
Chapter 2
HIDDEN AND DYNAMICAL SYMMETRIES
OF ATOMS AND MOLECULES

We concentrate in this book on the symmetry properties of nanoobjects (quantum

dots, rings and short chains of quantum dots, molecular complexes) in a weak tun-

neling and/or capacitive contact with reservoirs (metallic electrodes attached to

quantum dots, metallic substrates or edges of nanowires for molecular complexes

deposited on these surfaces and points, etc). Before turning to these artificially en-

gineered devices, we will review in brief the origin of dynamical symmetry in ”nat-

ural” quantum objects, i.e. in some integrable quantum systems with well defined

energy spectrum and quantum numbers. Conventionally the symmetry of such sys-

tems is considered in terms of the symmetry group GS of Schrödinger equation.

This description is based on the fundamental Wigner theorem [428] which states

that the eigenfunctions which belong to a given energy level E are transformed

along the same irreducible representation of the group GS .

Sometimes two or more energy levels coincide not because of symmetry de-

mands but due to accidental degeneracy. Such a degeneracy will play important

part in the following chapters of this book. Here we concentrate on two other as-

pects of the symmetry of quantum systems, namely on the dynamical and hidden

symmetries inherent in some integrable quantum objects.

Following the definition used in Ref. [274], we define the dynamical symmetry

group DS as a Lie group characterized by the irreducible representations which act

in the whole Hilbert space of eigenstates |lλ 〉 of a Schrödinger equation

Ĥ|lλ 〉= El |lλ 〉 (2.1)

describing quantum system S . Here l is the index of irreducible representation and

λ enumerates the lines of this representation. Projection operators for an irreducible
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representation l

Xλ μ
(l) = |lλ 〉〈lμ | (2.2)

play central part in the procedure of construction of irreducible representations of

a group of Schrödinger equation GS . The basic property of these operators is given

by the equation

Xλ μ
(l) |l′ν〉= δll′δμν |lλ 〉 . (2.3)

These operators are useful for construction of basis functions for irreducible rep-

resentations of GS . Group generators obeying algebra gS may be represented via

operators (2.2) (see Chapter 9).

To construct an algebra which generates a dynamical group, one should add to

the set (2.2) the operators

Xλ μ
(ll′) = |lλ 〉〈l′μ | (2.4)

which project the states belonging to different irreducible representations (l �= l′) of

the group GS one onto another. Unifying the notations |lλ 〉 = |Λ〉, one may write

the commutation relation

[XΛΛ ′ , Ĥ] = (EΛ ′ −EΛ )Ĥ (2.5)

The right hand side of this relation turns into zero provided the states Λ and Λ ′

belong to the same irreducible representation of the group GS .

If one succeeds in constructing a closed algebra dS from the set of operators

(2.2),(2.4) then it is possible to say that the system described by the Hamiltonian

(2.1) possesses the dynamical symmetry DS . This algebra is conditioned by the

norm

∑
λ

Xλ λ = 1 (2.6)

and the commutation relations for the operators Xκλ . In general case these relations

may be presented in the following form [170]

[Xκλ ,X μν ]∓ = Xκνδλ μ ∓X μλ δκν (2.7)

“General case” means that the Fock space includes states which may belong to

different charge sectors, where changing the state λ for the state κ implies changing

the number of fermions Nλ → Nκ in a many-particle system. If both Nλ −Nκ and

Nν −Nμ are odd numbers(Fermi-type operators), the plus sign should be chosen
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in Eq. (2.7). If at least one of these difference is zero or even number (Bose-type

operators), one should take the minus sign.

The operators Xκλ were exploited by J. Hubbard as a convenient tool for de-

scription of elementary excitations in strongly correlated electron systems (SCES).

His seminal model of interacting electron motion in a narrow band, known now as a

Hubbard model [169, 170, 171] was the first microscopic model of SCES for which

the conventional perturbative approach based on Landau Fermi liquid hypothesis

turned out to fail (see detailed discussion in Ref. [157]. Now the realm of SCES is

really vast, and the most of artificial nanostructures belong to this realm. In particu-

lar, complex quantum dots under strong Coulomb blockade are typical examples of

short Hubbard chains or rings (see Chapter 4).

The Hubbard operators (2.4) obeying the commutation relation (2.5) is a con-

venient tool for construction of the algebras generating the dynamical symmetry

groups of the resolvent operator R̂ = (Ĥ−E)−1 or Schrödinger operator R̂−1. We

will use these operators in a systematic way to construct the irreducible tensor oper-

ators O(r) (scalars, r = 0, vectors, r = 1, and tensors r = 2) which transform along

the representation of the dynamical group which characterizes the symmetry prop-

erties of the supermultiplet of the eigenstates of the Schrödinger equation:

O
(r)
ρ = ∑

ΛΛ ′
〈Λ |O(r)

ρ |Λ ′〉XΛΛ ′ . (2.8)

Here the index ρ stands for components of irreducible tensor operator of the rank

r. On the one hand, it is clear that the operators XΛΛ ′ are able to generate all the

eigenstates of the Hamiltonian Ĥ from any given initial state Λ ′. On the other hand,

the components of the operators O(r) form a closed algebra, which characterizes

the dynamical symmetry group provided the Hamiltonian Ĥ possesses such sym-

metry. Having in mind future applications to geometrically confined nanoobjects,

we restrict ourself mainly by discrete eigenstates.

In the two following sections we discuss the symmetry properties of two inte-

grable quantum mechanical systems (rigid rotator and hydrogen atom) and show

how the dynamical symmetries DS emerge from the apparent symmetry SO(3) of

the Schrödinger equation.
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2.1 Rigid Rotator

A simplified quantum-mechanical description of molecular motion in a framework

of rigid rotator model implies quenching of vibrational excitations, whereas the ro-

tational degrees of freedom are described as rotation of a ”solid body” around some

axis n = nξ ,nη ,nζ which in turn precesses around a fixed z axis in a 3D space. The

Hamiltonian of symmetric rotator is

Ĥ =
h̄2

2I⊥

(
L2

ξ +L2
η

)
+

h̄2

2I‖
L2

ζ =
h̄2

2I⊥
L2 +

h̄2

2

(
1
I‖
− 1

I⊥

)
L2

ζ (2.9)

Here the coordinates (ξ ,η ,ζ ) are bound to the rotation axis, (I⊥, I‖) are two compo-

nent of the moment of inertia. Both types of rotations are quantized but the energy

levels depend only on the quantum number l and the eigenvalues κ of the operator

Lζ which change in the interval κ =−l, . . .+ l

E jκ =
h̄2

2I⊥
l(l + 1)+

h̄2

2

(
1
I‖
− 1

I⊥

)
κ2. (2.10)

In case of fully symmetric rotator with I⊥ = I‖ the levels lose dependence on κ and

acquire 2l + 1-fold degeneracy. Additional degeneracy in projection of the angular

momentum on the z-axis of fixed reference frame results in total (2l +1)2-fold de-

generacy of the level E j of spherically symmetric rotator. This additional symmetry

is inessential for the level classification, but it is meaningful from the point of view

of the dynamical symmetry of rigid rotator [95, 275, 289]. Indeed, any rotation

Fig. 2.1 Rigid rotator pre-
cessing around the axis z. x

yy

z

α
ζ

of the coordinates is characterized by three Euler angles in the precessing system

(ξ ,η ,ζ ) and one more angle α between the axes ζ and z (Fig. (2.1). Corresponding

spherical coordinates are (r,ϕ ,ϑ ,α). The basis functions for description of such a

motion are the hyperspherical harmonics Ynlm(α,ϑ ,ϕ). On the other hand, these
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harmonics form the basis for the irreducible representations of the group SO(4) of

rotations on a 4D sphere (see Section 9.2.1). The six generators L,K of this group

obey o(4) algebra defined in Eq. (9.14). One may then turn to linear combinations

J(1,2) = (L±K)/2 (9.16). These two vectors describe the two types of rotations

mentioned above. Due to the kinematic constraint (9.19) these operators have the

same eigenvalues j1( j1 + 1) = j2( j2 + 1) = l(l + 1) and their projections J1ζ and

J2z have 2l + 1 values. Thus, the total degeneracy of an eigenstate with given l is

(2l + 1)2.

The operators L±,Lζ performing rotations around the axes nξ ,nη ,nζ generate

the o(3) algebra for the subgroup SO(3) (invariance group), whereas the operators

K±,Kζ , which depend on all rotation angles (ϕ ,ϑ ,α) (9.21) generate the dynamical

algebra o(4), and thus define the dynamical symmetry group SO(4) of a rigid rota-

tor which unites all the energy levels of rigid rotator in an infinite “supermiltiplet”

[289].

To show this, let us consider the vector K as an irreducible tensor of the 1-st rank

and express its components K1
τ via projection operators (2.4) following the pattern

(2.8). Here τ = 0,±1 stands for Kζ ,K±, respectively. In this case, one should use the

operators X (ll′)
mm′ describing transitions between states with given momentum l and its

projection m and the states with other values l′m′ of these quantum numbers,

K(1)
τ = ∑

lm,l′m′
〈lm|K(1)

τ |l′m′〉Xll′
mm′ (2.11)

Then, using the Wigner-Eckart theorem, we represent the coefficients in this expan-

sion as

〈lm|K(1)
τ |l′m′〉= (−1)l−m

(
l 1 l′
−m τ m′

)
〈l‖K(1)‖l′〉 (2.12)

(cf. Eq. 2.8) The factors in the r.h.s. of this equation are the Wigner 3 j-symbol and

the reduced matrix element of the vector K. Explicit form of these matrix elements

may be found in [275, 289, 291].

