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Abstract. Let 𝐷 be a Cartan domain in ℂ𝑑 and let 𝐺 = 𝐴𝑢𝑡(𝐷) be the group
of all biholomorphic automorphisms of 𝐺. Consider the projective represen-
tation of 𝐺 on spaces of holomorphic functions on 𝐷

(𝑈𝜈(𝑔)𝑓)(𝑧) := {𝐽(𝑔−1)(𝑧)}𝜈/𝑝𝑓(𝑔−1(𝑧)), 𝑔 ∈ 𝐺, 𝑧 ∈ 𝐷,

where 𝑝 is the genus of 𝐷 and 𝜈 is in the Wallach set 𝑊 (𝐷).
We identify the minimal and the maximal 𝑈𝜈(𝐺)-invariant Banach

spaces of holomorphic functions on 𝐷 in a very explicit way: The minimal
space 𝔐𝜈 is a Besov-1 space, and the maximal space ℳ𝜈 is a weighted
𝐻∞-space. Moreover, with respect to the pairing under the (unique) 𝑈𝜈(𝐺)-
invariant inner product we have 𝔐∗

𝜈 = ℳ𝜈 .
In the second part of the paper we consider invariant Banach spaces of

vector-valued holomorphic functions and obtain analogous descriptions of the
unique maximal and minimal space, in particular for the important special
case of “constant” partitions which arises naturally in connection with non-
tube type domains.
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1. Bounded symmetric domains and Jordan triples

Let 𝐷 be a Cartan domain in ℂ𝑑, i.e., an irreducible bounded symmetric domain
in its Harish-Chandra realization. Then 𝑍 = ℂ𝑑 is a hermitian Jordan triple. The
main example is the matrix ball

𝐷 = 𝐷(𝐼𝑟,𝑛) = {𝑧 ∈𝑀𝑟,𝑛 (ℂ), 𝐼𝑟 − 𝑧𝑧∗ > 0}, 1 ≤ 𝑟 ≤ 𝑛.
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with triple product

{𝑥, 𝑦, 𝑧} = 1

2
(𝑥𝑦∗𝑧 + 𝑧𝑦∗𝑥).

In this paper we only sketch the necessary background on Cartan domains and
hermitian Jordan triples, for more details cf. [U2], [L2], [FK2]. Let 𝐺 = Aut (𝐷)
be the group of holomorphic automorphisms, and let

𝐾 = {𝑔 ∈ 𝐺; 𝑔(0) = 0}
be the maximal compact subgroup. Using Cartan’s linearity theorem, one proves
that 𝐾 consists of linear maps. Then 𝐷 ≡ 𝐺/𝐾 via the evaluation map 𝑔 �→ 𝑔(0).
The symmetries of 𝐷 have the form 𝑠0(𝑧) = −𝑧 and, more generally, 𝑠𝑧 = 𝑔 𝑠0𝑔−1,
where 𝑔 ∈ 𝐺 satisfies 𝑔(0) = 𝑧. For each 𝑎 ∈ 𝐷 there exists a unique midpoint sym-
metry 𝜙𝑎 fixing the geodesic midpoint between 0 and 𝑎, and satisfying 𝜙𝑎(0) = 𝑎.

Example 1.1. For 𝐷 = 𝐷(𝐼𝑟,𝑛) we have

𝐺 = 𝑆𝑈 (𝑟, 𝑛) =

{
𝑔 =

(
𝛼 𝛽

𝛾 𝛿

)
∈ 𝑆𝐿 (ℂ, 𝑟 + 𝑛); 𝑔𝐽𝑔∗ = 𝐽

}
where 𝐽 =

(
𝐼𝑟 0
0 −𝐼𝑛

)
. The action is given by Möbius transformations

𝑔 ⋅ 𝑧 = (𝛼𝑧 + 𝛽)(𝛾𝑧 + 𝛿)−1

and the midpoint symmetry is

𝜙𝑎(𝑧) = (𝐼𝑟 − 𝑎𝑎∗)−1/2(𝑎− 𝑧)(𝐼 − 𝑎∗𝑧)−1(𝐼 − 𝑎∗𝑎)1/2.
In the 1-dimensional case, this reduces to

𝜙𝑎(𝑧) =
𝑎− 𝑧
1− 𝑎∗𝑧 .

The group

𝐾 ≡ 𝑆(𝑈(𝑟)× 𝑈(𝑛))
acts via 𝑘(𝑧) = 𝑢𝑧𝑣, where 𝑢 ∈ 𝑈(𝑟), 𝑣 ∈ 𝑈(𝑛) and det (𝑢) det (𝑣) = 1.

In general, the domain 𝐷 is characterized by the dimension 𝑑, the genus 𝑝,
and the rank 𝑟. Moreover we have characteristic multiplicities 𝑎, 𝑏 defined via

𝑑 = 𝑟(𝑟 − 1)
𝑎

2
+ 𝑟 + 𝑟𝑏,

𝑝 = (𝑟 − 1) 𝑎+ 2 + 𝑏.

In the matrix case 𝐷 = 𝐷 (𝐼𝑟,𝑛) for 1 ≤ 𝑟 ≤ 𝑛, we have 𝑑 = 𝑟 ⋅ 𝑛, 𝑝 = 𝑟+𝑛, 𝑎 = 2,
𝑏 = 𝑛− 𝑟.

For any hermitian Jordan triple 𝑍 and 𝑢, 𝑣 ∈ 𝑍, the Bergman operator
𝐵(𝑢, 𝑣) acting on 𝑍 is defined by

𝐵(𝑢, 𝑣) 𝑧 = 𝑧 − 2{𝑢 𝑣∗𝑧}+𝑄𝑢𝑄𝑣 𝑧
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where 𝑄𝑣 𝑧 = {𝑣 𝑧∗𝑣}. It is known that det 𝐵(𝑧, 𝑤) = ℎ(𝑧, 𝑤)𝑝, where ℎ(𝑧, 𝑤) is a
𝐾-invariant sesqui-holomorphic polynomial determined by

ℎ(𝑧, 𝑧) =

𝑟∏
𝑗=1

(1− 𝑠2𝑗 (𝑧)),

where 𝑠𝑗(𝑧) are the singular values of 𝑧. For matrices, we have ℎ(𝑧, 𝑤) = det (𝐼 −
𝑧𝑤∗).

If 𝑧, 𝑤 ∈ 𝑍 and 𝐵(𝑧, 𝑤) is invertible, we define the quasi-inverse [L1], [L2]

𝑧𝑤 := 𝐵(𝑧, 𝑤)−1(𝑧 −𝑄𝑧 𝑤).

One can show [L2, p. 25, JP35] that 𝐵(𝑧, 𝑤)−1 = 𝐵(𝑧𝑤,−𝑤). The “transvection”
𝑔𝑎 ∈ 𝐺 [L2, Proposition 9.8], defined by

𝑔𝑎(𝑧) = 𝑎+𝐵(𝑎, 𝑎)
1/2 𝑧−𝑎 = 𝜙𝑎(−𝑧)

for all 𝑎, 𝑧 ∈ 𝐷, satisfies 𝑔−1𝑎 = 𝑔−𝑎 and

𝑔′𝑎(𝑧) = 𝐵(𝑎, 𝑎)
1/2 𝐵(𝑧,−𝑎)−1 = 𝐵(𝑎, 𝑎)1/2 𝐵(𝑧−𝑎, 𝑎).

2. Hilbert spaces of holomorphic functions

Let 𝑑𝑚(𝑧) be the Lebesgue measure. The unique (up to a constant multiple) 𝐺-
invariant measure on 𝐷 has the form

ℎ(𝑧, 𝑧)−𝑝 𝑑𝑚(𝑧).

Given a parameter 𝜈 > 𝑝− 1 we define a probability measure

𝑑𝜇𝜈(𝑧) = 𝑐𝜈 ⋅ ℎ(𝑧, 𝑧)𝜈−𝑝𝑑𝑚(𝑧)
on 𝐷, which has the quasi-invariance property

𝑑𝜇𝜈(𝑔(𝑧)) = ∣𝐽(𝑔, 𝑧) 2𝜈
𝑝 ∣ 𝑑𝜇𝜈(𝑧), ∀ 𝑔 ∈ 𝐺. (2.1)

Here 𝐽(𝑔, 𝑧) = det 𝑔′(𝑧) is the Jacobian of 𝑔 at 𝑧. (2.1) follows from

𝐵(𝑔(𝑧), 𝑔(𝑤)) = 𝑔′(𝑧)𝐵(𝑧, 𝑤) 𝑔′(𝑤)∗ ∀ 𝑔 ∈ 𝐺, ∀ 𝑧, 𝑤 ∈ 𝐷 (2.2)

which yields the quasi-invariance

ℎ(𝑔(𝑧), 𝑔(𝑤)) = 𝐽(𝑔, 𝑧)
1
𝑝 ℎ(𝑧, 𝑤) 𝐽(𝑔, 𝑤)

1
𝑝 , ∀ 𝑔 ∈ 𝐺 (2.3)

of ℎ.

Proposition 2.1. Each 𝑔 ∈ 𝐷 has a unique “polar decomposition” 𝑔 = 𝑔𝑎 ⋅ 𝑘 with
𝑎 = 𝑔(0), 𝑘 ∈ 𝐾.
Proof. Define 𝑎 = 𝑔(0) and consider 𝑘 = 𝑔−1𝑎 ∘ 𝑔. Then 𝑘 ∈ 𝐺 and 𝑘(0) = 0.
Therefore 𝑘 ∈ 𝐾 and 𝑔 = 𝑔𝑎 ∘ 𝑘. □
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Using Proposition 2.1, we define a cocycle 𝐽𝜈 : 𝐺×𝐷 → ℂ by putting

𝐽𝜈 (𝑔𝑎 𝑘, 𝑧) := ℎ(𝑎, 𝑎)
𝜈/2 ℎ(𝑘𝑧,−𝑎)−𝜈, (2.4)

using the sesqui-holomorphic branch of ℎ(𝑧, 𝑤)−𝜈 on 𝐷 × 𝐷 normalized by
ℎ(0, 0)−𝜈 = 1. Then

∣𝐽𝜈 (𝑔, 𝑧)∣ = ∣𝐽 (𝑔, 𝑧)∣𝜈/𝑝.
The Jacobian of 𝑔𝑎 has the form

𝐽(𝑔−1𝑎 , 𝑧) = ℎ(𝑎, 𝑎)𝑝/2 ℎ(𝑧, 𝑎)−𝑝.

Since 𝑔−1𝑎 = 𝑔−𝑎, (2.4) implies

𝐽𝜈(𝑔
−1
𝑎 , 𝑧) = ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−𝜈 .

Now consider the so-called Wallach set

𝑊 (𝐷) := {𝜈; (𝑧, 𝑤) �→ ℎ(𝑧, 𝑤)−𝜈 positive definite} (2.5)

and, for 𝜈 ∈𝑊 (𝐷), define the reproducing kernel Hilbert space

ℋ𝜈 = span {ℎ(⋅, 𝑤)−𝜈 ; 𝑤 ∈ 𝐷}
with inner product determined by

⟨ℎ(⋅, 𝑤)−𝜈 , ℎ(⋅, 𝑧)−𝜈⟩𝜈 = ℎ(𝑧, 𝑤)−𝜈

for the reproducing kernel of ℋ𝜈 . The corresponding group action

(𝑈𝜈(𝑔)𝑓)(𝑧) := 𝐽𝜈(𝑔
−1, 𝑧) 𝑓((𝑔−1(𝑧)) (2.6)

on ℋ𝜈 acts projectively: 𝑈𝜈(𝑔1 ∘ 𝑔2) = 𝑐(𝑔1, 𝑔2)𝑈𝜈(𝑔1)𝑈𝜈(𝑔2) for a unimodular
cocycle. Then 𝑈𝜈(𝑔) : ℋ𝜈 → ℋ𝜈 acts isometrically, ∀ 𝑔 ∈ 𝐺, because (2.3) implies

𝐽𝜈(𝑔, 𝑧)ℎ(𝑔(𝑧), 𝑔(𝑤))
−𝜈 𝐽𝜈(𝑔, 𝑤) = ℎ(𝑧, 𝑤)−𝜈 .

One can show that ℋ𝜈 is irreducible for the action 𝑈𝜈 of 𝐺.

The primary examples are the weighted Bergman space ℋ𝜈 = 𝐿
2
𝑎(𝐷, 𝜇𝜈) for

𝜈 > 𝑝 − 1, and the Hardy space ℋ 𝑑
𝑟
= 𝐻2(𝑆, 𝜎), for 𝜈 = 𝑑

𝑟 . Here 𝑆 is the Shilov

boundary of 𝐷 and 𝜎 is the unique 𝐾-invariant probability measure on 𝑆.

For a deeper analysis of ℋ𝜈 , we need the fine structure of the polynomial
algebra 𝒫 of 𝑍. For 1 ≤ 𝑗 ≤ 𝑟 there exist Jordan theoretic minors 𝑁𝑗(𝑧) general-
izing the principal 𝑗 × 𝑗-minors for matrices. In particular, 𝑁𝑟 = 𝑁 is the Jordan
determinant. The conical polynomials, for any signature

m = (𝑚1, . . . ,𝑚𝑟) ∈ ℕ𝑟

satisfying 𝑚1 ≥ 𝑚2 ≥ ⋅ ⋅ ⋅ ≥ 𝑚𝑟 ≥ 0, are given by

𝑁m(𝑧) =

𝑟∏
𝑗=1

𝑁𝑗(𝑧)
𝑚𝑗−𝑚𝑗+1 , 𝑧 ∈ 𝑍,
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where 𝑚𝑟+1 := 0. For diagonal matrices (including the rectangular case), we have

𝑁m

⎡⎢⎢⎢⎣
𝑡1 0

𝑡2
. . .

0 𝑡𝑟

∣∣∣∣∣ 0
⎤⎥⎥⎥⎦ =

𝑟∏
𝑗=1

𝑡
𝑚𝑗
𝑗 = 𝑡m.

