t < 1. The complicated inverse limit lim f* is a nonplanar continuum
that contains numerous sin(1/x)-curves, two copies of the inverse limit from
Example 2.14 attached along the limit arc, and many mutually exclusive n-ods for
each positive integer n. (See Fig. 2.15 for the graph of f and Fig.2.16 for a model
of the inverse limit.)

Proof. Let M = 1(21 f; M is a continuum by Theorem 2.7. This continuum is
reasonably simple to describe, although it is rather complicated in its nature. Let
A ={x € M |xj41 = 1 —x; for each positive integer j }. For each positive integer
n,let B, = {x € M | x,4+1 = 0}. Then, A4 is an arc, and each B, is a product of an
arc with a Cantor set. Note that M = A U (| J,., B;). Denote by B, the collection
of arcs that are the components of B,,.

i>0
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Fig. 2.15 The graph of the
bonding function in
Example 2.15
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Fig. 2.16 A model of the inverse limit in Example 2.15

To obtain a model for M, we provide the following description of M that also
allows us to indicate the properties listed for it. There is a Cantor set C lying in
M that results from l(iilg where g(0) = {0,1} and g(1) = 0. Let Cy = {x €
Clx; =0},C = {x € C|x; = 1}. Then, C = Cy U C;. We partition Cy and
C in the following way. For each positive integer n, let p, be the point of {0, 1}"
such that 7, (p,) = 0 and 7 1(py) = 1 — m;(py) for 1 <i < n and ¢q, be the
point of {0, 1}" such that 7,(g,) = 1 and 7, 4+1(qn) = 1 — wi(qn) for 1 <i < n.
For each positive integer n, let D,, = {p,} x Cyp and E,, = {q,} x Cy. Observe that
Co = D1UD; and C; = E|. Foreach positive integer j, D2; = D3 +1UD;; 4> and
Esj 1 = Eyj UEyjyy. Thus,ifwelet p = (0,1,0,1,...)andg = (1,0,1,0,...),
then Co = D1 U D3 U DsU---U{p} where D, N D; = @ifi and j are odd,
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i # j.Also,C; = ExUE4UEgU---U{q} where E; N E; = @ifi and j are
even, i # j.Furthermore, D, D Dy D D¢ D ---, while E; D E3 D E5 D ---. If
n is an odd positive integer, each element of B, is an arc having one endpointin D,
and the other endpointin E, = E,+; U E,4,, while if n is even, then each element
of B, is an arc having one endpoint in £, and the other in D,, = D,y U D, 4».
Moreover,if n € Nand x € D, U E,, then x is an endpoint of some arc in B,.

Choose two skew lines in three-dimensional Euclidean space and embed Cy in
one of these lines and C| in the other; see Fig.2.16 where we have also shown the
partitions of Co = D;UD3;UDsU---U{p}and C; = E,UE,UE¢U---U{q}. From
each point of Dy, draw a straight line interval representing an arc in B; that joins it
to a point of £, from each point of E,, draw a straight line interval representing an
arc in 3, that joins it to a point of D, and continue this process. Finally, connect
the points representing p and ¢ with a straight line interval.

A double fan. The points p and ¢ are the endpoints of the arc A. For each n,
let A, denote the element of 3, having p or ¢ as one of its endpoints. One fan
is F = AU (J,;. A2i) with vertex ¢ and the other is A U (| ;. 42;—1) having
vertex p.

i>0 i>0
Triods and nonplanarity. Let v be a point of E5 and let @ be an arc in B5 from
v to a point of Ds. Because E5 C E3 C FEj, there are arcs 8 and y in B3 and B,
respectively, having v as an endpoint. Let 7, = o U § U y. Because D;, D3, and
Ds are pairwise mutually exclusive, T, is a triod. If v and w are two different points
of E5, T, N T,, = @. Because Ej5 is uncountable, M contains uncountably many
mutually exclusive triods, so M is a nonplanar continuum [8, Theorem 84, p. 222].

n-ods. To obtain a 4-od lying in M, start with a point x of E 3. Choose four arcs
containing x, one from each of B3, By, By, and B, respectively. The union of these
four arcs is a 4-od. In a similar manner, we can see that for each positive integer #,
there are n-ods in M for eachn € N.