It follows from the triangle rule for 3 j-coefficients in Eq. (2.12) that the transver-

sal components K± = Kx± iKy of the operator K, work as ladder operators which

connect the states with Δ l =±1 and thus unite all the energy levels of rigid rotator

into an infinite multiplet of the semisimple group SO(4) with generators L,K and

two Casimir operators (9.18) or (9.19).

One may perceive from the above procedure that the choice of dynamical sym-

metry is not a unique procedure. For example, one may change the signature in the

metrics from {+,+,+,+} to {+,+,+,−} and introduce generators K̄ j (9.27) in-
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stead of Kj. These operators represent dynamical symmetry SO(3,1). Usually the

choice of enveloping group is determined by physical reasons (e.g., by the type of

perturbation which actuates the dynamical symmetry). In particular, in case when

this perturbation implies the selection rules Δ l = 0,±1,±2 for transitions between

different states, then one has to use the irreducible tensor K(2)
τ of the 2nd rank in

the expansion (2.8). Five components of this tensor together with the operators Lj

of the invariance group SO(3) form the set of generators of the dynamical group

SU(3) (see Sections 2.3 and 9.2.4).

2.2 Hydrogen atom and Runge-Lenz vector

The quantum mechanical problem of electronic spectrum of hydrogen atom inher-

ited its peculiar properties from its classical analog, i.e. from the mechanical prob-

lem of rotation of one celestial body in the gravitational field ∼ 1/r of another body

(Kepler problem). It was realized three centuries ago that the orbital rotation of ce-

lestial body in such a field is characterized by a specific constant of motion which

is known now as a Laplace-Runge-Lenz vector (although two latter physicists only

used this vector in their own tutorial and scientific texts). This vector arose anew in

the analysis of the Schrödinger equation for an electron wavefunction ψ(r) in the

potential field created by a proton. This equation in atomic units (e= 1, h̄= 1,m= 1)

has the form: (
−Δ

2
− 1

r

)
ψ(r) = Eψ(r) . (2.13)

Here Δ is the 3D Laplacian.

This equation obviously has the spherical symmetry SO(3) generated by opera-

tors of infinitesimal 3D rotations, but the eigenlevels corresponding to discrete states

with E < 0 depend only on the principal quantum number,

En =− 1
2n2 (2.14)

and not on the orbital momentum l = n− 1,n− 2, . . .1,0, thus possessing the n2-

fold degeneracy. All peculiarities of the behavior of an electron in a potential∼ 1/r

stem from the fact that the rotation group SO(3) is only a subgroup of the true

symmetry group of Eq. (2.14) . To reveal this symmetry let us follow the approach

used in Refs. [36, 111] and turn to the momentum representation of the Schrödinger

equation (2.13)
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p2

2
ψ(p)+

1
2π

∫ ψ(q)dq
(p−q)2 =− p2

0

2
ψ(p) (2.15)

where

ψ(p) =
1

(2π)3/2

∫
ψ(r)e−i(p·r)dr, − p2

0

2
= E (2.16)

Then we make a conformal mapping of each point (p, p0) onto a point on the surface

of the 4D sphere of unit radius with the coordinates (ξ1,ξ2,ξ3,ξ4)

ξi =
2p0

p2
0 + p2

pi (i = 1,2,3); ξ4 =
p2

0− p2

p2
0 + p2

; ∑
i=1−4

ξ 2
i = 1 (2.17)

Then by means of substitution

Ψ(ξ1,ξ2,ξ3,ξ4) =
π√
8
(p0)

5/2(p2
0 + p2)2ψ(p)≡Φ(p)

Eq. (2.15) is transformed into

Ψ(ξ1,ξ2,ξ3,ξ4) = (2.18)

1
2π2p0

∫
R4

Ψ (ξ ′1,ξ
′
2,ξ

′
3,ξ

′
4)d

4ξ ′

|ξ1− ξ ′1|2 + |ξ2− ξ ′2|2 + |ξ3− ξ ′3|2 + |ξ4− ξ ′4|2

The latter equation is invariant relative to rotations in a 4D space. Thus, we see that

the real symmetry of an electron in a Coulomb field is SO(4). One may construct

the infinitesimal rotation operators in the space {ξ1,ξ2,ξ3,ξ4}. There are six such

operators describing rotations in six 2D planes (ξiξ j). Details of this construction

may be found in the book [327]. Returning back from ξ -space to original variables

{p, p0} and changing p0 for the operator
√
−Ĥ, where Ĥ is the Hamiltonian oper-

ator in Eq. (2.13), one eventually finds equations for these generators:

L =
r×p−p× r

2
(2.19)

F =

(
p×L−L×p

2
− r

r

)√
1

−2Ĥ

The vector of orbital momentum L contains three generators of the group SO(3),

which in this case is only a subgroup of the true symmetry group SO(4) [111, 324].

Three more generators of the latter group are given by the components of the vector

F. The Runge – Lenz vector mentioned above is in fact

A = F
√
−2Ĥ. (2.20)
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It commutes with the Hamiltonian Ĥ. After replacing the operator Ĥ by its eigen-

value E in Eq. (2.19) for F, the commutation relations for the generators L,F acquire

the form

[Li,Lj] = iεi jkLk,

[Fi,Fj] = iεi jkLk, (2.21)

[Fi,Lj] = iεi jkFk.

which is exactly the algebra o(4) of the SO(4) group generators (see Section 9.2.1).

Besides, these operators are subject to kinematic restrictions

C1 = L2 +F2 =−1− 1

−2Ĥ
, C2 = L ·F = 0, (2.22)

which are in fact two Casimir operators for the group SO(4) [cf. Eq. (9.18)]. Using

(2.22), one may express the Coulomb Hamiltonian via Casimir invariants:

Ĥ =−1
2

1
C1 +C2 + 1

=−1
2

1
(L+F)2 + 1

(2.23)

Next, we make the rotation

J =
1
2
(L+F), K =

1
2
(L−F), (2.24)

and transform the first Casimir operator into

J2 = K2 =−1
4

(
1+

1

2Ĥ

)
(2.25)

The commutation relations for the last set of generator are

[Ji,Jj] = iεi jkJk,

[Ki,Kj ] = iεi jkKk, (2.26)

[Ki,Jj] = 0.

[cf. Eq. (9.19)]. As is discussed in Section 9.2.1, these relations points at the local

isomorphism SO(4) = SO(3)×SO(3). Inserting the eigenvalues j( j+1) = k(k+1)

of the operators J2 =K2 and the eigenvalues E of the Hamiltonian Ĥ into Eq. (2.25)

one obtains E =−1/2(2 j+1)2. Since j is integer, one may take 2 j+1= n= 1,2 . . .

and just come to the well known result (2.14). Thus, we see that the additional

degeneracy of discrete spectrum of hydrogen atom is a direct consequence of an
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additional ”hidden” dimension which results in appearance of additional Casimir

operator.

To reveal the dynamical symmetry of an electron in the Coulomb field, one

should notice that the solutions of Eq. (2.18) may be represented by means of har-

monic polynomials ϕ({ξ j}) of the vector ξ on the 4D sphere, which satisfy the

equation

Δ4ϕ = 0 , (2.27)

where

Δ4 =
4

∑
j=1

∂ 2

∂ξ 2
j

is the 4D Laplacian. One may construct operators of infinitesimal transformations,

which commute with Δ4 [274]. These are

Lj = i∑
k,l

ε jkl

(
ξk

∂
∂ξl

)
,

R j = ∑
k

(
ξ 2

k
∂

∂ξ j
− 2ξ jξk

∂
∂ξk

− 2ξ j

)
Pj = −i

∂
∂ξ j

I = 1+∑
k

ξk
∂

∂ξk
(2.28)

or, in alternative notations Mkl :

Lj ≡ ε jklMkl (2.29)

[see Eq. (9.12) in the Mathematical Annex (Chapter 9)].

These operators may be combined in antisymmetric linear combinations

Lμν (μ ,ν = 0,1,2 . . .5),

Lμν = Mμν (μ ,ν = 1 . . .4),

Lμ5 = (Rμ + iPμ)/2 (μ = 1 . . .4),

Lμ0 = (Rμ − iPμ)/2 (μ = 1 . . .4),

L50 = =−I. (2.30)

which form the algebra of the conformal group SO(4,2) (see Section 9.2.2) and

obey the commutation relations (9.32).
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The operators Lμν in the first line of Eq. (2.30) form the algebra o(4) for the

subgroup SO(4) of dynamical group SO(4,2). The representations of this subgroup

are characterized by the principle quantum number n of discrete hydrogen levels

En (2.14), whereas the radial quantum numbers, namely j,k and their projections

related to the hidden symmetry determine the degeneracy of discrete electron states

in a Coulomb potential. Like in the case of rigid rotator, the operators Lμ5 and Lμ0

involving two additional dimensions in the Fock space work as ladder operators in

the basis | j, jz;k,kz〉 just connecting the states with different quantum numbers n

and thereby realizing the dynamical symmetry SO(4,2) [41, 274]. This dynamical

symmetry is realized in electric dipole transition between neighboring energy states

(n→ n± 1, j→ j± 1) [41]. It is worth noting that the dipole transitions realize the

dilatation operation (9.30) of this conformal group.