Denote by 𝒫m the span of {𝑁m ∘ 𝑘; 𝑘 ∈ 𝐾}. It is well known [S], [U1], [FK1] that
the {𝒫m}m≥0 are 𝐾-irreducible and 𝐾-inequivalent, and there is a direct sum
decomposition

𝒫 =
∑
m≥0

⊕ 𝒫m. (2.7)

It follows that the {𝒫m}𝑚≥0 are pairwise orthogonal in any 𝐾-invariant inner
product on 𝒫 . Consider the Fischer inner product

⟨𝑓, 𝐹 ⟩ℱ =
1

𝜋𝑑

∫
ℂ𝑑

𝑓(𝑧) 𝐹 (𝑧) 𝑒−∣𝑧∣2𝑑𝑚(𝑧) = 𝑓
( ∂
∂𝑧

)
(𝐹 ∗)(0) (2.8)

on 𝒫 , where 𝐹 ∗(𝑧) := 𝐹 (𝑧). Define 𝐾m(𝑧, 𝑤) as the reproducing kernel for 𝒫m in
the Fischer inner product. Then

𝑒⟨𝑧,𝑤⟩ =
∑
m≥0

𝐾m(𝑧, 𝑤). (2.9)

For 𝜈 ∈ ℂ and 𝑧, 𝑤 ∈ 𝐷 there is a binomial expansion

ℎ(𝑧, 𝑤)−𝜈 =
∑
m≥0

(𝜈)m 𝐾m(𝑧, 𝑤), (2.10)

where

(𝜈)m =

𝑟∏
𝑗=1

𝑚𝑗−1∏
ℓ=0

(
𝜈 + ℓ− (𝑗 − 1)

𝑎

2

)
=

𝑟∏
𝑗=1

(
𝜈 − (𝑗 − 1)

𝑎

2

)
𝑚𝑗

is the multi-variable “Pochhammer symbol”. As a consequence, one obtains a
determination of the Wallach set

𝑊 (𝐷) = {𝜈 ∈ ℂ; (𝜈)m ≥ 0 ∀ m} =
{ ℓ𝑎
2

}𝑟−1
ℓ=0

∪
(
(𝑟 − 1)

𝑎

2
, ∞

)
as a union of a discrete and a continuous part [RV], [W], [LA], [FK1].

The multivariable hypergeometric functions are defined as

𝑝 𝐹𝑞

(
𝛼1, . . . , 𝛼𝑝
𝛽1, . . . , 𝛽𝑞

)
(𝑧, 𝑤) =

∑
m≥0

𝑝∏
1
(𝛼𝑗)m

𝑞∏
1
(𝛽𝑗)m

𝐾m(𝑧, 𝑤).

For example, we have 0 𝐹0 (𝑧, 𝑤) = exp ⟨𝑧, 𝑤⟩ by (2.9), and (2.10) yields

1𝐹0 (𝜈)(𝑧, 𝑤) = ℎ(𝑧, 𝑤)
−𝜈 .
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Let 𝛼0, 𝛼1, . . . , 𝛼𝑞; 𝛽1, . . . , 𝛽𝑞 > (𝑟 − 1) 𝑎2 . Put

𝛾 =

𝑞∑
0

𝛼𝑗 −
𝑞∑
1

𝛽𝑗 .

By [FK1], the hypergeometric functions have the following asymptotic behaviour,
uniformly for 𝑧 ∈ 𝐷:

𝛾 > (𝑟 − 1)
𝑎

2
=⇒ 𝑞+1 𝐹𝑞

(
𝛼

𝛽

)
(𝑧, 𝑧) ≈ ℎ(𝑧, 𝑧)−𝛾 (2.11)

𝛾 < −(𝑟 − 1)
𝑎

2
=⇒ 𝑞+1 𝐹𝑞

(
𝛼

𝛽

)
(𝑧, 𝑧) ≈ 1. (2.12)

Remark 2.1. For the unit ball (𝑟 = 1) and 𝛾 = 0, we have

𝑞+1 𝐹𝑞

(
𝛼

𝛽

)
(𝑧, 𝑧) ≈ log

( 1

1− ∣𝑧∣
)
.

For the exact asymptotics if 𝑧 is scalar, see [Y]. For 𝑟 = 2, exact asymptotics are
given in [EZ].

In the following we consider Banach spaces of holomorphic functions on 𝐷
which are “invariant” under the group action (2.6), with the aim to characterize
the (unique) maximal and minimal invariant Banach spaces and describe them via
explicit formulas. In later sections this study is extended to the case of vector-
valued holomorphic functions associated with the holomorphic discrete series of
𝐺. In this context our main result concerns symmetric domains which are “not of
tube type”.

In this paper we only consider parameters 𝜈 belonging to the Wallach set
(2.5). In a separate paper [AU4] we consider the so-called “pole set” arising from
analytic continuation, and show that our results concerning the maximal and min-
imal invariant space can be generalized to this situation via suitable intertwining
operators.

3. Invariant Banach spaces of holomorphic functions

In this section we assume that 𝜈 ∈𝑊 (𝐷) is a Wallach parameter and consider the
weighted group action 𝑈𝜈 defined in (2.6). For the unweighted action (𝜈 = 0) and
the unit disk, the results of this section have been obtained in [AF], [AFP].

Definition 3.1. Let 𝑋 be a non-trivial Banach space of holomorphic functions on
𝐷. We say that 𝑋 is 𝑈𝜈(𝐺)-invariant if

(i) 𝑓 ∈ 𝑋, 𝑔 ∈ 𝐺 =⇒ 𝑈𝜈(𝑔) 𝑓 ∈ 𝑋 and ∥𝑈𝜈(𝑔) 𝑓∥𝑋 = ∥𝑓∥𝑋 .
(ii) For any finite (complex) Borel measure 𝜇 on 𝐾, the linear operator (convolu-

tion by 𝜇)

(𝑇𝜇𝑓)(𝑧) =

∫
𝐾

𝑓(𝑘𝑧) 𝑑𝜇(𝑘)

maps 𝑋 continuously into itself.
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(iii) For every 𝑧 ∈ 𝐷, the evaluation functional 𝑓 �→ 𝛿𝑧(𝑓) := 𝑓(𝑧) is bounded on
𝑋 (it suffices to require the continuity of 𝛿0).

Note that condition (ii) holds if 𝐾 acts on 𝑋 strongly continuously via 𝜋(𝑘)𝑓 =
𝑓 ∘ 𝑘−1.
Proposition 3.1. 𝑋 contains the constant function 1 and, normalizing ∥1∥𝑋 = 1,
we have for 𝑓 ∈ 𝑋

∣𝑓(0)∣ ≤ ∥𝑓∥𝑋/∥1∥𝑋 = ∥𝑓∥𝑋 .
Proof. Since 𝐷 is circular, we have by (ii) and (iii) for all 𝑧 ∈ 𝐷

𝑓(0)1 =
1

2𝜋

2𝜋∫
0

𝑓(𝑒𝑖𝜃𝑧)𝑑𝜃. □

Corollary 3.1. For 𝑓 ∈ 𝑋 and 𝑎 ∈ 𝐷, we have
∣𝑓(𝑎)∣ ≤ ℎ(𝑎, 𝑎)−𝜈/2∥𝑓∥𝑋 .

Hence convergence in 𝑋 implies uniform convergence on compact subsets of 𝐷.

Proof. Use the formula

∣(𝑈𝜈(𝑔−1𝑎 ) 𝑓)(0)∣ = ℎ(𝑎, 𝑎)𝜈/2∣𝑓(𝑎)∣ ≤ ∥𝑈𝜈(𝑔−1𝑎 ) 𝑓∥𝑋 = ∥𝑓∥𝑋 . □

Corollary 3.2. If 𝑓 =
∑

m≥0
𝑓m ∈ 𝑋, then 𝑓m ∈ 𝑋 for all m, and the projections

𝑓 �→ 𝑓m are continuous.

Proof. In terms of the character 𝜒m of 𝐾 on 𝒫m, we have

𝑓m(𝑧) =

∫
𝐾

𝑓(𝑘−1𝑧)𝜒m(𝑘) 𝑑𝑘. □

Corollary 3.3. If 𝜈 > (𝑟 − 1) 𝑎
2 , then 𝒫 is dense in 𝑋 in the topology of uniform

convergence on compact subsets. If 𝜈 = ℓ𝑎
2 , 0 ≤ ℓ ≤ 𝑟 − 1, the same holds for

𝒫ℓ =
∑

𝑚ℓ+1=0
m≥0

⊕𝒫m. (3.1)

Proof. From 1 ∈ 𝑋 (Proposition 3.1) it follows by (i) that

𝑈𝜈(𝑔𝑎) 1 = constℎ(−, 𝑎)−𝜈 ∈ 𝑋 for all 𝑎 ∈ 𝐷.
Applying Corollary 3.2, we obtain (𝜈)m𝐾

m(−, 𝑎) ∈ 𝑋 , hence either (𝜈)m = 0 or
else 𝒫m = span {𝐾m(−, 𝑎) : 𝑎 ∈ 𝐷} ⊂ 𝑋 . □

Our main goal is to characterize the maximal and minimal invariant spaces.

Definition 3.2. Let ℳ𝜈 = {𝑓 ∈ ℋ(𝐷); ∥𝑓∥ℳ𝜈 <∞}, where
∥𝑓∥ℳ𝜈 = sup

𝑧∈𝐷
ℎ(𝑧, 𝑧)𝜈/2 ∣𝑓(𝑧)∣ = sup

𝑔∈𝐺
∣(𝑈𝜈(𝑔) 𝑓)(0)∣.
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It is easy to see that ℳ𝜈 satisfies (i), (ii) and (iii) of Definition 3.1. Hence
using the second expression for the norm, it follows that ℳ𝜈 is 𝑈𝜈(𝐺)-invariant.
We remark that taking another base point 𝑎 ∈ 𝐷 instead of 0 yields the same
space with a norm proportional to ∥ ⋅ ∥ℳ𝜈 .

Proposition 3.2. If 𝑋 is 𝑈𝜈(𝐺)-invariant, then 𝑋 ⊆ ℳ𝜈 and ∥𝑓∥ℳ𝜈 ≤ ∥𝑓∥𝑋,
∀ 𝑓 ∈ 𝑋.
Proof. In view of Proposition 3.1, we have ∣(𝑈𝜈(𝑔) 𝑓)(0)∣ ≤ ∥𝑓∥𝑋 , ∀ 𝑓 ∈ 𝑋 . □

Corollary 3.4. ℳ𝜈 is the unique maximal 𝑈𝜈(𝐺)-invariant space, and it is a
weighted 𝐻∞-space, with weight ℎ(𝑧, 𝑧)𝜈/2.

We remark that there exist spaces of holomorphic functions on 𝐷 satisfying
(i), (ii) of Definition 3.1, but not (iii). For instance, let 𝑓 be any holomorphic
function on 𝐷 (possibly not inℳ𝜈). Define𝔐𝜈,𝑑(𝑓) to be the space of all functions
of the form

𝐹 (𝑧) =

∞∑
𝑗=1

𝑐𝑗
(
𝑈𝜈(𝑔𝑗) 𝑓

)
(𝑧),

where 𝑔𝑗 ∈ 𝐺 and
∞∑
𝑗=1

∣𝑐𝑗 ∣ <∞. For 𝐹 ∈𝔐𝜈,𝑑(𝑓) we define

∥𝐹∥𝔐𝜈,𝑑(𝑓) = inf

∞∑
𝑗=1

∣𝑐𝑗 ∣,

where the infimum is taken over all admissible representations of 𝐹 . Then it is
easy to check that 𝔐𝜈,𝑑(𝑓) is the smallest Banach space of holomorphic functions
on 𝐷 which contains 𝑓 and satisfies (i) and (ii) of Definition 3.1.

Proposition 3.3. The Banach space 𝔐𝜈,𝑑(𝑓) satisfies condition (iii) if and only if
𝑓 ∈ℳ𝜈 . More generally, let 𝑋 be a Banach space of holomorphic functions on 𝐷
satisfying (i) and (ii). Then 𝑋 satisfies (iii) if and only if 𝑋 ⊂ℳ𝜈 continuously.

Proof. If (iii) holds, then 𝔐𝜈,𝑑(𝑓) (resp., 𝑋) is a 𝑈𝜈(𝐺)-invariant Banach space
and Proposition 3.2 implies 𝑓 ∈ ℳ𝜈 (resp., 𝑋 ⊂ℳ𝜈 continuously). Conversely, if
𝑓 ∈ℳ𝜈 , then

sup
𝑔∈𝐺

∣𝑈𝜈(𝑔) 𝑓(0)∣ <∞

and hence 𝛿0 is continuous on 𝔐𝜈,𝑑(𝑓). Similarly, 𝑋 ⊂ ℳ𝜈 continuously implies
for all 𝑓 ∈ 𝑋

∣𝑓(0)∣ ≤ ∥𝑓∥ℳ𝜈 ≤ 𝑐 ∥𝑓∥𝑋 .
Hence 𝛿0 is continuous on 𝑋 . By (i), the continuity of 𝛿𝑧, 𝑧 ∈ 𝐷, follows. □

Definition 3.3. Let 𝔐𝜈 consist of all 𝑓 ∈ ℋ(𝐷) such that

𝑓(𝑧) =

∫
𝐷

𝑑𝜇(𝑎)ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−𝜈 (3.2)
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for some finite (complex) Borel measure 𝜇 on 𝐷. Define the norm

∥𝑓∥𝔐𝜈 = inf {∥𝜇∥; 𝜇 satisfies (3.2)}.
Proposition 3.4. We have 𝑓 ∈𝔐𝜈 if and only if

𝑓(𝑧) =

∫
𝐺

𝑑𝜇(𝑔) (𝑈𝜈(𝑔) 1)(𝑧), ∀ 𝑧 ∈ 𝐷 (3.3)

for some finite Borel measure 𝜇 on 𝐺. Moreover

∥𝑓∥𝔐 = inf {∥𝜇∥; 𝜇 satisfies (3.3)}.
Hence 𝔐𝜈 is 𝑈𝜈(𝐺)-invariant.

The straightforward proof is omitted. Also, the condition

∥1∥𝔐𝜈 = 1 (3.4)

is satisfied. Indeed, if

1 =

∫
𝐷

𝑑𝜇 (𝑎) ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−𝜈 , ∀ 𝑧 ∈ 𝐷
then for 𝑧 = 0 we have

1 =

∫
𝐷

𝑑𝜇 (𝑎) ℎ(𝑎, 𝑎)𝜈/2 ≤
∫
𝐷

𝑑∣𝜇∣ (𝑎) ℎ(𝑎, 𝑎)𝜈/2 ≤
∫
𝐷

𝑑∣𝜇∣ (𝑎) = ∥𝜇∥
and therefore

1 ≤ ∥1∥𝔐𝜈 = inf {∥𝜇∥ : 𝜇 representing measure}.
On the other hand, for 𝜇 = 𝛿0 we have∫

𝐷

𝑑 𝛿0(𝑎) ℎ(𝑎, 𝑎)
𝜈/2 ℎ(𝑧, 𝑎)−𝜈 = 1

so ∥1∥𝔐𝜈 ≤ ∥𝛿0∥ = 1. Hence (3.4) holds.

