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Abstract. Given a polarized Kéhler manifold (X, L). The space H of Kéahler
metrics in 271 (L) is an infinite-dimensional Riemannian symmetric space.
As a metric space, it has non-positive curvature. There is associated to H a
sequence of finite-dimensional symmetric spaces By (k € N) of non-compact
type. We prove that H is the limit of By as metric spaces in certain sense. As
applications, this provides more geometric proofs of certain known geometric
properties of the space H.
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1. Introduction

Let (X, w, J) be an n-dimensional compact Kéahler manifold. By [9] this gives rise to
two infinite-dimensional symmetric spaces: the Hamiltonian diffeomorphism group
Ham(X,w) and the space H of smooth Kéhler potentials under the natural (Weil-
Petersson type) L? metric. The relation between these two spaces is analogous
to that between a finite-dimensional compact group G and its noncompact dual
G®/G, where GC is a complexification of G. As in the finite-dimensional case, at
least formally, Ham (X, w) has non-negative sectional curvature, while H has non-
positive sectional curvature. It is proved by E. Calabi and the first author in [2]
that H is non-positively curved in the sense of Alexandrov. On the other hand,
it is well known in the literature of geometric quantization that # is the limit of
a sequence of finite-dimensional symmetric spaces By (k € N) when X is (Kéhler)
polarized. Indeed, the polarization is given by an ample line bundle L over X, and
we consider the space H°(X, L*) of holomorphic sections of L* for large enough k.
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Here k= plays the role of Planck constant 7, while & — oo should correspond to
the process of taking the classical limit. Denote by N}, the dimension of H°(X, L*).
By the Riemann-Roch theorem this is a polynomial in k£ of degree n for sufficiently
large k. Then By, is by definition the space of positive definite Hermitian forms on
H°(X, LF). It could also be viewed as the symmetric space G L(Ny; C)/U(N). The
spaces By, are related to H through two naturally defined maps: Hilby : H — By
and F'Sy, : By, — H. (The precise definition of these maps will be given in the next
section.) In [24], G. Tian proved that given any ¢ € H, F'S o Hilbg(¢) — ¢ in
C* topology. Using Tian’s peak section method and canonical coordinates, W.-D.
Ruan proved the C'*° convergence in [20]. S. Zelditch ([26]) beautifully generalized
Tian’s theorem and derived C'* convergence from the asymptotic expansion of the
Bergman kernel. If we denote by Hj the image of F'Sy o Hilbg, then these results
tell us that
H=J M

keN
where the closure is taken in C'* topology.

n [10], S.K. Donaldson suggests that the geometry of By should also con-
verge to that of H. In particular, the geodesics in ‘H should be approximated by
geodesics in Hy. In [3], the first author proved the existence of C'!+! geodesics and
it subsequently lead to many interesting applications in Kahler geometry (see [7],
[4] for further references). The limitation of C'1'! regularities is purely technical.
In a very interesting paper([18]), Phong-Sturm proved that the C!:! geodesics in
H are the weak C© limits of Bergman geodesics, assuming the existence of C'+!
geodesics. It would provide a canonical smooth approximation of C*! geodesics if
one could show the convergence is in C! topology. More evidence comes from a se-
ries of beautiful works by S. Zeltdich and his collaborators, see Song-Zelditch (][23]),
Rubinstein-Zelditch ([22]). They proved that on toric varieties both geodesics and
harmonic maps in H (automatically smooth) are C? limits of corresponding ob-
jects in Hy. Recently, J. Fine ([14]) proved a remarkable result that the Calabi
flow in H could be approximated by balancing flows in Bj. In this paper, we shall
prove the following convergence of geodesic distance:

Theorem 1.1. Given any ¢o, p1 € H, we have
Jlim k=" d, (Hilby (¢b), Hilby (¢1)) = day (0, b1)-

Remark 1.2. Tt is easy to identify the scaling factor by simply taking ¢1 = ¢g +
¢, then d(¢o,#1) = ¢, while d(Hilbg (o), Hilbk(¢1)) = ¢ - kyv/Ni. This scaling
also indicates that the limit can not have bounded curvature, which can also be
speculated from the expression of the infinitesimal curvature of H:

_LH{en, ¢2}sll7e .
4 |p1ll7z2llp2ll7

Remark 1.3. This theorem indicates that the L? metric defined in [9] is in a sense
canonical. We notice that there are also natural affine structures on both H and B,

Ry(¢1,02) =
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given by embedding them as convex subsets of the affine spaces C°°(X) and the
space of all Hermitian forms on H°(X, L¥) respectively. It would be interesting to
see whether the affine structures on H and B; have nice relations with each other
as the above metric geometric structures do.

From the proof it follows that the convergence is uniform if both potentials
vary in a C' compact neighborhood for large I. So an easy corollary is the conver-
gence of angles:

Corollary 1.4. Given three points ¢; (i = 1,2,3) in H, let Hy; = Hilbg(¢1). Then
kli_glo ZHp 1 HpoHy 3 = Zp10203.

