Chapter 2

Global Existence and Exponential
Stability for a Real Viscous
Heat-conducting Flow with

Shear Viscosity

2.1 Introduction

In this chapter we shall study the global existence and exponential stability of
weak solutions for a real viscous compressible heat-conducting flow between two
horizontal plates. The system describing this type of flow is derived from the
following general 3D Navier-Stokes equations:

pt + div(ptl) = 0, (2.1.1)
(pit); + div (pit @ @) + Vp = div (N (div @) I + p(Vi + (Vi)T), (2.1.2)
G+ div (@(C + p)) = div (N (div @)@ + pa(Va + (Va)T) + V) (2.1.3)

where € R? is the spatial variable and ¢t > 0 is the time, p € R, % € R? and
0 € RT denote the density, velocity and temperature, respectively, the total energy
is ¢ = p(e+ 5|@?), with e the internal energy and }|@|* the kinetic energy, the
equations of state p = p(p,0), e = e(p, ) relate this pressure p and the internal
energy e with the density and temperature of the flow, (V)7 is the transpose of
the matrix Vi, X = X (p,0) and u = pu(p,d) are the viscosity coeflicients of the
flow and k = k(p, 0) is the heat conductivity. The fluid in question is a Newtonian
fluid, i.c., the stress tensor —pl+ X (div 7)1+ p(Vii+ (Vi)T) is a linear function of
the deformation tensor } (Vi + (Vi)”). The viscosity and heat conduction terms
describe the dissipative processes in viscous flows.

Consider a 3D flow (2.1.1)—(2.1.3) with spatial variable & = (z, 22, x3), which
is moving in the x direction and uniform in the transverse direction (z3,x3),

p=plz,t), 0=0(x1), u=(ud)(x,t), W= (uz,ug), (2.1.4)

Y. Qin and L. Huang, Global Well-posedness of Nonlinear Parabolic-Hyperbolic Coupled Systems, 33
Frontiers in Mathematics, DOI 10.1007/978-3-0348-0280-2_2, © Springer Basel AG 2012
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where u € R is the longitudinal velocity and @ € R? is the transverse velocity. With
this structure (2.1.4), equations (2.1.1)—(2.1.3) can be written as the following in
one space dimension with A = X + 2u > 0:

oo+ (pu)a = 0, (2.1.5)

(pu)e + (pu? + p)e = (Mua)a, (2.1.6)
(pd)e + (pudd), = (pidiy)a, (2.1.7)
G+ (u(C +p)), = (Auuy + pab - Wy + kb)), (2.1.8)

where as in (2.1.1)-(2.1.3), z € R is the spatial variable and ¢t > 0 is the time
variable, p € R, u € R, w € R?, # € R, p denote the density, longitudinal velocity,
transverse velocity, temperature, pressure respectively and the total energy of the
plane viscous flow is

C=p <e + ;(u2 + w|2)> , (2.1.9)

with internal energy e. The pressure p and internal energy e are expressed by the
density and the temperature of the flow according to the state equations

=p(p,0), e=e(p,) (2.1.10)

where A = A(p,0) and u = u(p,d) are the viscosity coefficients of the flow and
k = k(p,0) is the heat conductivity; u = u(p,0) is particularly called the shear
viscosity.

Consider the initial boundary value problem (2.1.5)—(2.1.8) in a bounded
spatial domain Q = (0, 1) with the following initial condition and boundary con-
ditions:

(p,u, @, 0)|t=0 = (po, uo, Wo, bo)(z), x €, (2.1.11)

u‘)’)|8Q =0, 9$|BQ =0, or 9’89 =Ty = const. > 0, (2.1.12)

where the initial data are compatible with each other.
We assume that 0y(z) > 0, po(z) > 0, for any x € (0, 1),

/1 po(x)dx = 1. (2.1.13)
0

Now we introduce the Lagrangian variable,

v=ve0 = | " (e, t)de. (2.1.14)

Then we have from (2.1.5), (2.1.13) and (2.1.14),

1 1
0<y<1, / plx,t)de = / po(z)dx = 1. (2.1.15)
0 0
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Therefore we can translate the problem (2.1.1)—(2.1.3) in Euler coordinates into
the following initial boundary value problem in Lagrangian coordinates (y,t), y €
Q = (0,1), a moving of coordinates along the particle path,

vy — Uy = 0, (2.1.16)
ur +py = (Auy) : (2.1.17)
vy
@y = </Lwy> , (2.1.18)
V/y
A 0w, 0
Ey + (up), = < Utly o+ Oy y) : (2.1.19)
v y
with the initial boundary conditions
(v, u, W, 9)|t:0 = (v, uo, Wo, 0)(y), vy €, (2.1.20)
(u,W)=0, 6,=0, on 90 x[0,+00), (2.1.21)
or
(u,W) =0, 6,=Ty>0, on 9Q x[0,+00), (2.1.22)
1
where v = is specific volume, e = e(v,8),p = p(v, 0), and
Lo oo
E=e+ 2(u + |]%). (2.1.23)
The second law of thermodynamics states the relation between p and e,
ev(v,0) +p(v,0) = pg(v,0). (2.1.24)

Now we assume that e, p and s are C? functions on 0 < v < 400 and 0 <
0 < +o0o. Let ¢ and r be two positive constants (exponents of growth) satisfying
one of the following relations:

0<r<1/3, 1/3<q, (2.1.25)
1/3<r<4/7, (2r+1)/5<q, (2.1.26)
47<r<1, (br+1)/9<q, (2.1.27)
1<r<13/3, (9r+1)/15<gq, (2.1.28)
13/3 <, (11r +3)/19 < q. (2.1.29)

Moreover, we further assume that there are positive constants v, pg, p1, ko
and for any v > 0, there are positive constants N (v), p2(v), ps(v) and ki (v) such
that for any v > v and # > 0 the following conditions hold:

0<e(v,0), v(14+0")<ep(v,0) <N(v)(1+0"), (2.1.30)
Pt < wp(v,0) < pr(1 46", (2.1.31)
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— (W) + (1 =00 +6"] < p,(v,6)

< —p3()l+ (1 =00+6",1=0 orl, (
Ipo(v,0)| < ps(v)(1 +6"), (
ko(1 4 0%) < k(v,0) < k1 (v)(1 + 69), (2.1.34
ko (v, 0)| + koo (v, 0)] < k1 (v)(1 4 69). (

For the viscosity A(v,#), we assume that
A(,0) = Ao > 0 (2.1.36)

is a constant.

The notation in the chapter is standard. We put || - | = || - ||z2 and denote
by C*¥(I,B), k € Ny = {0} UN, the space of k-times continuously differentiable
functions from I C R into a Banach space B, and likewise by LP(I,B), 1 < p <
+00, the corresponding Lebesgue spaces. Subscripts ¢, « and y denote the (partial)
derivatives with respect to ¢,  and y, respectively. We use C; (i = 1,2,3,4)
to denote the universal positive constants depending only on the H* norm of
initial data, min ,¢[o,1v0(y), min ,e(o,1)Wo(y) and min ,¢(o,1)00(y). Without danger
of confusion, we will use the same symbol to denote the state functions as well as
their values along the thermodynamic process, e.g., p(u,6) and p(u(z,t), 6(x,t))
and p(x,t).

Define the following three spaces:

H = {(v,u,u')', 0) € (H'[0,1])° : v(z) > 0,0(z) > 0,Vz € [0,1],
u(0) = u(1) = 0,@(0) = 0, 6(0) = 6(1) = Ty for (2.1.22)},

HY{ = {(v,u,u')’, 0) € (H'[0,1])° : v(z) > 0,0(z) > 0,Vz € [0,1],
u(0) = u(1) = 0,w(0) = 0, 6(0) = 6(1) = Ty for (2.1.22),
0'(0)=0'(1) =0 for (2.1.21)}, i=2,4.

Our results read as follows, which are selected from [60, 64].

Theorem 2.1.1. Assume that e, p and k are C? functions on 0 < v < +0o0 and 0 <
0 < 400, and assumptions (2.1.23)-(2.1.36) hold. Then for any (vo,uo, Wo,8) €

HY, there exists a unique global solution (v(t),u(t),w(t),0(t)) € Hi to problem
(2.1.16)(2.1.21) or (2.1.16)~(2.1.20), (2.1.22) verifying that,

0<Crt<O(y,t)<Ci, 0<Crt<u(yt)<Cy, Y(y,t)e€0,1] x[0,+00)
(2.1.37)
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and for any t > 0,
lo(t) = oll3p + w3 + D@+ 16() — bl
t
+/ (Ilv =0l 3 + llullze + @13 + 110 = 07 + [Jul®
0

]2 + 16:]12) (7) dr < Cu. (2.1.38)

Moreover, there exist constants C1 > 0 and v1 = 71(C1) > 0 such that and for
any t >0,

& (lot) = 03 + w3 + 1) I3 + 166 — 813)
t
+ [ (o= + ulls + Ve + 10 = 813

+ el + 11 + ||9t||2)(7) dr <Gy (2.1.39)

where ¥ = fol vo(x)dx, 0 = Ty for (2.1.22), e(v,0) = fol(e(vo,eo) + "23)(1‘) dx
for (2.1.21).