A sin(1/x)-curve. There is an arc in B; from the point (0,0,0,...) of D; to
the point (1,0,0,...) of E;. In B,, there is an arc from the point (1,0,0,...) of
E| to the point (0,1,0,0,...) of D3. In Bs, there is an arc from (0,1,0,0,...)
to (1,0,1,0,0,...) of E3, and in By, there is an arc from (1,0,1,0,0,...) to
(0,1,0,1, 0,0, ...) of Ds. Continuing in this way, we obtain a sin(1/x)-curve
having limit bar the arc A from p to q. There are other sin(1/x)-curves in M.
For example, instead of starting from the point with all coordinates 0, start from the
point of D whose coordinates are 0 except for the 4 — 1 coordinates for j € N
where the coordinates are 1 and use a procedure similar to the one above. Here, the
first arc would be chosen in B to a point of E4, the second arc would be chosen
from B4 to a point of Ds, the third arc would be chosen from 55 to a point of Ejg,
and so on. This yields a sin(1/x)-curve whose intersection with the one above is the
limit bar, A. O

The function in Example 2.15 is conjugate to the function g : [0, 1] — C([0, 1])
givenby g(t) = 1 —¢ for0 <t < 1 and g(1) = [0, 1]. Consequently, l(iilg is
homeomorphic to the inverse limit from Example 2.15.
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Fig. 2.17 The graph of the ©,0)
bonding function in
Example 2.16
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Fig. 2.18 A model of the inverse limit in Example 2.16

Example 2.16. Let f :[0,1] — 2% be given by f(t) = {0,1 —¢} for0 <t < 1.
The inverse limit is an arcwise connected continuum that contains an arc A = lim g
where g = 1 — Id and a Cantor set C = {x € {0,1}°°| if x; = 1, then x;+; = O}.
Each point of C lies in an arc that intersects A. (See Fig.2.17 for the graph of f and
Fig.2.18 for a model of l(in f)

Proof. Because f~':[0,1] — C([0,1]), lim £ " is a continuum. By Theorem 2.3,
M = Linf is a continuum. -

Next, we show that if p € C, then there is an arc containing p that intersects
A. Let p be a point of C. For each positive integer i, let ; be an arc determined
in the following way: if p; = O, theno; = {x € M |x; = p;forl < j <
i and Xi+1 € [0, 1],Xi+2 =1- Xi+1,Xi+3 = xi+2,...}, while if pPi = 1, then
o ={xeM |)Cj = pj forl < j <iandx;4; = 0,x;42 € [0,1],x;43 =
1 — Xi42, Xi4+4 = Xi4+2,...}. Note that in the case that p; = 0, o; N ;4 is a single
point, while if p; = 1, ; = o;4+;. Because o intersects A at either (0, 1,0,...) or
(1,0,1,...), it follows that CI(|_J;., «;) is an arc containing p and intersecting A.
That the continuum M is arcwise connected now follows.

To describe a model for the inverse limit, we proceed somewhat informally.
Because any point of the inverse limit having a 1 as a coordinate must have a 0 in
its next coordinate, let S = {s | s is a finite sequence of Os and 1s such that the final
term of s is 0 and if a term of s is 1, then the next term of s is 0}. Then S is countable.
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By using the two symbols 0 and 10 and writing the terms of S as strings, we may
indicate an enumeration of S by {0, 10, 00, 010, 100, 1010, 000, 0010, 0100, 01010,
1000, 10010, 10100, 101010, ...}. Employing this enumeration of S, define a
sequence of arcs in the following way. Let

Al =A={x e M|x; €[0,1] and x;4+; = 1 — x; for each positive integeri}.

Using the first term of S to determine the first coordinate of all the points of an
arc, let

Ay ={x € M |x; =0,x; € [0,1] and x;41 = 1—x; for each positive integeri >
2},

Using the second term of S to determine the first two coordinates of all the points
of an arc, let

Ay ={x € M|x; = 1,x; =0,x3 € [0,1] and x;4; = 1 — x; for each positive
integeri > 3}.

