Chapter 2

Smooth Functions on Subsets
of R"

This chapter is an introduction to the final part of the book (Chapters 9-11) that
studies the problems of a field which may be regarded as a part of Global Dif-
ferential Analysis on subsets of R™. Such subsets may be of a very complicated
geometrical nature (i.e., fractals) and, in general, have no naturally associated dif-
ferential structure. The presence of such different structures — rigid in the sense of
Differential Calculus and possibly chaotic in terms of the underlying set — makes
the extension—trace problems for smooth functions one of the most difficult prob-
lems of Analysis. Therefore the Whitney solution to the problem for univariate C*
functions appears as a miracle. The title of Whitney’s paper [Wh-1934b] includes
number I which, probably, indicates his intention to proceed further with this
study. However, significant multivariate results appeared only about fifty years af-
ter Whitney’s seminal papers [Wh-1934a] and [Wh-1934b]. The extension theorem
from the first paper is one of the basic results of Global Differential Analysis; its
generalizations and ramifications have been presented in many papers and books,
see, e.g., the books [Hor-1983], [Mal-1966] and [Ste-1970]. Therefore it would be
natural to present this material in as brief a manner as possible. However, Whit-
ney’s extension method plays an important role in almost all approaches to the
problems under consideration. In Section 2.2 we will give it a rather detailed ex-
position. The reader is referred to the aforementioned books for further details.

On the other hand, Whitney’s beautiful result [Wh-1934b] has never ap-
peared in book form. We present (in Section 2.4) its complete proof but not only
for this reason. In fact, an appropriate reformulation of this result leads to several
general conjectures for multivariate functions whose study appears to be one of the
main trends in the field. We discuss the results obtained in this direction within
the last two decades in the final part of the book.
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Difference characteristics of C* functions in the univariate case and local
approximation by Taylor polynomials in the multivariate case play an essential
role in Whitney’s proofs. The results of this kind which are not commonly known
can be found in Section 2.3.

Turning to the extension and trace problems for Lipschitz functions of higher
order (see Section 2.1 for the corresponding definitions) one immediately notices
that Taylor approximation is inefficient in this setting. For instance, the Weier-
strass nowhere differentiable function is a Lipschitz function of second order. A
new tool, local polynomial best approximation, which will be used for this case,
will first appear in Section 2.3 in connection with S. Bernstein’s classical theorem
[Ber-1940]. This result gives a complete description of the space C*(R) via local
best approximation.

In Chapters 9 and 10 (Volume II), we will show that local polynomial ap-
proximation theory gives powerful tools for the study of extension—trace problems
for Lipschitz functions of higher order. In fact, the range of its applications is
much broader and includes the study of basic properties of the classical spaces of
smooth functions.

The results obtained are then applied in Section 2.5 to solve the restricted
Main Problem for several classes of domains in R” (quasiconvex and Lipschitz).

The final section presents selected trace and extension problems for weakly
differentiable functions, in particular, the P. Jones extension theorem [Jon-1981]
and the Peetre theorem [Peet-1979] on the nonexistence of a simultaneous exten-
sion for the Sobolev space W (R).

2.1 Classical function spaces: notation and definitions

2.1.1 Differentiable functions

Throughout the book C*¥(R™) denotes the space of k-times continuously differen-
tiable functions on R™ equipped with the topology of uniform convergence of the
functions and their derivatives on compact subsets of R™; here k may be infinity.
Hence, C*(R™) is a Fréchet space with topology determined by the collection of
seminorms

[fI5 =) sup|D*f], (2.1)
laj<m &

where K C R" is compact and 0 < m < k.
Hereafter we will use the standard notation of Differential Analysis. In par-
ticular, & = (o, ..., ), 3, ... are multi-indices, i.e., vectors from Z , and |a| :=

n
> «;. Moreover, for x € R™,
i=1

= H:c;’“ and D := HD;“, (2.2)
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where D; := 6%”.

For example, the Taylor polynomial of degree k at a point y € R"™ may be
written as

TEF(z) ==Y Do)=Y (2.3)

ol
lal<k

where al := [ (ay!).
i=1
If now G is a domain (connected open subset) of R™, then the Fréchet space
C*(@G) is defined similarly to the case G = R" by the collection of seminorms (2.1),
but with the subsets K being compactly embedded in G. Such an embedding is
denoted by K € G.

Definition 2.1. C}(G) is a Banach subspace of C¥(G) defined by the norm
Iflck = DY sup|DfI. (2.4)

lo| <k
A “homogeneous” C* space is defined by the seminorm
[fles@ == D sup|Df] (2.5)
|| =k

and is denoted by CF(G) (with a dot!).

Another subspace of C*¥(G) consists of functions with prescribed behavior
of the moduli of continuity for their higher derivatives; in its definition presented
now k is finite and w denotes a nonnegative function on Ry := [0, +00) satisfying
the following conditions:

(i) w(t) and ﬁ are nondecreasing as ¢ increases to +oc;
(i) w(0+) =0.
Definition 2.2. C{f’w(G) is a Banach subspace of C*(G) defined by the norm
”f”Cl’j*“(G) = ||fHC§(G) + |f|Cl’f"“(G)’ (2~6)

where the seminorm on the right-hand side is given by

[Df(x) = D*f(y)]
|flgre @y = sup . (2.7)
@ = 2 M el
Here [z,y] is the closed segment with the endpoints z and y, and || - || is the

Euclidean norm of R™.

As before, C”““(G) will denote the homogeneous C’f “_space defined by semi-
norm (2.7).

For G = R", in particular, we have the spaces Cf(R"), C’f (R™) and so on.
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Remark 2.3. If the function w : Ry — Ry satisfies the above condition (i), then
w is subadditive, i.e., for 0 < t1, to < 00,

w(tl + tQ) < w(tl) —|—w(t2). (28)

This and (ii) imply that d,,(z,y) == w(||lz — y||), =,y € R™, is a metric on R™ and
C%¢(R™) = Lip(R", d,,).

Finally, C*(G) is the closed linear subspace of Cff(G) consisting of functions
with uniformly continuous higher derivatives:

CH@) = {re CF(@); D*f, |a| =k, are uniformly continuous on G}. (2.9)

2.1.2 k-jets

Let F be a linear space of k-times differentiable functions on a domain G C R".
One defines a space of k-jets J¥F as the space of all vector functions (k-jets)
[ :={fa}jaj<k on G with values in R such that for some f € F and all |o| <k,

D*f = fa-
Here N = N(k,n) := card{ax € Z% ; |a| < k}.

If F is a (semi-) normed space, J*F is equipped with the (semi-) norm

1 N yep =t {|I £l D*f = fa, la] < k}.

Specifically, choosing F being equal to C*(G), Cf (@), etc., we will simply write
JH(@G), JE(G), ... instead of J*F. Since G is open, all f, with a # 0 are uniquely
defined by fo, e.g., the norm of f € JF(G) satisfies

£ = Iollegr = s fallewcer (2.10)

In particular, the linear projection f — fo maps isometrically JE(G) onto CF(Q);
sometimes these spaces will be identified in the sequel.

In turn, the Fréchet topology on J*(G) (k may be infinity) is defined by the
uniform convergence on compact subsets of G, i.e., this topology is determined by
the family of seminorms

|flm,c := sup sup|fa(z)],
|a|<m z€C

where 0 < m < k and C' C G runs over all compact subsets of G.
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2.1.3 Lipschitz functions of higher order

The definition of this family is based on the notion of k-modulus of continuity
characterizing smoothness of functions in more detail than do derivatives and
Taylor polynomials.

We first recall the definition of the k-th difference. Given h € R™ and k € N,
the k-th difference is a linear operator on functions on R"™ given by

Af = (7, — 1),
where 75, : f +— f(- + h) is the shift operator.
Hence, for f: R" — R,

k

Arf(z) = Z(fl)’“*j (j,)f(x +jh), xze€R™ (2.11)

=0

Definition 2.4. k-modulus of continuity is the function on £2¢(R") x (0, +00) with
range in Ry U {+oo} given by

0 f) = AF . .
wk(t ) f) HilHlI;tH thZoo(Rn) (2 12)

Here ¢19¢(R™) is the (Fréchet) space of locally bounded functions f on R”
equipped with the collection of seminorms {sup lf |} where C runs over the family
c
of compact subsets of R™.

The following fact whose proof may be found in Appendix F to this chapter
explains the necessity of local boundedness in this definition.

Theorem 2.5. (a) Let f be bounded on a compact subset of R™. Then
wr(-3f)=0
if and only if [ is a polynomial of degree k — 1.

(b) Let f € °¢(R™) and wy(t; f) < oo for some (and therefore for all) t > 0.
Then f = fo + p where fy is bounded on R™ and p is a polynomial of degree
kE—1.

Remark 2.6. In assertion (a), boundedness may be replaced by measurability on
R™. The classical Hamel example of a function H which is nonmeasurable and
unbounded on every open subset and satisfies

AFH =0 forall heR"™ and k>2

explains the necessity of having at most one of these assumptions.
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In the next theorem we formulate the basic properties of k-modulus of conti-
nuity and outline proofs for some of them; see any book on Approximation Theory,
e.g., [DeVL-1993] or [Tim-1963] for the proofs of the remaining facts.

Theorem 2.7. Let wi(to; ) < oo for some tg > 0. Then the following is true:

(a) wy is nondecreasing and continuous in t € (0,+00) and, moreover,
wi(04+; ) =0

if and only if [ is uniformly continuous on R™.

(b) For every integer N >1 and t > 0,

wr(Nt; f) < NFwi(ts f).

(¢) There is a function @ : (0, +00) — Ry satisfying the conditions
(i) 270 <wi(-3f) <@;
(ii) &(t) and t*/@&(t) are nondecreasing as t increases to +oo;
(d) For0</{<k,
wi (5 ) < 2w 1)
here wo(- ) = |l e

Conversely, there is a polynomial p of degree k — 1 such that for some
¢ > 0 depending only on k and all t > 0,

wilt; f—p) Scte/m%ds. (2.13)

(e) If f has locally bounded derivatives of order ¢ on R™ where ¢ < k, then for
some constant ¢ > 0 and all t > 0,

we(t; f) < et lmaﬁwk—e(t s Df);

al=

here ¢ depends only on k and n.

Conversely, for some ¢ = c(k,n) >0 and all t >0,

t
. wi(s; f)
maz)zwk,g(t,Daf) < c/O SETdS. (2.14)

lex]

Proof (outline). (b) follows from the identity

N-1 k
Nh — (Th ) - Z Tih h

Jj=0
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and the equality ||7] = 1.

Assertions (d) and (e) are usually called Marchaud type inequalities after
Marchaud [Mar-1927] who proved these results for continuous univariate functions
(in a less precise form for (d)). The multivariate case was proved in the paper
[BSha-1973] by Yu. Brudnyi and V. Shalashov. For the reader’s convenience we
will present the proof of (d) in Appendix F.

Finally, the regularization @ in (¢) may be defined by

w(t) == t* sup (L(Sk; f) .
s>t S

Then (ii) is clear while (i) follows from (b) which implies that

Wk(5k§f)§2kwk(t;f) for s>t O
s tk

Property (c) of this theorem motivates

Definition 2.8. A function w : (0,+00) — R belongs to the class . if it satisfies
the conditions

(a) w is nondecreasing, continuous and

w(0+) =0;

(b) forall 0 <t <s,

In the sequel the functions of Q) will be called k-majorants.
Using the notions introduced we now define the desired family of function
spaces.

Definition 2.9. Let w € Q. The homogeneous Lipschitz space Ak (R™) consists
of locally bounded on R"™ functions f satisfying

wi(t; f)
w(RnY) (= _ 0. 2.1
| fl Ak (mm) D=0 < (2.15)

We also define the Banach space A¥“(R™) of Lipschitz functions of order k
by

| flakw@n) == sup LI+ 1 flame @n)- (2.16)
Finally, we introduce the spaces of smooth functions combining definitions

from both of the subsections. For instance, the space C,fASW(]R”), where w € Q,
is the linear subspace of Cf (R™) given by the norm

1ot asw@ny = [Ifllcr@ny + sup [D*flase@n) (2.17)

|a|=k
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while the corresponding homogeneous space C*¥A®“(R™) is defined by the semi-
norm

| flokpsw@mn) = |T(£1‘82L>2|D0‘f A (RR)- (2.18)

Similarly we define other combinations; e.g., J*¥A*“(R") is the space of k-jets
[ ={fa}aj<k from JF(R™), equipped with the norm

||f|\JkAs,w(Rn) = Inax sup |[fal + sup |fo|asem@n)- (2.19)

lo| <k Rrn || =k

The properties of the k-modulus of continuity presented in Theorem 2.7
immediately imply the following relations between some of these spaces.

Theorem 2.10. Let w € Q and 0 < s < k be an integer. Then the following is
true:

(a) If the function @ : (0,400) — Ry given by

&(t) = /Ot ‘:(ff du

18 finite, then
AP (R™) € C5AF—*9(R) (2.20)

and the embedding constant® is bounded by some C = C(k,n).?
(b) If the function @ : (0,+00) — Ry given by

. s [ wu
w(t) ::t/t u§+3du

1s finite, then
AB@(R™) € AP (R™) (2.21)
and the embedding constant is bounded by C = C(k,n).

In particular, let w(t) :=t7, 0 < 0 < k, and s be the largest integer less than
0. Then the previous result yields the following equality:

AF“(R™) = C5A2P(RM), (2.22)

where @(t) := t?~* and the corresponding norms are equivalent.

1 that is, the norm of the linear embedding operator.
2 We write C = C(k, 4, ...) etc. to indicate dependence only on the arguments in the brackets.
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Note that if ¢ is not integer or ¢ = k, one can replace the right-hand side by
C*AM¥(R™). Otherwise s = o — 1 and the space in the right-hand side is defined
by the norm

. «
£l = Wl + max sup 22T (223)
lel=0—1 t>0 t
For s = 0 (i.e., 0 = 1) this space is sometimes called the Zygmund space after
A. Zygmund who was the first to discover its role in Approximation Theory and
Harmonic Analysis [Z-1945]. He also coined the term “smooth function”.

In the modern literature the space A¥“(R") with w(t) := 7, 0 < o < k, is
denoted by BZ (R™), since it is a member of the important family of the so-called
Besov spaces. This explains the notation in (2.23); in the sequel we adopt this
term and notation.

Remark 2.11. The embeddings of Theorem 2.10 also hold for the corresponding
homogeneous spaces. E.g., using Theorem 2.7 (d) we have

AR@(R™) € A2 (R™) /Pr—1,n,

where Py, C Rzi,...,x,] hereafter stands for the space of polynomials of
degree k on R™.

Now we define similar families of spaces over a domain G ; R™. In this case,
f € £'9°(@) and the function = + AF f(z) is defined on the set
[eS) h

Gi.p = {z;x—l—jhe G, ij,l,...,k}.
We remark that the definition commonly used in the literature utilizes the set
Gin = {z; [z, + kh] C G}

which is smaller than the previous if GG is not convex.

Note the distinction between these two sets. The former may be disconnected
with infinitely many connected components (as, e.g., for a domain bounded by two
spirals in the plane twisted infinitely many times around the origin) while the latter
is connected.

Now the definition of k-modulus of continuity for a function f € (19°(QG) is
given by

. — g k
wr(t; fla = ||Zl|l\2t HAthZOQ(GM), t>0. (2.24)

All of the properties of k-modulus of continuity formulated above for R"™
remain to be true for conver domains G but most of them do not hold for general
domains.

We leave to the reader to formulate the corresponding results and to define
the spaces of Lipschitz functions A**(G) and of smooth functions C*A** (@) and
B2 (@) and their nonhomogeneous counterparts.
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Remark 2.12.  (a) In accordance with the above introduced notation the spaces
Ck (@), J#¥(G) will be denoted by C¥AL« (@), JEAL(G).

(b) We emphasize the distinction between two Lipschitz spaces over an open set
G, the space Lip®”(G) defined by the seminorm

[f(z) = f(y)|

N TS G}
w(llz —yl)

|f\Lipw(G) = Sup{

and the space Al"*’(G) where in both cases w is a 1-majorant. Clearly,
AY(@) > Lip(@),

but the second space may be essentially smaller for nonconvex G.

Let, e.g., G be the union of open balls (disks) B; := B,,(i,0) C R?

Whereri::%f%, 1€ N.

Define a function f : G — R by letting f on B; to be equal (—1)*, i € N.
Then, by (2.24),

£ - 5 Al =0,
wi(t; fla “Z‘tﬁgtH thzoo(Gh)

since every component of GGy, is contained in some B;.

OIl tlle OtlleI llalld,
| ’ | > 2 SUp ————5- = X
bip (G) ’Lp ("’((12) ) '

2.1.4 Extension and trace problems for classical function spaces

Now let S be an arbitrary subset of R”, and F' be one of the normed, seminormed or
Fréchet spaces introduced above. In accordance with the definitions of Section 1.1,
see (1.1)—(1.3) there, we define the trace space F'|s and the corresponding trace
norm or seminorm, etc. For example, for F' := C’é“ (R™) the trace seminorm is given
by

= inf{ > sup [ D] 5 gls = f}-

la|=k

For these spaces we then pose the problems formulated in Section 1.2. In
particular, the Main Problem for C’{f (R™) asks for a complete characterization of
the trace space le (R”)| g+ This is naturally divided into two subproblems, the
Trace Problem and the FExtension Problem. Since all the spaces are linear, we
may also ask about the existence of a linear extension operator (the Simultaneous
Extension Problem).
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Another possibility is to consider these problems only for special classes of
subsets instead of the class of all closed ones. We will consider only one such case
related to bounded domains in R™. For the space Cf(R™) this, for instance, leads
to the following modification of the Main Problem:

Restricted Main Problem. Characterize bounded domains G C R™ such that
Cy(R™)| .= CE(G). (2.25)

Note that the restrictions of the higher derivatives of a function f € CF(R™)
to a bounded domain G C R™ are uniformly continuous on the closure G. This
explains the appearance of C¥(G) in (2.25). In the same fashion, the Restricted
Trace and Extension and Simultaneous Extension Problems are formulated for
CF(R™) and bounded domains.

2.2 Whitney’s extension theorem

We present a brief exposition of this classical result with emphasis on the Whitney
extension method. The reader could restore the omitted details of the proof by
consulting one of the books mentioned at the beginning of the chapter.

Our goal is to characterize the trace space J k(R”)’ ¢ for an arbitrary subset
S C R”™ which in this settings may be assumed to be closed. The following remark
motivates the appearance of Taylor chains in the formulation of Whitney’s result.

Suppose that f is a function in C*(R™) and T;F is its Taylor polynomial,
see (2.3). Then

f=Tf+ Ry

where Ry, the remainder, is a k-times continuously differentiable function in €
R™ and continuous in y. Its mixed a-derivative in z with |a| < k,

Y
DERy(wy) = D) — S D). (2.26)

1B|<k—|al g
is clearly the remainder of order k—|«| for D®F and by the Taylor—Peano theorem,
| DS Ry(,y)| = o[z —y*1*) as y —a.
The reduced remainder
ra(z,y) = Dg Ry(w,y) /o —y|*~1*

is a continuous function on (R™ x R™)\A, where A := {(x,y) ;x = y}, and can be
continuously extended by zero to R™ x R".
Thus, we have the following
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Taylor chain condition. Assume that f = {fatiaj<k is a k-jet on the closed set S
generated by a function f € C*(R™)3. Then all its reduced remainders

)= 5 fara S| fle -l (22

|BI<k—]|al

ro(f; ,y) =

are continuous on (S x S)\A and can be continuously extended by zero to all of

S xS.

In other words, if fbelongs to the trace space J’“(]R”)‘S7 then fsatisﬁes the
Taylor chain condition. A theorem of Whitney states that this condition is also
sufficient for f to be in J*(R™) ‘S
Theorem 2.13 (Whitney). A k-jet f = {fo}jaj<k defined on a closed set S C R"
belongs to Jk(R”)|S if and only if fsatisﬁes the Taylor chain condition.

We single out the basic ingredients of Whitney’s extension method and briefly
explain how they work in the proof.

Whitney’s covering lemma

Let K := KC(R™) stand for the collection of n-cubes in R homothetic to the cube

Qo :=[-1,1]™. (2.28)
We regard such a cube as the closed ball of £2; so
= " — = — <
Qr(@) = {y €R"; [lo = ylloo := max |y, — @i <7}

is the ball of center = and radius r.
In the sequel, rg and cg stand for radius and center of ) € K. Further, by
AQ with A > 0 we denote the cube of center cg and radius Arg. Finally, we set

K(S):={Qek; @c Sk
this collection may be empty.

Lemma 2.14. There is a cover of the open set S¢ := R™\S by cubes of K(S)
denoted hereafter by Ws such that

(a) interiors of distinct cubes do not intersect,

(b) for every Q € Ws,
1
grQ < dist(Q, S) < 5rg,

where the distance is measured in the {s,-norm, i.e.,

d(Q,S) = 1nf{1r£1iagxn lzi —yi| s z€Q, ye S}

3ie., fo = DYF|g for all |a| < k.
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Let us explain how to find such a cover (cf. Lebesgue’s decomposition in
Figure 1.1 in Comments to Chapter 1). A cube @ € K is said to be dyadic, if it
has a form

Q=2"7(Qo+k)

for some j € Z and k € Z".

So, the dyadic cube has center 277k and radius 277.

Now we define Wy as follows. Cover S¢ by dyadic cubes @ satisfying the
condition

20 € K(S¢) but 5Q ¢ K(S°). (2.29)

For every = € S¢ take among these cubes the biggest containing x in its interior,
say ", and discard all smaller dyadic cubes contained in *. Then take a point
y from the open set S\Q* and find for it the cube Q¥ and so on. Since the
interiors of two dyadic cubes either lie one in another or are mutually disjoint,
this procedure yields a cover Wy of S¢ satisfying condition (a) of the lemma. The
second condition easily follows from (2.29).

The cover Wg has several additional properties which will be used in the
sequel. We present them in the next statement where we use the notation

Q" :=\Q with \:= % (2.30)

Because of the choice of A and the estimate dist(Q,S) > %TQ, see Lemma
2.14, every Q* is contained in the open set S€, i.e.,

SC=U{Q"; Q € Ws}.

Corollary 2.15. Let Q, K be cubes in Wg. Then the following is true:

(a) QN K # 0 if and only if Q* N K* # 0. Moreover, for some ¢ = c¢(n) > 0 and
every such pair Q*, K*, it is true that

Q7 N K| = emin{ Q7. K.
Here | - | stands for the Lebesgue measure in R™.
(b) If QN K # 0, then
1
1 rg <rix <drg.
(¢) The order (multiplicity) of cover W§ := {Q* ; Q€ Ws}, i.e., the quantity

ord W§ := sup card{Q* € Wg; A* > z}
zeSe

1s bounded by a constant depending only on n.
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Smooth partition of unity

Let ¢ be a C*° function supported by the cube Qf (= % [—1,1]™) which equals 1
on (. By scaling we define the function

fala) =

T —CQ

rQ

), reR" QeKk.

Note that
Po=1 on @ and suppyg C Q.
Further, we define the C'*° function ¢g on S by
Q= PQ / > %o
QEWs

and extend it to R" by ¢g :=0on S.
Since Ws is a locally finite cover of S¢, ¢qg is well defined. The collection
{(,OQ ;1 Q€ WS} is the required smooth partition of unity subordinate to the cover
From its definition and Corollary 2.15 we get

Lemma 2.16. (i) For every x € S°,

> eqla)=1;

QEWs

(ii) for each o € Z7},

sup}DagoQ| < Cla, n)réla‘.
R’L

Linear extension operator

Let f = {fa}|a|<r be a continuous vector function on a closed set S C R". We

introduce an analog of Taylor’s polynomial for f by

(y —z)
al

TEfy) ==Y fal2)

To define the required extension operator, we pick a point sg of S such that
d(sq, Q) = d(S, Q).
Now we define an extension operator Ej given for JF by the formula
Y woTl,f ons”,
Eksf = QEWs
fo on S.
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This is clearly a linear operator; moreover, Ey f is a C*° function on S°. The basic
two facts related to the extension operator are as follows.

Lemma 2.17. There is a constant A = A\(n) € (0,1] such that for every cube Q
with center at S,

ESf=EJ"°F on Q. (2.31)

Further, let the reduced remainders r,, |a| < k, see (2.27), satisfy the in-
equality

ra(fi2,y) Sw(lz —yl), zyeS, (2.32)

for some continuous concave function w : Ry — R which equals zero at zero (i.e.,
for w e Oy).

Lemma 2.18. Under condition (2.32) the following is true:

(a) For every a with |o| < k+ 1 and all points x € S and y € S°¢,
D5 (EF = T ()] < Cw(lle —yl) (2.33)
for some C = C(k,n);

(b) for every cube QQ with center at S there is a cube @ =AQ with0 < A < 1
such that

> sup|DEJf| <C Y sup|fal; (2.34)

o <k la|<k @NS

here A = A(n) and C = C(S, k,n).

Outline of the proof for Whitney’s Theorem

Let f = {fa}|aj<k be a vector function on S satisfying the Taylor chain condition of
Theorem 2.13. First, we must prove the existence and continuity of the derivatives
for E f of order at most k on the whole of R™. Tt suffices to do this only for an
open neighborhood of S. In turn, Lemma 2.17 allows us to work with @N.S instead
of S. Hence, in this part of the proof we can and will assume that S is compact.