Proposition 3.5. There is a canonical duality𝔐∗
𝜈 ≡ℳ𝜈 with respect to the pairing

⟨𝑓, 𝐹 ⟩𝜈 of ℋ𝜈 .

Proof. Let 𝐹 ∈ℳ𝜈 and 𝑓 ∈𝔐𝜈 , with representation (3.3). Since

(𝑈𝜈(𝑔)𝐹 )(0) = ⟨𝑈𝜈(𝑔)𝐹, 1⟩𝜈 = ⟨𝐹,𝑈𝜈(𝑔−1) 1⟩𝜈 ,
it follows that

⟨𝑓, 𝐹 ⟩𝜈 =
∫
𝐺

𝑑𝜇(𝑔) ⟨𝑈𝜈(𝑔) 1, 𝐹 ⟩𝜈

=

∫
𝐺

𝑑𝜇(𝑔) ⟨1, 𝑈𝜈(𝑔−1)𝐹 ⟩𝜈 =
∫
𝐺

𝑑𝜇(𝑔) 𝑈𝜈(𝑔−1)𝐹 (0).

Hence

∣⟨𝑓, 𝐹 ⟩𝜈 ∣ ≤
∫
𝐺

𝑑∣𝜇∣ (𝑔) ∣(𝑈𝜈(𝑔−1)𝐹 )(0)∣ ≤ ∥𝜇∥∥𝐹∥ℳ𝜈 .
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This holds for every representing measure 𝜇 for 𝑓 , hence

∣⟨𝑓, 𝐹 ⟩𝜈 ∣ ≤ ∥𝑓∥𝔐𝜈∥ ∥𝐹∥ℳ𝜈 . (3.5)

Thus

sup
∥𝑓∥𝔐𝜈≤1

∣⟨𝑓, 𝐹 ⟩𝜈 ∣ ≤ ∥𝐹∥ℳ𝜈 .

The converse inequality follows from

∥𝐹∥ℳ𝜈 = sup
𝑔∈𝐺

∣⟨𝐹,𝑈𝜈(𝑔) 1⟩𝜈 ∣ ≤ sup
∥𝑓∥𝔐𝜈≤1

∣⟨𝑓, 𝐹 ⟩𝜈 ∣.

This means that the operator 𝑉 :ℳ𝜈 →𝔐∗
𝜈 defined by

(𝑉 𝐹 )(𝑓) = ⟨𝑓, 𝐹 ⟩𝜈
is an isometry. We claim that 𝑉 is surjective. Indeed, let Φ ∈ 𝔐∗

𝜈 and define

𝐹 (𝑧) = Φ(ℎ(⋅, 𝑧)−𝜈). Then 𝐹 is holomorphic and

ℎ(𝑧, 𝑧)𝜈/2∣𝐹 (𝑧)∣ = ∣Φ(ℎ(𝑧, 𝑧)𝜈/2 ℎ(⋅, 𝑧)−𝜈)∣ = ∣Φ(𝑈𝜈(𝑔−1𝑧 ) 1)∣ ≤ ∥Φ∥𝔐∗
𝜈
.

So 𝐹 ∈ℳ𝜈 and ∥𝐹∥ℳ𝜈 ≤ ∥Φ∥𝔐∗
𝜈
. Also, if 𝑓 ∈𝔐𝜈 is represented as in (3.2), then

Φ(𝑓) =

∫
𝐷

𝑑𝜇(𝑎)ℎ(𝑎, 𝑎)𝜈/2 Φ(ℎ(⋅, 𝑎)−𝜈) =
∫
𝐷

𝑑𝜇(𝑎)ℎ(𝑎, 𝑎)𝜈/2 𝐹 (𝑎)

=

∫
𝐷

𝑑𝜇(𝑎)ℎ(𝑎, 𝑎)𝜈/2 ⟨ℎ(⋅, 𝑎)−𝜈 , 𝐹 ⟩𝜈 = ⟨𝑓, 𝐹 ⟩𝜈 .

It follows that 𝑉 (𝐹 ) = Φ, and so 𝑉 is a surjective isometry. □

Definition 3.4. Let 𝔐𝜈,𝑑 be the space of all 𝑓 ∈ 𝔐𝜈 which are represented with
respect to a discrete measure, i.e.,

𝑓(𝑧) =

∞∑
𝑗=1

𝑐𝑗 (𝑈𝜈(𝑔𝑗) 1)(𝑧) (3.6)

with 𝑔𝑗 ∈ 𝐺 and 𝑐𝑗 ∈ ℂ such that
∑
𝑗

∣𝑐𝑗 ∣ <∞, with the norm

∥𝑓∥𝔐𝜈,𝑑
= inf

∞∑
𝑗=1

∣𝑐𝑗 ∣

over all representations (3.6).

Clearly, 𝔐𝜈,𝑑 is a closed subspace of 𝔐𝜈 and ∥𝑓∥𝔐𝜈 ≤ ∥𝑓∥𝔐𝜈,𝑑
for all

𝑓 ∈𝔐𝜈,𝑑.

Proposition 3.6. The dual space of 𝔐𝜈,𝑑 is identified isometrically withℳ𝜈 , with
respect to the pairing ⟨𝑓, 𝐹 ⟩𝜈 , 𝑓 ∈𝔐𝜈,𝑑, 𝐹 ∈ℳ𝜈 . In particular, 𝔐𝜈,𝑑 = 𝔐𝜈 with
equal norms.
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Proof. The fact that 𝔐∗
𝜈,𝑑 =ℳ𝜈 isometrically is proved as in the proof of Propo-

sition 3.5. This also yields that ∥𝑓∥𝔐𝜈 = ∥𝑓∥𝔐𝜈,𝑑
for all 𝑓 ∈𝔐𝜈,𝑑. To prove that

𝔐𝜈 = 𝔐𝜈,𝑑 it suffices (by the Hahn-Banach theorem) to prove that if Φ ∈ 𝔐∗
𝜈

vanishes on 𝔐𝜈,𝑑 then it is zero. But this follows from the identification of 𝔐∗
𝜈

with ℳ𝜈 . □

Proposition 3.7. If 𝑋 ∕= 0 is 𝑈𝜈(𝐺)-invariant, then 𝔐𝜈 ⊆ 𝑋 and ∥𝑓∥𝑋 ≤
∥𝑓∥𝔐𝜈 , ∀ 𝑓 ∈ 𝔐𝜈 . Hence 𝔐𝜈 is the unique minimal 𝑈𝜈(𝐺)-invariant Banach
space.

Proof. Since 1 ∈ 𝑋 and ∥1∥𝑋 = 1 we have ∥𝑈𝜈(𝑔) 1∥𝑋 = 1 for all 𝑔 ∈ 𝐺. Let
𝑓 ∈𝔐𝜈 = 𝔐𝜈,𝑑, and let 𝑓 =

∞∑
𝑗=1

𝑐𝑗 𝑈𝜈(𝑔𝑗) 1 be an admissible representation. Then

the series converges absolutely

∞∑
𝑗=1

∥𝑐𝑗 𝑈𝜈(𝑔𝑗) 1∥𝑋 =
∞∑
𝑗=1

∣𝑐𝑗 ∣ <∞,

and the completeness of 𝔐𝜈 guarantees that the convergence is also in the norm
of 𝑋 . Therefore 𝑓 ∈ 𝑋 and

∥𝑓∥𝑋 ≤
∑
𝑗

∥𝑐𝑗 𝑈𝜈(𝑔𝑗) 1∥𝑋 =

∞∑
𝑗=1

∣𝑐𝑗 ∣.

This holds for all discrete representations of 𝑓 , hence ∥𝑓∥𝑋 ≤ ∥𝑓∥𝔐𝜈 . □

We remark that there exist functions 𝑓 ∈ ℳ𝜈 for which the group action
𝑔 �→ 𝑈𝜈(𝑔) 𝑓 is not continuous in the norm ofℳ𝜈 . This leads to the following

Definition 3.5. Let ℳ(0)
𝜈 ={𝑓 ∈ℳ𝜈 ; 𝑔 �→𝑈𝜈(𝑔)𝑓 is continuous in the ℳ𝜈 norm}.

Proposition 3.8.

(i) ℳ(0)
𝜈 is the maximal 𝑈𝜈(𝐺)-invariant space 𝑋 for which 𝑔 �→ 𝑈𝜈(𝑔) 𝑓 is

continuous in norm for all 𝑓 ∈ 𝑋;
(ii) ℳ(0)∗

𝜈 = 𝔐𝜈 with respect to ⟨⋅, ⋅⟩𝜈 ;
(iii) The canonical embedding ofℳ(0)

𝜈 inℳ(0)∗∗
𝜈 =ℳ𝜈 is the inclusion map.

These statements will not be proved here, since they are not needed for our
main problem: to identify 𝔐𝜈 via concrete integral formulas (not as a quotient
space of the finite Borel measures on 𝐷 or 𝐺).

Definition 3.6. The shift operator 𝑆𝛾𝛼 on 𝒫 (“differentiation of order 𝛾 − 𝛼”) is
defined by

𝑆𝛾𝛼

( ∑
m≥0

𝑓m

)
=
∑
m≥0

(𝛾)m
(𝛼)m

𝑓m.
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In view of the Faraut-Korányi-formula (2.10), we have

(𝑆𝛾𝛼 𝑓)(𝑧) = ⟨𝑓, ℎ(⋅, 𝑧)−𝛾⟩𝛼,
and the reproducing kernel identity yields

𝑆𝛾𝛼 (ℎ(⋅, 𝑧)−𝛼) = ℎ(⋅, 𝑧)−𝛾 .
It follows that

𝑆𝛾𝛼 (ℋ𝛼) = ℋ𝛾 .

Remark 3.1. If 𝛼 > (𝑟−1) 𝑎
2 , then 𝑆

𝛾
𝛼 is defined on all of 𝒫 . If 𝛼 = ℓ𝑎

2 , 0 ≤ ℓ ≤ 𝑟−1,
then 𝑆𝛾𝛼 is defined only on 𝒫ℓ (cf. (3.1)).

Our first main result is

Theorem 3.1. Let 𝜈 ∈ 𝑊 (𝐷), 𝜈 > (𝑟−1) 𝑎. Choose 𝛽 ∈ ℝ such that 𝛽+ 𝜈
2 > 𝑝−1.

Then there is a continuous embedding

𝑆𝜈+𝛽𝜈 (𝔐𝜈) ⊆ 𝐿1𝑎(𝐷, 𝜇𝛽+ 𝜈2 ).

Here 𝐿1𝑎 denotes the subspace of holomorphic functions in 𝐿
1.

Proof. It is enough to consider the “atoms”: 𝑓 = ℎ(𝑎, 𝑎)𝜈/2ℎ(⋅, 𝑎)−𝜈 for 𝑎 ∈ 𝐷. We
have

(𝑆𝜈+𝛽𝜈 𝑓)(𝑧) = ℎ(𝑎, 𝑎)
𝜈
2 ⟨ℎ(⋅, 𝑎)−𝜈 , ℎ(⋅, 𝑧)−(𝜈+𝛽)⟩𝜈 = ℎ(𝑎, 𝑎) 𝜈2 ℎ(𝑧, 𝑎)−(𝜈+𝛽).

Using the asymptotic behaviour of 2𝐹1, following from the assumption
𝜈
2 > (𝑟 − 1) 𝑎

2 , we obtain

∥𝑆𝜈+𝛽𝜈 𝑓∥𝐿1(𝜇𝛽+ 𝜈
2
) = 𝑐𝛽+𝜈/2 ℎ(𝑎, 𝑎)

𝜈
2

∫
𝐷

∣∣∣ℎ(𝑧, 𝑎)− 𝜈+𝛽2 ∣∣∣2 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝 𝑑𝑧
= ℎ(𝑎, 𝑎)

𝜈
2 2𝐹1

(
𝜈+𝛽
2

𝜈+𝛽
2

𝛽 + 𝜈
2

)
(𝑎, 𝑎) ≈ ℎ(𝑎, 𝑎) 𝜈2 ℎ(𝑎, 𝑎)− 𝜈2 = 1. □

Theorem 3.1 has the following converse

Theorem 3.2. Let 𝜈 ∈𝑊 (𝐷) be arbitrary. Choose 𝛽 ∈ ℝ such that 𝛽 + 𝜈
2 > 𝑝− 1.

Let 𝑓 be analytic on 𝐷 such that 𝑆𝜈+𝛽𝜈 𝑓 ∈ 𝐿1𝑎(𝐷,𝜇𝛽+ 𝜈2 ). Then 𝑓 ∈𝔐𝜈 and

∥𝑓∥𝔐𝜈 ≤
𝑐𝜈+𝛽
𝑐𝛽+𝜈/2

∥𝑆𝜈+𝛽𝜈 𝑓∥𝐿1(𝜇𝛽+ 𝜈
2
).

Proof. Consider the finite Borel measure

𝑑𝜇(𝑎) = (𝑆𝜈+𝛽𝜈 𝑓)(𝑎)ℎ(𝑎, 𝑎)𝛽+𝜈/2−𝑝 𝑑𝑎.
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Using the self-adjointness of 𝑆𝜈+𝛽𝜈 with respect to 𝜇𝜈+𝛽 and the reproducing prop-
erty, we obtain∫

𝐷

𝑑𝜇(𝑎)ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−𝜈 =
∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 (𝑆𝜈+𝛽𝜈 𝑓)(𝑎)ℎ(𝑎, 𝑧)−𝜈

=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 𝑓(𝑎)𝑆𝜈+𝛽𝜈 (ℎ(⋅, 𝑧)−𝜈)(𝑎)

=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 𝑓(𝑎)ℎ(𝑎, 𝑧)−(𝜈+𝛽) =
1

𝑐𝜈+𝛽
𝑓(𝑧).

Hence 𝑓 ∈𝔐𝜈 and ∥𝑓∥𝔐𝜈 ≤ 𝑐𝜈+𝛽 ∥𝜇∥ = 𝑐𝜈+𝛽
𝑐𝛽+𝜈/2

∥𝑆𝜈+𝛽𝜈 𝑓∥𝐿1(𝜇𝛽+ 𝜈
2
). □

Corollary 3.5. If 𝜈
2 > 𝑝− 1 we can choose 𝛽 = 0. Hence

𝔐𝜈 = 𝐿
1
𝑎(𝐷,𝜇 𝜈2 ).