Ifn

A%

1 and s" = s, 82, ..., 8k, is the nth term of S, let

Apyr = {x € M|x; = siforl <i < ky,x,+1 € [0,1], andx;j4; = 1 —
x; for each positive integeri > k, + 1}.

Thus,

Ay = {x € M|x; = 0,x, = 0,x3 € [0,1] and x; ;=1 — x; for each positive
integer i > 3}.

A5 = {x e M |)C1 = 0,)62 = 1,)C3 = O,)C4 € [0, 1] andxi+1:
1 — x; for each positive integer i > 4}.
A6 = {x e M |X1 = 1,)C2 = O,X3 = O,X4 € [O, 1] andxi_H =1- X;

for each positive integer i > 4}.
A; = {x (S M|x1 =1,x =0,x3 =1,x4 =0,x5 € [O, 1] andx,-+1 =1-
x; for each positive integer i > 5}

For this sequence of arcs, M = Cl(Ui>0 A;). Let F denote the fan of Example 2.13,
i.e., a fan with a sequence of arms of lengths decreasing to O emanating from its
vertex. At each end of the arc A, there is a copy of the fan F attached at its
vertex. At each endpoint of each copy of F', we see a copy of F again attached at its
vertex, and this continues on those copies of F', et cetera. The arc A; has endpoints
(0,1,0,1,...)and (1,0,1,0,...). The arcs A3, A7, A;s, ... comprise the arms of a
copy of F attached to A; at (1,0,1,0,...), and the arcs A;, As, Ay, ... comprise
the arms of a copy of F attached to A; at (0,1,0,1,...). The endpoints of A,
are (0,1,0,1,...)and (0,0,1,0,1,...), and the arcs A4, Ag, A17, ... comprise the
arms of a copy of F attached to A, at the point (0,0, 1,0, 1,...). The endpoints of
Asare (1,0,1,0,...)and (1,0,0,1,0,...), and the arcs Ag, Ay3, A7, ... comprise
the arms of a copy of F attached to A3 at (1,0,0,1,0,1,...). See Fig.2.18 for
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0,0) (b,0)

Fig. 2.19 The graph of the bonding function and a model of the inverse limit in Example 2.17

an indication of a model for M based on this informal partial description of M.
In the figure, the points shown are py = (1,0,0,0,...), p1 = (1,0,1,0,...),
p2 = (1,0,0,1,0,...), g0 = (0,0,0,...), ¢1 = (0,1,0,1,...), and g, =
(0,0,1,0,1,...). O

The function from Example 2.16 is conjugate to the function g : [0, 1] — 201
givenby g(t) = {1,1 —1t} for 0 <t < 1. Consequently, lim g is homeomorphic to
the inverse limit from Example 2.16. This completes our look at the collection £.

2.8.1 Four More Similar Graphs

We now consider what happens if we use only part of the horizontal or vertical
line in the construction of the eight functions. Here we only consider the four main
graphs and omit reference to the four conjugate graphs. We begin with the function
having a portion of the x-axis attached to the diagonal.

Example 2.17. Let b be anumber such that 0 < b < L andlet f : [0,1] — 2% be
givenby f(z) = {0,¢t}forO <t <band f(t) =tford <t < 1.Then,1(i1_nf isa
fan. (See Fig. 2.19 for the graph of f and a model of its inverse limit.)

Proof. Let M = l(iilf. Because £~ : [0,1] — C([0,1]), M is a continuum. Let
A={x € M|x €[0,1] and x; = x; for j > 1}. For each positive integer i, let
Ai={xeM |Xj =0forl <j <i,xj+1 € [O,b],andxj = x4 forj >i+1}.
Then M = A U ({J,., A4i). For the purpose of identification in the model, let
p =1(0,0,0,...),g =({,1,1,...), p1r = (0,b,b,b,...), po = (0,0,b,b,...),
and p3 = (0,0,0,b,b,...). O

Example 2.18. Let b be anumber suchthatQ) < b < landlet f : [0, 1] — C([0, 1])
be given by f(t) = ¢t for0 < ¢ < 1 and f(1) = [b, 1]. Then, l(iilf is a fan. (See
Fig. 2.20 for the graph of f and a model of its inverse limit.)
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0,0) P