This corollary leads to that H is non-positively curved in the sense of Alexan-
drov, as was originally proved in [2].

Theorem 1.1 together with Theorem 5 in [14] imply the following corollary,
because the downward gradient flow of a geodesically convex function on a finite-
dimensional manifold is distance decreasing:

Corollary 1.5 (Calabi-Chen [2], [4]). Calabi flow in H decreases geodesic distance.

The “quantization” approach, namely using the approximation by By to han-
dle problems about the Kahler geometry of (X, w, J), turns out to be quite powerful
and intriguing. It was shown in [9] that the existence and uniqueness problems in
Kéhler geometry are related to the geometry of H. More precisely, the uniqueness
of extremal metrics is implied by the existence of smooth geodesics connecting
any two points in H, and the non-existence is conjectured to be equivalent to the
existence of a geodesic ray in H where the K-energy is strictly decreasing near
infinity. The technical problem comes from the lack of regularity of geodesics in
H. There are two ways at present to circumvent this problem. The first way is to
study the geodesic equation directly. One can use the continuity method, as in [3].
In [3], the first author constructed a continuous family of e-approximate geodesics
converging in weak C1'! topology to a C! geodesic. This gives the proof of the
uniqueness of extremal metrics when ¢1(X) < 0 and the other conjecture of Don-
aldson that H is a metric space. In [7] a new partial regularity was derived from
studying the complex Monge-Ampere equation associated to the geodesic equa-
tion. Solutions with such regularity already have fruitful applications. The second
way is to exploit the approximation of ‘H by By. This requires a polarization. The
essential thing is to quantize the whole problem. Many problems have been settled
using either of the two approaches: the uniqueness of cscK metrics ([7], [9]), the
lower bound of Mabuchi energy assuming the existence of cscK metrics( [7], [12]),
the lower bound of Calabi energy ([5], [13]), etc.

Due to [12], the Mabuchi functional (K-energy) E has a nice quantization
defined on By, which we denote by Zj,. More precisely, up to a constant, given any
¢ € H, we have Z,(Hilbg(¢)) — E(¢). It is well known that E is convex along
smooth geodesics in H, but it is not known that E is convex along C'*! geodesics,
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although it is well defined (cf. [6]). One good thing is that Zj is convex on a finite-
dimensional space By, which is geodesically complete. This makes it possible to
derive some weak convexity of E, such as an alternative proof of two inequalities
of the first author. Namely

Corollary 1.6 ([4]). For any ¢o, 1 € H, let ¢(t)(t € [0,1]) be the C11 geodesic
connecting them. Then

Corollary 1.7 ([4]). For any ¢o,¢1 € H, we have

E(¢1) — E(¢o) < d(¢o, ¢1) - v/Cal¢r).

Both corollaries are useful in the study of Kéhler geometry by the space of
Kéhler metrics. By Theorem 3.1 in [2], Corollary 1.6 immediately gives Corollary
1.5. Using these corollaries, the first author proved the sharp lower bound of the
Calabi energy in any given Kéahler class. The original proof of these two corollaries
depends heavily on the delicate regularity results of Chen-Tian [7]. Our proof in
the algebraic case is more geometric and substantially simpler.

Organization

In Section 2 we briefly recall the geometry of the space of Kéhler metrics and the
associated finite-dimensional spaces Bj. In Section 3 we prove the convergence of
geodesic distance, using the existence of C1:! geodesics in H, the non-positivity of
curvature of By, and the convergence of infinitesimal geometry. In Section 4 the
weak convexity of K-energy is discussed and we prove Corollary 1.6 and Corollary
1.7. The idea is that the K-energy could be approximated by convex functions Zj
on By, while the norm of the gradient of Z; approximates the norm of gradient
of K-energy, which is the Calabi functional. So Corollary 1.7 follows. To prove
Corollary 1.6, we need to estimate the difference between the initial direction of
an “almost” geodesic vy (i.e., |¥] is small) in By and that of the genuine geodesic
connecting the two end points v(0) and ~(1). This is done in Lemma 4.5. In the
last section, we discuss some further problems.

2. Preliminaries

Let (X,w,J) be a Kihler manifold. Here we always assume it is polarized, i.e.,
there is a holomorphic line bundle L whose first Chern class is [w]/27. Fix the
base metric w and define the space of Kéahler potentials as

H={pcC®M)|w+/—1004 > 0}.

‘H can also be identified with the space of Hermitian metrics on L with positive
curvature form. In the following we will not distinguish between these two mean-
ings. We write wy, to denote v/—1 times the curvature of A for a Hermitian metric
h, and w = wp,. Thus,

W 1= We—opy =W+ V—180¢.
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Denote
Wh
2m)"n!’

