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Abstract. This paper provides a detailed discussion of reciprocal sequences of
finite and infinite matricial Carathéodory sequences, including an examina-
tion of the relationship a reciprocal sequence has to its original sequence. The
properties of such reciprocal sequences are described. Of particular interest
is the fact that the reciprocal sequence of a Carathéodory sequence is again
a Carathéodory sequence. Later, these results are applied to matrix-valued
functions. The natural focus is, in particular, on the matricial Carathéodory
functions associated with a matricial Carathéodory sequence and its recip-
rocal sequence. These matrix functions are then shown to be Moore-Penrose
inverses of each other. The implications of these results for non-negative Her-
mitian matrix measures on the unit circle are also discussed.
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0. Introduction

Several classes of sequences of complex matrices were discussed in [22]. There,
these classes were studied in the context of a generalization of the inversion of
power series with matrix coefficients. In particular, each finite or infinite sequence
in the set CP*? of all complex p X ¢ matrices was assigned a reciprocal sequence.
This was done in such a way (see Definition 1.1) that, for the special case p = ¢
and det sg # 0, the assigned reciprocal sequence was none other than the usual
reciprocal sequence of conventional power series inversion theory.

Our first main objective for this paper is to study the reciprocal sequences
of finite and infinite ¢ x ¢ Carathéodory sequences. We will see that the reciprocal
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sequence of a Carathéodory sequence is itself a Carathéodory sequence. Further-
more, we will see that the properties of such reciprocal sequences can be fully
expressed in terms of the original Carathéodory sequence. Later, starting with
an infinite ¢ x ¢ Carathéodory sequence and its reciprocal ¢ x ¢ Carathéodory
sequence, we consider their respective ¢ x g Carathéodory functions.

Our second main goal is to show that these functions are Moore-Penrose
inverses of one another on the complex open unit disk . This will, ultimately,
yield a new proof for the holomorphicity of the Moore-Penrose inverse of a g x ¢
Carathéodory function in D. An earlier proof of this result in [5, Theorem 4.5] was
based on an approach using the Cayley transform.

This paper is organized as follows. Section 1 offers a brief introduction to
reciprocal sequences of finite and infinite sequences of matrices in CP*9 (see Def-
inition 1.1). We also examine the class of first term dominant matrix sequences
(see Definition 1.4), which is particularly interesting and useful in the context of
reciprocal sequences. These observations are continued from [22]. In this section
we also look at EP sequences, earlier considered in [22, Section 7]. We build on
and expand these results (see Proposition 1.11 and Theorem 1.12).

In Section 2 we present a summary of preparatory results on finite and infi-
nite Toeplitz non-negative definite sequences in C?*%. The emphasis, here, is on
the inner structure of such sequences, which is described using matrix balls (see
Proposition 2.9). We also introduce a number of important subclasses of Toeplitz
non-negative definite sequences in C7*? (see Definition 2.12 and Definition 2.24).
Relevant results are drawn from [11] and [8, Section 3.5]. Proposition 2.7 shows
that Toeplitz non-negative definite sequences in C9*? are first term dominant.
This proposition connects Section 2 to Section 1.

Section 3 centers on a discussion of matricial Carathéodory sequences, in light
of their relationship to Toeplitz non-negative definite sequences. This relationship
shows that a certain duality exists between the two types of sequences and makes it
possible to define particular subclasses of matricial Carathéodory sequences using
Section 2 (see Definition 3.15 and Definition 3.22).

In Section 4, we focus on reciprocal sequences of matricial ¢ x ¢ Carathéodory
sequences. We show that g x ¢ Carathéodory sequences are EP sequences and rec-
ognize that they are first term dominant (see Proposition 4.1). We then use this
fact to apply the EP sequence results of Section 1 to g x ¢ Carathéodory sequences.
This leads directly to our first main result, namely, that the reciprocal sequence
of a ¢ x ¢ Carathéodory sequence is itself a ¢ x ¢ Carathéodory sequence (see
Theorem 4.4). This, in turn, brings us to the question of how a ¢ x ¢ Carathéodory
sequence is related to its reciprocal sequence and to what extent one can be used to
describe the other. In the second part of Section 4, we deal mainly with these ques-
tions. We will see that for the subclasses introduced in Section 3, both sequences
either belong to the relevant subclass or neither of them do (see Theorem 4.8
and Theorem 4.10). Furthermore, we describe the matrix ball structure of recip-
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rocal sequences to Carathéodory sequences in terms of the original Carathéodory
sequence (see Lemma 4.9).

The focus of Section 5 is on a particular reciprocal sequence operation for
matricial Toeplitz non-negative definite sequences. Because of how closely matricial
Toeplitz non-negative definite sequences and matricial Carathéodory sequences are
related, we are able to use Section 4 in constructing a new Toeplitz non-negative
definite sequence to associate with a given initial Toeplitz non-negative definite
sequence. Having established a procedure for constructing new sequences of this
type, we proceed with an extensive examination of the relationship between an
initial matricial Toeplitz non-negative definite sequence and the Toeplitz non-
negative definite sequence generated from it.

Section 6 includes a short introduction to the theory for the matricial Carathé-
odory class C, (D), where D := {w € C: |w| <1} is the open unit disk in the
complex plane C. The C, (D) class is made up of every ¢ x ¢ matrix function
that is holomorphic in D with non-negative real part at all w € D. Via Taylor
coefficients, we see that there is a well-known one-to-one correspondence between
the class C, (ID) and the set of all infinite ¢ x ¢ Carathéodory sequences (see Propo-
sitions 6.10 and 6.12). This suggests introducing a number of special subclasses of
Cq (D), which we do with the help of Section 3.

Section 7 is dedicated to an analysis of the Moore-Penrose inverse Q* of
a function Q € C, (D). We show that QF € C, (D) and also that the Taylor
coefficient sequence for QT is the reciprocal sequence to Q’s Taylor coefficient
sequence (see Theorem 7.3). We furthermore show that for the subclasses of C; (D)
defined in Section 6, both of the C, (D) functions 2 and QF either belong to the
relevant subclass or neither of them do (see Theorem 7.9 and Proposition 7.10).

We are also interested in applying these results to the theory of non-negative
Hermitian ¢ x ¢ measures on the unit circle T := {2z € C : |z| = 1 }. For this reason,
we include a brief review of results in matricial harmonic analysis on T. Because of
the matricial version of a classical result by G. Herglotz (see Proposition 8.1), we
know that (via Fourier coefficients) there is a one-to-one correspondence between
the set of all infinite Toeplitz non-negative definite sequences in C?*9 and the set
of all non-negative Hermitian ¢ x ¢ measures on the Borel g-algebra for the unit
circle. This one-to-one correspondence makes it possible to generate a reciprocal
non-negative Hermitian measure using an operation based on Section 5’s method of
generating a Toeplitz non-negative definite sequence “by reciprocation”. This idea
then informs how Section 8 develops. The aforementioned construction was already
considered in [8, Section 3.6] for the special case of a non-negative Hermitian
measure F' with non-singular matrix F(T). There, the focus was on the relationship
between associated pairs of orthogonal systems of matrix polynomials.

Our closing Section 9 concentrates on a class of matrix functions that are
holomorphic in the upper half-plane I, := {z€ C : Imz € (0, 4+00)}. This
matrix function class is particularly interesting in the context of the matrix version
of the Hamburger Moment Problem. The class R, (111 ) discussed in Section 9 is
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comprised of all matrix functions G : II; — C9%? that are holomorphic in II; and
having non-negative Hermitian imaginary part at all z € II;. There is a one-to-
one correspondence between R, (111 ) and C, (D), which makes it possible to show
that the Moore-Penrose inverse G of a function G € R, (1L} ) is holomorphic and
also that null space and range remain constant (see Theorem 9.4).

To conclude this introduction, we quickly review some notation. Throughout
this paper, let p and g be positive integers. We use N and Ny to denote the sets
of positive and non-negative integers, respectively. The set of all integers is Z. For
any o € Zand x € ZU {400}, welet Zy ,, :={0€Z : a<{l<sx}.

The set of all Hermitian matrices in C?*¢ will be denoted by C%?, while
CL*? and CL*? will stand for the sets of all non-negative and positive Hermit-
ian matrices, respectively. The set of all contractive p x ¢ matrices is defined as
Kpxg :={A€CP*? : ||A|ls <1} and the set of all strictly contractive p x ¢ ma-
trices as Dpyxq := {A € CP*7 : ||A|ls < 1}, where ||-||s is the operator norm in
CP*4. Suppose that A € CP*9, then N (A) is A’s null space and R (A) is its
range. The zero matrix in CP*? and the identity matrix in C?*? are denoted by
Opxq and I, respectively. Suppose A € CP*¢, then its adjoint will be denoted
by A* and its Moore-Penrose inverse by AT. For each A € C9%4, the matri-
ces ReAd := J (A+ A*) and ImA := ,, (A— A*) are, respectively, called the
real and imaginary parts of A. The determinant of A will be denoted by det A.
For n € N and any sequence ( A; );.L:l of complex p x ¢ matrices, we also define

T
row (A; )?‘:1 = (A1, Az, -+, Ay) and col (4 );.L:l = [row (AT );':1}
For each g € N, we let

Ry i={A€C™ :ReAeCL"} and T, :={A€C™ : ImAeCL}.

We also define
Ry > ={Ae€C™ : ReAeCL} and Z, - :={A€C™ :ImAeCL}.

Clearly, the set (Cq;q of all non-negative Hermitian complex ¢ x g matrices is a

subset of R, > and the set C2*? of all positive Hermitian complex ¢ x ¢ matrices
is a subset of R4, ~. A complex ¢ x ¢ matrix A is called range-Hermitian (or an EP
matrix) if R (A) = R (A*). The set of all range-Hermitian matrices in C9*? will
be denoted by CLy.

1. Reciprocal sequences

The approach to constructing a special transformation for sequences of complex
matrices considered here was introduced in [22]. The main theme of [22] was in-
vertibility for sequences of complex matrices. In this section, we provide a quick
review of relevant results from [22], because they will later be important.
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Definition 1.1. Let »r € NgU{+o00} and let (s; );‘{:0 be a sequence of complex p x ¢

matrices. The sequence (s Jﬁ );:0 of ¢ X p matrices defined by

s, if k=0,
st = k-t
—sar Z sk,lslﬁ7 itk e, s,
1=0

is called the reciprocal sequence corresponding to ( s; );’:O.

Remark 1.2. Let » € No U {400} and let (s; ) o be a sequence of complex

J
the reciprocal sequence corresponding to ( s; );.n:O is then (sgi );ﬂ:O

p X g-matrices with reciprocal sequence (s@ );;0. leen an arbitrary m € Zg, .,

Example 1.3. Let 5 € No U { +o0 }. Suppose (s; ) _o is a sequence in CP*? and
that u € C. For j € Zg, ,., suppose that s; , := u? sj. By induction, we then obtain
(sj,u)ﬁ—ujs for j € Zy, ..

We will see that reciprocal sequences are especially interesting when consid-
ered for the following class of matricial sequences.

Definition 1.4. Let 52 € No U {+00}. A sequence (s;);_, in CP* is called first

term dominant if

C (N (sy) and UR(s;) SR (s0)-
j=0 j=0

0

The set of all such sequences ( s; ) _o in CP*9 will be denoted by Dpx g, s-

Ezample 1.5. Let 3 € NoU{ +o0 }. All sequences ( s; ) o in C7*7 with det so # 0
belong to Dyxg, »-

Remark 1.6. Let 5 € No U {+o0} and (s;);_, be a sequence in CP*?. Then
(SJ) o € Dpxg, » if and only 1f(sj) GDqu m, for all m € Zg ...

Remark 1.7. Let (s; )j:O be a sequence in C?*7 and let (¢; )j:O be a sequence in
C\ {0}. Then (s;)7_, € Dyxq, » if and only if (e85 )72, € Dyxq, -

Given a » € NgU{ +oo } and a sequence ( s; )J in CP*1, we define, for each

m € Zo, 5, the lower triangular block Toeplitz matrices Sm

S0 0 0 ... 0
S1 S0 0 0

S = | sy S1 so . (1.1)
) ) ) 0
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and, whenever it is clear which sequence is meant, we will simply write S,,, instead

of 8. For each m € Z_ ., using (sjti )::0 instead of (s;)7,, we also set
o
Sk = SS,; ). (1.2)

The following result (see [22, Proposition 4.20]) is particularly useful.

Proposition 1.8. If > € Ny U {+00} and (SJ) o € Dpxq, s, then S}, = Sk for
each m € Zyg, ..

Ifr,s € N, A = (aji)j=1,...p € CP*? and B € C"**, then the Kronecker
k= 1, g
product A ® B of the matrices A and B is given by A® B := (a1 B);=1,.
k= 1, ,q

It should be noted that, if s € CP*? and if m € N, then the complex

(m+1)p x (m+ 1) ¢ matrix diag (so, So, ..., S0) can be expressed as ;11 ® So.

Lemma 1.9. If 5 € NoU{+00} and (s;)7_ € Dpxq, =, then, for each m € Zo, ..,

Sm S =l ® (Sosar) and S+S =In1® (SO So)
If, furthermore, p = q and if so € C4y, then S,,S;,, = S;5.S,, for every m € Zg ..
Proof. Combine part (a) of [22, Theorem 4.21] with [22, Proposition 3.6]. O

We now consider a special class of sequences of complex square matrices,
namely the set of EP sequences (see [22, Section 7]). If n € Ny and (s; )” o 1s a se-

quence in C9*9, then ( s; ) ., is called an EP sequence when st e (C(nH)qX(nH)q

where S is defined by (1.1). If n € N and (sj) _o i1s an EP sequence in C?*9,
then, for any k € Zg,,—1, it follows that (s; )§:0 is also an EP sequence (see
[22, Remark 7.2]). A sequence ( s; )oio in C?%9 is thus called an EP sequence when
(87)j—o is an EP sequence for all n € No. If 3 € NoU{ +o0 }, then Fob, will stand

for the set of all EP sequences (SJ) _, in C7%%. The following proposition (see

[22, Proposition 7.4]) shows that EP sequences make up a subclass of first term
dominant sequences (introduced in Definition 1.4).

Proposition 1.10. Let »x € NgU {+o00} and (s; ) o be a sequence in CT*9.
(a) The following two conditions are equivalent to one another:
(1) (55)720 € Fy -
(ii) so € (quq and (8;)7_ € Dgxq, =
(b) Suppose (i) is satisfied, then sosg = sg so and, for each n € Zg, .,
SuSH =111 ® (8083) and SIS, =1 ® (80 80)
Proposition 1.11. If > € NoU {+oo} and (s;)7_, € Fob . then (s )j:0 e Fob
and S} =S} for each n € Zg ..

Our next result will offer us further insight into the structure of EP sequences.
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Theorem 1.12. Let ¢ > 2, r € Zq, 4—1 and » € NgU{ 400 }. Suppose, furthermore,
that (s;5)7_, € Fi, with rank so = 7 (and therefore dim [N (s0)] = ¢ —r). Let
(us),_y be an orthonormal basis in R (so) and (us)i_, | be an orthonormal
basis in N (sg). For each £ € Zi,q, let Up := (ul7 Uz, ..., ug) and, for each
J €Ly, s, let 55 :=Us;U,. Then:

(a) (us)?_, is an orthonormal basis in C*** and the matriz Uy is unitary.

(b) Uys;U, = diag ('svj7 0(q_r)><(q_r)) for each j € Zg, ;.. The matriz 5o is, in

particular, non-singular.

Proof. By part (a) of Proposition 1.10, we get so € C%Lyl. Thus, it follows by
Proposition A.5 that N (sg) = N (sf). Hence, we see that C?*! = R (so) @
N (sp), from which we obtain (a). Furthermore, by part (a) of Proposition 1.10,
we have (sm ), _o € Dgxg, »- Recalling Definition 1.4, we then obtain N (sg) C
N (s;) and, since N (s9) =N (s§), it follows by [22, Proposition 5.1] that
N(s0) SN (s]). (1.3)
For each m € Z,41, 4, we have, by assumption, that u,, € N (sg ), which, because
of (1.3), implies sjum = 0gx1 and siu,, = Ogx1 for each j € Zg, .. Consequently,

U;Squ = (

= diag (5}, O(g—r)x (¢—r))

for each j € Zy, ,.. Since Uy is non-singular, it follows that

(uns oy we ) sy( un, ooy U ), (uns oy we ) sy ( g, s Ug ) )

(Urd1s oy Ug ) si( UL, s Up ), (Urd1s my Ug )85 ( Urg1, y Ug )

rank 5o = rank [diag ('507 0(q_r)><(q_r)) } = rank [U;squ] =rank sy =r1.