Fig. 2.20 The graph of the bonding function and a model of the inverse limit in Example 2.18

(0.1)

(0,b)

1.0)

Fig. 2.21 The graph of the bonding function and a model of the inverse limit in Example 2.19

Proof. Let M = l(iilf. Because f : [0,1] — C([0,1]), M is a continuum. Let
A={x e M|x; €[0,1] and x; = x; for j > 1}. For each positive integer i,
let A; ={x e M|x  €[b,1],x; =xforl <j <i,andx; = 1forj > i}.
Then M = A U ({J;., A4i). For the purpose of identification in the model, let
p=1(000,...),g=~0,1,1,...),p1 = b, 1,1,1,...), pp = (b,b,1,1,...),
and p3 = (b,b,b,1,1,...). O

Example 2.19. Letb be anumbersuchthatO < b < landlet f : [0, 1] — C([0, 1])
be given by f(0) = [b,1] and f(t) =1 —1¢ for0 <t < 1. Then l(lnf is the union
of two fans that intersect in an arc. (See Fig.2.21 for the graph of f and a model of
its inverse limit.)

Proof. Let M = Linf Because f : [0,1] — C([0,1]), M is a continuum. Let
A={xeM|x €[0,1]and x;1; = 1 —x; for j > 1}.If i is a positive integer,
let Ayi—y ={x € M |x; € [b,1],x2 =0, andxj_H =1-x; for j # 2i — 1 and
j=>1tand Ay; = {x € M | x; € [b, 1], x2i 41 = Oandxj_H =1-x; for j # 2i
and j > 1}. Then M = AU(|J;., 4:). In the model, the point p = (0,1,0,1,...),
and the point ¢ = (1,0, 1,0,...). This inverse limit is homeomorphic to the union
of two copies of the inverse limit from Example 2.18 having the arc A in common.
In the model, the point p is (0,1,0,1,...)and ¢ = (1,0,1,0,...). O
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0.1

(b,0) 1,0 A

Fig. 2.22 The graph of the bonding function and a model of the inverse limit in Example 2.20

Example 2.20. Let b be a number such that 0 < b < 1 andlet f : [0, 1] — 21 be
givenby f(t) =1 —tfor0 <t <band f(t) ={0,1 —t} forb <t < 1. Then
1(111 f is the union of two fans. (See Fig.2.22 for the graph of f and a model of its
inverse limit.)

Proof. Let M = l(inf Because f~!:[0,1] — C([0,1]), M is a continuum. Let
A={xeM|x; €[0,1]and x; 4+ = 1 —x; for j > 1}. For each positive integer
i,let Ay = {x € M|x; = 0,x5; € [0,b], andif i # 2i,then x;1; = 1— x;
for j > 1}and A1 = {x € M |x; = 1,xp41 € [0,b], and if i # 2i + 1, then
Xj+1 = 1—x; for j > 1}. This inverse limit is homeomorphic to the union of two

copies of the inverse limit from Example 2.17 having the arc A in common. In the
model, the point p is (0,1,0,1,...),andg = (1,0, 1,0,...) (Fig.2.22). O

2.9 Additional Examples

We examine some additional examples in this section. Our first function yields a fan
as its inverse limit. In fact, the inverse limit in Example 2.21 is homeomorphic to
the inverse limit in Example 2.14.

Example 2.21. Let f :[0,1] - C(]0,1]) be given by f(t) =t for0 <t < 1/2,
f(/2) =1[1/2,1],and f(t) =1 —tforl/2 <t < 1. Then,l(iglf is a fan with
vertex v = (1/2,1/2,1/2,...). (See Fig.2.23 for the graph of f and a model of
its inverse limit.)

Proof. Let M = l(inf and let By = {x € M |x; € [0,1/2]and x; = x; for
Jj > 1}. Let i be a positive integer and let B; = {x € M |x; € [1/2,1]}. Note
that if x € B;, then x; = 1/2for j > i, and if i > 1, then x; € [0,1/2] for
Jj < i.Further,if i > 2 and x € B;, thenx; = 1 — x;—1 and x; = x; for
j <1i—1.There is a natural homeomorphism from [1/2, 1] onto B;, so B; is an arc
andv = (1/2,1/2,1/2,...) € B; foreachi > 0. Moreover, M = | J;., Bi.

