Chapter 2

Euclidean and Hyperbolic
Geometry

X designates again an arbitrary real inner product space containing two linearly
independent elements. As throughout the whole book, we do not exclude the case
that there exists an infinite and linearly independent subset of X.

A natural and satisfactory definition of hyperbolic geometry over X was
already given by Theorem 7 of chapter 1. If T is a separable translation group
of X, and d an appropriate distance function of X invariant under 7" and O (X),
then there are, up to isomorphism, exactly two geometries

(X, G (T,0 (X))).

These geometries are called euclidean, hyperbolic geometry over X. Their distance
functions are eucl (z,y), hyp (z,y), respectively.

2.1 Metric spaces

A set S # ) together with a mapping d : S x S — R is called a metric space (S, d)
provided
(i) d(z,y) =0 if, and only if, x =y,
(ii) d(z,y) =d(y,x),
(i) d(z,) < d(2,2) +d(2p)
hold true for all x,y,z € S.
Observe d (z,y) > 0 for all =,y € S, since (i), (ii), (iii) imply

0=d(z,2) <d(z,y) +d(y,z) = 2d(z,y).

W. Benz, Classical Geometries in Modern Contexts: Geometry of Real Inner Product Spaces 37
Third Edition, DOI 10.1007/978-3-0348-0420-2_2, © Springer Basel 2012



38 Chapter 2. Euclidean and Hyperbolic Geometry

(i) is called the aziom of coincidence, (ii) the symmetry aziom and (iii) the triangle
inequality.

Proposition 1. (X, eucl), (X, hyp) are metric spaces, called the euclidean, hyper-
bolic metric space, respectively, over X.

Proof. Axioms (i), (ii) hold true for both structures (X, eucl), (X, hyp), because
of D.c and D.d of step D of the proof of Theorem 7. The triangle inequality of
section 1.1 implies

Iz =2)+ (z =yl <z =z + ]z -yl

for x,y,z € X, i.e. eucl (z,y) < eucl (z,2)+ eucl (z,y). It remains to prove (iii)
for (X, hyp). We may assume x # z. Because of D.a and the invariance of hyp
under T" and O (X), it is sufficient to show (iii) for z = 0 and = = Ae with A > 0,
i.e. to prove

L :=hyp (Xe,y) < hyp (Xe,0) +hyp (0,y) =: R

or, equivalently, cosh L < cosh R. Obviously, this latter inequality can be written

as
VI+X2VT+52 = (e)y < VI+ A2+ 12+ VA2 /2.

So observe finally —(Xe) y < |(Ae) y| < /(Ae)? v/y? from the inequality of Cauchy—
Schwarz. ]

2.2 The lines of L.M. Blumenthal

Let (S, d) be a metric space and = : R — S a function satisfying

d (z (&), x(n)) = |& =] (2.1)

for all real &,n. Then {z (&) | £ € R} is called a (Blumenthal) line of (S,d) (L.M.
Blumenthal, K. Menger [1], p. 238). Observe that 2 : R — S must be injective in
view of the axiom of coincidence and (2.1).

Lemma 2. If ||z + y|| = ||z|| + |lyl| holds true for x,y € X, then x,y are linearly
dependent.

Proof. Squaring both sides, we obtain zy = ||z ||y|]|. Now apply Lemma 1 of
chapter 1. O

We would like to determine all solutions = : R — X of the functional equation
(2.1) in the case of (X eucl). Let  be a solution. If & < 8 < ~ are reals, then, by
(2.1),

le() —z(@)l=7—a, [x(v) —z@B)=7v—5, llz(B) —z ()| =B —a,
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i.e., by Lemma 2, z () — z (8), = (8) — = (o) must be linearly dependent. Put
pi=2(0), ¢:=x(1) —z(0).
Hence, by (2.1), |lq]| = 1. If 0 < 1 < &, we obtain
z(§)—z(l)=¢-(z(1) —2(0)) = og
for a suitable p € R. Thus £ — 1 = ||z (&) — x (1)|| = ||eq|| = |o|. Moreover,
§= 0=z (&) —pll =l (1) + eq —pll = 1 + ol

Hence o = £ — 1 and thus z (§) = z (1) + og = p + £q for £ > 1, a formula which
holds also true for £ = 1, £ = 0, but also in the cases 0 < £ < 1, £ <0< 1 as
similar arguments show. That, on the other hand,

z (&) :=p+&q [l =1,
solves (2.1), is obvious. Hence
{@=XNa+ | XeR}

with a,b € X and a # b are the euclidean lines of (X, eucl) by writing p :=
a,q-Ib—all :==b—a, &:= A b—al.

Theorem 3. The (hyperbolic) lines of (X, hyp) are given by all sets
{pcosh¢ + gsinh¢ | € € R},

where p,q are elements of X with pg =0 and ¢> = 1.
Proof. Let p,q be elements of X satisfying pg = 0 and ¢> = 1. Define z : R — X
by

z(§) =pcosh& + gsinh ¢ (2.2)

and observe hyp (z (£),z ()) = [ —n| for all £,y € R. Hence (2.2) is the equation
of a line of (X, hyp). Suppose now that  : R — X solves (2.1) in the case of
(X, hyp). Since z is injective, choose a real & with x (&) # 0 and put

0= z (&o)

" sinhty’

sinh g := ||-r (50)”

Define the translation group

Ti(h+sinh7-+/1+ h?e) = h+sinh(r +1¢) - V/1+ h2%e
for all h € e* and 7,t € R. Since

hyp (Ti(y), Ty(z)) = hyp (y,z) (2.3)
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holds true for all y, z € X,
£ =T (€) =Tty (z(E+ &)
must be a solution of (2.1) as well: by (2.3),
hyp (% (€), T(n)) =hyp (z (£ + &), z(n+ &) =€ =7l (2.4)
Notice Ty, (0) = z (&), i-e. Ty, (2 (£0)) = 0, i.e. T(0) = 0. By (2.4),

cosh( — 1) = \/1+72(6) \/1+72(n) —F (&) T ().
For n = 0 we get cosh& = /14 Z2(€). Thus 72(¢) = sinh® € and
Z (§) T (n) = cosh & coshn — cosh (€ — i) = sinh € sinh 7, (2.5)

Le. [Z(&)7 (n)]* =
1, chapter 1, T (£),
0, we obtain 7 (1)

sinh? ¢ sinh? y = 72(€) T2(n) for all real &, 7. Hence, by Lemma
T (n) must be linearly dependent. Since T is injective and 7 (0) =
#0.Put a-||7(1)]] :=7(1). Thus

T()=¢(&)-a (2.6)

with a suitable function ¢ : R — R satisfying ¢ (0) = 0, in view of the fact that
T (£), T (1) are linearly dependent. (2.5), (2.6) imply

© (&) ¢ (1) = sinh&sinh 1
for all real &, so especially 4,02(1) — ginh? 1, ie.
T inh
T () =sinh¢- s@(ll a

=p-coshé + q-sinh¢&

with p:=0, ¢ (1)q:=asinh1, i.e. pg = 0 and ¢®> = 1. Hence T (£) is of type (2.2),
and we finally must show that

z (&) =Ty, (T (£ — &) = Ty, (g sinh (€ — &)

is of type (2.2) as well. This turns out to be a consequence of the following
Lemma 4. g

Lemma 4. Let T be the translation group

T;(h+sinh7-v/1+4h?e) = h+sinh(r +¢t)- V1+h%e

with axis e, €2 =1, for allh € e+ and 7,t € R. If ¢ # 0 is in X and s in R, there
exist a,b € X with ab=0, b> =1 and

{acoshn + bsinhn | n € R} = {Ts(1q) | p € R}.
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Proof. There is nothing to prove for ¢ € Re or s = 0. So assume s # 0, and that
q, e are linearly independent. Hence ¢ # (ge) e. Because of

{Ts(uq) | p € RY = {Ts(p- Bq) | u € R}

for a fixed real § # 0, we may assume ||q¢ — (ge) e|]| = 1, without loss of generality.
Put
S :=sinhs, C :=coshs, j:=q— (qe)e o= qe,

and observe S #0,C > 1,2 =1,je=0,q= ae+j, ¢> = 1+ a?. Since (1.8),
(1.9) represent the same T}, we obtaln

Ty(nq) = pg + [pe (C = 1) + V1 + 2 S| e =: wre + 25
with 21 (1) = paC + /1 + p2(1 + a2) S and 22(p) = . We hence get
2?2 — 200z 15 + (0 — S%) 23 = 52
with the branch sgn (z7 — paC) = sgn S, and also

y?
f*ygzl, sgn y; = sgn S,

¢’k := S? > 0, by applying the orthogonal mapping w of the subspace ¥ of X,
spanned by e, 7, namely
oy1 = x1C — zaq,

0y = xia+z20,
= va? 4+ C?. In order to find the interesting branch sgn y; = sgn S of the

hyperbola
y% 2
k y2 = 1} 9

observe z1(p) — paC = /1 + p2(1 + «?) S, z2(p) = p, and hence
dy1 =210 — 290 = C (71 — 2200 + 22052
= (C\/1+ p2(1+a?) + za8) S

i.e. sgn y; = sgn S, if the coefficient of S is positive. But

{yle +y2j €3

0 < C%(1 4 23) + 220%(C? — 5?) = C*(1 + 23) + 23502,

Le. 23025% < C*(1+ 23(1+ a?)), ie.

—zoaS < |zaaS| < Cy/1+ 23(1 + a?).
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Obviously, ! := {Ts(uq) | p € R} C 3. Hence

w(l) = {sgn S-VEecoshn+ jsinhn | n € R},

ie.
I={sgn S-Vkw (e)coshn +w '(j)sinhn | n € R}
with
dwte) = Ce—aj,
SwTl(j) = ae+Cj.

So the line [ is given by
{acoshn + bsinhn | n € R}

with a := sgn S-Vk-w™!(e), b := w™(j). Notice ab = 0, in view of w™ ! (e)w ™ (j)
ej, and b = 1.

o

That images of lines under motions are lines follows immediately from the
definition of lines. In fact! If | = {z (¢) | £ € R} is a line and f : X — X a motion,
then, by (2.1),

d(f(@©) f =) =d (@) x(m) =gl

for all £&,7 € R. This holds true in euclidean as well as in hyperbolic geometry. In
both geometries also holds true the

Proposition 5. If a # b are elements of X, there is exactly one line | through a,b,
i.e. with 1> a,b.

Proof. From D.a (section 1.3) we know that there exists a motion f such that

f(a) = 0 and f(b) = Xe, A > 0,e a fixed element of X with e? = 1. In the
euclidean case there is exactly one line

{I-a)p+ag|acR},

p # q, through 0, Ae, namely {Be | § € R}. There hence is exactly one line, namely
f~1(Re) through a,b. In the hyperbolic case there is also exactly one line

{vcosh¢ +wsinh¢ | € € R}, vw =0, w? =1,

through 0, Ae, namely Re. This implies that f~!(Re) is the uniquely determined
line through a, b. O
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2.3 The lines of Karl Menger

Let (S, d) be a metric space. If a # b are elements of S, then
[a,b] :={xz € S|d(a,x)+d(z,b) =d(a,b)}

is called the interval (the Menger interval) [a,b] (Menger [1], [2]). Observe a,b €
[a, b] = [b, a]. Moreover,

l(a,b) :={z € S\{b} |a€[z,b}Ula,b]U{z € S\{a} | b€ [a,z]}
is called a (Menger) line of (S, d).
In the euclidean case (X, eucl), the interval [a,b] consists of all x € X with
la—o)+ @ =)l = lla = bl = la — 2 + & — bl (2.7)

Hence, by Lemma 2, the elements a — x and x — b are linearly dependent. If
x ¢ {a,b}, then z — b= A (a — x) with a suitable real A ¢ {0, —1}, i.e.

x—ia_kib—a_’_b_ia
14\ 1+X 14+ M

For A > 0 equation (2.7) holds true, but not for A €] — 1,0[ or A < —1. Hence
[a,;0] ={a+p(b—0a) |0 <p <1},

and [ (a,b) = {a+ p(b—a) | p € R}. In the case (X, eucl) the Menger lines are
thus exactly the previous lines. The same holds true for (X, hyp) as will be proved
in Theorem 6.

If a # b are elements of X and if
{pcosh& + gsinh & | £ € R}, (2.8)
pq =0, ¢> = 1, is the hyperbolic line through a, b, then
a = pcosh a + gsinh «,
b = pcoshf + ¢sinh g3

with uniquely determined reals «, 8. If 8 < a we will replace £ in (2.8) by ¢ = —¢
and ¢ by ¢’ = —¢q. So without loss of generality we may assume « < 3.