Theorem 2.1.2. Assume that e, p and k are C° functions on 0 < v < 400, 0 <
0 < 400, and assumptions (2.1.23)-(2.1.36) hold. Then for any (vo,uo, Wo,8) €
H?, there exists a unique global solution (v(t),u(t),@(t),0(t)) € HI to problem
(2.1.16)—(2.1.21) or (2.1.16)—(2.1.20), (2.1.22) wverifying that for any t > 0,
lo(t) = ol + [u®)lle + 1G5 + 100) = 03 + [ue®)]?
¢
+ @ ()] + [16:(8)]1* + /0 (llv = 0llze + llullzs + 0%
H 110 = OllFgs + ey 1 + iy 1 + ||9ty||2)(7) dr < Gy, (2.1.40)

and there exist constants Co > 0 and 72 = v2(C2) > 0 such that for any fized
v € (0,72], the following estimates hold for any t > 0:

" (I[o(®) = ol + Ilu @l + 1T e + 106) = Oz + e ()]
t
+ ()12 + 10:(1)12) + / " (Ilv = 0l + s + i
10 = O3 + eyl + N I? + 100 )) (P)dr < Co. (2.1.41)

Theorem 2.1.3. Assume that e, p are C° functions on 0 < v < +00 and 0 <
0 < 400, and assumptions (2.1.23)—(2.1.36) hold. Then for any (vo,uo, W, ) €

—

Hj‘_, there exists a unique global solution (v(t),u(t),@(t),0(t)) € H} to problem
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(2.1.16)—(2.1.21) or (2.1.16)—(2.1.20), (2.1.22) verifying that for any t > 0,
[o(t) = ol Fs + [o(t) = 0llTyace + loe(®) 7 + lve @7 + [[u®)]|s
+ ) [[fyo.ce + lue(®)Fr2 + l[we (@) + 10(E) = 07
+10(t) = Ol fys.00 + 1106 ()1 22 + [102(E)]* + [0(2) |14
+ [0t [[fya.e + [10e(0) 12 + [0 (8)]|* < Ca (2.1.42)

t
(1=l + 10 = 0l + ol + ol + e
0
ol + ullya + lueliFra + llelles + 16 = 0%
10 = B3y + 100120 + 100300 + 455 + 18113
+ [l + dells ) () dr < C, (2.1.43)

and there exist constants Cy > 0 and v4 = v4(Cy) > 0 such that for any fized
€ (0,v4], the following estimates hold for any t > 0:

[o(t) = Bl Fa + l0(t) = 0llfya.ee + ve(O)ll7rs + lloee (O l1Fr + a4
+ lu®)lfysce + lue@) 72 + luwe (@)1 + 10(8) = 0|3
+1168) = Ol1ys.0c + 110:(0) 172 + 100 ()1 + [05(2) |54
F @) [Frs.ce + 10 ()1 F2 + 1T (8)]|* < Cae™, (2.1.44)
t
/O 6”(Hv — 0% + o = Bl + l0ell5s + lveelFrz + [0l
+ lullzs + lJullfrace + luelFo + el 7 + 116 = 0]
110 = 013100 + [10cll7r5 + 16eell T + 1105 + (1] 30,00
+ 13 + I @ull3s ) () dr < C. (2.1.45)

2.2 Proof of Theorem 2.1.1

In this section, we shall complete the proof of Theorem 2.1.1 and take that the
assumptions in Theorem 2.1.1 to be valid. We begin with the following lemma.

Lemma 2.2.1. Assume that e,p and k are C? functions on 0 < v < 400 and 0 <
0 < 400, and assumptions (2.1.23)-(2.1.36) hold. Then for any (vo,uo, Wo,8) €
HY, there exists a unique global solution (v(t),u(t),w(t),0(t)) € Hi to problem
(2.1.16)~(2.1.21) or (2.1.16)(2.1.20), (2.1.22) verifying that,

lo(®) = oll3n + lu®) 17 + (@O 1F + 10() = 017 (2.2.1)

t
[ (o= ol + s + 113 + 16 = BB ) (r) dr < Ca, e > 0
0
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and for any (y,t) € [0,1] x [0, +00),
0<Crt<O(y,t)<Ci, 0<Crl <w(yt) <Oy (2.2.2)

Proof. For the case w = 0, Qin [55] proved the result to problems (2.1.16), (2.1.17),
(2.1.19)—(2.1.21) or (2.1.16), (2.1.17), (2.1.19)—(2.1.20), (2.1.22) under the assump-
tions (2.1.23)—(2.1.36). The proof is the same as that in Qin [50, 51, 52, 54] and
Chapter 3 of [59] for the case of & = 0. The proof is complete. O

In what follows we shall prove the exponential stability in H}F Set
U(v,0) =e(v,0) —On(0d,v) (2.2.3)
where (6, v) is defined by the relations
eg = 0ng, 1M = po- (2.2.4)
Now we introduce the density of the gas, p = 1/v, then n = n(1/p, 0) satisfies
oy —pe On e

o= o8 0 (2.2.5)

We consider the transform
A:(p,0)eD,g={(p,0):p>0,0>0} = (v,n) € AD, 9. (2.2.6)
Owing to the Jacobian, [0(v,n)/d(p,0)] = —eq/p*0 < 0 on AD,y. Thus the

functions e, p can also be regarded as the smooth functions of (v,7n). We denote
them by

e = e(v,) = e(v,6(0,m)) = e(1/p,6),
p = p(v,n) = p(v, 0(v,1)) = p(1/p,0). (2.2.7)
Then it follows from (2.2.3)(2.2.7) that

€y = —D, €n = 97

po = —(p"pp + Op/eo), Dy = Opo/eco,
0, = —9p9/69, 0, = 0/eq. (2.2.8)

We define the energy form

RN e (i . Oe, . Oe, _
V(v,u,@,n) = 5 T +e(v,n) —e(v,7) — av(v,n)(v—v) - a77(1),77)(77—77),
(2.2.9)
where
v=1/p, 7=n(1/p,9), (2.2.10)

2

) (z)dr for (2.1.21). O

1
G=Tp for (21.22), e(@,e’)z/ (e(vo,00) +
0
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Lemma 2.2.2. The unique global solution (v(t),u(t),w(t),0(t)) € HL to problem
(2.1.16)-(2.1.21) or (2.1.16)—(2.1.20), (2.1.22) satisfies the following estimates:

u? \U7|2 -1 N2 \2 -
o T o O =07+ —0)7] <V(v,u,d,n) (2.2.11)
u? ik
< -9 -7

Proof. By the mean value problem theorem, there exists a point (7,7) between
(v,m) and (7, 7) such that

. Oe,_ _ . Oe,_ _ . 1[0%,_ . 9
c(v) = (o) + o (0,00 = 0+ o (@a)n =)+ ) [ S0 = )
826 -~ _ _ 826 -~ \2
2 (@0 =0 )+ i)~ ) (2212)
By (2.2.9) and (2.2.12), we get
. u? w2 1[0% . .
V(v,u,w,n) = 9 + 9 —1-2 8v2(v,n)(v—v)
0% 9%e
2 0,7) (v —0)(n—1 0,7)(n—n)? 2.2.1
# 2 G0 =0 =)+ § L -] (2219
where
17:)\0174'(1—)\0)’0,77:)\077]4'(1—/\0)77, 0< )\ <1.
By (2.2.2), we get
0<Crt < ’ﬂ(l/ﬁ,é)‘ <0, 0<07'< ‘f](l/ﬁ, é)] <,
which implies
826(5 i + 0 (@, 7)| + 826(5 )l <c (2.2.14)
gv2 1 Ovdn M on? )= o
Thus (2.2.14) and the Cauchy inequality give
. w? 2 2
V(u,v,@,n) < 5 T g +C [(v=0)*+ (n —7)7]. (2.2.15)

On the other hand, we infer from (2.2.8) that

= —Pv = pzpp + 9173/66, €yn = —Pn = 0, = —9]99/69, €nn = 077 = 0/603

e’U’U

which yields that the Hessian of e(v,n) is positive definite for any v > 0 and 6 > 0.
Thus we deduce from (2.2.12) that

. u?  |w)? o ) ,
V(U,u,w,n) > 9 + 9 + Amin (%77) [(U—’l_)) +(77—’17) ]
2,72
= uz * ‘UQ +CO1 [0 =0)* + (n=1)?], (2.2.16)
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where A\pin (9,7) (> C; 1) is the smaller characteristic root of the Hessian of e(, 7).
Thus by the combination of (2.2.15) and (2.2.16), we deduce that

u2 |,u—]"2

o t g TOT [(w=0"+0—0)] <V(v,u,d,1)
u? w|? _ B
< 2+|2‘ +C1 [(v=20)"+ (n—10)*].
The proof is complete. O

Lemma 2.2.3. There exist constants C1 > 0 and 1 = v1(Cy) > 0 such that for
any fized v € (0,71], the global solution (v(t),u(t),w(t),0(t)) € Hi to problem
(2.1.16)—(2.1.21) or (2.1.16)-(2.1.20), (2.1.22) satisfies the estimate

(I + o) — o113 + [OI2 + 19) - 0]1?)
¢
b [t (Il + o+ 1,0+ 16,) (dr < Co, ¥ e> 0. (2217)
0
Proof. By (2.1.19) and (2.1.23), we get

{e + ;(u2 + |u72)} t = (—up + Apuuy + pb - Wy + Kkpby)y.
That is,
et + epVp + uly + W - Wy = (—up + Apuny + pad - Wy + KpGy)y ) (2.2.18)
Thus it follows from (2.1.17)-(2.1.18) that
ennt + ey = —puy + )\puz + (kpby)y- (2.2.19)

By (2.1.16) and (2.2.8), we get

(), e (3)
e = + + Kkp . (2.2.20)
0 0/, 0

Since , 0, e(v, 1) are constants, 4; = 0,0; = 0,¢e,(,7) = 0, by (2.2.8), (2.2.9) and
(2.2.20), we get

2 -2 6 6
m=(“+“’+§-—emmw—€@mm
t 87]

u? | -
= ( + Bl + e) — Oy + puy, (2.2.21)
¢
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which, together with (2.2.20), gives

0 K02 Lo 0 -
Vit , (x\puZJr o | = |Apuuy + ppi - By + (1= rpby = (p—pu|
y
(2.2.22)
Differentiating py with respect to y, we have
0
Ay (po) = —2ppyuy — pQUyy
which implies
P
( ;) = —Pyly — Plyy. (2.2.23)
t
Multiplying (2.1.17) by Ap,/p, we have
2 .2 2
Apytis N ppy iy, N Apyuy  Apppy /\p99ypy. (2.2.24)
P P P P P
We can also get
AM=pyuy — puyy)u = —A(puuy)y + /\Pui- (2.2.25)

A2 A
Differentiating 5 (py )2+ Py with respect to t, we derive from (2.2.23),
P

A2 Apyu P Apyu
{ (py)2 + o ] = X( ) (=pyuy — puyy) + ot M=pyuy — puyy)u.
t

2°p p p p
(2.2.26)
By (2.2.25) and (2.2.26), we derive

- )\puz = —A(puty)y. (2.2.27)

2
2°p Py p p

Taking the inner product of @ in R? on both sides of (2.1.18), we get

190
20t

Multiplying (2.2.22), (2.2.27), (2.2.28) by e, Be7t, €7 respectively, and then
adding the results up, we deduce that

0 rpldy Apppy Aped

|02 + ppldy |* = (upd - @), - (2.2.28)

0

vt
8tG(t) +e

0
=260+ €[ B)pu, + 2y (1= ) 08, = (0= 0l D)l
(2.2.29)
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2 2
V(l,u,w,n)+ﬁ A (py) LA
p 2 \p p

Integrating (2.2.29) over [0, 1] x [0, ], we get

/0 "Gy dy

t 1 q 2 2

0 K0 A Apgb

+// e [9 ()\puZ—&- p9y> +B< p;py + pepypy —Apui) +up|u7y|2] dydr
0Jo

where

G(t) =

t pl 0_ B
o [ [ e @ = o, 2o, 4 n (1= by~ 0500 ar
0J0

Y

:/OlG(O)dy—i—fy/Ot /01 G(r) dydr. (2.2.30)

Using Cauchy’s and Poincaré’s inequalities, we deduce that for small 5 > 0 and
for any v > 0,

e (llp(t) = 712 + [u(®) |12 + [5(8) |2 + [In(e) = 71> + 0 (0)]?) (2.2:31)
t
+ [ (4 1,1 + 16,12 + o ) (7)
t
<ot O [ @ (o= AP + [l + 11 + ln =712 + 1 ) (7) .