Corollary 3.6. For each 𝑓 ∈ 𝔐𝜈 , the map 𝐺 ∋ 𝑔 �→ 𝑈𝜈(𝑔) 𝑓 ∈ 𝔐𝜈 is continuous
in the norm of 𝔐𝜈 .

Proof. This follows by realizing𝔐𝜈 as 𝑆
𝜈
𝜈+𝛽(𝐿

1
𝑎(𝐷, 𝜇𝛽+ 𝜈2 )) with 𝛽+

𝜈
2 > 𝑝−1. □

Corollary 3.7. Let 𝜈 > (𝑟 − 1) 𝑎 and choose 𝛽 ∈ ℝ such that 𝛽 + 𝜈
2 > 𝑝− 1. Then

𝑓 ∈𝔐𝜈 ⇐⇒ 𝑆𝜈+𝛽𝜈 𝑓 ∈ 𝐿1𝑎 (𝐷, 𝜇𝛽+ 𝜈2 ). (3.7)

Specializing to rank 𝑟 = 1, we obtain

Corollary 3.8. Let 𝐷 be the open unit ball of ℂ𝑑. Let 𝑓 be a holomorphic function
on 𝐷 and choose 𝛽 such that 𝛽 + 𝜈

2 > 𝑑. Then (3.7) holds.

4. Invariant Banach spaces of vector-valued holomorphic functions

We now turn to vector-valued holomorphic function spaces related to the holo-
morphic discrete series. In this section we describe the unique maximal space, and
obtain a sufficient condition for membership in the unique minimal space.

For any fixed partition m = (𝑚1, . . . ,𝑚𝑟) consider the m-th Peter-Weyl
component 𝒫m (cf. (2.7)) and parameters 𝜈 ∈ ℝ such that the integral

𝑐−1𝜈,m =

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈−𝑝
𝐾m (𝐵(𝑎, 𝑎) 𝑒, 𝑒)

𝐾m (𝑒, 𝑒)
(4.1)

is finite. Here 𝑒 ∈ 𝑍 is a maximal tripotent. It is well known that

𝐾m (𝑒, 𝑒) =
𝑑m

(𝑑/𝑟)m

where 𝑑m = dim 𝒫m. For example, in the rank 1 case (unit ball) we have

𝐾𝑚 (𝑧, 𝑤) =
(𝑧∣𝑤)𝑚
𝑚!
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and (𝑑)m = 𝑑(𝑑+1) ⋅ ⋅ ⋅ (𝑑+𝑚− 1) = (𝑑+𝑚−1)!
(𝑑−1)! . On the other hand, the space 𝒫𝑚

of homogeneous polynomials on 𝑍 = ℂ𝑑 has dimension
(
𝑚+𝑑−1

𝑚

)
, the number of

solutions of 𝑘1 + ⋅ ⋅ ⋅ + 𝑘𝑑 = 𝑚 in integers 𝑘𝑖 ≥ 0. Thus, for 𝑒 = (1, 0, . . . , 0) we
obtain

𝑑𝑚
(𝑑)𝑚

=
(𝑚+ 𝑑− 1)!

𝑚!(𝑑− 1)!

1

(𝑑)𝑚
=

1

𝑚!
= 𝐾𝑚 (𝑒, 𝑒).

Since 𝐾 acts irreducibly on 𝒫m it follows that

⟨𝑝∣𝑞⟩ℱ = 𝑐𝜈,m

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈−𝑝 ⟨𝑝 ∘𝐵(𝑎, 𝑎)1/2 ∣∣ 𝑞 ∘𝐵(𝑎, 𝑎)1/2⟩ℱ
for all 𝑝, 𝑞 ∈ 𝒫m. Here ⟨𝑝∣𝑞⟩ℱ is the Fischer-Fock norm (2.8). Equivalently,

𝑝(𝜁) = 𝑐𝜈,m

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈−𝑝 ⋅ 𝑝(𝐵(𝑎, 𝑎)𝜁) (4.2)

for all 𝑝 ∈ 𝒫m and 𝜁 ∈ 𝑍. Let ℋ𝜈,m denote the Hilbert space of all holomorphic
functions

Φ : 𝐷 → 𝒫m, 𝑧 �→ Φ𝑧(𝜁) = Φ(𝑧, 𝜁)

such that

∥Φ∥2𝜈,m = 𝑐𝜈,m

∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝜈−𝑝∥Φ𝑧 ∘𝐵(𝑧, 𝑧)1/2∥2ℱ < +∞.

Here we write

Φ𝑧(𝜁) = Φ(𝑧, 𝜁)

for 𝑧 ∈ 𝐷, 𝜁 ∈ 𝑍, noting that Φ(𝑧,−) is a polynomial of type m in the 𝜁-variable.
In this notation,

Φ𝑧 ∘𝐵(𝑧, 𝑧)1/2(𝜁) = Φ(𝑧, 𝐵(𝑧, 𝑧)1/2𝜁).

Moreover the scalar parameter 𝜈 is chosen large enough so that 𝑐𝜈,m > 0, and so
ℋ𝜈,m contains all the “constant” functions

(1⊗ 𝑝)(𝑧, 𝜁) = 𝑝(𝜁)
for 𝑝 ∈ 𝒫m. It is easily shown that

(𝑈𝜈,m(𝑔−1)Φ)(𝑧, 𝜁) = 𝐽𝜈(𝑔, 𝑧)Φ(𝑔(𝑧), 𝑔′(𝑧)𝜁),

with 𝑔 ∈ 𝐺, Φ ∈ ℋ𝜈,m, 𝑧 ∈ 𝐷 and 𝜁 ∈ 𝑍, defines a unitary (projective) repre-
sentation of 𝐺 on ℋ𝜈,m belonging to the so-called holomorphic discrete series of
𝐺 [AU3].

Proposition 4.1. For Φ ∈ ℋ𝜈,m we have the reproducing property

Φ𝑧(𝜁) = 𝑐𝜈,m

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈−𝑝 ℎ(𝑧, 𝑎)−𝜈 ⋅ Φ𝑎 (𝐵(𝑎, 𝑎)𝐵(𝑧, 𝑎)
−1 𝜁). (4.3)
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Proof. The reproducing formula, for a suitable constant, is proved in [AU3]. Ap-
plying the formula to 𝑧 = 0, we obtain

Φ0(𝜁) = 𝑐𝜈,m

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈−𝑝 Φ𝑎(𝐵(𝑎, 𝑎) 𝜁) (4.4)

which reduces to (4.2) for Φ = 1⊗ 𝑝, and thus specifies the constant. □
Definition 4.1. Let 𝑋 ⊂ 𝒪(𝐷,𝒫m) be a non-trivial Banach space of 𝒫m-valued
holomorphic functions on 𝐷. We say that 𝑋 is 𝑈𝜈,m(𝐺)-invariant if

(i) Φ ∈ 𝑋, 𝑔 ∈ 𝐺 =⇒ 𝑈𝜈,m(𝑔)Φ ∈ 𝑋 and ∥𝑈𝜈,m(𝑔)Φ∥𝑋 = ∥Φ∥𝑋 .
(ii) For any finite (complex) Borel measure 𝜇 on 𝐾, the linear operator (convolu-

tion by 𝜇)

(𝑇𝜇Φ)(𝑧, 𝜁) =

∫
𝐾

𝑑𝜇(𝑘)Φ(𝑘𝑧, 𝑘𝜁)

maps 𝑋 continuously into itself.
(iii) For every 𝑧 ∈ 𝐷, the evaluation map Φ �→ (𝛿𝑧 ⊗ 𝐼)Φ ∈ 𝒫m, defined by

(𝛿𝑧 ⊗ 𝐼)Φ(𝜁) := Φ(𝑧, 𝜁), is bounded on 𝑋 .

As before, condition (ii) is satisfied if the unweighted representation of 𝐾 on
𝑋 is strongly continuous.

Proposition 4.2. Let 𝑋 ∕= (0) be an invariant Banach space in 𝒪(𝐷,𝒫m). Then

(i) 1⊗ 𝒫m ⊂ 𝑋,
and there exists a constant 𝑐𝑋 such that for all Φ ∈ 𝑋
(ii) ∥Φ0∥ℱ ≤ 𝑐𝑋 ∥Φ∥𝑋.
Proof. Put 𝑚 := 𝑚1+ ⋅ ⋅ ⋅+𝑚𝑟, and consider the finite Borel measure 𝑒𝑖𝑚 𝑡 𝑑𝑡/2𝜋.
Since the polynomials in 𝒫m have total degree 𝑚, we have

2𝜋∫
0

𝑑𝑡

2𝜋
𝑒𝑖𝑚 𝑡Φ(𝑒−𝑖𝑡𝑧, 𝑒−𝑖𝑡 𝜁) =

2𝜋∫
0

𝑑𝑡

2𝜋
𝑒𝑖𝑚 𝑡 𝑒−𝑖𝑚 𝑡Φ(𝑒−𝑖𝑡𝑧, 𝜁)

=

2𝜋∫
0

𝑑𝑡

2𝜋
Φ(𝑒−𝑖𝑡𝑧, 𝜁) = Φ(0, 𝜁) = Φ0(𝜁).

Since the action 𝑈𝜈,m on 𝑋 is isometric and 𝑑𝑡/2𝜋 is a probability measure, it
follows that

1⊗ Φ0 =

2𝜋∫
0

𝑑𝑡

2𝜋
𝑒𝑖𝑚 𝑡 𝑈𝜈,m(𝑒𝑖𝑡)Φ (4.5)

belongs to 𝑋 , and ∥1 ⊗ Φ0∥𝑋 ≤ ∥Φ∥𝑋 . Choosing Φ ∕= 0, there exists 𝑧 ∈ 𝐷 such
that Φ𝑧(𝜁) = Φ(𝑧, 𝜁) ∕≡ 0. Applying a suitable 𝑈𝜈,m(𝑔)-transformation, we may
assume 𝑧 = 0, i.e., Φ0(𝜁) = Φ(0, 𝜁) ∕≡ 0. Since 𝐾 acts irreducibly on 𝒫m, it follows
from (4.5) that 1⊗𝑝 ∈ 𝑋 for all 𝑝 ∈ 𝒫m, i.e., 1⊗𝒫m ⊂ 𝑋 , and there exists 𝑐𝑋 > 0
such that ∥𝑝∥ℱ ≤ 𝑐𝑋 ∥1⊗ 𝑝∥𝑋 . □
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Definition 4.2. Let ℳ𝜈,m ⊂ 𝒪(𝐷,𝒫m) be the Banach space of all holomorphic
functions Φ : 𝐷 → 𝒫m such that ∥Φ∥ℳ𝜈,m < +∞, where

∥Φ∥ℳ𝜈,m = sup
𝑧∈𝐷

ℎ(𝑧, 𝑧)𝜈/2∥Φ𝑧 ∘𝐵(𝑧, 𝑧)1/2∥ℱ = sup
𝑔∈𝐺

∥(𝑈𝜈,m(𝑔)Φ)0∥ℱ .

The requirements (ii) and (iii) in Definition 4.1 are easily checked, and hence,
with the second expression for the norm, it follows thatℳ𝜈,m is 𝑈𝜈,m(𝐺)-invariant.
Changing the 𝐾-invariant inner product on 𝒫m, or taking another “base point”
𝑎 ∈ 𝐷 instead of 0, changes the norm only by a proportionality constant.

Theorem 4.1. Let 𝑋 ⊂ 𝒪(𝐷,𝒫m) be a 𝑈𝜈,m-invariant Banach space. Then 𝑋 ⊂
ℳ𝜈,m continuously, i.e., ℳ𝜈,m is the unique maximal invariant space.

Proof. Let Φ ∈ 𝑋 . Then Proposition 4.2 implies

∥(𝑈𝜈,m(𝑔)Φ)0∥ℱ ≤ 𝑐𝑋 ⋅ ∥𝑈𝜈,m(𝑔)Φ∥𝑋 = 𝑐𝑋 ∥Φ∥𝑋
and hence

sup
𝑔∈𝐺

∥(𝑈𝜈,m(𝑔)Φ)0∥ℱ ≤ 𝑐𝑋 ⋅ ∥Φ∥𝑋 .
The assertion follows. □

For 𝑝 ∈ 𝒫m and 𝑔 ∈ 𝐺, define
𝑝𝑔 := 𝑈𝜈,m(𝑔) (1⊗ 𝑝) ∈ 𝒪(𝐷,𝒫m).

For 𝑔 = 𝑔𝑎, we put 𝑝
𝑎 := 𝑝𝑔𝑎 and obtain

(𝑝𝑎𝑧)(𝜁) = ℎ(𝑎, 𝑎)
𝜈/2 ℎ(𝑧, 𝑎)−𝜈 𝑝 (𝐵(𝑎, 𝑎)1/2 𝐵(𝑧, 𝑎)−1 𝜁). (4.6)

More generally,

𝑝𝑔𝑎𝑘𝑧 (𝜁) = ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−𝜈 𝑝 (𝑘−1𝐵(𝑎, 𝑎)1/2 𝐵(𝑧, 𝑎)−1 𝜁).