Theorem 6. Let x (£) = pcosh& 4 gsinh & be the equation of the line through a # b
with a =z (), b= (B8), « < B. Then

[a,0] ={z (§) |« <& < B} (2.9)
and I (a,b) ={z (&) | £ € R}.
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Proof. The right-hand side of (2.9) is a subset of [a, b]. This follows from o < £ < j

and
hyp (z(a), () = la—Bl=8-a,
hyp (z(a), 2 (§)) = £-a,
hyp (2 (), 2 (B)) = B¢
Let now z be an element of X with z € [a, ], i.e. with
B —a=hyp (z(a)z(B)) =hyp (z(a), z) +hyp (2,2 (B)).
Define € := a + hyp (:1: (), z) Obviously, £ — a > 0, and

B—¢&=hyp (z,2(8)) 20,
ie. a <& < B. Hence z (€) is an element of the right-hand side of (2.9). Observe

hyp (LU (@), Z) = {—a=hyp ({E (@), x(f)), (2.10)

hyp (z,2(8)) = B—&=hyp (z(£), z(B)). (2.11)

We take a motion f with f(a) = 0 and f(b) = Xe, A > 0. Since z (§) is on the
line through a, b and

hyp (a,b) = hyp (a,z (§)) +hyp (2 (€),b)
holds true, we obtain that f (m (5)) is on the line Re through 0 and Ae, and that

hyp (0.2¢) = byp (0. (2 (©)) +byp ( (2 (&), Ae),

i.e. that f (a) = esinhny, f(z(£)) = esinhny, f(b) = esinhnz with g3 = |n2] +
[ns — m2| and A = sinhns. Hence 0 = 1 < 19 < n3 and f(x (§)) =: pe with
0 < p < A If we take the images of z («), z,... in (2.10), (2.11), we get from
these equations with z := f (2),

V1i+z2 = 142,
VI+Z2V1I+ 22 —Z)e V14 p2 V1 + A2 = p),

i.e. 22 = p? and Ze = p. Thus (Ze)? = z%¢2, i.e. Z € Re, by Lemma 1, chapter 1,
i.e. Z = pe, by ze = p. Hence f (2) =z = f (z (€)), i.e. z =z (£) € [a, b).

We finally must show that the Menger lines of (X, hyp) are the hyperbolic
lines. If [ (a,b) is a Menger line, designate by g the hyperbolic line through a,b.
If z € X\{b} with a € [2,D], then the hyperbolic line through z,b must contain a
since, by (2.9), intervals are subsets of hyperbolic lines. Hence, by Proposition 5,
z € g. Moreover, z € X\{a} with b € [a, z] belongs also to g, i.e. I (a,b) C g. If
z (§) € g, we distinguish three cases £ <, a << B, <€ witha=z(«a), b=
z (B), a < B. In the first case we get

z(§) € X\{z (B)} with z (o) € [z (£), = ()],
in the last z (§) € X\{z (o)} with z (8) € [z (a), x (£)]. O

b
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2.4 Another definition of lines

We proposed the following definition of a line, W. Benz [1, 6]. Suppose that (S, d)
is a metric space and that ¢ € S and ¢ > 0 is in R. Then

B(c,0) :={x € S|d(c,z) =0}

is defined to be the ball with center ¢ and radius 9. Obviously, B (c¢,0) = {c}. If
a, b are distinct elements of .S, we will call

g(a,b):={z€S|B(a,d(a,z))NB(bd(bz)) ={z}}

a g-line. Notice a,b € g (a,b) = g (b, a).

Let S contain exactly three distinct elements a, b, ¢ and define
d(a,b) =3, d(a,c) =4, d(b,c) =5
and d(x,x2) =0, d(x,y) = d(y,x) for all z,y € S. Hence (S, d) is a metric space.
Of course, (S,d) does not contain a line in the sense of L.M. Blumenthal. The
Menger line [ (a, b) is given by
I(a,b) = {a, b},

and the g-line g (a,b) by {a,b, c}.

Define ¥ = (X, eucl) and ¥ = (X, d) with

e~y
d(z,y) = 2"
) = T e

for all z,y € X. The g-lines of the metric spaces X, ¥’ coincide. Every Menger line
of ¥/ contains exactly two distinct elements. There do not exist lines of ¥/ in the
sense of L.M. Blumenthal, because

[ (§) == ()]l
L[z (&) — = ()l

cannot be true for £ =1 and n = 0.

Theorem 7. Let X3 be one of the metric spaces (X, eucl), (X, hyp). Then l(a,b) =
g (a,b) for all a #b of X, where I (a,b) designates the Menger line through a,b.

=& —n| for all £,n e R,

Proof. If g (a,b), a # b, is a g-line, then x € X is in g (a, b) if, and only if,
Viex [d(a,z) = d(a,z)] and [d (b, z) = d (b, x)] imply z = x. (2.12)
As a consequence we get

f(g(avb)) :g(f(a)vf(b))v a#bv
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for every g-line g and motion f. In order to prove I (a,b) = g (a,b), it is hence
sufficient to prove I (0, Ae) = g (0, Ae) for A > 0, i.e. g (0, Ae) = {pe | p € R}.

a) Euclidean case. (2.12) has for a = 0 and b = Ae the form

V.ex 22 =22 and ez = ez imply z = . (2.13)
x = pe belongs to g (0, \e), because 22 = p? and ez = u imply (e2)? = €222, ie.,
by Lemma 1, chapter 1, z € Re, i.e. z = pe, by ez = p. If z € g (0, Ae) put

z:=—(z — (ze)e) + (ze)e, (2.14)
and observe z? = 22, ez = ex, i.e., by (2.13), 2 = . Hence, by (2.14), z = (ze)e €
Re.

b) Hyperbolic case. (2.12) has for a = 0 and b = Ae also the form (2.13). So also
here we get g (0, Ae) = Re. O

2.5 Balls, hyperplanes, subspaces

Proposition 8. Suppose that B (c, 0), B(c,0) are balls of (X, eucl) satisfying o >
0 and
B(c,0) € B(c,0).

Then c=c and o= ¢'.
Proof. ¢+ ﬁ € B (c, p) implies

(Ci;)x ZQLQ(QQ—QZ—(C—C')z)

for all elements x # 0 of X. If ¢ — ¢’ were # 0, the left-hand side of this equation
would be 0 for 0 # = L (¢—¢’) and # 0 for = ¢— ¢’ which is impossible, since the
right-hand side of the equation does not depend on z. (Notice that a L b stands
for ab=10.) Hence ¢ — ¢ = 0, and thus
2 2
OZQ/ _92_(0_61)229/ _‘92. O

Proposition 9. Let B (c, ), 0 > 0, be a ball of (X, hyp). Then

Blc,0) = {z € X | |lo — a| + & — b]| = 2a}
with a := ce™2, b := ce? and o := sinh p-v/1 + 2, where e denotes the exponential
function exp (t) fort € R.

Proof. Put S := sinh g, C := coshp and p := & — ¢C. Observe C + S = e? and
C—-S=e2
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a) Assume ||z —al| = 2a— ||z —b|| for a given © € X. Squaring this equation yields

S(A+c*) —ep=V1+c2|z—b|.

Observing x — b = p — Sc and squaring again, we get (cp)? = (p? — S?)(1 + 2).
This implies

ez + C| =1+ 1+ 22, (2.15)
since cx + C = cp+ C (1 + ?). If —cx — C were equal to v1 + ¢2 /1 + 22, then
1 < cosh hyp (¢, —x) = Vit /1422 +cx=-C
would follow, a contradiction. Hence, by (2.15),
cosh hyp (¢,x2) = C = cosh g,

ie. z € B(c,0).

b) Assume vice versa C = vV1+c?vV1+ 22 —cx, i.e. x € B(p,¢), for a given
2 € X. A similar calculation as in step a), but now in the other direction, leads to

Vp+¢5)2(p—c9)? =52+ ¢) —p°|. (2.16)

If S2(2 + ¢?) > p?, then ||z — a|| + ||z — b|| = 2« follows from (2.16). So observe,
by the inequality of Cauchy—Schwarz,

(cz)? < Pa? + 2,
ie., by (cx +C)? = (1 +2)(1 + 2?),
22— 2(cx) C + c? = (ca)? + 5% — *a? <257,
ie. S%2(2 +¢?) > pt O
Suppose a,b € X and let v be a positive real number. Then
{zre X |llz—al+z—bl=~}

is called a hyperellipsoid in euclidean geometry, i.e. in (X, eucl). Let now B (c, g),
o > 0, be a hyperbolic ball. If ¢ = 0, then, in view of Proposition 9, it is also a
euclidean ball with center 0 and radius sinh p. In the case ¢ # 0, the hyperbolic
ball B (¢, p) is a euclidean hyperellipsoid such that its foci ce™2, ce? are in

Rogec={Ac| 0 < X e R}.

Observe 19 > 1 for ce? =: 19(ce™?).
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Lemma 10. Let a # 0 be an element of X and 7 > 1 be a real number. Then
{z € X ||l —all + o — a]| = 20} (2.17)

is the hyperbolic ball B (a\/T,In \/T) if

1
2a = (1 —1)/=+a?
T

Proof. Since {x € X | ||z — ce™?|| + ||z — ce?|| = 2sinh o - V1 + 2} is B (c, 0), we
get with ¢ := a+/7, 0 := In /7, obviously,

1
a=ce % Ta=ce?2a=(e? —e ) V1+2=(r—-1)4/= +a O
T

Proposition 11. Suppose that B (¢, 0), B (¢, 0") are hyperbolic balls satisfying o > 0
and

B(e,0) C B(d,0). (2.18)

Then c=c and o= ¢'.

Proof. Assume that there exist balls B (c,0), B(c, o) with (2.18), ¢ # ¢ and
0> 0.If j € X is given with j2 = 1, there exists, by D.a, a motion p such that
w(c) =0, u(c)=2Aj, A > 0. Hence B(0,0) C B(\j,¢), i.e.

hyp (0,) = ¢ implies hyp (\j,z) = ¢

for all x € X, i.e.

V14 22 = cosh o implies 1+ A2y/1 + 22 — Ajz = cosh ¢’

Applying this implication twice, namely for x = jsinh g and for & = isinh g with
i€ X,i?=1,ij =0 we obtain

V14 A2cosh o — Asinh ¢ = cosh ¢’ = /1 + A2 cosh g,

a contradiction, since A > 0 and ¢ > 0. Thus ¢ = ¢/. Take now j € X with j2 =1
and jc = 0, and observe for x :=sinh g - j + cosh g - ¢,

hyp (¢,z) = o,
i.e., by (2.18), hyp (¢,z) = ¢'. Hence o = ¢'. O
Ifa#0isin X and o € R, then we will call

H(a,a):={z e X |ax = a}
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a euclidean hyperplane of X.
If e € X satisfies e? = 1, if t € R and wy,wz € O (X), then

wiThwa(e) = {w1 Tiws (z) |z € et}

will be called a hyperbolic hyperplane, where {T; | t € R} is based on the axis e
and the kernel sinh o - 1 + h2. Of course, mutatis mutandis, also the euclidean
hyperplanes can be described this way.

In Proposition 17 parametric representations of hyperbolic hyperplanes will
be given.

Proposition 12. If H (a,«) and H (b, 8) are euclidean hyperplanes with H (a,a) C
H (b,f), then H (a,«) = H (b, ) and there exists a real A # 0 with b = Aa and
8= Aa.

Proof. If a,b are linearly dependent, then there exists a real A # 0 with b = Aa
since a, b are both unequal to 0. Put zga? := aa. Hence

o € H((I,Oé> - H(b,ﬁ),

ie. B =bxry = Ma-x9 = Aa, and thus H (a,«) = H (b, ). If a,b were linearly
independent, then
b
q:=z9+b— %ae H (a,a) C H (b, ),

i.e. bxg = B = bg, i.e.

ab \? ab)?
(b—a2a> :bz—( 2) =b(qg—xo) =0,

ie. b— Z—g a = 0 would hold true. O

If a # 0 is in X and a® = 1, then the hyperplanes of (X,hyp) can also be
defined by
aTiB (a) with o, B € O(X) and t € R :

take w € O (X) with a = w (e) and observe
ol ([w(e)]') = aTiB (w(eh)) = aTifw (eh).

Obviously, w (H (a,)) = H (w(a), a) for w € O(X), where H (a,a) is a eu-
clidean hyperplane. The image of H (a,«) under y = x+t¢, ¢t € X, is H (a,at + «).
Of course, if i is a hyperbolic motion, then p [w; Tiws(et)] is again a hyperbolic
hyperplane since p - w;Tyws is also a motion (see I of the proof of Theorem 7 of
chapter 1).

A subspace of (X, eucl) (or (X,hyp)) is a set ' C X such that for all a # b
in T the euclidean (hyperbolic) line through a, b is a subset of I'. Of course, ) and
X are subspaces, also every point of X, but lines as well. Since every euclidean
(hyperbolic) line is contained in a one- or a two-dimensional subspace of the vector
space X, the following proposition must hold true.
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Proposition 13. All euclidean (hyperbolic) subspaces are given by the subspaces of
the vector space X and their images under motions.

A spherical subspace of (X, eucl) or (X, hyp) is a set
I'n B(e o),

where I' 5 ¢ is a subspace and B (c, g) a ball of (X, eucl), (X, hyp), respectively.
Without loss of generality we may assume ¢ = 0. Hence the following proposition
holds true.

Proposition 14. All spherical subspaces of X are given by the spherical subspaces
I'N B (¢, 0) withc=0 €T and their images under motions.

A subspace V of the vector space X is called mazimal if, and only if, V' # X
and, moreover, every subspace W 2O V of X is equal to X or V. If 0 # a € X,
then a' is a maximal subspace of the vector space X: observe

1) z,y € at implies x +y € a* and Az € a* for every \ € R,
2) if W D at is a subspace of X and x € W\a", then za # 0 and —z + Z¥ a €
at CW,ie. ﬂa:x—i—(—x—i— g—ga) eW,ic.ae W, ie. X =at®Ra C W,

a2

ie. X =W.

Maximal subspaces of X and their images under euclidean (hyperbolic) mo-
tions will be called euclidean (hyperbolic) quasi-hyperplanes. Since a* with 0 #
a € X is maximal, hyperplanes are quasi—hyperplanes. But there are quasi—
hyperplanes which are not hyperplanes.

