
Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Brief Historical Perspective . . . . . . . . . . . . . . . . . . . . . 1
1.2 Basic Phenomena of a Falling Film . . . . . . . . . . . . . . . . . 2

1.2.1 Surface Wave Instability . . . . . . . . . . . . . . . . . . . 2
1.2.2 Flow Evolution Features . . . . . . . . . . . . . . . . . . . 6
1.2.3 Marangoni Effect . . . . . . . . . . . . . . . . . . . . . . 9
1.2.4 Inhomogeneous Heating . . . . . . . . . . . . . . . . . . . 12

1.3 Mathematical Modeling and Methodologies . . . . . . . . . . . . 14
1.4 Structure and Contents of the Monograph . . . . . . . . . . . . . . 16

2 Flow and Heat Transfer: Formulation . . . . . . . . . . . . . . . . . 21
2.1 Governing Equations and Boundary Conditions . . . . . . . . . . 21
2.2 Dimensionless Equations, Scalings and Parameters . . . . . . . . . 28
2.3 On the Development of the Nusselt Flat Film Solution . . . . . . . 35
2.4 On the Two Wall Thermal Boundary Conditions: Retrieving ST

from HF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.5 Role of the Biot Number . . . . . . . . . . . . . . . . . . . . . . . 36

3 Primary Instability . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.1 Linearized Equations for the Disturbances . . . . . . . . . . . . . 39
3.2 The Orr–Sommerfeld Eigenvalue Problem . . . . . . . . . . . . . 41
3.3 Oscillatory Versus Stationary (or Monotonic) Instabilities . . . . . 43
3.4 Transverse Perturbations: kx = 0, kz = k . . . . . . . . . . . . . . 44

3.4.1 Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . 44
3.4.2 Neutral Stability Condition . . . . . . . . . . . . . . . . . 45
3.4.3 Critical Condition and Long-Wave Expansion . . . . . . . 47

3.5 Streamwise Perturbations: kx = k, kz = 0 . . . . . . . . . . . . . . 49
3.5.1 Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . 49
3.5.2 Neutral Stability Condition . . . . . . . . . . . . . . . . . 50
3.5.3 Long-Wave Expansion . . . . . . . . . . . . . . . . . . . . 51
3.5.4 Critical Condition . . . . . . . . . . . . . . . . . . . . . . 54

xi



xii Contents

3.5.5 Higher Order in the Long-Wave Expansion of the
Dispersion Relation . . . . . . . . . . . . . . . . . . . . . 55

3.6 Mechanism of the Hydrodynamic Instability . . . . . . . . . . . . 57
3.6.1 Energy Balance of the Perturbation . . . . . . . . . . . . . 58
3.6.2 Vorticity Balance at the Perturbed Interface . . . . . . . . . 62
3.6.3 Summary of the Key Factors for the Hydrodynamic

Instability . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4 Boundary Layer Approximation . . . . . . . . . . . . . . . . . . . . 65
4.1 Three-Dimensional Boundary Layer Equations . . . . . . . . . . . 65
4.2 Two-Dimensional Boundary Layer Equations . . . . . . . . . . . . 70
4.3 On the Significance of the Second-Order Contributions . . . . . . 71
4.4 Strong Surface Tension Limit . . . . . . . . . . . . . . . . . . . . 73
4.5 Dissipation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.6 Shkadov Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.7 Use of the Shkadov Scaling to Analyze the Balance of Different

Forces on a Solitary Pulse . . . . . . . . . . . . . . . . . . . . . . 77
4.7.1 (i) Large-Amplitude Waves . . . . . . . . . . . . . . . . . 77
4.7.2 (ii) Small-Amplitude Waves . . . . . . . . . . . . . . . . . 81
4.7.3 Behavior of the Eigenvalues of the Flat Film Solution of a

Linearized Averaged Model . . . . . . . . . . . . . . . . . 82
4.8 Cross-stream Inertia . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.8.1 On the Order of Magnitude of Cross-stream Inertia . . . . . 84
4.8.2 On the Region of Validity of the Boundary Layer