Lemma 4.1. For large enough parameters 𝛼, 𝛽, 𝛾 we have the change of variables
formula∫

𝑑𝑤 ℎ(𝑤,𝑤)𝛼−𝑝 ℎ(𝑔𝑎(𝑥), 𝑤)−𝛽 ℎ(𝑤, 𝑔𝑎(𝑦))−𝛾 𝑓(𝑔−1𝑎 (𝑤))

= ℎ(𝑎, 𝑎)𝛼−𝛽−𝛾 ℎ(𝑥, 𝑎)𝛽 ℎ(𝑎, 𝑦)𝛾

⋅
∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝛼−𝑝 ℎ(𝑥,𝑤)−𝛽 ℎ(𝑤, 𝑦)−𝛾 ℎ(𝑤, 𝑎)𝛾−𝛼 ℎ(𝑎, 𝑤)𝛽−𝛼 𝑓(𝑤)

for all 𝑎, 𝑥, 𝑦 ∈ 𝐷 and all 𝑓 ∈ 𝐿1(𝐷,𝜇𝛼).
Proof. Since 𝑑𝑤 ℎ(𝑤,𝑤)−𝑝 is 𝐺-invariant, it follows that∫

𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝛼−𝑝 ℎ(𝑔𝑎(𝑥), 𝑤)−𝛽 ℎ(𝑤, 𝑔𝑎(𝑦))−𝛾 𝑓(𝑔−1𝑎 (𝑤))

=

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)−𝑝 ℎ(𝑔𝑎 (𝑤), 𝑔𝑎 (𝑤))𝛼

⋅ ℎ(𝑔𝑎(𝑥), 𝑔𝑎 (𝑤))−𝛽 ℎ(𝑔𝑎 (𝑤), 𝑔𝑎 (𝑦))−𝛾 𝑓(𝑤).
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Now the assertion follows from

ℎ(𝑔𝑎 (𝑤), 𝑔𝑎 (𝑤))
𝛼 ℎ(𝑔𝑎 (𝑥), 𝑔𝑎 (𝑤))

−𝛽 ℎ(𝑔𝑎 (𝑤), 𝑔𝑎 (𝑦))−𝛾

=
[
ℎ(𝑎, 𝑎) ℎ(𝑤, 𝑎)−1 ℎ(𝑤,𝑤) ℎ(𝑎, 𝑤)−1

]𝛼
⋅ [ℎ(𝑎, 𝑎) ℎ(𝑥, 𝑎)−1 ℎ(𝑥,𝑤) ℎ(𝑎, 𝑤)−1]−𝛽
⋅ [ℎ(𝑎, 𝑎) ℎ(𝑤, 𝑎)−1 ℎ(𝑤, 𝑦) ℎ(𝑎, 𝑦)−1]−𝛾

= ℎ(𝑎, 𝑎)𝛼−𝛽−𝛾 ℎ(𝑥, 𝑎)𝛽 ℎ(𝑎, 𝑦)𝛾 ℎ(𝑤,𝑤)𝛼 ℎ(𝑥,𝑤)−𝛽

⋅ ℎ(𝑤, 𝑦)−𝛾 ℎ(𝑤, 𝑎)𝛾−𝛼 ℎ(𝑎, 𝑤)𝛽−𝛼. □

Generalizing Definition 3.6, we define the shift operator 𝑆𝜈+𝛽𝜈 acting on
𝒪(𝐷,𝒫m) by

(𝑆𝜈+𝛽𝜈 Φ)𝑧(𝜁) = 𝑐𝜈,m

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 ℎ(𝑧, 𝑤)−(𝜈+𝛽) Φ𝑤 (𝐵(𝑤,𝑤)𝐵(𝑧, 𝑤)−1 𝜁)

for all 𝑧 ∈ 𝐷 and 𝜁 ∈ 𝑍. The normalization is chosen so that 𝛽 = 0 yields the
identity. It is easily shown that 𝑆𝜈+𝛽𝜈 commutes with the (unweighted) action of
𝐾 on 𝒪(𝐷,𝒫m).

Proposition 4.3. Let 𝑝 ∈ 𝒫m and 𝑎, 𝑧 ∈ 𝐷. Then, using the notation (4.6), we
have

(𝑆𝜈+𝛽𝜈 𝑝𝑎)𝑧 = ℎ(𝑧, 𝑎)
−𝛽 𝑝𝑎𝑧 .

Proof. Using a 𝕋-rotation in the anti-holomorphic variable 𝑤 yields∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 ℎ(𝑔𝑎(𝑧), 𝑤)−(𝜈+𝛽) ℎ(𝑎, 𝑤)𝛽 𝑝(𝐵(𝑤,𝑤) 𝐵(𝑔𝑎(𝑧), 𝑤)−1 𝑔′𝑎(𝑧) 𝜁)

=

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝
∫
𝕋

𝑑𝜗

2𝜋
ℎ(𝑔𝑎(𝑧), 𝜗𝑤)

−(𝜈+𝛽) ℎ(𝑎, 𝜗𝑤)𝛽

⋅ 𝑝(𝐵(𝑤,𝑤) 𝐵(𝑔𝑎(𝑧), 𝜗𝑤)−1 𝑔′𝑎(𝑧) 𝜁)

=

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 ℎ(𝑔𝑎(𝑧), 0)−(𝜈+𝛽) ℎ(𝑎, 0)𝛽

⋅ 𝑝(𝐵(𝑤,𝑤) 𝐵(𝑔𝑎(𝑧), 0)−1 𝑔′𝑎(𝑧) 𝜁)

=

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 𝑝(𝐵(𝑤,𝑤) 𝑔′𝑎(𝑧) 𝜁) = 𝑐
−1
𝜈,m 𝑝(𝑔′𝑎(𝑧) 𝜁).

Applying Lemma 4.1 to 𝑥 = 𝑔𝑎 (𝑧), 𝑦 = 0 we obtain

(𝑆𝜈+𝛽𝜈 𝑝𝑎)𝑧(𝜁)

= 𝑐𝜈,m

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 ℎ(𝑧, 𝑤) 𝑝𝑎𝑤 (𝐵(𝑤,𝑤)−(𝜈+𝛽) 𝐵(𝑧, 𝑤)−1 𝜁)

= 𝑐𝜈,m

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 ℎ(𝑧, 𝑤)−(𝜈+𝛽) ℎ(𝑎, 𝑎)𝜈/2

⋅ ℎ(𝑤, 𝑎)−𝜈 𝑝(𝑔′𝑎(𝑤) 𝐵(𝑤,𝑤) 𝐵(𝑧, 𝑤)−1 𝜁)
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= 𝑐𝜈,m ℎ(𝑎, 𝑎)𝜈/2
∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 ℎ(𝑧, 𝑤)−(𝜈+𝛽)

⋅ ℎ(𝑤, 𝑎)−𝜈 𝑝(𝐵(𝑔𝑎(𝑤), 𝑔𝑎(𝑤)) 𝐵(𝑔𝑎(𝑧), 𝑔𝑎(𝑤))−1 𝑔′𝑎(𝑧) 𝜁).
The general transformation formula (2.2) specializes to

𝐵(𝑔𝑎(𝑧), 𝑔𝑎(𝑤)) = 𝑔
′
𝑎(𝑧) 𝐵(𝑧, 𝑤) 𝑔

′
𝑎(𝑤)

∗

= 𝐵(𝑎, 𝑎)1/2 𝐵(𝑧, 𝑎)−1 𝐵(𝑧, 𝑤) 𝐵(𝑎, 𝑤)−1 𝐵(𝑎, 𝑎)1/2.

As a consequence,

𝐵(𝑔𝑎(𝑤), 𝑔𝑎(𝑤)) 𝐵(𝑔𝑎(𝑧), 𝑔𝑎(𝑤))
−1 𝑔′𝑎(𝑧) = 𝑔

′
𝑎(𝑤) 𝐵(𝑤,𝑤) 𝐵(𝑧, 𝑤)

−1.

Hence

(𝑆𝜈+𝛽𝜈 𝑝𝑎)𝑧(𝜁) = 𝑐𝜈,m ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑎, 𝑎)−(𝜈+𝛽) ℎ(𝑔𝑎(𝑧), 𝑎)𝜈+𝛽

⋅
∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝜈−𝑝 ℎ(𝑔𝑎(𝑧), 𝑤)−(𝜈+𝛽) ℎ(𝑎, 𝑤)𝛽 𝑝(𝐵(𝑤,𝑤) 𝐵(𝑔𝑎(𝑧), 𝑤)−1 𝑔′𝑎(𝑧) 𝜁)

= ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−(𝜈+𝛽) 𝑝(𝑔′𝑎(𝑧) 𝜁) = ℎ(𝑧, 𝑎)
−𝛽 𝑝𝑎𝑧(𝜁). □

Proposition 4.4. The operators 𝑆𝛾𝜈 are symmetric with respect to ⟨⋅, ⋅⟩𝜈,m, namely
⟨𝑆𝛾𝜈 Φ,Ψ⟩𝜈,m = ⟨Φ, 𝑆𝛾𝜈 Ψ⟩𝜈,m (4.7)

for all Φ,Ψ ∈ ℋ𝜈,m for which 𝑆
𝛾
𝜈 Φ, 𝑆

𝛾
𝜈 Ψ ∈ ℋ𝜈,m.

Proof. For convenience we denote

𝑑𝜎𝜈,m(𝑧) = 𝑐𝜈,m 𝑑𝑧 ℎ(𝑧, 𝑧)
𝜈−𝑝.

Then we have

⟨𝑆𝛾𝜈 Φ,Ψ⟩𝜈,m =

∫
𝐷

𝑑𝜎𝜈,m(𝑧)
〈
(𝑆𝛾𝜈 Φ)(𝑧, 𝐵(𝑧, 𝑧)

1/2⋅), Ψ(𝑧, 𝐵(𝑧, 𝑧)1/2⋅)
〉
ℱ

=

∫
𝐷

𝑑𝜎𝜈,m(𝑧)

〈∫
𝐷

𝑑𝜎𝜈,m(𝑤) ℎ(𝑧, 𝑤)−𝛾 Φ(𝑤, 𝐵(𝑤,𝑤)𝐵(𝑧, 𝑤)−1 𝐵(𝑧, 𝑧)1/2⋅),

Ψ(𝑧,𝐵(𝑧, 𝑧)1/2⋅)
〉
ℱ

=

∫
𝐷

𝑑𝜎𝜈,m(𝑤)

〈
Φ(𝑤, 𝐵(𝑤,𝑤)𝐵(𝑧, 𝑤)−1 𝐵(𝑧, 𝑧)1/2⋅),∫

𝐷

𝑑𝜎𝜈,m(𝑧)ℎ(𝑤, 𝑧)−𝛾 Ψ(𝑧, 𝐵(𝑧, 𝑧)1/2⋅)
〉
ℱ
.

Using the fact that for all 𝑝, 𝑞 ∈ 𝒫m and 𝑇 ∈ 𝐾ℂ

⟨𝑝 ∘ 𝑇, 𝑞⟩ℱ = ⟨𝑝, 𝑞 ∘ 𝑇 ∗⟩ℱ
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we obtain (with 𝑇 = 𝐵(𝑤,𝑤)1/2 𝐵(𝑧, 𝑤)−1 𝐵(𝑧, 𝑧)1/2) that the last integral is
equal to∫

𝐷

𝑑𝜎𝜈,m(𝑤)

〈
Φ(𝑤, 𝐵(𝑤,𝑤)1/2⋅),∫

𝐷

𝑑𝜎𝜈,m(𝑧) ℎ(𝑤, 𝑧)𝛾 Ψ(𝑧, 𝐵(𝑧, 𝑧)𝐵(𝑤, 𝑧)−1𝐵(𝑤,𝑤)1/2⋅)
〉
ℱ

=

∫
𝐷

𝑑𝜎𝜈,m(𝑤)
〈
Φ(𝑤, 𝐵(𝑤,𝑤)1/2⋅), (𝑆𝛾𝜈 Ψ)(𝑤, 𝐵(𝑤,𝑤)1/2⋅)

〉
ℱ

= ⟨Φ, 𝑆𝛾𝜈 Ψ⟩𝜈,m. □

The same arguments yield the following result.

Proposition 4.5. For 𝜈, 𝛾 ∈ ℝ let Φ ∈ ℋ𝜈,m ∩ ℋ𝛾,m and Ψ ∈ ℋ𝜈,m with 𝑆
𝛾
𝜈 Ψ ∈

ℋ𝛾,m. Then

⟨Φ,Ψ⟩𝜈,m = ⟨Φ, 𝑆𝛾𝜈 Ψ⟩𝛾,m.
Proof.

⟨Φ, 𝑆𝛾𝜈 Ψ⟩𝛾,m =

∫
𝐷

𝑑𝜎𝛾,m(𝑧)
〈
Φ(𝑧, 𝐵(𝑧, 𝑧)1/2⋅), (𝑆𝛾𝜈 Ψ)(𝑧, 𝐵(𝑧, 𝑧)1/2⋅)

〉
ℱ

=

∫
𝐷

𝑑𝜎𝛾,m(𝑧)

〈
Φ(𝑧, 𝐵(𝑧, 𝑧)1/2⋅),∫

𝐷

𝑑𝜎𝜈,m(𝑤)ℎ(𝑤, 𝑧)−𝛾 Ψ(𝑤, 𝐵(𝑤,𝑤)𝐵(𝑧, 𝑤)−1 𝐵(𝑧, 𝑧)1/2⋅)
〉
ℱ

=

∫
𝐷

𝑑𝜎𝜈,m(𝑤)

〈∫
𝐷

𝑑𝜎𝛾,m(𝑧)Φ(𝑧, 𝐵(𝑧, 𝑧)𝐵(𝑤, 𝑧)−1𝐵(𝑤,𝑤)1/2 ⋅)ℎ(𝑧, 𝑤)−𝛾 ,

Ψ(𝑤, 𝐵(𝑤,𝑤)1/2 ⋅)
〉
ℱ

=

∫
𝐷

𝑑𝜎𝜈,m(𝑤)
〈
Φ(𝑤, 𝐵(𝑤,𝑤)1/2⋅), Ψ(𝑤, 𝐵(𝑤,𝑤)1/2⋅)

〉
ℱ
= ⟨Φ,Ψ⟩𝜈,m

where we have used the reproducing property. □

Corollary 4.1. Let Ψ,Φ ∈ ℋ𝜈,m ∩ℋ𝛾,m satisfy 𝑆
𝛾
𝜈 Ψ, 𝑆

𝛾
𝜈 Φ ∈ ℋ𝛾,m. Then

⟨𝑆𝛾𝜈 Φ, Ψ⟩𝛾,m = ⟨Φ,Ψ⟩𝜈,m = ⟨Φ, 𝑆𝛾𝜈 Ψ⟩𝛾,m.
Proof. The second equality follows from Proposition 4.5. For the first,

⟨𝑆𝛾𝜈 Φ, Ψ⟩𝛾,m = ⟨Ψ, 𝑆𝛾𝜈 Φ⟩𝛾,m = ⟨Ψ,Φ⟩𝜈,m = ⟨Φ,Ψ⟩𝜈,m. □

Proposition 4.6. We have

Φ𝑧(𝜁) = 𝑐𝜈+𝛽,m

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 ℎ(𝑧, 𝑎)−𝜈 (𝑆𝜈+𝛽𝜈 Φ)𝑎 (𝐵(𝑎, 𝑎) 𝐵(𝑧, 𝑎)
−1 𝜁).
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Proof. Let 𝑧 ∈ 𝐷 and 𝑝 ∈ 𝒫m be fixed. The reproducing formula (4.6) applied to
𝜈 + 𝛽 yields

𝑐−1𝜈+𝛽,m ⋅ ℎ(𝑧, 𝑧)𝜈/2 (Φ𝑧 ∣ 𝑝 ∘𝐵(𝑧, 𝑧)1/2)ℱ
=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 ℎ(𝑧, 𝑎)−(𝜈+𝛽) ℎ(𝑧, 𝑧)𝜈/2

⋅ (Φ𝑎 ∘𝐵(𝑎, 𝑎) 𝐵(𝑧, 𝑎)−1 ∣ 𝑝 ∘𝐵(𝑧, 𝑧)1/2)ℱ
=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 ℎ(𝑧, 𝑎)−(𝜈+𝛽) ℎ(𝑧, 𝑧)𝜈/2

⋅ (Φ𝑎 ∘𝐵(𝑎, 𝑎) ∣ 𝑝 ∘𝐵(𝑧, 𝑧)1/2 𝐵(𝑎, 𝑧)−1)ℱ
=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝

⋅ (Φ𝑎 ∘𝐵(𝑎, 𝑎) ∣ℎ(𝑎, 𝑧)−𝛽 ⋅ ℎ(𝑎, 𝑧)−𝜈 ℎ(𝑧, 𝑧)𝜈/2 𝑝 ∘𝐵(𝑧, 𝑧)1/2 𝐵(𝑎, 𝑧)−1)ℱ
=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 (Φ𝑎 ∘𝐵(𝑎, 𝑎) ∣ℎ(𝑎, 𝑧)−𝛽 ⋅ 𝑝𝑧𝑎)ℱ

=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 (Φ𝑎 ∘𝐵(𝑎, 𝑎) ∣ (𝑆𝜈+𝛽𝜈 𝑝𝑧)𝑎)ℱ .