2.6 A special quasi-hyperplane

Let X be the set of all power series with real coefficients and radius of convergence
greater than 1,
A€ =ao+aré+axs®+ -+,

which will be of interest for us in the interval [0, 1]. Define
A(E) = Xag+Amg+Xazg? + -
A +B(E) = (ao+bo)+ (a1 +b1)&+ (az+b2) & + -

and AB = folA(f)B (&) d€. Observe that the following set of elements of X,
namely

egﬂ ]‘757 527537 MR
ef == exp (€), is linearly independent: if

ke +ko-1+k &+ 4k, E"=0 (2.19)
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for all £ € [0,1] where k, ko, ... € R, then differentiating (2.19) (n+ 1)-times yields
ket =0, i.e. k =0, and differentiating it n-times, k, = 0, and so on, ky,_; = --- =
ko = 0. Let B be a basis of X which contains the functions e¢,1,¢,€2,.... Let V
be the subspace of X generated by B’ which is defined by B without the function
ef. Hence V is maximal. Since, of course, 0 € V, V must be a euclidean subspace
of X. We would like to show that there is no a # 0 in X such that

V = H (a,0), (2.20)

i.e. that V is a quasi-hyperplane which is not a hyperplane. Assume that (2.20)
holds true for an element a # 0 in X. Put

a(§) =ag+a§+---

and notice ) .
0< [a©a@d© =Y [ wa@cd=o.
0 =00
since the functions &%, i = 0,1, ..., belong to B’ and hence to V.

2.7 Orthogonality, equidistant surfaces

Let 11,15 be lines through s € X. We will say that [y is orthogonal to l; and write
l1 L 5 if, and only if, there exist

p1 € L\ {s}, p2 € [2\{s}

such that (see (2.21) for the euclidean and (2.22) for the hyperbolic case)

Ip1 = p2ll® = [lp2 — slI” + [|s — palI?, (2:21)
coshhyp (p1,p2) = coshhyp (p1,s) coshhyp (s,p2). (2.22)

Since (p1—p2)? = ((p1,$)+(5,p2))2’ we also may write (p; —s)(s—p2) = 0 instead
of (2.21). Formula (2.22) is the so-called theorem of Pythagoras of hyperbolic
geometry (see, for instance, W. Benz [4], p. 153) for the triangle pisps. If s =0
in (2.22), then this formula reduces to p;ps = 0, i.e. that in 0 euclidean and
hyperbolic orthogonality coincide. Observe that I3 L l5 implies l5 L [;. Moreover,
there is no line [ orthogonal to itself, [ f [: if

l={p+¢&|E€R}, ¢*=1, (2.23)

in the euclidean case or

I={x(§) =pcosh{+gsinhé | €RY, pg=0,¢° =1, (2.24)
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in the hyperbolic case, [ L [ would imply
(i —o0)(oc—m)=0fors=p+oq,pi=p+mqg#s(i=12),
a contradiction, or for s = z (o), p; = « (m;) # s (i = 1,2), by (2.1),
cosh(my — m2) = cosh(m; — o) cosh(o — m2).
Put a:= 7 — o and § := 0 — 7y, observe
cosh(a + 8) = cosh a.cosh 8 + sinh avsinh 3,

i.e. sinh(m; — o) sinh(o — m3) = 0, which is also a contradiction.

Since I [ [ holds true for every line [, we obtain, by Proposition 5, that Iy 1 o
implies #(l; Nly) = 1, i.e. that 1,5 have one single point in common.

If 11,15 are lines with {; L Iy and p is a motion, then wp(l1) L p(l2). This
follows from (2.21), (2.22) since distances are invariant under motions.

Let Iy, 15 be lines through s with I; L ls. If a; € [;\{s}, i = 1,2, are arbitrary
points, then
lay — az* = flax — s[* + [|s — az]? (2.25)
holds true in the euclidean case, and

coshhyp (a1, as) = coshhyp (ai,s) coshhyp (s,as) (2.26)

in the hyperbolic case.

Equation (2.25) follows from g1g2 = 0 (see (2.23)). In order to prove (2.26)
we may assume s = 0 by applying a suitable motion. As we already know, I; L I3
is in this case equivalent with ajas = 0. But (2.26) is given for s = 0 by

\/1+a2y\/1+a3 —ajas =\/1+a?/1+d3.

Proposition 15. Let | be a line and a & | a point. Then there exists exactly one
line g through a with g 1 1.

Proof. Hyperbolic case. Without loss of generality we may assume a = 0. Then [ is
of the form (2.24) with p # 0. If [; is the line through 0 and p, it is trivial to verify
l; L 1. So assume that there is another line l5 through 0 and z (o) # p = z (0),
i.e. a# 0, with Iy L [. This implies

coshhyp (0,p) = coshhyp (0, («)) coshhyp (z (0), z (a)),

ie. v/1+p%2=cosha-/1+p? cosha,ie a=0,ie z(a)=p, acontradiction.

Also in the euclidean case we may assume a = 0 and that [ is of the form
(2.23) with [ # 0, i.e. that p,q are linearly independent. Obviously, I L Rw with
w =

p — (pq) q. Moreover, R (p + &oq) L I implies (p + &oq) ¢ = 0. O
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If I is a subspace of (X, d), where d stands for eucl or hyp, and [ a line with
INT = {s}, then [ is called orthogonal to T', or T to I, provided I L g holds true
for all lines ¢ C I' passing through s.

Proposition 16. Let p be a point and H a hyperplane. Then there exists exactly
one linel > p withl L H.

Proof. Case p € H.
Without loss of generality we may assume p = 0. Hence in both cases (X, eucl),
(X, hyp), H is a euclidean hyperplane a* with 0 # a € X. The line Ra is orthog-
onal to every line g 5 0 with g C H: if ¢ = Rb, then g C a* implies ab = 0, i.e.
g L Ra. If Re is orthogonal to every Rb with ab = 0, then b € a* implies b € c*,
i.e. H(a,0) C H (c,0), i.e. Re = Ra, in view of Proposition 12.
Casep ¢ H.
Since a point of H can be transformed into 0 by a motion, we may assume without
loss of generality H = H (a,0) in both cases, i.e. in the euclidean as well in the
hyperbolic case. Let

p+Rg:={p+ M| X€eR}

be a euclidean line [ orthogonal to H. Hence [ L r 4+ Rb for all b € a where
relnH,ie at Cqt,ie | =p+Ra, by applying Proposition 12. On the other
hand, p + Ra L H (a,0). The point of intersection is 7 = p — £3 a. It remains to
consider p € H in the hyperbolic case. Put H = H (a,0), a®> = 1. If p— (pa) a # 0,
we define
_ p—(pa)a

Ip — (pa) al|
Take w € O (X) with w (e) = j, where e is the axis of our underlying translation
group, and t € R with wTiw™!(p) = (pa) a, in view of (T2) for j. Because of

VK

wlhiw H(z) =z + [(2j)(cosht — 1) + /1 + 22 sinht] j
for x € X, we obtain wTyw ™' (H) = H on account of j € a*. There hence exists a
motion
| wTw™! for p#(pa)a
S for p=(pa)a

with u(H) = H and p (p) € Ra\H, by p € H, i.e. pa # 0. So we assume, without
loss of generality, H = a* and p = Aa, A # 0. There hence is a hyperbolic line,
namely [ = Ra with p € [ L H. Assume now that there is another hyperbolic line
g pwithl # ¢g L H. Hence 0 ¢ g because all hyperbolic lines through 0 are of
the form Rb. Put g N H =: {r}. Hence

coshhyp (0,p) = coshhyp (r,0) - coshhyp (r,p),

ie. /1492 =vV1I+72(V1+72/1+p2—rp). But p € Ra, r € H implies pr = 0.
Thus 1 +r2 =1, i.e. r = 0, a contradiction. O
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The distance d (p, H) between a point p and a hyperplane H is defined by
d (p,r), where r is the point of intersection of H and the line I 3 p orthogonal to
H. This applies for (X, eucl) as well as for (X, hyp).

Let o > 0 be a real number and H be a hyperplane. An interesting set of
points is then given by

D,(H) ={x € X |d(z,H) = o},

a so-called equidistant surface or hypercycle of H. We will look to these sets in the
case 0 € H. In the euclidean case we get with a € X, a? =1,

DQ(H ((I, 0)) = H(a7 Q) U H(CL, _Q)a

i.e. we obtain the union of two euclidean hyperplanes parallel to a*, since the
euclidean hyperplanes Hy, Ho are called parallel, Hy || Ha, provided H; = Hs or
H; N Hy = 0 hold true. Of course, H (a,a) || H (b, 3) is satisfied if, and only if,
Ra = Rb. In hyperbolic geometry we obtain for ¢ > 0, H = H (a,0), a* = 1, as
we will show,

D,(H (a,0)) = H (a,sinh 9) U H (a, — sinh p).

As a matter of fact, this is again the union of two euclidean hyperplanes, and not,
say, of two hyperbolic hyperplanes. The point

p € {asinh g, —asinh g}

has distance g from H. Take w; € O (X) with w;(e) = j for a given j € X with
j2=1and aj =0, ie. j€ H. Now

p(0) = jsinht, p(p) =p+ jcoshpsinht

where p = ijtwj_l, t € R, holds true, and the line through x (0), & (p) must be
orthogonal to H, in view of Rp L H. Since p (0) runs over H by varying j and
t, p(p) runs over D,(H) on account of

hyp (14(0), 1 (p)) =hyp (0,p) = 0:

through h € H there is exactly one hyperbolic line [ orthogonal to H, and on [
there are exactly two points of distance g from H. Hence

D,(H) = (asinhpo+ H)U (—asinhp+ H)
where p+ H :={p+h|he H}.

2.8 A parametric representation

Proposition 17. If H is a hyperbolic hyperplane, there exist p € X with p?> = 1
and v € R>o with H =11 (p,v), where

II(p,7) := {ypcosh& + ysinh € | € € R, y € p with y? = 1}. (2.27)
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On the other hand, every IL (p, ) is a hyperbolic hyperplane provided v € R>q and
p € X satisfies p> = 1. Moreover,

I (p,0) =p~ = {z — (zp)p | = € X}, (2.28)
and for v >0,

— (zp)p

Va? = (zp)?

Proof. 1. Let v > 0 and p € X, p? = 1, be given. Take w € O (X) with w (e) = p
and t € R with sinh¢ = 7. Then wTjw™!(p*) must be a hyperbolic hyperplane.
Observe

II(p,7v) = {ypcosh & + sinh¢ | € € R, z € X\Rp}. (2.29)

whw Y (pt) = {h+sinht-/1+h2p|hcpt}
With h = ysinh&, y € pt, y? = 1, we obtain

wlhiw ' (ph) = {ypcosh & + ysinh € | € € R, y € p with y? = 1},

ie. whiw 1 (pht) =1 (p,7), i.e. I (p,7) is a hyperbolic hyperplane.

2. Given a hyperbolic line | and a point v € 1. Then there exists exactly one
hyperbolic hyperplane H > r with I 1 H. In order to prove this statement, take
b € I\{r} and a motion p with p(r) = 0, u(b) =: a. Since r # b we get 0 # a.
There is exactly one hyperbolic hyperplane through 0 which is orthogonal to the
line through a and 0, namely a. There hence is exactly one hyperbolic hyperplane
through r, namely = !(at), which is orthogonal to I.

3. Let now H be an arbitrary hyperbolic hyperplane. Because of Proposition 16
there exists exactly one hyperbolic line [ through 0 which is orthogonal to H.
Let r be the point of intersection of [ and H. Let r be the point of intersection
of [ and H. Because of step 2 we know that H is uniquely determined as the
hyperbolic hyperplane through r which is orthogonal to [. But we already know a
hyperbolic hyperplane of this kind, namely a for » = 0 and | = Ra, and II (p, )
for r #£ 0, p := ”—:”, v :=|7|l. In fact, r = yp € L for £ = 0, and g L [ for all
hyperbolic lines g through r and s := ypcosh é+ysinh & with € # 0, y € pt, y? =1
on account of
cosh hyp(0, s) = cosh hyp(0, r) cosh hyp(r, s).

Hence H =11 (p, 7).

4. Since [z — (zp) plp = 0, we get x — (zp)p € p* forall z € X. If y € p* we obtain
yp =0, i.e. y =y — (yp) p. This proves (2.28). In order to get (2.29) we must show

{ — (zp ‘weX\Rp}—{yeXH/Ep and y? = 1}.

\/7:@
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2 = (ap)? if, and only if, x € Rp, in

Because of Lemma 1, chapter 1, we have x
view of p? = 1. Obviously,

z— (zp)p

z? — (zp)?
satisfies y € pt and y? = 1. Given, finally, y € X with y € p* and % = 1, we
obtain

y:

_ _y—(yp)p
y? — (yp)?
with y & Rp. O

From (2.27) we obtain for w € O (X)),
w (I (p,7)) = {yw (p) cosh & + zsinh& [ €R, 2 € [w (p)]*with 2% = 1},
ie.
w (IL(p,7)) =1 (w (p), 7)-
In Theorem 26 we will prove that
T,(I(p, 7)) =T (', 1))
holds true for all ¢,y € R with v > 0, and all p € X with p? = 1, where
v = ~cosht+ (pe) /1 +~2sinht,
= sgn for vy #0

and p' - ||A|| = A:=p+ \/117 sinht 4 (pe)(cosht — 1)| e, by observing A # 0.

In the case 7/ = 0 the value of ¢ # 0 plays no role, since II (ep’,0) = (p')*. In
Proposition 27 we will show that II (p,v) C II(g,d) and v > 0 imply p = ¢ and
v =9.

Remark. A parametric representation of euclidean hyperplanes will be given in
section 2, chapter 3.