Since every 1, is continuous on the compact set S x S, ro(z,y) — 0 as
[l = y|l = 0, and this convergence is uniform. Therefore every r, satisfies con-
dition (2.32) with some function w depending, clearly, on S and f Accordingly,
inequality (2.33) holds for this w. For @« = 0 this yields the continuity of E,ff
on R™. Proceeding by induction on |a| we establish, with the help of (2.33), the
existence and continuity of D*E} f for all a with |a| < k. Hence, EY is a linear
extension operator acting from J*(R")] ¢ to CF(R™). Continuity of the operator
in the Fréchet topologies of these spaces follows from (2.34).
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Whitney’s theorem for other jet spaces

We present here variants of Theorem 2.13 for the spaces Jé“’(R") and Jf’w (R™).
According to our notation, the former (with a dot!) consists of all vector functions
= {fa}aj<k that are continuous on R and such that the seminorm

‘fa(x) B foc(y)l

kw = sup —————— - < 00.
SRP R A  rery

In turn, JF**(R") is defined by the norm

||f||k,w = |f|k,w + Z sup | fal-

|| <k

To justify the corresponding results, it is useful to notice that the Taylor
chain condition for f € C’l}f “(R™) is bounded as follows:

|D(f = Ty )(@)] < Clle —y|*1*lw (Jlz — yll)

where C = C(k,n).
Hence the necessity condition for the reduced remainders r,(f ), see (2.27),
is
Ta(f; z,y) < Cw(llz—yl), =zy€S, (2.35)

and this inequality coincides with (2.32). Therefore part (a) of Lemma 2.18 may
be applied and this leads to the corresponding result for the homogeneous space
Jf “(R™). But we cannot estimate the uniform norms of the derivatives DE} f
on R™ using part (b) of Lemma 2.18 (in fact, they may be unbounded). Therefore,
we should modify the definition of the extension operator; namely, we set

E,ff:: Z goQTfo on S°
QEWs

and define E,‘? f to agree with fo on S. Here WS is a part of the cover Wg containing
only the cubes of radius at most 1. In other words, in the definition of E f we

substitute Tfofor zero, if rg > 1.
Estimate (2.33) remains to be true for this modification, but inequality (2.34)
is replaced by the stronger inequality

Z sucp|DaE,ff| < C(n,k) Z sgp|fa|.

lal<k lal<k

Using these facts one can derive the following result due to G. Glaser
[G1-1958].
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Theorem 2.19. (a) Let f= {fatial<k be a vector function defined on a closed
set S C R™. Then f belongs to the trace space J"““’(R”)|S if and only sz
satisfies (2.32).

(b) f belongs to the trace space Jk “(R™) |S if and only iffis bounded on S and
satisfies (2.32).
In both cases, there exists a linear continuous extension operator.

Remark 2.20. For k =0 and w(t) := ¢, ¢t > 0, Theorem 2.19 yields the following:

For every closed S C R™, there is a linear extension operator E : Lip(R"™) |S
Lip(R™) whose norm is bounded by a constant depending only on n.

Since all Banach norms of R™ are equivalent, the same is true for Lip(X),
where X is an n-dimensional Banach space.

It is worth noting that the extension operator E;j is universal in the sense
that it does not depend on the majorant w. On the other hand, we have

Ja®") =y ®™),

w

where w runs over the set of 1-majorants. Let us recall that the space on the left-
hand side consists of all vector functions f = {fa}|a|<k generated by C* functions
whose higher derivatives are bounded and uniformly continuous on R™.

These facts lead to

Theorem 2.21. A vector function f— {fa}taj<k defined and bounded on a closed
set S C R™ belongs to the trace space Jk R™) |s if and only if the reduced remain-

ders ro(f) with |a| = k are uniformly continuous on S x S.

Moreover, E,f s a linear bounded extension operator from the trace space
into C*(R™).

Whitney’s theorem for C'° functions

Hestens [Hes-1941] modified the Whitney extension method to adapt it to C'*°
functions. In this case we deal with the space J>°(R™) of vector functions f =

{fa}jaj<cc o0 R™ generated by C°° functions, i.e., for every such f there is a
function f € C°°(R"™) such that f, = D*f for all «.

Given now f = {fa}|aj<sc defined on a closed subset S C R", we introduce

as before the family {r,( f )} al,00 Of reduced remainders. For this case the Taylor
chain condition is:
For all « € Z},

ra(f; z,y) =0 as y—ux, y,x €S (2.36)

Then the following is true.
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Theorem 2.22. A vector function f: {fatlal<oc defined on a closed set S C R™
belongs to the trace space J°°(R”)|S if an only if f satisfies the Taylor chain
condition (2.36).

To prove sufficiency of this condition, Hestens used the following nonlinear
extension operator.

Given f: {fa}aj<cc defined on S and a cube @ from Whitney’s cover Wi,
a nondecreasing sequence of numbers {N;}32, is chosen so that

falz)
> Ly

lel=

<N

for every y with ||yl = 1 and every x in Q;(sq) N S. Recall that sq is a point of
S nearest to Q.
Selecting constants d; > 0 such that §; < N% and ;11 <4, j=1,2,..., we
set
C7 0, i d@Q,9) > 4.

Finally, we define an extension operator ES on f= {fat|al<oo DY

us Y peTief on s,
0 = QEWs
fo on S.

Using the estimates of Lemma 2.18 one then proves that ES f belongs to
C>(R™).

The Whitney—Hestens Theorem 2.22 is a far reaching generalization of the
classical E. Borel Theorem [EBo0-1895] concerning univariate functions and one-
point sets S = {zo} C R. In this case, J‘X’(R)‘S is the linear space of all se-
quences {¢;j}iez, C R, and the Taylor chain condition clearly holds. Therefore
Theorem 2.22 states that, for every sequence {c;}icz, C R, there is a C*° func-
tion f on R such that

f(i)(xo) =c¢; forevery i€Zy,

(Borel’s theorem).

Remark 2.23. In fact, a Borel type result is true for every countable subset S C R™.
Specifically, let {sq;a € Z7 } and S := {zy ;0 € Zf} be arbitrary families of real
numbers and points of R™, respectively. Then there is a function f € C(R"™)
such that for every a € Z7,

D f(zq) = sa.

The result is a direct consequence of the classical Eidelheit theorem [Ei-1936)
on the solvability of infinite linear systems on Fréchet spaces.
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The Borel theorem gives a remarkably simple example of a closed subset
S C R (asingleton {x¢}) for which there is no linear continuous extension operator
from J*°(R"™) |S to J°(R™). The result was due to Mitiagin [Mit-1961]; its proof
presented now follows the argument from the paper [LyT-1969] by Yu. Lyubich
and Tkachenko.

Theorem 2.24. There is no linear continuous extension operator from J>° (R™) |{1Eo}
to J>®(R™).
Proof. Assume, on the contrary, that such an operator, say F, exists. Let {ea}aem

be the standard basis of the Fréchet space of all families {Sa}aem, i.e., the coor-
dinate (eq)s =1 if f = v and (eq)p = 0 if o # B. By the continuity of E,

{sa} Z saFeg,

where the series converges in C*°(R"™) (identified with J°°(R™)) and therefore
uniformly converges on Qo := [—1, 1]™. This implies that

sup [sa| [|Eeallc(qq) < 00
«

Since this is true for an arbitrary family {s,}, there is only a finite number of
« for which Fe, # 0. Hence, the image of F is a finite-dimensional subspace of
J°°(R™). On the other hand, the composition R o E, where Rf := f|{xo} is the

U

identity map, a contradiction.

2.3 Divided differences, local approximation and
differentiability

Turning to the trace and extension problems for C* functions, we immediately no-
tice their essential difference from those for k-jets. In the latter case, the following
information is available:

(i) the traces to S of all the derivatives of the function up to order k;

(ii) a collection of inequalities relating the values of these traces for every two-
point subset of S.

However, in the case of C* functions, information is much more restricted:
we know only the trace of a function to S. The deficiency in data should there-
fore be completed by a more expanded set of relations between the values of the
trace. In Section 2.4, we prove the aforementioned Whitney theorem describing
the complete set of these relations for univariate C* functions. Every such relation
includes at most k + 2 distinct values and this number cannot be diminished. In
Chapter 10, we present several results of this kind concerning different smooth-
ness spaces in n variables; the number of values in all these cases is bounded by
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a constant depending only on smoothness order and n. Apparently, there exists
a deep reason for this phenomenon called below the Finiteness Property, but for
the time being we have only some heuristic argument for its explanation.

It is natural to begin the study with the simplest case of C* functions defined
on the whole of R™. The results presented below will provide several characteristics
of C* functions based on their behavior on subsets of cardinality k& + 1 and on
that of their local polynomial approximation. The first group of results describes
relations between k-differentiability of multivariate functions and behavior of its
difference characteristics. For their formulations we need a few notions and facts
concerning such characteristics.

Divided and mixed differences

Let f: R — R and let S be a finite subset of R. The divided difference of f on S
(denoted by f[S]) is described by induction on card S starting from S := {x¢} as
follows. Set

F{zo}] == f(wo);
if f[S] is now defined on all k-point subsets, then, for S := {xq,...,zx}, set

118] = f{zo, - e} — f{z, - 2} '

Lo — Tk

Proposition 2.25. Let S C R and card S = k + 1. Set wg(t) := [] (t — s). Then

the following is true:

(a)

In particular, f[S] is a symmetric function in the arguments s € S.

(b) Let Ls(f) be the Lagrange interpolation polynomial for f with the nodes
s€S. Then

LY (f) = £18).
(c) If f belongs to C* in some open interval I containing S, then
18] = M (e)

for a point ¢ from (conv S)°.

These classical results are well known, see, e.g., the book [deB-2001] by de
Boor.
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Now let the points of S := {zo,...,zx} be equally spaced, i.e., z;41 —x; = h
for all 0 < j < k and some h # 0. Then it is easy to see that

k
1181 = 3 20 (5 oo ). (2.37)

=0

Let us recall that for a multivariate function f : R™ — R and a vector h € R™ the
k-th-difference of f is given by the similar formula:

i <> (x + jh). (2.38)

Jj=0

A variant of this notion, the k-th difference of f in a direction e € S*~!, is given
by
AF(te)f:= AV f, teR.

Finally, we introduce (mized) a-difference AY by
o= T A% (haes); (2:39)

here h = (hy,...,h,) € R™ and {¢;}; is the standard basis of R”.
Our first result goes back to Brouwer [Bro-1908] who proved it for n = 1.

Theorem 2.26. A continuous function f : R" — R belongs to C*(R™) if and only if
for every e € S*™1 and every cube Q the function t=FAF(te) f converges uniformly
on Q ast tends to 0 through an arbitrary sequence {t;}.

Proof. (Necessity) If f € C¥(R™), then by Proposition 2.25 (c) and (2.37) we
have

tRAR(te) f(z) = D]gf(c)7 (2.40)

here ¢ is a point in the interval (z,z + kte) and the directional derivative D is
defined by the iteration of D, where

D f(z) :=lmt '(f(z +te) — f(z)).
t—0
Therefore D, = >, e;D; and
t_kAk te)f Z e*D*f
la|=Fk

Since f € C*(R™), the right-hand side is continuous in ¢ (and therefore uniformly
continuous) on every closed cube of R™. Hence, the left-hand side of (2.40) tends
to D f(z) uniformly in z as t — 0.

(Sufficiency) We begin with
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Proposition 2.27. The assertion of Theorem 2.26 is true for n = 1.

Proof. By the assumption of Theorem 2.26 for every closed interval I := [a,b] C R
there is a function ¢y € C(I) such that

mIax|tj_kAfjf — | =0 as j— .

Let 1 be a C* function compactly supported in I° = (a,b). Then for a sufficiently
small ¢,

/1 (AF fypda = /1 F(AF 0)da.

Dividing by ¢t~* and passing to the limit as t = t; — 0, one then obtains

[er-vdo= (-0 [ futaa,
I I

Finally, integrating by parts k-times we get

/f(f - /j % ‘/’I(t)df> Y da = 0.

Since this is true for an arbitrary v, the classical Dubois—Reymond lemma implies
that the term in brackets is a polynomial of degree k — 1. Hence,

k—1 T k—1
f(.i?) = E ajacj +/ ((k—t)].)' (P[(t)dt S Ck(R) (2.41)
Jj=0 @ ' 0

Applying Proposition 2.27 to the restriction of f € C(R™) to a straight line
in a direction e € §", we immediately get

Corollary 2.28. Under the condition of Theorem 2.26 f has k-th continuous direc-
tional derivatives for any e € S™.

We derive from here the existence and continuity of all mixed derivatives
for f up to order k. For this aim we need an algebraic identity concerning the
difference operators, see Appendix E to this chapter for the proof.

In this identity, 7, v € R™, denotes the shift operator given by 7, f := f(-+v),
where f is a function on R”. We also set A(v) := 7, — 1 for the difference in the
direction v.

Let V be a collection of N vectors in R” and ¢ : V — {1, %, ceey %} be a
bijection. Then

[[Aw = >~y r, AN(w,), (2.42)

veV wCV
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where the sum is taken over all nonempty subsets of V' and
Uy 1= Z eV, w, = Zv.
VEW vw

By standard convention, wy = 0.
Let Vi, |a| =k, be determined by

IT a@) = Ay (:: 11 Aaj(hjej))
veEV, j=1
Then (2.42) yields
M) =) ()AL f(@ + w). (2.43)
wCV,

If here hj =t for 1 < j < n and some ¢ > 0, then
v, = t, and w, = tW,,

where the vectors with the hat are independent of ¢. Therefore the condition of
Theorem 2.26 and (2.43) imply that |h|"*A¢f converges uniformly on compact
n
subsets to a continuous on R” function as the vector h :=t ) e; tends to zero.
j=1
Hence we establish

Corollary 2.29. Under the condition of Theorem 2.26, ||h||"* A f tends uniformly
on every cube @ to a continuous function pg as h tends to zero along the ray

n
{t e t> O}.
i=1
Now we apply the argument of Proposition 2.27 to each variable x; to get
the following
Proposition 2.30. If the assertion of Corollary 2.29 holds for a continuous function
n

f and a cube Q := 1] [a;,b;], then for every z € Q,
j=1

F@) = py () + (f[lfff)m ),

where the operator I; denotes integration with respect to the j-th variable from a;
to xj and pg) is a continuous function on Q) given by

n Oéj*l

pa@) = Y o) (2.44)

j=1 s=0

with @s; being a continuous function independent of x;.
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Now we can complete the proof of Theorem 2.26. By Corollary 2.28 f has
first continuous derivatives. Proceeding by induction, assume that f has continuous
mixed derivatives of order s with 1 < s < k and prove the same for s + 1. Let
|a] = s+ 1; then

a=p+e forsome [fl=s and 1<i<n. (2.45)
Applying Proposition 2.30 for this « to have, for a cube Q,
=05+ fa,

where pg, is given by (2.44). Hence, D” fQ exists and is continuous on @ for every
multi-index v with v; < «;, 1 < ¢ < n. Moreover, by the induction hypothesis,
DP f exists and is continuous; hence, the same is true for Dﬁp%. Now write

A(te;)DP f = A(te;) DPpgy + A(te;) D? f.
Since Dﬁp% = slpg, i.e., is independent of z;, the first term in the right-hand side

is zero. Dividing then by ¢t — 0, we conclude that }in(l) t=1A(te;)D? f(z) exists and
—

is equal on () to the continuous function Do‘fQ, see (2.45) and (2.44).
Hence, D f exists and is continuous for every a with |o| = s+ 1. ]

~ The theorem proved leads to a similar difference characteristic of the space
CHF@(R™); see (2.7) for its definition.

Theorem 2.31. A continuous function f : R™ — R belongs to C"’“”(]R”) if and only
if for some constant C' > 0 and all sufficiently small h,g € RN, the inequality

1R |Ag AL f ()] < Cawlllgl) (2.46)

holds for all x € R™. Moreover, the equivalence®*

inf C' =~ |f|Ck‘w(Rn) (247)

holds (with constants independent of f ).

Proof. By (2.46), the ratio |h|=*AF f converges uniformly as h — 0 (recall that
w(0+) = 0). The application of Theorem 2.26 then implies that f € C*(R™).
Passing to the limit in (2.46) we therefore obtain

|A,DE f ()| < Cw(llgl),
where e € S"~1 and x € R™. This and identity (2.43) yield

|2, D% f(x)| < aCuw(llgl), ol =&,

4 Hereafter we write F' &~ G, if these functions satisfy a two-sided inequality C1 F < G < CaoF
with constants C7,C2 > 0 independent of the arguments of F, G.
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for some constant a = a(n, k), whence |f|ck.o@ny < bC with b= b(k, n).
In the opposite direction, it follows from Proposition 2.25 (c) and (2.38) that

|AGAR F(z)] < |Rl|" |AgDEf(y)),

provided that f € C*«(R"); here y € (z,z + kh) and e := ﬁ .
Estimating the right-hand side as in Theorem 2.26 we then have

IRI* > [e*Ag D £(g)] < C(n)] flew@nlIlFw(llgl)-
la|=k
This completes the proof. O

For the case of w(t) = t*, t € Ry, with 0 < A\ < 1 the criterion of The-
orem 2.31 can be further simplified. In the consequent formulation, we use the
notation

CFe .= C* for w(t):=t* teRy. (2.48)

Theorem 2.32. A continuous function f : R™ — R belongs to the space C-"W‘(R")
if and only if
M(S) = sup AT AR | gy < oo

Moreover, M(f) = |f|crxm@ny-

The result is a consequence of Theorem 2.10 (a). The case of A = 1 is true
under the weaker assumption:

m(f) := lim Al AF ]| gy < o0 (2.49)
h—0

We outline the proof of this result. Necessity may be proved in the same
fashion as in Theorem 2.26 and leads to the inequality

I AR ] gy < @l DI S 80D g
|| =k

This implies that
m(f) S (J,(’I’L7 k)|f|ck,1(Rn).

The converse may be derived from the corresponding univariate case using the
argument of Theorem 2.26 based on identity (2.42). Therefore it remains only to
prove the following one-dimensional result:

If f € C(R) and m(f) < oo, then f € C*1(R) and

|floxa@w) < am(f)
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with some constant a independent of f. As in the proof of Proposition 2.27, we pick
a O function ¢ compactly supported on I = (a,b) C R. Then for a sufficiently
small £ > 0, we have

[l s = [ gt Ak (250
I I

If t — 0, the right-hand side becomes (—1)*! [, fy(**1dz. On the other hand,
for an appropriate sequence ¢t; — 0, the sequence of functions f; := tj_k_l Afj"’l f,
j=1,2,..., is bounded in the L.-norm by (2.49). Since L. (I) is conjugate to
L1(I), there exists a subsequence of {f;} converging in the weak™* topology of
L (I) to some function ¢y, see, e.g., Dunford and Schwartz [DS-1958]. Passing to
the limit in (2.50) as t; — oo, we get

/wwdx — (—1)kH / Fot+D gy (2.51)
I I
Moreover, by semicontinuity of the norm with respect to the weak™ convergence,

||901||LOQ(1) < m tj_k_lHAiH_luc(R) = m(f)
j—o0

Integrating (2.51) by parts and using the Dubois-Reymond lemma we then have

k T P k
f(z) = Zajxj +/ (Gl Ht) pr(t)dt.
=0 @ '

This immediately implies that

z+

h
17 @+ h) — f9) ()] < / lor(®)|dt < [hm(f).

Hence, f € C*(R) and its seminorm in this space is bounded by m(f).
Remark 2.33. (a) This proof also yields the following useful fact:

CHL(R™) = WEFL(R™) (2.52)

with equivalence of the seminorms.

(b) The analog of Theorem 2.32 with a similar proof based on duality, holds
for the homogeneous Sobolev space Wf“(R") with 1 < p < co.

Let us recall that the (homogeneous) Sobolev space WZ’fH(R”),l <p < o0,
is defined by the seminorm

[Flwssrgny == Y I1D*fllz,@n).

|a|=k+1

Here D® f are the distributional derivatives of f € L;,OC(R") which are assumed to
belong to L, (R™).
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Local polynomial approximation and derivatives

The Whitney extension theorem relates the differentiable characteristics of a func-
tion to its local approximation by Taylor polynomials. Now we present other results
of this kind which concern local Taylor approximation and also best approxima-
tion. The approximation of the latter type plays an essential role in the proofs of
the extension theorems for Lipschitz functions of higher order, see Section 2.5 and
Chapters 9 and 10. These proofs are fairly complicated and therefore it would be
natural to consider this approach in the relatively simple situation of Theorem 2.38
below.
We begin with approximation by Taylor polynomials.

Theorem 2.34. Let {T,}ycrn be a family of polynomials in x € R™ of degree k,
and f be a continuous function on R™. Assume that

|f(@) = Ty(@)|/ |z —y|* =0 as y—= (2.53)
uniformly on every closed cube. Then f belongs to C*(R™).

Proof. Write .
Ty(z) = Z fa(y) %
la| <k
and consider the k-jet
Fi={fatal<n-
By (2.53), fo = f and we must show thatﬂfo € CF(R™). We derive this from

Whitney’s Theorem 2.13 by checking that f satisfies the Taylor chain condition
on every closed cube @, see (2.27). Then Whitney’s extension theorem implies
that fy|g is the trace of a C*(R™) function and the result will follow.

To establish the required property of f we need

Lemma 2.35 (Markov’s type inequality). Let P be a polynomial on R™ of degree
k. Then for every closed cube C of side length r and |a| < k, the inequality

ap| < el )
mgx|D P| < pr mch|P| (2.54)

holds with a constant p depending only on k and n.

Proof. Since the space Py, of polynomials on R™ of degree £ is affine-invariant,
one can use scaling to replace C in (2.54) by the unit cube Qg := [0, 1]™. Then we
should prove that

max |D“P| < p(k,n) max |P|. (2.55)
Qo Qo

But every linear operator acting in a finite-dimensional Banach space is bounded.
Applying this to the space Pk‘yn‘ Q equipped with the uniform norm and to the

operator D, we immediately get (2.55). O
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We now introduce the polynomial in z,
P(z) :=Ty(z) —Ty(z) with z,y€Q
and apply Markov’s inequality to P and the cube C := @Ix—y\(m)' Then we get
ID2P||__ < p(k,n)||lz —y =1 max | P|.

The left-hand side equals

v — )P
RalFs 2) = fale) = 3" faraly) T2

!
|B|<k~lal &
On the other hand, by the definition of the cube C' and (2.53),

max | P| < max | () — To(e)| +max | (=) = Ty (2)] < eqlle — Dl — ¥

where g(t) — 0 as ¢ — 0. Combining this with the previous two relations we
obtain

z— )8
fle)= 3 fars() T2 <l miq e = ol e = gl
Bl<k—|a

for all z,y € @ and || < k.
Hence, f satisfies the Taylor chain condition on Q. O

Another characterization of C* functions is based on the notion of local
polynomial (best) approximation. In its definition, B(R™) stands for the family
of bounded subsets in R"”.

Definition 2.36. The local polynomial (best) approximation of order k is a function
Ej. : £9¢(R™) x B(R") — R given by

Ek(S,f) = ll’lf{Hf - PHZOQ(S) H P e Pk—l,n}~ (256)

Notice that the order k differs by 1 from the corresponding degree of the
approximating polynomials.

We will discuss the basic properties of this set-function later; for now we only
need the next profound fact whose univariate case was due to Whitney [Wh-1957]
and the multivariate one was proved by Yu. Brudnyi [Br-1970a]. For the formu-
lation of the latter we define the k-oscillation of f : R® — R on a set S C R”
by

wr(S;f) = bup{|A,’jf(x)\ s x+jhesS, j= 0,1,...,k}. (2.57)
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k
The set () (S + jh) may be empty for every h # 0; in this case the k-oscillation is
j=0
assumed to be infinity. However, for S of positive Lebesgue measure this intersec-
tion is nonempty for a set of h of positive measure, a consequence of the general

Ruziewicz theorem [Ruz-1925].

Theorem 2.37. Let f be a locally bounded function on a convex subset C' of R™
(which may be unbounded). Then there is a constant wy(C') such that

Ep(C5 f) < wi(C)wr(Cs f). (2.58)
Moreover, the number
Wi = supws(C)
c
is finite.

We discuss this result in Appendix F to this chapter, while for now we apply
it to the following characterization of the space C**(R"), 0 < A < 1.

Theorem 2.38. A locally bounded function f:R™ — R belongs to C-"W‘(R") if and

only if
Mya(f) = sup @S
e QI

is finite; here the supremum is taken over all closed cubes of R™. Moreover, the
equivalence

M (f) = | flowa@ny
holds with constants depending only on k and n.
Proof. (Necessity) Let f € C**(R™). By virtue of (2.38) and Proposition 2.25 (c),
wit1(Q; f) < sup{|AnDEf(2)] - [|P]* 5 e €™, @2+ h € Q}.

As in the proof of necessity in Theorem 2.26, we then bound this upper estimate
by

Z sup{|AhD°‘f(x)| . ||h||k s x,x+he Q}

|| =k
< |floka@ny sup{|a]** ; =, 2+ h € Q}

1\ kA
< (VnlQI7) I flera @ny-
Applying now (2.58), we get the required inequality
Ep1(Q; f) < ek, n)|Q
(Sufficiency) Suppose that for every cube Q,

[E2Y
w | floka@n-

Er(Q: f) < MIQIS. (2.59)
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Since AZ‘HP =0 for P € Pj,, and, moreover,

k+1 < 9k+1 .
AR f@)] < 2 max [f (@ + b))

(see (2.38)), we therefore have
AR f(2) = |AFTH(f = P)(2)| < 28T f = Plle),

where P is a polynomial from Py, and @ denotes the cube of minimal volume
containing x and x + kh. Taking here the infimum over all polynomials P and
using (2.59) we then obtain

A (@)] < eM][p]*+

for all x, h € R™ and some constant ¢ depending only on k and n.

Hence, the assumption of Theorem 2.32 holds for f and therefore f € C'k”\(R")
and [ f[cra@mny < ¢M with some constant ¢ = c(k,n). This and the first part of
the proof also give the required equivalence

M\ (f) = | flora @ny.-
The proof is complete. U
Remark 2.39. Using Theorem 2.37 and the inequality

27 sup{|Af f(z)| s z, 2z +kh € Q} < Ey(f 5 Q),

(see the argument of the proof of (2.59)), we obtain in the very same way the
equivalence

Ep(Q;
| flakw@mn) = Sgp :(TQHJC)) ; (2.60)

where the constants of equivalence are independent of f.