Using Proposition 4.4 for the parameter 𝜈 + 𝛽, we obtain

𝑐−1𝜈+𝛽,m ⋅ ℎ(𝑧, 𝑧)𝜈/2 (Φ𝑧 ∣ 𝑝 ∘𝐵(𝑧, 𝑧)1/2)ℱ
=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝
(
(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎) ∣ 𝑝𝑧𝑎

)
ℱ

=

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝

⋅
(
(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎) ∣ℎ(𝑎, 𝑧)−𝜈 ℎ(𝑧, 𝑧)𝜈/2 𝑝 ∘𝐵(𝑧, 𝑧)1/2 𝐵(𝑎, 𝑧)−1

)
ℱ

= ℎ(𝑧, 𝑧)𝜈/2
∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 ℎ(𝑧, 𝑎)−𝜈

⋅
(
(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎) ∣ 𝑝 ∘𝐵(𝑧, 𝑧)1/2 𝐵(𝑎, 𝑧)−1

)
ℱ

= ℎ(𝑧, 𝑧)𝜈/2
∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝜈+𝛽−𝑝 ℎ(𝑧, 𝑎)−𝜈

⋅
(
(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎) 𝐵(𝑧, 𝑎)−1 ∣ 𝑝 ∘𝐵(𝑧, 𝑧)1/2

)
ℱ
.

Since any polynomial in 𝒫m has the form ℎ(𝑧, 𝑧)𝜈/2 𝑝 ∘ 𝐵(𝑧, 𝑧)1/2, the assertion
follows. □

Remark 4.1. Proposition 4.6 can be written as

𝑆𝜈𝜈+𝛽 𝑆
𝜈+𝛽
𝜈 Φ = Φ
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for Φ in a dense subspace of ℋ𝜈,m. Thus, formally,

𝑆𝜈𝛾 𝑆
𝛾
𝜈 = 𝐼

for all 𝜈, 𝛾 ∈ ℝ large enough.

Up to now, the polynomial 𝑝 ∈ 𝒫m was arbitrary. We now specialize to

𝐴(𝜁) = 𝐾m
𝑒 (𝜁) = 𝐾m (𝜁, 𝑒)

where 𝑒 ∈ 𝑍 is a maximal tripotent. Then we have

𝐴𝑔𝑎𝑘
𝑧 (𝜁) = ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−𝜈𝐾m (𝑘−1 𝐵(𝑎, 𝑎)1/2 𝐵(𝑧, 𝑎)−1 𝜁, 𝑒)

= ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−𝜈 𝐾m (𝐵(𝑎, 𝑎)1/2 𝐵(𝑧, 𝑎)−1 𝜁, 𝑘𝑒).
(4.8)

Definition 4.3.
(i) Let 𝔐𝜈,m denote the Banach space of all holomorphic functions Φ : 𝐷 → 𝒫m

which have a representation

Φ𝑧 (𝜁) =

∫
𝐺

𝑑𝜇 (𝑔) 𝐴𝑔
𝑧 (𝜁)

for some finite ℂ-valued Borel measure on 𝐺. The norm is defined as the
infimum

∥Φ∥𝔐𝜈,m = inf
𝜇
∥𝜇∥

taken over all such representations.
(ii) Define a vector-valued 𝐿1-space ℒ1𝛾 to consist of all Φ ∈ 𝒪(𝐷,𝒫m) such that

∥Φ∥ℒ1
𝛾
:= 𝑐𝛾,m

∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛾−𝑝 ∥Φ𝑧 ∘𝐵(𝑧, 𝑧)1/2∥ℱ <∞.

Here ∥ ⋅ ∥ℱ is the Fischer norm on 𝒫m.

Our main theorem in this section is

Theorem 4.2. Let Φ ∈ 𝒪(𝐷,𝒫m) and suppose that 𝑆𝜈+𝛽𝜈 Φ ∈ ℒ1𝛽+𝜈/2. Then Φ ∈
𝔐𝜈,m and

∥Φ∥𝔐𝜈,m ≤ (𝑑/𝑟)1/2m 𝑑1/2m

𝑐𝜈+𝛽,m
𝑐𝛽+𝜈/2

∥𝑆𝜈+𝛽𝜈 Φ∥ℒ1
𝛽+𝜈/2

.

Proof. Define a complex measure 𝜇 on 𝐺 by

𝑑𝜇 (𝑔𝑎𝑘) = 𝑑𝑘 𝑑𝑎 ℎ(𝑎, 𝑎)
𝛽+𝜈/2−𝑝 (𝑆𝜈+𝛽𝜈 Φ)𝑎(𝐵(𝑎, 𝑎)

1/2 𝑘𝑒).

For each 𝑘 ∈ 𝐾 the Cauchy-Schwarz inequality yields∣∣(𝑆𝜈+𝛽𝜈 Φ)𝑎 (𝐵(𝑎, 𝑎)
1/2 𝑘𝑒)

∣∣ = ∣∣((𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎)1/2 ∣𝐾m
𝑘𝑒)ℱ

∣∣
≤ ∥(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎)1/2∥ℱ ⋅𝐾m(𝑒, 𝑒)1/2

=
𝑑
1/2
m

(𝑑/𝑟)
1/2
m

∥(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎)1/2∥ℱ

= 𝑑1/2m ∥(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎)1/2∥𝑑/𝑟.
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Hence

∥𝜇∥ =
∫
𝐾

𝑑𝑘

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝛽+𝜈/2−𝑝
∣∣(𝑆𝜈+𝛽𝜈 Φ)𝑎 (𝐵(𝑎, 𝑎)

1/2 𝑘𝑒)
∣∣

≤ 𝑑
1/2
m

(𝑑/𝑟)
1/2
m

∫
𝐷

𝑑𝑎 ℎ(𝑎, 𝑎)𝛽+𝜈/2−𝑝
∥∥(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎, 𝑎)1/2

∥∥
ℱ

=
1

𝑐𝛽+𝜈/2

𝑑
1/2
m

(𝑑/𝑟)
1/2
m

∥∥𝑆𝜈+𝛽𝜈 Φ
∥∥
ℒ1
𝛽+𝜈/2

.

Hence 𝜇 is a finite measure on 𝐺. Moreover, (4.8) implies∫
𝐺

𝑑𝜇(𝑔) 𝐴𝑔
𝑧 (𝜁)

=

∫
𝐷

𝑑𝑎ℎ(𝑎,𝑎)𝛽+𝜈/2−𝑝 ℎ(𝑎,𝑎)𝜈/2 ℎ(𝑧,𝑎)−𝜈

⋅
∫
𝐾

𝑑𝑘 (𝑆𝜈+𝛽𝜈 Φ)𝑎(𝐵(𝑎,𝑎)
1/2𝑘𝑒) 𝐾m(𝐵(𝑎,𝑎)1/2𝐵(𝑧,𝑎)−1𝜁,𝑘𝑒)

=

∫
𝐷

𝑑𝑎ℎ(𝑎,𝑎)𝜈+𝛽−𝑝 ℎ(𝑧,𝑎)−𝜈
∫
𝐾

𝑑𝑘 (𝑆𝜈+𝛽𝜈 Φ)𝑎(𝐵(𝑎,𝑎)
1/2𝑘𝑒)

⋅𝐾m(𝑘𝑒,𝐵(𝑎,𝑎)1/2𝐵(𝑧,𝑎)−1𝜁)

=

∫
𝐷

𝑑𝑎ℎ(𝑎,𝑎)𝜈+𝛽−𝑝 ℎ(𝑧,𝑎)−𝜈
(
(𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎,𝑎)1/2∣𝐾m

𝐵(𝑎,𝑎)1/2𝐵(𝑧,𝑎)−1𝜁

)
𝑑/𝑟

=(𝑑/𝑟)−1m

∫
𝐷

𝑑𝑎ℎ(𝑎,𝑎)𝜈+𝛽−𝑝 ℎ(𝑧,𝑎)−𝜈

⋅((𝑆𝜈+𝛽𝜈 Φ)𝑎 ∘𝐵(𝑎,𝑎)1/2 ∣𝐾m
𝐵(𝑎,𝑎)1/2𝐵(𝑧,𝑎)−1𝜁

)
ℱ

=(𝑑/𝑟)−1m

∫
𝐷

𝑑𝑎ℎ(𝑎,𝑎)𝜈+𝛽−𝑝 ℎ(𝑧,𝑎)−𝜈 (𝑆𝜈+𝛽𝜈 Φ)𝑎
(
𝐵(𝑎,𝑎)1/2𝐵(𝑎,𝑎)1/2𝐵(𝑧,𝑎)−1𝜁

)
=(𝑑/𝑟)−1m

∫
𝐷

𝑑𝑎ℎ(𝑎,𝑎)𝜈+𝛽−𝑝 ℎ(𝑧,𝑎)−𝜈 (𝑆𝜈+𝛽𝜈 Φ)𝑎
(
𝐵(𝑎,𝑎) 𝐵(𝑧,𝑎)−1𝜁

)
=(𝑑/𝑟)−1m 𝑐−1𝜈+𝛽,m Φ𝑧(𝜁)

using Proposition 4.4. Thus Φ is represented by 𝜇, up to a constant. □
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5. Minimal spaces for non-tube type domains

In this section we obtain a “converse” of Theorem 4.2, and thus a complete char-
acterization of the minimal space, for the special partitions s = (𝑠, . . . , 𝑠), where
𝑠 ∈ ℕ. These “constant” partitions arise naturally in the study of highest quo-
tients (Dirichlet spaces) for domains which are not of tube type (cf. [AU3]). The
integration formulas developed here may be of independent interest.

We consider the Peirce decomposition

𝑍 = 𝑍1 ⊕ 𝑍1/2 =
(
𝑍1
𝑍1/2

)
(5.1)

of 𝑍 for a maximal tripotent 𝑒, and write 𝑧 ∈ 𝑍 as 𝑧 = 𝑧1 + 𝑧1/2, with 𝑧1 ∈ 𝑍1
and 𝑧1/2 ∈ 𝑍1/2.
Lemma 5.1. For 𝑢 ∈ 𝑍1, 𝑣 ∈ 𝑍1/2 the Bergman operator 𝐵(𝑢, 𝑣) has a block-
matrix decomposition

𝐵(𝑢, 𝑣) =

(
𝐼1 −2𝑢□ 𝑣∗
0 𝐼1/2

)
(5.2)

with respect to (5.1). Here 𝐼𝜈 denotes the identity operator on 𝑍𝜈 .

Proof. For 𝑧 ∈ 𝑍, we have {𝑢 𝑣∗ 𝑧1} ∈ 𝑍3/2 = (0) and 𝑄𝑣𝑧1 ∈ 𝑍0 = (0), since 𝑒 is
maximal. Moreover, 𝑄𝑣 𝑧1/2 ∈ 𝑍1/2 and hence 𝑄𝑢𝑄𝑣 𝑧1/2 ∈ 𝑍3/2 = (0). Thus

𝐵(𝑢, 𝑣) 𝑧 = 𝑧 − 2{𝑢 𝑣∗𝑧}+𝑄𝑢𝑄𝑣 𝑧

= 𝑧1 + 𝑧1/2 − 2{𝑢 𝑣∗(𝑧1 + 𝑧1/2)}+𝑄𝑢𝑄𝑣 (𝑧1 + 𝑧1/2)

= 𝑧1 + 𝑧1/2 − 2{𝑢 𝑣∗𝑧1/2},
with 𝑧1 − 2{𝑢 𝑣∗𝑧1/2} ∈ 𝑍1. The assertion follows. □

Corollary 5.1. For 𝑢 ∈ 𝑍1, 𝑣 ∈ 𝑍1/2, we have det𝑍 𝐵(𝑢, 𝑣) = 1. In particular,
𝐵(𝑢, 𝑣) is invertible, with inverse given by

𝐵(𝑢, 𝑣)−1 = 𝐵(𝑢,−𝑣) =
(
𝐼1 2𝑢□ 𝑣∗
0 𝐼1/2

)
Lemma 5.2. If 𝐵(𝑧, 𝑤) is invertible and 𝑄𝑧 𝑤 = 𝑄𝑤 𝑧 = 0, then 𝑧𝑤 = 𝑧.

Proof. By assumption, we have

𝐵(𝑧,𝑤)𝑧=𝑧−2{𝑧𝑤∗𝑧}+𝑄𝑧𝑄𝑤𝑧=𝑧−2𝑄𝑧𝑤+𝑄𝑧𝑄𝑤𝑧=𝑧=𝑧−𝑄𝑧𝑤=𝐵(𝑧,𝑤)𝑧
𝑤.

Since 𝐵(𝑧, 𝑤) is invertible, we conclude that 𝑧 = 𝑧𝑤. □

Proposition 5.1. Suppose 𝑣, 𝑢 ∈ 𝐷 and
𝑄𝑢𝑣 = 𝑄𝑣𝑢 = 0. (5.3)

Then we have

𝐵
(
𝑢+𝐵(𝑢, 𝑢)1/2 𝑣, 𝑢+𝐵(𝑢, 𝑢)1/2 𝑣

)
= 𝐵(𝑢, 𝑢)1/2𝐵(𝑣, 𝑢)𝐵(𝑣, 𝑣)𝐵(𝑢, 𝑣)𝐵(𝑢, 𝑢)1/2.