Approximation . . . . . . . . . . . . . . . . . . . . . . . . 85
4.9 Reduction of the Boundary Layer Equations . . . . . . . . . . . . 88

4.9.1 Drag-Gravity and Drag-Inertia Regimes . . . . . . . . . . 89
4.9.2 Hierarchy of Models . . . . . . . . . . . . . . . . . . . . . 90

4.10 Scalings: Three Sets of Parameters . . . . . . . . . . . . . . . . . 92

5 Methodologies for Low-Reynolds Number Flows . . . . . . . . . . . 95
5.1 Long-Wave Theory . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.1.1 The Evolution Equation for the Film Thickness . . . . . . . 100
5.1.2 Higher-Order Terms in the Gradient Expansion . . . . . . . 102
5.1.3 Primary Instability for the First-Order BE . . . . . . . . . . 104
5.1.4 On the Relative Order Between the Wavenumber of

Interfacial Disturbances and the Gradient Expansion
Parameter . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.1.5 Comparison with Orr–Sommerfeld . . . . . . . . . . . . . 107
5.2 Weakly Nonlinear Models . . . . . . . . . . . . . . . . . . . . . . 109

5.2.1 Models in Two Dimensions . . . . . . . . . . . . . . . . . 109
5.2.2 Models in Three Dimensions . . . . . . . . . . . . . . . . 118

5.3 Traveling Waves . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
5.3.1 Closed and Open Flow Conditions . . . . . . . . . . . . . 122
5.3.2 Traveling Wave Solutions in the Drag-Gravity Regime . . . 127

5.4 Validity Domain of the BE . . . . . . . . . . . . . . . . . . . . . . 130



Contents xiii

5.4.1 Blow up Versus Wavenumber . . . . . . . . . . . . . . . . 131
5.5 Parametric Study for Closed and Open Flows . . . . . . . . . . . . 134

5.5.1 The BE with the Shkadov Scaling . . . . . . . . . . . . . . 134
5.5.2 Isothermal Vertical Films: Closed and Open Flows . . . . . 135
5.5.3 Influence of Inclination . . . . . . . . . . . . . . . . . . . 137
5.5.4 Influence of the Marangoni Effect in the Small Biot

Number Limit: B � 1 . . . . . . . . . . . . . . . . . . . . 138
5.5.5 Subcritical Behavior of the BE . . . . . . . . . . . . . . . 139
5.5.6 Concluding Remarks on the Validity Domain of the BE . . 140

5.6 Regularization with Padé Approximants . . . . . . . . . . . . . . 141
5.7 Generalization of the Single-Equation Model Obtained with

Regularization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6 Modeling Methodologies for Moderate Reynolds Number Flows . . . 145
6.1 Background and Motivation . . . . . . . . . . . . . . . . . . . . . 146
6.2 Averaged Two-Equation Models . . . . . . . . . . . . . . . . . . . 149

6.2.1 Kapitza–Shkadov Model . . . . . . . . . . . . . . . . . . 149
6.2.2 Higher-Level Models Based on the Self-similar Closure . . 153

6.3 Center Manifold Analysis . . . . . . . . . . . . . . . . . . . . . . 154
6.4 Relaxing the Self-similar Assumption . . . . . . . . . . . . . . . . 159
6.5 Method of Weighted Residuals . . . . . . . . . . . . . . . . . . . 162
6.6 First-Order Formulation . . . . . . . . . . . . . . . . . . . . . . . 164
6.7 Comparison of Weighted Residuals Methods . . . . . . . . . . . . 169

6.7.1 Method of Subdomains . . . . . . . . . . . . . . . . . . . 169
6.7.2 Collocation Method . . . . . . . . . . . . . . . . . . . . . 170
6.7.3 Integral-Collocation Method . . . . . . . . . . . . . . . . 170
6.7.4 Method of Moments . . . . . . . . . . . . . . . . . . . . . 171
6.7.5 Galerkin Method . . . . . . . . . . . . . . . . . . . . . . . 172
6.7.6 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

6.8 Second-Order Formulation . . . . . . . . . . . . . . . . . . . . . 173
6.8.1 Full Second-Order Model . . . . . . . . . . . . . . . . . . 174
6.8.2 Simplified Second-Order Model . . . . . . . . . . . . . . . 179