By Lemma 2.2.1, boundary conditions (2.1.21)—(2.1.22) together with the Poincaré
inequality, we get

Crllay ()],

[[o(t) = o]l < Chllvy @], || (t)
0l < C110,@®)]- (2.2.32)

I <
[u(®)] < Curlluy @), [16() — 0] <
Using the mean value theorem, we infer that

0(v,8) = 11=1(9,0)(v — ) +16(3,6)(6 — 6).
Hence,

Crt (o= ol + 10 = 011*) < lln = 7ll* < Ca(llv = o* + 10 = 0]*),  (2.2.33)
Oyl = o> < flp = pl* < Cillv — o], (2.2.34)
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By (2.2.31)—(2.2.34), we get
" (Ilp(t) = I + I + 1502 + () = 7ll* + oy ()12
t
+ [ (3l + 1 + 1,12 + o)) ()
t
<t Cuy [ @ (Il + 10 + 16,1 + 1oy ) () dr

which gives that there exists a constant v; = v;(C1) > 0, such that for any fixed
v € (0,7,

" ()12 + l[o(@) = ol + 15(2) |12 + 16(2) - 61]2)
t
+ / &7 (g 12 + oy 12 + 1, 17 + 116,11 (7) dr < €.

The proof is complete. O

Lemma 2.2.4. There exist constants Cy > 0 and y1 = y1(C1) < 44 such that for
any fized v € (0,71], the global solution (u(t),v(t),w(t),0(t)) € Hi to problem
(2.1.16)-(2.1.21) or (2.1.16)(2.1.20), (2.1.22) satisfies the following estimates:

t
e (Iluy I + 113, ()12 + 18, (0)]12) + / 7 (Il + [ 1
10yl + el + 1602 + 1)) (r) dr < Co, ¥ >0, (22.35)

Proof. By Lemma 2.2.1’s boundary conditions together with the Poincaré inequal-
ity, we get

[y (1 < Cull@yy (O, Nluy (O] < Crlluyy @O, 10,0 < Crllfyy (D)l (2:2.36)

Multiplying (2.1.17) by —u,, and integrating the resulting equality over [0, 1], we
have

1d L2 L/ A
o g IO + A/O S dy 2/0 ( ot poy —I—pvvy) uyy dy.  (2.2.37)

Using the interpolation inequality, we have that for any € > 0,

1
AUy U

/0 Uyg Yy dy < Cr[|vg|l[[uy || Lo [[uyy |

1 3

< Chllug[fluyll 2 luyyll 2

< Cr(llogll* + Ny l1?) + elluyy|I*. (2.2.38)

By Young’s inequality and Cauchy’s inequality, we have

jtlluy(t)\l? + O Hluyy I < CLllOy O + oy D17 + luy(OI). (2.2.39)
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Multiplying (2.2.39) by €7* and integrating the resulting equality over [0, ¢], implies
that there exists a y1 = 71(C1) < 74, such that for any fixed v € (0, v1],

t
Oy ()2 + jg O gy ()2 dr (2.2.40)

t t
< Cl/o (10,117 + oy I” + lluy %) (7) dr + 7/0 e ||uy (T)[|* dr < Cy.

By (2.1.17),

Jur ()] < Cr(llugy (I + 1[0y O + vy @)1 + [luy (@)1,
which, along with (2.2.40), gives

¢
/ T |un(P)2dr < C1, Wt >0, (2.2.41)
0
Similarly to (2.2.40)-(2.2.41), we have for v € (0, 1] that
¢
NG+ [ Tl + TP dr < Ot 0. (2242
0

Multiplying (2.1.19) by —egb,, and integrating the resulting equality over [0,1],
we get

lLd 2 ! ”932131
a0+ [ ay

1 A 2 - 2
N Uy + pwy Puylyy KO,y
= 0y — 0 0 dy. 2.2.43

/0 (60 v equ w2 Cv | W ( )

Using the interpolation inequality, we have that for any € > 0,
! KOy vy
Y By dy < Calloy ()16,(0) 1 [0 0]
0

< Cilloy (D110, ()12 10y (1) 2
< Cllloy (O + 10, (0)1%) + €10, (D12, (2.2.44)

~ ~—

1 )\u2
/0 69’5 Oyydy < Chlluy (8)[[[[uy (£)] Lo [[Oyy ()]
< Oy (1) (] ey (1) 04 1)
< Cullluy @1 + g (O17) + €104 (O, (2.2.45)

@[y @) oo [0y (D)l
< Cullasy ()| 11, (#)]12 [y ()] 2 16, (8)]
< Crldly (O1* + 1y (1)) + ellyy (£)]*. (2.2.46)

1 - |12

w. =

/ | 0,,dy < C1||@,
0 €epv
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Inserting (2.2.44)-(2.2.46) into (2.2.43), and using Lemma 2.2.1, we deduce that

jt\lay(t)\lz + 7 10y (112 < Crlluy (1 + 10, )17 + oy (01 + [[d, ()]])-
(2.2.47)
Multiplying (2.2.47) by e, and integrating the resulting equation over [0, ¢], we
have that there exists a constant v; = 71(Cy) < ~1, such that for any fixed
v € (0,m],

t
6, ()] + / 718, (1) 27 (2.2.48)

t t
<G [l 17 + o)+ [ €l (nldr < 6
0 0

which with
16: (O] < Co([|6yy O + 110y (1] + 1oy O] + lluy ()] + [y (£)]])
yields
t
/ 716:(r)||* dr < Ch. (2.2.49)
0

The proof is complete. O

2.3 Proof of Theorem 2.1.2

In this section we shall complete the proof of Theorem 2.1.2 and take that the
assumptions in Theorem 2.1.2 to be valid. We begin with the following lemma.

Lemma 2.3.1. Under the assumptions of Theorem 2.1.2, for any (vo, ug, Wo, ) €
H?H the following estimates hold for any t > 0,

lue @I + (1 + [16: (2]
+/0 (luey (D1 + ey (0] + (1625 (D)) (T)dr < Co, (2.3.1)
lu®)llr2 + lo(t) = 0ll3= + @O 1F + [0¢) = 0lF < Co. (2:3.2)

Proof. Differentiating (2.1.17) with respect to ¢, multiplying the result by u; and
integrating over [0,1], we infer that

1 d 1 U2 1 ’LLz’l,Lt 1 1
Jus@)? = - / N gy / A" gy / Pebcunydy + / pyvetinydy.

0 v 0 v 0 0
(2.3.3)
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Using Cauchy’s inequality, Young’s inequality and the embedding theorem, we
conclude that for any € > 0,

1d

o gt @I + Cr M @17 < elluy O + Callluy @)1 + 16: O + [luy (D)])

< elfuey ()1 + Collluyy (DI + 16 + [y ()]1?)-
(2.3.4)

By equations (2.1.16)-(2.1.19), we get
[agy @) < Co(llue(®)]] + 16, @) + [y (O] + [y D), 10yy ()] < Cof| @ (@],

(2.3.5)
16y, ()] < Co (10 ()] + 116y (O] + vy )] + luy (O] + (127, ()1]) (2.3.6)
or
l[uell < Ca(lluyy O + 116y O + oy @O + luy @), @ @) < Calldyy (2)]],
(2.3.7)
16: ()] < Co([10yy ()] + 116y (O] + 1oy O] + luy (O] + (127, @)])- (2.3.8)
Since (vo, ug, W, 00) € H%, we can infer from (2.3.7)—(2.3.8) that
[ur(y, 0)[| < Co, @i (y, 0)]| < Ca, [0y, 0)]| < Ca. (2.3.9)
Integrating (2.3.4) on [0, ¢], using Lemma 2.2.1 and (2.3.7)—(2.3.9), we get
t
e (8)[ +/ ey (7)[2dr < s, Wt >0, (2.3.10)
0
which, together with (2.3.5), implies
gy (£)]] < Ca, ¥t > 0. (2.3.11)

Differentiating (2.1.18) with respect to ¢, multiplying the resulting equation
by @; and integrating the resulting equality over [0,1], we infer that

1d 2 ! \u_fty\z ! w, 'U_)’t V¢
U ()])7 = — d v
2dtllwt( )i /0 me y+/0 BT Y,

which, by using Cauchy’s inequality, Young’s inequality and the embedding theo-
rem, gives that for e > 0 small enough,

1d

o gt [T OI + CT @ )7 < ell @y (O] + Cullowd, |*

< elldiy, (W) + Cullve(®)lI7 1, (D] (2.3.12)

Thus integrating (2.3.12) over [0, ¢] and using Lemma 2.2.1, we get

t t
[AG] +/O [y (7)[|PdT < C2/0 1y (7)|[2dr + Ci[@e(y, 0)||* < Ca, (2.3.13)
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which, along with (2.3.5), gives
|y (t)[| < Co, ¥t > 0. (2.3.14)

By (2.1.17)-(2.1.19) and (2.1.23), we get

)\UZ - 12 9
oty + covn = —puy + 7+ ”'ﬁ” + (“Uy) . (2.3.15)
Y

Differentiating (2.3.15) with respect to ¢, multiplying the result 6;, and finally
integrating the resultant over [0,1], we get

1d ! Ko} L ugug usu Wy - Wy |0, 2o
9 2 yd :/ 2/\ Y=y _)\ Yy 2 Y yt. Y
3 oo Ieobil +/0 B A e A

2

— UytP — pre9t — UyPy Ut — CUtt — EypUy
1

2

3 K0, 0,0
69993 — 2691/(}1}91}—1- tZQy t)Qtdy. (2.3.16)

Integrating (2.3.16) over [0,t], using the Cauchy inequality, the Young inequality
and the embedding theorem, we conclude that for any & > 0,

1d ¢
egl |2+C‘1/ Oy (7)||?dr
o g IVeeltll s 10y ()l

t t
< [ dr+0u [ (18,17 + 10517 + 167
gl g2+ 112 + 0 P + 10013 )dr. (2317)
By the Nirenberg interpolation inequality, we can get for any € > 0,
¢ ¢ 5 1
| s <ci [ (10100 + 10?) ryar
4 t 2 5 t 2
<cu sup 10401 [ (1611 + o) () + < [ o (r)Par
0<r<t 0 0
t
< sup [0 e [ lon(r)|Pdr
0<r<t 0
1 t
<! ||9t(7')\|2+a/ 161y (7)|Pdr + Co. (2.3.18)
0

T 20<r<t

Hence, inserting (2.3.18) into (2.3.17), and taking & > 0 small enough, we get

t
16,(£)]12 +/0 184, (7)]|2dr < Cy, Wt > 0. (2.3.19)
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By (2.3.6) and (2.3.19), we conclude that
[0yy(t)|| < Ca, V¥t > 0.