2.9 Ends, parallelity, measures of angles

The notion of an end as introduced by David Hilbert (1862-1943) concerns hyper-
bolic geometry. If w € X\{0}, then we will call

R>ow :={Aw | A € R and X\ > 0}

an end of X. Two ends R>owi, R>ows2 are equal if, and only if, there exists A > 0
with ws = Aw;. To every hyperbolic line [ there will be associated two ends, the
so-called ends of I. For

lpg =1={pcosh{+ gsinh¢ | £ € R} (2.30)
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with p,q € X and pg = 0, ¢*> = 1, the two ends of [ are

R>o(p+ ), Rxo(p — q). (2.31)

Note that p is the only element y in [ with |ly|| = minge;||z||. This implies for
p.0.q,¢ € X with pg = 0 = p'¢’ and ¢ = 1 = ¢'2 that the lines lpg and Ly o
coincide if and only if p = p’ and ¢’ € {q,—q}. If | = Rq, then | = (R>oq) U
(Rzo(—q)). In the case p # 0,

R>o(p+ @) UR>0(—p — q),
R>o(p —q) UR>0(=p+9q)
are the two asymptotes of the hyperbola of which (2.30) is a branch. Obviously,

(2.31) are the limiting positions of R>q(pcosh§ + ¢sinh§) for & — 400, £ = —o0,
respectively:

sinhg) . R>o(p + q) for £ = 400

R
20 (p ta cosh &

R>o(p —q) for € - —oc0
Proposition 18. Let E; = R>qw;, ¢ = 1,2, be distinct ends. Then there is exactly
one hyperbolic line, of which E1, Eo are the ends.

Proof. If E5 = —F4, i.e. if Ryows = R>o(—w1), then Rw; is the uniquely deter-
mined line with the ends E7, Fs. In the case that wy,ws are linearly independent,
we must solve

2Mw1 =p+q, 2 w2 =p—q

in A, Ag,p,q with Ay > 0, Ay > 0, pg = 0, ¢> = 1. This implies, by assuming
w} =1 = w3, without loss of generality,

P = Aw1 + Aawe, = Awi — Awa,

2)\%(1 — wlwg) = ].7 Al = )\27

with a uniquely determined solution

{ (w1 + ws) cosh & + (wy — ws) sinh & ’5 c R}

2 (1 — wlwg)

in view of wyws < |wyws| < ||w]| ||wz]] = 1 since w1y, wy are linearly independent.
g

Let E be an end of X and p be a hyperbolic motion. We would like to define
the end p(E). If E = Rxga, a®> = 1, put w(E) := Ryow(a) for w € O (X).
Suppose t € R and that T} is a translation of (X, hyp) with axis e. Then

T,({Aa| XA >0}) = {Xa+ [A(ae)(cosht — 1) + /1 + A?sinht]e | A > 0}.
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We are now interested in the question whether
R>o(T;(Aa)) (2.32)

tends to a limiting position for 0 < A — +o00. Instead of (2.32) we may write

R>o <a+ (ae)(cosht — 1) + \/% +1 sinht] e) ,

and we obtain as limiting position

R>q(a + [(ae)(cosht — 1) + sinh t] e) (2.33)
which we define as the end T;(E) = T;(R>oa). In the case 0 > A — —oo we observe

1 (Aa+ [A(ae)(cosht — 1) + V1 + A2 sinh ] e)

= a+ [(ae)(coshtf 1)— /&= +1 sinht} e

—  a+ [(ae)(cosht — 1) — sinht]e,
a result which corresponds to (2.33), replacing there a by —a, i.e. substituting
Rx>o(Ti[A - (—a)]), 0 < A = +o0, for R>o(T;(Aa)), 0 > X — —o0.
Proposition 19. If E is an end of the line I and p a motion, then u (E) is an end
of u(l).

Proof. Let x (§) = pcosh& + gsinh & be the equation of I, and let E be given,
say, by R>o(p + ¢) thus considering the case £ — +oo. If p € O (X), we obtain
R0 (1 (p) + 1 (q)) as end of (1) for & — 400, i.e. we get the end

Ro(u(p+q)) = pu(E).

ptq

©/14p2

Suppose now that u = Ty. We already know, by (2.33), with \/z;:qu ie

instead of a,

Tt(E):Rm( P+q (p+q)e

+
/1+p2 /1+p2

Moreover, R>q (Tt (pcosh & + gsinh §)) is given by

(cosht — 1) + sinh t] e) .

RZO(P + gtanh & + [(p + gtanh €) e (cosht — 1) + 4/1 + p? sinh {] e),
which tends to
R>o(p+q+ [(p+q)e(cosht — 1) + /1 + p? sinht]e)

for £ — 400, i.e. which tends to T3(E). Hence p (E) is an end of p (1). O
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Two euclidean lines

li :={pi+&q | £ €R}

are called parallel, l; || I, provided Rg; = Rgso. Parallelity is an equivalence relation
on the set of euclidean lines of X. If [ = p 4+ Rq is a euclidean line and r a point,
there exists exactly one euclidean line, namely g = r + Rq through r, parallel to .

Two hyperbolic lines of X are called parallel provided they have at least one
end in common. If [y, Iy are hyperbolic lines, of course, I; || {1 holds true and also
that Iy || lo implies I3 || I;. However, parallelity need not be transitive. In order to
verify this statement take elements a,b of X with a? = 1 = b and ab = 0. Define

Iy = {acosh +bsinhé | & € R},
lo = {—acosh&+bsinh¢ | £ € R},

and ! = R (a+b). We obtain Iy || {, because these lines have R>o(a+b) in common,
moreover, | || l2 since R>o(—a — b) is an end of both lines. But I3 || l2 does not
hold true: the ends of I; are R>¢(a + b), R>o(a —b), and those of I are

R>o(—a+0), R>o(—a—0).

If p is a point and E := R>( a an end, there is exactly one hyperbolic line through
p having FE as an end. In order to prove this statement take a motion u with
i (p) = 0. Of course, there is exactly one line through 0 having u (E) =: R>qb as
an end, namely Rb. Hence, by Proposition 19, there is exactly one line, namely
put(Rb), through p with E as an end.

If [ is a line and p ¢ [ a point, there are exactly two lines [y # [ through p
which are parallel to [: take the two distinct ends Ey, Ey associated with [, and
then the lines I, ls through p with E;, Fso, respectively, as an end.

Let | = {z (¢§) = pcosh&+¢gsinh & | € € R} be a hyperbolic line and a = z («)
be a point of [. The two sets

{z (&= a}l, {z(§)[§<a} (2.34)

are called (hyperbolic) rays with starting point x («). If | = {z (§) = p+&q | € € R}
is a euclidean line and z (o) = p + aq a point a of I, then (2.34) are said to be
(euclidean) rays with starting point x (a). Images p (R) of rays R under motions
u are rays, and if a is the starting point of R, then u (a) is the starting point of
1 (R).

It is clear how to associate each of the ends of a hyperbolic line [ to the two
rays Ry, Ry C I of [ with the same starting point. In this connection we will speak
of the end of a ray or of a ray through an end.

Let R1, R be rays with the same starting point v such that R; U Ry is not a
line. The triple (R1, Ro,v) consisting of the (unordered) pair R;, Rs and the point
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v will be called an angle. If p; € R;, i = 1,2, is the point with
d(v,p;))=1,1=1,2,

then the measure £(Ry, Ro,v) of the angle (R1, Rg,v) is defined by £(R1, Ra,v) €

[0, 7] and

1
3 [eucl (p1,p2)]?

2coshhyp (p1,p2) — 1
cosh2 —1

1 —cos £(Ry, R2,v) = (2.35)

for the euclidean, hyperbolic case, respectively. (For an axiomatic definition of
measures of angles in 2-dimensional euclidean or hyperbolic geometry see, for
instance, the book [4] of the author.)

If Ry, Ry are rays both with starting point v and g a motion, then

A(R17R27v) = A(:u (Rl)ﬂ ,L"(RQ)a M(U))'

This is clear since distances are preserved under motions.
Let a,b,v be elements of X with a # 0 # b and Ry, Ry the rays

v+ Rx>pa, v+ Rxqb,

respectively. Define p; = v + m a, pp =v+ ﬁ b, v = £(Ry1, Ry, v). Hence

ab = llall - [|b]| - (pr — v)(p2 — v)
= gllall - [IBll - ((pr = v)* + (2 — ©)* = [(p1 — v) — (p2 — v)]*)
= llall - 16l - (1 = 5 [p1r = p2]?),
ie. ab=|a] - ||b]| - cos~, in view of (2.35). As a consequence we get the so-called
cosine theorem:
[eucl (v+a, v+0b)? =[(v+a)—(v+b)]? = (a—0b)?
— @+ 5 — 2| - b]] - cos,

i.e., by A =-eucl (v,v+a), B=eucl (v,v+b),
[eucl (v + a, v+ b)]* = A% + B — 2AB cos £(R1, Ra, ).

Similarly, we would like to consider the case of hyperbolic geometry.
Let a, b, v be elements of X with a # v # b. If [; is the hyperbolic line through
v,a, and ls the one through v, b, if Ry, Ry are the (hyperbolic) rays with starting
point v and a € Ry, b € Rs, then the cosine theorem of hyperbolic geometry holds
true:
cosh C' = cosh A - cosh B — sinh A - sinh B - cos~y
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where C' = hyp (a,b), A = hyp (v,a), B =hyp (v,b), v = £(R1, R2,v).

For the proof of this statement we may assume v = 0 without loss of gen-
erality, since distances and measures of angles are preserved under motions. So
put

li = {wl(f) =4 Sinhg ‘ g € R}7 i= 1727

with ¢ = 1,i = 1,2, and with a sign for ¢; such that £ > 0 describes R; for
i =1,2. Hence z1(0) = v = 22(0) and

pi =x;(1),1=1,2, a = z1(a), b =: 22(5),
with a > 0, 5 > 0, and thus ||a|]| = sinh ¢, ||b]| = sinh 3,
coshC = +v/1+a2+/1+0b2— ab,

cosh A = V1 + a2, cosh B = /1 + b2, coshhyp (p1,p2) = (cosh1)? —qyga(sinh 1)
Moreover, sinh A = ||a||, sinh B = ||b||,

ab = z1(a) z2(8) = q1g2 sinh asinh 3,
and, by (2.35), cosh2 = 1 + 2sinh?1,

_pcoshhyp (pi,p2) — 1

=1
cos7y cosh2 —1
(1 — g1g2)[sinh 1)?
= 1 — = .
cosh2 —1 N2

Hence V1 + a2 v/1 4+ b? —ab = cosh A-cosh B—sinh A-sinh B-cos~, since sinh A =
sinh « and sinh B = sinh 3, q.e.d.

Remark. Measures of angles (R;, R2,0) coincide in euclidean and hyperbolic ge-
ometry because of the previous formulas cosy = q1¢2 and g1g2 = ||q1|| - ||¢2]| cos .
Notice, moreover, that the cosine theorem in both geometries leads for v = 7 to
(2.21), (2.22), respectively.

2.10 Angles of parallelism, horocycles
Proposition 20. Let k # [ be parallel hyperbolic lines with E as common end,
p € I\k a point, a  p the line orthogonal to k, and r the point of intersection of

k and a. If Ry C a is the ray through r with starting point p, and Ry C 1 the ray
through E, also with starting point p, then

1
tan 3 (L(]%17 Rg,p)) — ¢~ byp (B7)
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Proof. Without loss of generality we may assume p = 0,
k= {rcosh¢é +gsinh¢ | E€RY, ¢ =0, ¢* =1,

a =Rr, Ry = Rsor,l = R(r+¢q), Ra = Rxo(r + ¢q). Put v := £L(Rq, Rs,p).
Observe r # 0 = p, since r € k & p. From (2.35) we obtain

. _ coshhyp (p1,p2) =1 _ [l
—cosy = — =1- ,
sinh” 1 V1+r2
in view of r¢ =0, ¢> =1, p; = o sinh 1, py = \/% sinh 1. We hence get
ooy =
V142
i.e. v €]0, 5[ because of 0 < % < 1. From

coshhyp (p,r) = V1412

we obtain

e hyp () — (/1 442 — [, e @) — \/1 472 + 7|,

1 [l1—cosy  [VI+r2—|rll _ _yp o)
tan =y =4/ ———— =/ ——— =¢ . O
2 1+ cosvy V14724
Proposition 21. Let [ be a hyperbolic line and R C 1 a ray with starting point v.

There exists a paraboloid as limiting position for the balls B (c, hyp (c,v)) with
¢ € R and hyp (¢,v) — oo. This limiting position is called a horocycle.

Proof. If | = {z (¢) := pcosh& + gsinh¢ | € € R}, pg =0, ¢*> = 1, and v = z (),
we may assume R = {z (§) | £ > a}, without loss of generality. Put ¢ =: z (a +
0), 0 > 0. Then

BQ ::B(C7 hyp (C,U)) :B(Q’J(Oz—l—g),g) = {JJEX ‘ hyp (x(a—&—g)mc) :Q}7

ie. B, ={z € X | cosh(a+0)\/1+p? V1 + 22—z (a+0) x = cosh o} holds true.
This implies

V1+ 22 \/1+p27x(p+qtanh(oz+g)): cosh o

cosh(a + o)’

i.e.

ie. vV1+a2y/1+p?>—xz(p+q) =e @ for o = +oo. Hence the limiting position
for B,, 0 — o0, is

Byo={zeX|Vi+a2—-am=r} (2.36)
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with m = 2t je.m2=1,and 7:= - >0
/1+p2’ ) /1+p2

In view of X = m* @ Rm, we will write  =: T + zom with T € m' and
zo € R. Thus
Bo ={r € X |7 2100 +1=17%}

by observing z¢ + 7 > 0 for an element x of By,: assuming xg + 7 < 0 would lead

to

=72 - 2100+ 1> T+ 272 + 1,

ie. to Z2 + 7241 < 0. The surface S of X,
S:={¢w+nm|&neR, wemt, w?=1,£=2m+7r2+1},
is called a paraboloid, and By, = S holds true. d

If H*, H? are horocycles, there exists a hyperbolic motion p with u (H') = H?.
If H',i = 1,2, is based on the ray R; with starting point v;, we take points
pi € Ri, i = 1,2, satisfying hyp (v;, p;) = 1. Moreover, we take a motion p with
pu(v1) = v, p(p1) = pa.
Hence p(R1) = Ry and

L (B (c1,hyp (cl,vl))) =B (,u (1), hyp (p(c1), ”2)>

for all ¢; € Ry with hyp (¢1,v1) — oo, ie. for all ca := p(e1) € Ro with
hyp (c2,v2) — co. Thus pu (H') and H? coincide.