A characterization of C* functions via local polynomial approximation has
been proved only for the univariate case (S. Bernstein [Ber-1940]). The result is
hardly known and its proof is only outlined in Bernstein’s note. For this reason
we present a complete proof of this remarkable theorem. We refer the reader to
the books [Tim-1963] by Timan and [DeVL-1993] by DeVore and Lorentz for the
results of classical Approximation Theory which will be used (but not proved) in
the proof.

Theorem 2.40. A continuous function [ : [—1,1] — R is k-times continuously
differentiable in [—1,1] if and only if the limit
E' X .
A f; x):= lim £(Q5 ) (2.61)

Q-e  |QIF
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exists and converges uniformly in [—1,1]°. Moreover, in this case, for every x
|[f ¥ ()]
Proof. (Necessity) Given f € C*[—1,1] and {z}, Q C [~1,1], we write for y € Q,
B F®) (2
) =1 )+ L (- 2 1 R
where the remainder Ry, of the Taylor formula (in Cauchy’s form) is bounded by

Iy;flk wi (Jy — |5 f®). Since f*) is uniformly continuous in [—1,1],

li e —y|7F =
Q@I\RH |z -yl

uniformly for y € Q.
Hence, for given € > 0 and all |z| < 1, there is ¢ > 0 such that

()

En(@: ) — Be(Q3 T8 + 4

provided that |Q| + d(z, Q) < 9.
By the definition of Ej, the second term equals

FP@ ] —Zazy If(’“’( ) 2(@)’“’

k! {a;} yeQ
where we use here the classical Chebyshev theorem on the polynomial of least
deviation. Combining all these facts we get

(—a))| <<lQl,

(k)
Q™ BQ: ) - P

<é€

for all 2 satisfying |Q| + d(z, Q) < 6.
This part of the result is proved.

(Sufficiency) We need some properties of best polynomial approximation which
are collected in

Proposition 2.41. Let f € C(Q) and differ from a polynomial of degree k — 1,
k > 1. Then the following facts are true.

(a) There exists a unique polynomial (of best approzimation) of degree k — 1
denoted by Pg(f) such that

Ex(@Q; f) = IIf = Po(H)llcw

5@Q — = means that the endpoints of the interval @ tend to = and (2.61) converges uniformly

in Q.
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(b) There is a collection of (equioscillation) points xg < 1 < --- < xy, in Q such
that

and, moreover, for g; := sgn(f — PQ(f)(xi)),

€i€iv1 <0, 1=0,1,...,k—1.

Conwversely, if for a polynomial P of degree k — 1 the difference f — P
has k + 1 points of equioscillation in Q, then P = Pg(f).

(¢c) If f. € C(Q) continuously depends on a parameter k ranging in a Hausdorff
topological space, then Ey(Q; f.) and Pg(f.) are continuous in k.

Assertion (c) and (2.61) imply that
Lemma 2.42. The function \ is continuous.

Proof. Let Tg : R — R be an affine transform mapping [—1, 1] onto Q. Then for
fq := [ oTg we have, by the definition of E,

Er(Q; f) = Ex([-1,1]; fq).

Hence, the function Q — |Q|~*Ey(Q; f) continuously depends on @ and therefore
the uniform limit in (2.61) is continuous. O

The function A is therefore bounded in [—1,1] and the condition of Theo-
rem 2.38 holds for n = 1 and the exponent (k — 1) + 1. Hence, f belongs to the
space CH=L1[—1,1].

Since the Lipschitz function f*~1 is absolutely continuous, f*) exists al-
most everywhere, and for all x € @,

flz) =T, () + L )!/m(x—t)klf(k)(t)dt, (2.63)

k-1

where T, is the (Taylor) polynomial of degree k — 1 at a fixed point « in Q.
Set Sy :={r € Q; f*)(z) exists }. By the Taylor formula with the remainder
in Peano form we have, for z € Sy and y € Q,

P (@)
!

k

f) =15 (f1y) + (y—a)f +ep-(y—2)

where €, — 0 as y — =.
The argument used for the proof of necessity then implies that

. ER(Qs f S8 (@
AMz) = Clzlinx k|(Q|k ) = |]€!221572| :
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Hence, (2.63) may be written as

x

F(z) = To(x) + & - 2261 / (@ — 1At (t)dt, (2.64)

a
where we set
o :=sgn f*.
Now let
G:={x e Q;\z) > 0}.

This set is open, since A is continuous. We will show below that ¢ admits a
continuous extension from G NSy to G. In other words, we will prove that f (k)
preserves its sign in any connected component (interval) of the open set G.

Let us assume for the time being that & be this extension. Replacing o by &
in (2.64) and differentiating k times the Riemann integral so obtained, we conclude
that f(*) exists and is continuous in [—1, 1], as required.

In turn, we derive the above stated extension result from the following

Claim. Given € > 0 and a closed interval I from the open set
Ge :={x € Q;)\z) > e},
the function o preserves its sign in I N S(f).

We prove this by contradiction. Assume, on the contrary, that there are points
z1, %2 in I NS(f) such that

o(z1)0(22) :=sgn fF)(z1) - sgn f¥) (z3) < 0. (2.65)

To proceed, we reformulate this condition using equioscillation points, see Propo-
sition 2.41 (b). To this end, we fix a closed interval J C @, denote by xg < 21 <
-+ < xy the set of equioscillation points for f — P;(f) in J and set

es(f) == sen(f(xx) — Ps(f)(xx)).

Lemma 2.43. Let f € C*5Y(J) and f®)(tg) > 0 for some ty € J N Sy. Then
there is 6 > 0 such that for every interval A C J of length < & which contains tg,
we have

EA(f) > 0.

Proof. Assume, on the contrary, that there is a sequence of intervals {A,},>1
such that

to €A, CJ, ea,(f) <0 forall n and |A,| — 0 asn — oo. (2.66)

Let A be one of these intervals and zg < 27 < --+ < x be the equioscillation
points in A for f — Pa(f). Due to (2.66) and Proposition 2.41, there is a point
Yk—1 € (xp—_1, k) such that

(f — Pa(f)) (yr—1) < O.
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Similarly, between xj_o and xp_; there is a point yi_o such that

(f = Pa(f)) (yr—2) > 0,

and so forth.
Applying this argument to (f — Pa)’, then to (f — Pa)” and so on, we finally
find two points wy < wi in A such that

sen(f — Pa)F Y (w;) = (-1)', i=0,1.
Since Pgﬂfl) is a constant, this implies that

SED (wy) = fED (wp)
w1 — Wo

< 0.

Sending |A| to zero through the sequence {A,,} we obtain the inequality f*)(t) <
0 which contradicts the assumption of the lemma. O

From the lemma, we now immediately obtain

Corollary 2.44. Assume that condition (2.65) holds for z1,2z0 € I N S(f). Then
there is § > 0 such that for arbitrary subintervals A; > z;, i = 1,2, in I of equal
length less than § we have

ea,(fea,(f) <0. (2.67)

Now we proceed as follows. Let ga(f) := yaz" + - be a polynomial of
degree k closest to f|a in C'(A). It will be shown that ea(f) = sgnya. Therefore,
shifting Ay toward As and using (2.67) and the continuous dependence of yA on
A, see Lemma 2.42, we find an intermediate segment A such that yAo = 0. But ga
has k + 2 equioscillation points in A| say, z¢g < 1 < --- < xk+1, and the segment
A" = [zg,x] C A contains k + 1 of them. By Proposition 2.41 this implies

Ex(A; f) = Ep(A; f). (2.68)

Further, A C G, i.e., AM(z) > € on A, and f*~1 satisfies the Lipschitz
condition with the constant v(k) maxg A. This allows us to estimate the distance
between adjacent equioscillation points and, hence, the size of A’ by the inequality

A
A

<qle.k, f) < 1. (2.69)

Assuming this to be true for the moment we may derive from here the desired
contradiction as follows. Let {Al},en be sequences of intervals in I such that
|AZ| — 0 as n — oo and z; € AP, i = 1,2. Find for sufficiently large n, the
aforementioned subintervals Al C A, related to the pairs A}, AL. Then we get
for all n greater than some ng,
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1Az
|An

By compactness we may assume that A,, tends to some point z as n — oo. For
this z we then have

En(AL s f) = Ep(Ays f) and <g<1.

Ev(fiAn) _ . Ee(f347%)
EUACE R VAN AR R 74
AT ST A, AT

< A(z),

a contradiction.
Thus, it remains to prove (2.68) and (2.69). For this purpose we need the
next

Lemma 2.45. Suppose that the function fy is continuous on a closed interval I
and depends continuously on X € [Ng, \1]. Assume that the sign er(f\) satisfies

er(fao)er(fa,) <O. (2.70)

Then there is a A € (Ao, A1) such that fx — Pr(fx) has one more equioscillation
point©.

Proof. We denote the polynomial of degree k closest to fy in C(I) by qr(fx). We

will show that for some A € (Ao, A1) this equals Pr(fy). If this will be proved, then

f = Pr(fx) has the same number of equioscillation points as f —qr(f»), i.e., k+2.
Assume, on the contrary, that for all A € (Ag, A1),

Pr(fx) # ar(fx)-
Then the difference
qr(fr) = Pr(fr) =v(N)a" + -+ (2.71)

has at every equioscillation point of fy — P;(fy) a sign that equals that of f\ —
Pr(fy). Actually, at such a point x, we get

|Ax(@) = ar(f)(@)| < Exa (T ) < Eo(J5 1) = | Alz) = Pr(fa)(z)

b

and the result follows from the equality

ar(fx) = Pr(fx) = (fa = Pr(fa) — (A — ar(fr)-

Thus, the polynomial in (2.71) changes sign at the (k 4+ 1) equioscillation
points. Let x7(f\) denote the largest of these points. Then the polynomial in
(2.71) has k zeros less than x;(fx) and therefore

sgn(gr(fa) — Pr(fa) (xr(fr)) = seny(N).

6i.e., k + 2 points, since deg P; = k — 1, see Proposition 2.41.
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Since, as we have proved,

er(fa) :=sgn(fx — Pr(fr) (@r(fr) = sgn(ar(fr) — Pr(fr) (@r(fr)),

we get
er(fa) =sgny(A).
By Proposition 2.41 (¢), the function v is continuous on [Ag, A;] while (2.70) shows

that v changes its sign at the endpoints. Hence there is A € (Ag, A1) such that
v(A) =0 and Pr(fx) = qr(f») for this A. 0

Now we show how to find the intervals A’ C A C conv(A1, Ag) in (2.68). Set
A; = [ag, b, i = 1,2, and £ := by — a1 (= by — az). Assuming that a; < ag, we
define the function fy € C[0,¢], where X € [ay, as3], by

@)= flx+N), z€]0,.

Applying the previous lemma to the function fy and (2.70) we find A € [a7, a9
such that fx — P ¢(fx) has k 4 2 equioscillation points in [0, ¢]. Translating by £
we then obtain the same for f — Pa(f) where A := [\, £+ A] C conv(A; U Ay).
Let 2y < x1 < -+ < xpy1 be the equioscillation points of this difference in A.
According to Proposition 2.41 (b), the polynomial P is of best approximation to
fin Clxg, xg]. Setting

A= [zg, 2] C A,

we then get
ER(A"; f) = Ex(As f),

and it remains to show that for this A/,
1A'
A

this will prove (2.70) and the theorem.
In turn, (2.72) is a consequence of

<q= Q(k7€7f) <1 (272)

Lemma 2.46. Let the function f € C*~VY(I), where I is a closed interval in R,
satisfy the conditions

|FE (@) — f* ()| < Molz —y|, z,yel, (2.73)

Ey(L: f) > My|TJE. (2.74)

Then for every pair of adjacent equioscillation points x;, x; 1 for f — Pr(f), it is
true that
M,y
|iv1 — @3] 2 Uy 1], (2.75)

where ¢ > 0 depends only on k and f.
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We first derive from here (2.72). Let A1, Ay C I be as in Corollary 2.44, where
the closed interval I C G. := {z € Q; A(z) > e}. By the uniform convergence in
(2.61), we get for some §; > 0 and every subinterval A C I of length < ¢y,

Ex(A; 1 1
M > — inf Mx) > —e.
|A|’C TEA 2
Choosing an interval A C conv(A; U Ag) such that |A| < d;, we then get
1 k
DNIST EEEING
Applying now Lemma 2.46 with Mo = |f|cr-1.1(a), My = %5, and [ := A we
obtain

ec(k)

A} = [0, 21] < |A| = [z41 — 23] <A = s
2| flew-110a)

Al

This gives the required inequality

So, it remains to establish Lemma 2.46.

Proof. Let first & = 1. Then P;(f) is a constant and there are two adjacent
equioscillation points xp,z; in I. By the definition of these points, (2.74) and
(2.73) we have

2M|I| < 2B\ (15 f) = |(f = Pr(f)) (o) — (f = Pr(f))(@1)] < Mo|flcoanylzo — 1]

and (2.75) for k = 1 is established with ¢ := —2— .
‘f|00,1(1)

Now let k > 2 and zg < 1 < - -+ < x}, be the equioscillation points of f — Py
in I. As before,

2M I < 2E(I5 f) = |(f = Pr(f) (@) = (f = Pr(f)(isa)]

< |z — @i m;LX|(f — Pi(f))|. (2.76)

To estimate this maximum we use the Taylor formula and (2.73) to write

My
k1)

max |f — T(f)] < 11,

where T'(f) is the Taylor polynomial for f of degree k — 1 at the left endpoint of
1.
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The same argument also gets

My ‘ ‘k—l

max|(f = T(f))'| < & —2)!

(2.77)

Using the inequality
max|(Pr(f) = T(F))| < Byl ) +max|f = T(f)| < 2max|f —T(f)|

we derive from here that

maX’PI |_ 2M0 ||k

This and the Markov inequality, see Lemma 2.35 or Appendix G, give

/| < 4%2(6 1) ) |I|k 1

Together with (2.77) this leads to the estimate
max |(f — Pr)'| < e(k)Mo| T~

m?X|(P1(f) —T(f))

Combining this last inequality with (2.76), we prove the lemma. O
As it was explained above this gives the proof of Theorem 2.40. O

2.4 Trace and extension problems for univariate
C* functions

2.4.1 Whitney’s theorem

The Whitney solution to the problem is based on a detailed study of the combi-

natorial properties of closed subsets of the real line and a subsequent use of such

analytic tools as Lagrange interpolation and divided differences. The Lagrange in-

terpolation polynomial which coincides with f on a (k+ 1)-point set X is denoted
L(f; X); its degree equals k and the k-th derivative satisfies

L®(f; X) = kIfIX]. (2.78)

Now let S be a closed subset of R, and let S*) denote the class of all k-point
subsets of S. The main role in the solution will play a class of functions on S
satisfying the condition

lim {|f[X]| - diam X ; X € S%1 =0 (2.79)
X—=w
at every point « € S; here X — x means that d({z}, X) — 0.

The linear space of continuous functions f : S — R satisfying (2.79) is
denoted by D*(S).
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Theorem 2.47 (Whitney [Wh-1934b]). (a) It is true that

C*(R)|g= D*2(5). (2.80)

(b) There exists a linear extension operator from the trace space into C*(R).
Proof. Assume that f = F|g where F' € C*(R). If X = {xg,..., 2541} C S and
x; < Tit1, then for some ¢y, ¢ from the interval [xg, z;11],

F(k) (Cl) — F(k) (CQ)

fIX] = F[X] = k!
Ty — Tk+1

Since F*) is continuous, the condition

: i . (k4+2)\ _
)l(lglmﬂf[X” diamX ; X €S }=0

holds at every z € X. Hence,

D**2(8) 5 C*(R)] . O

The proof of the converse embedding is essentially more complicated. We
begin with a result whose proof will be postponed until the end of the section.

Lemma 2.48 (Combinatorial). There exists a map ¢ : S — SV USE+Y such that
(i) = € o(z);
(i) of = is a limit point, then
¢(z) = {z};
(iii) if x is an isolated point, then

cardp(z) = k + 1;

(iv) if either of x1,xo is a limit point, then
diam ¢(x1) + diam ¢(z2) < Clry — 22|

for some constant C' = C(k).
This is also true for isolated points if ¢p(x1) # ¢(x2).

Now let P be a univariate polynomial of degree k with k£ mutually distinct
real roots situated in an interval I of length ¢.

Lemma 2.49. For every j <k,

) pk) )
maX|P(])| < #ékﬂ.
I 1k — j)!
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Proof. Let Z = {z1,...,2} C I be the set of zeros. Then
a
Pl) == [[-2),
z€Z
where the constant a := P*®). Therefore,
» a
P@=2 Y e
Yez{k—i) yey

whence
pk k ,
max|P(J)| < L k:. i (k—j)gkj' O

Now let X1, X5 € S%*+1) and X, # Xs. Suppose that [ is an interval of
length ¢ in R such that
X =XUXyClI.

Then for the Lagrange polynomials L(f ; X;) the following holds.
Lemma 2.50. For every j <k and x € I,

(X0, ) = (X2, 1) (@)
(k)" - max{|f[Y]| - diam Y ; Y € X* 21 (2.81)
Proof. Connect X; with X, by a chain of (k + 1)-point subsets Y; € X*+1),
i <m:=k+ 2, such that Y7 = X7, Y,,, = X5 and
card(Y; NY;41) =k for every i <m—1. (2.82)

Setting P; := L(Y;, f) we may bound the left-hand side of (2.81) by the sum
> m}:mx|(Pi - Pl-H)(j)‘ and then bound the i-th term by Lemma 2.49 with P :=

i<m
P; — P;y1, a polynomial of degree k whose set of roots Y; N'Y; 1 contains k points

of the interval I.
Hence, the sum is bounded by

ﬂék_]j)! >R - B = ( )ek 7| FY] = fYina]l,
see (2.78). Finally, by the definition of the divided difference and (2.82), we get
1Y = [Yia]| < |F1% U Yiga]| diam(¥; U Y2)
< max{|f[V]|diam Y ;Y € X K+,
Putting all these estimates together we establish (2.81). O

Now we relate the space D*+2(S) to the trace space J*(R)|.. In this setting,

s
JE(R) consists of vector functions { f; }2?:0 generated by functions f € C*(R) such

that f; = ).
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Lemma 2.51. There exists a linear operator W : DET2(S) — Jk(R)|S such that
Wfo=T

Proof. By Theorem 2.13 the space Jk(R)’ g consists of vector functions f =

{f; }53:0 continuous on S and satisfying the following condition:

For every j < k and z,y € S,
ri(fiwy) >0 as y— (2.83)

Let us recall that (in this case) the reduced remainders are defined by

k—j Y .
ri(f; xy) = fj(ﬁf)—me(y)(xTy)’/lib—y’w'
1=0 '

Hence, given f € D*+2(S), we must find a vector function f= {fj ;?:0
satisfying (2.83) that depends linearly on f. We define the function f; as the limit
of the j-th derivatives for the corresponding interpolation polynomials.

We begin with the value of f; at a limit point # € S. In this case, the set

T.(z):={X € S§k+2) - diam({z} U X) < e}

contains for sufficiently small €, say, € < g¢, infinitely many points. This allows us
to define f; by

fi(e) = lim {LO(Y, f)(2); ¥ € SO (2.84)

the limit has the same meaning as that in (2.79).
To prove that the limit exists, we apply Lemma 2.50 to subsets X, Xs €
To(z) N S*+D where € < £. This yields

[(L(X1, ) = L(Xa, )7 (@)] < e(k) max{|f[Y]| diam ¥ ; ¥ € Toe(z) N SE2}.

Since f € D¥*2(S), the right-hand side tends to zero as Y — z, see (2.79). Hence,
the limit in (2.84) exists for all j < k. Moreover, for such z,

since L(X, f)(z) = f(z) asz € X.

Further, we define f(m) at an isolated point x € X using the set ¢(z) of
Combinatorial Lemma 2.48. In this case, ¢(x) consists of precisely k + 1 points
and L(¢(z), f) is a polynomial of degree k. We introduce now f;(x) by

)
i) = 5

7 L(o(@), N)t) = LY (¢(x), f) (@) (2.85)

t=x
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noting that x € ¢(x) and therefore fo(x) = f(z) at isolated points as well.
Thus, f is now determined at all points of S. The operator W : f +— f is
clearly linear and satisfies

Wfo =

Let us show that f € J*(R) 4> that is, the reduced remainders r; satisfy
condition (2.83). To this end we choose, for a given & € S, a sequence of sets
{X;(z)} from S%+1) such that

diam X;(z) — diam¢(z) as @ — oo, (2.86)
and, moreover, for 0 < j <k,

fi(@) = lim LY (X;(x), f)(x). (2.87)

1—00

The existence of such a sequence is obvious for a limit point x; for an isolated x
we simply set

Xi(z) =¢(x), i=1,2,.... (2.88)

Since L(¢(x), f) is a polynomial of degree k, the remainder Tj(f; x,y) may
be written in the form

ri(f5 2,y) = Jim [(Pie = Poy) D (@) /1o =y, (2.89)

1—00
where we set for x € S and z € R,

. J
P(J)(z) = j—

i,X J

see (2.85) and (2.87).
It remains to estimate the j-th derivative in (2.89).
First, let  be a limit point. By Lemma 2.48,

diam ¢(z) + diam ¢(y) < c(k)|z — y|.

This and (2.86) yield the estimate for the upper limit of lengths ¢; of intervals
Ji(z,y) = conv(X;(z) U X;(y)):

lim ¢; < lim (diam X;(z) + diam X;(y) + |z — y|) < c(k)|z —y|.
71— 00 11— 00
Using this and Lemma 2.50 we bound the limit in (2.89) by
k k+j T | pk—3 . . (k+2)
c(k)|x —yl Zliglo 6777 max{|f[X]| diam X ; X € (X;(z) U X;(y)) }

< e(k) T mae{[X]| i X3 X € (Xi(a) U X,(0) ).
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Since f € D*+2(S), see (2.79), and ¢; = |J;(z,y)| — 0 uniformly in i as y — =,
the right-hand side tends to zero as y — x and therefore

ri(f;z,y) >0 as y—a.

Now, let z € S be an isolated point. Then y = x if y € S is sufficiently close
to x and therefore, for such vy,

ri(fs @y) =ri(f; z,2) =0. O
Lemma 2.51 implies the required inverse embedding

DF2(8) ¢ C*(R)

S?

since by Theorem 2.13, (W f)o = F|S for some F' € C*(R) while (W f)o = f.
Thus, part (a) of Theorem 2.47 is proved.
Finally, the required linear extension operator £ from D*+2(S) to C*(R)
is defined by composing Whitney’s extension operator Ej acting from J*(R)| 5 to

JF(R) with W and the projection Pf:=fy, feJ* (R). In other words,
& == PE;W. (2.90)

This completes the proof of Theorem 2.47. O

We apply now the Whitney extension method to obtain a version of Theo-
rem 2.47 concerning the space C**(R) defined by the seminorm (2.7); recall that
the continuous function w : Ry — R, satisfies the conditions

t
w(t) and w*(t):= o0 increase as t — 400 and w(0+) =0. (2.91)

To formulate the result due to Merrien [Mer-1966] we introduce a space of functions
f:S — R by the condition

Myw(f) = sup{‘f[XHw*(diamX) ; X e S<k+2>} < 0. (2.92)

We denote this space by DE*2(S).

Theorem 2.52. (a) D5t2(S) = C'k’w(R)fS and my, ., (f) is equivalent to the trace
norm of f with constants depending only on k.

(b) The restriction of the extension operator £ to CF (R)|S is a linear contin-

uwous extension operator from this space into C’k’w(R).

Proof. Let f = F|g for some F € C*¥(R). Then we have, for X € §{+2),

_ PO - F )

’f [X] | diam X ’
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where c¢q, ¢y € conv X.
This immediately yields
| f[X]|w* (diam X)) < k! F|crw ),

whence

Mk w(f) < K flore®)s (2.93)

by the definition of the seminorm involved.
To prove the converse result, we first state that

| FIX]] diam X < my, o (f)w(diam X), (2.94)

see (2.92). But w(0+) = 0 and therefore finiteness of my ., (f) implies that f
belongs to D¥*2(S). Hence, the operator £ is defined on the space DX+2(S) and
it remains to estimate the C*“-seminorm of £ f for f € D¥*2(S). To this end we

first apply the inequality established for the remainder r;( f ;x,y) with z,y € S,
see (2.89), and then use (2.94) to bound the right-hand side of this inequality by

C(k)miw(f) i@{w(diamX) L X € Jy(a,y) 5D}
< O(k)mp o (flw(Cr(k)|z — yl);

here fis the k-jet generated by f, i.e., f: W f, see Lemma 2.51.
Since w* is nondecreasing, w(ct) < max(1,c)w(t) and therefore,

ri(f's 2y) < Ck)mpw(fw(lz —yl)

provided that z,y € S and 0 < j < k. This means that f satisfies the Taylor con-
dition of Theorem 2.22; see (2.36), which then implies that the Whitney operator
E? extends fto the k-jet E,fffrom JF(R). Since, in addition, this operator is
linear and continuous, the operator & := PESW (see (2.90)) extends functions
from DE*2(S) to C**(R) and

€8 flerem) < Ck)myw(f).
Together with (2.93) this completes the proof. O

Remark 2.53. The same proof can be applied to the case of the Banach space
C’f’w(R) with norm
[fll gk @) = sup |fI+ [ florem)

We leave to the reader to verify that up to the equivalence of the norms

CP¥(R)| g= DEF2(S),
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where the space of the right-hand side is defined by the norm sup | f| + my . (f)-
s

We now use universality of the extension operator £ (meaning independence
of w) to obtain an extension result for the subspace C¥(R) of C*(R) consisting of
functions whose higher derivatives are uniformly continuous on the real line.

Corollary 2.54. The restriction of £ to the space C’fj (R)|S s a linear continuous
extension operator from this space into CF(R).