6.9 Reduction of the Full Second-Order Model . . . . . . . . . . . . . 180
6.9.1 Elimination of s1 and s2 . . . . . . . . . . . . . . . . . . . 181
6.9.2 Padé-Like Regularization . . . . . . . . . . . . . . . . . . 188

6.10 Contrasting the Center Manifold Analysis and the Method of
Weighted Residuals . . . . . . . . . . . . . . . . . . . . . . . . . 192

7 Isothermal Case: Two-Dimensional Flow . . . . . . . . . . . . . . . . 193
7.1 Linear Stability Analysis . . . . . . . . . . . . . . . . . . . . . . 195

7.1.1 Dispersion Relations and Neutral Stability . . . . . . . . . 195
7.1.2 Absolute and Convective Instabilities . . . . . . . . . . . . 199
7.1.3 Wave Hierarchy . . . . . . . . . . . . . . . . . . . . . . . 205

7.2 Traveling Waves . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
7.2.1 Dynamical Systems Approach . . . . . . . . . . . . . . . . 215
7.2.2 Solitary Wave Characteristics for δ � 1 and δ � 1 . . . . . 246



xiv Contents

7.2.3 Closed Flow Conditions . . . . . . . . . . . . . . . . . . . 256
7.2.4 Open Flow Conditions . . . . . . . . . . . . . . . . . . . . 261

7.3 Spatio-temporal Evolution of Two-Dimensional Waves . . . . . . . 265
7.3.1 Periodic Forcing . . . . . . . . . . . . . . . . . . . . . . . 265
7.3.2 Noise-Driven Flows . . . . . . . . . . . . . . . . . . . . . 271

8 Isothermal Case: Three-Dimensional Flow . . . . . . . . . . . . . . . 277
8.1 Phenomena . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278
8.2 Modeling of Three-Dimensional Film Flows . . . . . . . . . . . . 281
8.3 Floquet Analysis: Three-Dimensional Stability of γ1 Waves . . . . 285
8.4 Simulations of Three-Dimensional Flows . . . . . . . . . . . . . . 292

8.4.1 Three-Dimensional Modulations of γ1 Waves . . . . . . . 294
8.4.2 Three-Dimensional Modulations of γ2 Waves . . . . . . . 301
8.4.3 Three-Dimensional Natural (Noise-Driven) Waves . . . . . 305

9 Nonisothermal Case: Two- and Three-Dimensional Flow . . . . . . . 309
9.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309
9.2 Formulation at First Order . . . . . . . . . . . . . . . . . . . . . . 311
9.3 Formulation at Second Order . . . . . . . . . . . . . . . . . . . . 316
9.4 Reduced Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 320

9.4.1 Gradient Expansion . . . . . . . . . . . . . . . . . . . . . 320
9.4.2 Reduction of the Full Second-Order Model . . . . . . . . . 322
9.4.3 Padé-Like Regularization . . . . . . . . . . . . . . . . . . 324

9.5 Linear Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . 328
9.5.1 Neutral Stability Curves . . . . . . . . . . . . . . . . . . . 329
9.5.2 Growth Rate Curves . . . . . . . . . . . . . . . . . . . . . 331
9.5.3 Influence of Bi,Ma,Pr,Γ on the Neutral Stability Curves . 332
9.5.4 Influence of Inclination . . . . . . . . . . . . . . . . . . . 334

9.6 Solitary Waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335
9.6.1 Bifurcation Diagrams . . . . . . . . . . . . . . . . . . . . 336
9.6.2 Drag-Gravity Regime . . . . . . . . . . . . . . . . . . . . 338
9.6.3 Drag-Inertia Regime . . . . . . . . . . . . . . . . . . . . . 339
9.6.4 Limitations Related to the Surface Temperature Equation . 341

9.7 Three-Dimensional Regularized Model . . . . . . . . . . . . . . . 343
9.7.1 Small-Size Domain . . . . . . . . . . . . . . . . . . . . . 344
9.7.2 Large-Size Domain . . . . . . . . . . . . . . . . . . . . . 348