There is a Weil-Petersson type metric defined on H by

(516, 5265 = /X 5100201,

for any 619, d2¢ € Ty = C*°(X). Due to [9], H is formally an infinite-dimensional
symmetric space, and the sectional curvature of the Levi-Civita connection is
given by:

dpn = dpg = (

Ro(016,626) = = | {016, 626}

It was confirmed in [2] that H satisfies the triangle comparison theorem of a
non-positive Alexandrov space, by using so-called e-approximate geodesics. The
geodesic equation in H is

¢ —|Vgol3 =0, (1)
where we have used the notation of complex gradient. The following theorem is
proved in [3] by the first author:

Lemma 2.1 (Geodesic Approximation Lemma). Given any ¢o,d1 € H, there is a
positive number €y, and a one-parameter smooth family of smooth curves ¢e(-) :
[0,1] = H (e € (0,€0]), such that the following holds:

(1) For anye € (0,¢q], de is an e-approximate geodesic, i.e., it solves the following
equation:
(e — Vo), = €-w",
and ¢e(0) = ¢07 ¢e(1) = ¢1-
(2) There exists a C' > 0, such that for all € € (0,1] and ¢t € [0, 1], we have

[0c(D)] +10e(D)] < C,
and
|6e(t)] < C.
(3) ¢e() converges to the unique C*' geodesic connecting ¢o and ¢y in the weak
CY! topology when € — 0.

(4) We have uniform estimates when ¢o and ¢1 varies in a C* compact set for
some large k.

The space ‘H has a global flat direction given by addition of a constant. The
de Rham decomposition theorem turns out to be true in this case. There is a
functional I giving the isometric decomposition

H=HoDPR.

I is only defined up to an addition of a constant, and its derivative is given by:

51 = / Sy
X
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So I is linear along C'*! geodesics in H. Hg is then an arbitrary level set of I,
and it can also be regarded as the space of Kéhler metrics cohomologous to w. An
interesting thing to notice is that H is embedded as a convex subset into an affine
linear space C°°(M). It is easy to show that I is indeed convex along any linear
path in H.

There is a well-known K-energy functional E on H, defined up to an additive
constant, with its variation given by:

5E = — /X(s — S)5dpusy. (2)

Here ¢ is the infinitesimal variation of ¢, and S is the scalar curvature of wyg.
From the point of view of [8], this is a natural convex functional associated to a
moment map of a Hamiltonian action (for infinite-dimensional manifold). Indeed,
by a straightforward calculation, if ¢(t) is a smooth geodesic in H, then
2
42 E00) = [ 1DdPdus >0,
X

where D is the Lichnerowicz-Laplacian operator. By studying the explicit expres-
sion of E, it is shown in [6] that E is well defined for C*! Kihler potentials, but
it is not obvious from the definition that E is convex along C1'! geodesics.

There is a sequence of finite-dimensional symmetric spaces By consisting of
all positive definite Hermitian forms on H°(X, L¥). This can be identified with
GL(Ny;C)/U(Ny) by choosing a base point in By, where N = dim H°(X, L¥).
We shall review some basic facts about these symmetric spaces. U(N) is a compact
Lie group and admits a natural bi-invariant Riemannian metric given by

(Al, AQ)A = —TT(AlA_l . AQA_1)7
for any Ay, Ay € TAU(N). The sectional curvature is given by:
1
R(A1, Az) = 4||[A17A2}AH2~

The geodesic equation is ) _ _

A=AATTA.
It is then clear that the geodesics all come from one parameter subgroups given by
the usual exponential map. Now the non-compact dual of U(N) is GL(N;C)/U(N)

— the space of positive definite N x N Hermitian matrices. We can explicitly write
down the metric on it. For any Hy, Hy € Ty (GL(N;C)/U(N)), define

(Hy,Ho)y = Tr(H H™' - HoH™Y).

Then the sectional curvature becomes non-positive:

R(Hy, Hy) = — I

A path H(t) is a geodesic if it satisfies the following equation:
i BHE 3)

Hy, Holu .
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This looks very similar to equation (1), except that it is a nonlinear ODE instead
of a nonlinear PDE. In our setting, we get a sequence of equations (3) depending
on k. For this reason, we may say that this sequence of equations “quantizing”
equation (1). It is easy to see that all the geodesics in this space are of the form

1

H(t) = H(0)* exp(tA)H(0)*,
for some initial point H(0) and initial tangent vector A.

Similar to the infinite-dimensional case, By also admits an isometric splitting
given by the function I = logdet, defined up to an additive constant. It is easy
to see that Iy is linear along geodesics in By and convex along a linear path when
we regard By as a convex subset of the affine linear space of all N x Nj complex
matrices. The splitting corresponds to the following isometry:

GL(N;C)/U(N) ~ SL(N;C)/SU(N) x R.
We will see in Section 4 that I indeed “quantizes” the I functional.

To “quantize” functionals on H, there are two natural maps relating H and
By, where we have adopted the notation of [12]:

Hilbg : H — Bk;
FSy: B — H.

Explicitly, given h € H, and s € H°(X, L*), we define

15 = /X 1s[2.djan.