Thus, the matrix sy is non-singular. O

2. Matricial Toeplitz non-negative definite sequences

Our focus in this section will be on a special class of sequences in C?7*7. Before
we describe this class, we first introduce some notation. Given a » € Ny and a
sequence ( Cj )7:0 in C?*4 we define, for each n € Z_,., the block Toeplitz matrix

Cy Cf ... C:

TC) .= C} o (2.1)
: " . CF
C, ... Ci Cp

Whenever it is clear which sequence is meant, we will simply write T,, instead
of TSV). If n € Ny and (Cj)j— is a sequence in C?7, then (Cj)j_, is called

a Toeplitz non-negative definite sequence (or T-n.n.d. sequence, for short) if T, is
non-negative Hermitian. We call ( C; );.L:O a Toeplitz positive definite sequence (or

n

T-p.d. sequence) if Ty, is positive Hermitian. If n € N and (Cj);_, is a T-n.n.d.
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sequence in C7%9, then, for each m € Zg, ,,—1, so is (Cj ) o- Similarly, if (C; )j 0
is T-p.d., the same holds for (C} );"':0. Thus, we say that a sequence ( Cj );io is
Toeplitz non-negative definite (T-n.n.d.) if, for each n € Ny, the sequence (C; )?:0
is Toeplitz non-negative definite and Toeplitz positive definite (T-p.d.) if, for each

n € Np, the sequence (Cj )n_o is Toeplitz positive definite. For 3 € Ng U { +o00 },
the set of all T-n.n.d. sequences in C?*? will be denoted by 7, ,. and the set of all
T-p.d. sequences in C9*9 by T ...

Ezample 2.1. Suppose K € C?%4. For each j € {0,1}, let C; := KJ. A well-
known characterization of non-negative Hermitian block matrices (see, for instance,

[8, Lemma 1.1.9]) shows that (C} );:0 € Tg1 if and only if K € K,y4, and also
that (Cj );:O € Ty, 1 if and only if K € Dgy,.

Example 2.2. Let » € NgU {+oo}. If A € CL*? and Cj := A for each j € Zo, .,
then (Cj )7 € Tg, », since T, = D*AD € (C(;H)qx(nﬂ)q for all n € Zy, .., where
D= ([q7 I, -, I ) c Cax(n+l)q,

Remark 2.3. Let s € NoU {400} and (C} ) o € T4, Suppose, furthermore,
that A € C?*P. Then ( A*C} A) o € Tp, 5

Remark 2.4. Let > € NoU{ 400} and s € N. For each r € Z; g, let a,- € [0, +00)
and (C'( ) . € Tg, 5 Then (Zar T)) € Tq, 5. If, furthermore, there
j=

7=0

exists an 79 € Zp,s such that a,, € (0, +00) and (CJ(TO))' c %,%, then

( szlarc;ﬂ I

Remark 2.5. Let s € Ng U {+00} and 8 € Zs3, +00- Suppose, furthermore, that

(g; )js_ is a sequence in N and that ¢ = qu For each r € Z; 4, let (C(T))
r=1 J=0
be a sequence from C%*9% . Then:

(a) (dlag (C R 0(2) C;S)) )j: € Tq, » if and only if (C(T)> € T, 5

for all r € Zy .
D ~(2) O "\

(b) (diag (ciV, ¢, ... C )>j:o € T if and only if (C{”) € T
for all r € Zy 5.

Remark 2.6. Let 3 € No U {400 }.

(a) Suppose (b, );‘067'1 » and (C )7 € Ty, then (5;C; )7 € Ty,

(b) Suppose (b, )J 0 €T and (C)) ,OET,,{, then (b,C; ) 7067‘

With our next result, we establish a link to Section 1.
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Proposition 2.7. Let 5 € Ng U {400 }. Then Ty, 5 C Dyxg, -

Proof. The case in which s = 0 is trivial. We thus suppose that s« > 1. Let (C} )7—0

be a T-n.n.d. sequence in C?*? and ¢ € Z;, ,.. We thus have T, € C(e+1)q><(e+1)q
In particular, this implies that

CO Cg?k 2gX2q
(& &) e
It thus follows that R (C;) CR(Co), R(C;) CR(Co) and C5 = Cy (see, e.g.,
[8, Lemma 1.1.9]). Hence, we obtain

UR ) CR(Co) and O )CR(CY).

Finadly7 applying [22, Proposition 5.1] yields ( C; )j:O € Dyxg, »- O
A direct consequence of Proposition 2.7 is the following well-known fact:

Corollary 2.8. If s € No U {+oo} and (C;)7_, is a T-n.n.d. sequence in C7*1
with Co = Ogxq, then Cj = Ogxq for all j € Zo s

We will now take a more detailed look at the structure of Toeplitz non-
negative definite sequences in C7*9. We draw from [11] and [8, Section 3.4], where
the structure of Toeplitz non-negative definite sequences is discussed in detail.
This structure is described using special matrices. For each s € Ny U { +00 } and
any sequence (C; );’:0 in C1%9, we set

My = 0gxq, L, :=Cy and Ry :=Cy. (2.2)

If 5 > 1, then, for each n € Z; .., we furthermore define

Zy =row (Cryi—j )iy and Y, = col (Cj)7_, (2.3)
as well as
Lyps1:=Co— Z, T} |77, Ryt1:=Co— Y T! Y, (2.4)
(where we use the block Toeplitz matrix in (2.1)) and
M1 = Z, T} Y. (2.5)

The following proposition describes the inherent structure of a Toeplitz non-
negative definite sequence in C7*9.

Proposition 2.9. Let 5 € NoU {+00} and let (C; )7:0 be a T-n.n.d. sequence in
C9%4. Then:
(a) (Lj+1 ) _o and (Rjq ) _o are monotonically decreasing sequences, where
rank L1 =rank R; and det L1 = det Rj41,

for each j € Zy ... If ¢ = 400, then the sequences ( Ljt1 );.io and ( Rjt1 );io
converge to non-negative Hermitian matrices L and R, respectively. When
this is the case, det L = det R.
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(b) Suppose that »x > 1. For each n € Zy, ;.—1, the matriz
+
Kn+1 = ( \/Ln+1 ) (On+1 n+1 ( \/Rn+1 )

is contractive and

CnJrl - Mn+1 + \/Ln+1Kn+1 \/Rn+1~
If n > 1, then

Luyo=Lps1 (Ig = Kni1 K}y ) /Los,

n+2 \/Rn+1 ( - n+1Kn+1) \/Rn+1
and all of the following conditions are equivalent:
(1) Ln+1 Ln+2-
(11) n+1 n+2-
(iii) C n+1 = My 4o.
( ) n+l — quq
(c) If (C )7:0 is T-p.d. then, for each n € Zg, ;.—1, the matrices Lyp4+1 and Ry41q

are positive Hermitian and K11 is strictly contractive.
Proof. See [8, Remark 3.4.1, Theorem 3.4.1 and Remark 3.4.3]. O

If 2 € NU{+oc0} and (C; )” o is a T-n.n.d. sequence in C9*9, then the

sequence ( K )7, defined in Proposmon 2.9 is called the Schur parameter sequence

j=1
of (Cj ) o- Note that Schur parameter sequences appear, for instance, for Toeplitz
posmve deﬁmte sequences in [7, Definition 2.3], where a sequence of this type is

referred to as the sequence of canonical moments.

Definition 2.10. A sequence (C; )?’;0 € Ty, « is called totally Toeplitz positive defi-
nite if the matrix L from part (a) of Proposition 2.9 satisfies det L # 0. The set of
all totally Toeplitz positive definite sequences in 74, ~ will be denoted by 7;:‘“00

Proposition 2.9 shows that
Tob oo € Tgy c0- (2.6)

We next concentrate on the extension problem for finite Toeplitz non-negative
definite matricial sequences. If M, A, B € C?*9, then the set

R(M; A, B):={M+AKB : K €Kyuq}

is called the (closed) matrix ball with center M, left semi-radius A and right semi-
radius B and the set

R(M; A, B):={M+AKB : K €Dyyy}

is called the open matrix ball with center M, left semi-radius A and right semi-radius
B. The following theorem (see [8, Theorem 3.4.1]) gives us a complete answer to
the extension problem for finite Toeplitz non-negative definite sequences.

Theorem 2.11. Let n € Ny and (C} );.L:O be a sequence in C1*9. Then:
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(a) The set
C> | (C5)_y | =14 Cop1 €CT9 2 (Cy)1 ) €T,
> J75=0 n+1 . J/5=0 ,n+1

is non-empty if and only if (C,; );.L:O €Tgn-
(b) Suppose (C; )?:0 € Tyn- Then L1, Rpyq € (quxq and

C> {(Cj );L:o} :ﬁ(Mn—&-l; \/Ln+17 \/Rn+1).

In particular, M,11 € C> |:(Cj )?:0 } .
(c) The set

e [(C)iy | = { Crn e €0 - ()12 € Tonin }

§=0
is non-empty if and only if (C; )?:0 € ’7:1’”,
(d) Suppose (Cj)]_, € Taon- Then Lyi1, Ryt € CL7 and

C> [(Oj )?:o] =5 (Mn+13 VL1, \/Rn+1> :
In particular, Mp4+1 € Cs [(Cj );L:O } .

The following definition is motivated by the role which the matrix M}, (in-
troduced in (2.2) and (2.5)) plays in Theorem 2.11; more precisely, the fact that
M), appears as the center of the matrix balls in parts (b) and (d).

Definition 2.12. Let » € NU{+00} and (C;)_, be a sequence in C7*9.

(a) Suppose k € Zq,,.. We say that (C; );;0 is a central sequence of order k (or
an order k central sequence), if Cy, = My, for all j € Zj, ,., where M}, is given
by (2.2) and (2.5).
(b) Let k € Z1 ,.. We call (C} );':0 a central sequence of minimal order k (or a
minimal order k central sequence) if it has both of the following two properties:
(i) (Cj)j—, is order k central.
(i) If > > 2 and k € Zs, .., then (C; )7,
(¢) The sequence (C; );':0 is simply called a central sequence, if there exists a
k € Z, .. such that (C} );‘:

is not order k — 1 central.

o is order k central.

Remark 2.13. Let » € NU {400} and k € Z;, ,. Furthermore, suppose that
(Cj );‘:0 is an order k central sequence in C4*¢. For each ¢ € Zj,_ ., the sequence

(Cj );‘:0 is then also order ¢ central.

It is easy to characterize order 1 central sequences in C7*9.

Remark 2.14. Let e € NU{+o0} and (C} );‘{:0 be a sequence in C7%4,

(a) Inductively, we see from (2.4) and (2.5) that (C; );‘:0 is order 1 central when
Cj = Ogxq, for all j € Zy ;..
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(b) From (a) we see that (C; );‘:0 is T-n.n.d. and order 1 central if and only if
Co € CL and Cj = Ogxg, for all j € Zy ,..

(c) From (a) we furthermore see that (C; );;0 is T-p.d. and order 1 central when
Co € CL? and C; = 04xq, for all j € Z1,..

Our next steps will be towards characterizing central Toeplitz non-negative
definite sequences.

Proposition 2.15. Let 5 € NU{+00} and (C;)7_ be a T-n.n.d. sequence in C?*4
with Schur parameter sequence ( K );‘:1. Let, furthermore, k € Z1 ,.. All of the
following conditions are equivalent:

(i) (Cj)j=, is order k central.

(ii) Ljy1 =Ly for all j € Zy, .

(iil) Rj+1 = Rk for all j € Zy, ...

(iv) K; = 0gxq for all j € Zy, ..

Proof. The equivalence of (i)—(iv) follows directly from Proposition 2.9. O

Next, we arrive at recursion formulas for the elements of a central Toeplitz
non-negative definite sequence. The corresponding result, the following Theo-
rem 2.16, is an immediate consequence of [14, Proposition 1 and Remark 1].
A result equivalent to Theorem 2.16 is found in [15, Theorem 32] as well as in
[8, Theorem 3.4.3]. For the special case of a Toeplitz positive definite sequence, an
equivalent result to Theorem 2.16 was already included in [12, Theorem 20] with
two different proofs. The first of these proofs is based on applying an extension
problem result ( for the Wiener algebra W (T) ) by Dym/Gohberg [9, Theorem 6.1].
The second of these proofs uses results for orthogonal matrix polynomials on the
unit circle by Delsarte/Genin/Kamp [28]. For the special case of a Toeplitz pos-
itive definite sequence, a further equivalent result to Theorem 2.16 can be found
in Ellis/Gohberg [10, Theorem 2.2].

Theorem 2.16. Let 3 € Zy oo U{+0}, k € Z1,,.—1 and (C} );’:0 be an order k
central T-n.n.d. sequence in CI*9. Let s € Zyy1, 5. Suppose that

Zs, k= IOW (Cs—j )521 and ng k= col (C‘g_l_k_l’_j )521
and that Zy, and Yy, are given by (2.3). Then
CS = Zs,sz_lyk and CS = ZkTZ_lys,kw

Corollary 2.17. Let 3 € Zy ,,U{ 400} and (C; );‘{:0 be an order 2 central T-n.n.d.
sequence in CI*9. Suppose that s € Za, ;.. Then:

(a) Cs = Cs_1Cf Cy and Cs = C1CF Oy

(b) Cs=Cy (CFCy ) hand Cy = (C1CF) T Oy,

Proof. Part (a) follows directly from Theorem 2.16, while (b) follows from (a). O
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Given an n € Ny and a sequence (C;)" . in C9%9, we next consider the
J75=0 ’
unique extension of (C} )?:0 to an order n + 1 central sequence.

Remark 2.18. Let n € Ny and (C} )?:0 be a sequence in C?79. There exists a
unique order n + 1 central sequence (CNZ'J );‘io in C7%7 such that 5j = Cj for each

J € Zo, . This sequence is called the central sequence corresponding to ( C; )?:0.

We have now arrived at an idea central to our topic. Specifically, we now
consider central sequences for the case that our initial sequence is Toeplitz non-
negative or positive definite.

oo

Lemma 2.19. Letk € N and (C} )j;é be a sequence in C1*4. Suppose that (CN'J )j:O

is the central sequence corresponding to (C; )1?71 Then:
(a) (5j)j € Ty, if and only if (C )jOETk1

(b) All of the following conditions are equivalent:

(i) (CJ) € Tgloo

) (G5) g € Taoe
(111)( )JOETk 1
Proof. Part (a) follows immediately from parts (b) and (d) of Theorem 2.11.

(a
(b) “(iii)==(i)". Because of (iii), part (c) of Proposition 2.9 implies L), € Cce .
t o Via (2.2) -

(2.4) and that L:= lim Zs+1- Since Proposition 2.15 yields Es = L; for each
S——> 00

Suppose tha (LS_H ):io is the sequence constructed from (5j );i

5 € Zi, o0, We get that L= Lj,. Because the matrix Ly is positive Hermitian, it
follows that det L # 0 and we have (i).
“(i)==(ii)” follows directly from (2.6).
“(ii)=(iii)” follows from (CN'J )j:é =(C; )j é and the definition of 7:1 co- O

If k¥ € Nand (Cj )k = Tq, k—1, then Theorem 2.16 gives us a method

7=0
for recursively constructing the central sequence corresponding to (C} )j;é

anticipation of later applications, we formulate this result for the special case
k=1.

In

Corollary 2.20. Suppose that (C; ) j=o is a T-n.n.d. sequence in C?*1 and that

(CNZ'j );‘io is the central sequence corresponding to (Cj )j:O' Then

Co=C(Cfen )™ and Co=(CiCi) oy
for each s € Z 4oo-
Proof. We need only combine Corollary 2.17 with Remark 2.18. g

Ezample 2.21. Let K € K;x4. For each j € Ny, let C; := K. Using Example 2.1,
Corollary 2.20 and Lemma 2.19, it is easily verified that:
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(a) (C; );io is an order 2 central T-n.n.d. sequence in C7*? and if (and only if)
K # 0gxq, then (C; );io is minimal order 2 central.
(b) Ly =1, Ry = I, and, for each k € N, furthermore

Liyy1=1,—- KK* and Ryi1 =1, — K*K.
(c) (C );‘io € 7,0 if and only if K € Dy,
Ezample 2.22. Let K € Kgxq N (quxq and 7 € N. For each j € Ny, suppose
Cj = K", Then (C;)7Z,

can be recognized as follows. Since K € (quxq, part (b) of Lemma A.4 implies
KKT = KTK. Thus, by induction, we obtain

(K")" K™ = K. (2.7)

is an order 2 central T-n.n.d. sequence in C?*4, This

For each j € Ny, we have C; = ( VKT )*Kj VK. Combining this with the fact that
Example 2.21 yields ( K7 );io € Tg, o, we see by Remark 2.3 that ( C; );’io € Tg, 00

Therefore, (C; );:O € Tg,1. Thus, (2.7) implies

— s—1
Cl (CJCl )s 1 _ Kr+1 |:(Kr )+ Kr+1:| _ Kr+1Ks—1 — KT+S — Cs
for each s € Zy, o. Thus, Corollary 2.20 shows that ( C; );io is the central sequence

corresponding to (C; )jl,:o. Hence, (C; );io is order 2 central.

Remark 2.23. Let » € Ng U { +o0 }.
(a) If (Cj)7_y € Tg,» and w € DUT, then from part (a) of Remark 2.6 and
Example 2.21, it follows that (w/C; );:0 € Tq, s
(b) If (Cj)7g € Tq,» and w € D, then from part (b) of Remark 2.6 and Exam-
ple 2.21, it follows that (w/C; )::0 € ’7:1’%.

We now introduce another class of matricial sequences which will be partic-
ularly interesting when we again look at Toeplitz non-negative definite sequences.

Definition 2.24. Let > € NU {400 } and (C} )7:0 be a sequence in C?%9.