We now show that M is homeomorphic to the inverse limit from Example 2.14.
Denote by N that inverse limit. Then N = J,., 4; where 4p = {x € N | x; € [0, 1]
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Fig. 2.23 The graph of the bonding function and a model of the inverse limit in Example 2.21

Fig. 2.24 The graph of the
bonding function in
Example 2.22

(0,1) 1/2,1) (1,1)

(0,0) (1/2,0) (1,0)

andx; = x; fori > 1}, while 4; = {x e N |x; € [0,1],x; = x;forl < j <1,
andx; = 1forj > i} fori > 1.If x € By, let h(x) = (2x1,2x1,2x1,...), and
fori > 1 and x € B;, let h(x) be the element of A; having ith coordinate 2x; — 1.
Then, & is a homeomorphism from Ui>0 B; onto Ui>0 A;, and we have that M is
homeomorphic to the inverse limit from Example 2.14. O

We describe two additional examples. These examples were worked out by
students in Mexico during the two-week short course on which much of the material
in this book is based. Both examples grew out of an assignment in which they were
to choose an embedding of a letter of the alphabet into [0, 1] so that it forms the
graph of an upper semicontinuous function and then determine its inverse limit (see
Problem 6.61). The inverse limit in Example 2.22 is a familiar dendroid.

Example 2.22 (A dendroid with a Cantor set of endpoints). Let f : [0,1] — 201
be given by f(¢z) = {0,1} fort # 1/2 and f(1/2) = [0, 1]. Then, l(Elf is a
dendroid having a Cantor set of endpoints. (See Fig.2.24 for the graph of f and
Fig.2.25 for a model of the inverse limit.)
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Fig. 2.25 A model of the inverse limit in Example 2.22

Proof. Let M = l(il_nf, a continuum because f ! : [0,1] — C([0,1]). Let 4; =
{x e M|x; =1/2fori > 1}, A ={x € M |x; = 1/2fori > 2and x; = 0},
and A3 = {x € M |x; = 1/2fori > 2 and x; = 1}. In general, suppose n € N.
There is a positive integer k such that the base 2 representation of n is axag—1 - - - ao
with gy = 1.Forn > 2,let A, = {x € M |xx4+, € [0,1],x; = 1/2fori >
k+1and x; = ax—; for1 <i <k}.Notethat A; N4, = {(0,1/2,1/2,1/2,...)}
and A, N A3 ={(1,1/2,1/2,1/2,...)}. In fact, letting p; = (1/2,1/2,1/2,...)
and, forn > 1, p, = (ax—1,a5-2,...,a0,1/2,1/2,...), then A1 N A, = {p2},
Ay N A; = {p3}, Ao N Ay = {p4}, etc. We see that p; is an endpoint of A; and
an interior point of A,. In general, A, is an arc with endpoints p,, and pz,+1; the
point p, is an interior point of 4,. Note that M = CI(|J;., 4;) (where CI denotes
the closure). |

Example 2.23. Let f : [0,1] — C][0, 1]) be given by f(0) = f(1) = [0, 1] and
f(t) ={1/2} fort ¢ {0, 1}. The inverse limit is a continuum that is the union of a
sequence By, Bj, By, ... of compacta such that B;+; N B; is a Cantor set, By is a
single point, and, for each positive integer i, B; is homeomorphic to a product of a
Cantor set and an arc (Figs.2.26 and 2.27).