2.11 Geometrical subspaces

If S # 0 is a set of hyperplanes of (X,d), i.e. of (X, eucl) or (X, hyp), the

intersection
= () H
Hes
will be called a geometrical subspace of (X,d). In this case we often will write
¥ eI'(X,d). We also define X € I' (X, d). Let a # 0 be an element of X. Because
of
H (a,0)N H (a,1) =0,

we obtain () € I' (X, eucl). Similarly,
H(a,0)NII(a,1) =0,
ie. 0 e (X, hyp). f ¥ ¢ {0, X} is in I' (X, d), let u be a motion with p(p) =0
for a fixed element p of . Hence u (¥) is an intersection
p(E)=Na*
a€S
with 0 ¢ S C X. Observing 0+ = X, we obtain
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Proposition 22. All geometrical subspaces of (X,d) are given by 0, moreover by

(et 0£SCX,

a€s
and their images under motions.

We would like to show D := 0,y a* = {0}. In fact! If p # 0 were in D, then
p € at for all @ € X would imply p € p*, i.e. p? =0, i.e. p = 0, a contradiction.
Hence, by Proposition 22, every set consisting of one single point is in I' (X, d).

Proposition 23. Let V, dimV > 1, be a finite-dimensional subspace # X of the
vector space X . Then the images of V' under motions are in I (X, d). So especially
the lines of (X,d) are geometrical subspaces.

Proof. Let I (V) be the intersection of all hyperplanes containing the finite-dimen-
sional subspace V, dim V' > 1, of the vector space X. Of course, we assume n :=
dimV < dim X in the case that X is finite-dimensional. Hence V' C I (V). As a
matter of fact, even V = I (V') holds true. So assume there would exist

rel(V)\V. (2.37)

Let b1,...,b, be a basis of V satisfying

bib — OfOI'Z:#j:
1 fori=j

i,j € {1,...,n}. Notice V.={>", &b; | & € R} 5 0 and put

z = i (rb;) b;.
i=1

Obviously, (r—z)b; =0,i=1,...,n,and z # r since z € V and r ¢ V, by (2.37).
Hence V C H (r — 2,0), i.e. r € H (r — 2,0), by (2.37), and thus (r — 2z)r = 0. We
obtain, by z € V, i.e. by z € H (r — 2,0),

(r—22=@—2)r—(r—z2z=0,

i.e. r =z € V, a contradiction. Hence V' = I (V). Thus V must be a geometrical
subspace of (X, d). Now apply Proposition 22. a

The geometrical subspaces as described in Proposition 23 are given in the
case (X, hyp) as follows. Let p € X, v € R satisfy p> = 1 and v > 0. Suppose
that W, n := dim W > 1, is a finite-dimensional subspace of the vector space p*.
Then

{ypcosh¢ +ysinh¢ | € € R, y € W with y? = 1}

will be called an n-dimensional (geometrical) subspace of (X, hyp).
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Not every subspace of (X, d) for d = eucl or d = hyp needs to be a geometrical
subspace. Assume that Q 5 0 is a quasi-hyperplane which is not a hyperplane. If

Q C H (a,0), (2.38)

a # 0, holds true, then Q@ = H (a,0) or H (a,0) = X, since @ is a maximal
subspace of X. Hence (2.38) is impossible and, as a consequence, () cannot be a
geometrical subspace of (X, d).

Other interesting geometrical subspaces occur in the case that X is not finite-
dimensional, in the form
n
[ ai"
i=1

where n is a positive integer and where a1, ...,a, € X are linearly independent,
satisfying a? = 1 for i = 1,...,n. It will be easy to prove:

n n ay ray
ﬂaf: x—g aia; |z € X and M - = ,
i=1 i=1 o zan,

where M is given by the regular matrix
2
ai a1a9 N A
asaq a% ... G20y
M =
2
ana1 anpag ... a,

(det M is called Gram’s determinant). In fact, take an element = € X with the
described aq, ..., a,. Hence

(x — Zaa;) @ xas aq
: = — M = O,
(r — Xaya;) ap Ta, an,
ie. (z —Xwa;)a;=0for j=1,...,n,ie o —Sa, € ﬂ?zl aj-.

If, on the other hand, z € (N, ai holds true, za; = 0 is satisfied for
j=1,...,n. From

a1 Tay
M| f=| | =0
Qan Tany
we then obtain a; = --- = a,, = 0. Hence x has the required form

n
x—E Q;a;.
i=1
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2.12 The Cayley—Klein model

The Weierstrass map w: X — X,

T

w(r) = —, 2.39
=T 289
is a bijection between X and P := {z € X | 22 < 1}. In view of
2
2
[w(@)]” = T2 < L,
we obtain w (z) € P for x € X. Moreover,
1 T
w (r)=—=€X
@)= =2
is the uniquely determined y € X satisfying w (y) = « for 2 € P. Defining
g(@,y) :=hyp (w ' (z), w'(y))
for z,y € P, we get
1—ay
coshg (x,y) = . 2.40

If z # y are elements of P, then (x —y)? > 0, 1 — 22 > 0 and hence
D:=[r(z -y +(1—a?)(z—y)?* >0
Put {a,b} :={z+&(y—2) |E€R}N{z € X |22 =1}, ie. put
{a,0} :={z+&(y— ), v+ &(y —2)}
with {(z —y)2&1, (z—y)?&} = {x (x —y) £+ D}. We now would like to determine
[ In{a, b;2,y},

where In £ for 0 < £ € R is defined by the real number 7 satisfying exp (n) = &,
and where

{z1, 225 2 ,7,'}'*%1_/\3')\2_/\3
1, %2, <3, <4 '*)\1_)\4-)\2_)\4

designates the cross ratio of the ordered quadruple z1, 22, 23, 24 of four distinct
points
Zi :p+)‘zq7 1= 1727374a

on the line p+ Rgq, ¢ # 0, which does not depend on the representation of the line

p+Rg=p +Rq.
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Writing the points a, b, z,y of {a, b;z,y} in the form

z+&(y — ),
we obtain 0 < {a,b;z,y} € {L, L™} with

_ & &l

S a-1 &

Observe here &, < 0and 1 < & or & < 0 and 1 < &;. The exact value L or L1
of {a,b;z,y} depends on how we associate a,b to &1, &s. Put

(¢ —y)°6G =z (2 —y)+& VD,
i=1,2, with e = —e5 = 1. Then we get

1—zy++vD R
VI—2J1-p

by observing xy < |zy| < Va2 \/y? < 1. Because of |In L™} = |In L|, we obtain

1
glanln

1
§|ln {a,b;2,y}| = |R|, (2.41)

independent of how we associate a,b to &1,&>. Now, by (2.40),

el e R 1—2zy

2 B VI—22/1—y2
since 1 — zy + v D = ef'y/1 — 22 \/1 — 42. Hence, by (2.41),

1

cosh |R| = = cosh g (z,y),

It is certainly more convenient to work with the expression (2.40) than with (2.42),
since there the elements a, b must be determined before g (z,y) can be calculated.

We now would like to look to different notions like translation and hyperplane
as they appear in the Cayley—Klein model.

If w is a surjective orthogonal mapping, i.e. a bijective orthogonal mapping,
we obtain

- w(w(x)) = w(@) =w(w(x
wle) = w0 (0) = S —w (0 (@)

since [w (z)]? = 22%. Hence, if € X goes over in w (x), then w (7) in ww (z) =

ww (z). Thus w remains an orthogonal mapping, however, restricted on P. If x € X
goes over in Ti(x), then w (z) in

w (Ty(z)) = whw ' (w(z)).
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Thus the translation T}, say, based on e € X, e? = 1, as axis, corresponds to
z — whw (2) =: T/(2)
for all z € P. This implies for z € P,

z + [(z€)(cosht — 1) + sinht] e

Ti(z) = cosht + (ze)sinht ’ (243)
by observing cosh ¢ + (ze) sinh¢ > 0, which holds, since
—(ze)tanht > 1
would contradict
| — (ze)tanht| < Vz2Ve2 1 < 1.
Notice
T T, = whw ' - wlaw ' = wlw ' =T/,
and also Tj) = id on P, and TyT", = T§. If
{pcosh& +gsinh € | € €RY, pg =0, ¢* =1, (2.44)
is a line, we obtain its image in P as the set
{ P _, 2 tanhggeR}. (2.45)
Vi+p? 1+ p?
This is the segment of the euclidean ball B (0, 1) connecting its points
P q p q (2.46)

— and + .
V1i+p? 1+ p2 Vitp?2 /142

If u # v are points on B (0, 1), i.e. if they satisfy u? = 1 = v?, then (“;“)2 <1,
and (2.44) with

1_
p:”;ﬂ“,q— ,/1— “+“ el (2.47)

is the inverse image of the segment {u+ A (v —u) |0 < A < 1}.

Obviously, the two ends of {pcosh& + ¢sinh¢ | £ € R} can be described by
the points (2.46) of B (0, 1),
pPtyq

V1i+p?
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Proposition 24. The image of II (p,~) (see (2.27)) under the mapping w : X — P
is given by
Y
'(p,y) =={z € P|pr = ——=}

Vst

Proof. Because of

P + Y
Vit?2 14y

z:=w (ypcosh& + ysinh §) = 2tanh§

for y € pt, y? = 1, we get
~

bz = —F7—,
V1472

i.e. 2 € Il'(p, 7). Let now z € P be given satisfying (2.48). Hence, by p* = 1,

(2.48)

P _
plz——F—| =0,
< \/1+72>
i.e.Y::z—\/17_7;7EpL.ForY=0wegetw_l(z)zvpeﬂ(p,y).Supposenow
Y £ 0. We obtain, by z € P and Y L p,

Y

2
P ) _1-(1+)Y?

Vit I+9?

ie. 0 <1—(1+92)Y2< 1. There hence exists £ > 0 with

0<1£1<Y+

1

This implies tanh & = /1 +~2 - ||Y]|. Put y = = Y and observe y € p*, y%> = 1

cosh¢ =

Yl
and P Yp Y
i=— 22 )y = ¥ tanh €,
V1+792 VIt?2 1492
i.e. w(2) = ypcosh & + ysinh € € T (p, 7). O

Remark. Notice ypcosh + ysinh& = ypcosh(—¢) + (—y) sinh(—¢) and that y €
pt, y? =1 implies (—y) € p*, (—y)? = 1, so that, for instance, ¢ could be chosen
always non-negative. But in this case not all y € p~ with y? = 1 occur in the
representation of II (p, ).

Let H (p,a) be an arbitrary hyperplane of (X, eucl) with p? = 1. We will
assume « > 0, because otherwise we could work with H (—p, —«). If there is at
least one point a in

H (p,0) N B(0,1), (2.49)
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then 0 < o < 1: this follows from pa = a and a2 = 1 by means of a > 0 and
a=pa < |pal < \/p?Va?=1.

The intersection (2.49) contains exactly one point if, and only if, « = 1. For a = 1
we only have p in this intersection, since px = 1, 2 = 1 imply

1 =pzx = |pz| = V/p? Va2,

ie. x € {p, —p}, i.e. © = p because of p(—p) = —1. If 0 < a < 1, take r € X with
pr =0 and r? = 1. Then

plapEV1—a?r)=a, (aptvV1-a2r)? =1

lead to distinct points in (2.49).

Proposition 25. If p € X satisfies p> =1 and if 0 < o < 1 holds true for a € R,
then II (p,~) with

o
iy
is the image of {x € P | pr = a} under w=!: P — X.
Proof. The proof follows from Proposition 24, in view of 11 = = a. O
¥

2.13 Hyperplanes under translations

Theorem 26. Let t,y € R be given with v > 0 and p € X with p*> = 1. Suppose
that
Ti(z) =  + ((ze)(cosht — 1) + /1 + x? sinht) e,

x € X, is a hyperbolic translation based on the axis e, e = 1. Define
v = ~cosht+ (pe)y/1+ +? sinht,
= sgny fory #£0, e R\{0} for+ =0,

and p’ - ||A|| ;= A:=p+ [ L sinht¢ + (pe)(cosht — 1)] e by observing A # 0.

Vi
Then

T (T (p,~)) = M (ep’, [7']) (2.50)
holds true.