(a) Suppose k € Z1,,.. We will say that (C} );‘:0 is a canonical sequence of order
k (or an order k canonical sequence), if rank Tj,_; = rank T}.
(b) Suppose k € Z;,,.. We call (Cj );‘:0 a canonical sequence of minimal order k
(or a minimal order k canonical sequence) if it has the following two properties:
(i) (Cj)j_, is order k canonical.
(ii) If > > 2 and k € Zs ., then for each ¢ € Z; i, the sequence ( C; );’:0 is
not order ¢ canonical.
(c) (Cj );’:O is simply called a canonical sequence, if there exists a k € Z1, ,. such
that (Cj );‘:0 is order k canonical.
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We next arrive at a characterization of canonical Toeplitz non-negative defi-
nite sequences.

Lemma 2.25. If e € Ng U {+00} and (C} )J o 45 a T-n.n.d. sequence in CI*1,
then rank T, = rank T),_; +rank L1 for alln € Zy ;..

Proof. Apply [8, Lemma 1.1.7]. O

Proposition 2.26. Let x € NU {400} and (C; );‘{:0 be a T-n.n.d. sequence in
C9%4. Let, furthermore, k € Z1_,.. All of the following conditions are equivalent:
i) (C )” o is order k canonical.

(ii) Lk+1 = Ogxq-
ill) Rgt1 = Ogxq-
iv)
(v) R

—~

v LJ+1 = Ogxq for all j € Zy,, ..
V) Rjt1 = 0gxq forall j € Zk,%

Proof. Combining Definition 2.24 and Lemma 2.25 with part (b) of Proposition 2.9
yields the proof. O

Corollary 2.27. Let »» € NU {+oc0} and k € Z,,.. Furthermore, suppose that
(Cj )}.’:0 is an order k canonical T-n.n.d. sequence in CI*9. Then:

(a) For each ¢ € Zy, .., the sequence (C; )”_O is order ¢ canonical.
(b) If 2> 2 and k € Z1,,.—1, then, for each { € Ziy1, 5, the sequence (C; );‘{:0
is order ¢ central.

Proof. Use Propositions 2.26 and 2.15. g

Ezample 2.28. Let 3 € NU{+00} and A € C4Y. For each j € Zg .. let C; := A.
Then, for each n € Zy, .., it follows that rank T,, = rank A. Therefore, (C; );’:0
is order 1 canonical. In particular, if A € CL*?, then it follows from Example 2.2

that (Cj)7

_, is an order 1 canonical T-n.n.d. sequence.

Ezample 2.29. Let K € K,x,. For each j € Ny, let C; := K7. Then (C; );’io is
canonical if and only if K is unitary. When this is the case, (C; )?’;0 is order 1
canonical. This can be recognized as follows: From part (a) of Example 2.21, we
see that (C}; )72 i=0 € T1, 0. If K is not unitary, then part (b) of Example 2.21 shows
us that Ly ;é Ogxgq, for each k& € Ny. By Proposition 2.26, it thus follows that
(Cj )?’;0 is not canonical. If K is unitary, then part (b) of Example 2.21 shows us
that L1 = Ogxq, for each k € N. By Proposition 2.26, we thus see that (C; );io
is order 1 canonical.

The following lemma demonstrates an important approach to constructing
canonical 7, - sequences.
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Lemma 2.30. Suppose r € N, (Ay)._, is a sequence in CL*? and that (zs),_, is
a sequence of pairwise different points in T. For each j € Ny, let

Cj = ZT: 25 T A,
s=1

Then (C; )?’;0 € 74,00 and rank T, = Zrank As form € Zy_1,o. The sequence

s=1
(Cj )?’;0 is, furthermore, order r canonical and (C; )g;é € Tq,r—1 if and only if

(As)._, is a sequence in CL 7.

Proof. Let n € Ny. Considering the Vandermonde matrix

ngq z%Iq s 20
an( (ZS);l ) _ zQ.LI zQ:Iq zzzlq ’
zS.LI zrl.Iq z,’}.Iq
we obtain
Tn = [Von((2)izy )] [diag (A1, Az, oo, A) ] [Vl (26)5y )] (28)
Since (As)._, is a sequence in (quxq, this implies T,, € (C(>"+1)qx(n+1)q. Hence,

(Cj );‘;0 € Tq, - Since the elements of (z,)._, are pairwise different, it follows
that
rank [V n( (25)._, )] =r-q (2.9)

for all n € Z,_1, o and thus, from (2.8) that
rank T,, = rank [diag (A1, As, ..., A)] = ZrankAs.
s=1

We thus also see that (C} );io is order r canonical. For n = r — 1 it follows

from (2.9) that det [ Vg ,—1( (25)._; )] # 0. Therefore, from (2.8), we see that
(Cj );;é € Tg,r—1 if and only if (A, )!_, is a sequence in CL*7. O

The next result shows (see [20, Corollary 1.14]) that every canonical sequence
(Cj );.L:O € Tq o is of the form described in Lemma 2.30.

Theorem 2.31. Suppose that (C; );’io is a sequence in C1*%. Then both of the
following two conditions are equivalent:
(i) (¢ );’io is a canonical T-n.n.d. sequence.

(ii) There are some r € N, pairwise different points z1, za, ..., z. € T and ma-
trices Ay, Ag, ..., A, € CL? such that

Cj: Zz;LjAm J € Np.
m=1
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The following proposition can be seen as an addendum to Theorem 2.11.

Proposition 2.32. Let n € Ny and (C; );L 0 € T . Suppose, furthermore, that

Chra1 € C?*9. Then both of the following two conditions are equivalent:
(i) The sequence (C} )njol is an order n+ 1 canonical T-n.n.d. sequence.
(ii) There exists a unitary matriz Up41 € CT*7 such that

Cpy1=Mpy1 + \/Ln+1Un+1 \/Rn+1o

Proof. Combine part (b) of Proposition 2.9, part (b) of Theorem 2.11 and Propo-
sition 2.26. O

For a detailed discussion of canonical Toeplitz non-negative definite sequences
in C7%9, we refer the reader to [20, Section 1], where, for arbitrary n € Ny and
(Cj )?:0 € Tq,n, the set of all Cp,4q1 € C> {(Cj) } for which (Cj); +01 is order
n canonical is described. This set is never empty.

The canonical extension problem for sequences in 7, , is a special case of
the problem of determining all rank-preserving extensions of such sequences. This
more general problem was dealt with in [11, Theorem 3]. For discussions of this
topic in the scalar case, we refer the reader to the monograph Iohvidov [24] as well
as the article Akimoto/Ito [1].

3. Matricial Carathéodory sequences

In this section, we present some basic facts on matricial Carathéodory sequences
and their relationship to Toeplitz non-negative definite sequences of matrices. If
n € Ny, then a sequence ( s; );.L:O in C7%Y is called a q x ¢ Carathéodory sequence
(or simply a g x ¢ C-sequence) if the real part ReS,, of the matrix S,, given by (1.1)
and S,, 1= ng) is non-negative Hermitian, i.e., if S;, € R(y41)q, >, and a strict ¢ x q
Carathéodory sequence (or strict ¢ x ¢ C-sequence) if ReS,, is positive Hermitian,
i.e.7 if Sn S R(n+1)q, >

Letting n € N, m € Zg, ,—1 and (s; );.L:O be a ¢ x g C-sequence, we see from
(1.1) that S, is the upper left (m + 1) ¢ x (m + 1) ¢ block of S,,. Hence, (s; );n o 18
also a ¢ x ¢ C-sequence. Similarly, if (s; ) _, is a strict C-sequence, then ( s; )j 0
is also a strict C-sequence. For this reason, we call a sequence (s; )5 j—o I C1x1
g x g Carathéodory sequence if, for each n € Ny, the sequence ( s; )J:() isaqgxgq

Carathéodory sequence. A Carathéodory sequence ( s; );i is called strict if, for

0
each n € Ny, the sequence (s, );.L:O is a strict ¢ x ¢ Carathéodory sequence. For
each s € NgU{ +00 }, the set of all ¢ x ¢ Carathéodory sequences will be denoted

by Cq, . and the set of all strict ¢ x ¢ Carathéodory sequences by Cq, ,

Remark 3.1. Let »c € NgU{ 400 }. If ( s; )7:0 is a ¢ x ¢ C-sequence, then sg € Ry, >.
If (s; );‘:0 is a strict ¢ x ¢ C-sequence, then 5o € Ry, .
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Remark 3.2. Let » € Ng U {+oc0} and let (s; ) o be a sequence in C9*? with
sj = Ogxq, for each j € Zi ... Then (s, )jf
S0 € Rq,>. Moreover, (s; )7

olisa q x q C-sequence if and only if

o 1s a strict ¢ x ¢ C-sequence if and only if s9 € Ry, >.

Remark 3.3. Let s € NgU{ 400 }. If(sj) o is a ¢ x g C-sequence and A € CI*P,

then ( A* SJA)’LO is a p x p C-sequence.

Remark 3.4. Let s € NgU {400} and let m € N. For each r € Z; ,,, suppose

that «, € [0, +00) and (sy)) € Cy 5. Then <Zar m) € Cy s If,
=0
j=0
furthermore, there exists an 79 € Z1_n, such that a,, € (0, +00) and ( § o) ) €

7=0
Fa

C~q,,{, then <ZQTS§T)> € CNq,,{.
r=1 j=0

Remark 3.5. Let »x € No U{+o0} and r € N. Suppose that (g; ) _, s a sequence

in N such that ¢ = qu For each m € Zq,,, let ( (m) )J be a sequence in
j=1

Cam>am Then (d; )7, : (dlag ( (1) 5(2), ...7sm) ) is a ¢ x ¢ C-sequence
j=0 J J =0

if and only if (s§m) )j:O is a gm X gm C-sequence for all m € Z; ,. The sequence

d;)7_, is a strict ¢ x ¢ C-sequence if and only if stm) ¥ s a strict gm X gm
7 /3=0 J 7=0
C-sequence for all m € Z ;.

Matricial Carathéodory sequences are closely related to Toeplitz non-negative
definite sequences of matrices.

Remark 3.6. Let > € Nog U {400 }. Let (s; )7:0 be a sequence in C?*¢ and let
(Cj );‘:0 be defined by

Resp, if £=0,
Cg = 1 . (31)
5S¢, lfKEZL%.

Then ReSy = T}, for each k € Zg ... Thus, (s; );‘:0 is a ¢ x ¢ C-sequence if and

only if (C} )}.‘: is Toeplitz non-negative definite. Furthermore, ( s; );‘:0 is a strict

q x q C-sequence if and only if (C; )7 is Toeplitz positive definite.

§=0
Remark 3.7. Let > € NgU{ 400 } and let (C; )’ =0 be a sequence in C?*9. Suppose
that sg := Cp and that s; := 2C}, for each j 6 Zy, . For each k € Zy, ,, it then
follows that Ty = ReSg. Thus, (C} )7:0 is a T-n.n.d. sequence if and only if
(85 ) _o is a ¢ x ¢ Carathéodory sequence and sy = 5.

Remark 3.8. Let sz € NoU {400} and (s; )j:0 be a sequence in C2*? and let
(55 )7:0 be defined by 5y := Re sg and 5, := sy for each £ € Z;_,.. Then Remark 3.6
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shows that ( s; ) o isa gxq C-sequence if and only if (5} ) _o is a gxq C-sequence.
(s )j o is astrict ¢ x ¢ C-sequence if and only if (5} )j o is a strict g x ¢ C-sequence.

Remark 3.9. Let s € No U { +o0 }.
(a) If (rj );‘:0 € C1, and (s )j o € Cq, 5, then, by part (a) of Remark 2.6 and
Remark 3.6, it follows that (7;s;)7_, € Cq, 5
(b) If (15)7 € C1, and (s;)7 € Cq, s, then, by part (b) of Remark 2.6 and
Remark 3.6, it follows that (r;s;)7_ € Cq,»

Remark 3.10. Let s € Ng U { +o0 }.
(a) Suppose v € DUT and (s; )7:0 € Cq, - By part (a) of Remark 2.23 and
part (a) of Remark 3.9 it follows that (u/s; )j €Cq, -
(b) Suppose u € D and ( s; ) o€ Cq’ . By part (b) of Remark 2.23 and part (b)
of Remark 3.9 it follows that (u's; )j € Cq,

Lemma 3.11. Let 2 € NgU {400 }. Then Ty .. C Cqy .. Furthermore, a sequence
(Cj );‘:0 € Ty 5 belongs to Cy . if and only if Co € CL*7.

Proof. Let (C} )% € Ty 5. Thus, Cy € CL*? and, in particular, it follows that
Co € Ry, >. Hence by Remark 3.2, it follows that the sequence (7, )7 i given by
rj := 04,0C0, where §; ;. is the Kronecker delta, belongs to Cy, ... If we define the
sequence (s;)7 i—o aswe did in Remark 3.7 using (C; )7 i—o» then by the same remark

(s )7:0 belongs to Cg, 5. Since C; = J (r; + s; ) for each j € Zg_,., it follows from
Remark 3.4 that (C; )7 € Cy, 5. If CO € CL*? then Cp € Ry, ~. Since Cy € CL*9,
it therefore follows by Remark 3.2 that (r; );;0 € Cq, 5. and thus by Remark 3.4
that (C;)7_, € Cq, . Conversely, if we suppose that (Cj)7_, € Cq,, then it
immediately follows that Cop = Re Cy € CL*7. O

Ezample 3.12. Let K € K,xq and let C; := K7, for each j € Ny. We then have
Co = I, € CT*7 and see from Example 2.21 that (C; );’io € Ty, - Thus, applying
Lemma 3.11, we see that (C; )72 € Cq. o0

Ezample 3.13. Let K € K;xq ﬂ(quq, r € Nand C; := K™, for each j € Ny.

Then (C; )72 € Cq, 0. Furthermore, ()72, € Cq. o if and only if K € CZ*7,

This follows by combining Example 2.22 and Lemma 3.11, while observing that
€ C¥*7 if and only if K € CL*1.

Motivated by Remark 3.6, we now go about implementing special modifica-
tions of Definitions 2.10, 2.12 and 2.24.

Definition 3.14. A sequence (s, )J in C9%1 is called a totally strict g x ¢ Carathéo-
dory sequence if the sequence (C; )j:0 defined by (3.1) with sc = 400 is a totally
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Toeplitz positive definite sequence in C?*9. The set of all totally strict ¢ x ¢
Carathéodory sequences will be denoted by th, 0o

Formula (2.6) and Remark 3.6 imply that
Cl . CCy oo (3.2)

q,00 —

Definition 3.15. Let »c € NU{+o0 } and (s; );‘{:0 be a sequence in C?*4. Further-
more, let the sequence (C; );‘{:0 be defined by (3.1).

(a) Suppose k € Z;, ,.. We say that (s; );‘{:0 is a ¢ x ¢ Carathéodory-central se-
quence of order k (or a g x ¢ order k C-central sequence), if (C} );':0 is order
k central.

(b) Suppose k € Zi, ... We say that (s;)7_,

quence of minimal order k (or a ¢ x ¢ minimal order k C-central sequence) if

(Cj);—o is central of minimal order k.

is a ¢ x g Carathéodory-central se-

el

(¢) The sequence (s;)j_ is simply called a ¢ x ¢ Carathéodory-central sequence
(or a ¢ x ¢ C-central sequence), if there exists a k € Z,,,. such that (s; );’:0

is order k central.

Remark 3.16. Let 2 € NU {400} and k € Z;, ,. Furthermore, suppose that
(85 );‘{:0 is a ¢ x g order k C-central sequence. For any ¢ € Zj, ,., Remark 2.13 then

shows that (s; );‘{:0 is also ¢ order C-central.
The following is the analogous result to Remark 2.18 for C-centrality.

Remark 3.17. Let n € Ny and (s; );L:O be a sequence in C?*9,

(a) There exists a unique order n + 1 C-central sequence (5 );io in C?*? such
that 5; = s;, for each j € Zy, . This sequence (s );’io is called the C-central
sequence corresponding to (s;)7_.

(b) Let (C; )?:0 be defined by (3.1) with » = n. Then the central sequence
(5j );‘io corresponding to (C; );.L:O is given by Co = Re3p and Cy = %gg for
each £ € N.

Remark 3.18. Let k € N and (s );.io be an order k C-central sequence in C?*4.

By part (a) of Remark 3.17 it then follows that ( s; );‘io is the C-central sequence
corresponding to (s; )j;é
We now consider C-central sequences in more detail.

Lemma 3.19. Let k € N and (s; )f;é be a sequence in CI1*4. Suppose that (s; );’io

is the C-central sequence corresponding to (s; )j;é . Then:

(a) (35);2 € Cq,oc if and only if (s; )f;é €Cq k-1-
(b) The following three conditions are all equivalent:
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(i) (s5))=g € Canm1-
(if) (3)))25 € Cq -
(i) (35)720 € Cq,o0-
Proof. Combine Remark 3.6, Remark 3.17 and Lemma 2.19. O

Ezxample 3.20. Let K € Kgxq and the sequence ( C} );”;0 be given by so := I, and
s; = 2K7 for each j € N. From Example 2.21 and Remark 3.6 we see that:
(a) (sj )?’;0 is an order 2 C-central ¢ x ¢ C-sequence and if (and only if) K # 0gx g,
then (s; );io is minimal order 2 C-central.
(b) (s, );'io €C; o if and only if K € Dy,

Ezample 3.21. Let K € Kyxg NCL, r € N and (G ), be given by so := K"
and s; := 2K for each j € N. From Example 2.22 and Remark 3.6 we see that
(Cj );.io is an order 2 C-central g x ¢ Carathéodory sequence.