Proof. Let M = l(in f, a continuum by Theorem 2.7. Let By = {(1/2,1/2,1/2,
b let By = {x € M|x; € [0,1]andx; € {0,1}for j > 1}, and, for each
integer i > 1,let B; = {x € M |x; = 1/2forj < i,x; € [0,1], andx; €
{0,1} for j > i}. Notethat B; N Bi;1 ={x € M |x; = 1/2forj <iandx; €
{0, 1} for j > i}. Note that M = |J,., B:. Because each arc component of
B4 intersects two arc components of ‘B; and both points of intersection are
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Fig. 2.26 The graph of the 0,1 (1D
bonding function in
Example 2.23
(1,1/2)
(0,1/2)
0,0) 1,0

Fig. 2.27 A model of
By U B, in Example 2.23, a ‘
set homeomorphic to

B; U B; for each positive I I
integer i I I | |

interior to its respective arc component of B;, M contains uncountably many triods.
Consequently, M is a nonplanar continuum, and a model for M is not so simple to
depict. In Fig. 2.27, we indicate a typical set B; U B;4+; fori > 1. O

There is a connection between Examples 2.23 and 2.22. The components of B; U
B, from Example 2.23 are homeomorphic to 4; U A, U A3 from Example 2.22
(there are uncountably many of these components in Example 2.23), whereas the
components of B; U B, U B3 are homeomorphicto A; U A, U--- A7 (see Fig. 2.25).

2.10 Nonconnected Inverse Limits

In [10, Example 3.4], Nall provides a simple example of a function with a
connected graph whose inverse limit is not connected. His proof involves the use
of Theorem 2.2. This is our next example.

Example 2.24 (Nall; An inverse that is not connected). Let f : [0,1] — 2% be
givenby f(t) =t/2for0 <t < 1/2and f(¢) = {¢/2,2t — 1} for1/2 <t < 1.
Then, G(f) is connected, but l(ln f is not connected. (See Fig.2.28 for the graphs

of f and f2)
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Fig. 2.28 Graphs of the functions f and f? in Example 2.24

Proof. The graph of f is easily seen to be connected. The graph of £ contains the
point (1, 0) as an isolated point. O

There exist functions for which it is quite difficult to use Theorem 2.2 to
determine that the inverse limit is not connected. Our next example provides a
sequence of such functions. In this sequence, as n increases, so does the difficulty
of making use of Theorem 2.2. Our proof is the same as the one provided in [4]. We
begin with a lemma.

Lemma 2.3. Suppose f : [0,1] — 20U is an upper semicontinuous function. If
k is a positive integer, then G(f*T1') = {(x,y) € [0,1)?| there exists a point
t €[0,1] suchthatx € f~'(t)andy € f*(1)}.

Proof. y € f**1(x) if and only if there is a point ¢ € [0, 1] such that t € f(x)
and y € f*(t) therefore, we have that y € f**!(x) if and only if there is a point
t €[0,1]suchthat x € f~'(¢)and y € f*(1). O

Example 2.25. Letn be an integer greater than 1. Let f;, : [0, 1] — 2[>! be given by
fut) =tfor0O<t <1/n, f,(t) ={t,2t—=2/n,t —1/n}forl/n <t <2/n,and
fa®) ={t,t —1/n}for2/n <t < 1. Then, for 1 <k < n, G(fF) is connected,
but G(f;) is not connected (Fig. 2.29).

Proof. Choose a positive integer n > 2. Observe that f, is the union of three
homeomorphisms:

g1 = Idpy,

g :[1/n,1] = [0,1-1/n] where g2(x) = x — 1/n,

g3 :[1/n,2/n] — [0,2/n] where g3(x) = 2x —2/n.
It is clear that G(f,;) is connected because G(g3) intersects both G(g;) and
G(g2). Note that the points (0,0) and (1/n,0) belong to G(f,), and the entire
graph of G( ;) lies in [0, 1-1/n]? except for two nonseparating half-open intervals
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Fig. 2.29 Graphs of the functions f5 and £ in Example 2.25

lying in the strip (1-1/n, 1] x [0, 1]. Thus, G( £, ][0, 1-1/n]) is connected. Clearly,
G(f,[0,2/n]) is connected, whereas f,([0,2/n]) = [0,2/n] and f, ([0, 1-1/n]) =
[0, 1-1/n].