Proof. If f € C’ff (R), then the modulus of continuity of f defined for f > 0 by

wt; fM) = suwp | (@) - FP(y)]

lz—y|<t

tends to zero as t — 0.
Since modulus of continuity is a subadditive function, there exists a function
w: Ry — Ry satisfying conditions (2.91) and such that

w < w < 2w;

for instance, one can choose w(t) := t sup @) This implies the equality

s>t s
CiR) = JC"(R),
where the union is taken over all w satisfying (2.91).

Then assertion (b) of Theorem 2.52 gives the required result. g

Proof of Combinatorial Lemma 2.48. We begin the definition of the required set
function ¢ : S — S U SHHD by setting

¢(x) = {x}

for z € S being a limit point of S.
Now let z be an isolated point of S. Then we set

o(z) = {xo,21,..., 21},

where xg := 2 and the remaining points are defined as follows.
Define z; by the condition

‘.Z‘O — Z‘l‘ = d({xo}, S\{l‘o}), T € S\{Io}

(recall that d(Sy, S2) := inf{|s1 — s2| ; 5; € S;, @ =1,2}). If there are two such
points, choose x1 to be the one to the right.

If now z; is a limit point of the closed set S\{zo}, we choose distinct points
xj from S\{zo, 21}, 2 < j <k, such that

(R) \xj — .1‘1‘ = d(xj, {J)o, Tly--- ,xj_l}) < d(xj_l y {.130,.131, SN ,Z‘j_g}).
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Since x4 is a limit point of S\{z¢}, such a choice is possible. Otherwise S\{xzq, 21}
is closed and we define x5 by the condition

d(xz, {xo,zl}) = d({xo,xl},S\{xo,xl}), 29 € S\{xo,x1};

as above, the point x5 is to be the one to the right if the choice is not unique. Again,
if x5 is a limit point of S\{x¢,x1}, then we choose points z; € S\{zo, z1, 22} by
the above formulated rule (R) with z2 replacing x;.

Proceeding in this way, we define ¢(z) := {xo,...,zx}.

Claim. If ¢(x) # ¢(y), then
and the same holds for |y; — y;].

To establish this, we first show that for 0 <i <k —1,

d(xi-‘rl, {an te- ?xl}) S ‘JTO - y0|a

(2.96)
d(yi+1, {wo, - -,yz‘}) < |zo — yol-

These inequalities will be proved by induction on i. The result is trivial for ¢ = 0.
Now let (2.96) hold for i — 1 < k — 1; we will prove it for i. By symmetry, it
suffices to establish the first of these inequalities. Without loss of generality we
may assume that the points zq,...,z; are isolated; for otherwise the required
inequality follows from the rule (R) and the induction hypothesis. It follows from
the condition ¢(z) # ¢(y) that there are two possibilities:

A. {yo,...,yi} is a proper subset of {xq,...,x;}.

B. There is 5 <4 such that

Y;j & {0, .., T4} (2.97)

Case A is impossible, since all points yg,y1, ..., y; are pairwise distinct.
In case B, let j be the minimal index satisfying (2.97). By the extremal
property of x;1, we then have

d($i+1, {$0, . 71’1}) § d(yj, {$0, e 71’1})

If now 7 = 0, then the right-hand side of the inequality is clearly bounded by
|zo — yo|, as required. Otherwise, {yo,...,yj—1} is a nonempty subset of
{zo,...,2;}. Hence, in this case,

d(y;, {wo, ..., z:}) < d(y;. {yo, .-, yj-1}),

and it follows from the induction hypothesis that this is bounded by |zo — yol.
Using now inequalities (2.96) we prove (2.95) by induction on ¢ := max{3, j}.
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For ¢ = 0 this is trivial. For ¢ > 0, we may assume that i > j. Let i’ < i be
such that |z;—zy | = d(2;, {zo, ..., 2i—1}) < |ro—yol. By the induction hypothesis,
|zi — 25| < max{i, j}zo — yo| < (£ —1)|zo — yo|. Hence,

|zi — x| < @i — 2y | + 200 — 23] < Llwo — Yol

The proof of (2.95) is complete.

Now we are ready to prove the Combinatorial Lemma. By the definition
of ¢, the point = belongs to ¢(z). Moreover, ¢(x) = {z} at a limit point and
card ¢(z) = k + 1 at an isolated point.

We claim that if z # y and one of these points is a limit point, then

diam ¢(z) + diam ¢(y) < 2k|x — y|.

In fact, in this case ¢(z) # ¢(y) and, by (2.95), the diameters of ¢(z) and ¢(y)
are at most k|z — y|. The same argument can be applied to the case of isolated
points z,y such that ¢(z) # ¢(y) and so the lemma has been proved. O

2.4.2 Reformulation of Whitney’s theorem

In an attempt to generalize the Whitney theorem to C*(R™), we immediately enter
the following difficulty. Unlike the univariate case we cannot use for the definition
of divided differences the linear order of the real line or the connection with La-
grange interpolation as in Proposition 2.25. In the multivariate case, it would be
natural to define the divided difference f[3] for a finite set ¥ C R™ as a collection
of derivatives { D*Ls(f) ;|| = k}, where Ly (f) is a polynomial of minimal degree
interpolating the function f at points of X. Such a polynomial is not, in general,
unique and one must select one of them. Unfortunately, such a choice cannot be
done arbitrarily, since, given f being the trace of a C* function to S, the chosen
family of interpolation polynomials for f must satisfy quite strong restrictions.
This leads to a very difficult selection problem whose geometric counterpart will
be discussed in Section 5.3.

Therefore it seems to be reasonable to find an equivalent formulation of
Whitney’s theorem which eliminates divided differences (and related Lagrange
interpolation) and then to extract from there the basic features of the multivariate
extension problems. To achieve this purpose we need a new concept, the Finiteness
Property, already mentioned in Section 2.3. For its motivation we first note that
due to Theorem 2.52 for a (k + 2)-point set 3 C R and a function g : ¥ — R,

|g|ck,w|2 R ‘g[E]w*(diam %)

)

where w*(t) := t/w(t), t > 0, and the constants of equivalence are independent of
g and .
Therefore Theorem 2.52 may be restated as follows.

Theorem 2.55. Let S be a closed subset of R containing at least k + 2 points.
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(a) A function f : S — R belongs to the trace space C’k’”‘s if and only if its
restrictions f|s to subsets 3 from Sk+2) satisfy

SUP{U'Z’ckvwb Y e S(k+2)} < 00.

Moreover, the supremum is equivalent to |f|cr.w)-

(b) There is a linear continuous extension operator from C”“‘”S to CF*(R) in-
dependent of w.

In order to reformulate Whitney’s Theorem 2.47, we note that the entity
|f[2] diam2|, where ¥ := {xg,..., 2511} C R may be rewritten up to the multi-
plier k! as |L20(f) — LEl(f)|ck(R) for ¥; == {ay, ..., xp4i}, @ = 0,1, see Propo-
sition 2.25 (b). Moreover, the Lagrange polynomial (of degree k) Ly, (f) is an
extension of the trace f|s, to a function of C*(R).

These facts lead to the following form of Whitney’s Theorem 2.47.

Theorem 2.56. Let S be a closed subset of R containing at least k + 2 points.

(a) A function f : S — R belongs to the trace space C’k|s if and only if every
trace f|s to a (k+ 1)-point subset ¥ C S admits an extension to a function
Fs of C*(R) such that for every x € S,

|F2 — FE’lC"’(R) —0 as E, ¥ = {(E}

— CF(R) such

(b) There exists a linear continuous extension operator 5 : Ck|s

that for every 1-majorant w,

gL (CF¥|,) C CP(R).

In the case of the space CF(R) the family {Fs}ycgai2 may be taken to
be uniformly bounded on R. This fact and condition (a) allow us to apply the
Arceld-Ascoli theorem which leads to the following version of Whitney’s result.

Theorem 2.57. There exists a constant c(k) > 0 such that a function f: S — R
belongs to CF(R)|s if and only if some family of CF(R) extensions {Fs}yecgmr
is contained in a compact subset of a ball in Cf(R) centered at 0 and of radius at
most c(k)supg | f|.

2.4.3 Finiteness and linearity

Now we are ready to introduce these general concepts and formulate the basic con-
jectures. An extensive study of this area will be presented in Chapter 10 (Volume
II).

Let X be a space of smooth functions on R™ equipped with a seminorm [-],
e.g., O (R") or AF“(R™), or norm f + supg. |f| + |f|x. For a closed subset S
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of R™ we, for brevity, denote by X(S) the trace space X|s, and by |- [x(g) the
corresponding trace seminorm, i.e.,
|flx(s) == inf{lg|x ; gls = f}

Given an integer N > 1 and a closed subset S C R™ containing at most N
points, we now introduce a functional dn(-; S; X) defined on functions f : S — R
by

Sn(f; S5 X) = sup{|f|x); Z e SM}. (2.98)

Using this we introduce the basic

Definition 2.58. (a) The space X possesses the finiteness property on a closed
subset S C R"™ if for some integer IV the following is true.

A function f:S — R belongs to the trace space X (5) if
ON(f; S; X) < oo.
Moreover, the equivalence

On(fs5 55 X) = |flxs) (2.99)
holds with constants independent of f.

(b) X has the (uniform) finiteness property if (a) holds for every closed S with
the constants in (2.99) independent of f and S.

The minimal N here is denoted by Fs(X) and is called the local finiteness
constant of X.
In turn, the (uniform) finiteness constant of X is given by

F(X) :=sup{Fs(X); S is closed}. (2.100)
In these terms, Theorem 2.55 (a) simply asserts that
F(C**(R)) =k +2. (2.101)

To formulate in the same manner Theorems 2.56 and 2.57 we need a new
concept.

Definition 2.59. The space X possesses the strong finiteness property if the fol-
lowing is true:
A function f: S — R belongs to the trace space X (5) if

(a) for the seminormed space X, some family {Fx }ycgv, satisfies

|Fs — Fy

x — 0 if 2% = {z}

for every x € S;
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(b) for the normed space X, some family {Fx}ycgn is contained in a compact
subset of a ball in X centered at 0 of radius at most c(n, k) supg | f].

The minimal N of this definition is said to be the strong finiteness constant
of X denoted by Fyr(X).
In these terms, Theorem 2.56 (a) simply states that

For (CE(R)) = k + 1. (2.102)

One more illustration of these properties yields the Shevchuk theorem
[She-1992, Thm.11.1] generalizing Theorem 2.55 to the space C*A*“(R).
Let us recall that this space (over R™) is defined by the seminorm

i ws(t; D* f)
few(mny (= SUP SUp —————=%
CkAs:@(R™) |2k £50 w(t)

where w is an s-majorant, see Section 2.1 for details.
The aforementioned theorem asserts that f : X — R belongs to the trace
space CFA*(R)| 4 if
sup{|f[Z]] - Tps(w, X); £ € ST (2.103)

is finite. Here ¥y, 4(w,X) is a rather complicated function of w and ¥ for which an
analytic expression can be given only in few cases; for instance,

Up1(w, ) ~ w*(diam 3) (2.104)

so that (2.103) implies Theorem 2.55 (a).

Another interesting case concerns the Besov space BZ (R), see (2.23). For
noninteger o we have BZ (R) = C**(R) with w(t) :=t"~%, 0 < ¢ — k < 1; hence
the corresponding result is given by (2.104) with w(t) :=t7, k:= |o] and s = 1.
However, for integer o we obtain a new result; in this case, k = o — 1, s = 2 and
w(t) :=t, and for this k, s, w,

diam X
\I/k,s(w7 Z) ~ 1 diam > 1’
|Og(diam20)| +
where 3 := {zg < 21 <+ < Tpys} and Bj = {zg, ., gy, 1= 0,10

Hence, f : S — R belongs to the trace space B (R)
if (and only if)

| 5> where o is an integer,

diam X
. (o)
Sup{|f |’10g(dlamzl)‘+1,265 }

diam Xg

is finite.
For o =1 this result was firstly proved by A. Jonsson [Jon-1980].
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The final case concerns the space A2*(R) with arbitrary 2-majorant w. In

this setting,
diam X -1
t
\IIO’Q (w, 2) ~ (dlam E) ( / m dt) y

t2
6(%)

where 6(X) := min{z;+1 — x;; i = 0,1} provided that ¥ := {zg < 21 < z2}.
Then (2.103) yields the trace description result established independently by
Shvartsman [Shv-1982] and Dziadik and Shevchuk [DShe-1983].
We now clarify the Shevchuk theorem using the finiteness constants. The
result is naturally divided into two parts the first of which simply asserts that

F(CFA(R)) =k + s+ 1. (2.105)

The second, the computational part of the theorem, evaluates the trace norm
of f: ¥ — R for subsets ¥ of cardinality k£ 4 s 4+ 1. The Shevchuk result yields for
such subsets

|f|ck-As~w(R)|E ~ Vg s(w, 2).

2.4.4 Basic conjectures

The previous discussion forms a basis for several conjectures for multivariate func-
tions.
We begin with

Finiteness Conjecture 2.60. (a) The space Ck/\s’“’(R") has the finiteness prop-
erty.

(b) The space C*(R™) has the strong finiteness property.

Linearity Conjecture 2.61. Let X (R™) be one of the spaces of the previous con-
jecture. Then for every closed subset S C R™ there is a linear bounded extension
operator from the trace space X|g into X (R™). In other words, the trace space
admits a stimultaneous extension.

Until the early 1980s the only result was Whitney’s Theorem 2.56, confirming
the first conjecture for n = 1. Since then the situation has essentially improved due
to the works of Yu. Brudnyi, Shvartsman, Ch. Fefferman, Bierstone and P. Milman.
We discuss their results in the final part of the book; for now we only single out
the next striking fact established by Shvartsman [Shv-1987]:

F(A**(R™) =327 L. (2.106)

Remark 2.62. (a) Unlike the one-dimensional case the extension operator for
n > 1 depends on the majorant w. This follows from the following fact:

There is a subset S C R? such that C&(RQ)‘S does not admit a
simultaneous extension to CL(R?).



134

Chapter 2. Smooth Functions on Subsets of R™

This result due to Yu. Brudnyi and P. Shvartsman [BSh-1999] will be
also discussed in the final part of the book.

“Interpolating” the Shevchuk and Shvartsman results (2.105) and (2.106) one
may guess that
F(CHA*(R™)) = (k + s + 1)27*n)

where v(k,n) := —1 + ("T*7?). Note that the binomial coefficient is the
dimension of the space of (s — 1)-homogeneous polynomial in x1, ..., x,.

This quantitative version of Conjecture 2.60 (a) seems to be extremely
difficult to prove (if true).

The local extension constant Fg(X) for “massive” subsets S C R™ may have
a strictly lesser rate of growth in n. For example, let S be n-regular, i.e., for
some ¢g > 0 and 9 > 0 and all cubes Q..(x) with r <rg and x € S,

|S N Qr(2)] > cor™

Then the extension theorem from the paper by Yu. Brudnyi [Br-1970b] and
the Remez—Shnirelman finiteness principle, see Appendix B of Chapter 1,
yield for these S and power k-majorants w the inequality

. k
Fs (C’k’“’(R")) <1+dimPg, =1+ (n—;{— )
A general result of this kind concerning the space Ak’”(R”) and the so-called
Markov subsets S will be presented in Section 9.2 (Volume II).

In all these formulations we may replace seminorms of X by its normed
counterpart defined by the norm || f||c,®n) + | f|x. The known results cited
above remain to be true for the normed spaces as well.

2.5 Restricted main problem for some classes

of domains in R"

2.5.1 Quasiconvex domains

We derive from Theorems 2.13 and 2.19 trace and extension results for C* func-
tions on open sets. We restrict our consideration to the space C‘k’W(G), where
hereafter G C R™ stands for a domain. Let us recall that this space is defined by
the seminorm

|flova) = Y sup |[D*f (@) = D [(y)]

: (2.107)
2 aice wlia—ol)



2.5. Restricted main problem for some classes of domains in R™ 135

where w is a nondecreasing nonnegative function on R, such that w(t)/t is non-
increasing and w(0+) = 0.
In particular, w is subadditive, i.e., for all t1,t5 > 0,

w(t +1t2) < w(tr) +w(t2); (2.108)

w(t1+t2) < w(ti)

indeed, T =

(2.108).
In the case under consideration, the Restricted Main Problem is formulated
as follows:

, and multiplying this by ¢; and summing on 7, one gets

Problem. (a) Under what geometric characteristics of a domain G is it true that

Che(G) = CF%(R™) L7 (2.109)

(b) Under what conditions on G is the equality (2.109) a linear isomorphism,
i.e., there exists a linear bounded extension operator from the trace space
into CF* (R™)?

We present here only a partial solution to the problem, namely, we describe
a subclass of domains which satisfies (2.109). Since the proof of the result will be
based on Whitney’s extension theorems, the answer to question (b) is automati-
cally affirmative.

To introduce the subclass in question, we need several geometric notions.

Suppose that v : [0,1] — R™ is a curve (continuous map). Recall that its
length is defined by

() =sup Y _|Jy(ti) = ()], (2.110)
=0

where the supremum is taken over all polygonal lines with associated segments
[’}/(t,‘),’}/(ti_;_l)}, 0<t; <<ty <1, and all n.

A curve v is rectifiable if £(vy) < oo.

Further, fixing w one defines the w-length of a polygonal line ~y : [0,1] — R™
with the segments [y(¢;), ¥(ti41)], where to =0 <t; <--- <t, =1, by

|
—

n

lo() = 3 w(|[1(ti) —()])- (2.111)

i

Il
o

Now let G be a domain in R™. One defines the (geodesic) w-distance in G
setting for z,y € G,

dy(z,y) = inf £, (), (2.112)

where  runs over all polygonal lines « joining z,y in G (i.e., v : [0,1] — G and
7(0) =z, v(1) = »).



136 Chapter 2. Smooth Functions on Subsets of R™

Due to (2.108), d,,(z,y) = w(]|Jx —y||) if the segment [z, y] lies in G and there-
fore d,, is a metric on R™. It will be shown below, see the proof of Proposition 2.68,
that d,, is a metric in G as well.

Definition 2.63. A domain G C R™ is said to be (C,w)-convex, if for every two
points x,y in G there is a polygonal line v joining them in G and such that

lu(7) < Cw(llz —yl)-

The optimal C' will be denoted by Cy,(G).
If w(t) =t, t € Ry, then such a domain is said to be C-quasiconvez (quasi-
convez if the constant does not matter).

A 1-quasiconvex domain is clearly convex. Moreover, for C' close to 1, C-
quasiconvex domains inherit some basic features of convex ones. In particular,
such a domain is contractible if ' < 7, and simply connected TifC < ”TQ , see
Gromov [Gr-2000, pp. 11-12]. On the other hand, the geometry of (C,w)-convex
domains may be rather complicated even for C close to 1. As an elementary
example we consider a planar domain G, A > 1, in the open unit disk D centered
at (0,0) given by Gy := {(z,y) €D; 2 <0 or [yl >az*}:

Figure 2.1: An example of a (C,w)-convex domain.

This domain is (C,w)-convex for w(t) := ¢*. In fact, it suffices to check
the condition of Definition 2.63 only near the vertex (0,0) of the cusp of Gj.

"i.e., every closed curve into the domain is homotopic to a constant map.
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In this case, fix a sufficiently small ¢ > 0 and let v, be a polygonal line with
the endpoints p+ := (a,+a’) and with very small segments inscribed in the arc
ly| = 2*, 0 < z < a. Then

00(a) ~ 2/: (1 + (jtw(t*)f) e a,

w(lp+ —p-l) = (20)% ~a
and the required condition follows.
G has a single inner cusp at 0; it is easy to construct a (C,w)-domain with
infinitely many inner and outer cusps.
Now we formulate and prove the basic result of this section following, in
essence, Whitney’s paper [Wh-1934d], where a simultaneous extension for C*(G)
in the case of a quasiconvex bounded domain is studied.

while

Theorem 2.64. Assume that G C R"™ is a (C,w)-convex domain. Then for every
k equality (2.109) holds up to equivalence of seminorms. Moreover, there exists a
linear bounded extension operator from C*%(G) into C*«(R™).

Proof. Since the restriction of f € C*“(R™) to G obviously belongs to C*“ (@),
the embedding

Ch(RM)], C CH(@) (2.113)

holds with the embedding constant 1.
We prove the converse embedding using the Whitney extension operator Eg,

see Section 2.2. To this end, given a function f € C”‘“W(G)7 we introduce a k-jet
J = {fa}|a|<k defined on G by

Jo:=D"f.

We claim that under the assumption on G, the continuous extension of k-jet to G
satisfies the Whitney—Glaeser Theorem 2.19. This can be done if we prove for the
reduced remainders

o Do+B e
olf e D@ - 3 P oy e
[B|<k—|al '

the inequality
ra(f'; 2,9) < Clflcree w(llz - y) (2.114)

with C depending only on k,n and the constant C,,(G).
To establish (2.114), set

Ro(f; a,y) = D*(f — Ty)(x),

where T; f is the k-th Taylor polynomial of f at point y.
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Lemma 2.65. Let f € C*“(G) and [z,y] C G. Then for every o and z € R™,

Ra(f:2.y) < clflovw Iz = 2l + |z =y 1) - w(llz =y, (2.115)
where ¢ = c(k,n).

Proof. Applying the Taylor formula with the remainder in the integral form we
represent R, (f; x,y) with |a] < k in the form

. — (‘T — y)ﬁ ! k—|al—1
Ro(fiz,y) = (k—|af) — | (11
B—Zk;m & /0
X [DTP f(y + t(x —y)) — D*T f(y)]dt.

Since y + t(x — y) € [z,y] C G, the expression in the square brackets does
not exceed in absolute value | f|ck.«(q) - w([lz — y||). Hence, we have

|Ra(f 5 2,9)| < e(kn)| flere o) llz = ylI* 1 w(llz = yl).

This estimate is true also for || = k, because in this case

[Ra(f; )| = |D* f(x) — D*f(y)].
Apply now these estimates to the identity

DT — T £](2) = %Raw(f; 2,9)(z — 2)P.
1Bl1<k—|al 7"

This gives for the absolute value of the right-hand side the upper bound

1 _
c(k,n)| florw@w(lz —yll) Y 7 & — yl|F 1Bl 2 — )| 1A1.
1B|<k—|al 7"

The sum is clearly bounded by c(k)(||lz — z||*712l + ||y — z||*~12l), and the result
follows. O

Going back to the proof of (2.114), choose a polygonal curve « : [0,1] — G
connecting points z,y € G and such that

lu(7) <20, (G)w([lz = yl)-

Let {yito<i<m C 7([0,1]) be the vertices of 7, so that yo = x, ym = vy, (i, Yi+1] C
G; then

m—1

lu(v) = Z w(|witr — vil])- (2.116)

1=
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Applying Lemma 2.65 we get

m—1
|[Ba(f5 2)] = [DM(TEF =Ty ) @) < X [D(Ty,, f =Ty f) ()]
=0

m—1

< Ok, )l flereia Y @(lyirn = vill) (e = wal ¥+ |l = gaga||*711).
i=0

Setting p1 == sup(||z — y;||*~1l + ||z — y;41[|*~1*!) we therefore have
i

[Ra(f3 2,9)| < clk,n)p|flowscylo(). (2.117)

We now show that

1< (k) [Cul@) |z —y)] "

Together with (2.117) and (2.112) this would yield the desired inequality (2.114)
with

(2.118)

&= c(k,n)c(k)Cy,(G)E. (2.119)
To establish (2.118) we use

Lemma 2.66. Let v : [0, 1] — R™ be a curve with endpoints v(0) := x and y(1) := y.
Then

oy) < Mﬁw(v)-

~ w(llz —yl)
Proof. Since the map t — {(7|j) is uniformly continuous on [0,1], one can
choose {y;} € ([0, 1]) such that [|yi+1 — sl := [|[7(tix1) —7(t:)| < ||z — y]| for all

i. Since the function ¢ — ﬁ is nondecreasing, we then have
Iz —yl

Y(tivr) =yt < w(|[y(tir1) = ()|)-

H i+ ¢ H w(||z =) (H i+ ¢ H)

Summing these inequalities over i and taking the corresponding supremum we
then obtain

|z =yl lz —yll

Uy) £ ———= > w(||7(tiv1) —7(t)|]) £ ——5 Lu(7)-
0 < Sy 2t -l < Zoe— s &)

The result is thus established. O

To apply the result just proved to estimate u, we write

_ _ k—
2 — il 71+ (|2 — gopa |71 < ek (|2 — will + |2 — garall)*

< 2Fe(k) £ (y)Rlel,
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Estimating here £(vy) by Lemma 2.66 and recalling the definition of 1 we obtain
the inequality

§ |z —y] kol
“SQ““(wmx—ymg“”>

. k—|a

< otet) (S cu@ulle—a)
w(llz —yll)

This proves (2.118) and (2.114).

Now (2.114) with |a| = k implies that

| D f(z) = D* f(y)| < O)|flore ) wlllz = yl)).

Hence all derivatives D®f with |a| = k are uniformly continuous on G. This

and (2.114) with |« = k — 1 then imply the uniform continuity of all D f with

|a| = k — 1. Proceeding this way we prove that D f for all |a| < k are uniformly

continuous on G. Extending these derivatives by continuity to the closure G we
obtain the k-jet satisfying condition (2.114) on the closed set.

It remains to apply the Whitney—Glaeser Theorem 2.19 to complete the proof.

O

Remark 2.67. Estimates (2.114) and (2.119) yield the upper bound é(k,n)C,,(G)*
for the extension operator of Theorem 2.64. It can be shown that the estimate is
asymptotically sharp (up to a constant) as C,(G) tends to 1.

Now we return to the Restricted Main Problem, see (2.109). With this in
mind, we reformulate Theorem 2.64 as follows.

Let Dext(k,w) denote the class of domains in R™ satisfying (2.109). Then
Theorem 2.64 asserts that w-convexity of a domain is sufficient for being a member
of Dex (k,w).

This condition is, in general, not necessary. Nevertheless, this is the case for
a few situations presented below.

Proposition 2.68. A domain G C R™ belongs to the class Dext(0,w) if and only if
G is w-conver.