Recalling Remark 3.6, we now see how Definition 2.24 carries over to ¢ X ¢
Carathéodory sequences.

Definition 3.22. Let s € NU{+oo } and (s;)7_ be a sequence in C*7. Further-
more, let the sequence (C; );‘{:0 be defined by (3.1).

(a) Suppose k € Zi,,.. We say that (s; );‘{:0
sequence of order k (or g x g order k C-canonical sequence), if (C;)7_,
k canonical.

(b) Suppose k € Z;,,.. We say that (s; );‘:0 is ¢ x g Carathéodory-canonical of

is a ¢ x g Carathéodory-canonical

is order

minimal order k (or g x ¢ minimal order k£ C-canonical) if (C; );‘:0 is minimal
order k canonical.
(¢) (s5), is simply called a ¢ x ¢ Carathéodory-canonical sequence (or a ¢ X g

=0
C-canonical sequence), if there exists a k € Z; . such that (s; );‘:0 is order k
canonical.

Combining Definition 3.22 and Corollary 2.27 (while recalling Remark 3.6
and Definition 3.15), we obtain the following remark.

Remark 3.23. Let e € NU{ 400} and k € Z;_,.. Suppose that (s; )7:0 is an order
k C-canonical ¢ x g Carathéodory sequence. Then:
(a) For each ¢ € Zy, .., the sequence ( s, );‘{:0 is order ¢ C-canonical.
(b) Let 5 > 2 and k € Zy, 1. For any £ € Zy1, ., it then follows that (s;)7_,
is order ¢ C-central.

Ezample 3.24. Let 5 € NU{+0c0} and A € (Cq;q. Suppose, furthermore, that
so := A and s; := 24 for each j € Z;_ ,.. Then Example 2.28 and Remark 3.6 show
that (s; );‘{:0 is an order 1 C-central g x ¢ Carathéodory sequence.



78 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

Ezample 3.25. Let K € K;x4. Suppose, furthermore, that so := I, and s; := 2K
for j € N. Then part (a) of Example 3.20 shows that ( s; );’io is a ¢x g Carathéodory
sequence. Example 2.29 furthermore shows that (s; );’;0 is C-canonical if and only

oo
=0

if K is unitary. When this is the case, (s;),_ is order 1 C-canonical.

4. Reciprocal sequences of matricial Carathéodory sequences

We will, in this section, discuss reciprocal sequences of matricial Carathéodory se-
quences. Our first task will be to show that the reciprocal sequence of a Carathéo-
dory sequence is itself a Carathéodory sequence. We will draw heavily on results
established in Section 1. We next show that every Carathéodory sequence belongs
to the class of matrices introduced in Definition 1.4, thus establishing the afore-
mentioned connection to Section 1.

Proposition 4.1. Suppose s € Ny U {+00}.
(a) Cq s C ]:(EI;-
(b) Cq, 5 € Dyxq, s-

Proof. Suppose that (s;)7

Sn € R(nt1)q,>- Thus, by Lemma A.8, we have S, € C(g;rl)qx(nﬂ)q, for each

n € Np, and therefore (s; )7 € FEE . The proof of part (a) is complete. Part (b
J75=0 q,

follows by part (a) of Proposition 1.10 from the part already proved. O

is in Cgq, .. It then follows, for each n € Ny, that

Corollary 4.2. Suppose » € No U {+oo}. Then Ty, . C .7-'51;
Proof. Use part (a) of Proposition 4.1 and Lemma 3.11. O

From Corollory 4.2 and part (a) of Proposition 1.10 we furthermore obtain
Tq, % € Dgxq, , as was earlier shown in Proposition 2.7. We next consider the

reciprocal sequence to the reciprocal sequence of a Carathéodory sequence ( s; );‘:0,
#

i.e., its second reciprocal sequence ( (s :

el
J ) ' ) . This sequence must coincide with
=0

the original Carathéodory sequence.
Corollary 4.3. If x € No U {+00} and (s; );’:O is a ¢ X q Carathéodory sequence,
8 * _ o\
then ((sj ) >j:0 =(s; )j:O'
Proof. Combine Proposition 4.1 with [22, Proposition 5.13, Remark 4.7]. O
We now come to the first main result of this section.

Theorem 4.4. Let x € NgU{ +o0 } and (s; )7:0 be a ¢ x q¢ Carathéodory sequence.

The reciprocal sequence (sjrj );:0 is then also a q x q Carathéodory sequence. If

(s );‘{:0 is a strict g X q Carathéodory sequence, then (su );‘{:0 is also a strict ¢ X q

J
Carathéodory sequence.
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Proof. By Proposition 4.1, it follows that (s )j 0 € ]—'Ep Let n € Zy, ,.. Proposi-
tions A.6 and 1.11 now yield

ReS! = (S})" (ReS,)S). (4.1)

Thus, since Re S,, € (C(>"+1)qx("+1)q, we see from (4.1) that Re S? € (C(:H)qx(nﬂ)q.
Therefore, S§ € R(n+1)q,>- Thus, (sjrj );:0 is a g x g C-sequence.

Suppose (s; );’:0 is a strict ¢ x ¢ C-sequence. By Remark 3.1, it follows that
S0 € Rq,>. Thus, by part (a) of Lemma A.12, we have det sy # 0. Using Defi-
nition 1.1, we see that sg = 5o~ L. Thus, detS? = (det 80)_(n+1) # 0. Because
ReS, € C(;L+1)qx("+1)q7 we see from (4.1) that ReSf € (C(;LH)QX(HH)Q. Hence,
Ste R(n+1)q, > and (sjli );{:0 is a strict g x ¢ C-sequence. O

Corollary 4.5. Let » € NoU {+oo } and let (s; )j _o be a sequence in C7*9. The
following two conditions are equivalent to one another:
(1) (sj) _o 8 a g x q Carathéodory sequence.
(ii) (s )j:0 € Dyxq, > and its reciprocal sequence (sjti );:0 is a g x ¢ Carathéo-
dory sequence.
Proof. “(i)==(ii)”. Because of (i), Proposition 4.1 implies (SJ) o € Dgxq, s
while it follows by Theorem 4.4 that (5 Jﬁ )::0 is a ¢ x g Carathéodory sequence.
“(ii)==(i)”. Because of (ii), it follows by Theorem 4.4 and Corollary 4.3 that
(s )j o is a ¢ x g Carathéodory sequence. O

Together, Proposition 4.1 and Theorem 1.12 will give us a better picture of
the structure of a g x ¢ Carathéodory sequence.

Theorem 4.6. Let ¢ > 2, r € Z1,q—1 and » € Ng U {+oo}. Furthermore, let
(s )j o beaqgxgq C’amtheodory sequence with rank sg = 7. Suppose (SJ) o 18
defined as in Theorem 1.12. Then, parts (a) and (b) of Theorem 1.12 both hold
true and (s; )7:0 is an r X r Carathéodory sequence.

Proof. By Proposition 4.1, we have (s; );’:0 € FEY. Parts (a) and (b) of Theo-

rem 1.12 therefore both hold true. From Remark 3.3 it, furthermore, follows that

(55 )7:0 is an r x r Carathéodory sequence. O
We now study the relationship a Carathéodory sequence has to its the recip-

rocal sequence.

Lemma 4.7. Let e € NU{ +oo } and let ( s; );‘{:0 be a ¢ x g Carathéodory sequence.

Furthermore, let (sjti )::0 be the reciprocal sequence to (s; )7:0' Suppose that

Resy ifj=0, Res! ifj=0,
Ci=14, o and ij = 1 o (4.2)
28j ifj €7Zn, s 25; if ] €74, 5

for each j € Zg, ... Then:



80 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

(a) (Cy )7:0 and (C]m )10 are both T-n.n.d. sequences in C179.
(b) Let k € Zg, ;.. Recalling (2.1), let

(4]
Ty = T,(CC) and TLM = T,gc )
Then rank T = rank TLM,
T), = ReSy, Ti*) = Res/, (4.3)
TSk = (S§)" T, ST =T (8))7 (44)
S;TV =TySf and  TiSE = SFTy. (4.5)
(¢) For each k € Zy .., the matrices Zy, and Yy, defined by (2.3) satisfy
2T Thor = 2y, and Teo1 T Ve = Yy (4.6)
(d) For each k € Z1, ,., the matrices Z,[CM and Ykm defined by
k k
Z,[CM = TOW (C’,[Ci]lfj) _ and Ykm := col (C'Jm ) _
Jj=1 Jj=1
satisfy
2 = —s§ Sy R (T (4.7)

71 = —srzp T s T and v =Tl sy TH vt (4.8)

Proof. Part (a) follows from Remark 3.6 using Theorem 4.4. The equations in
(4.3) follow directly from the definitions of the relevant matrices. From Proposi-
tion 4.1, we see that (s; )7:0 e F,%.. Combining this with (4.3), we need only
apply Proposition 1.11 along with parts (g), (i), (j), (h) and (k) of Corollary A.7
to obtain the remaining equations of part (b). Let k € Zj, ,. The matrix T}, is
non-negative Hermitian and admits the block-partitions

Tr—1 ZF Co Y
Ty = k d Ty = k. 4.9
F ( Zry  Co o ¥ Y Ti-1 (49)
Using well-known properties of non-negative Hermitian block matrices (see, for
instance, [8, Lemma 1.1.9]), we obtain both equations in (4.6). Because of Propo-

sition 4.1, the equations in (4.7) follow directly from [22, Corollary 4.23].
Using (b) and (c¢), we then see that

—S(TZkTi_lsiqul = =80 Z¥ T TheaSy_y = —sg ZkS)_, = Z}Eﬁ]7
and similarly,

~TE ST Yasd = =i Tea T Yasd = =S Yasg = Y.
Thus, the proof is complete. O

Using part (b) of Lemma 4.7, we will see that the ¢ x ¢ Carathéodory sequence
properties introduced in Definition 3.22 carry over to reciprocal sequences.
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Theorem 4.8. Let e € NU{ 400 } and let (s; );’:0 be a gx q Carathéodory sequence.

Furthermore, let (sjti )::0 be the reciprocal sequence to (SJ) . Then:

a) (s5)._, is C-canonical if and only if (s;)._, is C-canonical.
)7y s C cal if and only if ()7 is C !
(b) Let k € Zq, 5. Then:
(b1) (SJ) _o s order k C-canonical if and only if ( )j:0 is order k C-

canomcal
(b2) (s ) _o s minimal order k C-canonical if and only if ( )::0 is min-

zmal order k C-canonical.

Proof. Part (b) follows directly from Definition 3.22 and part (b) of Lemma 4.7,
while part (a) follows immediately from (b). O

We more closely analysed the structure of Toeplitz non-negative definite se-
quences in Proposition 2.9. In particular, we reviewed how this structure could
be described by certain matrix balls. We now suppose that we have a ¢ x ¢
Carathéodory sequence ( s; )J o- In Lemma 4.7, we introduced two Toeplitz non-
negative sequences (Cj );;0 and (C’[ti ) o» Which we defined with the help of
(SJ) _, and ( )j:O' Our next objective is to express the matrices which de-
scribe the inner structure of (s;ﬁ] );{:0 in terms of the sequences (sj) ~, and

(C;)7_,- For this reason, we recall that for each A € C79, well-known results on
left and right polar decompositions of square matrices say that there exist unitary
q X g matrices U and V| such that

A= VAAU and A=VVA*A
Lemma 4.9. Let »x € NU {400 }. Suppose (s; )7 o 45 a q x q Carathéodory se-
quence with reciprocal sequence (sﬁ) . Suppose, furthermore, that (C; )% o and

J
(C’Jm );{:0 are the matricial T-n.n.d. sequences introduced in Lemma 4.7. Then:
(a) Let L[lm = C([)u], Rm = Cm and, for each k € Zq, 5., let

k+1 = Cm Zl[cu—]l [Twlr_ (Zl[cu—]l)*

Rl = - () [l ]

Then the matrices Liy1, Ri+1, Lwl and Rwl are all non-negative Hermit-
ian and satisfy

L = sihe (s8)", R = (s8)" Risast (4.10)

Ly = SoLleso, Ryy1 = SORLJF]ISO (4.11)

and

and, in particular,

rankLm

1 = rank Lyiq = rank R4 = rank Rwl. (4.12)
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If Ugy1 and Vg1 are unitary ¢ X q matrices such that Ugy1 produces a left
polar decomposition of sé \/LkJr] and Vi1 a right polar decomposition of
\/Rk_s_lsg', then

\/LL&UM = st y/Lit and Vkﬂ\/RL‘ﬂl = /Res1st.  (4.13)
(b) Let Mlm = 0gxq and, for each m € Zy ,., let
+
ML =zl (T;gl_l) el

Suppose that k € Zy, .. Then:

M[ti]1 =53 ZkS{ 1 Si T Yasg, (4.14)
ME = s§ 2T SpSE Yasg, (4.15)
1%1 =59 (2Z,Si_ Y — Miy1) 55, (4.16)
Ol = M = = (G — Mi) s (4.17)
and
Cio = My = —so ( C1F) = Ml ) 0. (4.18)

(c) Let (K; ) | be the Schur parameter sequence for (C; )7 =0 and ( 4] );{ | the

Schur pammeter sequence for (ij ) . Suppose s € Z, ;. and that Us and

Vs are unitary q X ¢ matrices such that Ug produces a left polar decomposition
of sa'\/Ls and Vs a right polar decomposition of \/RSSS_. Then:

+
(\/LL“) \/LL“ UK, = UK, (4.19)
+
K,V (\/RL“) \/RL“ = KV, (4.20)

K = UK,V (4.21)

and

Proof. (a) By Remark 3.1, we see that so € Ry, >. By part (¢) of Lemma A.8 and
Proposition A.6, it then follows that

Re (s§) = sg (Reso)(sa')* and Re(sa'):(sg')*(Reso)sa'.
By Definition 1.1 and (4.2), we obtain
Ol =Res{ =Re (s§) =53 (Reso) (sg) =s3Co(s3)" (4.22)
and, similarly,

C’([)M = (53)*6'053{. (4.23)
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Recalling (2.2), we see that this implies
L =str, (s8) and R = (s§) Rist. (4.24)
Suppose now that k € Zj, . Part (d) of Lemma 4.7 yields that the equations in

(4.8) hold true. From part (a) of Lemma 4.7, it follows that T;_1 and T 1 are
both Hermitian matrices. Thus, from equations (4.8) we obtain

(z) = -1 ST, Z5 (s8) (4.25)
and
() = = (s8) VT S T (4.26)
Part (b) of Lemma 4.7 give us
T =T yst 0 and TS =St T (4.27)

By Proposition 4.1, we have ( s; );;0 € Fr¥. Parts (b) and (d) of Corollary A.7
along with Proposition 1.11 give us

(ReSk-1) S',j_lsk,l =ReS;_1 and Sk,lsz_l (ReSk—1) =ReSik_1.
Thus, it follows by Remark 1.2 and part (b) of Lemma 4.7 that
Tie-1S;_1Sk—1=Tr-1  and  Sg_1S{_;Th1 = Tp-1. (4.28)
Using (4.8), (4.25), (4.27) and (4.28), we see that

+ *
A0 (2f1,)" (A

. +
= {—SngTz—lskflTLu—]l} (1)

) =TSz (s8)
=50 ZkT? 1S5— Tgmlsk—lT 125 (Sar)
=50 ZK T The1 Sy Se—1 T, Z5 (53_)
=50 Ze T T T, Z5 (50 )*
= sg ZK T Zy (sg)° (4.29)
and, similarly, using (4.26), (4.8), (4.27) and (4.28) also that
* + * g
()" (i) v = () YT s (4.30)
From (4.22), (4.29) and (2.4) we see that
+ *
—cll -z (1) (2
=s53Co (s§) —s§ ZuTi_1Zi (5 )
= s¢ Lit1 (sg )* . (4.31)
Similarly, from (4.23), (4.30) and (2.4) we also see that
le = (sg )* Ryy15¢ - (4.32)

#
7!
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The sequences ( L1 );’:O, (Rjt1 );‘:07 (Lgﬂ_]l );:0 and (R;ﬁ_]l )::0
ically decreasing sequences of non-negative Hermitian matrices, by part (a) of

Lemma 4.7 and [8, Remark 3.4.3]. Therefore,
R(Lk+1) g R(Ll) = R(Co) = R(RQSO)

and, similarly, R (Rr+1) € R(Reso). Because of s9 € Ry, > and part (b) of
Lemma A.8, we have R (Resg) € R (so). Thus,

are monoton-

R(Lk+1) CR(s0) and R(Rk+1) CR(s0). (4.33)
Consequently, part (a) of Lemma A.2 implies
Sosng_;,_l = Lg41 and sosarRkH = Rp41. (4.34)
Since Liy1 and Ryy1 are non-negative Hermitian, we have, in particular,
Ly, =Lip and R = Ry (4.35)
By considering orthogonal complements, we see from (4.33) and (4.35) that
N (s§) SN (Lgt1) and N (s§) SN (Ris1)- (4.36)

Because of sy € Ry, >, part (c) of Lemma A.8 yields sy € CLLL. It thus follows by
Proposition A.5 that N (sg) = N (sf). Along with (4.36), this implies N (sg) C
N (Lgs1) and N (sg) CN (Rgy1 ). Hence, part (b) of Lemma A.2 implies