For H € By, pick an orthonormal basis {s} of H°(X, L*) with respect to H.
Define

1 2
FSp(H) = | log» |alhes
where hg is the base metric in H. In particular, we have

Z ‘Sa‘i—k-Fsk(H)ho =1
[e3

Notice that wgg, gy coincides with the pull-back of the Fubini-Study metric on
CPNe=1 under the projective embedding induced by {s, }, while F'Sy,(H) coincides
with the induced metric on the pull-back of O(1). Let Hy be the image of FS,
then the well-known Tian-Yau-Zelditch theorem says that

UHr =%
k

To be more precise, for any ¢ € H, and k > 0, we choose an orthonormal basis {s, }
of HO(X, L*) with respect to Hilbg(¢), and define the density of state function:

pr(p) = Z|5a\ik-

Then we have the following C*° expansion:
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Lemma 2.2 ([26], [15]).
pr(9) = K"+ AL(@)k" T + Aa ()K" 4 (4)

with Aq(¢) = %S(gb), where S denotes the scalar curvature. Moreover, the expan-
sion is uniform in that for any | and R € N,

pr(0) = Y A" < Crak" R,
J<R c

where Cr,; only depends on R and l.

Remark 2.3. Later we will need a generalization of the previous expansion theorem.
We want to differentiate the expansion of the density of state function several times
along a smooth path ¢(t) in H, and still to get a uniform expansion. This could
be done following the arguments of Z. Lu and G. Tian, see [16].

Now if we let ¢, = F'Sy, o Hilbg(¢), then

on 0= logpu(6) 0,

as k — oo.
To quantize the K-energy, following [12], we define
Ly, = I o Hilby, +kd’“1,
\%
and
kdy,
Zy = v ToFSy+ I, + di(logV —log dy),

where dj, = dim H°(X, L¥), and V' = Vol,(X). Notice that the definition of
both functionals requires choices of base points in both H and Bj. From now

on, we always fix the same base points for defining these two functionals. By a
straightforward calculation,

0Lk = /[Apk — kprlpdddpe,

where we define for any function f, [f]y := f — |, [ fdue = f — f. From (4), we
see that

1
[Apr = kprls = — K"(S = 5).
Thus, there are constants cg, such that

2
kn£k+ck — F,

where the convergence is uniform on C!(I > 1) bounded subsets in H. From now
on, we will denote the left-hand side by Ly, and Zy + ¢ by Z.

In [12] the following relation between L and Zj was shown:

Li(FSp(H)) — Zr(H) = log det(Hilbg o F'Si(H)) — log det H — dy; log c‘l/ <05
k
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and

kdy,
|4

Thus, given any ¢ € H, we have
Ly(¢r) = Lx(F Sk o Hilbg(¢)) < Zk(Hilbk(4)) < Li(¢).

Since ¢y, converges to ¢ smoothly, and L converges to E uniformly on C!'(I > 1)
bounded subsets in H, we immediately obtain:

Z(Hilb(0)) — Li(6) =~ (1(F Sy o Hilby(6)) — 1(6)) + dy log ;; <.

Lemma 2.4. Z; quantizes E in the sense that given any ¢ € H, we have as k — oo,
Zr(Hilby () — E,
and the convergence is uniform in C'(1 > 1) bounded subsets of H.

In Section 3 we will investigate more about the relation between Z; and E.

The following is proved essentially in [12]:

Lemma 2.5 ([12]). Ly is convex on H, and Zj is conver on B.

3. Convergence of geodesic distance

In this section we shall prove Theorem 1.1. The following lemma about the deriv-
ative of Hilb, and F'Sy follows from a simple calculation:

Lemma 3.1. For ¢ € H, and 6¢ € TyH, we have for any s1,se € HY(X, L*), that

dy Hilby(36)(s1, 2) = / (51, 52) (—k0 + ASD)dps. (5)

For H € By, and §H € TyBy, we have

dy FSk 6H k? Z(SH Siy S S]> )FSk(H)7 (6)

where {s;} is an orthonormal basis of H.
The following theorem proves the convergence of infinitesimal geometry.

Theorem 3.2. Given a smooth path ¢(t) € H(t € [0,1]), after normalization, the
length of the induced path Hy(t) = Hilbk(4(t)) converges to that of ¢(t) as k — oo,
where the corresponding metrics on H and By, are used. More precisely,

i £ = (617 = [ dPdp
— 00 b'e

for any t € [0,1].
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Proof. W.L.O.G, assume t = 0. Let {s;(¢)} be an orthonormal basis of H(t) =
Hilbg (¢(t)). Then by Lemma 3.1,

Hij = H(si(t),sj () = / (si,sj)(—k:qi} + Agi))d;%,

X

where for convenience we drop the subscript k£ of Hy. Diagonalize it at ¢ = 0, we
get

11y = 6y [ Isib—ké + Ad)dn.
Now let ¢ (t) = FSk(Hy(t)), then
1 .
Therefore,
1H|* = | HiH '

— / G(—kd + Ad)pr(d)dpus
X

By Lemma 2.2, we know

1
pr(®) = K" + S k" 7+ O(k"™?),

o 1 op(e) _ S 1
¢k—¢—k~pk(¢)_2k2+o<k3).

e = ([ Faneo()) 0

Remark 3.3. Actually we have proved that for any smooth 1, and {s;} an or-
thonormal basis of Hy,
/ V2 dpg.