Let ¢; : [0,1]> — [0, 1]? be given by ¢, (x, y) = (x,y), let ¢, : [0, 1-1/n]* —
[1/n,1]x[0, 1-1/n] be given by ¢»(x,y) = (x +1/n,y),and let g3 : [0,2/n]*> —
[1/n,2/n]x[0,2/n] be given by ¢3(x,y) = (x/2+1/n,y). Note that ¢, (x, y) =
(g7'(x), p) for (x,y) € [0,1]% ¢a(x,y) = (g5 ' (x),y) for (x,y) € [0, 1-1/n]?
and 3(x, y) = (g5 (x), y) for (x,y) € [0.2/n]*.

We now show that if 1 < k < n — 1, then G(f**!) = ¢(G(fF) U
2(G(fF[0,1-1/n]) U @3(G(£¥1[0,2/n]) — {(2/n,0)}). To see this first, let (x, y)
be a point of G(f**!). By Lemma 2.3, there is a point ¢ € [0, 1] such that
x € f7'(t)and y € fnk(t). There is an integer i, 1 < i < 3, such that
x = g '(t), and, for such an i, (x,y) = ¢;(t,y) with (t,y) € G(fF). If
i =1,(x,y) € p(G(fF). Ifi = 2,then 0 < ¢ < 1-1/n, so0 (x,y) €
(pz(G(fnk|[0, 1-1/n])). If i = 3 and (x,y) # (2/n,0), then t € [0,2/n] and
(x.¥) € p3(G(£f1[0.2/n]) = {(2/n,0)}). In case (x,y) = (2/n,0), (x,y) =
@2(1/n,0), so (x,y) € @2(G(f¥|[0,1-1/n])). On the other hand, if (x,y) €
01(G(£NUpaAG (1110, 1-1/n]) Ups(G(£,1[0,2/n])—{(2/n, 0)}), then for some
i,1<i <3andsomepoint? € [0,1], x € g7'(t),and y € f£*(¢). It follows from
Lemma 2.3 that (x, y) € G(f**1).

Next, we proceed inductively to show that G( fnk ) is a connected set containing
(0,0) and (m/n,0) for 1 < k < n—1and 1 < m < k. We have observed
this to be true for k = 1 because G( f,) is connected as are G( f,|[0, 1-1/n]) and
G(f1[0,2/n]) and (0,0) and (1/n, 0) are points of G(f,). |

Suppqse J 1is an integer, 1 f' j < n—1,such that G(f;/) is a connected set as
are G( £,/ [0, 1-1/n]) and G( £,/ |[0,2/n]—{(2/n,0)}) (we only need to remove the
point (2/n,0) when j > 1 because, of course, this point is not in G( f,,)). Suppose
also that (0,0) and (m/n,0) are in G(f;/) for 1 < m < j. Then, ¢i(G(f}))
is connected as are ¢,(G(f;|[0,1-1/n])) and (pg(G(fn [[0,2/n] — {(2/n,0)}).



44 2 Connectedness

Fig. 2.30 The graph of the (0,1) (1,1)
bonding function in ’
Example 2.26
(1/4,1/4)
(3/4,1/4)
(0,0) (1,0)

The point (1/n,0) belongs to all three of these sets because ¢;(1/n,0) = (1/n,0)
and (1/n,0) € G(f), whereas ¢,(0,0) = ¢3(0,0) = (1/n,0) and (0,0) belongs
to both G(f£;/[[0,1-1/n]) and G(f;|[0,2/n]). Thus, G(f;/ ") is connected and
contains (0,0) because ¢;(0,0) = (0,0). Further, the entire graph of f,’ +
lies in [0, 1-1/n]* except for j + 2 nonseparating half-open intervals lying in
the strip (1-1/n,1] x [0, 1] (the extra one that is not part of the graph of f,/
comes from ¢o(G( /[0, 1-1/n]))), so G(f;/ ([0, 1-1/n]) is connected. Finally,
G(f/H'l[O, 2/n]) — {(2/n,0)} is connected. To see this, observe that the portion
of G(f,/ ) mapped into [0, 2/n]? by ¢, is the union of the straight line interval from
(0,0) to (1/n,1/n) and the single point (1/n,0). Thus, ¢2(G( £} |[0,1-1/n])) N
[0,2/n]* is the union of the straight line interval from (1/n,0) to (2/n,1/n)
and the point (2/n,0). It follows that G(f,fJrl [[0,2/n]) — {(2/n,0)} is connected
being the union of three connected sets @1 (G( £,/ |[0,2/n])—{(2/n, 0)}, the straight
line interval from (1/n,0) to (2/n,1/n), and @3(G(f/1[0.2/n] — {(2/n,0)}),
all containing (1/n,0). Because (m/n,0) is in G(f,/) for 1 < m < j and
0:(i/n,0) = ((i +1)/n,0) foreachi, 1 < i < j, (m/n.0) € G(f/™") for
I1<m<j+1.