Proof. According to Theorem 2.64 only w-convexity of G should be established.
For this purpose we first show that the distance d, introduced by (2.112) is a
metric in G. It is easy to verify the metric axioms for d,,, except that of finiteness
(i.e., d,, < 00). To show the finiteness of d,,, we fix © € G and denote by G(z) the
set of all y € G that can be connected with = by a polygonal curve v : [0,1] = G
with £, () < oo. Finiteness of d,, means that G = G(x) for every x € G. But G(x)
is clearly open and it can be easily checked that it is also closed in G. Since G is
connected, the result follows.
Fix now a point = € GG and define a function fy, : G — R by

foy) ==du(z,y), yeG. (2.120)
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Let [y,y’] C G. The triangle inequality and the definition of d,, then yield
[ foly) = fo(y)] < du(y,y') = wlly — ¥'II)-

Hence fy € C%¥(G) and |flcow (@ < 1. Since (2.109) with k& = 0 holds for the
domain G, every f € C%¢(@) admits an extension F' € C%“(R") such that
|Flcow@n) < Clflcow(a)

with a constant C' independent of f. Applying this to the function fy and denoting
its extension by Fj, we obtain, for x,y € G, the inequality

do(z,y) = |fo(z) = fo(y)| = |Folz) — Fo(y)|
< |Foleow@mw(llz —yll) < Cw(|lz —yl)).

That is to say, for every pair x,y € G, there is a curve v : [0,1] — G connecting
them and such that £,,(y) < Cw(|lz — y||).
Hence, G is (C, w)-convex. O

The next result, proved by Zobin [Z0-1999], shows that w-convexity is a
necessary condition for the space C*1(G), i.e., C*¥(G) with w(t) =, ¢t > 0, and
some class of domains G C R? to satisfy (2.109). Let us recall that a w-convex
domain with this w is called quasiconvex.

Theorem 2.69. (a) Assume that G is a simply connected planar domain belonging
t0 Dot (k,w) with w(t) :=1t, t > 0, i.e.,

CPL (@) = CH (R?)| . (2.121)

Then G is quasiconvex.

(b) The same is true for finitely connected bounded planar domains of the class
Dext (k,w) with w(t) :=t, t > 0.

(¢) There is a bounded planar domain of this class which is not quasiconver.

Proof. We present the proof of assertion (a) and outline the proof of assertion (b)
referring to Zobin’s paper [Zo-1998] for a counterexample proving assertion (c).

(a) By the assumption, for every f € C*1(G) there exists an extension
F € C*(R?) such that

Il ge) < Alflern e (2.122)

with A independent of f. To derive from here the quasiconvexity of G, we con-
struct, for every « € G, a function f, € C*!(G) such that its seminorm satisfies

| felorae) < V2, (2.123)
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and, moreover, for every y € GG, the inequality

do(z,y) < Y | D fulz) — D fuly)| (2.124)

la|=k

is true with w(t) :=t.

We first show that this function can be used to complete the proof. Let
F, € C*1(R?) be an extension of f, satisfying (2.122). Then (2.122) and (2.124)
yield the inequality

do(z,y) < Y |D*Fu(x) = DFo(y)| < [Faloraez)le -y
|| =k

< Alfolorr o =yl < V2 Allz —y||.
By the definition of d,, (with the linear w) this estimate means that every pair
x,y € G is connected within G by a curve of length at most C'(k)A|z — y||, and
the result follows.
It remains to find the function f, € C*!(G). For this purpose, we denote by
L(x,y) the set of piecewise linear curves in G connecting x and y and having seg-

ments parallel either to the z;-axis (z1-segments) or to the zo-axis (z2-segments).
For such a curve, say 3, one sets

£;(B) := sum of lengths of x;-segments of S.
Now define a pseudometric di, : G x G — R by setting
dg(w,y) == mf{(;(B); B € L(z.y)}-

For the segment [z,y] C G the Pythagoras theorem gives

e — yll = \/db (. 9)? + a4 (x.9)°.

This implies the inequality

dg 7 (dg + dg), (2.125)
where one sets dg :=d,, for w(t):=t.
It is important that for simply connected planar domains inequality (2.125)
can be conversed. This is based on the following geometric fact.

Lemma 2.70. Let £y, (2 be piecewise linear curves from the class L(x,y). Then
there exists a piecewise linear curve B from this class whose length satisfies the
inequality

6(B) < L1(Br1) + La(Bo). (2.126)
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We postpone the proof of the lemma to the final part of the derivation. For
now, we only conclude from (2.126) that

inf £(8) < di(z,y) + d%(z,y),

where the infimum is taken over all 8 € L(xz,y). Evidently, this infimum equals
da(x,y), see (2.112) with w(t) = t. Hence, the desired converse inequality

dg < dg +dZ, (2.127)

is true.
Define now the required function f, : G — R, where = € G, by

)= Gy [, 2 ot )= 204 (2.128)

where 8 is an arbitrary curve from L(z,y).

This f, is well defined, i.e., the integral does not depend on the choice of
. By the Green formula for such Lipschitz differential 1-forms, see, e.g., Federer
[Fe-1969], and simply connectedness of G, this claim will follow from the identity

0 0
6_,21P2(Z)__

where one sets P;(z) := d(z,2)(y; — 2)F L

Further, by definition, the function z db(z, x) is constant on every interval
parallel to the xo-axis, and the similar assertion holds for d%; with respect to x1-
axis. Hence, 6%1 Py(z) = 8%2 Pi(z) =0 and f, is well defined.

The same argument works for the evaluation of mixed derivatives of f,. To
compute D; f, (:: (% f;l.), choose curves 8 € L(x,y) and 5" € L(x,y+ he;), where

ei = (09)j=1,2 and h # 0, and use them in (2.128) to obtain

Pi(2), ze€Qdq, (2.129)

i yz +h— Zz) - (yz - Zi)k_l )
_1 {/d 3 dz;

+/ (el |
[y,y+hei] 2

Then passing to the limit as h — 0 we have

Do) = gy [, ot o) = =)t 2 for k22

and, moreover,

Dif.(y) = ds(z,y) for k=1.
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Continuing this way we obtain for all y € G and 0 < m < k,

1

D;’ufm(y) = m /ﬁdZG(Z,Qf)(yz - Zi)k—l—m dy;

and, for m = k,
Df fu(y) = dg (2, y). (2.130)
In addition to this, we also have
DYf, =0 for |a]:=a;4+as <k and aj,as >0. (2.131)

This follows from the fact that the derivatives in (2.129) are zero. These calcula-
tions and (2.125) lead to the following estimate:

2 |DF fo(y) — DF f2(y)|
|felok(q) = sup A A
e ; wlec ly— o/
2 7 /
< ap WY 5

= lwlce ly =l

Hence, f, satisfies inequality (2.123). Moreover, inequality (2.127) and equalities
(2.130) and (2.131) yield

)

da(z,y) < dg(z,y) + dg(z,y) = Y | D falx) — D* fa(y)
|| =k

and inequality (2.124) follows as well.

It remains to prove Lemma 2.70. We derive it from an elementary geometric
result whose proof is postponed to the end of this subsection. In its formulation
we use the following notion. A non-self-intersecting polygonal curve in R? with
segments parallel to the coordinate axes is called a bolt. If 3 is a closed bolt (i.e.,
homeomorphic to a circle) then () designates the open (simply connected) poly-
gon with boundary 3. Clearly, all angles of this polygon equal £7.

Geometric Lemma. Let z,y be distinct points of a closed bolt B, and let 51,82 be
bolts connecting x and y and such that

B=pUPB and p1NpP={z,y}.

Then there is a bolt B3 with endpoints x,y such that B3 C U(B) and its length
satisfies the inequality

((B3) < £1(B1) + £2(B2)-
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Let us recall that £;(3) is the sum of the x;-segments lengths of 3.
Now we apply the lemma to prove inequality (2.126). Let 51, 82 € L(x,y);
we should find S5 € L(z,y) whose length satisfies the inequality

€(B3) < £1(B1) + £2(Pz2)-

Obviously, the piecewise linear curves 57 and (s intersect in a finite number of
points, say, z = 2%, 21, ..., 2% = y. Then the parts 3%, 8% of 1, B2 from z% to z*+!
form a closed bolt which is denoted by 3*. By the Geometric Lemma, there is a

bolt 8% in U(B%) such that 8% connects z° and ™! and such that

£(B5) < £1(B1) + £2(B3).

k-1
Then f3 := U B4 belongs to L(z,y); summing the above inequalities over i we

establish 1nequahty (2.126) for fs.
Part (a) of Theorem 2.69 has been proved.
(b) Now let G be a bounded finitely connected domain in R? such that

CPHG) =CP (R, k>1

We must prove that G is quasiconvex. To this end, we first note that for bounded
domains quasiconvexity is equivalent to local quasiconvexity. The latter means that
there is a constant § > 0 such that

sup{Cl'G(x y”) z,y € G, |z —vyl <(5} < 0

This fact may be established by a standard compactness argument.

Secondly, we may choose a sufficiently small € > 0 such that every open
disk B.(r) in R? of radius ¢ intersects at most one connected component of the
complement G¢ := R\G and such that the intersection of this disk with G is
simply connected or empty. This can be done, since G¢ contains a finite number
of connected components.

Finally, for a nonempty simply connected set G N B.(x) where z € G, we
may, as in part (a), find a function F' € C*1(G) such that for every y € B.(z),

mm{dg(x Y), } <2 Z |DYF( DF(y)|
|a|=k
and, moreover, for some constant C' = C'(k),

Flors () < C(h).

As in the proof of part (a) we conclude from those inequalities that for every
y € B.(x),
da(z,y) < Cle, k)= —yll.
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Notice that if B.(z) does not intersect G°, then dg(x,y) simply equals ||z — y||
and the above inequality trivially holds as well.

By definition, this means that G is locally (and therefore globally) quasicon-
vex, as required.

Proof of Geometric Lemma. (Igonin and Yanishevski [IYa-1998]) Let 5 be a closed
bolt with fixed points z,y € 8. The parts of £ joining x and y are denoted by S
and (2. We must find a bolt 83 joining z and y inside the closure of the domain
U(5) bounded by 3, and such that its length satisfies

((B) < £1(B1) + £a(B2)-

Recall that £;(3) is the sum of lengths of x;-segments® in 3.

This is trivial if the closed polygon U(f) is a rectangle (put, e.g., 83 := 51).
In the sequel we assume that S has at least six segments. In particular, 5 has
at least one outer angle vertex meaning that the angle of U(f) associated to this
vertex equals —% and we call a vertex of U(f3) an inner angle one if the associated
angle equals 7.

Now let \; = [v;,v;41], @ = 1,2, 3, be the sequential segments of 3, i.e., vertex
v;41 is common for A; and A\;41, ¢ = 1,2. We say that (A1, A2, A3) forms a marked

triple if the following holds:

(a) vg and vz are inner angle vertices of S.

(b) The orthogonal projection of v; onto the straight line containing A3 lies in
As.

The simplest example of this object is any triple of sides of a rectangle.

Claim. For every segment A of 3 there exists a marked triple (A1, A2, A3) C 3 such
that A\ £ \;, i1 =1,2,3.

We use induction on the number of segments. If U(53) is a rectangle, the
result is evident. Otherwise, this number is at least six and therefore § has an
outer vertex. Let v be such a vertex with the maximal vertical coordinate. We
extend the horizontal segment ending at v inside U () and denote by w the closest
to v vertex of the intersection of this extension and §. The intersection denoted
by [w,w'] is a horizontal segment or a point, where w’ = w in the latter case.
Then the points v, w divide 8 into two bolts denoted by 1 and (2. Since v has
the maximal zo-coordinate, one of the polygons P; := U (8; U[v,w]), i = 1,2, say,
Py, is a rectangle, see Figure 2.2.

First, let the chosen segment A belong to 2, and \; be a side of P; that does
not contain [v, w], i € {1,2,3}. If w’ # w, then (A, A\a, \3) is the required marked
triple. Otherwise, we extend the side ending at w (say, A\3) down to the closest

8 In the sequel, an z;-segment is said to be horizontal if i = 1 and vertical if i = 2.



2.5. Restricted main problem for some classes of domains in R™ 147

N,

A

V4 A

V3

Figure 2.2: Marked triple (A1, A2, A3).

to w vertex w’ of B. The triple (A1, A2, A3 U [w,w’]) is then the required marked
triple. B

Now, let A belong to 8. The closed bolt 35 := 53U [v, w] has clearly less seg-
ments than 5. By the induction hypothesis there exists a marked triple ()\1, Ao, /\3)

of the bolt BQ which does not contain its segment determined by [v, w]. If w’ # w,
then ()\1, Ao, )\3) is a marked triple of g which does not contain A. Otherwise, we
extend the segment containing w, say Az, up to the closest to w vertex w” of 3.
Then the triple (A1, A2, Az U [w, w"]) is required and the result follows.

Now we complete the proof of the lemma using again induction on the number
of segments. Let 8 have at least six segments and \; = [v;,v;41], ¢ = 1,2,3, be
a marked triple of § which does not contain the given point x. We assume, for
definiteness, that £(\1) < £(A3) and denote by v the projection of v; onto Az. Then

3

we replace |J A; by [v1,v]] U [v],v4] and denote by 5’ the closed bolt obtained in
i=1
this way. Further, we consider two cases, see Figure 2.3 below.
Assume first that the point y € §’, and denote by ] and 5} the parts of 5’
determined by x and y. Clearly, ' has less segments than 8. Therefore, by the
induction hypothesis, there exists a bolt 83 C U(f’) joining = and y and such that

0(B3) < €1(BY) + La(Bs).

Since ¢;(3}) < £;(8;) and U(B') C U(p), Ps is the required curve.

Secondly, let y ¢ 8" and therefore belongs to Ay Uy U [vs, v1]. Without loss of
generality we may assume that vy € 81, v} € B2 and A is horizontal. The points x
and v} divide the bolt 5’ into parts denoted by 3] and f5. We choose this notation
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so that in a neighborhood of = the polygonal curve §. coincides with g;, i = 1,2.
It is easily seen that £;(8) < ¢;(5;), i = 1,2.

X

Vv A
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|

|

|

|

|

|

|

|

|

|
Ay |
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|

|

|

|

|

| v

|

|

A

V3 Vll 3 V4

Figure 2.3: First case: y = v. Second case: y = vy or v3.

We construct the required bolt 33 by the juxtaposition of two bolts 5% and
! defined as follows. The former joins v; and x, contained in U(f’) and satisfies
the inequality

0(B3) < 01(B1) + L2(B3).

This exists by the induction hypothesis.
Further, 8% is the smallest bolt joining v, and y inside the closed rectangle
with vertices vy, vs, v3, v]. In accordance with this definition

0(B5) < (B1) — £1(B1) + La(Ba) — £a2(5).
Then 3y := 05 U 84 satisfies the required inequality
£(B3) < l1(Br) + L2(B2),

joins x and y and is contained in the polygon U(/3), as required. O

The proof of Theorem 2.69 is complete. U
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2.5.2 Lipschitz domains

For this subclass of the class of quasiconvex domains Theorem 2.64 may be
strengthened in two respects. Firstly, the extension theorem can be proved for
all spaces AR (G) (without any restriction on w) and the same may be done for
CkAs’“’(G). Secondly, the corresponding extension operator is “universal” in the
sense that it extends simultaneously the family of all Lipschitz spaces A*“ (@)
with 1 < k < N, where N is arbitrary (but the seminorm for £k = n tends to
infinity as N — 00).

We discuss an approach leading to these results and formulate the main facts
obtained. The corresponding proofs will only be outlined.

We introduce the required class of domains using the following more general
concept, see, e.g., Stein [Ste-1970, Sec. V1.3.3].

Definition 2.71. Let G C R™ be an open set. We say that its boundary 0G is
minimally smooth if there exist numbers e, L > 0, integers N, M > 1 and a
sequence of open sets G, j € N, such that

(a) the e-neighborhoods (G;)., j € N, cover the boundary 0G;
(b) the order of the cover {G;};en is at most M;

(c) for every j, there is a special Lipschitz domain D; with the Lipschitz constant
at most L such that
Gj NG = Gj n Dj.

A domain D C R™ is special Lipschitz with the Lipschitz constant L(D) if D is
a subgraph of a Lipschitz function f with L(f) < L(D) defined on a hypersubspace

of R™. In other words, in a suitable coordinate system, f is defined on R*~! and
D :={(z,2,) € R" I X R; z, < f(z)}.

Definition 2.72. A domain G C R" is said to be Lipschitz if G is bounded and has
a minimally smooth boundary as in Definition 2.71.
This class of Lipschitz domains is denoted by Lip.

The boundary of such a domain is locally Lipschitz, i.e., can be locally rep-
resented as the graph of a Lipschitz function defined on some open ball of R"~1.
This follows from a simple fact noticed by Gagliardo [Ga-1958]. For its formulation
we denote by K := K(e,r, ) the cone with axis in the direction e € S*~!, apex

at 0, height r > 0 and angle 0 < ¢ < F; that is,

K:={zeR"; [lz][cosp <z-e<r}.
Recall that « - y and ||z|| stand for the standard scalar product and norm in R™,
respectively.

Proposition 2.73. A domain G C R"™ belongs to the class Lip if and only if, for
some integer N, there are open balls B; centered at OG and cones K;;, 1 <i < N,
such that
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(a) {B;} covers 0G;

(b) for every1 <i <N,
(B;NdG)+ K; C G.

Proof. Because of boundedness of G we may take only a finite number of sets G;
and D; in Definition 2.71 and then note that for every special domain D; there is
a cone K; satisfying D; + K C D;. O

The locally Lipschitz structure of G may be derived from here as follows.
The surface of the shifted cone x + K is clearly the graph of a Lipschitz function
fx with Lipschitz constant ¢ = ¢(K;) > 0 which is defined on a ball in R"*!. Ex-
tending f, to R"~! with the same Lipschitz constant and preserving the notation
fz for the extended function, we represent the part B; N G of the boundary as
the graph of the function f := sup{fz ;x € BN GG}. But f is Lipschitz as the
supremum of Lipschitz functions with uniformly bounded Lipschitz constants.

From Proposition 2.73 we also easily derive that

LipcC (2.132)

where C stands for the class of quasiconcave domains (see Definition 2.63). How-
ever, there are bounded quasiconcave domains which are not Lipschitz. As an
example we point out the domain G following Definition 2.63.

Now we discuss the aforementioned extension results for A**(Q) with G €
Lip and an arbitrary k-majorant w. To describe the main features of the extension
method we begin with the case of a special Lipschitz domain G C R™. So let

G:={(z,2,) ER" " xR; z, < p(2)}, (2.133)

where ¢ € Lip(R"™1).
We use for such G the so-called “mirror reflection” method originated by
L. Lichtenstein [Lich-1929] and developed to full extent by Hestens [Hes-1941].

This gives the following result (a special case of the Calderén—Stein theorem, see
[Ste-1970, Sec. V1.3.2.1]).

Theorem 2.74. Let G be given by (2.133) and N > 1 be a fized integer. There
is a linear extension operator Ty : Cp(G) — Cy(R™) such that for every k €
0,1,..., N},

Tn(C(G)) C CF(R™)

and, moreover, for some ¢ = c¢(N,G) > 0,

max sup | DTy f| < ¢ max sup | D f]. (2.134)
lal=F Rn o=k @

For G an open half-space given by (2.133) with ¢ = 0, the Lichtenstein—
Hestens operator Ty for (z,z,) € R"™1 x (0, 00) is given by

Tz, 2n) = /O T f = Az ) e\, (2.135)
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where 9 : (0,00) — R is a compactly supported function with moments

/ Aep(A)dr = 4 itk =0,

For a detailed proof for special Lipschitz domains see the above cited section
of Stein’s book.

Remark 2.75. In his proof, Stein exploits a function ¢ decreasing at infinity faster
than any power A=, N > 1, and having zero moments for all k = 1,2, .... Using
such a 1 he obtains a linear extension operator T, such that

T (CF(G)) € T (G (RY)).
Here Cf°(G) == () CE(G).

k>0

The second basic ingredient of the extension method is the equivalence of the
so-called K-functional of the pair Cy(G), C§(G) and the s-modulus of continuity
ws(+5 f)e- Let us recall the definition of the former concept introduced by J. Peetre
[Peet-1963].

Let Xy, X7 be a Banach couple, i.e., a pair of Banach spaces linearly and
continuously embedded into a topological vector space. This embedding allows us

to define the sums xg + 1 with x; € X;.

Definition 2.76. The K-functional of a Banach couple Xy, X; is a function on
(Xo + X1) x (0,400) given by

K(t; z; Xo,X1) = m:ggzl{nzoﬂxo + tl|z1] x, } (2.136)

We will also use a modification of this definition when one or both spaces X;
are only seminormed (but complete).

The function K is a Banach norm on Xy + X; for every fixed ¢ > 0, and is
a nondecreasing concave function in ¢, see, e.g., Bergh and Lofstrom [BLo-1976,
Sec. 3.3.1].

Now let Xo := Cy(G) and X, := C§(G); in this case, we use the notation
K(t; f5 G), ie,

Ks(t;f; G):= inf {su + t max sup | D“ }
( f ) f=fo+f1 Gp|f| lal=s Gp| fl

The following result was proved in an equivalent form by J. L. Lions and
Peetre [LP-1964] for G := R™. The proof presented below is based on the method
of the paper [Br-1964] by Yu. Brudnyi.

Theorem 2.77. Let G C R™ be a special Lipschitz domain and f € Cy(G). Then,
for every s > 1,

K5 f5G) mws(t; fla, t>0, (2.137)

with constants of equivalence independent of f and t.
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Proof. If G is given by (2.133), then there exists an infinite cone K, := K (e, 00, )
such that

G+ Koo CG. (2.138)

Now let e be a unit vector in Ko, and ¢ > 0. We define an operator S¢(e) on
functions f € Cp(G) by

t s
= / / (-4 jre)dr ...drs, (2.139)

where ¢(j) := (=1)*77(5) and 7 := 71 +--- 4 7,. Due to (2.138) and the choice of
e, this operator acts continuously from C(G) into Cp(G).
Transforming the multiple integral, we rewrite (2.139) as

Su(e)f(x) = / (f(x) — AL f(2))0(r)dr, (2.140)

where ¥ is a certain bounded function.
Moreover, Si(e)f is clearly s-times continuously differentiable on G and its
derivative D? in direction e equals

DESi(e <Zd _1tef) /e, (2.141)

where d(j) := (s5) " te(j).
h 1
Choosing now N := ( et > vectors e; in the cone K., we set
S
H Si(e;).
1<j<N

Then S; : Cp(G) — Cp(G) and

f=Sif= Z(

where the product is assumed to be the identity operator if j +1 > N.
This immediately leads to the inequality

suplf = 5f] < O (t: e (2.142)

IT sien) / (A%, N)d(r)dr,

i>j+1

Now we use identity (2.43) for mixed derivatives D* with |a| = s which gives

N
= Z CLjD
j=1
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where a; are some constants. Using this and (2.141) we have

(TLse0) 2z, (s16e @)

‘Da St Z ‘CLJ|
i#]

= O( ) e sup |Azs*1tef(x)’ < O(l)tisws(t;f)(;

1<i<s
Combining this with (2.142) we obtain

K (t°; f;G) < sup’f - Stf| +t° lm‘axsup|Do‘Stf’ <ONws(t; fa.
G al=s @

The converse inequality is easy. In fact, if f = fo + f1 and f; € C;(G), then
the known properties of w, imply

ws(ts fla S ws(ts fo)a +ws(ts fi)g <2° sgp|fo| + max sgplDafll-

Taking here the infimum over all decompositions f = fo + f1 we get the desired
inequality

ws(t; fla < OMK(*; f5G). (2.143)
O

Remark 2.78. (a) In fact, we have shown that the couple (Cy(G), Cg(G)) is K-
linearized meaning that there is the family {S;}:~¢ of linear operators real-
izing nearly optimal decompositions for Ks(t%; f; G):

f=0—=S8)f+5:f.

In general, a Banach couple (Xg, X1) is said to be K-linearized if there
exist families of linear operators {5} };~¢ acting from Xo+X; into X;,i = 0,1,
such that S? + S} = Idx,;x, for each t > 0, and for every x € Xy + X; and
t>0,

K(z;t; Xo, X1) = [|S)z] x, +tSizlx,
with constants independent of x and t.

(b) Inequality (2.143) is true for any open set G. The converse inequality does
not hold even for domains with good extension properties, e.g., for bounded
uniform domains, see Definition 2.81 below.

As a consequence of Theorems 2.74 and 2.77 we now obtain the desired
extension result.
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Theorem 2.79. Let G C R" be a special Lipschitz domain and N > 1 be an integer.
Then the linear extension operator T of Theorem 2.74 maps every homogeneous
Lipschitz space A>¥(Q) into A>“(R™), 1 < s < N. Moreover, for some ¢ =
¢(N,G) > 0 and every f € A5*(G),

TN flase @) < el flase @)
Proof. Let f € Cy(G) and f = fo + f1 be such a decomposition that

sup ol +1° max sup| D 1] < Ot N, (2.144)
G =s G

al

see Theorem 2.77. By the definition of ws, we have for the function T f = Tn fo +
TN f1,

ws(t; TN f) < O(l){sﬂgp T fol +¢° max SD§1P|DQTNf1|}~

Estimating the right-hand side first by (2.134) and then by (2.144) we get
ws(t;Tnf) < O(Lws(ts fa-

Dividing this by an s-majorant w and taking the supremum over ¢ > 0 we obtain
the required inequality

‘TNf‘As,u(Rn) S O(l)|f|A°’W(G) ‘:l

Remark 2.80. In other words, this theorem asserts that for some ¢ = ¢(N, G) and
every f € Cp(G), t>0and 1 < s < N,

ws(t;Tnf) < cw(t; fa-

It is highly probable that this result is true for N = oc.