Indeed, the convergence is uniform for ¢ varying in a C' compact set. So the
following holds:

and

Hence,

lim
k—o0

| (sivsi)o(—k + A) dug|

lim k="

k—o0

[ ) o] = [ vPdu. (7)

4,3

Now we can prove one side inequality of Theorem 1.1.
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Corollary 3.4. Given two metrics ¢1,¢2 € H, and denote
Hy; = Hilbg(¢:), i=1,2,

then we have
limsup k™2 " 'dp, (Hg1, Hr2) < da(¢1, $2).

k—oc0

Proof. From Lemma 2.1, we know that for any € > 0, there exists a smooth e-
approximate geodesic ¢(t)(t € [0,1]) in H connecting ¢; and ¢o such that the
length

Lu((1)) < du(61,62) + .

For this path and k sufficiently large, by Theorem 3.2,

K5 L, (Hilbe(6(1)) < Lu(@(0) + |

Then
k™% Ydp, (Hy,1, Hy2) < k™27 Ly, (Hilbr(4(1))) < du (61, 62) + e O
To prove the reversed inequality, we need the following lemma.

Lemma 3.5. Given a smooth path ¢(t) € H(t € [0,1]), then
: —n—2 T2 oL A2 12

i b g 2 = 9007 = [ 1950,
for any t € 0,1].
Proof. First notice that

Vb =6 VI,

and J
it (H'H)H =H - HH'H,
where again we drop the subscript k for convenience. As before, we only need to

prove the theorem at ¢t = 0. We can pick an orthonormal basis {s;(¢)} with respect
to H(t) such that H(0) is diagonalized, i.e.,

/(Si(t)> 55 (t))¢dpy = dij,

VyH=

and
iy = [ (si05) (ki + D)y = £ 3 (®)
holds at ¢ = 0. Taking more derivatives, we obtain:

Hij = H(s;, ;) = / (siy8,)[(—kd + Ad)? — kb + A+ U(P)|dp,  (9)

where

V() == fil
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Hij := H(si,s;)
= [Gsses)[(-kd+ 80 — Kb(—kb+ Ad) + (26 + W) (ko + A
d2

2R — RIS — RHAG + W) + §(AG? kT + T (AG)]d
=[] 896 + 31206 + 50) — 3m(3(86) + 686 + 0
+oud) + 1 8) +386 % (8d) + ¥ (86)an (10)

Let $; = > aijs;, then we can further assume that (a;;) is Hermitian, ie.,
aj; = a;;. Then it is easy to see that

Let ¢x(t) = FSk(Hg(t)), ie.,
Z |Si‘ioe*k¢k = 17

and

1 .
t)=—, > Hij(sj, 80, ZHw (85, 8i)0 (11)
i

Taking time derivative, we get

¢k(t) = ZHZJ (85,8i)¢— kpi |:ZH1J (85,8i)p— QZHZIHIJ (85,8i)¢ ]—k@gkv

kﬂk

kp 77,0
(12)
ie.,
Zﬁij(sj, $i)¢ = —kprdr — kpudr — k> pudor + 2 ZHquj(Sj, si)g.  (13)
L,] 4,7,0
Define:

ge =k} (ki 8) 7 [(~kd+ A9)* ~ kd+ Ad+ (9]
. 1 . .. 1 . . .
= @AV B (A6 1) -280ad) +2%(64)] +0( ).
Now let ¢ =d FSi od Hﬂbk(gk), then

1 . d(¢? _
0,J

where

3(f) = 55,
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From (12) we then see that

2ZHilHlj(sj73i)¢

,7,1
7: —k2prgr + kpror + kordr + k2 prdor + ®(¢2)k™ + O(k" 1)
= 2K2 01 + e VO + [(AD) + W(D) — 28(5A0) +200(9)
+ () + A2k + Ok ).
Thus,