Although the above considerations are confined to three-dimensional rigid rotator

and Coulomb atom, the results can be generalized to any dimension n. In the general

case the invariance group SO(n) generates the enveloping dynamical group SO(n+

1) or SO(n,1) as a compact or non-compact dynamical group for n-dimensional

rigid rotator [289].

Similar studies of the Coulomb problem [11, 212, 274, 289, 387] show that the

invariance group of n-dimensional hydrogen atom is SO(n+ 1) due to existence of

additional invariant, i.e. Runge – Lenz vector. Its form is a natural extension of Eq.

(2.20). Using the notation Mjk for the definition of the infinitesimal rotation in the

plane (x jxk) dissecting the n-dimensional sphere [see Eq. (9.12), the component A j

of this vector reads

A j = Mjk
∂

∂xk
+

∂
∂xk

Mjk− x j

r
. (2.31)

With the help of this equation one constructs the component j of the n-dimensional

vector F

Fj =
1√
−2Ĥ

A j (2.32)

and repeat the above analysis in order to reveal the dynamical symmetry SO(n,2)

[274].

Another important aspect of hidden symmetry of the hydrogen atom is its su-

persymmetry intimately related to the projection of the Runge-Lenz vector on the

electron spin direction [394]. We postpone discussion of this problem till Section

2.6.1, where this property will be considered together with other examples of super-

symmetries.
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2.3 Dynamical symmetries for spin systems

In Sections 2.1 and 2.2 we dealt with integrable systems where the dynamical sym-

metry emerges due to rotations Rn in real space and the invariance group is a group

SO(n) of rotations on an n-dimensional sphere. Now we turn to the problems where

the spinor structure of wave function predetermines both the symmetry group of

Schrödinger equation and the dynamical symmetry group of supermultiplet. The

source of spinor structure may be the spin variable alone, or some other discrete

index (color), i.e. number of wells in a trap with several minima, or combination of

both mechanisms. In any case the invariance group is the group SU(2) of unimodu-

lar matrices of 2nd rank (see Section 9.1 for mathematical definitions).

To introduce the SU(2) symmetry group and its generalization SU(n), we first

consider a handbook problem of one or several particles in shallow enough quantum

trap with two minima and assume that each of two wells contains a single discrete

s-level with zero orbital momentum. This elementary quantum object known under

the name of two-level system (TLS) is used as a constituent of various physical

applications some of which will be discussed in subsequent chapters of this book.

Since the TLS model may be solved exactly for any occupation of double quantum

well, we use it as a toy model with an energy spectrum consisting of few levels

which allows one to demonstrate how dynamical symmetry of the spectrum emerges

from the symmetry of the Hamiltonian. We will consider here the cases of two-well

trap with occupation N = 1,2. The extension of this approach for multiwell traps

and larger occupation numbers N is straightforward.

Let us start with a Hamiltonian for a single particle in a double-well potential

VTLS(r),

Ĥ = H1 +H2 +Ht . (2.33)

Two wells are labeled with indices 1 and 2. A particle in an individual well j is

described by the Schrödinger equation(
−Δr

2
+Vj(r)

)
ψ j(r) = ε jψ j(r). (2.34)

Then the last term in Eq. (2.33) which describes the tunneling barrier between two

wells is defined as

Vt(r) =VTLS(r)−V1(r)−V2(r) (2.35)
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For the sake of simplicity it is assumed that the direct overlap between the wavefunc-

tions of the particles in two wells is negligibly small and the width of the tunneling

barrier is parametrized as W = 〈ψ1|Vt |ψ2〉.
Like in previous cases [see Eqs. (2.9) and (2.23)], our aim is to write the Hamil-

tonian of TLS in terms of invariant operators. For this case we reformulate the

Schrödinger equation via spinor wave function ψ̂ = {ψ1χ ,ψ2χ}, where χ is a two-

component spinor

χ1 =

(
1
0

)
, χ2 =

(
0
1

)
(2.36)

In this representation the effective Hamiltonian Ĥeff = 〈ψ̂ |Ĥ|ψ̂〉 acquires the matrix

form

Ĥeff = ε0τ̂0 + δετ̂z +W τ̂x (2.37)

where

ε0 =
ε1 + ε2

2
, δε =

ε1− ε2

2

and the Pauli matrices τ̂i are defined in Eq. (9.3). Diagonalization of this Hamilto-

nian is an easy task. It gives the two-level spectrum

E(b,a) = ε0∓
√

δε2 +W2 (2.38)

The subindices b,a correspond to the bonding and antibonding combination of

eigenfunctions ψ(b,a). (
ψb

ψa

)
=

(
cosθ sinθ
−sinθ cosθ

)(
ψ1

ψ2

)
. (2.39)

The mixing angle is defined as

tanθ =
2W

|ε1− ε2| . (2.40)

One should note that the above results are valid both for Bose particles and spin-

less Fermi particles. When one deals with electron or other fermion with spin 1/2

and the wave function ψ(b,a),σ , the energy levels are degenerate in spin index σ un-

less the tunneling is spin-sensitive. Then the energy spectrum of TLS consists of

two spin doublets. Transitions within the spin doublet are determined by usual spin

1/2 matrices σ = τ/2, The set of spin 1/2 operators may be constructed by means

of Hubbard operators Xσσ ′
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σz =
1
2
(X↑↑ −X↓↓), σ+ = X↑↓, σ− = X↓↑. (2.41)

In order to construct the algebra of operators describing transitions between the

levels which belong to the supermultiplet (2.38) consisting of two spin doublets, one

may use the same Pauli matrices as in the Hamiltonian (2.37), whereas transitions

between the bonding and antibonding states are given by the Hubbard operators

Xab = |a〉〈b| and the like. One may construct the Pauli matrices acting in subspace

{ψb,ψa} in the following way:

τ0 = (Xbb +Xaa), τ3 = (Xbb−Xaa), τ+ = Xba, τ− = Xab. (2.42)

It is clear that all possible transitions between the energy levels (2.38) are described

by composite Hubbard operators of the type Xσσ ′Xab which can be represented

as components of a direct product σ ⊗ τ of spin and pseudospin operators. These

components provide 15 generators of su(4) algebra [99]:

(σ0,σ+,σ−,σ3,)⊗ (τ0,τ+,τ−,τ3)−σ0⊗ τ0. (2.43)

Thus, the dynamical symmetry of full TLS supermultiplet is SU(4).

If one is interested only in spin conserving transitions between bonding and anti-

bonding states, then two subspaces remain orthogonal and the matrix (2.43) reduces

to (
σ0τ 0

0 στ0

)
(2.44)

where the first block corresponds to tunneling transitions without spin flips, and the

second block is created by the spin-flip processes within each spin doublet E . Then

the dynamical symmetry reduces from SU(4) to SU(2)× SU(2).

Next we turn to a double quantum well occupied by two electrons, N = 2. In

the general case two more parameters enter the game, namely, the Coulomb and

exchange energy of a two-electron system. In our case both electrons are in orbital

s-states, and the Coulomb repulsion parameter U between the two electrons within

the same well is enough to describe both Coulomb and exchange components of

the interaction. The latter may appear in the problem, e.g. as an indirect exchange

J ∼W 2/U induced by virtual interdot tunneling (see below). From the point of view

of quantum-mechanical description, a doubly occupied two-well trap is a caricature

of a hydrogen molecule, where all vibrational and rotational degrees of freedom

are frozen and the Coulomb attraction of two protons is modeled by a trap with
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two potential minima. However, unlike the “natural” hydrogen molecule, which is

strictly symmetric relative to permutation of two hydrogen atoms and should be

classified in terms of even and odd combinations of wavefunctions ψ j, the double

quantum well is asymmetric in the general case. The measure of this asymmetry is

the parameter δε . It controls the energy spectrum of doubly occupied trap together

with parameters U and W .

It is known that one may use two types of basis functions in a description of two-

electron states depending on the ratio between the tunneling amplitude W and the

Coulomb repulsion U . If the tunneling is dominant, W �U , the appropriate basis is

a set ψ± of bonding/antibonding states (the Hund-Mulliken method). In the opposite

limit of strong interaction, U � W the natural basis is the Slater determinant of

antisymmetrized products ψi(r)ψ j(r ′) with i, j = 1,2 (the Heitler-London method).

In the latter case the weight of “polar” states with two electrons in the same well is

suppressed by strong repulsive interaction.

Of course, the spectrum contains the same number of energy levels (namely,

six) in both limits. In any case the ground state is singlet, the first excited state is

triplet, and the two other states are charge transfer excitons [206]. In the forthcoming

chapters various examples of this six-level spectrum will be considered in more

detail. Here we confine ourselves with general discussion of dynamical symmetry

for a supermultiplet consisting of one spin triplet and three spin singlets. Let us

present the Hamiltonian of a two-well trap in the diagonal form

Ĥ = ∑
Λ

EΛ |Λ〉〈Λ | ≡∑
Λ

EΛ XΛΛ (2.45)

[cf. Eq. (2.4)]. Here Λ = S,T μ ,E2,E3 stands for the ground state singlet, triplet with

spin projection μ = 1,0, 1̄ and two excitons, respectively.