2
Proof. Notice A2 = ﬁ + (\/1172 cosht + (pe) sinht) > 0, i.e. A # 0 and,
il

moreover,

V1I+42=|A|-V1+92 (2.51)



2.13. Hyperplanes under translations 71

Instead of (2.50) we prove

wl(ep/, Y] =wTiw " |{z € P|px= S (2.52)
V1+7?
since, by Proposition 25,
-1 o Y -
w x€P|pr=—) | =1(p,7).
V1492
From Proposition 24 we obtain
,y/
w(ll(ep, ¥ =z P|pr=——ros 7, 2.53
(I (ep", [7'])] |p N (2.53)
o Y

. ;o
T can be rewritten as p'x = T
we show, with (2.43),

since ep’z = . So in order to prove (2.50),

(2.54)

24 / gl
rEP|pr=—"oa— =T/ |{2EP|pr = —~
R I | R
Applying the decomposition X = pt @ Rp, we will write
z2=Z+z2p, ZE€pt, 2 €R,

for z € X. Hence

v = Y 1= 1
2€P|pr=—F——=)=9Z+—=p|Z€p, |7 < — ;-
{ \/1+72} { V1492 V1442
;s I . A .
T} is a bijection of P. With a := T we obtain
T [{z+ap|zen, Izl < VI-a?}],

by (2.43), as the set of all points

Z+ ap+ [(Ze + ape)(cosht — 1) + sinh t] e
cosht + (Ze + ape) sinh ¢

u(z) = (2.55)

with [|Z]|? < 1 — 2. In view of (2.54), we will show

/

/ Y

U (2) = ——,
p-u(z) R
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i.e. by (2.51),
_onAr A
VI+9?2 1472
Calling the nominator, denominator of the right-hand side of (2.55) N (z), D (z),
respectively, the equation

A-u(z)

A-N(z)=D(z)- (acosht+ (pe)sinht)

must be verified, which can be accomplished easily. Observe, finally, that T; maps
hyperbolic hyperplanes onto such hyperplanes, and that consequently 7/ maps
images (under w) of hyperbolic hyperplanes of X onto images of such hyperplanes.

O

Proposition 27. Let p,q € X and v,0 € R be given with p> =1 = ¢%, v > 0 and
0>0.If

IT (p,~) C T (g,9) (2.56)

and v > 0 hold true, then p = q and v = 6. If (2.56) and v = 0 hold true, then
p==+q and § = 0.

Proof. Instead of (2.56) we will consider w (II (p,7)) € w (I (g, 0)), i.e.

y )
L={zcPlpr=———=pClaxcPlqr=——r=; =R
{ v 1+72}_{ & 1+52}
i L : 1/2 72
If v # 0 is in p—, we obtain, by 1+72+W<1’

v P
+ + €L
lollv/2(T+9%) /1472
These two points z1,x2 must hence be elements of R, ie. ¢- (z1 — x2) = 0, i.e.

v € ¢*-. Thus p* C ¢*, i.e. H (p,0) C H (q,0), i.e., by Proposition 12 we get p = ¢
or p = —q. Now

P N g g
———— € L C R implies = .
V1492 Vity?2 V1462

Hence, if v > 0, we obtain p = ¢, i.e. y =9, and if y =0, p = +q and 6 = 0 is the
consequence. D
2.14 Lines under translations

Let {pcosh& + gsinh¢ | € € R} be a hyperbolic line [ with elements p,q € X
satisfying pg = 0, ¢> = 1. For w € O (X) we obtain

w(l) ={w(p)coshé +w(g)sinhé | £ € R} (2.57)
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with 0 = p¢g = w(p)w(q),l = q¢ = w(q)w(q). Suppose that e € X, t € R
are given with e? = 1. We are then interested in the image T}(I) of I under the
hyperbolic translation T} with axis e.

Theorem 28. Define

p’ = p+[pe(cosht —1)+ +/1+ p? sinht]e,
qd = q+ (ge)(cosht—1)e,

A := gesinht,

B := pesinht+ \/W cosh t.

Then |A| < B. Define a € R by B - tanh o := —A. Then
T:(l) = {p* coshn + ¢* sinhn | n € R} (2.58)

with
p* = p’cosha + ¢ sinha,

p’sinh o + ¢’ cosh

and p*q* =0, (¢*)? = 1.

Proof. Observe
p12 — B2 _ 17

i.e. B2 > 1 because of p’? > 0, and ¢'> = 1 + A2, p'¢’ = AB. We now would like
to prove
|A| < B.

Case A > 0. Here we get
(¢ —p)esinht < |(q — p) esinht| < /(g — p)?e? sinh|t|,
ie. (¢ —p)esinht < /1 +p? sinh|t| < \/1+ p? cosht.

Case A < 0. We must prove —A < B. Observe

(—q —p)esinht < |(q + p) esinht| < y/1+ p? sinh|t| < v/1 + p? cosht.

Because of B? > 1 and |A| < B, we obtain B > 1 and

A
‘B‘ <1
i.e. tanha = —% determines o € R uniquely. Hence
B
sinha = ———, cosha =

VB A2 VBT A
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In view of p'? = B2 — 1, p'¢’ = AB, ¢'> = A% + 1, we thus obtain

@) = (B~ 1) 5o —24B 588 + (2 +1) 5 = 1,

2 2
pq = (A% + B%) 5l + AB 55 = 0.

Notice
Ti(pcosh & + gsinh &) = p’ cosh € + ¢ sinh &,

and put 7 := & — . Then
p’ cosh € + ¢’ sinh & = p* coshn + ¢* sinh ),
by cosh & = cosh a cosh ) 4 sinh asinh 7 and sinh £ = sinh acoshn + . ... Hence
Ti(l) = {p* coshn + ¢* sinhn | n € R}. O

2.15 Hyperbolic coordinates

Let n > 2 be an integer and suppose that V is a subspace of dimension n of the
vector space X. Let bq,...,b, be a basis of V satisfying b;b; = 0 for 7 # j and
b?=1foralli,je{l,...,n}. If pe V and if

p:plbl ++pnbn

holds true with py,...,p, € R, then (p1,...,p,) will be called the cartesian coor-
dinates of p, and (x1,...,x,) with

V1+pi+---+p2sinhz; = p,

V1+pi+ - +p2sinhay = po,

\/1+p%Sinh$nfl = Pn-1,
sinhx, = pn,

its hyperbolic coordinates. Designate by m the mapping which associates for every
p € V to the cartesian coordinates (p1,...,pn) of p its hyperbolic coordinates

TPy pn) = (31, ).

The mapping 7 is bijective, because 7 ~!(z1,...,r,) is given by (p1,...,p,) with
Dn = sinhx,,
Pn_1 = sinhx, 1 -coshz,,
Pn_o = sinhz,_o-coshx,_1-coshz,,

D1 = sinhxq - coshxg - coshxg - - - cosh z,.
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Proposition 29. Let e € V satisfy e = 1. Extend e =: by to a basis by,...,b, of
V., again with
0 for i#j
bib; = J ‘ 75].
1 for 1=

foralli,j € {1,...,n}. Representing then the points of V' by hyperbolic coordinates
(X1, 0y Tn),
Ti(z1,. .. xn) = (21 + 20, ..., Zp)

holds true for allt R and for all points of V' in hyperbolic coordinates (x1,. .., %y),
where Ty are hyperbolic translations with azis e.

Proof. Put Sy := sinh xy, C; := coshx1, and so on. Then
Tt(l‘l, - ,:En) = Tt(Slcg . .Coby +55C5...Crby + - + Snbn)
= p+ [pe(cosht — 1) + C1Cs...C, sinht]e
with p:= 51Cs...Cpby + -+ + Spb,. Put S; :=sinht, C; := cosht. Then
Tt(xl, - ,In) =p+ [S102 ce C’n(C’t — 1) + C1Cs. .. CnSt] by
=p+ <S1Ct - S+ C’lSt) CyC5...Cuby
= sinh(:cl + t) CQ ‘e Cnbl + 5203 ‘e Can + -+ Snbn

:(.fl —|—t,l‘2,l‘3,...,xn). O

2.16 All isometries of (X, eucl), (X, hyp)

The mapping f : S — S of a metric space (5, d) will be called an isometry of (S, d)
provided

d(f (), f(y)) = d(z,y) (2.59)

holds true for all z,y € S.
Isometries are injective mappings since x # y for x,y € S implies

0#d(z,y) =d(f (), f(y)),

ie. f(z) # f(y). However, isometries need not be surjective. In chapter 1 we

presented an example of an orthogonal mapping w which is not surjective. Because
of

d(w(2), w(y)) = d(z,y),

d(z,y) := ||l —yl|, for all 2,y of the underlying real inner product space X, this w
hence represents an isometry of the metric space (X, eucl) which is not surjective.
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Surjective isometries of (5, d) are called motions of (S,d). Of course, the set
of all motions of the metric space (5, d) is a group M (S, d) under the permutation
product. In view of T (see the proof of Theorem 7, chapter 1) we already know

M (X,d) = {aTi8 | o, 8 € O(X), t € R} (2.60)

for (X, eucl) or (X, hyp). Here and throughout section 2.3 T" is the euclidean or
hyperbolic translation group with a given axis e € X, €2 = 1, i.e.

Ti(xz) =z +te (2.61)
in the euclidean and
Ti(x) = x + [(ze)(cosht — 1) + /1 + 22 sinht]e (2.62)

in the hyperbolic case for all x € X.
The following statement now presents the set of all isometries of (X,d) in
the euclidean or hyperbolic case.

Proposition 30. The set of all isometries of (X,d) is given by
I(X,d)={aT;f|acO(X),BcO(X),tcR}, (2.63)
where O (X) designates the set of all orthogonal mappings of X.

Proof. Suppose that § is an isometry of (X, d) and that ¢ (0) =: p. Because of A
(see the proof of Theorem 7 in chapter 1) there exists v € O (X) with

76 (0) = [|plle.
In view of property (T 2) of a translation group, there exists ¢t € R satisfying
Tiv0 (0) = 0.
The mapping ¢ := Ty preserves distances and it satisfies ¢ (0) = 0.
Euclidean case. Hence for all z,y € X,
lz =yl = lle (x) = @)
Thus ¢ € O (X), in view of Proposition 3 of chapter 1. This implies
§=7""T_vp
with v~ € O (X).
Hyperbolic case. hyp (x,y) = hyp (¢ (z), ¢ (y)) for all 2,y € X implies
Videa? ity —ay=V1+E V1477 - (2.64)
with € := ¢ (x), n := ¢ (y) and, especially for z =0, y = z,
2= p(2)?
for all z € X, i.e., by (2.64), zy = ¢ (z) ¢ (y) for all z,y € X. Hence

lz —yll = lle (x) = @),
and thus ¢ € O (X), by Proposition 3, chapter 1. O
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2.17 Isometries preserving a direction

Let T be a translation group with axis e € X, €2 = 1. The following three state-
ments hold true for hyperbolic as well as for euclidean geometry. The given proof
of Lemma 31 is based on (X, hyp).

Lemma 31. Given o € O (X) with o (e) = ee, ¢ € R. Then aTya~ (z) = To(z)
forallz € X andt € R.

Proof. [a(e)]? = e? implies €2 = 1. With a~!(e) = e and
z=h+xzee, heet, 29 €R,
we obtain a~'(h) a~!(e) = he = 0 and a~'(h) € e*, and hence
aTya=Yz) = aTy(a 1 (h) + zoce)

= o (a7t (h) + [woe cosht + /1 + h? + x2 sinht]e)

= + [(xe)(coshet — 1) + V1 + 22 sinhet] e = Ty (),
by a~1(h) a=t(h) = h? and (2.62). O
Corollary. Define x (z) = h — xge for x = h+ xge with h € e and xo € R. Then

xTi =T+ x

for allt € R.
Proof. Notice x € O (X) and x (e) = —e. O
Theorem 32. Suppose that f : X — X is an isometry. Then

f(x)—z€Re forallz e X (2.65)

holds true if, and only if, f € T UTYx.

Proof. Obviously, f € T UT satisfies (2.65). Let now f : X — X be an isometry
satisfaying (2.65).
Case 1: f € O(X) Here f = id or f = x holds true. In order to prove this

statement observe
f(e) —e € Re,

i.e. f(e) = \e with a suitable A € R. Hence €% = [f (¢)]?, i.e. A2 = 1. Because of
0=he=f(h)[f(e)=f(h)-Ae
for h € e*, we obtain f (k) € et i.e.

f(h+xe) = f(h)+zole, f(h)€et, (2.66)
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for x = h + xge, h € e, 29 € R. By (2.65)
f(h+x0e) = h+ xzpe + pe (2.67)
with a suitable p € R. Hence, by (2.66), (2.67), f (h) = h, i.e. by (2.66),
f(h+x0e) = h+ x0le.
Thus f=id for A\=1, and f = x for A = —1.
Case 2: f € O (X). Since f € I(X,d),
f=ahip

with o € O(X), 8 € O(X) and t € R. Because of f & O (X), we obtain ¢ # 0.
Hence T3(0) # 0. By (2.65), o35 (0) = Ae with a suitable A € R. Thus

0# T;(0) = Aa™'(e),

which implies a~!(e) = ee, € € R, in view of T;(0) € Re. So we obtain a (e) = ce
with €2 = 1, i.e. by Lemma 31,

f=alya ' aB =Ty v

with v :=af € O (X). Since T—_¢ and f = T.; -y have property (2.65), hence also
their product «. This implies, by Case 1, v =id or v=x. Thus f e TUTyx. O

2.18 A characterization of translations

The following Theorem 33 is essentially a corollary of Theorem 32.

Theorem 33. An isometry f of (X,d) is a translation # id with azis e if, and only
if,

0# f(z)—z €Re (2.68)

holds true for all x € X.

Proof. Suppose that the isometry f: X — X satisfies (2.68). Hence, by Theorem
32, f € TUTyx. We will show that f = id and also f € Tx have at least one
fixpoint, i.e. a point x with f (z) = z, i.e. with 0 = f (x) — z, so that f must be a
translation # id with axis e.

Hyperbolic case: Here h + ev/1 + h? sinh % with h € el is a fixpoint of T} x.
FEuclidean case: Here h + %e is a fixpoint of T} .