L4158 80 = Lit1 and Rit158 50 = Ryy1- (4.37)
Using (4.10), (4.34) and (4.35), it follows that

SOLEL]ISS = 8088 Lk+1 (sar)* s = Lg+1 (83)* so= Ly (sar)* EN

= (S()Sa_Lk+1 )* = LZ+1 = Lk+1.
Similarly, (4.10), (4.37) and (4.35) imply sSRL’ﬂlso = Ry41. From (4.10) and
(4.11), we see that rank Lj; = rank Lwl and rank Ry = rankal. Because

part (a) of Lemma 4.7 and part (a) of Proposition 2.9 yield rank L1 = rank Ry41,
we get (4.12). From (4.10), we see that

(siv/Teen ) (56 VI ) = sg Lo (s3)" = L,
and .
(VARirsi ) (VRiast ) = (58) Ruoasd = REL.
By our choice of Ug41 and Vi1, it thus follows that
sg v/ L1 = \/(83\/Lk+1) (SJ\/LkH) Ug41 = \/LL& Uk+1
and
VR 55 = Vk+1\/( vV Ri+1 S(J)r) <\/Rk+1 S(J)r) = Vi1 \/Rwl'

This completes the proof of (a).
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(b) Recalling part (d) of Lemma 4.7, we see that
# 8 (plel \ Tyl
g~ 249 (11, ) o
+
= <_SaerT;r—1szflTLﬁ—]1 ) (TLﬁ—]l ) <_TLﬁ—]18271Tz—1Yks;}r )
= S(TZK’TZASZATQ;&SZATZAYI@SJ (4.38)

for k € Z1,,.. By part (c) of Lemma 4.7, it follows that (4.6) holds true. From
(4.38), the first equation in (4.27) and (4.6), we obtain

Mlgi]l = S(TZK’TZASZATQ;&SZATZAYI@S(T
=50 ZKT 1 Th1 Sy Sk 1 T Yasg
= S(J)erSZA Z—lTZ—lyk’Sa_'

Thus, (4.14) is proved. From (4.38), the second equation in (4.27) and the second
equation in (4.6), we conclude that

MIE:Er]l = S(J)erTZASZ—lSZAYkSS_'
By part (b) of Lemma 4.7, it follows that
Tr—1 =ReSk_1 (4.39)
and hence
2T_1 = Se_1 +Si_,. (4.40)
Using the second equation in (4.6) and (4.40), we now see that
2Yj, = 2Ty 1T}, Y = Sk 1 Ti_ Vi + S;_ T}, Vi,

Shoa T 1 Yi = 2% — Sp 1 T}, Vi (4.41)
From (4.14) and (4.41), we obtain
M;Ei]l = Sa_ZkS;ctl (2Yk' - Sk—lTL1Yk) S(J)r
=sg (22kS}_\ Vi — ZiS{_ Sk T Y ) sg (4.42)
Since ( s; )7:0 is a ¢ x ¢ Carathéodory sequence, we have S;_1 € Ryq, >. Thus, it
follows by part (d) of Lemma A.8 that
Sk—1S;_, =S} Sk—1 (4.43)

and from part (b) of Lemma A.8 that R (ReSig—1) € R (Skg—1 ). Therefore, (4.39)
implies R (Tir—1) € R (Skg—1). Because Tj_; = Tjy_1, it follows from Lemma A.3
that R (Tx—1) =R (T}_, ). Hence, R (T;_, ) € R(Sk—1). Thus, by part (a) of
Lemma A.2, we have

Sk:flSZ_lTi_l = Ti_y
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This, along with (4.43) and (2.5), implies that
ZpSE Sk T Ve = Z3Sk—1 S T Vi = M.

Thus, using (4.42), we obtain (4.16).
In order to prove (4.17), we first consider the case s = 1. From Definition 1.1, we

see that 51ti = —sg 5157 . Recalling that M7 = 04, Mlm = Ogxq and 351 = C)
(which follows from (4.2)) we now see that

1 1
C{ﬁ] —Mlm = 281ti = —53'(281)83' = —sgC1s§ = —sg (C1 — My)sg.

Thus, (4.17) is proved for » = 1. Suppose now that » > 2 and k € Zs ,.. Since
(4.2) shows that s; = 2C} for each j € Z_,., it follows by [22, Corollary 4.24] that

1

#
ol =

Sg = SS’_ (—Ck + 2Zk,182__2Yk,1 ) SS’_
Equation (4.16) yields
MM = st (225 1SF o, Ve — My, ) st

Therefore, we also obtain (4.17) for 3¢ > 2 and k € Zs ...
Now we again consider an arbitrary » € NU {400} and an arbitrary m € Zy ...
We know from Proposition 4.1 that (s;)7_ € Dgxg, ». Thus,

N (s0) SN (sm) and R(sm)CR(s0). (4.44)

Since (4.2) shows that Cp, = 15, we have N (sp, ) = N (Cy, ) and R (sm ) =

R (Cyy ). Therefore, (4.44) yields N (s9) C N (Cy,) and R (Cy) € R(s0). By
Lemma A.2, it thus follows that

C’msarso =C,, and SOSJC’m =C,,. (4.45)
From (4.17), M1 = 0gx4 and (4.45), we see that
—50 (C{M . Mlm ) so=—50[—s3 (C1—My)s{ ] so
= 8083015350 = 01 = Cl — Ml.

We have thus shown (4.18) for s»r = 1. Suppose now that s > 2 and that k € Zs ...
It follows from (4.45) that

Sosa'Zk_l =Zp_1 and Yk_lsa'so =Y. 1.
Because of (2.5), we then get
sosaersgso = sosaer,lT;r_QYk,lsgso = Zk,sz_zYk,l = M.
Thus, using (4.17) and (4.45), we now obtain
—S0 (C'k’j —M,f) So = —So [—sé (Cr — Mk)sg} S0
= SOSS'Cksa'sO — sosa'Mksa'so =Cy — M.

The proof of (4.18) is thus complete.
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(c) From part (a) of Lemma A.4 and (4.33), we see that
R (VL) =R (L) SR (s0).
Part (a) of Lemma A.2, therefore implies that

sosa'\/LS = \/Ls.

Thus, it now follows from (4.13) that

50\/ ti]U = 505 \/L —\/L
Considering adjoints of these matrices, we obtain

Ur \/ Lifse, (4.46)

By definition of the Schur parameters for ( C; ) _, and part (b) of Lemma A.4, we
have

Vi (VL) K= v (VE) (Ve (oo a (V)
= (V) VI (Vi) ey (VR

= K.

From (4.46), we thus obtain

UL s (\/Ls)+ K,. (4.47)

Equation (4.47), the unitarity of the matrix Uy, part (c) of Lemma A.4 and (4.47)
again imply that

(\/LL“)+ \/LL'” UK, = (\/LL'”)+ \/LL“ USU:\/LL“ s (x/Ls)+Ks
_ (\/LL“)+LL“5(’§ (\/LS)+KS
— /Ll (Ve )+Ks
= UK.

This completes the proof of (4.19). Similarly, we obtain (4.20).
By part (a) of Lemma 4.7 and Proposition 2.9, we have

Cy — M, = /L,K;\/Rs.
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Thus, using the definition of the Schur parameters for ( C; ) o and (Cm )::0 as
well as formulas (4.17), (4.13), (4.19) and (4.20), we obtain

KL“z(\/LL“) (cte—m )(\/R )
=<\/LL‘”>+ [ st (Cu—M,) (\/R )
—(M“)?msf«smsg(mm)*
- (\/L[s”])+ VI, K v/ RE) <\/RL“)+
v () v

Thus, we have shown (4.21). This completes the proof. O

Lemma 4.9 leads us to our next result. We will see that the reciprocal se-
quences of Carathéodory sequences inherit the C-centrality properties of their
generating sequences.

Theorem 4.10. Let 5 € NU{+oo} and (s, );‘{:0 be a g x q¢ Carathéodory sequence.

Furthermore, suppose ( S Jﬁ

);0 is the reciprocal sequence to (s; ) . Then:
(a) (sj) o is C-central if and only zf( );‘{:0 is C-central.
(b) Let k € 74, 5. Then:
(b1) (s );’ o is order k C-central if and only if ( s u);:o is order k C-central.
(b2) (s ) _o 8 minimal order k C-central if and only if ( )::0 is minimal
order k C-central.
Proof. (b) follows directly from Definition 3.15 and part (b) of Lemma 4.9 while
(a) follows immediately from (b). O

Our next result shows that generating reciprocal sequences, as an operation,
is compatible with the operation of generating the central g x ¢ Carathéodory
sequence of a finite ¢ x ¢ Carathéodory sequence.

Theorem 4.11. Let n € Ny, let (s, )n be a q X q Carathéodory sequence and let
(8ri )J o be the reciprocal sequence to (s; ) o- Recalling Theorem 4.4, let (5; );io
and (s, ﬁ) o be the C-central sequences for (s );L:O and (sjti );L:O, respectively.
Then (s, ﬁ) ° o s the reciprocal sequence to (35 )5 i=0-
Proof. By Remark 3.17, we have 5; = s; for each Jj € Zy,n and the sequence
(5 )j is order n + 1 C-central. Suppose that ( )j:O is the reciprocal sequence

to (55 )j - Because of Remark 1.2, we have (gju );L:O = (sjrj );L:O and part (a) of
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Lemma 3.19, Theorem 4.4 and part (a) of Theorem 4.10 we see that ('5]ti )Jio isa
q x q order n+ 1 C-central Carathéodory sequence. It thus follows by Remark 3.17

that (gju );‘io is the C-central ¢ x g sequence for (sjrj );L:O. We therefore have

(35)7 0 = (5h8) 0

We next consider reciprocal sequences of totally strict Carathéodory se-
quences.

Lemma 4.12. Let (s; )?’;0 € Cq, 00 and suppose that (sjrj );‘io is the reciprocal se-

quence to (s;);—,. Then the sequences (Ly+1)5—g, (Rk+1)5—; (ngﬂl )?;0 and

(le )zO:o are monotonically decreasing and convergent. Their limits

L:= lim Ly41, R:= lim Ryy1,
k—> 00 k— 00
— (#] -
L = khmoo Ly and RI#1 = khmoo Rk+1

are, furthermore, all non-negative Hermitian. Moreover,
LM =sfL(sg)", R = (s3) Rs{,

L =soLl*lsk, and R = syRY
In particular, rank L = rank LI#] and rank R = rank RI*]
Proof. Use Proposition 2.9, Theorem 4.4 and Lemma 4.9. O

oo

Theorem 4.13. Let (s; );io € Cq, and suppose that (s ﬁ) =0
sequence to (s;)7°. Then (s;);=, € C; « if and only if (s )oo €Cl o

q, oo

is the reciprocal

Proof. Use Lemma 4.12. O

5. Matricial Toeplitz non-negative definite sequences
generated by reciprocation

In this section, we will soon arrive at a particular operation, which, given a Toeplitz
non-negative definite sequence ( Cj ) _o in €74, will make it possible to construct

a new Toeplitz non-negative definite sequence (C D) from (Cj )j:O. We next
provide a detailed look into this construction.

Proposition 5.1. Let 3 € NoU{ +oo } and (C; )7, be a T-n.n.d. sequence in C7*7.

Suppose that
C if 7 =0,
s 1= 0 iy (5.1)
ZCj ifj € ZL P
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Then (s; );‘:0 is a g x q Carathéodory sequence with sy = si; and this sequence’s
reciprocal sequence (sjti )::0 is also a ¢ x g Carathéodory sequence with s; = (Sg)*

Furthermore, if (C'jD );:0 is defined as

{sg if j =0,

cH =
éjﬁ ZfJGZI%;

; (5.2)

then (CJD );0 s a ¢ X q T-n.n.d. sequence.

Proof. By Remark 3.7, it follows that (s; )7:0 € Cq,; and sg = s§. Theorem 4.4

thus implies (sjti )::0 € Cq, s, where sg = s§ leads to sg = (Sg)* in view of
Definition 1.1 (note also Lemma A.3). It therefore follows by Remark 3.7 that
(CD), is a ¢ X ¢ T-n.n.d. sequence. O

Proposition 5.1 leads us to the following definition.

Definition 5.2. Let 5z € No U {400} and let (C; )7, be a T-n.n.d. sequence in
C2*4. We will call the sequence (C; D) defined in (formula (5.2) of) Proposi-
tion 5.1, the T-n.n.d. sequence in C7*4¢ generated from (Cj )j:O by reciprocation.

A T-n.n.d. sequence generated by reciprocation is not the same as a reciprocal
sequence, as the following example demonstrates.

Ezample 5.3. Let K € K,xq. Suppose, for j € No, that C; := K7. Example 2.21
yields (C; );o o € Tq, 00- On the one hand, it follows by induction that the reciprocal

sequence (C’li )J to (Cj)j2, is
I, if j =0,
Cf =K, ifj=1,
Ogxq, ifJ € Za, oo
On the other hand, it also follows by induction that the sequence (C D) gen-
erated from (C} );.io by reciprocation is given by
cHl=(-K), j € No.

Proposition 5.4. Let 5 € No U {+oo} and let (C;)7_, be a T-n.n.d. sequence
in C¥*9, Suppose that (C'jD );0 is the T-n.n.d. sequence in C1*9 generated from
(Cj );;0 by reciprocation. If ( (CD ) - )10 is the T-n.n.d. sequence in C1*1 gen-
erated from (C’ D) by reciprocation, tJhen

(/™) = (i

7=0
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Proof. For each j € Zy, ., let
Cy ifj=0,
85 = 0 J (5.3)
2Cj lfj S ZL Py
Because of (5.3) and (5.2), for each j € Zyg, .., we have,
. {COD if j =0,

st =
! 207 ifj €Ly .

For each j € Zyg, ,., we thus see, by the definition of ( (C]D ) D)%
P

N
(CjD)D:{(SO) =0 (5.4)

V(s i j e

, that
0

From (5.1), it follows by Remark 3.7 that ( s; );‘{:0 is a ¢ x ¢ Carathéodory sequence.
Therefore, by Corollary 4.3, we have

£\ 3
((s)) )FO = (557, (5.5)
Finally, from (5.4), (5.5) and (5.3), we obtain
o\ON* 2
((Cj ) )j:OZ(Cj)j:O’
which completes the proof. O

We now look at how Definition 5.2 relates to the previous section.

Lemma 5.5. Let 5 € NgU{ 400} and let (C} )7:0 be a T-n.n.d. sequence in C1*1.
Suppose that (C'jD );;0 is the T-n.n.d. sequence in C?*7 generated from (C; );‘{:0
by reciprocation. For j € Zy, ,., let the matric s; be given by (5.3). Then (s; );’:

is a q X q Carathéodory sequence and

Resy ifj =0,
Cj:{ o ifJ

0

and cP =
1 J

555 Z‘ijZL%

Res! ifj=0,
\sh ifj €T

Proof. By Proposition 5.1, (s; );‘:0 is a ¢ x ¢ Carathéodory sequence. By definition
of ( Cj )j:O’
have (sg)* = (s5) = (s5)" =55 = s, We thus sce that Resy = so and
Re sg = sg. Along with Definition 5.2, this completes the proof. O

we have C§ = Cy. Thus, s§ = so. Recalling Definition 1.1, we therefore

Using Lemma 5.5, we can now translate Theorems 4.8, 4.10, 4.11 and 4.13 so

that they apply to Definition 5.2.
Theorem 5.6. Let »x € NU {400} and let (C; );‘{:0 be a T-n.n.d. sequence in
D peq
C?*4. Let, furthermore, (Cj )j:O
from (C; );’:0 by reciprocation. Then:

be the T-n.n.d. sequence in C1*9 generated



92 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

(a) (C; );‘{:0 is canonical if and only if (C]D );t:o is canonical.
(b) Let k € Z1 ,.. Then:
(b1) (Cj );’:0 is order k canonical if and only if (C'jD );:0 is order k canon-

ical.
(b2) (Cj );’:0 is minimal order k canonical if and only if (C'jD );;0 is mini-
mal order k canonical.
Proof. Combine Lemma 5.5 with Theorem 4.8, recalling Definition 3.22. g

Theorem 5.7. Let »x € NU {400} and let (C; );‘{:0 be a T-n.n.d. sequence in

C?*4. Let, furthermore, (CJD );:0
from (C; );;0 by reciprocation. Then:
(a) (Cy );‘{:0 is central if and only if (CjD );;0 is central.
(b) Let k € Zq, 5. Then:

(b1) (Cj );’:0 is order k central if and only if (CjD );{:0 is order k central.