The situation with Lipschitz domains is more complicated. According to the
Calderon—Stein theorem, the extension operator analogous to that of Theorem 2.74
exists in this case even for open sets with minimally smooth boundaries, see
[Ste-1970, Sec. V1.3.1]. However, inequality (2.134) is replaced by

max sup| DTy f| < O(l){mlzf;sgp | D™ f| + sgp \f|}, (2.145)

lo|=s Rrn e

where 0 < s < N. We might eliminate the second term here by assuming that
Tn preserves polynomials of degree N — 1. Applying, in this case, (2.145) to the
function f — p, where p is a polynomial of degree s — 1, and taking the infimum
over all such p, we replace the second summand in (2.145) by

E (G f):= inf{sgp [f—plipe Ps—l,n}-
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This, in turn, is bounded above, for a bounded Lipschitz domain G, by
O(1)(diam G)*® lm‘ax sup | D f], see, e.g., the paper [BrH-1970] by Bramble and
al=s @
Hilbert. Therefore, (2.145) can be rewritten as
lm‘ax sup| DTy f| < O(1) ‘mlax sup |[Df|.
al=s Rn al=s @
Further, Theorem 2.77 is also true for Lipschitz domains, see the papers [Br-1976]
by Yu. Brudnyi and [JSch-1977] by H. Johnen and K. Scherer.
Thus, the version of Theorem 2.79 for bounded Lipschitz domains would
be true, if the extension operator T preserved polynomials of degree N — 1.
Unfortunately, the Calderéon—Stein operator does not possess this property. Their
construction is modified as required in the paper [Br-1980] by Yu. Brudnyi where
Theorem 2.79 is proved also for bounded Lipschitz domains.

2.6 Sobolev spaces: selected trace and extension results

2.6.1 P. Jones’ theorem and related results

The local polynomial approximation methods partially discussed in Section 2.3
have a much wider range of applications. In particular, they may be applied to
the study of trace and extension problems for spaces of weakly differentiable func-
tions such as Sobolev or Besov spaces. Unfortunately, the corresponding results
remained in manuscript form or were published in almost unaccessible journals. In
Chapter 9, we present several applications of this approach to the extension and
trace problems for Lipschitz functions of higher order, while in the Comments to
that chapter we formulate several results contained in the aforementioned sources.
In particular, we prove the extension theorem for the space A*“ (@), where w is
a quasipower majorant and G C R" is a so-called uniform domain. The class U
of these domains plays a considerable role in Analysis; for now we only formulate
the corresponding definition leaving a detailed discussion to Chapter 9.

Let 7 : [0,1] — R™ be a rectifiable curve with the endpoints z,y. A (curvi-
linear) cone with axis v and parameter ¢ > 0 is the open set

Kn(v; ¢) = {Bep)(2); 2 € 7([0,1]) }, (2.146)

where

p(z) i= min{ |l — =], |y - =}. (2.147)

Such a cone is also defined for the case of y = oo (i.e., for v being unbounded
and locally rectifiable).

Definition 2.81. A domain G C R™ is said to be (¢, ¢1)-uniform if for every pair
x,y € G satisfying
lz =yl < co
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there is a curve 7 joining x and y in G such that the length of v satisfies

() < el =yl (2.148)
and for the associated cone it is true that

Kn(v; 1) CG. (2.149)

Due to (2.148) G is locally quasiconvex, but Example 2.79 (¢) below shows
that the class U is a proper subclass of the class of locally quasiconvex domains.

The aforementioned extension result for A* (@), see Theorem 9.51 of Volume
I, and the argument of Theorem 2.32, see also Remark 2.33, lead for p = oo to
the isomorphism

WHG) = Wy (R™)],, (2.150)

provided that G is a uniform domain.
Let us recall that the Sobolev space Wlf (@) is defined by the norm

Ifllwea) = mlzggllD fllL,@)- (2.151)

Here the mixed weak derivative D“f is an L,-function such that for every C*°
function ¢ supported on a compact subset of G,

[ 5erpas = -1 [ Do

The following fundamental fact was due to P. Jones [Jon-1981].

Theorem 2.82. Let G C R" be a (co, c1)-uniform domain. Then there is a linear
continuous extension operator from WZ’f(G) to W;f (R™).

The P. Jones theorem leads to the isomorphism (2.150) for all 1 < p < co.

There are examples due to Maz’ya [Maz-1981] showing that the uniformity of
G is not necessary for validity of this result. However, for planar simply connected
domains and kp = 2 the uniformity of G is also necessary. This result was due
to V. Gol'dshtein and Vodop’yanov for £ = 1 and p = 2, see [GV-1980] and
[GV-1981]; a generalization including the cases k = 2 and p = 1 was then proved
by Christ [Chr-1984].

Theorem 2.83. Let G C R? be a simply connected domain. Then for kp = 2 equality
(2.150) holds up to the equivalence of the seminorms if and only if G is a uniform
domain.

Proof. In view of Theorem 2.82, it suffices to prove that if (2.150) holds for n = 2
and kp = 2, then G is uniform. To establish this we need the following character-
istics of uniform domains, see Gehring [Ge-1982, Thm. 3.6].
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Proposition 2.84. Assume that G C R? is uniform. Then there is a constant A > 1
such that for every x € R? and r € (0,00) the following holds:

(a) every pair of points of G N B,.(z) can be joined in G N By, (v);
(b) every pair of points of G\B,(x) can be joined in G\Bx (z).

Here “joined” means joined by a rectifiable curve lying within the specified
set.

Assume now that (2.151) holds with the specified k& and p but G is not
uniform. Then according to Proposition 2.84 there are closed disks denoted by
D, (2°) and Dg(2") with an arbitrary large ratio £ of their radii satisfying one of
the following conditions:

(i) G N Dg(2°) contains two different connected components Go, G for which
D, (z°)NG; #0, j=0,1.
(i) G\D,(z°) contains two different connected components Gy, G for which
(R\Dg(z”))NG; #0, j=0,1.
To derive a contradiction we need

Proposition 2.85. Suppose that a domain G satisfies either (i) or (ii) with a fived

r < %. Supposg also that for every f € Wf(G), where kp = 2, there exists an
extension I € Wf(RQ) of [ satisfying
[Flwree) < Alflwr ) (2.152)
Then the inequality
R\%
C(log 7) <A (2.153)
r

holds with a numerical constant C > 0.

Before proving this, we derive the theorem from (2.153). If (2.150) holds for
the domain G with kp = 2, then (2.152) does as well. But since G is non-uniform,
one of the two conditions (i), (ii) holds for an arbitrary large £. This contradicts
(2.153).

It remains to prove Proposition 2.85. We begin with the following auxiliary
result.

Lemma 2.86. Let f € C*(G) and let v be a rectifiable curve of length € joining
fized points x and y in the domain G. Then for the Taylor polynomial T;flf it s
true that

|f(z) = TF ' f(2)| < C(k,n gk-( > |D0‘f|”ds)p; (2.154)

laf=k "7

here 1 < p < cc.
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Proof. 1t suffices to prove the inequality for a polygonal curve v € G. We apply
to each segment [a;, a;41] of v the inequality

(T4 = TE @) < Clnm(la= ol + 2=l 32 [ 10 flds

la|=k [u,v]

here [u,v] C G and z € R™. Its proof is a simple modification of the proof of
Lemma 2.65 and can be left to the reader. Taking u = a;, v = a;41 and summing
the inequalities obtained, we get

7@) =T @] < Ok S (o asll + e = anal) ™ 35 [ D7 slds,

‘ 1=k 4, 0;,1]

Since ||z — a;|| + ||z — a;+1]] < 2¢, the right-hand side does not exceed

2571 Ok, )ttt > [ D flds.

laj=k"7

Estimating the integral in the right-hand side by the Holder inequality we obtain
the desired result. O

Now let Gy, G; be domains in R? satisfying the following condition:
For every t € (r, R) the circle C; := 0D, (0) satisfies

G,NC #0, j=0,1. (2.155)

Denote by A, g the circular annulus {z € R?; r < ||z < R}. In this setting,
the following holds.

Lemma 2.87. Let f € W;(Rz) and kp = 2. Assume that
f|GmAT‘R: 4, j=0,1. (2.156)
Then there is a constant C' > 0 such that
R\
|flwe®e) 2 C(log 7) :

Proof. Since p < oo, the set C§°(R?) is dense in Wf(Rz), see, e.g., Maz’ya
[Maz-1985], we can assume that f € C5°(R?). By the Fubini theorem,

[(5 Yo [ [ i)

— — t
7 n \lal=k o=k



2.6. Sobolev spaces: selected trace and extension results 159

According to (2.155), there exist points x;(t) € G;NCy, j =0, 1. Since f =0
in the neighborhood of xo(t), the Taylor polynomial T xko_(tl) f equals 0. Moreover,
f(z1(t)) =1, see (2.156). Hence, by (2.154),

L=[f(a1(t) = To o far ()]

< CU(C; ’*( > Daf|pds> = Oy (2t é( > |Daf|pds>

ler=k o=k

P

Combining this inequality with the previous identity we get

R 1 1
1 d R\ 5
|f|WI’;(]R2) 2 (/T Pt dt) Cy (log r) ,

and the result follows. O

Now we are ready to prove Proposition 2.85. Let ¢ € C§°(R?) be a test-
function satisfying

w\D%(O)Z 1, supp(p) C Dz (0).

Consider first the case of the connected component of G N Dg(2°) for which the
corresponding Gy, Gy satisfy condition (i) with r < % Let us define a function
f:G—Rby

ki fi eqd
f) =P\ TR ) el
0 for x € G\G1.
.0
Since supp ¢ 7 C Ds r(2Y), the function f is well defined and belongs to
C§°(G). By its definition and the equality kp = 2,
40 -
[flwr@) < ‘@( I )‘W;(RZ) = R> " [plwrre) = [olwrr2)-

In the case of condition (ii), we define f as above but replace 0 by 1. Since
x— a0
14 2r

C§°(@). In this case, we have a similar estimate:

= 1 for z € D,(z), the function f is well defined and belongs to

2_
[flwre) = flwrnany = (2r)7 k|<ﬂ|w;(R2) = lelwsr2).
Since f € W;(G), for its extension F' € W;(RQ) we get by (2.152)

[Flwer®e) < Alolwsre)-
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Applying now Lemma 2.87 to the function F' and the annulus o+ A, » in case (1),
and the annulus z¢ + Ag, g in case (ii), we get

1
R\ 7
Alplwer®e) = |Flwe®e) = C(log 27”)

This is clearly equivalent to the required inequality (2.153).
The proof of Proposition 2.85 is complete. (]

2.6.2 Peetre’s nonexistence theorem

We first formulate a special case of the trace theorems for Sobolev spaces. Let
z = (¢/,x,) C R, where 2’ € R"! and z,, > 0. Since C*° functions are dense
in WF(R?) with 1 < p < oo, the trace operator Tr : f(x) — f(«’,0) is defined on
a dense subset of W;(Ri) and can be continuously extended to the whole of this
space.

The following classical result was due to Gagliardo [Ga-1957].

Theorem 2.88. Tr is a linear continuous operator mapping Wll(Ri) onto
Li(R™Y). In other words,

Wi (R}, o= L (R"Y),

where the trace space is defined as the image of the trace operator.

Remark 2.89. Gagliardo’s proof also gives the following result which will be used
below.

If f € W{(R%), then the function &’ — f(2’,2,) belongs to Li(R"!) for
almost all z,, and the limit

f(z',0) := lim f(2',2,) (in Li(R™ 1)) (2.157)

Tp—0

exists and coincides with Tr f(2’) almost everywhere on R"~1.

The extension operator used in the Gagliardo proof is nonlinear. The follow-
ing result obtained by Peetre [Peet-1979] shows that the simultaneous extension
problem is unsolvable in this case.

Theorem 2.90. There is no linear continuous extension operator from Li(R™1)
to WH(R™) for n > 2.

Proof. Assume, on the contrary, that there is a linear continuous extension op-
erator £ : Li(R"™') — W{(R7). As an element of W{(R%) the function Ef
satisfies

lim Ef(-,x,) =0 (convergence in L;(R" ') (2.158)

Ty —> 00O
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for every f € Li(R"71), see, e.g., Maz’ya [Maz-1985]. This and (2.157) imply by
integration by parts that

where the integral is defined as the limit of fEN ...dx, as e - 0and N — oo
(convergence in L;(R"~1)).

We use this representation to find a sequence of “smoothing” operators
{E;}jez acting from Lq(R"™!) to W{(R"~1) whose properties are given by

Lemma 2.91. (a) For every f € Li(R™™1)

f= Z E;f (convergence in Li(R"™1)). (2.160)
J

(b) For some constant C' > 0 and every f,

S TIE; llpy@n-1y < Cllfllpy@n-1y; (2.161)
J

> 2B flwi @1y < CIf oy @n1)- (2.162)
J

Proof. We define the required sequence using test-functions x; : Ry — R,
j € Z, satisfying the conditions:

suppx; C Sj == [277%,271] and )y, =1 (2.163)
J

sup[x;| <C and sup|xj| <27/C, jeZ, (2.164)
where C' > 0 is a constant independent of j.
Then the required operator Ej is given for f € Li(R"™!) by

E;f = 7/]11{ X (@) DnEf (-, xpn)das,. (2.165)

The identity (2.160) follows from (2.159) and (2.163). The assertions in (b) are
proved by the same argument; we derive only (2.162). Integrating by parts in
(2.165) and applying (2.163) and (2.164), we obtain

n—1
|Ej flwp@n-1y < C-277 /S Y IDEfCoan) gy gomry < C 27| Eflwp@n-1xs,):

J =1

Since the family {R"~* xS;} ez covers R”. with order (multiplicity) < 4, we obtain
(2.162) by summing over j. O
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We further transform the sequence {E; },¢z into a sequence {E; }jez, of trans-
lation invariant linear operators on L;(R™™!) satisfying (2.160)—(2.162). To ac-
complish this, we use the invariant mean M on the space B(R"™!) of all func-
tions bounded on R"~! equipped with the uniform norm. Let us recall, see, e.g.,
[HR-1963], that M is a linear functional on B(R"~1!) satisfying

[MIA] < sup |£1; (2.166)
M) =1; (2.167)
Mf(-+y)] = M[f] (2.168)

for all y € R*1.

Now let Cp(R™~1) be the space of continuous functions vanishing at infinity,
i.e., for every ¢ > 0 and a function f from this space, there is a compact set
S. C R such that |f(x)| < e for x ¢ S-.

Given functions ¢ € Co(R"™!) and f € Li(R"™!) we define a function 1; =
(@) : R - R by

by h—s / By f)pda, (2.160)
Rn—l

where 7,9 := g(- +h), heR*L
Since by (2.161)

Sl}tp|¢j(h)} < C||f||L1(R"*1)||90||L00(R"*1)7 (2-170)

the function v; belongs to B(R"~1).
Applying the invariant mean M to 1);, we define the bilinear functional

(f, ) = M[¥;(f, )]

Due to (2.166) and (2.170), this functional is continuous in ¢ for each f €
Ly(R"1), and its norm is bounded by C||f||1, ®n-1)-

By the Riesz representation theorem there is a bounded Borel measure p :=
prj on R"1 such that

My;(f.0)] = / pdp.
]Rn—l
By inequality (2.170),
[l < ClIfll Ly @n-1),
where ||| stands for the variation of p over R*~! i.e., ||ul| :== sup ) [p£(9)]-
SCRm—

Thus, the correspondence f — uy ; defines a linear bounded operator from
Ly (R™1) into the Banach space M(R"~!) of bounded Borel measures on R"~1.
We denote this operator by Ej and show that it satisfies conditions similar to
those in Lemma 2.91.
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Lemma 2.92. (a) For every f € L1(R"™1) and the measure pus given by dug :=
fdx, it is true that

pp = ZEJf (convergence in M(R™™1)). (2.171)
J

(b) For some constant C > 0 and every f € Li(R"™1),

ZHEijM(]Rn—l) < CHf”Ll(]R"*l)' (2172)
J

(c) For every h € R"™1,
Tth = EjTh,

i.e., Bj is translation invariant.’

Proof. Assertions (a) and (b) immediately follow from the corresponding ones of
Lemma 2.91 and the definition of E;.
To prove (c), we use (2.169) to conclude that for ¢ € Co(R"™1) and g,h €

Rn—l’
<Ej7-gf7 ()0> =M [<T—thTthfa <)0>]
=M [<T—h—gEjTh+gfa T—g‘P>] =M [Tg(¢j (fs T—g‘P))]-

Due to (2.168) and the translation invariance of M, the last term of the above
identity equals

M[d’](f, T—g‘P)] = <Ejf7 T—gS@> = <TgEj ©)-

Combining these identities we get

<EjTgf7 90> = <T9Ejfa Q0>7
as required. O

By virtue of the equivariance of EJ— and the Riesz representation theorem,
there is a measure p; € M(R"™!) such that for all f € Ly(R"™1),

Eif =pj* f = / f(+y)duj(y) (equality in M (R™™1)).
Rn—1

Inserting this in (2.172) we get

Dl * fllas@n-1y < CUFllw, @nery-
J

9 Recall that translation 7, of a measure p is a linear functional defined by (1j,u,¢) =
S T—nedp, © € Co(R™1).
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Now let {fn}nen be an approximate identity in Co(R"71), i.e., for every N
and € > 0,

/de:E:L fv >0 and lmlafo—>O as N — oo.
x|>e
Rn—1

Then pj * fy — pj in M(R™™1). This and the previous inequality imply that

Sl larn-1y < C- (2.173)

J

Lemma 2.93. For each j the measure p; is absolutely continuous with respect to
the Lebesque (n — 1)-measure. In other words, there is a function g; € Ly(R" 1)
such that

gixf=nixf and |pu;lp@n-r) =gl @) (2.174)

Proof. First, we show that the first-order distributional derivatives D;ju;, 1 <i <
n—1, (tempered distributions over the Schvartz space S(R"~1)) are bounded Borel
measures over R" 1. R

Using the definition of E; and (2.163), we obtain, for ¢ € S(R" 1),

(Dig; * fo0) == (DyE; f, ) == —(E; f, Dygp)
= M(m_nEjmnf, Dip)] = M(T_nDi(E;jTnf), ¢)]-

The last equality is proved by integrating by parts inside the square brackets using
the fact that E;T},f belongs to Wi (R™™1). Since D;FE;Ty, f belongs to Li(R™1)
and S(R"71) is dense in Co(R"71), the last term of the above equality can be
extended to a linear continuous functional on Co(R"~!). This means, see, e.g.,
Stein [Ste-1970, Ch.2], that D;u; * f is a bounded measure on R™"~! for every
J € Li(R"1); therefore D;u; € M(R™™1), as required.

We conclude from here that u; is absolutely continuous as follows. Using
a C'*-approximate identity {fn }nen we define the differentiable function Fi :=
fn *pj, N € N. By the Gagliardo embedding theorem [Ga-1957]

IEN L, @n—1) < ClEN|wi@®n-1), N €N,
where 1 :=1— 15 and C' = C(n) > 0.
n—1
The right-hand side is bounded by C' } || D;if; | ar(rn-1y. Since, by definition,
i=1

l<p<ooifn>2andp=occifn =2, the space L,(R"™!) is reflexive for n > 2
and dual to Li(R"™1) for n = 2. Hence in both cases there is a subsequence
of {Fn} (which, without loss of generality, may be identified with {Fy}) and a
function, say g;, such that for every f € L,(R"™!), where % + % =1, we have

/FN-fda:—>/gj~fda: as N — oc.
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But Fy — p; in M(R" ) as N — oo. Hence [p,—, fdu; = [, fg; dx for every
f € Co(R™1) and therefore du; = g;dzx.
This proves (2.174). O

Now we derive the desired contradiction to the existence of the linear exten-
sion operator E : Li(R"™!) — W{(R%).
Combining (2.174) and (2.173) we have

Z 95l L, @n—1y < C.

J

Then the sum ¢ := Zj gj is an element of Ly (R"~1). On the other hand, f = gx f
for every f € Li(R""1) by (2.171). Hence g is the d-measure which clearly does
not belong to L;(R"1).

The proof is complete. O

Comments

Spaces of C* functions whose higher derivatives satisfy the Holder or Zygmund
conditions and the associated spaces of k-jets are customary objects of modern
analysis. The general class of Lipschitz spaces of higher order introduced in Sec-
tion 2.1 was first introduced in Quantitative Approximation Theory originated by
S. Bernstein, D. Jackson, de la Vallée—Poussin and A. Zygmund, see, e.g., com-
ments to Chapter 4 of the book [TB-2004] by Trigub and Belinsky.

The notion of k-modulus of continuity was due to Lebesgue (kK = 1) and
S. Bernstein [Ber-1912] (k > 1). Its basic properties for univariate continuous
functions were studied by Marchaud [Mar-1927].

Another approach to Lipschitz spaces of higher order and the associated
spaces of smooth functions C¥ A is based on a generalized modulus of continuity;
various definitions of this notion were given by A. Calderén [Cal-1964], Yu. Brudnyi
[Br-1965b] and H. Shapiro, see his book [Sha-1971] and references therein. For our
goal the following definition is the most suitable.

Let p be a bounded Borel measure on R™ orthogonal to the space of polyno-
mials Pr_1.,. Then the p-modulus of continuity for a function f € LLOC(]R") and
t > 0 is given by

S+ sy)du(y)
Rn

wu(t; f5 Lp) := sup
0<s<t

P

For compactly supported p this definition can be extended to functions f €
k
L,(G) where G is a domain in R™. In particular, choosing p := Y cg;0k; where

Jj=0

crj = (—1)F=J (];), we obtain k-modulus of continuity wi(-; f; Lp)a-
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Theorem. (a) For a conver domain G C R™ and f € L,(G), 1 <p < o0,

wu(5 5 Lp)a < elk,n)|plwg(-5 [ Lp)a-

(b) If the Fourier transform of p does not vanish identically on any ray emanating
from the origin, then fort > 0,

min[(%)k, 1} M du.

u

wilts £5 L) < c(k,w)/

R+

If w is compactly supported, the inequality holds for f € L,(G) and 0 < t <
diam G.

Part (a) of the theorem was proved by Yu. Brudnyi [Br-1965a], see also
[Br-1970a]. Part (b) for du = wdx, where w is a spherically symmetric compactly
supported C*° function, was, in essence, due to A. Calderén [Cal-1964]; in general,
assertion (b) follows from the general Boman and Shapiro comparison theorem
estimating w, by an integral transform of another y-modulus of continuity, see the
book by H. Shapiro [Sha-1971] and the consequent Boman’s paper [Bom-1977].

The Whitney—Hestens extension Theorem 2.22 for the jet space J>(R"™)
naturally poses the following problem.

We say that a closed subset S C R™ has the C*° simultaneous extension
property if there is a linear continuous extension operator from the trace space
J2(R™)| 4 to J=(R™).

Let us recall that J°°(R™) is a Frechet space consisting of co-jets associated

to C™ functions; its topology is defined by the family of seminorms given on
elements f:= {fa}taczy of J*(R") by

[fllx == max sup[fal, k€ Zy.
|a| <k Rn

In turn, the Frechet topology of the trace space J* (R”)|S is defined by the
family of seminorms

IAIF = inf[{D*F}aezy ||, & € Z+,

where F' runs over all C'*° functions on R” satisfying DO‘F|S: fo, a€Z7.
Due to the Whitney—Hestens Theorem 2.19 the topology of the trace space

may be equivalently defined by the reduced Taylor remainders 74 (f), o € Z.

Problem. Characterize closed subsets of R™ possessing the C™° simultaneous ex-
tension property.

By virtue of Theorem 2.24 a set S from the class defined by this property
(briefly, S € SEP,) has no isolated points. The next criterion was due to Tidten
[Tid-1979] and Vogt [Vogt-1983] who generalized the one-dimensional Mitiagin
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result [Mit-1961]. For its formulation let us denote by s the space of rapidly de-
creasing sequences = := (x;)jen C R whose Frechet topology is defined by the
sequence of seminorms ||z||x given by

lalle := 3 lasli, k€ 2y
jJjeN

Theorem. Let S be a compact set in R™ such that S° = S. Then S € SEP, if and
only if the trace space J>° (R")’s is isomorphic to the space s.

In general, the trace space is isomorphic to some factor space of the space s,
see the papers [Tid-1979] by Tidten and [BS-1983] by Bierstone and G. Schwartz.
The following example from the first paper demonstrates that J OO(R")| ¢ may be
nonisomorphic to s.

The set S := {(z,y) eER?; 22>0, |yl < 67%} does not belong to SEP o,
(but R2\S does!).

The condition for a compact subset S C R™ to be the closure of its interior is
not necessary. For example, the classical Cantor set has empty interior but belongs
to SEP, (Tidten [Tid-1983]).

A considerable number of papers has been devoted to the study of other
subclasses of the class SEP..: Nash subanalytic sets (Bierstone and P. Milman
[BM-1991]), sets with real analytic boundaries having polynomial cusps (Pawlucki
and Plesniak [PP-1988]), sets for which a Markov type inequality is valid (Plesniak
[P1-1990]).

There are some variants of the extension problem in question which consider
spaces of subanalytic functions (Kurdyka and Pawlucki [KP-1997]) and spaces of
ultradifferentiable functions &, (R™) in the Beurling-Bjork sense, see, e.g., the pa-
per by Meise and B. Taylor [MT-1989] and references therein. Note that &, (R") =
C>(R"™) for w(t) :=log(l+t), t > 0; other choices of the weight give the Denjoy—
Carleman classes of quasianalytic functions and (nonquasianalytic) Gevrey classes.

Theorems 2.26 and 2.31 were proved by Brouwer for univariant continuous
functions in his almost forgotten paper [Bro-1908]. The multivariate generaliza-
tions presented in Section 2.3 were proved in Yu. Brudnyi’s papers [Br-1965b] and
[Br-1967].

Identity (2.43) is due to Kemperman; the problem of finding such identi-
ties was formulated by A. Timan and solved in different ways by Yu. Brudnyi
[Br-1965b] (see [Br-1970a] for the proof) and M. Timan [MTim-1969]. The discus-
sion of these results is presented in Appendix E.