Z(Hz — HiH;;)(s;, )
= kpu([VI2 = @) + 7 [0(6%) + A2(82) — 200(9) + (Ad)?
+ () — 2A(6A9)] + O™, (14)
By (10),
H = k*d Hilbg(f),

where
fio= K2k A)7 [ B+ 3R Ad + 6) - 3k (DA + A
406+ bu(d) + 18) 306 (g + T (89)
= = L[ R BR(Ad 4 30) - 3[40 + $Ad + 4ad
FOU) + 1 3] - (K020 + KOV + 3k [ A2 A)
+ A(d) — A%(6%)| + 0(1)]
= 0= D06 - 2AVI) + 5 [BAd? + b+ pad+ pu(d)
b adad) - A - 2] +o( ).
Therefore,
> Hij(sjrsi) = — K prfu — K" (%) + O(k™)
N = K + 32 — 2AVEP) — ok [R(07) + 36(A)?
+ 300 + 30AG + 36U (9) + ¢ — BA(H2Ad)
—3A(39) - A%(d)] + O(k"). (15)
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Now differentiating (13), we obtain
ZH” (sj,8 ZH” (H; + H;)(sj, 54 kqﬁZH”(sj,sz)

i, i,
= —2kprdn — kppdr — kprdr — k2 prddr — k2 prddr — k2 prddr
+ 23 Hi(Hi+ H)(sj. 62H3|s2\2—2k¢ZH2|s2|2 (16)

i,
Thus,

SZH” H +H (5, 84) GZH3|51|2

i,

= ZH:’,j(Sjy si) + kd(kpror. + kordr + k*prodr)
0]
+ 2kprdn + kppdn + kpudr + k2pi ddr + k2 ppddn + k2 prddy
= Z Tiij(sj, i) + K prd®dn + 3K predd + K" (20(0)9% + 6) + O(K™)
6 T+ [30(0)3 + 6 — 0(4°) — 36(29)° — 3926 — 3640
—30W(3) — & +BA(F*AJ) +3A(64) — AX()] + O(k")
= 6k2pud (6 — [VI2) + kT [30(6)6? — 0(8*) — A2(G*) - 33(AG)? — 6V - Vi
— 360(d) + 3A(4? Aqi))} +O(k™). (17)

Putting (8), (9), (14), (17) together, we get

IV HI? =Y (Hij — HiH,;) /(Sm 5i)(K*¢* — 2kdAd — ké + O(1))dp

g

= S~ 1) [ (s5,5)(~k+ Ad)a

= [{rpu196 = 6) + 7 [26) — 200(6) + A2(F) + (Ad)? + ¥(4)
~20(6A8)] + O<k”—1>}(k2¢2 ~ 2h6AG — kd + O(1))d
+ [{Rnd6 - 199 + "¢ [30()6* - o) - 2%°)
+ 6V — 30U (J) — 39(Ad)? +3A(H*Ad) + O(k™)]| | (kd — Ad)dy
= [ k2oe1V9 - (2086 + ) + 'y md? [0 - 2600) + 22(3?)
+(A9)2 + W(D) — 20(9AY)| — K2 prdAd( — Vo)
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2 . . . . . . . . .
+ F MG [30(0)F - 0(6) - AX) +6V6VH - 30w (J)

— 30(A6) +3A(6*Ad) | dyu + O(k™ )

Further manipulating the above expression, we get

IV 1
2 . .
= [ ma@ v
41 [ Ry + A7) + 6%+ (Ad)? ~ 2880
kT2 . A 3. .1 . .
+ N0 [ O[sraddis; - iAo A - a2

~ 30(AG)? + BA(G*A) | du + Ok )
— g2 / PL(GAG + [V [V du
| g2 / ;¢3A2¢5+ i$2A2(¢52) n ;éz(mgy —20%(A¢)? — 20A|V | 2dp
kn+2
3
=42 [(6 V) Pdu+ 0",

/¢;3A2¢.7d,u + O(kn+1)

where we have used:
B(3) =~ (d3 Ry + A7),
D) = 9 By — dids R — ) A (),
D) =~ PRy~ 36didi Ry — | AN)
[@ar@an =1 [ #a)au+s [ 683196 dn+ 1 [ [9dan
[ #82@au=3 [ (862du+o [ 68696Pdn O

Proof of Theorem 1.1. In view of Corollary 3.4, it suffices to show that
liminf k™%~ dp, (Hy0, Hi1) = du(do, 61).

k—o0

By Lemma 2.1, for any ¢ > 0 small enough, there exists a smooth family ¢.(-) :
[0,1] — H, such that ¢.(0) = ¢, dc(1) = ¢1, and

(G = IVl = ew™
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Moreover, ¢, — |Vc|? < C, where C is a constant independent of ¢ and e. Let
H.(t) = Hilbg(¢e(t)), then by Lemma 3.5, for k large enough, we have

|V Hel? < Ce.
By the following simple lemma, we know that
k=2 Ydg, (Hyo, Hea) > k™2 " L(H,) — VCe — L(¢.) — Ve,
as k — oo. Hence,

liminf k=2 "Ydg, (Hy0, Hp.1) > da(do, 1) — VCe.

k— o0

Let € — 0, we obtain the desired result. O
Now we prove a simple lemma from Riemannian geometry.