All possible transitions between these levels are presented in Fig. 2.2(a). It is

immediately seen from this level scheme, that one may organize all interlevel tran-

sitions in the supermultiplet by means of three irreducible scalars Aα and four irre-

ducible vectors, S, Rα (α = 1,2,3), namely

A1 = i(XE2E3−XE3E2), A2 = i(XE3S−XSE3), A3 = i(XSE2−XE2S),

Sz = (X11−X 1̄1̄), S+ =
√

2(X10 +X01̄), S− =
√

2(X01 +X 1̄0),

R1z = −(X0S +XS0) R+
1 =

√
2(X1S−XS1̄) R−1 =

√
2(XS1−X 1̄S) (2.46)

R2z = −(X0E2 +XE20) R+
2 =

√
2(X1E2−XE21̄) R−2 =

√
2(XE21−X 1̄E2)

R3z = −(X0E3 +XE30) R+
3 =

√
2(X1E3−XE31̄) R−3 =

√
2(XE31−X 1̄E3)
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Here S is the usual spin one operator, and the appearance of three more vectors R j

reflects the extension of effective dimension of spin multiplet from 3D Fock space

with the rotation group SO(3) to 6D space with the symmetry group SO(6). Each set

of singlet/triplet transitions adds one more dimension to the effective spin space and

the appearance of three scalars reflects permutation symmetry of the supermultiplet

shown in Fig. 2.2(a).

The operator algebra o(6) is given by the commutation relations (in Cartesian

coordinates)

[S j,Sk] = iε jklSl [Rα j,Rαk] = iε jklSl , [Rα j,Sk] = iε jklR1α l .

[Rα j,Rβ k] = iεαβ γ ε jklAl (α �= β ), [Rα j,Aβ ] = iεαβ γRγ j ,

[S j,Aα ] = 0, [Aα ,Aβ ] = iεαβ γAγ . (2.47)

Casimir operators which impose kinematic constraint on the excitations are

C0 = S2 +∑
α

R2
α +∑

α
A2

α = 5, Cα = S ·Rα = 0 (2.48)

i.e. all vectors Rα are orthogonal to the spin vector. Besides, one may construct

higher order invariants like in the case of the n-dimensional hydrogen atom [274].

T
E

S

T

S

T
E

S

2

3E

2

SO(6) SO(5) SO(4)

(a) (b) (c)

Fig. 2.2 (a) Scheme of the energy levels for SO(6) dynamical symmetry group (triplet T and three
singlets S,E2,E3); (b) the same for SO(5) group (triplet T and two singlets S,E2); (c) the same for
SO(4) group (triplet T and singlet S). Alternative notation S1,S2,S3 for spin singlet states is used
in subsequent chapters. Solid arrow denote vector generators S (transitions within spin triplet) and
Ri (transitions between triplet and singlets. Dashed lines denote scalar generators Ai describing
transitions between singlet states.

Let us now consider the well where only one exciton survives (the second one

falls into the continuum spectrum and decays). Then we remain with a multiplet

consisting of two singlets, (ground state S and exciton E2) and the spin triplet T ,
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Fig. 2.2(b). In this case, three irreducible vectors S,R1,R2 and one scalar A3 is

enough to generate the supermultiplet from the ground state level. These operators

give ten generators of the dynamical group SO(5) with the algebra o(5) which may

be obtained from (2.47) by means of obvious reduction εαβ γ → εαβ and cancelling

the last commutation relation. The Casimir constraint in this case is

C0 = S2 +R2
1 +R2

2 +A2
3 = 4. (2.49)

If the double-well trap is too shallow to retain excitons, we are left with the

supermultiplet consisting of the ground state singlet G and the spin triplet, T μ ,

Fig. 2.2(c). The dynamical symmetry of singlet/triplet supermultiplet is given by

two vectors S and R1, and we return back to the group SO(4), which describes its

dynamical symmetry with the Casimir constraint

C0 = S2 +R2
1 = 3. (2.50)

Here the vector S contains three generators of the symmetry group of the

Schrödinger equation similarly to the vector L in cases of rigid rotator and hydrogen

atom, whereas the vector R1 containing three operators of singlet/triplet transitions

reveals the dynamical symmetry of spin supermultiplet and plays the same part as

the vector K (2.11) in the problem of quantum rotator or the Runge – Lenz vector F

(2.19) in the problem of Coulomb atom.

Next, the Hamiltonian (2.45) may be rewritten in terms of invariant operators

with the help of expansions (2.46) and Casimir constraints. In particular, in case

of singlet/triplet system obeying SO(4) dynamical symmetry, the equality R2
1 =

1+ 2XSS follows from the normalization condition (2.6) and the Casimir constraint

(2.50). Then the Hamiltonian may be represented in the form

Ĥ =
1
2

(
ET S2 +ESR2

1

)
+ const (2.51)

which reflects its SO(4) dynamical symmetry.

In analogy with Eq. (9.16) one may introduce the operators

S1 =
S+R

2
, S2 =

S−R
2

(2.52)

with Casimir constraints

S2
1 +S2

2 = 3/2, S2
1 −S2

2 = 0. (2.53)
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The simple quadratic form (2.51) for Ĥ exists only for n = 4. More universal

representation uses the set of equalities

S2 = X11 +X00+X 1̄1̄, R2
α =

S2

2
+3XEαEα (2.54)

valid for any SO(n) with n = 4,5,6. These equalities are derived from Eqs. (2.46).

Then the Hamiltonian (2.45), which includes the system of triplet and three sin-

glets possessing SO(6) dynamical symmetry acquires the form

Ĥ =
1
2

[
ET − 1

3

(
ES +EE2 +EE3

)]
S2 +

1
3

[
ESR2

1 +EE2R2
2 +EE3R2

3

]
. (2.55)

In case of SO(5) symmetry the terms∼ E3 should be omitted, in case of SO(4), only

the terms ∼ E1 should be retained.

The scalars Aα do not enter explicitly in the Hamiltonian, but they play an essen-

tial part in the response of the system to perturbations which violate the dynamical

symmetry of the Hamiltonian (see Chapters 7 and 8).

S

T1

2T

S

T1

2T

1

S2

SO(7) SO(8)

(a) (b)

Fig. 2.3 (a) Scheme of the energy levels for SO(7) dynamical symmetry group (two triplet T1,T2
and singlet S); (b) the same for SO(8) group (two triplets T1,T2 and two singlets S1,S2); The
meaning of the arrows is the same as in Fig. 2.2.

If the supermultiplet loses its invariance relative to rotations in spin space, its

dynamical symmetry changes accordingly. Let us consider, for example, the set

of triplet and two singlets [Fig. 2.2(b)] which has been shown above to obey the

SO(5) dynamical symmetry. If the nanoobject possesses an axial anisotropy, an ad-

ditional term DS2
z added to the spin Hamiltonian results in splitting of spin triplet

ET,±1−ET,0 = D. Due to this anisotropy, two more operators X11̄ and X 1̄1 arise

in the set of Hubbard operators. One may organize 16 operators of this extended
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set into 15 generators of the SU(4) group in accordance with the definition of

Gell-Mann matrices λi for 4-dimensional spin space [397] [See Section 9.2.4, Eq.

(9.41)]:

X1 = X 1̄1 +X11̄, X2 = i(X 1̄1−X11̄), X3 = X11−X 1̄1̄,

X4 = X10 +X01, X5 = i(X10−X01), X6 = X 1̄0 +X01̄,

X7 = i(X01̄−X 1̄0), X8 =
1√
3
(X11 +X 1̄1̄− 2X00), (2.56)

X9 = XS1 +X1S, X10 = i(XS1−X1S), X11 = XS1̄ +X 1̄S,

X12 = i(XS1̄−X 1̄S), X13 = XS0 +X0S, X14 = i(XS0−X0S),

X15 =
1√
6
(X11 +X 1̄1̄ +X00− 3XSS).

In the absence of spin singlet the problem is reduced to the well known model of

single-ion anisotropy for spin 1, which possesses the SU(3) symmetry [312, 313].

The algebra u(3) is determined by the first eight operators X1− X8 from the set

(2.56), which are formed by means of the Gell-Mann matrices of the 3rd rank (9.35).

These operators may be organized in the irreducible tensors O
(r)
ρ (2.8) in two dif-

ferent ways. In case of anisotropic spin 1 problem the physically reasonable way is

to group these 8 operators in one vector and one tensor of 2nd rank [313] in accor-

dance with recipe (9.40). The vector operator O(1) is nothing but the spin 1 operator

S defined in Eqs. (2.46), and the tensor operator O(2) is the operator of quadrupole

momentum Q̂(2) with components

Q̂(2)
+2 = X11̄ ∼ (S+)2, Q̂(2)

−2 = X 1̄1 ∼ (S−)2,

Q̂(2)
0 = (X11 +X 1̄1̄)− 2/3∼ S2

z − 2/3,

Q̂(2)
+1 = X10−X01̄ ∼ (SzS

++ S+Sz),

Q̂(2)
−1 = X 1̄0−X01 ∼ (SzS

−+ S−Sz). (2.57)

[see Eq. (9.40)].