(b2) (Cj );;0 is minimal order k central if and only if (CJD );{:0 is minimal

be the T-n.n.d. sequence in C1*9 generated

order k central.
Proof. Combine Lemma 5.5 with Theorem 4.10, recalling Definition 3.15. O

Theorem 5.8. Let n € Ny and (C} )?:0 be a T-n.n.d. sequence in CI*9. Sup-
pose that (C'jD );L:
reciprocation. Let, furthermore, (D, );.io and ( E; );io be the central T-n.n.d. se-
oo

o i the T-n.n.d. sequence in C1*4 generated from (C; );.L:O by

quences for (C; )?:0 and (CJD )?:0, respectively. Suppose, also, that (DjD )j:O 18

the T-n.n.d. sequence in C1*9 generated from (D, );io by reciprocation. Then

o\> _ oo
(Dj )j:O = (Bj)j=o-
Proof. Combine Lemma 5.5 with Theorem 4.11. O

Theorem 5.9. Let (C; );io be a T-n.n.d. sequence in C?*9. Suppose, furthermore,
that (C'jD );io is the T-n.n.d. sequence in C?*? generated from (C; );io by recip-
rocation. Then (C; );io e Cr . if and only if (C'jD )j:0 €Cl

q, 0

Proof. Combine Lemma 5.5 and Theorem 4.13, recalling Definition 3.14. g

6. Matricial Carathéodory functions

The set of g x ¢ Carathéodory sequences is closely related to the following class of
holomorphic ¢ x ¢ matrix functions. A function 2 : D — C%*9 is called a ¢ X ¢
Carathéodory function in D if it is holomorphic in D and if Q(w) € R, > for all
w € D. The set of all ¢ x ¢ Carathéodory functions in I will be denoted by C, (D).
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Remark 6.1. f Q € C; (D) and A € C?7*P, then A*QA € C, (D).
Remark 6.2. Ifn € N, ()"

j—1 18 a sequence in [0, +00) and (£, )"

j=1 1S a sequence

in Cy (D), then Zoszj €Cqe (D).
j=1
The class C, (D) is closely related to the Schur class. A matrix function
S : D — CP*4 is called a p x g Schur function in D if it is holomorphic in D and

if S(w) is contractive for all w € D. The set of all p x ¢ Schur functions in D will
be denoted by Spxq (D). We furthermore define

S;)Xq(]D))::{fESqu(D) ¢ f(w) €Dpyg forallweD},

as well as S(D) := S1x1 (D) and &' (D) := Si,; (D). We next review a well-
known relationship that exists between the classes C, (D) and Syx4 (D) (see [8,
Proposition 2.1.3]).

Lemma 6.3. Let Q € Cy (D). Then det [I; + Q(w)] # 0 for each w € D, and the
function

Si=(I,—Q) (I, +Q)™" (6.1)
belongs to Syxq (D). Furthermore, det [I, + S(w)] # 0 for each w € D, and
Q=(I,-8)(I,+S)". (6.2)

For each Q € C; (D), the matrix-valued function in (6.1) is called the Cayley
transform of Q2. Lemma A.13 immediately leads us to another well-known relation-
ship for the sets Syxq (D) and Cy (D).

Lemma 6.4. Suppose that S € Syxq (D), then I, +S5 € Cq (D).

Ezample 6.5. Suppose that K € K;x, and, furthermore, that Q : D — C9%9 is
defined as w +— I, + wK. Then Q € C, (D).

One of our goals will later be to generalize the following well-known result
for the class C, (D). Because it relates to our later approach, we include a proof.

Proposition 6.6. Let Q € C, (D) be such that det Q does not vanish identically in
D. Then det [Q(w)] # 0 for any w €D, and Q=1 € C, (D).

Proof. Let S be the Cayley transform of Q2. By Lemma 6.3, it follows that
S € Syxq (D) (6.3)

and we obtain (6.2). Since det Q2 is not the zero function in D, we see from (6.2)
that det (I, — ') is not the zero function in D. Combining this with (6.3), we see
from [8, Lemma 2.1.7] that det (I, — S') does not vanish anywhere in D. Thus, it
follows from (6.2) that €2 does not vanish anywhere in D. Therefore (note also the
formulas after Remark A.1), we see that Q™! € C, (D). O

Remark 6.7. Let Q € C;(D) and f € &' (D). The properties of holomorphic
functions yield Qo f € C, (D).
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Ezample 6.8. Let Q € Cy (D) and w € DU T. Suppose that Q, : D — C9%9 is
defined as €, : w — Q(uw). From Remark 6.7, we see that Q, € C, (D).

Example 6.9. Let Q € C; (D) and m € Zsg, o. Suppose that Q) : D — C9*7 is
defined as Q) : w — Q(w™). From Remark 6.7, we see that Qp,,; € Co (D).

For more clarity later on, we next describe the well-known relationship that
exists between ¢ x ¢ Carathéodory functions and ¢ x g Carathéodory sequences
(see, for instance, [11]).

Proposition 6.10. Let 2 € C, (D) and, for each w € D, let
Qw) = Z sjw’ (6.4)
5=0

be the Taylor series representation of Q. Then (s; )?’;0 is a q X q Carathéodory
sequence.

o0

Ezample 6.11. Let K € Kqxq. The sequence (s;),—, given by s; := d;, 014405, 1K,
for each j € Ny, is then a g x ¢ Carathéodory sequence. Indeed, if Q : D — C?*9 is
defined as Q(w) := I,+wkK, then Example 6.5 yields 2 € C, (D) and ( s, );io is the
Taylor coefficient sequence for . Proposition 6.10 thus shows that ( s; );‘io €Cy, 0o

Proposition 6.12. Let (s; );io be a ¢ x q Carathéodory sequence. Then:
o0

converges for any w € D.
n=0

(a) The sequence ( Z sjwj>
3=0

(b) If @ : D — C9%7 is defined as Q(w) = nliHmOOZsjwj, then Q € Cq (D).
§=0

If (s, );’;0 is a ¢ x g Carathéodory sequence, then the function Q € C, (D)
defined in part (b) of Proposition 6.12 will be referred to as the function in Cy (D)
corresponding to ( s; );’;0.
Ezxample 6.13. Let (s; )?’;0 € Cq,00 and u € D U T. Suppose, for each j € Ny,
that s; ., := u/s;. Part (a) of Remark 3.10 then yields (sj, );’io € Cq o0 If Qs
the function in C, (D) corresponding to ( s; );’;07 then we see, for the function €,

defined in Example 6.8, that
Q,(w) = Z sj, w0
j=0

Thus, Q, is the function in C, (D) corresponding to (s;, 4 );.io.
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Example 6.14. Let (s, );’;0 € Cq, oo and 2 be the function in C, (D) corresponding
to (s; );‘;0. Suppose, furthermore, that m € Zs 4o and that

b sj, if there exists a k € Ny such that j =k - m,
7 | Ogugs ifjENg\{k-m : keNg}.
Let Q) € Cq (D) be the function defined in Example 6.9. For each w € D, then

Q[m] Z tiw’.

Thus, (¢; );io € Cq, 00 and Qpyyyy is the functlon in Cy (D) corresponding to (¢, )J o

Propositions 6.10 and 6.12 suggest introducing a number of special subclasses
for Cq (D) via Taylor coefficient sequences.

Definition 6.15. Let » € Ny U {400 }. Suppose Q € C, (D) with Taylor series
representation (6.4) for each w € D. If (s, );‘{:0 € 5(1,,{, then Q is called a strict
q % q Carathéodory function of order s (or strict order ¢ Carathéodory function). The
set of all strict Carathéodory functions of order s will be denoted by C,gx)( D).

Definition 6.16. Suppose Q € C, (D) with Taylor series representation (6.4), for
each w € D. If (s; ) o € Cq . then Q is called a totally strict ¢ x g Carathéodory

function in D. The bet of all totally strict ¢ x ¢ Carathéodory functions in D will
be denoted by C; (D).

From the above two Definitions 6.15 and 6.16, it follows, via (3.2), that
t
cHb)ce ﬂ e

Definition 6.17. Let Q € C, (D) with Taylor series representation (6.4) for w € D.
(a) Let k € N. If the sequence (s, )j o is C-central of order k, then the function
Q is called central of order k (or order k central).

(b) Let k € N. If the sequence ('s; ) _o is C-central of minimal order &, then the
function €2 is called central of mlnlmal order k (or minimal order k central).

(c) If there exists a k € N such that Q is order k central, then 2 is simply called
a central function.

Remark 6.18. Let k € N and £ € Zy41, 0. Suppose that Q € C, (D) is central of
order k. Remark 3.16 implies that €2 is also central of order £.

Recalling Proposition 6.12 and Lemma 3.19, we are led to the following.

Definition 6.19. Let n € N and (s; );L:O be a ¢ x g Carathéodory sequence. Fur-
thermore, let (5 );io be the C-central sequence corresponding to (s; );.L:O. The
function ;) in Cy (D) corresponding to (5, );io is then called the central
g x ¢ Carathéodory function for ( s; );.L:O.
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Remark 6.20. Let k € N. Suppose that Q € C, (D) is order k central with Taylor
series representation (6.4) for each w € D. Because of Definition 6.19 and Re-
mark 3.18, it follows that ( s; ol

Jj=0
. k-1
function Q(Sj i for (s, )j:O'

€ Cq, —1 and Q is the central g x ¢ Carathéodory

The function defined in Definition 6.19 is discussed extensively in [16]. In
particular, it was there shown that )1, can always be interpreted as the re-
striction of a rational ¢ x ¢ matrix function to ID. Using the g x g Carathéodory

sequence (s; );.L:O, particular quadruples of ¢ X ¢ matrix polynomials were con-

structed. These quadruples were then used to obtain left and right quotient repre-
sentations of O, )y These representations were, in turn, used in [18] to param-

etrize the solution set of the Carathéodory problem associated with (s; )?:0'

Proposition 6.21. Let n € Ny and (s; )?:0 € Cq,n- Then all of the following con-
ditions are equivalent:

(i) (85)j=o € Cqn-

(11) Q(Sj )" S C[; (]D))

(i) Q(s; ) € C (D).

J

Proof. Applying part (b) of Lemma 3.19 yields the proof. O

Definition 6.22. Let Q € C, (D) with Taylor series representation (6.4) for w € D.

(a) Let k € N. If the sequence (s, );io is order k C-canonical, then the function
() is also called canonical of order k (or order k canonical).

(b) Let k € N. If the sequence (s; );io is minimal order k C-canonical, then
the function §2 is also called canonical of minimal order k& (or minimal order k
canonical).

(c) If there exists a k € N such that Q is order k canonical, then § is simply
called a canonical function.

Remark 6.23. Let k € N, £ € Ziy1, 00 and Q € Cy (D) be order k canonical.

(a) Part (a) of Corollary 2.27 implies that € is also order ¢ canonical.
(b) It follows, by part (b) of Corollary 2.27, that 2 is also central of order £.

For the ¢ x g Carathéodory sequences in Examples 3.20 and 3.21, we now
determine the corresponding functions in C, (D).

Ezample 6.24. Let K € K;x4. Then:

(a) It follows for each w € D that —wK € Dyx, and that det (I, — wK ) # 0.
(b) The function Qg : D — C9%9, defined via

w— (I, +wK ) (I, —wK )™ (6.5)
belongs to Cq (D).
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(c) Since wK € Dgyq, the Neumann series representation yields
Qe (w) = (I, +wk ) [ > (K )J} =L, +2) " K. (66)

Example 3.20 shows that the function Qf is order 2 central and, if (and only
if) K # Ogxq, then Qg is minimal order 2 central. Furthermore, because of
Remark 6.20, Example 3.20 and Proposition 6.21, the following three condi-
tions are all equivalent:
(i) K € Dgxq-
(i) Qx € Cf (D).
(iii) Qx € (D).
(d) For each w € D, we have det [ Qg (w)] # 0, —K € Ky, and Q' = Q_k-.
(e) Example 3.25 shows that the function Qg is canonical if and only if K is
unitary. When this is the case, 2k is order 1 canonical.
Ezample 6.25. Let K € Ky, N CL*? and € N. Then:

(a) Recalling part (a) of Example 6.24, let Qg , : D — C9%9 be defined as
wr— (VK) (I, +wK ) (I, —wK )™ (VK)". (6.7)
(b) Then

Q= [(VE) ] o (VE)', (6.8)

where Q is the g x ¢ Carathéodory function given in Example 6.24. It follows
from Example 6.24 and (6.8) that, for each w € D, the function Qg , belongs
to Cq (D) and admits the Taylor series representation

— r o0 r+5,,.7
Qg r(w) =K +2Zj:OK w’.
(c) Example 6.24 shows that the function Qg , is order 2 central.

For the ¢ x ¢ Carathéodory sequences in Examples 3.12 and 3.13, we now
determine the corresponding functions in C, (D).
Ezample 6.26. Let K € Kyx, and (C} );‘io be the g x ¢ C-sequence defined in
Example 3.12, i.e., C; := K7 for each j € Ng. Suppose that Hx is the function in
Cq (D) corresponding to ( C; );.io. Then, for each w € D, we see from the Neumann
series representation that det (I, — wK ) # 0 and

Hg(w) = (I, —wK)™".

Ezample 6.27. Let K € Kgxg NCL and r € N. Let (C;)]Z, be the ¢ x ¢ C-
sequence defined in Example 3.13, i.e., C; := K"/ for each j € Ny. Suppose
that Hg, , is the function in C, (D) corresponding to (Cj )?’;0. It follows that

Cj = (\/K)TKj(\/K)T for any j € Ny. Therefore, it follows from Example 6.26,
for each w € D, that det (I; — wK ) # 0 and

Hr, (w) = (VK) (I, —wK)™" (VK)".
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7. Moore-Penrose Inverses of Matricial Carathéodory Functions

Our next steps will be towards showing that the Moore-Penrose inverse Q7 of a
function € Cy (D) is itself a member of C, (D). We will, furthermore, show that
the sequence of Q7’s Taylor coefficients is the reciprocal sequence to 2’s Taylor
coefficient sequence. Before we show that the Moore-Penrose inverse of a ¢ X ¢
Carathéodory function is holomorphic, we first formulate and prove a result which
will help us reach our aforementioned goal and which is also of interest on its own.

Lemma 7.1. Let (s; );’io be a sequence in C?*? and (sjrj );‘io be its reciprocal
sequence. Suppose that the following conditions are met:
@) (s )Jio € Dyxq, 00
(II) There exists a (in D) holomorphic matriz function Q : D — CI*7 with
Taylor expansion (6.4) for each w € D.
(IIT) There exists a (in D) holomorphic matriz function Q% : D — C9*9, which
can be expressed, for each w € D, as

Qf(w) = is}wi. (7.1)
=0
Then Qt = QF and, for each w € D
(QQJr )(w) = (QQJr )(0), (Q+Q)(w) = (Q+Q)(O), (7.2)
R(Qw)) =R (£2(0)) and N (Qw)) =N (92(0)). (7.3)

Proof. Because of (1), it follows by Proposition 1.8 that S} = S% | for each n € N,
where S,, and S¥, are given by (1.1) and (1.2). Thus, for each n € Ny, we obtain

S.S%S, =S, and S¢s,8% =gt (7.4)
Also, recalling (I) and using Lemma 1.9, for each n € Ny, we get
SnSi=1I,1® (sosg ) and SES, =11 ® (s3s0)- (7.5)

Let w € D. Because of (7.4), (7.5), (II) and (III), it therefore follows by [8, Lem-
mas 1.1.19 and 1.1.21] that

Q(w)Q* (w)Qw) = Qw) and QF (w)Q(w) ¥ (w) = QF (w) (7.6)
and also that
Q(w)Q* (w) = sosg and QF (w)Qw) = s s0. (7.7)

In particular, (7.7) implies
(Qw)F (w))" = Q(w)QF(w) and (O (w)Qw) )" = QF(w)Q(w). (7.8)

From (7.6) and (7.8), we obtain Qt = QFf. Furthermore, [22, Proposition 8.4] yields
(7.2) and (7.3). O

We continue with a first observation on the ranges and null spaces of a func-
tion 2 € Cq (D).
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Lemma 7.2. Let Q € C; (D) and w € D. Then
R([2w)]") =R(Qw)) =R([Qw)]")

and

N([Qw)]") =N (Qw)) =N ([Qw)]").

Proof. Since Q € Cq (D), we see that Q(w) € Ry, >. By Lemma A.8, it therefore
follows that Q(w) € CLY!. The lemma thus follows from Proposition A.5. O

Our next theorem is also the first main result of this section. It includes the
earlier-mentioned and quite versatile generalization of Proposition 6.6. The proof
of the theorem, moreover, demonstrates an alternative approach to Proposition 6.6.

Theorem 7.3. Let Q € C, (D) with Taylor series representation (6.4) for each
w € D. Furthermore, let (sjrj );io be the reciprocal sequence to ( s; )?’;0, Then QF

belongs to Cy (D) and QT admits the Taylor series representation
Qt(w) = Z sjuwj (7.9)
§=0

Furthermore (7.2), (7.3),
R(QT(w)) =R(Q0)) and N (QF(w)) =N (€(0)) (7.10)
all hold, for each w € D.

Proof. By assumption, we have (6.4) for each w € D. Since Q € C, (D), we
see by Proposition 6.10 that (s; );io is a ¢ x ¢ Carathéodory sequence. Thus,
it follows by Theorem 4.4 that (SJri );io
From Proposition 6.12, we now see that there is a function Q% € C, (D) which
admits the representation (7.1) for each w € D. By Proposition 4.1, it follows
that (s; );‘io € Dyxgq, o0, since (s; );’io is a ¢ x ¢ Carathéodory sequence. Thus,
using (7.9), (7.10) and Lemma 7.1, we obtain QF = QF as well as (7.2) and (7.3).
Equations (7.10) follow by Lemma 7.2. O

is also a ¢ x ¢ Carathéodory sequence.