Lemma 3.6. Suppose (M, g) is a simply connected Riemmannian manifold with
non-positive curvature. Let v : [0,1] — M be a path in M such that |V)3(t)] < €
for allt € [0,1]. Then

d(7(0),7(1)) = L(y) — e

Proof. Denote p = v(0) and ¢ = v(1). By the theorem of Cartan-Hadamard, we
know that the exponential map at p is a diffeomorphism. Now let v:(s)(s € [0,1])
be the unique geodesic connecting p and v(t). By standard calculation of the second

variation, we obtain:
d? 1 0? L
(83816%(5))

0 N
dt2L(7t) = L(’Yt) <v"/(t)’}/(t)’ 8S’Yt(5)s—1> + L(’Yt) /0

0 0 0 0
=R g pyn(e) g () 5l ) s

2_67

where | denotes projection to the orthogonal complement of 535 v (s). It is also
easy to see that

L(’YO) = 07
and

¢ LBlemo = [5(0)]

Therefore,
L(t) > [(0)|t - ¢
In particular, d(p,q) = L(v(1)) > |§(0)] — 5. On the other hand,
1 1
. . . €
£ = [ Bl < [ (O)]+ e = o)+

Hence, d(p,q) > L(v) — e. O
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4. Weak convexity of K-energy

In this section, we shall prove Corollary 1.7 and 1.6. Before doing this, we want to
show the functional I is quantized by Iy, which is an analogue of the fact that Zj,
quantizes F.

Proposition 4.1. There are constants ci such that for ¢ € H, and Hy = Hilbg(¢),
we have

lim k™" I (Hy) + ek = I().

k—o00
The convergence is uniform when ¢ varies in a C' bounded sets as before.
Proof. It suffices to show for any ¢ € T4'H

dy I(¥) = din, (¢) I © dp Hilby (). (18)
By definition,
dg 1(¢) =/wdu¢-

On the other hand, by Lemma 3.1,

dilb, () Ik © dy Hilbg(¥) = Z / |sil5 (ke + A)dpg

- / Pk(@)(—kap + Ap)dpg

Then the result follows from Lemma 3.1. 0
Proposition 4.2. Let ¢ € H, and Hy, = Hilbg(¢), then
Tim K2V 2 (H)|? = [VE()]*
Proof. Note
IVE@)IP= [ (S~ 5Pdue

is simply Calabi’s functional. An inequality of this form is essentially proved in
[13] for obtaining a lower bound of the Calabi functional. We can easily calculate
the first variation of Zj:

dy,
6Zk7 = _kn v /)V( (SH” [(8]7 Si)FSk(H)]Od/'LwFSk(H)7

where [A]y denote the trace-free part of a matrix A, and {s;} is an orthonormal
basis with respect to H. Here
V= / d,u¢,
X

d, = dim H°(X, L¥) = / pr(P)dpy = k™ -V + F
X

and
n—1

2'Vs+0(k”—2).
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So
d;
(VZ)i; = =10y X[(SmSj)Fsk(H)}oduwFskm)-

Diagonalize the above matrix so that its diagonal entries are

di , 1
A = il — T

Let ¢ = FSk(Hk), then

b= 6= | ToB(pe(d)) = © log(k" + 5 K71 + O(k2)).

So
S 1
2 —n 2
lsilg, = K"lsils <1 Top TO <k2>) ’
and
wh = wi(14O0(k™?)).
Since
[ tsldng = 1.
we obtain

1 , 1
M= /X 15:[2(S — S)dpsg + O (km) .

Hence by Remark 3.3,
IVZel* =) [Nl

_ k_2n_2zi: UX 1543 (S = S)dpg + O (kn1+2>:|2

= k2 (Ca(¢2)+0 (i)) O

The proof of the following proposition is similar and we omit it.

Proposition 4.3. Let ¢(t) be a smooth path in H, and Hy(t) = Hilbg (), then

lim d Zk(Hk) =

Proof of Corollary 1.7. By Lemma 2.5, we already know that Z, is a genuine con-
vex function on By. So it is easy to see that
Zx(Hz) — Z)(Hy) < dp, (Hy, Hy) - |V Zi(Hy)]|.

Using Theorem 1.1, Lemma 2.4 and Proposition 4.2, and let & — oo, we get the
desired inequality for F. O



Space of Kéhler Metrics (V) — Kédhler Quantization 37

Proof of Corollary 1.6. As in the proof of Theorem 1.1, for any € > 0 sufficiently
small, we choose e-approximate geodesic ¢ : [0,1] — H, such that |V d&djﬁ‘ < Ce.
Denote H.(t) = Hilbg(¢(t)), and H; = Hilbg(¢;), ¢ = 0,1. Then by Lemma 3.5,
we see that

k™2 NV He| < Ce,

for k sufficiently large and a different constant C'. Denote by H : [0,1] — By the
geodesic connecting Hy and H;. By Lemma 4.5 which will be proved later, we
know that

kE U HL() — H(i)| < CVe,
for i = 0,1. Since H(t) is a geodesic in By, we have by Lemma 2.5 that

dZyy, (H(1)) 2 dZy, (H(0)).
On the other hand, by Proposition 4.2,

0, (1) = FH )| < (9230, (1) = Q)] < €V (Veaton) +0 () )
Similarly,
A7, (F(0) — H(0))] < OVe(/Calso) +O( ).
So,
i, (F(1)) > A4, (F(0) — OV
By Proposition 4.3, that as k — oo

AZyy, (He(1)) = dEg, (0c(1)),

and
de:HO (He(o)) — dEg, (¢6(0))
Thus,
B, ($e(1)) = dEg, (6(0)) — C/e.
Letting € — 0, this proves Corollary 1.6. O

Remark 4.4. Tf we denote ¢y, . (t) = FSy,(Hilbg ¢ (t)) and ¢y (t) = FS(H(t)), then
by a similar estimate as in the proof of Proposition 4.2 we have

164(0) — Gr.c (0|12 < C/e.