10 Open Questions and Suggestions for Further Research . . . . . . . . 351

Appendix A Historical Notes . . . . . . . . . . . . . . . . . . . . . . . . 357
A.1 Piotr Leonidovitch Kapitza (1894–1984) . . . . . . . . . . . . . . 357
A.2 Carlo Giuseppe Matteo Marangoni (1840–1925) . . . . . . . . . . 360

Appendix B On the Surface Tension Constitutive Relation and
Newton’s Law of Cooling . . . . . . . . . . . . . . . . . . . . . . . . 363
B.1 Surface Tension Relation . . . . . . . . . . . . . . . . . . . . . . 363
B.2 Newton’s Law of Cooling . . . . . . . . . . . . . . . . . . . . . . 363



Contents xv

Appendix C Definitions and Derivations . . . . . . . . . . . . . . . . . . 367
C.1 Heat Flux Boundary Condition (HF) . . . . . . . . . . . . . . . . 367
C.2 Surface Gradient Operator . . . . . . . . . . . . . . . . . . . . . . 369
C.3 On the Choice of the Unit Vectors Tangential to the Surface . . . . 370
C.4 On the Evaluation of the Right Hand Side of the Tangential Stress

Balance (2.13) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 370
C.5 Short Library of Weakly Nonlinear Model Equations: Bottom-up

Dispersion Relation Approach . . . . . . . . . . . . . . . . . . . . 372
C.6 Negative Polarity in the BKdV Equation . . . . . . . . . . . . . . 378
C.7 Padé Approximants . . . . . . . . . . . . . . . . . . . . . . . . . 379
C.8 Center Manifold Projection for a Scalar Equation . . . . . . . . . . 380

Appendix D Scalings, Dimensionless Groups and Physical Parameters . 383
D.1 The Viscous-Gravity Scaling . . . . . . . . . . . . . . . . . . . . 383
D.2 On the Orders of Magnitude for the Different Groups in the

Boundary Layer Equations . . . . . . . . . . . . . . . . . . . . . 386
D.3 Dimensionless Groups and Their Relationships for the ST Case . . 388
D.4 Physical Parameters . . . . . . . . . . . . . . . . . . . . . . . . . 388

Appendix E Model Details . . . . . . . . . . . . . . . . . . . . . . . . . . 391
E.1 Dynamical System Corresponding to the Full Second-Order Model 391
E.2 Three-Dimensional Full Second-Order Model . . . . . . . . . . . 394
E.3 Three-Dimensional Regularized Second-Order Model . . . . . . . 396
E.4 Full Second-Order Model for the ST Case . . . . . . . . . . . . . 397
E.5 Second-Order Inertia Corrections to the Regularized Model

(9.33a), (9.33b) for the ST Case . . . . . . . . . . . . . . . . . . . 400
E.6 Weighted Residuals Modeling for the HF Case . . . . . . . . . . . 400

E.6.1 Formulation at First-Order . . . . . . . . . . . . . . . . . . 401
E.6.2 Formulation at Second-Order . . . . . . . . . . . . . . . . 402

Appendix F Numerical Schemes . . . . . . . . . . . . . . . . . . . . . . 407
F.1 Solving the Orr–Sommerfeld Equation by Continuation . . . . . . 407

F.1.1 AUTO Source Code . . . . . . . . . . . . . . . . . . . . . 409
F.2 Computational Search for Traveling Wave Solutions and Their

Bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 410
F.2.1 Hopf Bifurcation . . . . . . . . . . . . . . . . . . . . . . . 412
F.2.2 Period-Doubling Bifurcation . . . . . . . . . . . . . . . . 412
F.2.3 Locus of Saddle-Node Bifurcation Points . . . . . . . . . . 414
F.2.4 AUTO Source Code . . . . . . . . . . . . . . . . . . . . . 414

F.3 Time-Dependent Computations Using Finite Differences . . . . . . 414
F.4 Spectral Representation and Aliasing . . . . . . . . . . . . . . . . 419

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 423

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 435



http://www.springer.com/978-1-84882-366-2