The proof is complete. O

Lemma 2.3.2. Under the assumptions of Theorem 2.1.2, for any (ug, vo, Wo, o) €
Hi, the following estimate holds for any t > 0:

t
o+ [ I ndr < o
Proof. Differentiating (2.1.17) with respect to y, by equation (2.1.16),

Vtyy = Uyyy,

we get
AL () Z gy = sy Pt + 20050,y + Doy + panf + 22T _ 23"
ot v PoyUyy = Uty T Puo¥y PvoUyUy T PoUyy T PooY,, 02 v3
(2.3.20)
where

0 (vyy _y Yyyt Vyy Ut
A(’%(U)_)\ v —A v?

Multiplying (2.3.20) by vyy, we get
v

Ad

Vyy 12 et 10y 12 CT Y [0y |12
ol e 1= P+ o (el + g + 1oy, 12

v 4 v
+ oyl g + 10yl 70 + 104yl + IIUty||2)~
(2.3.21)

Integrating (2.3.21) over [0, ¢] gives

t t
oy (O] +/O [lvyy (7)1 d7 < Cz/o (IIUnyI2 + gl o logllzs + 10y o oy ]I
Hlvg e + 101174 + 10411 + ||uty||2)(7)d7-

Using the Young inequality, the Poincaré inequality, the Nirenberg interpolation
inequality, Lemmas 2.2.1 and 2.3.1, we infer that

t t
vy, (5] +/0 loyy (7)1 dr < Cz/o (Ilogl1? + ey |1* + ey 1 + 18y [1%) (7)dr
< Cy.

The proof is complete. O
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Lemma 2.3.3. Under the assumptions of Theorem 2.1.2, for any (vo, uo, Wy, o) €
H_2~_, the following estimate holds for any t > 0:

/0 (lu()lizs + 61 +10(7) = 0l1Fs) dr < Co. (2.3.22)

Proof. Differentiating (2.1.17) with respect to y, we infer that

Au
vy _ Uty + DoOyy + PuUyy + 2P0ulyvy +p999§ +pvz;U§

2)\ A 2\, v?
Tt S T (2.3.23)

Multiplying (2.3.23) by uyyy, integrating the resultant over [0,1], using Cauchy’s
inequality and Young’s inequality, we get for any € > 0,

ltyyy (D] < Co (Iluty(t)ll2 + 110y, (D17 + gy (N7 + 1850y 17 + 1164 ()| s

+ ||Uy(t)||%4 + ||Uyyvy||2 + Hvyyuy”2 + ||Uy”§”2) +5||uyyy(t)||2-
(2.3.24)

Integrating (2.3.24) over [0, ¢], by Lemma 2.2.1 and Lemma 2.3.1, we get

t t
/0 gy (7)) 2dr < Co / (g1 + 18y 1% + [0y 1? + [ty |2) (7)dr < Co.

(2.3.25)
Differentiating (2.1.18) with respect to y, we infer that
w, - 20y . Wy 2, v2

Multiplying (2.3.26) by Wy, integrating the resulting equality over [0, 1], using
Cauchy’s inequality and Young’s inequality, we get that for any small € > 0,

[Ty (D12 < Co ([l (D1 + vy N + I8y (D)]1?) - (2.3.27)

Integrating (2.3.27) over [0,¢], by Lemma 2.2.1 and Lemma 2.3.1, we arrive at

t t
/0 @y (1) [2d7 < C / ([ 12 + [ogyll? + [y |2)(r) dr < Co. (2:3.28)

Differentiating (2.1.19) with respect to y, we obtain

K0
yyy
= 699ty + Ev Uty + e@vatvy + eevayvt + 6009y9t + EpyUyUt

2 — — —
_ 2duyyuy | Avyuy 2y, - " frvy |y |2 n 260y vy

v2 v2 v? v? v?
K0,V 20,02
zZyy Y ! uyyp + polyuy + potyvy. (2.3.29)
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Multiplying (2.3.29) by 6y, integrating the resultant over [0,1] and using
Cauchy’s inequality, we deduce that for any small € > 0,

185y (B)II* < Co (IIUty(t)II2 + 1102y (D1 + oy )2 + 1050y 117 + 116y ()| 14
+ oy (DN s + vy |1 + llvgyuy|* + IIuyvillz) +ellfyyy (D11,
ie.,
184y (B)II* < Co (IIUty(t)II2 + 1102y (D17 + oy 0 + [lvgy (D]
+ [luy I + oy ()] + ||9y(t)||2)~ (2.3.30)

Integrating (2.3.30) over [0, ¢], and using Lemma 2.2.1 and Lemma 2.3.1, we get

t t
| 0wl < Ca [ (ul+ Ul + oy I+ e 2+ 16,17
+ lluy 2 + oy |12) (r)dr < Ca.

The proof is complete. O

Lemma 2.3.4. There exist constants Co > 0 and v4 = v4(C2) > 0 such that
for any fized v € (0,74], the global solution (v(t),u(t),w(t),0(t)) € H3 to prob-
lem (2.1.16)(2.1.21) or (2.1.16)(2.1.20), (2.1.22) satisfies that the following es-
timates:

" (o(t) — o3 + ()3 + 183 +11068) — 8l1%2) (2.3.31)
+A¥“uw-wﬁﬁwmﬁﬁwm@rwwﬁavwrS@,Vt>a
" ()2 + 148 (0) 2 + [16.0]1%) (2.3.32)

+AZWNWAMW@A%HmA%vMTS@,Vt>o

Proof. Multiplying (2.3.4) by €7%, and integrating the resulting equality over [0, ¢],
we have

t
)+ [ uy(r) Pr
0
t t
s&/wmmW+WW+mwwwHwAawwmmr<m%>
0

By Lemma 2.2.4 and (2.3.33), we can infer that there exists a constant 74 =
~v5(C1) > 0 such that for any fixed v € (0,~5],

t
emewjkmmWng@. (2.334)
0
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Multiplying (2.3.24) by €%, and integrating the resulting equality over [0, t], we get
t
/ VT ||tyyy (T)]|2dT < Co. (2.3.35)
0

Multiplying (2.3.12) by €, and integrating the result over [0, ¢], we have

t t

Ny () Pdr o [ ()P
0

(2.3.36)
By Lemma 2.2.4 and (2.3.36), we can derive that there exists a constant 75 =
~v4(C1) > 0 such that for any fixed v € (0,~5],

t
(1)) + / [y ()27 < C /
0 0

@ (1)|1% + /Ot 7 ||y ()| Pdr < Co. (2.3.37)
Multiplying (2.3.28) by €, and integrating the resultant over [0, t], we get
/0 By )2 < Co (2.3.38)
Multiplying (2.3.17) by e!, and integrating the resultant over [0, t], we have
710 (6)]1 + /Ot 7|0y (7)1 dr

t
< Cz/ 6”(H9y\|2 + 110y 1 + 1961 + llug 1 + lluey 1
0
o 14 2+ 1y 2 + 161 ) (7) . (2.3.39)

By Lemma 2.2.4 and (2.3.37), we get that there exists a constant 74 = ~4(C1) > 0
such that for any fixed v € (0,44],

ol + [0 Pdr < 0o (2.3.40)
Multiplying (2.3.30) by e, and integrating the resultant over [0, ], we get
/Ot |0,y () [2dr < Ca, VE> 0. (2.3.41)
Multiplying (2.3.21) by €*, and integrating over [0, t], we have

t
oy (]2 + / O 0y ()] dr (2.3.42)
t

t
< Cz/ 7 ([[oyll?* + lluey 1 + ey * + 104y l1*)(7)dr + 7/0 e ||vi(7)[|*dr.
0
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By Lemma 2.2.3 and (2.3.42), we can deduce that there exists a constant v, =
v4(C1) > 0 such that for any fixed v € (0,~5],

t
o O + [ oy 7)< Co
The proof is complete. O

2.4 Proof of Theorem 2.1.3

Lemma 2.4.1. Under the assumptions of Theorem 2.1.3, for any (vo, uo, Wy, o) €
Hj‘_ and for any € € (0,1) small enough, we have for any t > 0,

letey (0 0) |+ 1y (1, )] + ey (3, 0) | < Cs, (2.4.1)
laee (5, O) + | s OV + 185 (3, 0) | + [ty 1 O) o)
+ ||U7tyy(yvo)|| + ||9tyy(ya0)|| < Cy,
t t
MﬁW+/Ww@WM§@+@/Wwme (2.4.3)
0 0
t t
e (2)]|? +/ |ty (7)||? dT < Cy + 04/ || ey (7)]|? dr, (2.4.4)
0 0
t
6P + [ 16y (2.45)
0

t t
< C’4573 + 02571/0 ||9tyy(7')||2 dr + 015/0 (||utty||2 + ||utyy||2 + ||U7tyy||2) (7)dr.

Proof. By (2.1.17), we can derive

[uell < Crlluyyll + uyll oo log | + vyl + 116y 11)

(2.4.6)
< Co(lluyllmr + lloyl| + [16y1)-

We differentiate (2.1.17) with respect to y, and use Theorems 2.1.1-2.1.2 to derive

[uey|l < C1 (||vy||2L4 + vyl 101l + vy | + luylloollvy 175 + 10y 1175 2.47)

+ Nlugyy | + 110yyll + [loyl| oo gy || + IIvyylllluyIILw|I)~
Using the Gagliardo-Nirenberg inequality and the Young inequality, we conclude
1 1
luyl[ee < Cllluyll2 [lugyll + lluyyll) < Cllluyll + ugyl),

3 1 3 1
lylIZs < Clluy ||+ gy |+ + luy[)?* < Cluyll gyl > + lluy|*)
< C(lluy® + gy l1*)-



54 Chapter 2. Global Existence and Exponential Stability

Finally, using (2.4.7), we can obtain

[utyll < Colloyll o + [luyll 2 + 110yl 1) (2.4.8)
or
[ugyyll < Colllunyl| + loglla + lluyllas + 116y 20)- (2.4.9)

We differentiate (2.1.17) with respect to y twice to derive
[ty |l < Cl(||vy\|?i<s + oy ZsllOy o + oyl Mlvyy | + 16yl Lo vyl
+ ol 1051 + oyl e 10yl + 104126 + llvyyyll + 10y,

110yl 18yy | + 18yy | + [0yl 2o [1gyy |l + gyl oo [vgy

+ lluyyllzoe lvg 1 Zs + lluglloe [vgyy [l + [yl 2o oy |l 1oyl
o Nyl + g o< 1 ) (2.4.10)
Using the Gagliardo-Nirenberg and the Young inequality, we conclude