Thus, the time derivative of ¢, at the end points converge in L? to the time
derivative of the C*! geodesic. This seems to be an interesting fact, compare [18].

Lemma 4.5. Suppose (M, g) is a simply connected Riemmannian manifold with
non-positive curvature. Let vy : [0,1] — M be a path in M such that |V)5(t)] < €
for allt € [0,1]. Let 7 : [0, 1] be the unique geodesic segment joining v(0) and v(1).
Then

4(0) = 3O < 1+ 4e3(1),
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and
. - 9 .
A1) =3P < 1+ 430)],

Proof. Tt suffices to prove the second inequality. As before, let y:(s) : [0,1] = M
be the smooth family of geodesic segments connecting v(0) and v(¢). Then by the
proof of Lemma 3.6 we see that

d [dy (1) e
ﬁ<ﬁ’mn>> ’

and so
dy (1) > . <dv (1) > ’dv ’
3. hm 5 . — €t = 0 — €t
(i) = o) at©
Let
dy Fe (1
=4 . +B
dt RG] '
be the orthogonal decomposition. Then
d
It is clear that
d |dv d?y
<e,
dt |dt|| — |dt2| —
SO
dry dry dry
— <
‘dt(o)‘ t < ‘dt‘ < ’dt(O)’-l-et

Hence,

IB|? < (“2(0)‘ +et)2 - (‘CZ(O)‘ —et>2 = et (2(0)‘.

From the proof of Lemma 3.6, we know that

dry € 9 . dry € 9
— < 1) < .
0= 52 <l = | )+
Finally,
dy 1. 7 1. 2
‘dt -, = <At— t%(U) + B}
9 99 dy
< 4
_4et+ et dt(o)’

Let t = 1, we obtain the desired bound. O
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5. Open problems

In this section, we list some open problems and speculations on which the results
of this paper may help in the future.

Problem 5.1. Theorem 1.1 essentially says that H is a weak Gromov-Hausdorff
limit of a sequence of finite-dimensional symmetric spaces and H can be viewed
as a generalized Cat(0) space which has been extensively studied in the literature
(cf. [1]). It would be interesting to investigate this more carefully and develop a
suitable notion for this type of convergence. From this convergence it follows that
the negativity of curvature is inherited by the limit. A natural question would be
what else properties for the finite-dimensional symmetric spaces would survive on
‘H. For example can we describe the algebraic structure of 2. In particular does
it admit a local involution? In other words, for any ¢ € H, there exists a small
constant 0(¢) such that there is an local involution

o : Bs(o) (VM = Bs(e) (M

with 02 = id. This is not trivial since the initial value problem for the geodesic
equation in H is not well posed.

We know that #H is not complete, then the following is very interesting:
Problem 5.2. What is the structure of 9H?

It would be extremely interesting to understand the structure of the bound-
ary. Note that for every k, the Bergman metric space By is complete and H is a
limit of these nice symmetric spaces after appropriate scaling down (by a factor of
k=3 ). It is natural to hope that H should look like the limit of the tangent cone
of By, at infinity.

By the work of J. Fine [14], we can approximate Calabi flow over a bounded
interval by the Balancing flow in By. The next intriguing question is can we approx-
imate the Calabi flow over [0, c0) if we know it converges (the complex structure
might jump). This is related to

Problem 5.3. In an algebraic manifold, if there is a cscK metric, does the Calabi
flow exist for long time and converge to a cscK metric?

This is only proved for metrics near a cscK metric. The corresponding prob-
lems for Kéahler-Ricci flow was proved first by G. Perelman and a written version
is provided by Tian-Zhu([25]).

Problem 5.4. The existence of cscK metrics implies that the K-energy is proper.

The corresponding results for Kahler-Einstein metrics is proved by Tian
in [24]. Note the definition of properness could vary. In [24], properness means
bounded below by another positive functional J. Since the K-energy is convex
along smooth geodesics and its Hessian at a cscK metric is strictly positive (if
the automorphism group of the manifold is discrete), we would expect it bounds
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the distance function. Note the corresponding statements in the finite-dimensional
case is clear: a convex function with a non-degenerate critical point automatically
bounds the distance function. Since both the distance function and the K-energy
could be approximated by the corresponding quantities on By, to prove the corre-
sponding statement for 7, it is important to derive a uniform constant.
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