Therefore, we have that G( £) is connected for 1 <k <n—1and (1-1/n,0) €
G(f"1). It now follows that ¢2(1-1/n,0) = (1,0) is in G(f"). However, (1,0)
is an isolated point of G( /). To see this, observe that f,"(1) is a discrete set with
minimum 0 and f,"(0) is a discrete set with maximum 1. Because G( f,") has an
isolated point, it is not connected. O

One cannot always rely on Theorem 2.2 to detect that an inverse limit is not
connected. The following example due to Jonathan Meddaugh demonstrates this.
Example 2.26 is a modification of [5, Example 1, p. 266].

Example 2.26 (Meddaugh). Let f : [0,1] — 2I%1 be given by £(0) = [0, 1],
f(@) ={t,0}for0 <t <1/4, f(t) =0for1/4 <t < 3/4, f(¢t) = {3t —2,0} for
3/4 <t < 1,and f(1) = [0, 1]. Then G(f) is connected and G(f") = [0, 1]> for
n > 1, but 1(21 f is not connected. (See Fig. 2.30 for the graph of f.)
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Fig. 2.31 The graph of the
bonding function in
Example 2.27

(1,1)

(3/4,3/4)

(1,1/2)

(1/4,1/4)

(1/2,0)

(0,0) 0,1)

Proof. Tt is clear that G(f) is connected and G(f") = [0,1]*> for n > 1. Let
M = l(iilf.The set N = {x € M|x; = x, = 1/4, and x3 = 3/4} is both
open and closed in M because N is closed and N = ((1/8,3/8) x (1/8,3/8) x
(5/8,7/8) x Q) N M. Thus, M is not connected. O

A second example of an inverse limit that is not connected but the graphs of
all composites of the bonding functions are connected is an example in a recent
paper by Greenwood and Kennedy in which they showed that the inverse limit is
not connected [1, Example 1.4, p. 58].

Example 2.27. Let f : [0,1] — 2% be given by f(t) = {0,1} for0 <t < 1/4,
f(@) =0forl/4 <t < 1/2, f(t) = {t —1/2,0}for 1/2 <t < 3/4, f(t) =
{t,t —1/2,0} for3/4 <t < 1,and f(1) = [0, 1]. Then, G(f) is connected and
f" = f foreachn € N, but 1(21 f 1is not connected. (See Fig.2.31 for the graph
of f.)

Proof. Itis clear that G( f) is connected. It is not difficult to show that 2 = £, and
therefore, /" = f foreachn € N.Let M = l(inf andlet N = {x e M |x; =
xy = 1/4and x3 = x4 = 3/4}; N is a closed subset of M. Let U be the basic
open set (1/8,3/8) x (1/8,3/8) x (5/8,7/8) x (5/8,7/8) x Q. Note that N C
UNM.Toseethat N = U N M, suppose x € U N M. Because x; € (1/8,3/8)
and x; € (1/8,3/8), we observe that x, € (1/8,1/4]. From x, € (1/8,1/4] and
x3 € (5/8,7/8), it follows that x3 € (5/8, 3/4]. However, with x3 € (5/8,3/4] and
x4 € (5/8,7/8), it follows that x4 = 3/4. Because x4 = 3/4 and x5 € (5/8,7/8),
x3 =3/4;x3 =3/4and x, € (1/8,3/8) yields x, = 1/4. Because x, = 1/4 and
x1 €(1/8,3/8),x; = 1/4. Thus, x € N N M. Because M contains a closed set N
that is open in M, M is not connected. O
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