[wtyyll < Co (l[uylls + l[oylla> + 110yl 52) (2.4.11)
or
[eyyyyll < G2 (lutyyll + lluyllaz + l[oyllaz + 10yl m2) - (2.4.12)

By (2.1.18), we can derive
[ ]| < Cr(l|@yyl| + [y | o< loy 1) < Colllwyllar + [loyl])- (2.4.13)
We differentiate (2.1.18) with respect to y, and use Theorems 2.1.1-2.1.2 to get
12y ()] < Cr ([ Dyyyll + 1 Dyylllvgllzoe + Nyl oe 1oy | + 18y [l 2= [lo5]]) -
Using the Gagliardo-Nirenberg inequality and the Young inequality, we conclude
[0y (D) < Calllwyll2 + vyl a1) (24.14)

or
[@yyyll < Colldy |l + llogll e + [y [)- (2.4.15)

We differentiate (2.1.18) with respect to y twice to derive

[ @y ()] < C1(||u7yyyy|| F oyl o [ @yyy || + lloyyllLoe 1@y || + [0y [ oo [ Dyyy

+ [y [l oyl + [y || e llvg | + Hiﬂyvyllllvyyllm)

< Co(|[dy ()| s + oy (8) || &)
(2.4.16)
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[@Wyyyy ()| < Colll@ryy ()] + [0y (8) | 2 + [0y ()] 22)- (2.4.17)

By (2.1.19), we can derive

16| < C1 (luy O + luy O] + N5 )] + 10 B + 165 @)z 0y (E)1])
< Co([luy ()| + 1@y ()l a1 + 16y ()] 211)- (2.4.18)

Differentiate (2.1.19) with respect to y, and use Theorems 2.1.1-2.1.2 to obtain

192y (D) < Colluy (Ol + [0y ()| e + 16y Ol 2 + [0y ()] 1) (2.4.19)
or
16y N < Co (100 (O] + [[ey (O] 2+ [y @)l e + 16y Ol 2+ N0y (@) 2 -
(2.4.20)
Differentiate (2.1.18) with respect to y twice to derive
10eyy N < Co (luy Ol 2 + [0y D)l 2 + 16y )] 25 + [0y ()] 22) (2.4.21)
or
195y (O < Co ([0t O + 1wy D)2 + [y ()| 2 + (16 (E) | 12 + ||vy(t)(||H2) )
2.4.22

Differentiate (2.1.17) with respect to ¢ to obtain
[[us (B[] < C2<||9ty(t)|| 0@l o= 110y (O] + 116y ()] £oe [[uy (B)]
+ lloey (DI + Nweyy O + 1oy (O] o= (18] + ey (@) vy ()] Lo
+ vy ()] 2 llaegy (0 + [y ()] e [lvg (B)]] + ||uy(t)||L°°||vy(t)||)
< O (10 (Oll = + vy () + g (1) ). (2429

We differentiate (2.1.18) with respect to ¢ to deduce

[ (8)]] < C2(||ﬂ7tyy(t)|| + lluy ()| oo [[@yy (D] + |1y (D[ [[0y ()] 2o
+ gy (Ol (8)]| 2= + ||U7y(t)||L°°||Uy(t)Uy(t)||)
< G ([[ay (D)l s + lluy D[ 2 + vy (O] ) - (2.4.24)
We differentiate (2.1.19) with respect to ¢ to infer
16:(0)]] < Cz(||9t||%4 + g s + 10 lluyll oo + ey || + ey Iy |l
+ | ey 1Tyl 2 + 2 [ @el|Zs + 1Oyl + luyll oo 16y |

F 10yellllvgllzee + 116yl oo [[oyell + IIUyIILocllvy‘)yll)
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< Colfuylzs + oyl + 118y 22 + 1181y |
o ey |+ 182yl + 150 1), (2.4.25)
< Cz(\luy(t)llm + [y ()| 2 + (10 ()] s + ||vy(t)||Hz). (2.4.26)

Thus estimates (2.4.1)—(2.4.2) follow from (2.4.6)—(2.4.25).

Differentiating (2.1.17) with respect to t twice, multiplying the resulting
equation by uy in L2(0,1), performing an integration by parts, using Theorems
2.1.1-2.1.2, we arrive at

1d

1 5
|ttty

2dt||utt(t)H2 < —/\/ Y dy+02(||uy\|i4 100l + lueyll + 116021174
0 v

10l oo lluy || + luyll zoe flusy || + Huyll?is) [ty |
-1
< —C71 ey |? + Co (luy 2 + 1007 + llueyl® + oy 1 + 166l?) . (2.4.27)
Thus, by Theorems 2.1.1-2.1.2, we deduce

t
a1+ [y (7)1
t
Sme®W+CA(MN#+WM%+W@W+MN”W%WXﬂm

t
g@+@/n%mww
0

By (2.4.25), we conclude

t t
MMWP+/H%MﬂWﬁSCrHE/H%MﬂWm
0 0

which, along with Theorems 2.1.1-2.1.2, gives estimate (2.4.3).

Differentiating (2.1.18) with respect to t twice, multiplying the resulting
equation by w in L2(0, 1), performing an integration by parts, and using Theo-
rems 2.1.1-2.1.2, we derive

[t (1)1 (2.4.28)

1),= 2
| Wity | - . . .
< —u/o . Ay Cz(IthyIILoellvyH + |y [l Lo [Juny || + IIwaLooHuy||2L4) [ @rey |

< = QO); ety * + Co (It 1 + oy 1 + 10 12 + Nl 72+ [luaey ) -
By (2.4.28), we can obtain

t t
||u7tt(t)||2+/0 [Trey (7)) dy < C4+Cz/0 [Geyy (7)1 dr

which, along with Theorems 2.1.1-2.1.2, gives estimate (2.4.4).
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Differentiating (2.1.19) with respect to ¢t twice, multiplying the resulting
equation by 60y in L?(0,1), performing an integration by parts, and using Theo-
rems 2.1.1-2.1.2, we infer that

1d [,
2 dt /0 cobidy
1 1 1
K0 3
= - / ( y) Oy dy — / (egety + eurivr) O dy — / 609tzt dy
0 V) 0 2 Jo
1 1
A\u A\u
- 2/ |:€vt - (_p + y) :| utyett dy - / (ev +p— y) uttyett dy
0 vy 0 v
! M, L, -
+ -p+ UyOyy dy + 01 dy
0 VoS 0 v tt

= A+ Ay + Az + Ay + As + Ag + A7, (2.4.29)

By virtue of Theorems 2.1.1-2.1.2, (2.4.1)—(2.4.2) and using the embedding theo-
rem, we deduce that for any ¢ € (0, 1),

1
A1 = —K,/ (Qy) Gtty dy (2430)
0NV /u

1 92 1 0 2
_ —K,/ tty dy + K)/ (29ty'U/y + eyuty _9 yz;l)etty dy
o v 0 v

v2 v2
< —Cr M 0uyl? + Collbrey | (108l oo g |l + 10y ] Los ey || + 18y ] oo luyllF2)
< —=(2C1) " MOutyl1® + Co (101> + 10y 172 + ey + gl Fn + 100y 11) 5

1
- / (egt0r + ewrrvr) Ope dy (2.4.31)
0

Ay

1
< Cl/ [(lve] + 10:))? + |vse] + 10ee|] (16¢] + |ve])|0s| dy
0

< Cull0sull oo (O + Ny D[Nyl oo + 102l oo )10 + [l 1) + lleszy | + 1162 1]
< Oy l|* + Coe ™ (lluayI” + gl + 10y 1 + 10ee]|* + 116:]1%),

3 1 1
Az = ~9 / eobly dy < 01/ (16¢] + [uy|) |02 |* dy < ][0y ||* + Coe™ |62,
0 0
(2.4.32)

! Aty
A4 = —2/0' |:evt — (—p + v )t:| utygtt dy (2433)

1
sca/ (0] + futy] + Ltey] + [12]) [ty | 6] dy
0

< Colluyllzee (gl + 10l + lluey | + luylZe) 16e]
1 1
< Colluty || [[uryy 12 (luyllmr + lueyll + 116:]) 10|
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which implies

t t
1 1
| Astryar < €2 sup 18O [ s el (s + sy + 1821 dr
0 STS 0

¢ i t i
<Cy sup 0™ ( / |uty<7>||2d7) ( / |utyy<7>||2d7)
0<r<t 0 0

) (/ot“'“y'?ﬂ + [lury 1> + 116:1%)(7) dT)

t
< (s 106 + [ r)?ar ) + €, (2.4.34)
0<r<t 0

1
AU _
As = —/ <€v +p— Uy> Uyl dy < ‘SHUttyHZ + Che 1||9ttH23
0

(2.4.35)
1
AU
A6:/ (—p+ y) O dy
0 U/

1
< 01/ ((vel +10e)? + 102e] + [uregy| + lueyry| + |uy]®) [y ||02e] dy
0

< Cilluyllpoo]|6stl ((HthLw 110l e ) (lvell + 10:]) + ety [ + [luy |

 Osell + llwey [l + lJuy | + Huyll?ifs)
< elluay 1 + Cae™ (luaell® + llug 1 + 16221 + 1162 1% + [1621%) ,

(2.4.36)
Y b, - w
A7=M/ ( Y ) 01 dy
0 v tt
< Collbuall (I + ey o= + 13, o= iy ]
o 13 1 Mty |+ ey I 1, 1)
< Coe™ 00l + & (| By | + 147y |
o ey 12 + 11, W1 + [y s ) (2.4.37)

Integrating with respect to ¢, using Theorems 2.1.1-2.1.2 and (2.4.35)—(2.4.37), we
can derive

t
/ot |2 §C4+/ (A1 + Az + Az + Ay + As + Ag + A7)(7) dr.
0



2.4. Proof of Theorem 2.1.3 59
Thus
t
166()11? +/0 16sty (7)1 dr
t
< 016{ sup ||6s(7)|1? +/ (utey 1 + Nlweyy 1) (7) dT}
0

0<7<¢t

t
L Cue g Oy / (16012 + 101 12)(7) dr
0

t
+Cie [ (1|7 + iy ) (7) (2.43%)
0

which, along with Theorems 2.1.1-2.1.2 and (2.4.4), (2.4.25), (2.4.38), gives esti-
mate (2.4.5). O

Lemma 2.4.2. Under assumptions of Theorem 2.1.3, for any (vo,uo, W, 00) € Hi
and for any € € (0,1), we have for any t > 0,

t t
ey (&) + / ltayy (P2 dr < Cae™6 + Oy / (g 1? + 1Buys 1) (7) di,

(2.4.39)
t t
iy (D] + / [y (7) |2 dr < Cye™® 4 Cye? / |y () dr,  (2.4.40)
t
10 (8)]2 + / Bryy (P11 dr
0 t
< Cye® + Cye? / gyl + [Try I + [y 1) () i (2.4.41)