Another mathematical possibility is to group them into two vectors and two

scalars (see Section 9.2.4). Physical realization of such possibility was demon-

strated in Ref. [245] for a three-level potential well occupied by 4 electrons. In that

case the spin rotation invariance was broken by external magnetic field (see Section

4.3 for further details). More realizations used in quantum electronics (interaction

of 3-level atomic systems with light) may be found in Ref. [160]
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To summarize the survey of possible SO(n) symmetries in spin systems described

in the following chapters we present a table of representations of semisimple groups

SO(n) with n from 4 to 8 via scalar and vector irreducible operators (2.8):

n rank V A
4 6 2 0 S,T
5 10 3 1 2S,T
6 15 4 3 3S,T
7 21 6 3 S,2T
8 28 8 4 2S,2T

(2.58)

In the third and fourth columns the number of vector (V) and scalar (A) operators

is shown, the last column explains the structure of energy spectrum, namely the

number of spin singlets (S) and spin triplets (T) entering the corresponding super-

multiplet. The kinematic schemes of interlevel transitions corresponding to these

groups are shown in Figs. 2.2 and 2.3.

One may construct similar hierarchy of dynamical symmetries starting from the

problem of an electron in a trap with three minima (three-level system), then adding

spin variable, increasing the number N etc. In this hierarchy the invariance group of

the Schrödinger operator is SU(3). Physical models possessing higher symmetries

SU(n) groups are also described in current literature [161, 310, 397, 398].

2.4 Hubbard atom and Fulde molecule

The method of projection operators for dynamical symmetry groups based on the ex-

pansion (2.8) allows one to construct operator algebras for more complicated cases

where the states in the supermultiplet belong to adjacent charge sectors with elec-

tron numbers, N = N0,N0± 1. Let us demonstrate its abilities for a simplest case

of N0 = 1, using as an example the elementary cell of the Hubbard Hamiltonian

[169].

ĤHub = ∑
i

Ĥi +∑
i j

Ĥi j (2.59)

where

Ĥi = εd ∑
σ=↑,↓

d†
iσ diσ +Unid↑nid↓ (2.60)

is the single-site Hamiltonian describing the states with variable occupation number

N (“Hubbard atom”). In this “non-degenerate” version of the Hubbard model it is
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supposed that each potential well contains only one level εd < 0. The second term

is a sum of tunneling operators

Ĥi j = t ∑
σ

d†
iσ d jσ (2.61)

It describes the electron motion in a narrow band which emerges from atomic lev-

els εd due to intersite tunneling with the amplitude t in presence of strong short-

range repulsion U , which is a prototype of Coulomb blockade in tunneling through

nanoobjects.

Here we are interested in the dynamical symmetry of the Hamiltonian Ĥi (2.60)

diagonalized in accordance with (2.45). Since the tunneling motion changes the

occupation numbers at any site i, this dynamical symmetry should include all states

with N = 0,1,2. The energy spectrum consists of four states |Λ〉 with Λ = 0,↑,↓,2
corresponding to an empty site, N = 0, singly occupied site, N = 1 with electron

spin projections ↑,↓, and doubly occupied site, N = 2, respectively. The energy

levels EΛ are

E0 = 0, E1 ≡ E↑ = E↓ = εd , E2 = 2εd +U. (2.62)

One can treat the parameter εd (electron binding energy in the Hubbard atom) as a

control parameter regulating the occupation N . If the energy differences

E01 = E0−E1 =−εd , E21 = E2−E1 = εd +U (2.63)

are positive, then the Hubbard atom is singly occupied in the ground state. Since

the Hubbard atom in SCES is embedded into a macroscopic electron ensemble, the

chemical potential μ may be introduced in the Hamiltonian. It is convenient to use

μ as a reference level for addition/removal energies (2.63). In this case, changing

occupation means change of the model parameters relative to the chemical potential.

Practical realizations of this pattern in nanosystems are described in Chapter 3.

In accordance with our general approach to SCES, the Hamiltonian of the Hub-

bard atom may be represented in the diagonalized form (2.45) (Hubbard represen-

tation by means of X -operators. All interlevel transitions described by the Hubbard

operators are shown in Fig. 2.4(a). The Hubbard operators in the space (0,↑,↓,2)
arise as a result of expansion of electron creation annihilation operators

d†
σ = Xσ0 +σX2σ̄ , dσ = X0σ +σX σ̄2. (2.64)

This transformation is non-linear. Its inverse reads
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Xσ0 = d†
σ (1− ndσ̄), X2σ = σd†

σ̄ ndσ ,

Xσσ = ndσ (1− ndσ̄), X00 = (1− ndσ)(1− ndσ̄), X22 = ndσ ndσ̄ ,

Xσσ̄ = d†
σ dσ̄ , X20 = σd†

σ d†
σ̄ . (2.65)

Unlike the models discussed above, the X-operators for the Hubbard atom con-

nect the states belonging to different charge and spin sectors. Hence the operators

XΛΛ ′ obey the superalgebra (2.7) which includes both commutation and anticom-

mutation relations, because the full set {XΛΛ ′ } contains operators which connect

the states with different N , so that the difference NΛ −NΛ ′ acquires the values

0,±1,±2. Besides, the spin variable of these excitations acquires both integer val-

ues 0,1 for Bose-like transitions and half-integer values ±1/2 for Fermi-like tran-

sitions. However, these operators may be grouped in combinations, which obey

the u(4) algebra of the Gell-Mann matrices (9.41) similarly to the supermultiplet

(S,0,±1) discussed above. To find these combinations, one should change the in-

dices (1, 1̄,0,S,)→ (↑,↓,0,2) in the system (2.56), that is

X1 = X↑↓+X↓↑, X2 = i(X↓↑ −X↑↓), X3 = X↑↑ −X↓↓,

X4 = X↑0 +X0↑, X5 = i(X↑0−X0↑), X6 = X↓0 +X0↓,

X7 = i(X0↓ −X↓0), X8 =
1√
3
(X↑↑+X↓↓− 2X00), (2.66)

X9 = X2↑+X↑2, X10 = i(X2↑ −X↑2), X11 = X2↓+X↓2,

X12 = i(X2↓ −X↓2), X13 = X20 +X02, X14 = i(X20−X02),

X15 =
1√
6
(X↑↑+X↓↓+X00− 3X22).

In the limit of U → ∞ the “polar” state Λ = 2 is projected out from the effective

Fock space and the dynamical symmetry SU(4) reduces to SU(3) in accordance

with this isomorphism. Eight generators of this group are formed by means of Gell-

Mann matrices X1 - X8 in the subspace (↑,↓,0).
Thus, the model of two-electron double quantum well with uniaxial spin

anisotropy is isomorphous to the Hubbard atom model from the point of view of

dynamical symmetry of their energy levels, although another type of expansion over

the irreducible tensors should be used in this model (see below).

Although part of the operators forming SU(4) and SU(3) groups are “Bose-like”

(X1−X3,X8,X13−X15), and the rest are “Fermi-like (X4−X7,X9−X12) in the sense

of commutation relations (2.7), they commute in accordance with the Gell-Mann
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algebra (9.37). To understand this mapping in more details it is convenient to express

the Hubbard operators and the Hubbard Hamiltonian Ĥi (2.60) via the irreducible

operators T,U,V,W,Y,Z given by Eqs. (9.38) and (9.42):

T+ = X↑↓, T− = X↓↑, Tz = X↑↑−X↓↓

V+ = X↑0, V− = X0↑, Vz = X↑↑ −X00

U+ = X↓0, U− = X0↓, Uz = X↓↓ −X00

W+ = X↑2, W− = X2↑, Wz = X↑↑−X22

Y+ = X↓2, Y− = X2↓, Yz = X↓↓ −X22

Z+ = X02, Z− = X20, Zz = X00−X22 (2.67)

Equations (2.67) realize the general expansion scheme (2.8) for the irreducible vec-

tor operators in the group SU(4). The triad T is nothing but the set of spin 1/2

operators (S+,S−,2Sz,) acting in the charge sector N = 1. The triad Z describes

two-particle excitations (N = 0↔N = 2). The rest four triads describe transitions

between different charge sectors (N = 1↔N = 0,2).

The dual nature of Hubbard operators manifested in the commutation relations

(2.7) allows one to use them for construction of su(3) algebra formed by spin and

pseudospin operators with commutation relations (9.43), (9.44). These commutation

relations ensure complex dynamical properties of Hubbard-like SCES.

spin

charge

0

0,2

0
1

(a) (b)

0

spin

charge

1

0 or 2

Fig. 2.4 (a): Scheme of energy levels for a Hubbard atom with SU(4) dynamical symmetry
describing transitions between the states with occupation N = 0,1,2. (b) The same for a re-
duced spectrum with SU(3) dynamical symmetry describing transitions between the states with
N = 0 or 2 and N = 1. Bose-like transitions with even δN = 0,±2 are shown by dashed lines,
Fermi-like transitions with odd δN =±1 are shown by solid lines.

It is expedient to rewrite the original Hamiltonian (2.60) in terms of generators

of the group SU(4) in the case where all four eigenstates (2.62) shown in Fig. 2.4(a)

are taken into account, and in terms of SU(3) generators in the case when the polar
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states with N = 2 are frozen out [Fig. 2.4(b)]. Let us denote the Fock space in

which the Gell-Mann matrices are defined as

Φ̄4 =
(↑ ↓ 0 2

)
, Φ̄3 =

(↑ ↓ 0
)

or
( ↑ ↓ 2

)
(2.68)

for 4-level and 3-level cases, respectively.