Suppose, vice versa, that the translation 7; # id has axis e. Then, of course,
f(z) — 2 € Re holds true for all © € X. Property (T 2) of a translation group
implies that ¢ = 0 is a consequence of T () = z¢ for a point . O
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2.19 Different representations of isometries

Let again e € X be given with e? = 1 and suppose that T is the euclidean or
hyperbolic translation group with axis e. Given isometries

Ty B, vTs0

of (X,d) with o,y € O(X), 8,6 € O(X), t,s € R, we would like to answer the
question, when and only when a7} and 470 represent the same isometry.

Theorem 34. Given (X,d) € {(X, eucl), (X, hyp)} and
a,v€e0(X), 8,6 €0(X), t,s €R.
Then
oTyfB = +Tso (2.69)
holds true if, and only if,
t=s=0, af =~ forts =0,

or
0#£t=cs,e2=1, af =75, a(e) = ey (e) forts #0.

Proof. Of course, (2.69) holds true for t = s = 0, af = 4, but also if all the
presented conditions for ts # 0 are satisfied, by observing Lemma 31 and

vl =" ol (v a) Ty T e = Ty - 6.
Assume now (2.69), i.e. £T;8 = T,6 with € := v~ !a. Because of
133 (0) = T:6 (0)
we obtain
£(e) -sinht =e-sinhs (2.70)

and £ (e) € (e) = ee = 1.
Case ts = 0. Hence, by (2.70), t = s = 0, and thus a8 = 74, by (2.69).

Case ts # 0. Because of (2.70) and (& (e))2 =1, we obtain £ (e) = ee, e2 =1, 0 #
t = es. A consequence of & = vy la then is a(e) = ey (e). Finally observe, by
(2.69) and Lemma 31,

T6 =T = ETE™1 - €8 = Tet - €5,
ie T50 =TEB, 1.e. 6 =E£B. O
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2.20 A characterization of isometries

Suppose that (X, d) is one of the metric spaces (X, eucl) or (X, hyp). Then the
following theorem holds true.

Theorem 35. Let o > 0 be a fized real number and N > 1 be a fized integer. If
f: X — X is a mapping satisfying

d (f (), f (y)) <o forallx,y € X with d(x,y) = o, (2.71)
d (f (z), f (y)) > No for all v,y € X with d(xz,y) = Np, (2.72)

then f must be an isometry of (X,d).

Proof. Euclidean case: d(x,y) = ||z — y|| for all 2,y € X. In view of Theorem 4,
chapter 1, we obtain
fla) =w(x)+1

for all € X, where w € O (X), and t a fixed element of X. Obviously, f satisfies
(2.59).

Hyperbolic case: d (x,y) = hyp (z,y) for all z,y € X.
1. The mapping f preserves hyperbolic distances o and 2p.

Proof. Let p,q be points of (hyperbolic) distance g, and
x () =acoshé + bsinhé, € € R,
with a,b € X, ab = 0, b> = 1, be the line through p,q. If p = z (a), ¢ = 2 (3),

then |8 — o] = p. We may assume 8 — a = g, since otherwise we would work with
y (&) := x (=¢) instead of z (£), and o/ := —a, ' := —f instead of «, 8. Hence
p=z(a)and ¢ =z (a+ 0).
Define
zyx =z (a+Ao), A€ {0,1,...,N}.
Since hyp (xg,2n) = No, (2.72) implies
hyp (5, 27y) > No
with ¢/ := f (z) for z € X. Observe

hyp (2, 2341) <o
for A\=0,...,N —1, in view of hyp (x),zx+1) = 0. Hence

N-1

No <hyp (xf,2)y) <hyp (zf,25) + Y hyp (2,2},

A=2
N-1

< hyp (zf, ) +hyp (24, 25) + Y hyp (zh,25,;) < No.
A=2
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This yields hyp (z\,2,,) = o and hyp (zf, z5) = 2¢. Hence hyp (p',¢') = o. If
p,r are points of distance 2o, we may write

p==z(a)and r =2z (a+ 2p).

Working now with ¢ := z (a + o), the proof above leads to 2¢p = hyp (z(,z5) =
hyp (p',7'). O

2. If a,b,m are points with a # b and

1
hyp (a,m) = hyp (m,b) = 7 hyp (a,b), (2.73)

then m must be the hyperbolic midpoint of a,b.

Proof. If z (&) = pcosh& + gsinh¢, € € R, with pg = 0, ¢* = 1, contains a, b, we
may write o < 3,
a=x(a)and b=z ().

Equation (2.73) implies
hyp (a,b) = hyp (a,m) + hyp (m,b),

and hence that a,b,m are collinear, i.e. on a common line (see the notion of a
Menger line). Put m = z (7). By (2.73), we obtain

Iy —al=18-1l,
ie.v=1(a+p),in view of a < j. O
3. Given points p,q of distance o, we will write
p==z(a) and g =z (a+ ).
Ify(n), n € R, is the line through p' := f (p), ¢’ := f (q), we may write, by step 1,
P=y(B),d=y(B+o).

Then

fla(a+ o)) =y (B+Ae) (2.74)
holds true for all integers X\ > 0.
Proof. Clear for A € {0,1}. Put py := z (o + Ap). Now

1
0 ="hyp (pa—1,px) = hyp (Px,Pr41) = 5 hyp (Pr—1:Pr41)

and step 1 imply

1
o =hyp (ph_1,P\) = hyp (p),PA;1) = 5 hyp (PA_1,Prs1) (2.75)
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for A = 1,2,3,.... Assume that (2.74) is proved up to A > 1. Because of (2.75),
the points p) _,, p,p)\,, must be collinear. Put p,; =y (7). Hence

B+x\9=%(ﬂ+(>\—1)9+v)

by (2.75) and step 2. Thus v = 8+ (A+1) g, i.e. (2.74) holds true also for A+1. O

A consequence of step 3 is that f preserves all (hyperbolic) distances Ap with
re{1,2,3,...}.
4. There exists a sequence oy, g, as, ... of positive real numbers tending to 0 such
that f preserves all hyperbolic distances «;.

Proof. Let > 1 be an integer and A, B, C be points with
hyp (4, B) = pe = hyp (4,C)
and hyp (B, C) = 2p. Such a triangle exists because of
hyp (B,C) < hyp (B, A) + hyp (4,C).
We are now interested in the uniquely determined points B,,, C,, with
hyp (A, By) = o, hyp (B, B) = (n—1)e,
hyp (A,Cu) =0, hyp (C,C) =(n—1)0.

Since this configuration remains unaltered in its lengths under f, also the hyper-
bolic distance hyp (B, C,,) is preserved under f. Applying the hyperbolic cosine
theorem twice, we get

cosh? 10 — cosh 2p

coshhyp (B,,C,) = cosh? g — sinh? o - —
sinh” o

i.e. sinh pp - sinh% hyp (B,,C,) = sinh? o. The sequence
ay—1 :=hyp (B,,Cy,) >0, p=2,3,...,
hence tends to 0. All hyperbolic distances «,, are preserved under f. O

5. If a >0 and x,y € X satisfy hyp (z,y) = «, then
hyp (f (@), f () <
Proof. This is proved as soon as
Veso Vayex hyp (2,y) = a=hyp (f (), f(y)) <a+e

is shown. Let z,y be elements of X with hyp (z,y) = a and let = (£), £ € R, be
the line joining z,y with © = z(¢) and y = x (¢ + «) for a suitable o. Suppose
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that € > 0 is given. Take an element ~y of the sequence a1, s, as, ... of step 4 with
2y < ¢ and elements 71, ...,7, of {a1,as, ...} satisfying
O<a—(y1+-+vm) <27
The ;’s need not be pairwise distinct. Then
O<a—(m+ - +ym) <2y<[a—(m+ - +7)]+e (2.76)
holds true. Define vy = x (0 +71),...,&n =x (0 +71+ -+ +75). Take p € X with
hyp (zn,p) = =hyp (p,y).
The triangle x,,, p,y exists, because of
hyp (zn,y) <hyp (2n,p) +hyp (p,y),

i.e. because of hyp (z,,y) = a — (1 + -+ Yn) < 2v. If we designate f (z) by 2’
for z € X, then the triangle inequality implies

/

hyp (2',y') < hyp (¢, 2}) + -+ +hyp (27,_1,27,) + hyp (27, ") + hyp (¢, ¥/).
Since distances 71, . ..,7Vn,y are preserved under f, we get

/

y1 = hyp (x,21) = hyp («',]),..., 7 =hyp (n_1,2,) =hyp (z,_1,2),)
and v = hyp (zn,p) = hyp (z),,p'),. ... Hence
hyp (2/,¢/) <y + -+ +y+y<ate,

in view of (2.76). O
6. If r is a positive rational number, then f preserves the hyperbolic distance ro.

Proof. Let n > 1 be an integer. Then step 5 implies

Vagex hyp (¢,y) = & = hyp (£ (@), £ (1) <

S

Since distance o is preserved, we get

0 0

Veyex hyp (@,y) =n- = =hyp (f(2), f(y)) =n-—,
i.e. we get (2.71), (2.72) for £ instead of ¢ and for n instead of N. Hence steps 1
and 3, carried out for the present values £ and n, imply that all distances A - £
with A € {1,2,3,...} are preserved. O

7. If t is a positive rational number and if x,y are points satisfying hyp (z,y) < to,
then hyp (f (z), f (y)) < to.
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Proof. We shall write again v’ := f (v) for v € X. Take z € X with

hyp (z,2) = %tg = hyp (z,).
Step 6 implies hyp (2/,2') = %t@ = hyp (#/,y’). Hence
hyp (2',3') <hyp (a',2") + hyp (2',3/) = to. O
8. If r, s are positive rational numbers and x,y are points satisfying
ro <hyp (z,y) < s,
then ro < hyp (2, y") < sp holds true.

Proof. Let x (1), 7 € R, be the line joining z,y with z = 2 (£), y =z (n), £ < 7.
Hence hyp (z,y) = n — € and thus ro < n — £ < sp. Notice hyp (z/,y") < so, by
step 7. Define p := x (£ + sp). Then

hyp (y,p) = & + 50—,

i.e. hyp (y,p) = so— (n—&) < (s —r) . Hence hyp (v/,p") < (s —r) o, by step 7.
Moreover, hyp (x,p) = sp implies hyp (2’,p") = sp, on account of step 6. Hence,
by the triangle inequality,

hyp (2',y") = hyp («/,p') —hyp (y',p') Z se — (s —r) o =ro. O
9. hyp (z,y) = hyp (f (), f (y)) holds true for all x,y € X.

Proof. If hyp (z,y) > 0, take sequences r,,s, (v = 1,2,...) of positive rational
numbers satisfying

rl/g<hyp (:I/"y) <SVQ) V:1727"'7

and limr, = % hyp (z,y) = lim s,,. Hence

rvo <hyp (f (2), f(y)) <svo, v=1,2,...,

by step 8, i.e. hyp (z,y) = hyp (f (2), f (y))- O
Because of step 9 the mapping f : X — X must be a hyperbolic isometry.
This finally proves Theorem 35. U

Remark. If the dimension of X is finite, then

Vayex d(z,y) =o0=d(f(z), f(y)) =0, (2.77)

d the euclidean or the hyperbolic distance function, for a fixed g > 0 characterizes
the isometries (F.S. Beckman, D.A. Quarles [1], B. Farrahi [1], A.V. Kuz’minyh
[1]). In other words, if X is finite dimensional, then also N = 1 is allowed in
Theorem 35. The euclidean part of Theorem 35 was proved in the context of
strictly convex linear spaces by W. Benz, H. Berens [1], in the context of a more
general N € R by F. Radd, D. Andreescu, D. Valcan [1]. The theory beyond the
Beckman—Quarles result started with the important contribution of E.M. Schroder
[1]. The hyperbolic part of Theorem 35 was proved by W. Benz [8].
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2.21 A counterexample

The following examples show that (2.77) does not generally characterize the isome-
tries in the infinite dimensional case. The special example (X, eucl) was given by
Beckman, Quarles [1], the one concerning hyperbolic geometry by W. Benz [8].

Let X be the set of all sequences

a = (ay,az,as,...)

of real numbers a1, as, as, ... such that almost all a; are zero. Define
a+b = (a1+b1,a2+0bo,...),
Aa = (Aay, Nag,...),
a-b = aib; +asby +---

for all a,b in X and all real A\. This is a real inner product space which, in other
terms, we already introduced in chapter 1. Let X, be the set of all a € X such
that the a;’s of a are rational. Since X, is countable, let

w:N—= X

with N = {1,2,3,...} be a fixed bijection. Moreover, suppose that ¢ > 0 is a fixed
real number. Define

Y (w (@) = (w1, zi2,...) fori=1,2,...
with
(euclidean case) i = % and x;; = 0 for i # j,
(hyperbolic case) — x;; = /2sinh € and z;; = 0 for i # j.
We hence get a mapping ¢ : X,y — X. Another mapping ¢ : X — X, will

play a role: For every a € X choose an element ¢ (a) in X,,¢ such that

d(a,¢(a)) < g. (2.78)
It is now easy to show that

f: X=X
with f(z) := ¢ (¢(2)) for # € X preserves distance o, but no other positive
distance. In fact, if ¢ (z) = ¢ (y) for 2,y € X, we then obtain d (f (z), f (y)) = 0.
If o () # ¢ (y) for z,y € X, then d (f (z), f (y)) = o. What we finally have to

show is that d (z,y) = o implies ¢ (x) # ¢ (y). But ¢ () = ¢ (y) would lead, in
the case d (x,y) = 9, to the contradiction

+

b

o=d(z,y) <d(z,¢ () +d(e(y)y) <

in view of (2.78).