Proof. Differentiating (2.1.17) with respect to y and ¢, multiplying the resulting
equation by u¢, and integrating by parts in L?(0, 1), we arrive at

y=1 1
)\uy>
- -p+ Utyy dy
=0 /0 ( v )y (2.4.42)

We employ Theorems 2.1.1-2.1.2 and Lemma 2.4.1, the interpolation inequality
and Poincaré’s inequality to get

1d Au
g a0 = (<)

ty

= B1+ B>

By < C1 (Jluyllz= + (gl + 106l =) (Ul = + 10,12)
10ty lzoe + lueyyllzoe + ey lLzoe oyl = + gy o< oyl =
o g e gl ) ey 22

< Co(Bur + Bio) |y || sy (2.4.43)
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where
Bi1 = |logllmz + (164 + [|0ey |l
1 1 1 1 1 1
Bia = [lugy || 2 [[ueyyl| > + [[ueyyyll > lueyyll> + 102y |2 [|Beyy |-

Applying Young’s inequality several times, we have that for any ¢ € (0, 1),

IN

2
1 1 3 _2
CaBu ey | gl < ) g ll® + Coe™3 (luey 12 + Iy 52 + 10012 + 162, 12),

(2.4.44)

N

2
€
S 5 uyyll* + €2 (10eyyll* + [lueyyyll*)
+ Coe™C (10ey 1 + sy |1%) - (2.4.45)
Thus we infer from (2.4.43)-(2.4.45) and Theorems 2.1.1-2.1.2 and Lemma 2.4.1,

By < *([[uegy 1 + 109 1* + l1ueyyyl*) + Coe ™" (flury I* + luy 2 + 1162 +(|9ty|2§
2.4.46

1 1
CoBi1|uey|| 2 [|teyyl| 2

which, together with Lemmas 2.2.1-2.2.3, further leads to

t t
| Brnyar <2 [ (sl + 100l + s ) 7) dr + Caz ™, ¥t >0,
0 0
(2.4.47)

1 U2
By < —/\/0 tvyy dy + C1 [(Huy\l +10:DUlvyllzoe + 110y[[zo) + lugy |l + 110 |

o oy oo ey + e Lzoe )+ sy 13 o ] e |
—1
< (=201) Mluayy I + Coe? (luey |12 + eyl + 1oy s + 10:130) - (24.48)

By (2.4.42), (2.4.47)—(2.4.48) and Theorems 2.1.1-2.1.2 and Lemma 2.4.1, for any
€ € (0,1) small enough, we have

t t
ey (8] + / ey (D)2 dr < Coe™® + 2 / eyl + [B1y12) () dr.

(2.4.49)
On the other hand, differentiating (2.1.17) with respect to y and ¢, and using
Theorems 2.1.1-2.1.2 and Lemma 2.4.1, we derive

[tutyyy (O < Co (lueeyll + llweyyll + 110l > + 10yl 52 + luyllzz + [lwyll 7)) -
(2.4.50)
Thus inserting (2.4.50) into (2.4.49) implies estimate (2.4.39).
Differentiating (2.1.18) with respect to y and ¢, multiplying the resulting
equation by Wy, in L?(0,1), and integrating by parts, we can obtain

Wiy (1) = w - Weyy d
o gl @OIT=p (" ., tulymo = o \w ), (2.4.51)
= D14 Dy
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where

Di < Calliy e ([l @eyulzoe + iy o<y o + 18 2oy 12

1 o gl e+ 11 e oy 2 )
< Cre® (B I® + By 12) + Coz™ (Il |12 + 14,3

o Ny 2 + lloy 3 ) (2:4.52)
b |y 2 " B .

Do < =gt [yt i | (10 o+ 1300
o 3 e g |+ Ny o oy 2= )

—~(2C1) " gy 2 + Cae? (B |2 + 1oy + 1y I3

+ 14 1 + I 1) (2.4.53)

By (2.4.51)—(2.4.53) and Theorems 2.1.1-2.1.2 and Lemma 2.4.1, we have

t t
iy ()] +/O [@ryy (7)]|* dr < Coe™ + 0152/0 [Geyyy (7)II? dr. (2.4.54)

Differentiating (2.1.18) with respect to y and ¢, and using Lemmas 2.2.1-2.2.4, we
derive

[@ryyy ()| < Colll@ray | + [[Wryy || + 10y |2 + [[uy | 122 + vy || 22 + [0y [])- (2.4.55)

Thus inserting (2.4.55) into (2.4.54) implies estimate (2.4.40).
Analogously, we get from (2.1.19),

1d
2dt

0
El:”(;) th’y 0’
Ey = / ( ) etyydyv
)\u
|:< y) uy:| ety dy’
v ty

1
<€6ty9t + eoybu + 2€9t9ty> Oty dy,
0

1 . .
Wy - W
E5:,u/ ( ) thdlk
0

/ 699 dy=FE1+ FEs+ Es+ Ey+ E5 (2.4.56)

where

E,4

-,
N
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It follows that
By < ColOry| Lo (||9tyy\|L°° + |0yl oo vy | oo + [|Oyyl| oo Juy || oo
+ 110yl oo [y || o + H9y||L<>cH%HL%H%HL&)
1 1 1 1 1 1
< Co[Ouy || |62yl (H9tyy||2 [0ryyyll> + 10yl 2 [|Oeyyll 2

+ 10yllm2 + lluyllz + HvyHHl),

A

2
1 1 1 1 g _
1024112 102112 0y 1 2 |0y |1 2 < (||9tyyH2 + ||9tyyyH2) + Cse 6H9tyH2a
3

A

(1803 100312 < % 10032+ o201, 2
182y 112 102y 12 10y 1122 + Nyl 22 + oyl 21
< ifuetw + o2 (10012 + 101372 + g 1372 + 1oy 32
Thus
Er < (101l + 1Bty l1?) + Coe= (101 12 + 10,132

+ [luy |3 + H%H?p), (2.4.57)
! etzyy
By < —”/0 ” dy+C2||9tyy\|(||9ty||||vyHLoo + 10yyllllwyll e

+ gy 16yl 2o + IIvayHHf)yHLoo)

< 200 B2 + o (1607 + 18,130 + g0 ). (2.458)
Similarly,
By < ®||uryy|® + Coe™2 (lugllze + [lusyl* + 16:113) - (2.4.59)

Ey < ||fuyyl|* + Coe™” (Huyllin + ugyl* + 1160:]7

16, 1372 + ey 1), (2.4.60)
By < &2y 12 + Cac01yy |2 + Coe™ (1,32 + 1|12 + g l3) - (2:4.61)
By (2.4.56)—(2.4.61) and Theorems 2.1.1-2.1.2 and Lemma 2.4.1, we have

t t
16, (1)]12 + / 181y ()2 dr < Cié? / ey 12 + gy 2 + ey |2)(r) dr
t
Oyt / By 12 + 1022 + N2 + 1oy 130)(7) dr

t
Oy / (5272 -+ [y |12) () . (2.4.62)
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Differentiating (2.1.19) with respect to y and ¢, and using Theorems 2.1.1-2.1.2
and Lemma 2.4.1, we derive

8esmsll < Co (Ilueyllzrs + 10cl1 + 1612 + 10l s + 11Ty 12
11, e + oyl ). (2.4.63)

By (2.4.62)-(2.4.63) and Theorems 2.1.1-2.1.2 and Lemma 2.4.1, we derive esti-
mate (2.4.41). O

Lemma 2.4.3. Under assumptions of Theorem 2.1.3, for any (vo,uo, W, 00) € Hjlr
and for any € € (0,1), we have for any t > 0,

a1 + et (011 + 10 (@) + ey (011 + [y (D)1 + 162, ()] (2.4.64)

t
+/ <||Utty||2 + [[eeyylI* + | Beey 1> + [[DryylI* + [|0eey[|* + ||9tyy||2) (7)dr < Cy,
0

(N F + gy (B[, + 10y (DN 7+ 105y (7100 + [ty ()1

+ 1y ()10 + [0y O + Nty (O + [Ty (D1 + [y (]
t
+/0 (IIUttII2 + | ee|® + 10y 15100 + 1021 + Ny [0 + N1y [fy1.0

+ eyl + 10eyyllFn + Iy 70+ ey + 106y 150

+ ||wty||xzxvlwoo + ||”tyyy||§{1) (r)dr < Cu, (2.4.65)
t
2 2 2 2
[0yyy (Dl + lloyy (155100 +/O (loywullzrs + logyllivsee) (7) dr < Ca, (2.4.66)

t
/0 (”uyyyyuifl + ||9yyyy||%11 + ||U7yyyy||12ql) (r)dr < Cy. (2.4.67)

Proof. Adding up (2.4.39), (2.4.40) and (2.4.41), picking € € (0,1) small enough,

we arrive at
t
[ty ()| + ([ ey () |* + (|62 (D)]]* + /0 (Nwtyyl1? + N[ DeyylI” + 102y [I7) (7) d7
t
< C3e 0 + Cye? / (leiy | + 1ty |12 + 10sy]|%) (7) dr- (2.4.68)
0

Now multiplying (2.4.3) and (2.4.4) by & respectively, multiplying (2.4.5) by £%/2,
then adding the resultant to (2.4.68), and choosing ¢ € (0,1) small enough, we
obtain (2.4.64).