In the general case of SU(4) symmetry the Hamiltonian (2.60) rewritten in terms

of Gell-Mann generators (2.66) acting in the space Φ̄4 [see also (9.49)] reads

ĤSU(4)

i =
E0

4

(
1− 4√

3
X8 +

2√
6

X15

)
+

E2

4

(
1−

√
6X15

)
+

E1

2

(
1+

2√
3

X8 +
2√
6

X15

)
(2.69)

Similarly

ĤSU(3)

i =
Ep

3

(
1−

√
3X8

)
+

E1

3

(
2+

√
3X8

)
, (2.70)

where p= 0,2 for two cases of SU(3) symmetry in the subspace Φ̄3 where the states

E2 or E0, respectively, are frozen [see Eq. (9.51)].

In terms of the irreducible operators (2.67) the Hamiltonian Ĥi acquires more

transparent form. In a chosen representation the z-components of the irreducible op-

erators may be diagonalized, so that the equations ĤiOz = εzOz are valid. In case of

SU(4) space Φ̄4 there are three such operators that can be diagonalized simultane-

ously. One may choose these operators as Tz, Qz = Uz +Vz and Pz =Wz +Zz.

Then adding the Zeeman term with external magnetic field h = gμBB, we represent

Ĥi as

ĤSU(4)

i =
E10

8
·Qz +

E12

8
·Pz

+
E20

4
· (Qz−Pz)+

h
2
·Tz+C4 ·1. (2.71)

Here Epp′ = Ep−Ep′ , the constant C4 = (E0 +E2 +2E1)/4 and 1 is the unit matrix

of 4-th rank. Thus, the eigen operators for a general SU(4) Hubbard atom are

Tz

2
,
Qz

8
,
Pz

8
,
Qz−Pz

4
, (2.72)

with eigenvalues εz equal to

±h, ±E10, ±E12, ±E20, (2.73)
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These eigenvalues correspond to spin-flip excitations in the singly-occupied state

N = 1, hole addition/extraction, electron addition/extraction and two hole excita-

tions, respectively [see Fig. 2.4(a)]. In the degenerate SU(4) model with E0 = E2

only the two first operators from (2.72) are involved. In the reduced subspace Φ̄3

only two operators Tz/2, Qz/3 enter the Hamiltonian of the Hubbard atom

ĤSU(3)

i =
E1p

3
·Qz +

h
2
·Tz+C3 ·1 (2.74)

where p = 0 or 2, C3 = (E0 +2E1)/3 and 1 is the unit matrix of 3-rd rank. Here the

eigenvalues of charge excitations are ±E01 or ±E02 [Fig. 2.4(b)].

Another prototypical model of elementary cell that demonstrates dynamical sym-

metry from which various many-particle effects emerge, is the so called ”Fulde

molecule“ originally introduced to illustrate the origin of Kondo paradigm (com-

plete screening of localized spin immersed in the sea of free metallic electrons due

to multiple creation of electron-hole pairs in this Fermi bath [79, 119]. This arti-

ficial molecule consists of two orbitals centered around two adjacent sites. One of

these orbitals is localized in a deep energy level εd within a narrow potential well,

another one occupies a shallow level εs in a wide potential well. The tunneling V

between these levels is allowed. The Hamiltonian of the system is

ĤFM = εd ∑
σ

d†
σ dσ + εs ∑

σ
c†

σ cσ +V ∑
σ
(d†

σ cσ + c†
σ dσ )+Und↑nd↓. (2.75)

The last term in the Hamiltonian (2.75) is the repulsion interaction introduced in

the Hubbard model. It is assumed that this repulsion is strong for d-electrons and

negligible for s-electrons. In fact this model is an extremely asymmetric version

of the TLS with N = 2 considered in Section 2.3 [see Eq. (2.45) and discussion

below]. In this limit the strong Hubbard repulsion suppresses the ”polar” states with

two electrons in the d-well, In case of weak tunneling, V � (εs − εd), the two-

electron spectrum consists of five levels

ES = εs + εd− 2V 2

εs− εd
, ET = εs + εd , EE = 2εl +

2V 2

εs− εd
. (2.76)

The second-order correction to the positions of singlet levels ES and EE is the

indirect exchange of Anderson type, which favors antiparallel orientation of spins

in the ground state of the Fulde molecule. Thus, we come to the familiar case of

the supermultiplet with SO(5) dynamical symmetry which contains the subgroup
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SO(4) of low-lying spin singlet – spin triplet set. The latter symmetry survives in

the excitation spectrum of Anderson-Kondo model, where the localized d-electron

is hybridized with non-interacting Fermi continuum [119].

2.4.1 Three-fold way for Hubbard atom

As was noticed in the sixties [127], various families of hadrons are classified in ac-

cordance with the irreducible representations of the SU(3) group (see also [92]). In

particular, 18 baryons form two multiplets corresponding to representations D(11)

(octet of baryons with spin 1/2) and D(30) (decuplet of baryons with spin 3/2); octet

of spinless mesons also transforms along the representation D(11). The higher rep-

resentations of SU(3) are realized in the physics of strong interaction because these

”elementary” particles possess not only spin and charge but also isospin and hyper-

charge quantum numbers. Really the elementary particles representing SU(3)color

symmetries are quarks with their fractional charge and other quantum numbers.

The SU(3) symmetry in the hadron multiplets under strong interaction is satisfied

only approximately due other types of interaction, so that this symmetry may be

treated as a dynamical symmetry in the original sense of this notion.

The Hubbard atom with frozen doubly occupied states possesses only two quan-

tum numbers, namely spin and charge. Therefore, the multiplet of Hubbard states is

described by the lowest irreducible representation D(10) of SU(3) group. To show

this one should recollect that only two of the eight Gell-Mann matrices can be diag-

onalized simultaneously. Following Eq. (2.74) (see also [92]), we choose the repre-

sentation with diagonal matrices Tz and Qz. Then the set of allowed states is defined

by two integer numbers λ ,μ so that the eigenstates are determined as

MT = λ + μ , MQ =
1
3
(λ − μ). (2.77)

The whole set of eigenstates form a two-dimensional triangular lattice on the plane

(MT ,MQ). Each irreducible representation Dλ̄ μ̄ is marked by the indices λ̄ , μ̄ cor-

responding to the state with maximum eigenvalue M̄Q and the maximum value of

M̄T possible at this M̄Q. Then the other states forming this irreducible representa-

tion are constructed by means of the ladder operators T±,U±,V± acting on the state

|M̄Q,M̄T 〉.
This procedure results in construction of the stars of basis vectors Dλ μ and poly-

gons connecting the points generated by the ladder operators subsequently acting
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Fig. 2.5 Irreducible represen-
tation D(10) of SU(3) group
for the Hubbard atom with in-
finite U (see text for detailed
explanation).

0 MT

MQ
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on the point (M̄Q,M̄T ). In case of baryon family the corresponding multiplets are

hexagon with doubly degenerate central point for representation D(11) and triangle

with ten point in its vertices and on its sides for representation D(30). In Hubbard

atom the multiplet is represented by a triangle (Fig. 2.5) labeled in accordance with

the state with highest quantum numbers λ = 1,μ = 0, which correspond to the state

|N ,σ〉 = |1,↑〉 of the Hubbard atom. Two other components of the multiplet Φ̄3

may be generated from the state |1,↑〉 by means of the ladder operators T− = X↓↑

and V− = X0↑. The first of this operators corresponds to a ”Bose-like” excitation

with spin 1, and the second one is the ”Fermi-like” excitation with spin 1/2. The

triangle D(10) is closed by means of the operator U+ = X↓0. Interrelations between

the values of the parameters λ ,μ , the eigenvalues of the operators Tz and Q and the

eigenvalues |Λ〉 of the Hubbard Hamiltonian are presented in table (2.78):

λ μ MT MQ Λ
1 0 1 1/3 u
0 -1 -1 1/3 d
-1 1 0 -2/3 h

(2.78)

Here the notations u,d,h are used for the spin up, spin down and hole states, respec-

tively. The basis vectors in the plane (MT ,MQ) are D10,D01̄,D1̄1.

In spite of formal analogy with the SU(3) description of elementary particles,

in case of the Hubbard atom where spin and charge are the only quantum numbers

this symmetry is realized only as a dynamical symmetry of interlevel transitions

induced due to interaction with the bath. This means that the diagonal components

of the group generators Vz and Uz describe interlevel transitions (excitations) rather

than the eigenstates of the Hamiltonian. The ladder operators V± and U±, describe
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excitations corresponding to transitions between adjacent charge sectors. These op-

erators enter the interaction Hamiltonian which describes coupling between the

nanoobject and the bath. Various forms of this interaction will be discussed in Chap-

ter 4. In analogy with the term offered by Gell-Mann and Ne’eman for the multiplet

of light hadrons, one may use the term ”three-fold” way for the SCES with ap-

proximate SU(3) symmetry. This formal analogy does not imply physical analogy.

In case of of hadron octet the ladder operators describe transition from one set of

quarks to another. Since SU(3) symmetry is only approximate the energy levels in

the octet characterized by spin, charge, isospin and hypercharge are split (masses

of “elementary” particles are different), and the lowest state is occupied by proton.

Interlevel transitions (conversion of a hadron into another one or its decay) are in-

duced by electroweak interactions. The basic symmetry is the SU(3)color symmetry

of u,d,s quarks,

In the Hubbard atom one deals only with spin and charge, and the ladder opera-

tors mean transitions between the charge sectors (N = 0)↔ (N = 1) and between

spin states within the charge sector N = 1, so its dynamical symmetry is described

by the lowest irreducible representation D(10). The kinematical scheme shown in

Fig. 2.5 corresponds to the scheme of interlevel transitions for the SU(3) group [Fig.