In [5, Theorem 4.5] it was already shown, using an alternate approach, that
ifQeC, (D), then Q" € C, (D). Likewise, parts of Theorem 7.3 were also proved
as part of [5, Theorem 4.5]. The approach used for [5, Theorem 4.5] was largely
based on specific properties of the Schur class Syxq4 (ID) and how these properties
carry over to the class C, (D) via Cayley transform.

Corollary 7.4. Let (s; );.io be a g x q Carathéodory sequence and ) be the func-
tion in Cq (D) associated with (s, );.io. Furthermore, let (SJri );‘io be the reciprocal

sequence to ( s; )?’;0, Then, (sjti )Joi is a q x q Carathéodory sequence and, if

0
is the function in Cq (D) associated with (SJri );‘io’ then Qf = QF.
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Proof. Proposition 6.12 shows that {2 € C; (D) and that (6.4) holds true for each
w € . Thus, the corollary follows directly from Theorem 7.3. g

We next consider several applications of Theorem 7.3.

n

Corollary 7.5. Suppose n € N, («;)"_, is a sequence in [0, +00) and (£ )i 18

j=1
a sequence in Cq (D). Then
" +
(Zajfzj) €,y (D).
j=1

Proof. By Theorem 7.3, it follows that (Q;r );L:l is a sequence in C, (D). Because
of Remark 6.2, we therefore have

> €Cy (D).
j=1

Hence, applying Theorem 7.3 completes the proof. g
Corollary 7.6. Suppose S € Syxq (D). Then (I, +8)" € C, (D) and the equations
[Ig + S(w)] [Iq+s(w)]+ =[1;+5(0)] [Iq+s(0)]+

and
(g + S(w)]Jr [Ig+ S(w)] =1+ S(O)]Jr [Ig+S(0)]
hold true for each w € D. Furthermore,
R(Ig+Sw)) =R(I;+5(0)),  N(I+Sw))=N(I;+S50)),
R (1L +8@)]") =R (1, +50)) and N ([I,+S@)]") =N (I, +5(0))
hold true for each w € D.

Proof. By Lemma 6.4, we see that I, + S belongs to C4 (D). Thus, applying The-
orem 7.3 completes the proof. O

Our next result tells us more about the structure of Carathéodory functions.

Theorem 7.7. Let q € Za, 400 and v € Z1, q—1. Suppose that & € Cq (D) with
rank [Q(0)] = 7. Furthermore, let (us)._, be an orthonormal basis in R ((0))
and let (us)i_. ., be an orthonormal basis in N ((0)). For each £ € Zy 4, let
Uy = (ul, Uz, ..., Ug). Finally, let Q= U QU,. Then:
(a) (us)?_, is an orthonormal basis in C¥* and the matriz U, is unitary.
(b) The function Q belongs to C,. (D) and Q(w) is non-singular for all w € D.
Furthermore,

Q= Uy | diag (2, 0¢r(g—n ) | Us
and
O = U, [diag (6_17 0(q_r)><(q_r))} Us.
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Proof. Let (s; );’;0 be the Taylor coefficient sequence for €2. Then, for each w €
D, let (6.4) be the Taylor series representation of 2. Then Q(0) = so, and, in
particular, rank sp = r. Since Q € C, (D), it follows by Proposition 6.10 that
(85 );’io € Cy, 0o- Thus, Proposition 4.1 and part (a) of Theorem 1.12 yield part (a).

By Remark 6.1, it follows that Q € C,. (D). For each j € Ny, we set
gj = U:SjUT. (711)

Since rank so = 7, we then see from Theorem 4.6 that det sy # 0. Let w € D. Using
(6.4) and (7.11), we then obtain

Qw) = Z UrsiUqw! = Zgjwj. (7.12)
3=0 3=0

In particular, Q(0) = So. Thus, det3y # 0 implies det Q(0) # 0. Since € belongs

to C, (D) and from Proposition 6.6 we now obtain det Q(w) # 0 for any w € D.
Because of (7.11) and Theorem 4.6, it follows that

S = U; [diag (:SVJ‘, O(Q—T‘)X((I—T‘))] Uq (713)
for each j € Ny. Using (6.4), (7.13) and (7.12), we obtain

Qw) =) sjw’ = Us [diag (35, 0g—r)x(g-r)) ] Ug?
7=0 j=0

U;( Z [diag (§j7 O(Q—r)x(q—r)) ] w’ )Uq
j=0

j=
= U; (diag( igjwjv O(g—r)x(q—r) ) )Uq

=Uy [diag (ﬁ(w) O(G—T)X(q—r)) ] Uq

for each w € D. The remainder of the theorem is a direct consequence of a well-
known property of the Moore-Penrose inverse (see, e.g., [8, Lemma 1.1.3]). g

A result similar to Theorem 7.7 was obtained in [5, Theorem 3.5]. The ap-
proach used in [5] was based on the Cayley transform and is thus entirely different
from the approach used in the above proof of Theorem 4.4, which relies mainly
on the structural properties of ¢ x ¢ Carathéodory sequences described in Theo-
rem 4.6. It should be noted that the approach used in [5, Theorem 4.5] (to show
that the Moore-Penrose inverse of a function ©Q € C, (D) is holomorphic) relies
on [5, Theorem 3.5]. A closer look at this approach reveals that this can also be
shown using the above Theorem 7.7.

Let Q € C; (D) and, for each w € D, let (6.4) be the Taylor series represen-
tation of Q. Theorem 7.3 implies that O+ € C, (D) and that QT has Taylor series
representation (7.9) for each w € D. We next explore the relationship between

Q and Q7. Since (s; );’io and (sjrj );‘io are, by Proposition 6.10, Carathéodory
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sequences, we can use the results of Section 3. Our next task will be to find sub-
classes Cq (D) which are invariant with respect to the Moore-Penrose inverse, i.e.,
if a function Q belongs to our subclass, so should its Moore-Penrose inverse Q7.

Proposition 7.8. Let 2 € Cq (D). Then:

(8) Let € NoU{+0c}. Then Q € C{(D) if and only if @+ € C{(D).
(b) Qe (D) if and only if At € C; (D).

Proof. Suppose that Q has the Taylor series representation (6.4) for each w € D.
By Proposition 6.10, it follows that (s; );io is a ¢ x q C-sequence. Theorem 7.3
thus implies that QT € C, (D) and also that Q*’s Taylor coefficient sequence is
(s}i );‘20' Recalling Definition 6.15 and Definition 6.16, we see that (a) and (b)

follow from Lemma 4.7 and Theorem 4.13, respectively. O

We will next see that for any Q € C, (D), the Moore-Penrose inverse Q1 will
have the same centrality properties.

Theorem 7.9. Let Q € C, (D).

(a) Q is a central function if and only if QT is central.
(b) Let k € N.
(bl) The function Q is order k central if and only if Q% is order k central.
(b2) The function §) is minimal order k central if and only if QT is minimal
order k central.

Proof. We first proceed as in the proof of Proposition 7.8. Recalling Definition 6.17,
we then see that parts (a), (bl) and (b2) follow, respectively, from parts (a), (bl)
and (b2) of Theorem 4.10. O

be a q x q Carathéodory sequence.
n

Proposition 7.10. Let n € Ny and (s; )?:0

Furthermore, let g, N be the central g x ¢ Carathéodory function for (s;)

=0
Then, (SJti );L:O is a ¢ X q Carathéodory sequence and, if Q(Sn )n is the central
i Jj=0
q x q Carathéodory function for (sjti );.L:O, then
+
Q(S@)n =[Q, >';-;J . (7.14)
i) j=0 '

Proof. By Theorem 4.4, it follows that (sjrj );L:O is a ¢ x ¢ C-sequence. Suppose that

(tj),—o and (4 )7~ are the central gx ¢ C-sequences associated with (s;)7_, and

( s} );:07 respectively. Because of Definition 6.19, we see that (¢; );’io and (t;,4 );’io

are the Taylor coefficient sequences for €, N and Q(Sn )n , respectively. By
B i Jj=o0

Theorem 4.11, it follows that (tjrj );‘io = (t;,4 );’;07 where (tjﬁ );io is the reciprocal

sequence to (t; );10' Therefore, (7.14) follows by Theorem 7.3. O
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Proposition 7.11. Let 2 € C, (D).

(a) Q is a canonical function if and only if QT is canonical.
(b) Let k € N.
(b1) The function S is minimal order k canonical if and only if QF is mini-
mal order k canonical.
(b2) The function Q is order k canonical if and only if QT is order k canon-
ical.

Proof. We first proceed as in the proof of Proposition 7.8. Recalling Definition 6.22,
we then see that parts (a), (bl) and (b2) follow, respectively, from parts (a), (bl)
and (b2) of Theorem 4.8. O

8. An approach to constructing the reciprocal of a non-negative
Hermitian ¢ X g measure

Using the results of previous sections, we now consider applications in non-negative
Hermitian ¢ X ¢ measures on the unit circle T. In order to establish a connection
to previous sections, we review the relationships that exist between non-negative
Hermitian ¢ x ¢ measures on T, Toeplitz non-negative definite sequences in C7*9
and ¢ x ¢ Carathéodory functions.

The o-algebra of all Borel subsets of the unit circle T will be denoted by
B and the set of all non-negative Hermitian ¢ X ¢ measures on (T, Bt ) by
MEL(T, Br). If F € ML(T, Br), then, for each j € Z, the matrix

C’J(»F) ::/z_jF(dz)
T

is called the jth Fourier coefficient of F'. The Fourier coeflicients allow us to con-
struct a bijection between the set ML (T, Bt ) and the set Ty, « of all infinite
Toeplitz non-negative definite sequences in C9%9. This is expressed in the follow-
ing well-known matricial version of a classical result by Herglotz (see, for instance,
[8, Theorem 2.2.1]).

Proposition 8.1. A sequence (C} );.io in C1*9 4s Toeplitz non-negative definite if
and only if there exists an F € ML(T, Br) such that
)\ 00
(cf ))j:o = (C))2,. (8.1)
If such an F € M‘IZ(T, B ) exists, then it is unique.

If (C; )?’;0 is a T-n.n.d. sequence in C?*¢, then, by Proposition 8.1, the
unique F' € M (T, Bt ) such that (8.1) is met is called the spectral measure for

(Cj );.io. Proposition 8.1 suggests paying particular attention to the subclass

o0

{FEM‘IZ(T, %T):(CJ(F)) e’fq,oo}. (8.2)

=0
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This subclass is particularly interesting for its role in methods of constructing
orthogonal matrix polynomials (see Delsarte/Genin/Kamp [6], [8, Section 3.6],
[11]). Let F € MZ(T, B1). Because of Proposition 8.1, Definition 2.12 can be
carried over to non-negative Hermitian measures.

o0

Definition 8.2. Let F' € M% (T, Bt ) with Fourier coefficient sequence (C](F)) .
> =0
(a) Let k € N. We say that the measure F is central of order k (or order k central)
. (F)\o©o
lf ( CJ )j:o
(b) Let k € N. We say that the measure F is central of minimal order k (or minimal
order k central) if the sequence (C’J(»F) );io
(c) We say that F' is a central measure if there exists a k& € N such that F' is
central of minimal order k.

is a central sequence of order k.

is central of minimal order k.

Remark 8.3. Suppose that k € N and that F € M%(T, Br) is order k central.
For each ¢ € Zj41, o0, Remark 2.13 shows that F' is also order ¢ central.

A discussion of central measures belonging to the set in (8.2) can be found
in [8, Section 3.6]. There it was shown that such measures are, in particular, abso-
lutely continuous with respect to Lebesgue—Borel measure on the unit circle. The
density functions for these measures were, furthermore, determined and expressed
in terms of special matrix polynomials which play an important role in the theory
of orthogonal matrix polynomials on the unit circle.

A standard result for stationary sequences in Hilbert modules says that every
F € ML(T, Bt) can be interpreted as a non-stochastic spectral measure of a
stationary sequence in a Hilbert module. In [12, Theorem 9], it was shown that F
is order k € N central if and only if the stationary sequence associated with F is
autoregressive of order k. Central sequences and Proposition 8.1 next lead us to
consider central measures.

Remark 8.4. Let n € Ny. Suppose (C; )?:0 is a T-n.n.d. sequence in C?*? and that
(C~'j );‘io is the centrNal sequence corresponding to ( C; );‘:O. Part (a) of Lemma 2.19
then implies that ( C; );‘io € T4, 00- The spectral measure Fi ¢, )i, € ./\/lqz( T, B71)

for (C; );io is then called the central measure for (C;)J_.

Remark 8.5. Let k € Nand F' € ML(T, By ) be order k central. It then, clearly,
follows that (C'J(»F) )j;; € Tg k-1 and F = F( o) )k—l.

J j=0
Proposition 8.6. Let n € Ny and (Cj );L:O € Tg,n- Then F(¢, )r_, belongs to the
set in (8.2) if and only if (C;)i_, € Tan-

Proof. The theorem follows from Remark 8.4 and Lemma 2.19. g
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o0

Definition 8.7. Let I € ML (T, Br) with Fourier coefficient sequence (CJ(-F))

(a) Let k € N. We say that F is canonical of order k (or order k canonical) if
(CJ(F) );.;0 is order k canonical.

=0

(b) Let k € N. We say that F' is canonical of minimal order k (or minimal order k
canonical) if (C;F) );‘;0 is minimal order k canonical.
(c) We say that F'is canonical if there is a k € N such that F' is order k canonical.

Remark 8.8. Let k € Nand F € MZ(T, Br) be order k canonical. Corollary 2.27
then implies: -

(a) For each ¢ € Zy41, 00, the measure F' is order ¢ canonical.

(b) For each ¢ € Zj+1, s, the measure F' is order ¢ central.

For a given z € T, we will denote the Dirac measure on (T, Bt ) with unit
mass in z by €,. Combining Theorem 2.31 and Proposition 8.1 leads us to the
following characterization of canonical measures in M2 (T, Br).

Theorem 8.9. Let F' € /\/lqz(’]l‘7 B ). All of the following conditions are equivalent:

(i) F is a canonical measure.
(ii) There exists an r € N, a sequence (A, )._; in CL*? and a sequence (z5)._,
of pairwise different points in T such that

F = Z::1 €2, As.

For a detailed discussion of canonical measures in M% (T, B ), we refer the
reader to [19], [20] and [21]. It is shown, in these articles, that, given a finite
Toeplitz positive definite sequence (C; )?:0 in C?*% and a u € T, there exists a
unique solution F, of the trigonometric matricial moment problem corresponding
to (Cj )?:0 which has maximal mass with respect to the singleton {u }. More
precisely, this solution is such that, for any F' from the solution set, the inequality
F({u})< F,({u})holds. This F, is canonical and can be constructed explicity
from the sequence (C;)7_,.

The class C, (D) will often feature prominently. We therefore provide a quick
survey of results from [8, Section 2.2] on the relationship between C, (D) and

/\/lqz(’]l‘7 B ).
Proposition 8.10. Let F' € /\/lqz(’]l‘7 Br). The function Qp : D — CT*? given by

Qp(w) ::AZ+wF(dz)

zZ—w

belongs to Cq (D) and, for any w € D, furthermore
_ (P o (F), j
Qp(w) =C§" + 2Zj:1 . (8.3)

If F e ML(T, Br) and Qp is defined as in Proposition 8.10, then Qp is
called the Riesz-Herglotz transform of F. The close relationship that exists between
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ML(T, Br) and C, (D) is evidenced by the following matricial generalization of
a classical theorem by F. Riesz and G. Herglotz.
Theorem 8.11.
(a) If F € ML(T, By ) and H € CY?, then Q := Qp + iH belongs to Cq (D)
and Im [Q2(0)] = H.
(b) IfQ € Cy (D), then there ewists a unique F € ML(T, Br) such that
Q=Qp +i{Im[Q0)]. (8.4)
If 2 € C; (D), then the unique F € ML(T, Br) such that condition (8.4)
is met is called the Riesz-Herglotz measure of ).
Suppose F' € ML(T, Br). Let ( (C(F) ) ) be the Toeplitz non-negative

:OO
definite sequence in C?*¢ generated from (C'J(»F)) by reciprocation (see Def-
j=0
inition 5.2 and Proposition 8.1). We are next most interested in debcribing the
properties of the spectral measure F'5 belonging to the sequence ( (C (F) ) )
j= 0
It should, at this juncture, be mentioned that [8, Section 3.6] includes a discussion
of this subject matter for the case in which F' belongs to the set in (8.2). We now
come to the main result of this section.

Theorem 8.12. Let F' € /\/lqz(']l‘7 Bt ) and Qp be the Riesz-Herglotz transform of
F. Suppose that ((C;F) ) D) is the T-n.n.d. sequence in C1*49 generated from

j=0
(C'(F ) by reciprocation. Let F'O be the spectral measure for ( (C;F) ) D) .
j:
Then FY € ML(T, Br) and Qpo = Q.
Proof. Let w € D. By Proposition 8.10, we have (8.3) and

Qpo(w) = cF) +2y" o, (8.5)

oo 0O O
Since F'H is the spectral measure for ( (CJ(F) ) D) . we have CJ(F ) = (C(.F) )
j=
for each j € Ny. From (8.5) it therefore follows that

QFD(w):( (F>) +2Z {( <F>) uﬂ}. (8.6)

We now define (s; );’io as sg = CO and, for each j € N, as 5; := ZCJ(F). From
(8.3) we then see that

Qp(w) = ijo sjwd . (8.7)
Part (a) of Theorem 8.11 yields Qp € C, (D). Because of (8.7) and Theorem 7.3,

we have
+ _ e st
Qf(w) = E 0% w . (8.8)
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By definition of ( (C;F) ) D) o’ we have
j=

sg = (C’(()F)) - and s} =2 (C](F))D

for each j € N (see Proposition 5.1). Because of (8.6) and (8.8), this implies
Qpo = Qfm which completes the proof. O

Theorem 8.12 shows us that Qg leads to a generalization of the classical
concept of a reciprocal measure F' € ML (T, By ) with det [F(T)] #0 (see, for
instance, [8, Definition 3.6.10]). Thus, we arrive at the following definition.