(5.4)
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Proof. Since 𝑣−𝑢 = 𝑣 by Lemma 5.2, we have 𝑔𝑢(𝑣) = 𝑢 + 𝐵(𝑢, 𝑢)1/2 𝑣−𝑢 =
𝑢 + 𝐵(𝑢, 𝑢)1/2 𝑣 and 𝑔′𝑢(𝑣) = 𝐵(𝑢, 𝑢)1/2 𝐵(𝑣−𝑢, 𝑢) = 𝐵(𝑢, 𝑢)1/2 𝐵(𝑣, 𝑢). Now
apply (2.2). □

For any tripotent, the Peirce spaces are hermitian Jordan subtriples of 𝑍,
and 𝑍1 and 𝑍0 are always irreducible if 𝑍 is irreducible. One can show that in
our case of a maximal tripotent (i.e., 𝑍0 = (0)) the Peirce 1

2 -space 𝑍1/2 is also
irreducible. Let 𝐷1 = 𝐷 ∩ 𝑍1 and 𝐷1/2 = 𝐷 ∩ 𝑍1/2 denote the respective open
unit balls.

Corollary 5.2. Let 𝑢 ∈ 𝐷1 and 𝑣 ∈ 𝐷1/2. Then (5.3) holds and, in addition, we
have

ℎ(𝑢+𝐵(𝑢, 𝑢)1/2 𝑣, 𝑢+𝐵(𝑢, 𝑢)1/2 𝑣) = ℎ(𝑢, 𝑢)ℎ(𝑣, 𝑣). (5.5)

Proof. By Lemma 5.1 and Lemma 5.2, the assumption of Proposition 5.1 is sat-
isfied, showing that (5.4) holds. Moreover, ℎ(𝑢, 𝑣) = 1 = ℎ(𝑣, 𝑢) by Lemma 5.1.
Therefore (5.5) follows from (5.4) by taking determinants. □

Proposition 5.2. For 𝑢 ∈ 𝑍1 and 𝑣 ∈ 𝑍1/2, we have 𝑢 + 𝐵(𝑢, 𝑢)1/2 𝑣 ∈ 𝐷 if and
only if 𝑢 ∈ 𝐷1 and 𝑣 ∈ 𝐷1/2.

Proof. As a consequence of the spectral theorem for Jordan triples, we have
ℎ(𝑧, 𝑧) > 0 for 𝑧 ∈ 𝐷 and ℎ(𝑧, 𝑧) = 0 for all 𝑧 ∈ ∂𝐷. Hence 𝐷 is a connected
component of

𝑀 := {𝑧 ∈ 𝑍 : ℎ(𝑧, 𝑧) > 0}.
Define 𝜋 : 𝐷 → 𝑍1/2 by

𝜋(𝑤) := 𝐵(𝑤1, 𝑤1)
−1/2 𝑤1/2

for all 𝑤 = 𝑤1 +𝑤1/2 ∈ 𝐷 with 𝑤𝜈 ∈ 𝑍𝜈 . Since Peirce projections are contractive,
we have ∥𝑤1∥ ≤ ∥𝑤∥ < 1. Therefore 𝑤1 ∈ 𝐷1 and 𝐵(𝑤1, 𝑤1) is invertible. By
Corollary 5.2, we have

ℎ(𝑤1, 𝑤1)ℎ(𝜋(𝑤), 𝜋(𝑤)) = ℎ(𝑤,𝑤) ∕= 0.

It follows that ℎ(𝜋(𝑤), 𝜋(𝑤)) ∕= 0 and therefore 𝜋(𝑤) ∈ 𝑍1/2 ∩ 𝑀 . Since 𝜋 is
continuous and 𝐷 is connected, it follows that 𝜋(𝐷) belongs to the 0-connected
component of 𝑀 ∩ 𝑍1/2, which coincides with 𝐷1/2. This shows that 𝑤 = 𝑢 +

𝐵(𝑢, 𝑢)1/2 𝑣 ∈ 𝐷 implies 𝑢 ∈ 𝐷1 and 𝑣 = 𝜋(𝑤) ∈ 𝐷1/2.
Conversely, let 𝑢 ∈ 𝐷1. Define 𝐹𝑢 : 𝑍1/2 → 𝑍 by

𝐹𝑢(𝑣) := 𝑢+𝐵(𝑢, 𝑢)
1/2 𝑣.

Then Corollary 5.2 implies

ℎ(𝐹𝑢(𝑣), 𝐹𝑢(𝑣)) = ℎ(𝑢, 𝑢)ℎ(𝑣, 𝑣).

If 𝑣 ∈ 𝐷1/2, then ℎ(𝑣, 𝑣) ∕= 0 and hence 𝐹𝑢(𝑣) ∈ 𝑀 . Since 𝐹𝑢(0) = 𝑢 ∈ 𝐷1 ⊂ 𝐷,
𝐹𝑢(𝐷1/2) belongs to the 𝑢-connected component of 𝑀 , which coincides with 𝐷.
Therefore 𝑤 = 𝐹𝑢(𝑣) ∈ 𝐷. □



Minimal and Maximal Invariant Spaces 43

According to Proposition 5.2 the map

𝐹 (𝑢, 𝑣) := 𝑢+𝐵(𝑢, 𝑢)1/2 𝑣

defines a real-analytic isomorphism from 𝐷1 ×𝐷1/2 onto 𝐷, with inverse

𝐹−1(𝑤1 + 𝑤1/2) = 𝑤1 +𝐵(𝑤1, 𝑤1)−1/2 𝑤1/2.

Put 𝛽(𝑢) := 𝐵(𝑢, 𝑢)1/2 ∈ End(𝑍). Then 𝐹 has the derivative

𝐹 ′(𝑢, 𝑣)(𝑥, 𝑦) = 𝑥+ 𝛽(𝑢) 𝑦 + (𝛽′(𝑢)𝑥) 𝑣

for 𝑥 ∈ 𝑍1, 𝑦 ∈ 𝑍1/2. Since 𝛽(𝑢) preserves both Peirce spaces, the same is true for
𝛽′(𝑢)𝑥 ∈ End(𝑍). Thus we have a block-matrix decomposition

𝐹 ′(𝑢, 𝑣) =
(
𝐼1 𝑇

0 𝐵(𝑢, 𝑢)1/2

)
with respect to (5.1), where

𝑇𝑥 := (𝛽′(𝑢)𝑥) 𝑣 =
∂

∂𝑡

∣∣∣
𝑡=0
𝛽(𝑢+ 𝑡𝑥) 𝑣.

It follows that

det𝑍 𝐹
′(𝑢, 𝑣) = det𝑍1/2

𝐵(𝑢, 𝑢)1/2 = ℎ(𝑢, 𝑢)𝑏/2.

Hence 𝐹 ′(𝑢, 𝑢) has the “real” determinant

det 𝐹 ′(𝑢, 𝑣) =
∣∣det𝑍1/2

𝐵(𝑢, 𝑢)1/2
∣∣2 = ℎ(𝑢, 𝑢)𝑏. (5.6)

Making the change of variables

𝑤 = 𝑢+𝐵(𝑢, 𝑢)1/2 𝑣 (𝑢 ∈ 𝐷1, 𝑣 ∈ 𝐷1/2) (5.7)

(5.6) yields

𝑑𝑤 = ℎ(𝑢, 𝑢)𝑏 𝑑𝑢 𝑑𝑣. (5.8)

Proposition 5.3. Let 𝑢 ∈ 𝑍1, 𝑣 ∈ 𝑍1/2 and 𝑎 = 𝑎1 + 𝑎1/2 ∈ 𝑍 with 𝑎𝜈 ∈ 𝑍𝜈 .
Suppose that 𝐵(𝑎1, 𝑢) is invertible. Then

ℎ(𝑢+𝐵(𝑢, 𝑢)1/2 𝑣, 𝑎) = ℎ(𝑢, 𝑎1) ⋅ ℎ(𝑣, 𝐵(𝑢, 𝑢)1/2𝐵(𝑎1, 𝑢)−1 𝑎1/2). (5.9)

Proof. Polarizing the identity (5.5) yields

ℎ(𝑢+𝐵(𝑢, 𝑎1)
1/2 𝑣1, 𝑎1 +𝐵(𝑎1, 𝑢)

1/2 𝑣2) = ℎ(𝑢, 𝑎1)ℎ(𝑣1, 𝑣2) (5.10)

whenever 𝑣1, 𝑣2 ∈ 𝑍1/2. Putting
𝑣1 = 𝐵(𝑢, 𝑎1)

−1/2 𝐵(𝑢, 𝑢)1/2 𝑣 and 𝑣2 = 𝐵(𝑎1, 𝑢)
−1/2 𝑎1/2,

the left-hand sides of (5.9) and (5.10) agree, whereas

ℎ(𝑣1, 𝑣2) = ℎ
(
𝐵(𝑢, 𝑎1)

−1/2 𝐵(𝑢, 𝑢)1/2 𝑣, 𝐵(𝑎1, 𝑢)−1/2 𝑎1/2
)

= ℎ
(
𝐵(𝑢, 𝑢)1/2 𝑣, 𝐵(𝑎1, 𝑢)

−1 𝑎1/2
)

= ℎ
(
𝑣, 𝐵(𝑢, 𝑢)1/2𝐵(𝑎1, 𝑢)

−1 𝑎1/2
)
. □
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Lemma 5.3. Let 𝑢 ∈ 𝐷1 and 𝑎 = 𝑎1 + 𝑎1/2 ∈ 𝐷 with 𝑎𝜈 ∈ 𝑍𝜈 . Then 𝐵(𝑎1, 𝑢) is
invertible and

𝐵(𝑢, 𝑢)1/2 𝐵(𝑎1, 𝑢)
−1 𝑎1/2 ∈ 𝐷1/2.

Proof. Since 𝑎1 ∈ 𝐷1, it follows that 𝐵(𝑎1, 𝑢) is invertible. Therefore the addition
formula [L2, p.26] yields

𝑎𝑢 = (𝑎1 + 𝑎1/2)
𝑢 = 𝑎𝑢1 +𝐵(𝑎1, 𝑢)

−1 𝑎(𝑢
𝑎1 )

1/2 = 𝑎𝑢1 +𝐵(𝑎1, 𝑢)
−1 𝑎1/2

since 𝑢𝑎1 ∈ 𝑍1 and hence 𝑎
(𝑢𝑎1)
1/2 = 𝑎1/2 by Lemma 5.2. It follows that

𝑔−𝑢(𝑎) = −𝑢+𝐵(𝑢, 𝑢)1/2 𝑎𝑢 = −𝑢+𝐵(𝑢, 𝑢)1/2 𝑎𝑢1 +𝐵(𝑢, 𝑢)1/2 𝐵(𝑎1, 𝑢)−1 𝑎1/2.
Since 𝑎 ∈ 𝐷, we have 𝑔−𝑢(𝑎) ∈ 𝐷.

Therefore the Peirce 1
2 -component 𝐵(𝑢, 𝑢)

1/2 𝐵(𝑎1, 𝑢)
−1 𝑎1/2 ∈ 𝐷1/2. □

Let 𝑃1 : 𝑍 → 𝑍1 denote the Peirce 1-projection.

Lemma 5.4. For 𝑢 ∈ 𝑍1 and 𝑣 ∈ 𝑍1/2, we have 𝑃1 𝐵(𝑣, 𝑢) = 𝑃1.
Proof. Using Lemma 5.1 and 𝐵(𝑣, 𝑢) = 𝐵(𝑢, 𝑣)∗ we write

𝑃1𝐵(𝑣, 𝑢) =

(
𝐼1 0
0 0

)(
𝐼1 0

−2𝑣□ 𝑢∗ 𝐼1/2

)
=

(
𝐼1 0
0 0

)
= 𝑃1.

Here 𝐼𝜈 is the identity map on 𝑍𝜈 . □

Lemma 5.5. Let s = (𝑠, . . . , 𝑠) and 𝑤 = 𝑤1 + 𝑤1/2 ∈ 𝐷 with 𝑤𝜈 ∈ 𝑍𝜈 . Then

𝐾s
𝑒 (𝐵(𝑤,𝑤) 𝑒) =

𝑑s
(𝑑/𝑟)s

ℎ(𝑤,𝑤)𝑠 ℎ(𝑤1, 𝑤1)
𝑠. (5.11)

Proof. Let 𝑁 be the Jordan algebra determinant of 𝑍1, normalized by 𝑁(𝑒) = 1.
Then

𝐾s
𝑒 (𝑧) = 𝐾

s(𝑒, 𝑒)𝑁(𝑃1𝑧)
𝑠 =

𝑑s
(𝑑/𝑟)s

𝑁(𝑃1𝑧)
𝑠.

Writing 𝑤 = 𝑢 + 𝐵(𝑢, 𝑢)1/2 𝑣 with 𝑢 ∈ 𝐷1 and 𝑣 ∈ 𝐷1/2, Proposition 5.1 and
Lemma 5.4 imply

𝑃1 𝐵(𝑤,𝑤) 𝑒 = 𝑃1𝐵(𝑢, 𝑢)
1/2𝐵(𝑣, 𝑢) 𝐵(𝑣, 𝑣)𝐵(𝑢, 𝑣)𝐵(𝑢, 𝑢)1/2 𝑒

= 𝑃1𝐵(𝑢, 𝑢)
1/2 𝑃1𝐵(𝑣, 𝑢)𝐵(𝑣, 𝑣)𝐵(𝑢, 𝑣) 𝑃1 𝐵(𝑢, 𝑢)

1/2 𝑒

= 𝑃1𝐵(𝑢, 𝑢)
1/2 𝑃1𝐵(𝑣, 𝑣) 𝑃1𝐵(𝑢, 𝑢)

1/2 𝑒 = 𝐵(𝑢, 𝑢)1/2 𝐵(𝑣, 𝑣) 𝐵(𝑢, 𝑢)1/2 𝑒.

The invertible transformations 𝑃1𝐵(𝑢, 𝑢)
1/2 𝑃1 and 𝑃1𝐵(𝑣, 𝑣)𝑃1 on 𝑍1 belong to

the “structure group” 𝐾ℂ
1 of 𝑍1, and 𝑁 has the semi-invariance property

𝑁(𝛾𝑧) = 𝑁(𝛾𝑒)𝑁(𝑧) = (Det 𝛾)𝑟/𝑑1 𝑁(𝑧)

for all 𝛾 ∈ 𝐾ℂ
1 and 𝑧 ∈ 𝑍1.
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It follows that

𝑁(𝑃1𝐵(𝑤,𝑤) 𝑒) = 𝑁((𝑃1𝐵(𝑢, 𝑢)
1/2 𝑃1) (𝑃1𝐵(𝑣, 𝑣)𝑃1) (𝑃1𝐵(𝑢, 𝑢)

1/2) 𝑒)

= 𝑁(𝐵(𝑢, 𝑢)1/2 𝑒)2 𝑁(𝐵(𝑣, 𝑣) 𝑒) = ℎ(𝑢, 𝑢)2 ℎ(𝑣, 𝑣).