Differentiating (2.1.17) with respect to y, and using (2.1.16), we derive

0 (Vyy B
Aot ( v ) — Polyy = Uty + E(y, 1) (2.4.69)
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where

2
Uy

Uy W
E(y, t) =2) y;;z Y —2) USy +pvvvg + 2p11971y9y +p009§ +p99yy~

Differentiating (2.4.69) with respect to y, we have

)\gt (Uy;!y) — PoUyyy = E1(y, t) (2.4.70)
where
Er(y,t) = Ey(y,t) + PoyVyy + Uiy + A (ingvy)t )
L] < Ca (lutyyll + lluyllzz + oyl + 110y]152) -
Thus

t
/ |Ev(7)||?dr < Cu. (2.4.71)
0

Multiplying (2.4.70) by “"*** in L*(0,1), we can obtain

d UyyyH2 —1 ||V 2 2
C H -’””’H < 4| Ey ()] 2.4.72
dt H » +0C; v < Gil|Ea()|| ( )

We infer from (2.4.71)—(2.4.72) that

t
vy (1)1 +/0 [vyyy (T)|? dr < Ca, V>0 (2.4.73)

which, together with (2.4.9), (2.4.15), (2.4.20) and (2.4.64), gives
[ty (DI + [1@Fyyy (O] + 10yyy (D] < Ca. (2.4.74)

By (2.4.12), (2.4.17), (2.4.22) and (2.4.64), we have
t
/0 (HuyyyH%{l + ||9yyy||%{1 + Hwyyy‘ﬁ{l)(ﬂ dr < Chy. (2.4.75)

Using the embedding theorem and (2.4.73)—(2.4.75), we have

s (D17 + Iy O + 104y (O + gy (DI Zoo + 104y (D Zoe + [y (8) [T
t

+/0 (HuyyyH?{l + HeyyyH%{l + H“_jyyyH%Il) (r)dr < Cy. (2.4.76)
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Differentiating (2.1.17), (2.1.19) with respect to ¢ respectively, and using Lemmas
2.4.1-2.4.2, we have

[ty (D) < Crllua ()] + Collluy (@)l + oy (Ol + lluey O + 116:)1)

<y, (2.4.77)

@y (O] < Call e ()| + Callli, (&)l 12 + [ty (Ol 1 -+ 1oy (O + 1y ()]
<y, (2.4.78)

182y (O < Call8et(8)]| + (18, (1) [ a12 + Iy (O]l 12 + ey (O] + 18:8) [
[y (Ol + 18, )l n) < Ca. (2.4.79)

By (2.4.12), (2.4.17), (2.4.22), (2.4.75)—(2.4.79) and Lemmas 2.4.1-2.4.2, for any
t >0, we get

[y )1+ Dy (DI + 10y (1)1 (2.4.80)
t
2 2 2 2 - 2 2
+/0(||“tyy|| + ([ Gryy 17 + 10eyy 7 + lltyyyy ™ + [[Tyyyy ™ + [10yyyy I )(7) dr < Cy
which, together with (2.4.76) and the interpolation inequality, gives
[ty (D)1 700 4 [[Byyy ()1 700 + [[0yyy ()17 (2.4.81)

t

Differentiating (2.4.70) with respect to y, we get

0 (v
Aat ( yzyy) — PoUyyyy = Ea(t) (2.4.82)

where

VyyyyV
Ea(t) = E1y(t) + Poyvyyy + A ( yffé y)t .

By Lemmas 2.4.1-2.4.2, (2.4.77)-(2.4.80) and the embedding theorem, the inter-
polation inequality, we deduce

[Ery (D < Crllutyyyll + Ca (lugll s + llvylla2 + 16yl m3)
B2 < Cllutyyyll + Ca (lugllgs + 1oyl a2 + 10yl ) - (2.4.83)

By (2.4.23), (2.4.24), (2.4.26) and (2.4.80), we have
¢
/ (g + [Gull? + [6]2) () dr < Cay Y150 (2.4.84)
0
which, together with (2.4.50), (2.4.55), (2.4.63) and (2.4.64), gives

t
/0 (||utyyy||2 + ||U7tyyy||2 + ||9tyyy||2) (r)dr < Cy, Vt>0. (2.4.85)
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Thus :
/ | E2(7)||?dr < Cy4y, Vit >0. (2.4.86)
0
Multiplying (2.4.82) by “***¥ in L*(0,1), we can obtain
Uyyyy 2 —1 || Yyyyy ||? < 2
dt +C] < C||E:(0)]17 (2.4.87)
v
Thus
‘ ”yyyy H / H”yyyy Cdr<Cy, Viso0. (2.4.88)

Differentiating (2.1.17), (2.1.18), (2.1.19) with respect to y three times respectively,
using Lemmas 2.4.1-2.4.2 and Pomcare s inequality, we infer

[tyyyyy (DI < Crlluryyy (D] + C2 (luy ()l as + vy (Ol s + 10y ()] =) (2.4.89)

1@ yyyyy (O < Crllweyyy (I + Co (10 ()| 5 + [y ()] 72) , (2.4.90)
19yyyy N < CrlBeyyy Nl + Co (luy (@)l s + 10y ()| 2 + 110y () o
+ 10ty (O + 1y ()] r2).- (2.4.91)

Using (2.1.16), (2.4.76), (2.4.85), (2.4.88)—(2.4.91) and Lemmas 2.4.1-2.4.2, the
interpolation inequality, we have

¢
/0 (H“yyyyyH2 + [[vtgyyyll® + | Gyyyyyll* + ||9yyyyy‘|2) (r)dr < Cy, Vt>0,
(2.4.92)

t
/0 (luyyllf2.e + 10yylli2e + 1 Tyylfye) () d7 < Cs, VE>0. (2.4.93)

Finally, using (2.1.16), (2.4.76)—(2.4.81), (2.4.84)—(2.4.85), (2.4.92)—(2.4.93) and
Sobolev’s interpolation inequality, we can derive the desired estimates (2.4.65)-
(2.4.67). O

Lemma 2.4.4. Under assumptions of Theorem 2.1.3, for any (vo, uo, Wo, 00) € Hi
and for any € € (0,1), we have for any t > 0,

lo(t) = ll3s + [l s + ol + lu@)Fs + lu @72 + llue @]
+ @) + 10 ()32 + 1T (O + 10() = O3 + 100D 12 + (10 (D)1

t
+/ (Hv = 0llFa + llullfs + el + lueellF + 1001 Fs + 1035 + ]|
0

16 = B3 + 16el3s + 1803 ) (7) dr < C, (2.4.94)

t
/ (loelZs + lveel2ge + llowee1?) (7) dr < Cs. (2.4.95)
0
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Proof. Exploiting (2.1.16) and Lemmas 2.4.1-2.4.3, we easily obtain Lemma 2.4.4.
The proof is complete. O

Lemma 2.4.5. Under assumptions of Theorem 2.1.3, for any (vo,uo, W, 00) € Hjlr

, there exists a positive constant 74(11) = %(11)(6'4) < v2(C2) such that for any fized

v € (0,7&1)], the following estimates hold for any t > 0, and € € (0,1) small
enough,

t

t
wme+/amewmg@+@/wwmme (2.4.96)
0 0

t t
eWMNW+/NW%MWMS@+@/6WMMﬂﬁh (2.4.97)
0 0

t

t
OO + [ 00T dr < Caz™ 4 Cae ™ [ 7B (0]
0 0

t
+ 016/0 e ([lwaeyl* + lueyyl® + [ Geey | + | Deyy 1) (7) dr.
(2.4.98)

Proof. Multiplying (2.4.27) by €%, we have
(e luee(®)]?) < ;e”||utt(t)||2 = Cr e fluny (D) + Cz@w(““y(t)quz

O + 106y (O + ey (07 + lloy (D]1* + ||9tt(t)||2)-
(2.4.99)

Using (2.1.12) and Poincaré’s inequality, we can derive

[ua(@ < Crllusey D).

Exploiting (2.4.25) and Lemmas 2.2.3-2.2.4, we arrive at

t t
" ua(®)|* < Ca = (C7 ~ Cw)/ € [|uusay (7)[| d7 + Cz/ e [|0u(7)|* dr
0 0

t

t
SQ—W?—QwAWWWWWM+@ANWmmWM

which gives (2.4.96) if we take v > 0 so small that 0 < v < min[4é2,72(6’2)].

Multiplying (2.4.28) by €7!, using (2.4.24), Theorems 2.1.1-2.1.3 and Poincaré’s
inequality, we have

t

t
NW%MWSQ—Wf—aw/eﬂmwﬂww+@/éﬂwwmww
0 0

which gives (2.4.97) if we take v > 0 so small that 0 < v < min[4é2,’yg(02)].
1
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Multiplying (2.4.29) by €77, using (2.4.30)—(2.4.37), (2.4.25), Theorems 2.1.1-
2.1.3 and Poincaré’s inequality, for any € € (0,1) small enough, we have

1 t
S Vel < ot ) [ eatul*r) dr
0

¢
+/ eV (AL + Ag + Az + Ay + As + Ag + A7) () dr
0

t t
<Cie ) [ el ar - @C)™ [ O 6u I dr
0 0

t
+Co [ [ (DI + 226 00y l?] d
0

t 1/4

t
s [ mouldr+ s [00(0)] ( / eﬂutymn?df)
0 <7<t 0

1/2

t 1/4 t

. ( / ewnutyyw?df) [ / e”<||uy|%p+|9y||zl+||utyll2><r>dr}
t

+ 6/0 7 ([[ustyll? + 1 Tetyll? + [ Tegy|2)(7) dr

t

1 t
< (L —ee—on / 01y ()2 dr + 02571/ |01y (7) 2 dr
2Ch 0 0
¢
+ €/0 7 (Ilueey 1 + ey I* + 1@y lI* + | Gry 1) (7) dr + €Oiugt\|9tt(7)\|2
which gives (2.4.98) if we take 7 > 0 small enough. O

Lemma 2.4.6. Under assumptions of Theorem 2.1.3, for any (v, ug, Wo, bp) € Hi,

there exists a positive constant 75;2) < 'yf) such that for any fixed v € (0, 'yf)}, the

following estimates hold for any t > 0, and € € (0,1) small enough,

t
& gy (8)])? + / |ty (1) |2 dr

t
< Cye® +0152/ O ([l + 0ry]2) () dr, (2.4.100)
0

t
7|y (1)]1® + / [Ty ()2 dr

t
< Coe 04 12 / 77|y (7|2 (2.4.101)
0
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t
WMNW+Awwmmwm
t
< 656—64—65621/ 7 (el + 18y + [Ty |2) (), (2.4.102)
0
& (g DI + [Ty (B2 + 81y (D)

t
+/O " (leyyll® + | Deyy|* + [1629511%) () dr

t
< Che™ b 4 0152/ 7 (lusey |1 + 1Tty 1> + 1|0ty I*) () d. (2.4.103)
0

Proof. Adding up (2.4.100), (2.4.101) and (2.4.102), picking ¢ € (0,1) small
enough, we obtain (2.4.103).