Definition 8.13. Let F € MZ(T, By ). The measure FZ € MZL(T, Br) defined
in Theorem 8.12 is called the reciprocal measure to F. B

Theorem 8.14. Suppose that F € ML(T, Br) and let F5 be the reciprocal mea-
sure to F'. Then: a
(a) The measure F' is central if and only if FB is central.
(b) Let k € N.
(bl) F is order k central if and only if F© is order k central.
(b2) F is minimal order k central if and only if FU is minimal order k
central.

Proof. Recalling Definition 8.13 and Definition 8.2, we see that all parts of the
theorem follow from Theorem 5.7. O

Proposition 8.15. Let n € Ng. Furthermore, let (C; )?:0 be a T-n.n.d. sequence in

C?* and (CjD );L:O be the T-n.n.d. sequence in C1*7 generated from ( C; )?:0 by

reciprocation. Let F(c,yn_ and F(c.D ) be the central measures in ML (T, Br)
- ), >

n

for (Cj)j_y and (Cf7)
to Fc, )y then

. o . .
0’ respectively. If [F( [ } is the reciprocal measure

O
[Fieo,] = Fesy

j=0

Proof. From Remark 8.4, we see that applying Theorem 5.8 and Theorem 8.12
completes the proof. O

Proposition 8.16. Suppose that F € ML(T, Br) and that FU s the reciprocal
measure to F'. Then: a
(a) The measure F is canonical if and only if F5 is canonical.
(b) Let k € N.
(bl) F is order k canonical if and only if F9 is order k canonical.
(b2) F is minimal order k canonical if and only if FU is minimal order k
canonical.

Proof. Definition 8.7, Proposition 8.1 and Theorem 5.6 yield the proof. O
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9. Matricial R-functions in the open upper half-plane

In this section, we turn our attention to another class of matrix functions. More
specifically, we are interested in a special subclass of g x ¢ matrix functions that are
holomorphic in I} :={z € C : Imz € (0, +oc0) }. This class of matrix functions
is particularly interesting in the context of the matricial version of the Hamburger
Moment Problem and is closely related to C, (D), as we will later sece.

A function G : 11} — C9%7 is called a g x ¢ R-function, if G is holomorphic
in IT; and if the imaginary part Im G(z) of G(z) is non-negative Hermitian, i.e.,
if G(z) € Zy, > for all z € TI;. The set of all ¢ x ¢ R-functions will be denoted by
Rq (It ). The name R-function is here adopted from M.G. Krein. In the literature,
it is not uncommon to see functions of this type referred to instead as Nevanlinna,
Pick or Herglotz functions. We now proceed with some preliminary observations
on the ranges and null spaces of functions in R, (I ).

Lemma 9.1. Let G € R, (114 ). For each z € 114,
R(G(z)) =R ([G(=)]), R(G(z)) =R([G(x)]"),
N(G(z))zN([G(z)]*) and N(G(z))zN([G(z)]+ )

Proof. By assumption, G(z) € Z, >. For each z € II;, Lemma A.10 thus implies
G(z) € CLY. Applying Proposition A.5 thus completes the proof. O

We now take a closer look at how the classes R, (111 ) and Cq (ID) are related.

Remark 9.2. The function v : D — C, defined as
A1 —w
=1
1+w
is a bijection between D and II. The inverse function ¢ : [T, — C to « is given
by

y(w) :

_ 1+
T 1—dv’

0(v)

Lemma 9.3. Let the mappings v and § be defined as in Remark 9.2.
(a) If Q belongs to Cy (D) and G :==i(Q0d), then G belongs to Ry (114 ) and
Q=(-1)(Gonx).
(b) If G € Ry(II4) and Q := (—i)(Go~y), then  belongs to Cy (D) and
G=1i(204).

Proof. (a) Recalling Remark 9.2, we see that G is holomorphic in IT;. Let v € I1.
For any A € C?*¢, we have Im (iA) = Re A. Thus, it follows that

Im[Gw)]=Im[i(Qod)(v)]=Im[i2((v))] =Re[Q(d(v))].

Thus, G(v) € Z,, >, since 2(d(v)) € Ry, >. From Remark 9.2 and the definition
of G, we thus see that Q& = (—i) (G o~), which completes the proof of (a).

(b) Using Remark 9.2 and the fact that Re (—iA) = Im A for any A € C7*7, we
obtain (b) in much the same way as we did (a) in the first part of the proof. O
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Our next theorem is the R, (114 ) counterpart to Theorem 7.3.

Theorem 9.4. Let G € Ry (I11). Then:

(a) —GT e Rq (11 ).

(b) (GGT) (v) =(GG") (i) and (GTG) (v) = (GTG) (i), for v € 1.

(¢c) R(G(v)) =R (G(E)) and N (G(v)) =N (G(i)), for v € 1.

(d) R(Gt(v))=R(G@#)) and N (G*(v)) =N (G(i)), for v e Il;.
Proof. (a) Let Q:= (—i) (G o~). By part (b) of Lemma 9.3, it thus follows that
Qe€Cy (D) and that G =i (20 d) and, consequently, that

Gt =(—-i)(Qod)" =(~i)(QF0d). (9.1)

By Theorem 7.3, it follows that Q € C, (D) . Therefore, by part (a) of Lemma 9.3,
we have

i(QFo6) e Ry (). (9.2)

Finally, from (9.1) and (9.2) we obtain —G* € R, (I} ), which completes the
proof of (a).

(b)-(c) By assumption, both G and G* are holomorphic in the non-empty open
and connected set 1I;. Parts (b) and (c) therefore follow by [22, Proposition 8.4].
(d) Because of (c), part (d) follows immediately by Lemma 9.1. O

For a comprehensive survey on the class R, (111 ), we refer the reader to the
paper Gesztesy/Tsekanovskii [23].

Appendix A. Some facts from matrix theory

Remark A.1. Let A € C?*9. Since Re (A*) = Re A4, it follows that A € Ry, > if
and only if A* € Ry, >. Similarly, since Im ( A* ) = —Im A, it follows that A € Z >
if and only if —A* € 7, >.

If A € C?%? is a non-singular matrix, then it is well known that

Re (Afl) = A1 (Red) (A*1 )*, Re (Afl) = (Afl)* (ReA) A,
Im(A7!) =AY (ImA) (A7) and Im(A7')=—(47")(ImA)A™",
so that A € R, > implies A™* € R, > and A € T, > implies —A™' € 7, >. In
order to generalize these results for arbitrary complex ¢ x g matrices, we give a
very brief overview of standard results for Moore-Penrose inverses. We will often
use the properties of the Moore-Penrose inverse described in these lemmas. For a
detailed discussion of the Moore-Penrose inverse and its properties, we refer the
reader to [2] and [8, Section 1.1].

Lemma A.2. Suppose A € CP*1,
(a) Let B € CP*". The following are all equivalent:
(i) R(B)CR(A).
(i) AATB = B.
(iii) There exists an X € CT*" such that AX = B.
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(b) Let C € C"*4. The following are all equivalent:
(iv) N(A) CN(C).
(v) CATA=C.
(vi) There exists a Y € C™*P such that YA=C.

Lemma A.3. Suppose A € (C%Xq, i.e., that A is a Hermitian matriz. Then the
Moore-Penrose inverse AY of A is also Hermitian and the following equations
hold true:

R(A):R(A“‘)7 J\/(A):N(A+) and AAT = AT A

Lemma A.4. Suppose A ¢ (C‘gq. Then AT € (Cq;q and:

(a) R(A)=R(VA) and N(A)=N(VA).

(b) AAT = ATA=VA(VA) = (VA) VA

() VA=A(VA) = (VA4  and  (VA) = ATVA=AAT.

We recall that a complex g x ¢ matrix A is an EP matrix if R (4) = R (A*).

We also recall that CL! denotes the set of all EP matrices in C7%%. Schwerdt-
feger [28] first introduced the class C%y! (EP stands for “Equal Projectors”). This
class of matrices is important in the theory of generalized inverses (see, e.g., the
monographs Campbell/Meyer [3, Chapter 4, Section 3] and Ben-Israel/Greville

[2, Chapter 4, Section 4], and the papers Pearl [27] and Meyer [26]). We use the
following characterizations of the class C%}!, which can be found in [4] and [29].

Proposition A.5. If A € C?*9, then all of the following conditions are equivalent:

(i) AeCLL (vii) AT € CLHL

(i) R(A)CR(A"). (i) R(A) =R (A*).
(ii) R(A) CR(A). () N (4) = A7 (A%).
(iv) N(A) CN (A*). (xi) ATA% = A.

(v) N(A*)CN(A). (xii) A2AT = A.

(vi) N(A*)=N(A). (xiii) A(A+)> = A+,
(vii) AAT = ATA. (xiv) (AT)* A= A*.

We also require a few additional ways of characterizing the class C%4p/. We
will need matricial real and imaginary parts for these characterizations.

Proposition A.6. Let A € C?*9. The following conditions are all equivalent:

(i) AeCLP.

(ii) @At +B(AT) = AT (BA+ A" ) (A" for all o, g € C.
(iii) Re(At)=AT (ReA)(AT)" and TIm(At)=—-AT(ImA)(AT)".
(iv) @At +B(AT) = (AT)" (BA+ aA*) AT for all o, g € C.

(v) Re(AT)=(AT)" (ReA)AT and Im(At)=—(AT)" (ImA)A"*.
(vi) aAd+BA* = A(BAT +a(AT)") A for all a, B € C.

(vii) ReA=A-Re(AT)-A* and ImA=-A-Tm(AT)  A*.

(viil) ad+ BA* = A* (BAT +a(AT)")A for all o, B € C.

(ix) ReA=A* - Re(A")-A and ImA=-A*-Im(A")- A
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Proof. “(i)=>(ii)”. It follows from (i), by Proposition A.5, that AAT = ATA. It
now follows that

ATA(AT) = (AAT)" (A7) = (AT4AT)" = (AT)
and
ATAT (AT) = AT (ATA) = ATAAT = AT,
For any «, 8 € C, we therefore have
AT + B (AT) = aATA (A7) + BATA(AT) = AT (BA+ad™) (AT)".
“(ii)==(iii)". For a = j = B, part (ii) yields

1

Re (A%) = A++ (A+)*:A+-;(A+A*)(A+)*:A+(ReA)(A+)*.

Similarly, for « = ,, and 8 = — ., part (ii) also yields the second equation in (iii).
“(iii)=(1)”. Since A=Re A+ iIm A, Re(A*) =ReA and Im ( A*) = —Im A, it
follows that A* = Re A —iIm A. Using A = Re A+ iIm A and (iii), we thus obtain

AT =Re (A" ) +iIm (AT)
= AT (ReAd)(A"T)" —iAT (ImA) (AT)"
= A" (ReA—ilmA)(AT)"
— ATAT(AT) = AT (ATA) = (A1)’ A
Therefore, by Proposition A.5 we obtain (i). Conditions (i), (ii) and (iii) are there-

fore all equivalent. Similarly, the same holds for conditions (i), (iv) and (v). We
next consider the following condition:

(x) AT e CLL.

Using the identity (AT )" = A, we see from the first part of the proof that (vi)—(x)
are all equivalent. By Proposition A.5, it follows that (i) and (x) are equivalent to
one another. Thus, (i)—(ix) are all equivalent. O

Corollary A.7. Suppose A € CLY!, then:

(a) R(ReA) CR(A). (j) A-Re(AT)=ReA-(AT)".
(b) AAT -ReA =ReA. (k) Re(AT)-A* = AT .Re A.

(€) N(A) SN (Red). () R(ImA) CR(A).

(d) ReA-ATA=ReA. (m) AAT -Im A = Im A.

(e) A ( +)"Re A = Re A. (n) N(A)CN(ImA).

(f) ReA- (A*)" A* = Re A. (0) ImA-ATA = ImA.

(g) rank (Re A) =rank[Re(AT)]. (p) A*(AT) ' ITmA=TImA

(h) A* -Re(A*)=ReA- A*. (q) TmA-(AT)" A* = Tm A.

(i) Re(AT)-A=(A"t)"-ReA. (r) rank (Im A) = rank [Im (AT )].
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Proof. By Proposition A.6, we have
ReA = A[Re(A")] A" and ReA=A*[Re(AT)]A. (A1)

Because of (A.1), parts (a), (b) and (c) thus follow by Lemma A.2. Recalling that
(Re A)" = Re A and using parts (d) and (b), we see that

A*(AT) ReA=A"(AT)" (ReAd) = (Red-ATA) = (Red)" =ReA

and, similarly, that Re A - (AT )" A* = Re A. Thus, the proof of (e) and (f) is
complete. Proposition A.6 gives us Re( AT ) = AT [Re A](AT)". From (A.1), we
thus obtain (g).

(h) Using (A.1), the identity (A* )" = A and (e), we see that

A" (ReAT)=A"(AT) -ReA- AT =ReA-A™.

Similarly, (A.1) and (d) imply (i), whereas (A.1) and (b) show that (j) is true,
whereas (A.1) and (f) yield (k). The proofs of (1)—(r) are similar. O

One of our next goals is to show that the sets R, > and Z, > are subsets
of CLY!. This will serve as part of our motivation for the next few results. Once
we have proved that these inclusions are true, we will be able to apply all of our
results for CL! to the classes Ry, > and 7 >.

Lemma A.8. Let A€ Ry >. Then:
(a) N(A) CN(ReA).

(b) R(ReA)CR(A).

(c) AeCLL

(d) AAT = AT A.

Proof. (a) Suppose x € N'(A). Then Az = 0gx1. Since Re A € CL*?, this implies
* 1
(\/ReA:v> \/ReA:r:x*(ReA)x:2(x*A:r+(A:r)*x):0.

By part (a) of Lemma A.4 we then get 2 € N (Re 4).

(b) Since A € Ry, >, it follows by Remark A.1 that A* € R, >. Thus, (a) im-

plies N (A*) C N (Re(A*)). Considering orthogonal complements now yields

R ([Re(A*)]") € R(A). Because of Re(A*) = Re A and Re (A4*) € C4?, we

have [Re (A*)]" = Re( A* ) = Re A. Thus, we finally obtain R (Re A) CR(A).

(c) Let x € N (A). Then Az = 04%1 and, by (a) also (Re A)z = 0gx1. Thus,
A'r=Ar+ A"z =2(ReA)x = 04x1.

Hence, N'(A) C N (A*). Consequently, Proposition A.5 implies A € C%.
(d) Because of (c), part (d) follows from Proposition A.5. O

Proposition A.9. Let A € C™9. Then A € Ry > if and only if AT € Ry, >.
Proof. Use part (c) of Lemma A.8 and Proposition A.6. O
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The next two results are the Z, > counterparts to Lemma A.8 and Propo-
sition A.9 and their proofs are thus quite similar to those for the corresponding
Rgq, > results.

Lemma A.10. If A€ I, >, then
(a) N(A)CN (ImA).

(b) R(ImA)CR(A).

(c) AeCLL

(d) AAT = AT A.

Proposition A.11. Let A € C?*4. Then A € I, > if and only if —AT € I, >.

Lemma A.12. (a) Let A€ Ry >, thendet A#0 and A~ € Ry, ~.
(b) Let A€Z, ~, then det A#0 and —A~' € I, ~.

Proof. Since A € Ry ~, it follows that N'(ReA) = {04x1}. By part (a) of
Lemma A.8, we thus obtain N'(A) = {0gx1 }. Therefore, det A # 0. Finally,
part (c) of Lemma A.8 and Proposition A.6 yield A~! € R, ~. The proof of (b)
is similar to the proof of (a), but using parts (a) and (c) of Lemma A.10. O

We next establish a few additional connections between K,x, and R > as
well as between Dgyx, and Ry, .

Lemma A.13. Suppose A € Kyxq. Then
Re A € Kyxq, I, +AcRy > and I, +ReA e Ry >
Proof. We see that ||Re Alls < ||Alls < 1. Hence, Re A € K;xq. We have
Re(I;+A)=I,+ReA=[1—|ReAls] - I;+[Red+ |Red|s-I;]. (A.2)
From ||Re A||s < 1, we obtain
[1—|ReAls]- I, € CL. (A.3)

We recall that Re A € C%?. Thus, using the Bunjakowski-Cauchy-Schwarz In-
equality, we get

Re A+ |[Re Alls - I, € CL*, (A4)
From (A.2) - (A.4) it follows that Re (I, + A) € CL*Y. Therefore, I, + A € R >.
Since Re A € Ky, it follows that I, + Re A € Ry, >. O

Similar to Lemma A.13, we can show that the following lemma is true.

Lemma A.14. Suppose A € Dy q. Then
Re A € Dyxyq, I, +AcRy > and I, +Re A€ Ry >.
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