2.4(b)]. Similar scheme for the group SU(4) [Fig. 2.4(a)] have a form of pyramid in

the corresponding 3D space (see below).

2.5 Fock – Darwin atom

The problem of discrete states of an electron in a parabolic (harmonic) potential

was solved at the early stage of quantum mechanical studies by V.A. Fock [110]

and C.G. Darwin [72]. 70 years later the Fock – Darwin atom became the physical

reality because it turned out that the confining electrostatic potential in so called

vertical quantum dots [238] has nearly parabolic shape (see Section 3.3). Having in

mind this physical realization, we consider here the two-dimensional Fock – Darwin

model for an electron confined in parabolic well in a perpendicular magnetic field B

with vector potential gauged as A = B
2 (−y,x). The 2D Fock – Darwin Hamiltonian

then has the following form

ĤFD =
1

2m

(
p2− e

c
A
)2

+
m
2

ω2
0 r2− μBσ ·B, (2.79)
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where ω0 is an eigenenergy of parabolic potential. Let us first ignore the last term

which describes the Zeeman splitting of electron levels in magnetic field and rewrite

the Hamiltonian as

ĤFD =
p2

2m
+

(
ω2

0 +
ω2

c

4

)
mr2

2
+

ωc

2
lz. (2.80)

where ωc = eB/mc is the cyclotron frequency. The first two terms in (2.80) is the

Hamiltonian of an electron in harmonic potential with the confinement frequency

Ω =
√

ω2
0 +ω2

c /4 and the third one is the energy of angular motion in magnetic

field. Then it is clear that the dynamical symmetry of the Fock – Darwin atom is

closely related with the dynamical symmetry of quantum oscillator. The latter was

revealed in Refs. [40, 145, 173].

One may construct the algebra o(2,1) of the non-compact Lorenz Group SO(2,1)

in 2+1 dimensions for the operators generating transitions between the eigenstates

of harmonic 1D oscillator. This group is locally isomorphic to the unitary group

SU(1,1), i.e., SO(2,1) = SU(1,1)/Z2, where Z2 = {1,−1}. The generators of the

Lorenz group in D=2+1 act in the Hilbert space where the basis functions |Λ〉= |n〉

|n〉= (a†)n
√

n!
|0〉 (2.81)

are built from the ground state |0〉= π−1/4 exp(−x2/2) by means of creation oper-

ators a† = (x− ∂/∂x)/
√

2.

In accordance with the general definitions given in Section 9.2.2, the Lie algebra

o(2,1) is given by three generators L1,K1,K2 with commutation relations

[K1,L1] =−iK2, [K2,L1] =−iK1, [K1,K2] = iL1 (2.82)

and the Casimir operator

C = L2
1−K2

1 −K2
2 (2.83)

so that L1 is generator of geometric rotations, and K1,K2 perform Lorenz transfor-

mations. The ladder operators are introduced as K± = (iK1 ±K2)/
√

2. Then the

o(2,1) algebra may be realized on the basis of Bose operators a,a† in the following

way [39]:

K+ =− a†
√

2

√
a†a+ 1, K− =

a√
2

√
a†a,

L1 = a†a+ 1/2. (2.84)
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The matrix elements of interlevel transitions described by the operators K±,L1

(2.84) are

〈m|K+|n〉=−n+ 1√
2

δm,n+1, 〈m|K−|n〉= n√
2

δm,n−1,

〈m|L1|n〉= (n+ 1/2)δm,n . (2.85)

Another realization [145] of the same algebra is obviously given by

K+ =
√

a†aa†, K− = a
√

a†a, L1 = a†a+ 1/2. (2.86)

Thus, the non-compact group SO(2,1)with the Casimir operator C =−1/4 is in-

deed the dynamical group, which realizes the single irreducible representation for all

levels of one-dimensional harmonic oscillator. Discussion of dynamical symmetries

which are realized in D-dimensional oscillators may be found in Refs. [40, 173].

Now we return to the Fock – Darwin atom with the Hamiltonian (2.80). This is

the two-dimensional system, and the basis functions realizing the dynamical algebra

should consist of two sets of oscillator states [152, 188, 274, 423]. For this sake, we

turn from the Cartesian coordinates x,y to the complex coordinate ξ ,ξ ∗:

ξ =
x+ iy

2

√
mΩ , ξ ∗ =

x− iy
2

√
mΩ . (2.87)

Then two pairs of boson operators are introduced as

a = −(i/
√

2)(ξ + ∂/∂ξ ∗), a† = (i/
√

2)(ξ ∗−∂/∂ξ )

b = (1/
√

2)(ξ ∗+ ∂/∂ξ ), b† = (1/
√

2)(ξ − ∂/∂ξ ∗). (2.88)

As a result of this transformation the Fock – Darwin Hamiltonian is reduced to the

Hamiltonian of two-dimensional anisotropic oscillator. The basis functions

|Λ〉= |n,m〉= (a†)n(b†)m
√

n!m!
|0,0〉 (2.89)

are built from the ground state function |0,0〉=√
mΩ/2π exp(−|ξ |2). The Fock –

Darwin Hamiltonian is readily rewritten in terms of boson operators

ĤFD = Ω+

(
n̂a +

1
2

)
+Ω−

(
n̂b +

1
2

)
(2.90)

where Ω± = Ω ±ωc/2, n̂a = a†a, n̂b = b†b .
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The energy spectrum of a confined electron in terms of boson occupation num-

bers n,m is given by

En,m = Ω(n+m+ 1)+
ωc

2
(n−m) (2.91)

Thus, we come to a conclusion that the dynamical symmetry of the Fock – Darwin

atom is the direct product SO(2,1)× SO(2,1) in accordance with general prescrip-

tion of the theory of d-dimensional quantum oscillator [40]. The energy spectrum

(2.91) interpolates smoothly between the two limiting cases. In zero field, ωc = 0

it gives the eigenvalues of the 2D harmonic oscillator, and in the extremely strong

magnetic field ωc �ω0 it describes the Landau levels of a free electron in magnetic

field, because in this limit the radius of magnetic confinement is much smaller than

that of the potential confinement. But the dynamical symmetry of quantum oscillator

is realized in all cases.

Another way of treating this problem is to express the Fock – Darwin states in

terms of effective momentum operators. Now we restore the last term in the Hamil-

tonian (2.79), so that the state vectors are determined by three quantum numbers,

|Λ〉= |nmσ〉. Then the total angular momentum is a result of addition of the orbital

momentum and the electron spin. The former is given by the operator l̂ = n̂a− n̂b

[cf. Eqs. (2.80) and (2.90)], the latter is the usual spin 1/2 operator. To build the total

moment, one has to turn to the spinor representation for boson operators,

χ̄ = (a† b†) , χ =

(
a
b

)
.

Then two spinor operators may be constructed

ĵ = χ̄σ0χ , J = χ̄σ χ , (2.92)

and the Fock – Darwin Hamiltonian acquires the form

ĤFD = Ω
(

ĵ+
1
2

)
+ωcJz , (2.93)

so that the spectrum of the Fock Darwin atom in magnetic field is characterized

by additional dynamical symmetry SU(2) given by the ladder operators J±. Other

possibilities of revealing dynamical symmetries of electron states in oscillator-like

problems are discussed in the books [80, 274].
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2.6 Dynamical symmetry and supersymmetry

The supersymmetry group is a group which unites in a special way the continuous

Lie transformations with discrete reflection-like even-odd transformations. Specifi-

cally this is a group generated by an algebra, which covers the algebra of anticom-

muting fermionic operators

{ fi, f †
j }= δi j (2.94)

and commuting bosonic operators

[bi,b
†
j ] = δi j (2.95)

with [bi, f j ] = 0.

The supersymmetry algebra and the corresponding supergroup have been con-

structed in Refs. [141, 412, 424]. Within several years the supersymmetrical formu-

lation of quantum mechanics was proposed [430]. Supersymmetric operations de-

scribe transitions between the states with different numbers of bosons and fermions

and in this sense the supersymmetry is closed to dynamical symmetries discussed

above. In this section we will present the basic ideas of supersymmetry following

the review [128] and then apply these ideas to some of integrable models introduced

in the preceding sections.

The supersymmetric generators are defined in a Fock space defined by the basis

vectors

|nB,nF〉, nB = 0,1,2 . . .∞, nF = 0,1. (2.96)

Transformation of a boson into fermion and v.v. is defined by the supercharge oper-

ators

Q+ = qb f †,Q− = qb† f (2.97)

where q is c-number. In the space (2.96) these operators act as

Q+|nB,nF〉= q|nB− 1,nF + 1〉,
Q−|nB,nF〉= q|nB + 1,nF− 1〉. (2.98)

It is convenient to introduce two Hermitian combinations of the operators (2.97):

Q1 = Q++Q−, Q2 =−i(Q+−Q−). (2.99)

These operators anticommute,
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{Q1,Q2}= 0. (2.100)

because the operators Q± are nilpotent,

Q2
+ = Q2

− = 0. (2.101)

Besides,

Q2
1 = Q2

2 = {Q+,Q−}. (2.102)

In order to construct closed supersymmetric algebras one should define the su-

persymmetric Hamiltonian written in terms of supersymmetric operators. This fun-

damental property of supersymmetric systems is formulated as

[Ĥ,Q] = 0, (2.103)

where Q is any of the operators from the set (2.97) or (2.99). The simplest toy

Hamiltonian characterized by the supersymmetry group S(2) is

Ĥ = Q2
1 = Q2

2 = {Q+,Q−}. (2.104)

In this way we come to the simplest Lie superalgebra s(2) including commutation

and anticommutation relations:

{Qi,Q j}= 2Ĥδi j,

[Qi, Ĥ] = 0, i, j = 1,2. (2.105)

Supersymmetric Lie algebras are Z2 graded, i.e. the constituent generators are

classified in accordance with some parity as even operators Oe and odd operators

Oo. The structure of the Lie superalgebra is as follows:

[Oe,Oe]→ Oe,

[Oe,Oo]→Oo,

{Oo,Oo}→ Oe. (2.106)

In the above example (2.105) the only even operator is the Hamiltonian Ĥ and two

odd operators are Qi.