Theorem 2.32 for C(R)-functions was due to Marchaud [Mar-1927]; the
argument for the proof of the multivariate case is taken from [Br-1967].

Theorem 2.34 for univariate continuous functions was proved by Brouwer
[Bro-1908] and rediscovered by Whitney [Wh-1934c].

Theorem 2.37 for bounded functions on intervals of the real line was due
to Whitney [Wh-1957, Wh-1959]. For convex domains in R™ and integrable func-
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tions the result was proved by Yu. Brudnyi in [Br-1970al; see Appendix F for the
corresponding proofs and other references.

Raikov [Rai-1939] was the first to characterize differential properties of func-
tions by behavior of their local best approximation. His paper contains Theo-
rem 2.38 for univariate continuous functions; the result is an easy consequence
of the aforementioned Marchaud theorem. A new approach based on Whitney’s
inequality from [Wh-1957] and on a local Markov inequality was proposed by
Yu. Brudnyi and Gopengauz [BGo-1961], see also [BGo-1963] for the proofs. In
particular, the (generalized) Marchaud theorem is a consequence of their results.
These ideas were then developed in a series of papers by Yu. Brudnyi’s and his stu-
dents’ and collaborators’ papers beginning with [Br-1965a], see the bibliography
to this book. In these papers, the basic properties of the classical spaces of smooth
multivariate functions were studied using the local approximation methods. Some
results of this kind will be discussed and proved in Chapter 9.

The n-dimensional generalization of the Raikov theorem, Theorem 2.38, was
due to Yu. Brudnyi [Br-1965a] (see [Br-1971] for the proof). A generalization to
a wide class of subsets in R” including Lipschitz domains and fractals was due to
A. and Yu. Brudnyis [BB-2007a]; the result will be presented in subsection 9.2.3
(Volume II).

Theorem 2.38 raises the following extremal

Problem. Find the sharp constant v = v(k,\,n,p) for the inequality

My A(f) < Aflerre)-

The only known result concerns univariate functions and A = 1; in this case
Y = e

The proof of Bernstein’s Theorem 2.40 was outlined in his note [Ber-1940];
the derivation in the book follows his basic ideas.

In the multivariate case, the following claim might be true.

Conjecture. A function f : G — R, where G is a conver domain of R™, belongs
to the space CX(G) if and only if the limit

lim Ek(QﬂkG;f)
Q—a |Q[=

exists at every x € G and convergence is uniform.

Here C* (@) stands for the space of k-times continuously differentiable on G
functions whose higher derivatives are uniformly continuous.

The variant of Whitney’s extension Theorem 2.47 for the space Chw (R), i.e.,
Theorem 2.52, is due to Merrien [Mer-1966]. The derivations of both theorems fol-
low the Whitney argument [Wh-1934b] but the proof of combinatorial Lemma 2.48
is taken from the book [KM-1997] by Kriegl and Michor.
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Theorem 2.64 is motivated by the Whitney extension theorem [Wh-1934d]
for the space of k-times continuously differentiable functions on G C R"™ with
uniformly continuous higher derivatives; in this case G is quasiconvex.

The proof of Zobin’s Theorem 2.69 (a) is based on his argument but was
essentially simplified by Shvartsman in [BSh-2001a]; he, in particular, formulated
the Geometrical Lemma which then was proved by Igonin and Yanishevski.

All the results of subsection 2.5.2 are also true for p-integrable functions with
1 < p < o0; the proofs, up to trivial changes, are the same. In connection with the
Yu. Brudnyi result [Br-1980] mentioned in Remark 2.80, the following conjecture
seems to be valid.

Conjecture. Let f € L,(G), where G C R™ is a special Lipschitz domain. There
exists a linear continuous operator T : L,(G) — L,(R™) such that, for all k > 0
and some c(k,n) >0,

wi(5 Tf)r,mny < clk,n)wr (5 fr,@)-

The local approximation approach to Jones type extension theorems (see
subsection 2.6.1) will be used in Chapter 9 for general spaces of smooth functions.
The results of subsection 2.6.1 yield the following (very difficult)

Problem. Find a geometric characteristic of domains G C R™ which admit a
simultancous extension from WE(G) into WE(R™).

The proof of the nonexistence theorem of subsection 2.6.2 was outlined in
Peetre’s note [Peet-1979]; the proof presented here is due to Yu. Brudnyi in
[BSh-2001a]. Another variant of this proof was then proposed by Pelchyriski and
Wojciechowski [PW-2002] who used this result to show that the Sobolev space
WE(R™) for n > 2 is not isomorphic to any Banach lattice (unlike the case n = 1,
see Borsuk [Bor-1933a).

It is worth noting that a Peetre type nonexistence result holds only for the
embedding in L,(R"™!) with p = 1; a simultaneous extension does exist for p > 1.
This, clearly, means that the set of linear continuous operators acting in L;-spaces
is very small. Actually, the Lq-space is a “border point” between L,, spaces with
p < 1, where there is no nontrivial linear continuous operators, and L,, spaces with
p > 1, where the set of these operators is as large as in Lo.

Another nonexistence phenomenon was discovered by Burenkov and Gold-
man [BuGo-1979]. In particular, they proved that for the embedding operator

By (R") C Ly(R™)

there is no inverse linear extension operator.

Here 1 < p < oo, 1 <m < n, c =22 and R™ is identified with an
m-~dimensional coordinate subspace of R"; for the definition of the Besov space
standing in the left-hand side see, e.g., Triebel [Tri-1992].
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Appendices

E. Difference identities

E.1. Kemperman’s identity

We present the identity for mixed differences formulated in Section 2.3, see (2.43),
and also a certain modification which will be more relevant for applications. The
former was due to J. H. B. Kemperman and was first published in [JSch-1977]. Pre-
vious identities of this kind were found by Yu. Brudnyi [Br-1965b] and M. Timan
[MTim-1969]. All of them may be written in a form which uses the following
notation.

By 7(h), h € R™, we denote the shift by h acting on functions f : R” — R
as 7(h)f := f(- + h). Then the kth difference operator is written as

k
AM(h) = A = Y07 () ),
j=0 J
where A(h) := 7(h) — 7(0) (:= 7(h) — 1), and the a-difference operator, a € Z7,

as
n

A%(h) =[] A (hies);
i=1
here {e;}1<i<n is the standard basis of R™.
We deviate here from the notation of Section 2.3, where A¥(h) is denoted by
AZ’, ete.
Now the desired identity looks as follows:

A%(h) = / AR (th)T(MR)dA(t)du(M), (E.1)

RxMat,, (R)

where |o| = k and A and p are compactly supported Borel measures on R and on
Mat,, (R), respectively; the latter stands for the space of real n x n matrices.

Since A%(h) and A¥(th) are finitely supported (as linear combinations of -
measures), it will be natural to look for finitely supported measures A and p in
this identity.

This is the case of the Kemperman and M. Timan identities; in the proof of
Yu. Brudnyi, the measures are unspecified but the identity has some additional
property which the previous ones do not possess. Specifically, in this identity, for
every number ¢ € supp A and every matrix M € supp p,

Mh + conv(supp A¥(th)) C conv(supp AY). (E.2)
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Let us note that conv(supp A¥(h)) is the closed h-interval [0, kh] := conv{0, kh}
h
while the right-hand side is the rectangular box [] [0, a;h;]; here we adopt the
i=1
convention [0, a] := [a,0] if a < 0.
Now we formulate and prove a modification of Kemperman’s identity which
also satisfies (E.2).

Theorem E.1. There are finitely supported measures A and p such that (E.1) and
(E.2) hold.

Proof. We begin with the proof of Kemperman’s identity.

Proposition E.2. Let V' be a collection of k vectors in R™ and ¢ : V — {1, Srees %}
be a bijection. Then

[T Aaw) =" (=)= r(w.) A (w), (E.3)
veV weV
where the sum is taken over all nonempty subsets w of V' and
Uy = ng(v)v, Wy, 1= Zv.
vVEW v¢w
Note that wy = 0, since {v ¢ V} =0

Proof. We enumerate the vectors of V' such that v = v; if p(v) = % Then we
identify V with the set {1, ...k} and regard the w’s in (E.3) as nonempty subsets
of the latter set. For arbitrary 0 <1 < k we have

k

ITAG =) =

j=1 J

—

Il
—

[ ((G = )v;) =1

(g 4e)

JEW JEwW

I
EM

Here w runs over all subsets of {1,... k}; the term with w = () equals (—1)*7(0).
The left-hand side is not zero only for i = 0. Therefore, multiplying both
sides by (—1)*~*(*) and summing over 4, we obtain
k
0 [T 80 = S0 Hr (s )2+ (- ).
Jj=1 w jEwW JEW

where we may exclude w = (3, since the corresponding term is zero.
Next we replace v; by —v; and apply to the right-hand side the formula

A(=juy) = =7(=jv;) A(v;)- (E4)
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This leads to the equality

k k

(=X o) TTaGn) = Sevs (= o )2k (o).

J=1 J=1 w JEW JEW

E
Multiplying both sides by T(Z jvj> and then substituting v; for jv; one gets
j=1
(E.3). O
vey A(v) becomes

the mixed a-difference A*(h) = H A% (h;e;). Hence, k equals |a| and V =

1=
{vi,..., v}, where vj := hie; if 1 < J <o, vy = hoes if o < j < o + g,
ete. To write the corresponding vectors v,, and w,, in (E.3), we define a surjection

v:{l,...;k} = {1,...,n} by

w(j) =14 if v = hzeL

Now we choose here the set V' in such a way that []

Then, in accordance with (E.3), we have
=Y i hupent,
JEW
wy = wo(h) =Y hyres).
JjEw
Here the w is regarded as a subset of {1, 2, ..., k}. In particular, for w := {1,..., k},
vw(h) = 3" ciajhie; and wy,(h) = 0, where ¢; := > 5L

1=1 a;j—1<j<a;
Now condition (E.2) requires that for every nonempty w the n-interval

I,(h) := conv{wy(h), wy,(h) + kv, (h)}

n
be contained in the rectangular box I, (k) := ][0, a;h;]. That is to say, for every
i=1
nonempty w we must have

we(h) and  wy(h) + kv, (h) € I, (h). (E.6)

It is readily seen that this is not yet the case for |o| =k > 1.
We now modify the Kemperman identity to get rid of this shortage. To this
end we fix an integer N > 1 and apply the Multinomial Theorem to the identity

N-1 ] k
AF(NR) := (7Y = 1)F = (73, — 1)k<z T,g> .

Jj=0
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This yields
AM(Nh) =Y 7(|8Ih)AT,
B

where the vectors (S, ..., n—1) run over the lattice
L(k,N) =7 N[0, (k- 1)N]V.

Substituting k for a; and h for % hie; and multiplying the identities so ob-
tained over 1 < i < n we then get

A%(h) =Y T(N " ug(h)) A%(N~'h), (E.7)
B

where (3 := (3,...,38"), vector B¢ runs over the lattice L(a;, N) and
ug(h) = > |B'|hie;.
i=1

Note that all points N~ tug(h) satisfy
N~ ug(h) € T, (h). (E.8)

Now we associate to each § a signature eg € {—1,1}" € Z™ as follows. We
divide II, (h) into 2" congruent subboxes and fix an arbitrary one, say II. There
exists a unique vertex of IT common to II,(h), and every vertex of II,(h) has the

n
form % 231(1 + gi)a;hie;, where € := (e1,...,&,) is a signature. We denote the
1=
signature related to the common vertex by e(II).
Because of (E.8) the point N ~'ug(h) belongs to one of such II and we set
eg = —e(II). (E.9)

If N~lug(h) lies on the boundary of II and therefore belongs also to other
subboxes of the subdivision, we choose in (E.9) one of them arbitrarily.
Now we modify each term in (E.7) in the following way. Fix a signature and

set for h € R™,
he = Zsihiei.
i=1

Raising identity (E.4) to the power «; we get
Aai(hiei) = (—l)aiT(—aihiei)A”‘(—hiei).
Multiplying these equalities together for those i where €; = —1 we further obtain

A%(h) = £7(za(he)) A% (he), (E.10)
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where N
Za(he) == Zmin((),ei)ozihiei.
i=1
Replacing finally h by N~'h and choosing € := £5 we express the S-summand of
(E.7) in the form

(N tug(h) + N7 20 (he)) A*(N"'h.), where & =eg.

Then we apply the Kemperman identity to A*(N~'h.,) and insert the result
into (E.7). This gives an identity of the type (E.1) and we should only explain
why condition (E.2) holds for this case.

According to (E.5) and (E.6) this condition is equivalent to the belonging of
the points x,, := N tug(h)+ N1 (za(hgﬁ)—&—ww(hsﬁ)) and y,, := xw—&—N_lvw(hEB)
to the parallelotope II,, (h). Setting N := 2k we establish this directly computing
the coordinates of x,, and y,,.

The result has been proved. O

To formulate a consequence of identity (E.1) we introduce several notions.
Let z,y € R™. The pointwise multiplication of these vectors is given by

Ty = inyiei. (E.11)
i=1

Further, the ordered interval determined by x and y is the rectangular box defined
by
Mz, y] := {ZGR”; z; € |24, yil, i:17...,n}. (E.12)

Now let G be a domain in R™. We say that G is orderly convez if G along with
every two points x,y contains the ordered interval II[x, y].

Now we introduce an analog of the k-th modulus of continuity, see (2.24),
based on mixed differences.

Definition E.3. Let G be a domain in R™. Then the a-modulus of continuity, where
a € Z7, is a function w, : C(G) x (0, +00)™ — R given by

wa(h; fla = sup{[AF fllc(Ga.) s t € 1[0, h]},
where Gy, = {z € G; [z,z + y] C G}.
Using the notions now introduced we derive from identity (E.1)

Corollary E.4. Let G C R™ be orderly convex. Then for every f € C(G) andt > 0,

wi(t; fla ~ |81‘1_pkwo¢(t€§f)6‘7 (E.13)

where the constants of equivalence depend only on n and k.

n
Heree:= Y e; =(1,...,1).
i=1
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Proof. Identity (E.1) and condition (E.2) immediately imply, for |a| =k, h = te
and the orderly convex domain G the inequality

waltes; fla < clk,n)wi(t; fa-

The converse follows from an identity expressing AZ via the corresponding
mixed differences. In fact, by raising the identity

A(h) = Zn: T ( S hjei> A(hie;)

i=1 j=1

to the k-th power we get

AkB) = 30 r(ha) A, (E14)
|| =k
n—1 i—1
where hq = > ai< > hjej). This and the orderly convexity of G immediately
i=1 j=1

imply that

wi(t; fa < nF sup walte; fg.
|a|=k

O

This result can be easily extended to a wide class of (quasi-)norms and arbi-
trary bases in R™. We begin with

Definition E.5. Suppose that the linear space X of measurable (classes of) functions
on R" is equipped with the quasinorm'° || - ||x. This space is said to be a quasi-
Banach translation-invariant lattice if the following conditions hold:

(a) (Translation-invariance) For every h € R™,
Im(h) fllx = [1fIlx-
(b) (Monotonicity) If | f| < |g| almost everywhere and g € X, then f € X and
1fllx < llgllx-

(¢) (Completeness) (X, | - ||) is complete.

Property (b) allows us to define for every measurable subset S C R™ a quasi-
norm || - || x(s) given for measurable f : S — R by

1 Fllxcsy = I Fllx, (E.15)

Oie., the triangle inequality holds in a weaker form: for a fixed ¢ > 1 and all f,g € X
If+allx < c{llfllx +llglx}-

1
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where f is the extension of f to R" by zero.

Tt can be easily checked that the linear space X (S) defined by this quasinorm
is complete and the quasinorm is monotone.

Now let G be a domain in R” and f € X(G). Then similarly to the case of
continuous functions we define the k-modulus of continuity for f by

wr(t; fx) = Hilll\g AR (R) £l x (Gon) (E.16)
<t

recall that Gy, := {z € G; [z,y] C G}.
Next, let B := {by,...,b,} be a basis of R™. Replacing the standard or-
thonormal basis {e1,...,e,} by B in all the above definitions we introduce orderly

convex domains and mixed moduli of continuity with respect to the basis B. For
instance, the latter notion is given for f € X(G) and h € R™ by

wE (ks f)x(a) = sup{|A? fll x(G...) s t € TB[0,h]}, (E.17)

where z -y and gz, y] are now defined by (E.11) and (E.12) with B substituted
for {e1,...,en}.
The applications of identities (E.1) and (E.14) immediately lead to

Corollary E.6. Let G C R™ be an orderly convex domain with respect to a basis B
of R"™. Then for every f € X(G) and h € R™,

wi(t; fxa = lsTpkWS(te§f)X(G)~ (E.18)

Example E.7. Let G C R" be a special Lipschitz domain, i.e., the subgraph of a
Lipschitz function, say ¢ : R"~! — R,

G :={(z,z,) € R™™ x R; x, < o(z)}.

Then there is an infinite (circular) cone K such that 0G + K C G. Choose a basis
B :={b1,...,b,} such that all the b; are in K. It can be then easily checked that G
is orderly convex with respect to this B, and we may apply (E.18) to this setting.

E.2. Marchaud’s identity

This identity expresses the k-th difference via differences of bigger orders in the
following fashion.

Proposition E.8. Let k,s > 1 be integers and h € R™. Then the following holds:

s—1
AF(h) = 27K AR 2°h) + > 27T (27h) AR (27 D), (E.19)
Jj=0
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k=1
where Ti(h) := > ¢, (i)7(ih) and the numbers ci(i) > 0 and satisfy
i=0

k—1

k
> enli) ==
i=1 2

Proof. Using the identity preceding (E.7) for N = 2 we get

k k j—1
aen 2880 = 3 (M) s - 2] = 3 (5) S ramar i,

=0 j=1 i=0

k
Further, we set cx(i) := 27%F 3 (];), 0 <i < k-1, and define Ti(h) using
j=itl
these numbers. Then )" ¢, (i) = & and the previous identity yields
27K AF(2R) — A*(h) = Ty (h) AR (h).

Substituting here h for 27h, dividing by 277* and summing over j = 0,1,...,s—1
we then get

s—1
27 AR(2h) — AR(h) =Y 27F T (27 h) AR (27 1),
j=0
as required. O

As a consequence we obtain the following Marchaud inequality, see [Mar-1927]
for n = 1.

Theorem E.9. Let X be a translation-invariant Banach lattice on R™, and G C R™

be a conver domain. Given integers 0 < k < ¢, there is a constant c¢(£) > 0 such
that for every f € X(G) and 0 < t < 4 diam G

d .
Wk(th)X(G)SC(f)tk{/ wi(w: Nx@ g, Iflxe }

uk+1 (diam G)*
Here d := %diamG and the second term in the sum is zero if dlam G = oo.

Proof. It suffices to consider the case of £ = k + 1 and then iterate the inequality
obtained. Applying identity (E.19) with this ¢ we get

k s—1 iy .
AR (R) fll x (Gn) < 522 P (IRl fxe +27°% - 25| fllx ). (E-20)
=0
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Now let ||h]| <t and s satisfies the condition

diam G <ot < diam G
20~ I

in the case diam G = oo, we replace diam G by an integer N and let it tend to infin-
ity in the final inequality. Applying inequality (E.20) and using the monotonicity
of wiy1 we obtain for this s,

d )
we(ts fx@ < C(k){/t —wkﬂiﬁi)x(@ du + (gfagg))k }

The result has been proved. O

Remark E.10. Now let X be a translation-invariant quasi-Banach lattice on R™. In
this setting, inequality (E.20) should be multiplied by ¢®, where ¢ > 1 is the con-
stant in the triangle inequality for X. This clearly destroys the proof. To avoid this
obstacle one uses the Aoki-Rolewica theorem, see, e.g., [BL0-1976, Lemma 3.10.2],
which states that for some p = p(X) € (0, 1),

>r| <2fS s} (B.21)
i=1 i=1

Using this replacement of the triangle inequality we derive the Marchaud inequality
for a quasi-Banach X in the form

d S “du\t S
Wk(t§f)X(G)<C(é’p)tk{</t {W(uuk)X(G)] 5) +(€|1m||rﬂX(GG))k}

Let, e.g., X = L, where 0 < p < 1. Then p(L,) = p and (E.21) holds without the
factor 2 because of concavity of the function ¢ — ¢, t > 0.

F. Local polynomial approximation and moduli of
continuity

We will prove Theorem 2.37 which was formulated and widely used in Section 2.3
and will be intensively exploited in Chapter 9, and then present several related
results.

F.1. Degree of local polynomial approximation

We first prove Theorem 2.37 for continuous functions. Let us recall (in an equiva-
lent form) its formulation.
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Theorem F.1. Let V C R™ be a closed convex body'l. Let f : V — R be continuous
and satisfy the condition, for x,x +kh €V,

Ak f()] < 1. (F.1)
Then there is a constant w = w(k,n) and a polynomial p of degree k — 1 such that
sup |f = pl < w(k,n). (F.2)

Remark F.2. Local best approximation of order 1 may be evaluated by

Ei(f5 0) = gsw{|f() = f)]; v, € O},

Hence, (F.2) holds with w(1,n) = 1 and we may assume in the sequel that k > 2.

Proof. We begin with V' being a cube. Using scaling we reduce the proof to the
case

V=Q:=][0,1]".

Lemma F.3. Let Q) := [0,1 — £]™. For every f € C(Q) there ezists a function
fr. € C*L1(Qy) such that

1f = frllou < ek, n)wr(@; £),
Sup D% fillowoy < ek, n)wr(Q; f). (F.3)

Here wi(S'; f) is the k-oscillation of f on S C R™, i.e., wk(% ; f)s, see (2.57).

Proof. We use the operator S; := [] Si(e;) introduced in the proof of Theo-
1<GN

rem 2.77 with all the unit vectors e; contained in the cube Q. According to its

definition, S; is an integral operator whose kernel is supported on conv{te; }1<;<n.

Choosing an appropriate t = t(k,n) we obtain for every x € Q,
x + conv{te; }1<;j<n C Q.

Under this choice of ¢ and e; the function fj, := S, f is defined on a set containing
Qr- In turn, inequalities (F.3) follow from those proved in Theorem 2.77, see
(2.142) and the subsequent inequality for D*S; f. O

Lemma F.4. Theorem F.1 is true for V= Q.

Proof. Define the desired polynomial p € Pj_1 ,, as the Taylor polynomial of order
k—1for frat 0, ie., p:= Té“flfk. Then for x € Qy,

I(f =) (@) = |(fe = T fu) (@)] < e(k,n)| frlor@u)

i.e., the interior of V' is nonempty.

11
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by the Taylor formula.
Combining this with (F.3) we get

1f = plle@u < ek, n)wi(Q; f). (F.4)
Now let x € Q\Qg. Then for an appropriate h,
r—jheQr, j=1,... k.
Moreover, A¥p = 0 and therefore
(f =p)(x) ( ) f=p)(x = jh).
]:1
Applying (F.4) to each term of the sum we then have

|(F = P)@)] <wr(@; ) + 2" = De(k, n)wr(Q; £) < 2%k, ).
Together with (F.4) this proves the result. O
Lemma F.5. Theorem F.1 holds for Euclidean balls.

Proof. Without loss of generality we may assume that f is continuous and satis-
fies (F.1) on the closed unit ball B centered at 0. Let @ be a cube of maximal
volume contained in B. Then @ is of center 0 and side length 2 . Restricting f

to @ we use Lemma F.4 to find a polynomial p € Pj_; ,, with

£(@) = p(@)| < clkyn) for @€ Q.
Fix any € B. By the one-dimensional variant of Lemma F.4, there is a
polynomial ¢ € Pr_1 1 such that
|f(ta) — ()] < e(k, 1)

1

for |t| < 1. Hence for |t| < n~% we have
p(tz) — p(t)] < c(k,1) + c(k,n).

Now we apply the Remez type inequality, see Corollary G.2 of Appendix G, to
extend this to all of ¢ € [—1,1]. This gives for these ¢,

n- 2

k—1
’p(tx)—go(t)’ﬁ( 41> (c(k, 1) + c(kym)) = &(k, ).

Combining this with the inequality for f(tz) and choosing t = 1 we finally get

|f(x) = p(x)| < c(k, 1)+ é(k,n) for any z € B. O
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We now establish the result for bounded convex bodies. To this end, we need
the classical F. John result [Jo-1948].

Lemma F.6. Let V' be a bounded closed convexr body in R™. There is an ellipsoid
E containing V and such that the homothety %E of E with respect to its center
is contained in V.

Lemma F.7. Theorem F.1 holds for bounded closed convex bodies.

Proof. The assertion of Theorem F.1 may be reformulated as follows.
There is a constant ¢ > 0 such that for any f € C(V),

Ep(f; V) <cwp(Vsf).

Set w(k,V) := inf ¢. It is easily seen that this constant is affine invariant. Using
an appropriate affine transform we may then assume that the John ellipsoid for
V' is the closed unit ball B centered at 0. Then

1
—-BCV CB.
n

Now let f € C(V). Restricting f to the ball = B and applying Lemma F.5 we find
a polynomial p € Pj,_1, such that for z € %B,

[7@) — ()| < wi (- B: £) = w(B; ) = alh,n)

Repeating then the argument of the proof of Lemma F.5 we extend this inequality
to all points of B as follows:

|f(z) = p(x)] < e(k, 1) + (4n)*(c(k, 1) + &(k,n)). O

At the final stage V is unbounded. Let Vi denote the intersection of V' with
the closed ball of radius N centered at a fixed point of V. Suppose that f € C(V)
and satisfies (F.1). Then there is a polynomial py € Pr_1, such that

|f(x) = pn(2)| <c(k,n) for x€Vy. (F.5)

The sequence {pn } n>1 is then uniformly bounded on the compact set V1 ; therefore
there is a subsequence which converges uniformly on V; to some polynomial p of
degree k — 1. Since Pj_1,, is finite-dimensional, this subsequence converges to p
on any compact subset of R”. Restricting (F.5) to the set Vy, with fixed Ny < N
and passing to the limit as N — oo, we get

|f(x) —p(z)| < c(k,n) for x € Vy,.