NN
INJNS)
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2.22 An extension problem
Let again (X, d) be one of the metric spaces (X, eucl), (X, hyp).
Lemma 36. Let a; # as and by # by be points with
d(a1,as) = d(by,bs). (2.79)
Then there exists a motion pu € M (X, d) satisfying
p(ar) = b1 and p(az) = ba.

Proof. Because of step D.a of the proof of Theorem 7, chapter 1, there exist
motions i1, e with pi(ar) = 0, pi(az) = Ae and pa(by) = 0, pa(bz) = Aze
where A1, Ay are suitable positive real numbers. Now

d(ar,a2) =d(p(ar), pa(az)) = d(0,\e),
—d

d(by,ba) = d (pa(b1), pa(b2)) (0, Age)
and (2.79) imply A; = Ay, in view of A1, Ay > 0. Hence
,uglul(ai):bi fori=1,2. O
Lemma 37. Let m be a positive integer, b an element of X, and suppose that
A1y .oy Oy Gy1 are m + 1 linearly independent elements of X . If
afn_‘_l =b* and amq1a; = ba; (2.80)

hold true fori=1,...,m, there exists w € O (X) with w = w™ !,

w(ame1) =b and w (a;) = a; (2.81)
fori=1,...,m.
Proof. Take an orthogonal basis c1, ..., ¢, with ¢Z =1, i = 1,...,m, of the vector
space V spanned by ai,...,a,,. Two cases are now important. If a,,41 +b €V,
put ¢pt1 =0, and if a1 + 0 € V put
a +b " /a +b
+1 +1
T i= mT — Z <7n2 Ci) Ci, (282)
=1
and, moreover, since r # 0,
r
Cm+4+1 = 777+
7]
In the second case ¢y, ..., ¢yt must be an orthogonal basis of the vector space

spanned by ai,...,Gm,@pmy1 +b. Define w: X — X by

m—+1
w(x)=—-x+2 Z (x¢;) ¢ (2.83)
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Since a; is in V, we obtain a;c,41 = 0, and hence

m
w(ay) = —a;+2) (a;¢;)ci = a;
i=1
for j = 1,...,m. If we write ¢; = g;1a1 + -+ - + 9iman, for suitable real numbers
0ij, we get, by (2.80),
Am+1C; = bCZ' (284)
fori=1,...,m. If a;p11 +b €V, then
Ami1+b = (Ami1+D
=Y ()
i=1

holds true, i.e., by (2.84), a1 +b = 2> (ams1¢i) ¢, i-e., by (2.83), w (amt1) = b.
If ayi1 +b €V, we obtain, by (2.82) and (2.80),

m . b
(ams1 —b)r Z (W— ci> (am416i — bey),

2
i=1
i.e., (by (2.84), (am+1 — b) a1 = 0. Hence from (2.84)
m+1 m—+1
A1+ 0 Ama1 + 0
ey () @ = S lamnale,
i=1

ie. w(amy1) =0b.
Since w is linear and an involution, and since it satisfies [w (x)]? = 22 for all

z € X, it must be in O (X). O
Remark. If one of the elements a,,41,b is in the vector space W spanned by
A1y .., 0m,amy1 + b, then also is the other one. In this case V' # W holds true.
We then get
m—+1 m—+1
Am+1 = Z (aerlCi) C; = Z (bCZ‘) C; = b.
i=1 i=1

The subspaces of (X, d) are given, by Proposition 13, by the subspaces Y of
the vector space X and their images under motions of (X, d). If Y has dimension
n € {0,1,2,...}, then the dimension of u(Y) for every u € M (X,d) will also
be defined by n. In order to show that this dimension of u (V") is well-defined we
consider another subspace Y of the vector space X such that there exists a motion
v with g (Y) = v (Y’). Observe Y’ = ¢ (Y) for the motion ¢ := v~!y which also
can be written, in view of Proposition 30, in the form ¢ = oT;8 with suitable
a, B € O(X) and a suitable translation with respect to an axis e. Hence

Y' =aTi8(Y), R :=a '(Y') = Ty(R)
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with R := S (Y). Since «, are linear and bijective, R and R’ are subspaces
of the vector space X with n = dimY = dim R. We will show that the equation
R’ = T;(R) implies R’ = R, i.e. dimY’ = dim R’ = dim R = n. There is nothing to
prove for t = 0. So assume ¢ # 0. As subspaces of the vector space X, both spaces
R and R’ contain 0 € X. Hence 0,7;(0) € R’ implies Re C R’, and 0,7_+(0) € R,
obviously, Re C R. Assume now z € R\Re. Hence T;(z) € R’ and R’ contains the
subspace W, of X spanned by 0,e,7;(z). Thus z € W, C R’. Similarly R’ C R,
because of R =T_,(R’).

The following theorem will now be proved.

Theorem 38. Let S # (0 be a (finite or infinite) subset of a finite-dimensional
subspace of (X, d), and let f:S — X satisfy

d(w,y) =d(f (), f(y))
for all x,y € S. Then there exists ¢ € M (X,d) with f (z) = ¢ (x) for allz € S.

Proof. 1.1f S = {a, a2} contains exactly two elements, define b; := f (a;), i = 1, 2.
Then Lemma 36 proves our theorem in this special case. If S = {a}, put b := f (a).
Because of D.a (see the proof of Theorem 7 in chapter 1), there exists a motion j
such that p1(a) = 0, and also a motion o with pa(f (a)) = 0. Hence ¢ = g
is a motion transforming a into f (a). So we may assume that S contains at least
three distinct points. Let a # p be elements of S and take a; € X with

d (Oa al) =d (aap)7
and, in view of step 1, & € M (X, d) such that « (a) =0, a(p) = a1. Because of
d(0,a1) = d(a,p) = d(f (a), f (1)),

take 8 € M (X, d) satisfying 8 (f (a)) =0, B(f (p)) = a1. Instead of S we would
like to work with « (S) containing 0, a1, and instead of f with

Bfat:a(S) = X.

Notice that « (S) 3 0 implies that a (S) is a subspace of the vector space X. It is
hence sufficient to prove Theorem 38 in the following form.

2. Let S 30, a1 with ay # 0 be a subset of a finite-dimensional subspace ¥ of the
vector space X, and let f: S — X satisfy f(0) =0, f(a1) = a1 and

for all z,y € S. Then there exists ¢ € M (X,d) with f (z) = ¢ (x) for allz € S.
3. The euclidean case. If dim > = 1, 3 = Ray holds true. Since

e =yl = IIf (x) = f (W)l (2.85)
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must be satisfied for all z,y € S, we obtain, by f(0) =0, f (a1) = au,
[Aar = Off = [[f (Aa1) = O]
and ||[Aa1 — a1] = ||f (Aa1) — a1 for all real A with Aa; € S. If

{07 ai, Aal} = {iE, Y, Z}v
we get for a suitable order
Iz =zl =llz =yl + lly — =]
This carries over to the f-images, and these must hence be collinear. Moreover,

we obtain f (Aa1) = Aaq, i.e. f(s) =s for all s € S. Put p =id.

Assume dim ¥ > 2 and that statement 2 holds true for all subspaces I of X
with dim II < m where m is a positive integer. We will show that then statement
2 holds true also in the case dim Il = m + 1, provided dim X > m + 1. Besides a;
take elements ag, ..., ap 41 in S such that aq, ..., a,,+1 are linearly independent. If
they do not exist, S must already be contained in a subspace 11 with dim Il < m,
and there is nothing to prove. Apply 2 for Sop = {0, a1,...,a,}, and there hence
exists 1 € M (X, eucl) with ¢1(0) =0 = f(0), i.e. p; € O(X), and

p1(a;) = f(a;),i=1,...,m.
Instead of f we will work with f; := <p1_1f :S = X. Observe

lz —yll = [lfi(z) = fr (W)l (2.86)
forallz,y € S,and f1(a;) = a;, i =1,...,m.Put b := fi(am+1). If we apply (2.86)
forx =0, y = am+1, and also for © = a;, y = amy1, ¢ = 1,...,m, we get (2.80). In

view of Lemma 37, there hence exists o € O (X) with pa(a;) = a;, 02(amy1) =0
fori =1,...,m. Put fo := ¢, ' f1 and observe fo(a;) = a; fori =1,...,m+ 1,
and

[z = yll = [[f2(x) = f2(y)] (2.87)

for all z,y € S.
Let now s be an arbitrary element of S and define ¢ := f5(s). Suppose that

€1,...,em+1 is an orthogonal basis of the vector space V' spanned by a, ..., Gm41
with €2 = 1,4 = 1,...,m + 1. Define e = 0 for t € V, and otherwise such that
€1,...,emas1,e is an orthogonal basis, €2 = 1, for the vector space W spanned by

ai,...,am+1,t. From (2.87) we get, by f2(0) =0¢€ S,
s?2=t*and sa; =ta;,i=1,...,m+ 1.

If e, = 0;1a1 + -+ + 0im+1Gm+1, We hence obtain se; = te;, ¢ = 1,...,m+ 1.
Observe s € S C II and therefore

s=(se1)er + -+ (s€m+1) €mt1
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and t = (ter)er + -+ + (temy1) ems+1 + (te) e, ie. t = s+ (te) e. Since se = 0, we
obtain
s =1t* = s* + (te)?,

ie. te = 0, ie. s = t. Hence fo = id on S, and the identity mapping of O (X)
extends fo on X. Thus ¢1pa(z) = f () for all z € S. This implies that if statement
2 holds true for all II, dim IT < m, then also for II with dim Il = m + 1 provided
dim X > m + 1.

4. The hyperbolic case. If dim¥ = 1, again ¥ = Ra; holds true. Since
hyp (2,y) = hyp (f (2), f (y)) (2.88)
must be satisfied for all z,y € S, we obtain, by f(0) =0, f (a1) = ay,

(Aar)? = (f (Aar)®
and A\a? = a1 f (Aap) for all real X\ with \a; € S. If

{Ovalv Aal} = {xaya Z}7

we get for a suitable order

hyp (z,x) = hyp (z,y) + hyp (y, ), (2.89)

since 0, ay, Aa; are on a common hyperbolic line. This carries over to the f-images
implying collinearity for the image points, i.e. for 0, a1, f (Aa1). Since (2.89) holds
also true for the image points

f (@), (), f(2),

we obtain f (Aa1) = Aaq, le. f(s)=sforal seS.

Assume dim ¥ > 2 and that statement 2 holds true for all subspaces IT of X
with dim IT < m where m is a positive integer. We now will proceed as in step 3
up till formula (2.86), which must be replaced by

hyp (z,y) =hyp (fi(z), f1(y)) (2.90)

for all z,y € S. It is important to note that the stabilizer of M (X, hyp) in the
point 0 is given by O (X), i.e. that v € M (X, hyp) and v (0) = 0 imply v € O (X),
so that p; € M (X, hyp) must be in O (X), because of ¢1(0) = 0. As in step
3 we put b := fi(amy1). Applying (2.90) for z = 0, y = amm+1, and also for
T=0;Y=0nt1,t=1,...,m, we get a,zm_l =b? and

\/l—i—a?\/1—|—afn+1—aiamﬂ:\/1—|—a12\/1—|—b2—aib7

i.e. (2.81). Proceeding as in step 3, we arrive at

hyp (z,y) = hyp (f2(90)» f2(y)) (2.91)
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for all z,y € S, instead of (2.87), with fo(a;) = a;, ¢ = 1,...,m + 1. With the
further definitions of step 3, we obtain from (2.91), by f2(0) =0€ S,

hyp (0,s) = hyp (0,7), hyp (a;, s) = hyp (ai, )
fori=1,...,m+1,ie.

s> =% and sa; =ta;, i =1,...,m+ 1.

This leads to s = ¢ as in step 3, and finally to ¢ipa(x) = f (z) for all z € S.
This finishes the proof of Theorem 38. O

2.23 A mapping which cannot be extended

We already know an example of an orthogonal mapping w : X — X which is
not surjective (see chapter 1 where orthogonal mappings are defined). Of course,
in this special case there cannot exist ¢ € M (X,d) with w(z) = ¢ (x) for all
xz € S := X, since p : X — X is bijective. Here S is not contained in a finite-
dimensional subspace of X.

In order to present a mapping f : S — X which cannot be extended and
where S is a proper subset of X, take as X all sequences

(al, as, as, .. )
of real numbers such that almost all of the a;’s are 0. Define, as usual,

a+b = (a1+b17a2+b2,...),
Aa = (Aag, Aag,...),

a-b = iaibi
i=1

for a,b € X, A € R. A basis of this real inner product space is
er = (1,0,0,...), ea = (0,1,0,...), ...
Define S = {0, ea,e3,€4,...}, f(0) =0 and f(e;) = e;—1 for i =2,3,.... Then

|z —yll = [If (z) — f (y)|| and hyp (x,y) = hyp (f (), f (v))

hold true for all z,y € S. The smallest subspace ¥ of X containing S is spanned
by e, €3, .... Hence ¥ is infinite-dimensional. If there existed ¢ € M (X, d) with
w(s) = f(s) for all s € S, we would obtain ¢ € O (X), in view of ¢ (0) = 0.
Assuming now

2] (61) = )\161'1 —+ -4 )\nein
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with A\; € Rand 1 <14y <y <--- <'ip, would imply
0=re1e;,41 =9 (e1) plei,+1) =@ (e1) e, =A;
for j=1,...,n,ie. ¢(e1) =0, contradicting
L=eier = (e1) p(e1).

There hence does not exist ¢ € M (X, d) extending f.
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