Multiplying (2.4.42) by €%, using (2.4.47)—(2.4.48) and Lemmas 2.2.3-2.2.4,
for any € € (0,1) small enough, we have

o gt (€' lluy?)
1
< 29 g+ 2l + [y I + 1)

+ Coe™® (gl + 10002 + 100y 2 + ey 12) ]| = (2C1) 7267 gy
+ o™ ([l s + 18630 + N 12 + [y 1) - (2.4.104)

Integrating (2.4.104) with respect to t and using Poincaré’s inequality, we have
t
M [lugy ()||* < Coe™® = [(201) 71 — 26 — Cw]/ 7 [[uryy (7)II? dr
0
t
+ €2 [ sy P+ [ |P)7) dr
0

which gives (2.4.100) if we take v > 0 and € € (0,1) so small that 0 < ¢ <

min |1, 8(111] and 0 < y < min [%&1), 861«12] = ’Yf)~

Similarly, multiplying (2.4.51) by e, using (2.4.52)-(2.4.53), (2.4.55) and
Theorems 2.1.1-2.1.3, for any ¢ € (0, 1) small enough , we obtain

t
T O < Cas™® = (2007 = o) [ iy (1) dr
0
t
4G [ O (I dr
0

which gives (2.4.101) if we take € € (0, 1) small enough.
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Multiplying (2.4.56) by e!, using (2.4.57)—(2.4.61), (2.4.63) and Theorems
2.1.1-2.1.3, we derive

1d 1
3 gy (1 IVeabiyl2) < v leotuy|> + 267 (1 Buynl® + [Buyn 1)

+ Cae™ %™ (10 1* + 110y l17r2 + Ny [l + lloyll3n) — (2C0) 7 € |60y, |1
+ Cae_ze”t(\luyll?qz + 10l F + ey I + 116yl 7> + vy )1

1 s + 1) + €27 Bugy | + Cae?e oy I (2.4.105)

Integrating (2.4.105) with respect to ¢, we can deduce

t
0y (1)]* < 62/0 ™ (Ideyyll* + 102y |1?) (1) dr
t

+ G0 = (207 =) [ oy ()P ar

which gives (2.4.102) for € € (0,1) small enough. O

Lemma 2.4.7. Under assumptions of Theorem 2.1.3, for any (vo, ug, Wo, 0y) € Hi,

there exists a positive constant v4 < ’yi?) such that for any fized v € (0,v4], the

following estimates hold for any t > 0, and ¢ € (0, 1),
e ([luee (D)1 + 118t (01 + [1Tee (01 + [faaey (D)1 + [Ty ()1 + 162 (D)]1)

t
+ / 7 (Itsay 12 + ey |2 + 162ty 12 4+ 100y 2 + [y 12 + 1By 12) (7)

< Cy, (2.4.106)

t

e'yt(||vyyy(t)||%[1 + H”yy(t)”%[ﬂx) +/0 e”(””yyy“%{l + ||UyyH12/V1<>°)(T) dr

< Cy, (2.4.107)
e (Iluyyy (D17 + gy (O 11,00 + [ Dyyy O Fn + 10y (Ol + 105y () 7

+ 110y, (D)0 + vty (O + ey (O + (e (O + 182y (D11)

t

+/0 ew(HuttH2 + ||9ttH2 + H“_jttH2 + Huyyyy‘ﬁ{l + HutyyH%ﬁ + H@;yyy”%{l

+ ||U_jtyy||%11 + ||9yyyy||%11 + ||9tyy||%11 + ||uyyH12/V2°° + Hutyu%/vzoc

Ty .o + Tty [fr2.00 + 10yy 200 + 162y 12 + ||Utyyy||%p)(7) dr

<cy. (2.4.108)
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Proof. (2.4.96) x & + (2.4.97) x & + (2.4.98) x £2 + (2.4.103), and taking ¢ € (0,1)
small enough, we derive (2.4.106). Multiplying (2.4.72) by €%, we can calculate
d

2 2
s (evt H”ygyy H ) +(O7 =) et H“yyy H <GB (2.4.10)

v
Choose v > 0 so small that 0 < v < 4 = min[2(1jl7,y£2)].
Integrating (2.4.109) with respect to t, we have

¢

Vyyy H2 1 yT
v (t) +201 0 ¢

Using (2.4.106), we have

et

2 t
”y;fy (T)H dr < cg+cl/ T\ B2 dr, Wi > 0.
0

t
[y ()] +/ oy (PP dr < Cay Vit 0. (2.4.110)
0

By (2.4.9), (2.4.15), (2.4.20), (2.4.106) and Theorems 2.1.1-2.1.3, we have
e (lttyyy ()N + 10y (D)1 + [y (1)]7) < Ci. (2.4.111)
By (2.4.12), (2.4.17), (2.4.22), (2.4.106) and Theorems 2.1.1-2.1.3, we get

t
/0 e’” (”uyyy”%{l + ||0yyy||%{1 + ||U7yyy||12ql) (r)dr < Cy. (2.4.112)

Using the embedding theorem, the interpolation inequality and (2.4.109)—
(2.4.112), we conclude

" (It (12 + 16 D12 + 18y (1)
gy (B + 10y (O + [T (B3 )
t
+/0 e’ (Huyyy”%{l + ||0yyy||%{1 + ||“7yyy||12ql) (r)dr < Cu. (2.4.113)

Using (2.4.77)-(2.4.79), (2.4.106) and Theorems 2.1.1-2.1.3, we derive
" (lutyy O + 10ty D1 + 1y (D7) < € (lueell? + 10t |* + 162e*)

+ 7 (lluyllzn + llvgllz + 0yl + 106l + 10617 + llwey |* + [0y |1?) < Ca
(2.4.114)

By (2.4.12), (2.4.17), (2.4.22), (2.4.111)—(2.4.114), we conclude
67t(||uyyy(t)||§p H 110y (O + Ty Ol Fr + [ty ()51, + [y () 1100
+ 105y (013100 + gy (DI + [Ty ()] + ||9tyy(t)||2)
t
+/0 ew(”uyyy”%{l + ||0yyy||%{1 + ||“7yyy||%{1 + ||uyy||%/vloc + ||wyy||%/vl,°°

+ 10y e + luryyl® + [Ty |* + ||9tyy||2)(7) dr <Cy, VE>0. (24.115)
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Using (2.4.23)—(2.4.24), (2.4.26), (2.4.115) and Theorem 2.1.3, we can deduce
¢
/ 2 (HuttH2 + || ||* + ||9ttH2) (r)dr <C4, Vt>0. (2.4.116)
0

Analogously, by (2.4.49), (2.4.55), (2.4.63), (2.4.106), (2.4.115) and Theorem 2.1.3,
we derive

t
/0 e’YT(HutyyyH2 + Hu_jtyyyH2 + HetyyyHZ)(T) dr <Cy, Vi>0. (2.4.117)

Multiplying (2.4.87) by €%, using (2.4.83), (2.4.106), (2.4.110)—(2.4.117) and The-
orem 2.1.3, for any fixed vy € (0,74), we have

2 t
~t || Yyyyy 1 T
e + e
v 201 0

Thus

t

2
P |y dr < C4+Cl/ || Ba(7)|* dr
0

< Cy, Vt>O0.

t
o O + [ o MIFdr<Ch >0 (2419
0

which, combined with (2.4.110), (2.4.118) and the embedding theorem, gives
(2.4.107).

On the other hand, by (2.4.89)-(2.4.91), (2.4.115), (2.4.117) and Theorem
2.1.3, we have

¢
/0 ew(Huyyyyy”2 10y I” + 1Gyyyyyl® + Nty 52
By Iy + 10y ) (7) dr < Ca (2.4.119)

which, combined with (2.4.115)—(2.4.119), gives (2.4.108). O

Lemma 2.4.8. Under assumptions of Theorem 2.1.3, for any (vo, ug, Wo, 0y) € Hi,
for any fixed v € (0,44], the following estimates hold for any t > 0,

6”(Ilv(t) = Ol + a3 + 10) = O + lloells
+ o + lue®)le + lua @O + 100217
+ 100 (O + e ()15 + 10 ()72 + ||u7tt(t)\|2) < Cy, (2.4.120)

t
/ ew(llv(t) — 0| Fs + ullFs + 1008) — 01 + 151175 + llwell 7
0
+ el + el Fs + el T + 1035 + 110eel| 70

o loels + owle + owel ) (7) dr < C. (2.4.121)
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Proof. Using (2.1.16), Theorems 2.1.1-2.1.2 and Lemmas 2.4.1-2.4.7, we can prove
the conclusion. 0

Proof of Theorem 2.1.3. Exploiting Lemmas 2.4.1-2.4.8, we complete the proof of
Theorem 2.1.3. 0

2.5 Bibliographic Comments

In this section, we shall recall some related known results in this direction.

For the case w = 0, there are many results on the global existence and asymp-
totic behavior of solutions to problem (2.1.16)—(2.1.17), (2.1.19)—(2.1.22) with dif-
ferent constitutive assumptions; we refer to Jiang [26, 27, 28, 29], Kawashima and
Nishida [31], Kawohl [32], Kazhikhov [34], Kazhikhov and Shelukhin [36], Okada
and Kawashima [47], Qin [49, 50, 52, 55, 54], Qin and Munoz Rivera [70], and
Wang [76]. Among these cases we would like to mention two classes of models: an
ideal gas and a real viscous gas. For the former case, i.e., for the case of W = 0
and an ideal gas whose constitutive relations take the following form,

e=Cyvl, E=Cy0+ ;(u2 + [@)?), p= Ri, (2.5.122)
with suitable positive constants Cy-, R, the global existence and asymptotic behav-
ior of smooth (generalized) solutions to the system (2.1.16), (2.1.17), (2.1.19) were
established by many authors; we refer to Jiang [28, 29], Kawashima and Nishida
[31], Kazhikhov [34], Kazhikhov and Shelukhin [36], Okada and Kawashima [47],
Qin [49, 50, 51, 52, 55, 54, 56, 57], Qin, Wu and Liu [73] on the initial boundary
value problems and the Cauchy problem. In detail, Qin [49, 50] established the
existence and asymptotic behavior solutions in H! to (2.1.16), (2.1.17), (2.1.19)-
(2.1.21) for a viscous ideal gas (2.5.122) in bounded domain in R, for which Zheng
and Qin [83] obtained the existence of maximal attractors (see also for a viscous
ideal gas (2.5.122) in bounded annular domains G,, = {x € R"|0 < a < |z| < b}
(n =2, 3) in R™ for a viscous spherically symmetric ideal gas). For the latter case,
i.e., for the case of & = 0 and a real gas with the same assumptions as those in
(2.1.25)—(2.1.36), Qin [55] (see also, Qin [51, 52, 54] with some stronger growth as-
sumptions) established the existence and exponential stability of a Cp-semigroup
generated by the solutions to (2.1.16), (2.1.17), (2.1.19)-(2.1.21) in the subspace
of H x H* x H* (i = 1,2) for a viscous ideal gas (2.5.122) in a bounded domain
in R.

For the case of @ # 0, an ideal flow (2.5.122) which is the special case
of ¢ = r = 0 of the problem (2.1.16)—(2.1.21), Qin [70] proved the exponential
stability and existence of attractors; Wang [76] investigated the global existence,
uniqueness, regularity in H'. In this chapter, under more general assumptions
(2.1.25)—(2.1.36) on the constitutive relations than those in [73], we establish the
global existence uniqueness and asymptotic behavior of solutions in H' and H?2.
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The novelties of this chapter consist of the following aspects: (1) the more general
constitutive relations and growth assumptions (2.1.25)-(2.1.36) are studied, the
related results in H! in this chapter have improved and extended those in [73];
(2) the global existence and exponential stability of solutions in H! and H? are
established for the model under consideration; (3) the results in H? and H%are
obtained first for the model under consideration.
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