Since Ny is arbitrary, this proves the result for unbounded bodies. O

A generalization of Theorem F.1 is also true for bounded (maybe, non-
measurable) functions and for measurable functions.
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Let B(V) be the Banach space of bounded on V functions equipped with
the uniform norm. As in the proof of Theorem F.1, the main point is the deriva-
tion of the result for @ := [0,1]". According to Whitney’s theorem [Wh-1959]
there is a constant wy, such that for every f € B([0,1]) the Lagrange polynomial
interpolating f at k equally distributed points of [0, 1] satisfies

If = L(f) B < wpsup{|AL f(2)]; 0 <@ < w4 kh <1}, (F.6)

Let f € B(Q) and L;(f) be defined by applying the interpolation operator
L to the function x; — f(x), 0 < 2; < 1. Then L;(f) is a polynomial of degree
k — 1 in x; with the coefficients being bounded functions on ) independent of x;.
By their definition, the operators L; mutually commute. Therefore the function
L(f):=(Ly---Ly,)(f) is a polynomial of degree k — 1 in each variable. Moreover,
(F.6) implies that

I|f = Li(f)ll o) < we sup{|AZeif(:1:)| i [z, + khe;] C Q}.

In particular, the norm of L; is bounded by (2* + 1)wy. This implies that for
/e BQ),

TSI Z(HnLj)nf—LifuB(Q)Sc<k7n>wk<cz;f>. (£.7)

i=1 Nji

Now we derive from here the required inequality

EL(Q; f) < c(k,n)wi(Q; f).

The left-hand side is a Banach norm on the factor space B(Q)/Pk—1,,. From
inequality (F.7) we conclude that the functional f — wi(Q;f) is also a norm
on this factor space. In fact, it suffices to check that wg(Q; f) = 0 implies that
f € Pr_1.,. But due to (F.7) f is a polynomial. Moreover, A¥ f = 0 for every h
and therefore all its derivatives of order k equal zero. Hence, f is a polynomial of
degree k — 1.

Further, the norm wy(Q ;) is Banach, see Lemma 6 of the paper [Br-1970a]
by Yu. Brudnyi. Finally, for every p € Py_1 ,

we(Q: f) = wi(Q; f —p) < 2" f — pllBQ)

and therefore

wi(Q; f) < 2°ER(Q; f).
By the Banach open mapping theorem, see, e.g., [DS-1958], this implies the inverse
inequality

Ep(Q; f) < cwrn(@Q; f)

with ¢ > 0 independent of f. That is to say, the required result for cubes is true,
and Theorem F.1 for bounded functions then follows.
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The theorem for measurable functions may be reduced to the case of bounded
functions. To this end it suffices to prove that a measurable function f : [0,1] - R
satisfying the inequality

AR f(@)] <1 (F.8)

for x,x + kh € [0,1], is bounded on [0, 1]. This allows us to use for f Whitney’s
theorem (F.6) and to complete the proof as above.

Let f :[0,1] — R be measurable, and let (F.8) hold. By measurability, for
any € > 0 there is N; > 0 such that the measure of the set

Se = {z € [0,1); [ f(a)] > N.}

is bounded by e.

We then fix an & € [0,1 — 4] and consider the set {h > 0; z + ih € S.} for
1 < i < k. The measure of this set is bounded by |1 (5. — z)| = 1 [S.| < £; here
AS is the A-homothety of S C [0, 1] with respect to zero. Then the measure of the

1=1 ‘
Choose ¢ such that this number becomes less than % Then there is h € (O, l)

k
such that all points = + ih belong to [0, 1]\ S-.
Finally, we write for these x and h,

k
set of all h > 0 satisfying = + ih € S. for some 1 < i < k is at most (E i)e.

5k
@) < |8+ 3 (§)lth i) < 14 2 - D
i=1

Hence, f is bounded on [07 1- %]

Applying the same argument (with negative h) to « € [%, 1] we prove bound-
edness of f on [0,1].

As a consequence, we now derive the precise form of Marchaud’s inequality
formulated in Theorem 2.7 (d).

Corollary F.8. Let f be a locally bounded function on the closure of a conver
domain G C R™. Assume that wi(f; G) < oo for a fived integer k > 1. Then there
exists a polynomial p of degree k — 1 and a constant ¢ = c¢(n, k) > 0 such that for
every integer 0 < ¢ < k the inequality

2d
wi(s; fla
Wé(th_p)GSCtl/t SZTdS

holds for all t < d; here d := %diam G.

Proof. First let G’ be bounded and p € Py_;,, be such that

diam G
Sléplf —p| <cwi(Gs f) <:= ka( p ;f)G> (F.9)
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for some ¢ = ¢(k,n). Applying Theorem E.8 to f — p we obtain, for 0 < t < d,

d .
a3 =) < bt ([ G as SR T o)
t

stt1 (diam G)*

Since wy, is equivalent to a k-majorant, see Theorem 2.7, we get for ¢t < s < 2d,

wik(s; fle > 9k wWe(G5f) j—et
st = (diam G)* ’

Integrating this over [¢,2d] and noting that for some c¢(k) > 0 and ¢t < d,
2d
/ s~ ds > c(k)(diam G)F,
t

we finally obtain for this ¢,

/2d wk‘(s;f)G ds > Q—kc(k) wk(G7f)

sttt (diam G)*¢’

i.e., the second term in the sum of (F.10) is absorbed by the first.

Now let G be unbounded and G denote the intersection of G with a Eu-
clidean ball of radius R centered at a fixed point of G. Let p € Py_1, be chosen
as in (F.9). Then applying Marchaud’s inequality to f — p and Gg, we get

“wi(s; e wi (G f)

tif — < c(k,n)tt d .

ot = P)n < ekt ([ G g 2O

Sending R to infinity we prove the corollary for this case. O
Remark F.9.

(a) Let S := G be the closure of a bounded domain in R". Assume that S is star-
like, i.e., there is a point xy € S such that for every line L passing through
xo the set SN L is a nontrivial line segment and, moreover, G contains a ball
B centered at xy. Applying the argument of Lemma F.7 to the closed set
S := G we get the inequality

E(S3 /) < con(S: /) (F.11)

with the constant ¢ depending on n, k and on the star-like coefficient

diam S
o(S) = Sup{diamB ;B C S},

where B runs over all balls in S centered at xg.

Because of the last dependence, inequality (F.10) may be incorrect for
unbounded star-like domains.
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(b) Another extension of the class of bounded convex bodies can be obtained
by applying the extension theorems of subsection 2.6.3. This gives inequal-
ity (F.8) for (bounded) Lipschitz domains and (unbounded) special Lipschitz
domains, see Definitions 2.71 and 2.72.

Example F.10.

(a) Unlike Lipschitz domains the boundary of star-like domains may be far from
any kind of regular. The classical von Koch snowflake, see, e.g., Falconer
[Fal-1999, p. XV and Example 9.5], bounds a star-like domain whose bound-
ary is a “thick” curve (its Hausdorff dimension'? is strictly greater than 1).
In particular, any arc of this curve is of infinite length.

(b) The following example mentioned in the paper [BI-1985] by Binev and Ivanov
demonstrates the role of cusps for the validity of Theorem F.1.

The set S := {xGRQ; %x% <xy <2} 0<x < 1} has a cusp at
(0,0):

X2

X

Figure 2.4: The role of cusps for the validity of Theorem F.1.

We define the function f. : S — R by

fe(x) = sin(a log i)

T

12 see subsection 3.2.4 below for the definition of this concept.
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Since f. assumes values £1 infinitely many times and |f.| < 1, we have
Ep(S; fo) = 1.
On the other hand,
wi(Ssf) <2 1wi(S:f.) =0 as e —0. (F.12)

In fact, by definition,

wi(S; fe) = sup|f€(:c1) - fs(yl)}v

where the supremum is taken over all x,y such that the segment [z,y] C S.
Note that this interval with a fixed x is of maximal length if y is a point
of the lower parabola zs = %x% and [z,y] is tangent to the upper parabola
To = xf A direct computation shows that in this case y; < cory with some
numerical constant ¢y > 1.

Finally, by the Mean Value Theorem,
Z1
|fe(@1) = fo(yn)| < 5‘108; a‘ < elogco.

Hence, (F.12) holds and Theorem F.1 is not true for this setting.

However, the domain obtained by replacing the lower parabola by xo =
1

-5 22 is star-like. Hence, in this case the cusp does not prevent the validity

of (F.8). O

F.2. Whitney constants
Let S be a closed subset of R™. We define the Whitney constant wy(S) by
wi(S) = sup{Ex(S; f); f € C(S) and wi(S;f) <1}. (F.13)
We also define the global Whitney constant wy(n) by
wi(n) := sup{wg(S); S CR"™ bounded and convex}. (F.14)

In the spirit of Whitney’s paper [Wh-1957] who considered the case of dimension
one '3, let us consider also the constants w}(n) and w;*(n) defined by (F.13) with
S :=R"} and S := R". Using the argument of Beurling, see [Wh-1957], it is easy
to prove the following estimates:

n
* < *k < . )
win) <2 v < min 1/ (")

13 In this case wy (1) = wy ([0, 1]).
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In contrast, the sharp upper bound for wg(n) depends on the dimension, and
in fact, lim, . wr(n) = oo if k > 2. We discuss this situation below following
the paper [BKa-2000] by Yu. Brudnyi and Kalton, but first consider the one-
dimensional Whitney constant wy, := wy(1).

It is easy to show that wy = 5 (H. Burkill [Bu-1952]) but the value of wy is
still unknown. In the above mentioned paper, Whitney proved that % <wg < %
and wy, < oo for all k. The latter result is essentially improved by Sendov [Sen-1987]
whose method (after a slight modification) leads to the inequality wi < 3. Further
improvement was due to Giliwicz, Kryakin and Shevchuk [GKS-2002]; the result
states that wy, < 2+ e~2. It was conjectured by Sendov for all of k and proved for
k <7 by Kryakin and Zhelnov that wy < 1, see the survey by Kryakin [Kry-2002]
for more information.

Now we present several conjectures and results of the aforementioned paper
by Yu. Brudnyi and Kalton.

There is a fairly precise estimate for wa(n), i.e.,

1 n 1 5
510g2({§J + 1) < ws(n) < 5 [logy n] + 1

Curiously enough, ws(n) is almost attained not for the unit n-simplex S™ as it
may be thought, but for S ®S™ C R?". Meanwhile for S™ the precise asymptotic
is given by
lim LQ(S”) = 1
n—oo log, n 4
In the sequel we will write wy(£};) instead of wy(S) when S is the closed unit
ball of £;. Then ws(¢}) ~ logn while wy(£}) with 1 < p < oo is equivalent, up to
a logarithmic factor, to (p — 1)~! as p — 1. This striking difference in asymptotic
behavior is explained by Theorem 3.12 of [BKa-2000] which gives the upper bound
of wy(Bx), where Bx is the unit ball of a finite-dimensional Banach space X, in
terms of the p-type constant of X.
Now let w,(:ym) (n) be defined as in (F.14) but for centrally symmetric convex
bodies. Then for some numerical constants ¢y, co > 0,

civn < w:(;ym)(n) < cav/nlog(n +1).

As in the linear approximation case, this result can be improved for ws(¢} ). For
example, w3 (¢y) ~ log(n + 1) and

crlog(n+1) < ws(f2) < ea(log(n + 1))°.
There are also a few estimates for k > 4. In particular,
w,(:ym)(X) < en® log(n + 1),

while )
wy(fy) <en 2 log(n +1)

for 2 < p < oo and wi (¢}) =~ log(n + 1).
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F.3. Conjectures
(a) If k > 2, then

wi(n) ~ w,(:ym) (n) ~n® 'log(n+1)
as n — oo.

This is proved for & = 2 while the upper estimate for w,(:’ym)(n) is estab-

lished for k& > 2. As for the lower bound, we only have wy(n) > w,(:ym)(n) >
cy/n for k> 3.

(b) If k>3 and 1 < p < oo, then
wy(£,) = log(n +1)

as n — oQ.

The result is established for p = 1 and all £ > 2 and for £ = 3 and
2 < p < oo, while the lower bound is established for all £k > 3. It is quite
possible, that it is way off the mark when &k > 4.

(c) wa(0) is “small”, say, wa(¢%) < 2. The only known results are wa(¢L,) = 1,

and wy(f2,)) = 1, and wo () < 802 for n > 3. If the conjecture held, then
for every convex function f on an n-cube @Q we would have the inequality

Eo(Q; f) Swa(Q5 f).

(d) If X is an infinite-dimensional Banach space, then ws(X) = oo.

G. Local inequalities for polynomials

We will prove several inequalities estimating the uniform or L,-norm of a polyno-
mial on a convex body via that on a subset of positive measure. The results have
their origin in the classical Chebyshev inequality, see, e.g., [Tim-1963, pp. 67-68].
It asserts that a polynomial p € Pj,; satisfying the inequality

max [p| < M

on the interval T := [a,b] C R grows outside the interval as
p(e)| < Mtj(z), «¢ 1.
Here ti is the normalized k-th Chebyshev polynomial, i.e.,

2x—a—b)’

th(z) = tk< .

where tx(x) := cos(k arccos x).
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If, in particular, [a,b] C [0, 1] then this implies the inequality

2—/
<
max |p| < t (= ) max|pl, (G-1)

[0,1]
where ¢ :=b — a.

In a little known and hardly available paper [Rem-1936], Remez general-
izes (G.1) by replacing [a,b] by an arbitrary measurable subset S C R of measure
£. This result has been rediscovered several times, see, e.g., Dudley and Randall
[DR-1962] and Yu. Brudnyi and Ganzburg [BrG-1973, Lemma 2] but the Remez
proof presented below remains the most simple and elegant.

A multidimensional result of this kind is due to Yu. Brudnyi and Ganzburg
[BrG-1973] presented now.

Theorem G.1. Let V' C R"™ be a compact convex body and S C V' be a subset of
relative Lebesgue measure

1S
{:=-— >0.
14

Then for every polynomial p € Py, the sharp inequality

1+ Y17
1— Y1—7¢

max |p| < tk( ) sup |p| (G.2)
v s

holds.

Proof. We begin with the aforementioned Remez result (and proof).

Claim I. (G.2) is true for V := [a,b] C R and a subset S C V of relative Lebesgue
measure £ > 0.

We may assume that V' = [0,1]; then S C [0,1] is of measure ¢. Without
loss of generality, we may also assume that S is closed and has no isolated points.
Moreover, for S being an interval, the result follows from (G.1). Otherwise, [0, 1]\ S
contains at least one open interval, say, (b, c), and therefore

S C [a,b]U e, d],

where @ := min S and d := max S. Further, let £ € [0,1] be an extreme point for
a polynomial p € Py 1, i.e.,
p(&)] = max pl.
As the case £ € S is trivial, we should consider only three possibilities:
(a) £€[0,a] or E€ld1];

(b) &€ (b,c).
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First let ¢ € [0,a] and ¢ be the normalized Chebyshev polynomial for I :=
[a,a + ], and let
a=:21<x3<- < Tpy1:=a+/l

be points where ti assumes alternatively the values +1. Then we choose points
T1 < Tg <+ < Zpypin S as follows. Set 1 := a and determine z; for 2 <i < k+1
by the condition

‘Sﬂ [i‘l,jZH =T; —T1.

These points are correctly defined, since |S| = ¢ = 2341 — 1. Due to this choice,
a+l—x; >|E—2;| and |T; — 25| > |z, — x5

Further, &; € S and therefore |p(&;)| < sup |p|.
s

Using Lagrange interpolation we then have

%(H B f;" ) ()]

i=1 “Ni#j
E+1
a+l—x
(Z(H — |]) ti(wi)|> sup [pl.
j#i J s
The sum in the right-hand side equals

i=1

and the result follows.
The case of £ € [d, 1] is considered similarly.
Finally, let £ € (b,c). Then at least one of the fractions

_ |0.¢ns| _|le1ns]
[1 .—T, 62 .—l—_é_

is greater than or equal to
[[0,6] N S| +][6,1] N S|
£+ (1-9) '

If, e.g., £1 > £, then we apply the just proved result to the interval I; := [0, &] and
the subset S7 := SN [0,&] to have

6:

2-1¢ 2/
max|p| = [p(§)| < t( =) max|p| <t (=) max pl.

(0,1]

Claim I is proved.
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To proceed we need the following geometric fact.
Let xg be an interior point of the body V and 0 < ¢ < 1. Let R stand for a
ray emanating from zy. Consider the extreme problem

~v(0) = sgp (essRinf ||‘;:—§11),
where S runs over all subsets of V' of relative measure % > (. Here | - |; is the
Lebesgue 1-measure.
Claim II. The following is true:
W) = ——— (G3)
1— /17
To prove this we use the spherical coordinate system (r, ©) = (7, 1, .., Pn-1)

with the origin at z. Let

r=H(p)=H(p1, .-, Pn-1)

be the equation of the surface V.
Then we define the subset S C V by the inequalities

(VI=0H(p) <7< H(ep).
Comparing the n-volume of V and the Lebesgue n-measure of S , we get
S| = £V
Moreover, a similar computation gives

‘VﬁRh_ 1 (G4)
ISAR); 1- 17 '

for every ray R from z.
It remains to show that for a subset S C V satisfying % > { the following
inequality holds:

VAR 1
f < . .
Sl;p<essén ISAR[L) ~1-/1-¢ (G:5)

Suppose, on the contrary, that for some Sy C V with % > ¢, the converse
inequality holds. This and (G.4) then imply that for almost all R,

1So N R|y < |[SN R (G.6)

Further, let Iy C VNR be the closed interval of length |SoNR|; with right endpoint
|V N R|;. By monotonicity of the power function,

" ldr < /7‘"71 dr. (G.7)

SoNR Io
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Due to (G.6), Iy is a proper subinterval of an interval I which has the same right
endpoint [V N R|; and is of length |S N RJ|;. Substituting in (G.7) I for Iy, then

n—1

multiplying by [] cos?~!p; and integrating over ¢ we have

=1
10| = / dv</dv:|§\:£|V|.
S

SoNR

This contradicts the inequality [So| > ¢|V| for the chosen subset Sp.
The result has been proved.

Now we complete the proof of (G.2). Let S C V and |S| > ¢|V| for some
0<?¢<1.Let p€ Py, and zg € V be such that

max [p| = [p(zo)|.

We may assume that z( is an inner point of V; otherwise we use a point close to
o and then pass to the limit.
Apply Claim I to the univariate polynomial p| gy, where R is a ray from xo,

to obtain

vl = Ip(eo)] < tu [ 2V EL 1) e
max = €T _— max .
o P IPLEO)T = Tk |S N R| st P

Taking essinf over R and sup over S, and using monotonicity of ¢; on [1,+00)
and (G.3) we derive that

1+ Vvi-¢ vL1_€>max||
1—xa—¢) &P

max Ip| < tg (27(5) — 1) max Ip| = tk<

as required.
Finally, let us show that inequality (G.1) is sharp for the class of compact
convex bodies. To this end we define V' to be a circular cone of height 1, say,

n
V= {xeR";x?ﬁZx?, nglgl}.
i=2
Let ¢ € (0,1) and V}, be a subcone of V' of height h determined by the condition
[VAVL| = £|V]; then h = /1 — £. Set now S := V\V}, and let

p(x) =ty (%)

be the Chebyshev polynomial associated to interval [h, 1]. Then |S| = ¢|V| and

(Y (LT |
m‘?x|p— 1) TR\ T mé}xp|,

i.e., (G.1) becomes equality.
The result has been proved. O
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In applications the following consequence of the theorem is of common use.

Corollary G.2. Under the assumption of Theorem G.1 it is true that

o< 2 (4 max (G8)
m‘;axp_2 7 mgxp. .

Proof. The function £ +— 1 — {/1 — £ is convex on (0, 1] and therefore

14+ vV1-4¢

— -1
1- Y11 é - 6
This, the definition of ¢; and its monotonicity on [1,00) imply the result. O

In fact, inequality (G.8) may be generalized to integral norms as follows.

Corollary G.3. Let 0 < r < g < oo and let S be a subset of V' of relative measure
¢ € (0,1]. Then for every polynomial P of degree k the inequality

{I‘lfl/w |P|Qda:}‘1’ < (rk + 1) (k) {|S|/|P| dx} (G.9)
holds for v(k,n) := % (4n)*.

Proof. Tt suffices to consider the case ¢ = co. Due to the homogeneity of (G.9) we
may assume that
max |P| = 1.
1%

Further, for t € (0, 1], we define the sublevel set of P by
Li:={z e V;|P(z)| <t}

Applying to this subset inequality (G.8) we get

1= max|P| < v(k, n)<|z/||) -t
which implies
1
\Le| < [V[(v(k,n)t) ¥, (G.10)
To proceed, we need the notion of rearrangement, see, e.g., [Zi-1989, sec. 1.8]
for details.

Let (X, 1) be a measure space and f : ¥ — R be p-measurable. The nonin-
creasing function m(f) : (0, +00) — Ry U {+oc} is then given by

m(f;t):=pf{oeX;|f(o)] >t}
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while the rearrangement f* : (0, u(X)] — Ry U {400} is defined by
f(s) :==inf{t; m(f;t) < s}

The functions | f| and f* are equimeasurable; therefore, for 0 < r < oo,

s)Tds:/E|f|TdM.

Using these definitions we relate | L¢| to the rearrangement of the trace Ply . Specif-
ically,

w(X)

|Le] = [V =m(Plv; t)

and therefore the converse to the function ¢t — |L;| is equal to the function ¢
(Plv) (V] —1t).
The latter is estimated by (G.10) to give

. 1 t\"
e V=02 s ()

It remains to note that for S C V and 0 <t < |S],

(Pls)"(t) = (Plv)"(t)
and therefore

[S] S|

/ L(kl,n) (Wﬂ)k]dt = / [(Pls) (81— )] dt

0 0
5]

/(p|s Vit = /\P| da.

Integrating and raising to the power % we get the inequality

wi iR T (||§||> : <k19|/g'P'de)i

which is equivalent to (G.8) with ¢ = co. O
Remark G.4.

(a) Let S = V; then (G.9) yields the inverse Hélder inequality for polynomials.
The constant obtained is, up to a numerical factor, optimal for » < 1 and
q = oo but may be essentially improved for other values of r and ¢, see the
paper [CW-2001] by Carberry and Wright and the references therein.
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(b) Fix a compact convex body V and denote by px(¢,V') the optimal constant

conv

in inequality (G.2). By pi°™v (¢, V) we denote the similar constant, where S
now runs over convez subsets of V' of relative measure ¢. It is conjectured by
Yu. Brudnyi and Ganzburg in [BrG-1973] that

A (L V) = pu(6, V). (G.11)

If this were true, we would obtain the following asymptotic for pg(¢,V) in
the case of V' being the Euclidean unit ball B™:

ou(l, BY) = ;(6) o,

where ¢; := 8 and

n+1 n—1

1\ 2 1 2
Cp = 4|B"|(1+) (1—) , n>2,
n n

see [BrG-1973, Corollary 1].

Finally, we present a Markov type inequality for derivatives of a polynomial.
The classical Markov inequality asserts that

max | P'(t)| < k* max | P(t)
<1 H1<1

, (G.12)

provided that P is a univariate polynomial of degree k.
Now let @ C R”™ be a cube of side length 2r and consider polynomial P €
Pin. Then (G.12) immediately implies that

k2 |
max |0 P| < <> max |P|.
Q T Q

Combining this and inequality (G.9) we get, for this setting and S being a subset
of @ of relative measure ¢ € (0,1), the following.

Corollary G.5. For 0 < r < g < oo the inequality

@ o) <ot () g fere)
{|Q|/Q|D P|qu} <ct (r |S|/S|P| dx (G.13)

holds with ¢ := (rk 4+ 1)7~(k,n).
The first inequality of this kind was due to Di Giorgi and was published in
the paper [Cam-1964] by Campanato. It states that there exists an unspecified

constant c(k,n,¢) < oo such that (G.13) holds with the factor C(ﬁif‘e) in the
right-hand side. The proof is based on a compactness argument.



2 Springer
http://www.springer.com/978-3-0348-0208-6

Methods of Geometric Analysis in Extension and Trace
FProblems

Violume 1

Brudnyi, A.; Technion R&D Foundation Ltd, P.¥.B.
2012, XX, 560 p. 11 illus., Hardcowver

ISBEN: 978-3-0348-0208-6

& product of Birkhauser Basel



	Chapter 2 Smooth Functions on Subsets of Rn
	2.1 Classical function spaces: notation and de nitions
	2.1.1 Di erentiable functions
	2.1.2 k-
jets
	2.1.3 Lipschitz functions of higher order
	2.1.4 Extension and trace problems for classical function spaces

	2.2 Whitney's extension theorem
	Whitney's covering lemma
	Smooth partition of unity
	Linear extension operator
	Outline of the proof for Whitney's Theorem
	Whitney's theorem for other jet spaces
	Whitney's theorem for functions


	2.3 Divided di erences, local approximation and di erentiability
	Divided and mixed di erences
	Local polynomial approximation and derivatives

	2.4 Trace and extension problems for univariate Ck functions

	2.4.1 Whitney's theorem
	2.4.2 Reformulation of Whitney's theorem
	2.4.3 Finiteness and linearity
	2.4.4 Basic conjectures

	2.5 Restricted main problem for some classes of domains in Rn

	2.5.1 Quasiconvex domains
	2.5.2 Lipschitz domains

	2.6 Sobolev spaces: selected trace and extension results
	2.6.1 P. Jones' theorem and related results
	2.6.2 Peetre's nonexistence theorem

	Comments
	Appendices E. Di erence identities
	E.1. Kemperman's identity
	E.2. Marchaud's identity

	F. Local polynomial approximation and moduli of continuity
	F.1. Degree of local polynomial approximation
	F.2. Whitney constants
	F.3. Conjectures

	G. Local inequalities for polynomials