Since ℎ(𝑤,𝑤) = ℎ(𝑢, 𝑢) ℎ(𝑣, 𝑣) by (5.5), the assertion follows. □
Let 𝑑1, 𝑟1, 𝑎1, 𝑝1 and 𝑑1/2, 𝑟1/2, 𝑎1/2, 𝑝1/2 denote the respective invariants for

the (irreducible) Jordan triples 𝑍1 and 𝑍1/2.

Theorem 5.1. The integral defining 𝑐−1𝜈,s is finite (i.e., 𝑐𝜈,s > 0) if and only if
𝑠+ 𝜈 > 𝑝− 1. In this case we have

𝑐𝜈,s =
ΓΩ(2𝑠+ 𝜈) ΓΩ1/2

(𝑠+ 𝜈 − 𝑝+ 𝑝1/2)
𝜋𝑑 ΓΩ (2𝑠+ 𝜈 − 𝑑1

𝑟 ) ΓΩ1/2
(𝑠+ 𝜈 − 𝑝+ 𝑝1/2 − 𝑑1/2

𝑟1/2
)
.

Proof. Combining (5.11), (5.5) and (5.7) we see that

𝑐−1𝜈,s =
∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝑠+𝜈−𝑝 ℎ(𝑤1, 𝑤1)𝑠 =
∫
𝐷1

𝑑𝑢 ℎ(𝑢, 𝑢)2𝑠+𝜈+𝑏−𝑝
∫

𝐷1/2

𝑑𝑣 ℎ(𝑣, 𝑣)𝑠+𝜈−𝑝.

Since 𝑝− 𝑏 = 𝑝1 (the genus of 𝑍1), we have∫
𝐷1

𝑑𝑢 ℎ(𝑢, 𝑢)2𝑠+𝜈+𝑏−𝑝 = 𝜋𝑑1 ΓΩ (2𝑠+ 𝜈 − 𝑑1
𝑟
)/ΓΩ(2𝑠+ 𝜈)

which is finite if and only if 2𝑠+ 𝜈 > (𝑟 − 1) 𝑎+ 1 = 𝑝1 − 1. Also,∫
𝐷1/2

𝑑𝑣 ℎ(𝑣, 𝑣)𝑠+𝜈−𝑝 = 𝜋𝑑1/2 ΓΩ1/2

(
𝑠+ 𝜈−𝑝+𝑝1/2−

𝑑1/2

𝑟1/2

)
/ΓΩ1/2

(𝑠+ 𝜈−𝑝+𝑝1/2)

which is finite if and only if

𝑠+ 𝜈 − 𝑝+ 𝑝1/2 −
𝑑1/2

𝑟1/2
> (𝑟1/2 − 1)

𝑎1/2

2
.

Since 𝑝1/2 − 𝑑1/2

𝑟1/2
= (𝑟1/2 − 1)

𝑎1/2

2 + 1, this is equivalent to 𝑠+ 𝜈 > 𝑝− 1. □

Proposition 5.4. Let 𝑎 ∈ 𝐷 and 𝜁 ∈ 𝑍. Then
1

𝑐𝛽+𝜈/2
∥𝑆𝜈+𝛽𝜈 (𝐾m

𝜁 )𝑎∥ℒ1
𝛽+𝜈/2

=

∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝 ∣ℎ(𝑧, 𝑎)−𝛽∣ ⋅𝐾m
𝜁 (𝐵(𝑧, 𝑧) 𝜁)1/2

=

∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝 ⋅ ∣ℎ(𝑧, 𝑎)−𝛽∣ ⋅ ∥𝐾m
𝜁 ∘𝐵(𝑧, 𝑧)1/2∥ℱ (5.12)

Proof. Proposition 4.3 and (4.8) imply

(𝑆𝜈+𝛽𝜈 (𝐾m
𝜁 )𝑎)𝑧 ∘𝐵(𝑧, 𝑧)1/2 = ℎ(𝑧, 𝑎)−𝛽 (𝐾m

𝜁 )𝑎𝑧 ∘𝐵(𝑧, 𝑧)1/2
= ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑧, 𝑎)−(𝛽+𝜈) 𝐾m

𝜁 ∘𝐵(𝑎, 𝑎)1/2 𝐵(𝑧, 𝑎)−1𝐵(𝑧, 𝑧)1/2.
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Since

⟨𝐾m
𝜁 ∘𝐵(𝑎, 𝑎)1/2𝐵(𝑧, 𝑎)−1𝐵(𝑧, 𝑧)1/2⟩2ℱ
= 𝐾m

𝜁 (𝑔′−𝑎(𝑧)𝐵(𝑧, 𝑧) 𝑔
′
−𝑎(𝑧)

∗𝜁) = 𝐾m
𝜁 (𝐵(𝑔−1𝑎 (𝑧), 𝑔−1𝑎 (𝑧))𝜁),

it follows that

∥(𝑆𝜈+𝛽𝜈 (𝐾m
𝜁 )𝑎)𝑧 ∘𝐵(𝑧, 𝑧)1/2∥ℱ

= ℎ(𝑎, 𝑎)𝜈/2
∣∣ℎ(𝑧, 𝑎)−(𝛽+𝜈)∣∣𝐾m

𝜁 (𝐵(𝑔−1𝑎 (𝑧), 𝑔−1𝑎 (𝑧)) 𝜁)1/2.

Applying Lemma 4.1 to 𝑥 = 𝑦 = 0 yields

1

𝑐𝛽+𝜈/2
∥𝑆𝜈+𝛽𝜈 (𝐾m

𝜁 )𝑎∥ℒ1
𝛽+𝜈/2

=

∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝 ∥(𝑆𝜈+𝛽𝜈 (𝐾m
𝜁 )𝑎)𝑧 ∘𝐵(𝑧, 𝑧)1/2∥ℱ

= ℎ(𝑎, 𝑎)𝜈/2
∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝 ⋅ ∣∣ℎ(𝑧, 𝑎)−(𝛽+𝜈)∣∣
⋅𝐾m

𝜁 (𝐵(𝑔−1𝑎 (𝑧), 𝑔−1𝑎 (𝑧)) 𝜁)1/2

= ℎ(𝑎, 𝑎)𝜈/2 ℎ(𝑎, 𝑎)−𝜈/2

⋅
∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝 ℎ(𝑧, 𝑎)−𝛽/2 ℎ(𝑎, 𝑧)−𝛽/2 𝐾m
𝜁 (𝐵(𝑧, 𝑧) 𝜁)1/2

=

∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝
∣∣ℎ(𝑧, 𝑎)−𝛽∣∣𝐾m

𝜁 (𝐵(𝑧, 𝑧) 𝜁)1/2

=

∫
𝐷

𝑑𝑧 ℎ(𝑧, 𝑧)𝛽+𝜈/2−𝑝
∣∣ℎ(𝑧, 𝑎)−𝛽∣∣ ⋅ ∥𝐾m

𝜁 ∘𝐵(𝑧, 𝑧)1/2∥ℱ . □

Our main result in this section is

Theorem 5.2. Let 𝑠 ∈ ℕ and 𝜈 satisfy

𝑠+
𝜈

2
>
𝑎

2
(𝑟 − 1)

and
𝜈 + 𝑠

2
>
𝑎1/2

2
(𝑟1/2 − 1) + 𝑝− 𝑝1/2.

Let 𝛽 ∈ ℝ satisfy 𝛽 + 𝜈+𝑠
2 > 𝑝− 1. Then we have for Φ ∈ 𝒪(𝐷,𝒫s)

Φ ∈𝔐𝜈,s ⇐⇒ 𝑆𝜈+𝛽𝜈 Φ ∈ ℒ1𝛽+𝜈/2.
Proof. Let 𝑝1/2 be the genus of 𝑍1/2, and put

𝛼 = 𝛽 +
𝜈 + 𝑠

2
+ 𝑝1/2 − 𝑝.

Then

𝛽 − 𝛼 = 𝑝− 𝑝1/2 − 𝜈 + 𝑠
2

< −𝑎1/2
2

(𝑟1/2 − 1)
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by assumption. This implies

𝐶(1/2) := sup
𝑦∈𝐷1/2

2𝐹
(1/2)
1

(
𝛽/2 𝛽/2

𝛼

)
(𝑦, 𝑦) < +∞.

By Lemma 5.3, 𝐵(𝑢, 𝑢)1/2𝐵(𝑎1, 𝑢)
−1 𝑎1/2 ∈ 𝐷1/2 and hence

2𝐹
(1/2)
1

(
𝛽/2 𝛽/2

𝛼

)
(𝐵(𝑢, 𝑢)1/2 𝐵(𝑎1, 𝑢)

−1 𝑎1/2, 𝐵(𝑢, 𝑢)1/2 𝐵(𝑎1, 𝑢)−1 𝑎1/2)

≤ 𝐶(1/2)

for all 𝑢 ∈ 𝐷1 and 𝑎 = 𝑎1+𝑎1/2 ∈ 𝐷. Now consider Φ = 𝐴𝑔𝑎 = (𝐾s
𝑒)

𝑎. Specializing
Proposition 5.4 to the constant partition s = (𝑠, . . . , 𝑠) and making the change of
variables 𝑤 = 𝑢 + 𝐵(𝑢, 𝑢)1/2 𝑣 as in (5.7), we obtain with Proposition 5.3 and
Lemma 5.5.

1

𝑐𝛽+𝜈/2

(𝑑/𝑟)
1/2
s

𝑑
1/2
s

∥𝑆𝜈+𝛽𝜈 Φ∥ℒ1
𝛽+𝜈/2

=
(𝑑/𝑟)

1/2
s

𝑑
1/2
s

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝛽+𝜈/2−𝑝
∣∣ℎ(𝑤, 𝑎)−𝛽∣∣𝐾s

𝑒 (𝐵(𝑤,𝑤) 𝑒)
1/2

=

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝛽+𝜈/2−𝑝
∣∣ℎ(𝑤, 𝑎)−𝛽∣∣ ℎ(𝑤,𝑤)𝑠/2 ℎ(𝑤1, 𝑤1)𝑠/2

=

∫
𝐷

𝑑𝑤 ℎ(𝑤,𝑤)𝛽+
𝜈+𝑠
2 −𝑝 ℎ(𝑤1, 𝑤1)𝑠/2

∣∣ℎ(𝑤, 𝑎)−𝛽 ∣∣
=

∫
𝐷1

𝑑𝑢 ℎ(𝑢, 𝑢)𝛽+
𝜈
2+𝑠+𝑏−𝑝

∣∣ℎ(𝑢, 𝑎1)−𝛽∣∣
⋅
∫
𝐷1/2

𝑑𝑣 ℎ(𝑣, 𝑣)𝛽+
𝜈+𝑠
2 −𝑝 ∣∣ℎ(𝑣,𝐵(𝑢, 𝑢)1/2𝐵(𝑎1, 𝑢)−1 𝑎1/2)−𝛽∣∣

=
1

𝑐
(1/2)
𝛼

∫
𝐷1

𝑑𝑢 ℎ(𝑢, 𝑢)𝛽+𝑠+𝜈/2−𝑝1
∣∣ℎ(𝑢, 𝑎1)−𝛽∣∣ 2𝐹 (1/2)

1

(
𝛽/2 𝛽/2

𝛼

)
⋅ (𝐵(𝑢, 𝑢)1/2 𝐵(𝑎1, 𝑢)−1 𝑎1/2, 𝐵(𝑢, 𝑢)1/2 𝐵(𝑎1, 𝑢)−1 𝑎1/2)

≤ 𝐶(1/2)

𝑐
(1/2)
𝛼

∫
𝐷1

𝑑𝑢 ℎ(𝑢, 𝑢)𝛽+𝑠+𝜈/2−𝑝1 ⋅ ∣∣ℎ(𝑢, 𝑎1)−𝛽∣∣
=

𝐶(1/2)

𝑐
(1)
𝛽+𝑠+𝜈/2 𝑐

(1/2)
𝛼

2𝐹
(1)
1

(
𝛽/2 𝛽/2

𝛽 + 𝑠+ 𝜈/2

)
(𝑎1, 𝑎1)

≤ 𝐶(1/2) ⋅ 𝐶(1)

𝑐
(1)
𝛽+𝑠+𝜈/2 𝑐

(1/2)
𝛼

,

where

𝐶(1) := sup
𝑎1∈𝐷1

2𝐹
(1)
1

(
𝛽/2 𝛽/2

𝛽 + 𝑠+ 𝜈/2

)
(𝑎1, 𝑎1) < +∞
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since our assumption on the parameters implies

𝛽

2
+
𝛽

2
− (𝛽 +

𝜈

2
+ 𝑠) = −𝑠− 𝜈

2
< −(𝑟 − 1)

𝑎

2
.

Every Φ ∈𝔐𝜈,m has a representation

Φ =

∫
𝐺

𝑑𝜇(𝑔) 𝐴𝑔

for a finite complex measure 𝜇 on 𝐺. Then

𝑆𝜈+𝛽𝜈 Φ =

∫
𝐺

𝑑𝜇(𝑔) 𝑆𝜈+𝛽𝜈 𝐴𝑔

and the previous calculation shows

∥𝑆𝜈+𝛽𝜈 Φ∥ℒ1
𝛽+𝜈/2

≤ ∥𝜇∥ ⋅ sup
𝑔∈𝐺

∥𝑆𝜈+𝛽𝜈 𝐴𝑔∥ℒ1
𝛽+𝜈/2

≤ 𝑑
1/2
s

(𝑑/𝑟)
1/2
s

𝑐𝛽+𝜈/2

𝑐
(1)
𝛽+𝑠+𝜈/2 𝑐

(1/2)
𝛼

𝐶(1/2) 𝐶(1) ⋅ ∥𝜇∥.

It follows that 𝑆𝜈+𝛽𝜈 Φ ∈ ℒ1𝛽+𝜈/2, as asserted. Thus we obtain the implication

Φ ∈𝔐𝜈,s =⇒ 𝑆𝜈+𝛽𝜈 Φ ∈ ℒ1𝛽+𝜈/2.
The converse implication follows from Theorem 4.2, applied to the partition s =
(𝑠, . . . , 𝑠). □
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