To reveal the sense of “parity” ascribed to the supersymmetric operators, one

has to define the variation of some operator O under transformation generated by

another operator P . In case of conventional Lie algebras this variation is
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δO ∼ [εP,O], (2.107)

where ε is the transformation parameter. In case of superalgebras ε is not a c-

number. This parameter should commute with Bose operators and anticommute with

Fermi operators. Namely, choosing P = Q, one demands

δb∼ [εQ,b] = ε[Q,b]∼ ε f ,

δ f ∼ [εQ, f ] = ε{Q, f} ∼ εb. (2.108)

This definition means that the parameters ε also possess definite parity: even pa-

rameters εe are c-numbers commuting with all operators and parameters, while odd

parameters εo commute with even quantities and anticommute with odd ones.

The above definition of supersymmetric operators and parameters may be uni-

fied. Let us change the normalization of the Q-operators:

qi =
Qi√

E
, (2.109)

where E is an eigenstate of the Hamiltonian Ĥ. Then Ĥ transforms into the unit

operator 1̂ in the superspace (2.96), and the algebra defined by Eqs. (2.105) reads

{qi,qk}= 2δik (2.110)

These relations define the Clifford algebra with generators qi.

On the other hand, odd parameters ε anticommute with each other and each of

them anticommutes with itself, which means ε2 = 0. These relations may be sum-

marized as

{εi,ε j}= 0. (2.111)

Thus, the odd parameters form a Grassmann algebra, and each Grassmann algebra

with N constituents is associated with Clifford algebra for 2N constituents.

Now let us find out what kind of physical object is described by the toy Hamil-

tonian (2.104). Using the definition (2.97) , one may rewrite (2.104) as

Ĥ = {Q+,Q−}= q2(b†b+ f † f ) = q2
(

nB +
1
2

)
+ q2

(
nF −

1
2

)
. (2.112)

This is a sum of non-interacting systems of bosonic and fermionic oscillators with

the same frequency Ω = q2:

Ĥ = ĤB + ĤF , (2.113)
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ĤB = q2
(

b†b+
1
2

)
, EB = Ω

(
nB +

1
2

)
, nB = 0,1, . . .∞,

ĤF = q2
(

f † f − 1
2

)
, EF = Ω

(
nF −

1
2

)
, nF = 0,1.

Thus, the energy spectrum of the supersymmetric system is non-negative and doubly

degenerate,

E{nB,nF} = Ω(nB + nF). (2.114)

This spectrum is shown in Fig. 2.6. The operators Q± generate “rotations” boson↔
fermion in a supersymmetric Fock space without changing the energy of the system,

E{nB,0} = E{nB−1,1}. (2.115)

The ground state energy of the supersymmetric system is zero, because the zero vi-

bration energies of bosonic and fermionic excitations compensate each other. One

may say that the zero vacuum energy of the supersymmetric state is split into nega-

tive and positive infinite vacuum energies of Fermi- and Bose-sectors of the system.

Supersymmetric operators may be represented in a spinor form due to the fact

that the fermionic wave function is a spinor of second rank in a subspace nF = 1,0:

ψ =

(
ψ1

ψ0

)
, (2.116)

where ψ1,0 corresponds to nF = 1,0. Respectively, the fermionic creation and

annihilation operators are realized as Pauli matrices (9.3) in this representation,

f+ = τ+, f = τ−. Then the supercharge operators acquire the form v

Q1 = q(b†τ−+ bτ+) = B1τ1 +B2τ2,

Q2 = −i(b†τ−− bτ+) =−B2τ1 +B1τ2 (2.117)

where

B1 = q(b+ b†), B2 = iq(b− b†)

In this representation the supersymmetric Hamiltonian (2.104) is

Ĥ =
1
2
{B−,B+}+[B−,B+]τ0 (2.118)

with B± = B1± iB2.
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2.6.1 Manifestations of supersymmetry in atomic models

Some of the model Hamiltonians with definite dynamical symmetries considered in

the preceding sections also may be treated in terms of the group S(2) of supersym-

metric transformations. In particular, the minimal model (2.104) with the spectrum

(2.114) is related to the limiting case of the Fock – Darvin model (Section 2.5) with

ωc � ω0. As was mentioned above, in strong magnetic field spatial confinement of

electrons in the Fock – Darvin atom is determined by the magnetic length, and then

the electrons at Landau levels acquire the supersymmety [128].

n  = 0F

Ω B
(n  + n  )

F B B
n n

1 0
12
23
34
54 Q +

Fn  = 1

Q −

0

Fig. 2.6 Supersymmetric spectrum (2.119) of Fock – Darwin atom at ω0/ωc → 0. Transitions with
changing occupation numbers nB and nF are marked by arrows, Ω = ωc.

Indeed, in the limit ω0/ωc → 0, where Ω+→ωc, Ω− → 0, instead of two-boson

representation (2.90) one may turn to a mixed fermion-boson representation, where

the spectrum of Landau states for spinful electrons may be represented as

E = ωc

(
n+

1
2

)
± ωc

2
= ωc

[(
nB +

1
2

)
+

(
nF − 1

2

)]
. (2.119)

In this representation bosonic degrees of freedom describe quantized orbital mo-

tion of Landau electrons and fermionic degrees of freedom correspond to electron

spin states split due to the Zeeman effect. Looking at the spectrum of Landau levels

rearranged in accordance with Fig. 2.6, we see that the supersymmetric transforma-

tion corresponds to a spin flip accompanied by simultaneous transition from a given

Landau level to adjacent one. Choosing one of two cartesian coordinates forming

the basis {ξ ,ξ ∗} (2.87) as a continuous variable and spin projection as a discrete

variable, we conclude that the supersymmetry of Landau electrons is a result of
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interplay between continuous orbital motion and discrete spin “reflection” in accor-

dance with general properties of supersymmetric systems.

Intimate relation between dynamical symmetry and supersymmetry is clearly

seen in this system: the supersymmetry is realized as interstate transitions gener-

ated by the supercharge operators Q± (2.97) involving both bosonic and fermionic

sectors of Fock superspace. At the same time the dynamical SO(2,1) symmetry

is realized as interstate transitions within the bosonic sector generated by the

operators K±,L1 (2.84). At finite ratio ω0/ωc the Fermi-Bose supersymmetry of the

electron spectrum breaks because the confinement potential of Fock – Darwin atom

∼ ω2
0 violates the equivalence of boson and fermion frequencies in the spectrum

(2.119), but the dynamical SO(2,1) symmetry still exists.

Supersymmetry is also a generic feature of an electron in the Coulomb potential

(Section 2.2). To reveal this supersymmetry [236, 394], one has to add a discrete

spin variable to the set of continuous operators L and F (2.19) responsible for the

SO(4) symmetry of the spinless problem determined by Eqs. (2.21). The projection

of the Runge – Lenz vector F onto the electron spin direction plays the part of the

supercharges Q1,2 in this model. To find these supercharges , we construct the in-

variants for the group SO(4)× SU(2) which arise as a result of adding the orbital

and spin moments of an electron in the total moment J = L+S. The set of observ-

ables is given by the operators Ĥ,L2,J2,Jz with eigenvalues E, l(l +1), j( j+1),m,

respectively. It is convenient to introduce the scalar operator K with eigenvalues

±κ in such a way that the states with fixed j and l = j± 1
2 correspond to the

same |κ | but to opposite “projections” ±κ . This aim is achieved by introducing

J2−L2 =−(1+K ) so that

L2 = K (K + 1)⇒ l(κ) = |κ |+ 1
2
(sgnκ− 1),

(2.120)

J2 = K 2− 1⇒ j(κ) = |κ |− 1
2
,

It is clear that the index κ labels transitions in graded superspace. Indeed, the scalar

operator K plays the key part in the construction of supercharges. The parity oper-

ator with eigenvalues±sgnκ is

Pκ =
K

|κ | . (2.121)

This operator controls the Z2 grading of superalgebra.
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The scalar (S ·A) is an odd operator in the supersymmetric sense, and its square

is an even operator connected with the even operator Ĥ entering the superalgebra

by the following relation

(S ·A)2 =
1
2

(
ĤK 2 +

1
2

)
. (2.122)

[see Eqs. (2.22)-(2.25)]. Restricting ourselves to the subspace of fixed |κ | ≡ k, we

rewrite (2.122) as

2

(
(S ·A)2

k

)
= Ĥ +

1
2k2 = Ĥ ′. (2.123)

Then we introduce two supercharge operators

Q± =
1√
2k

(S ·A)(1∓Pκ), (2.124)

(see Eq. 2.20) and their Hermitian combinations are

Q1 =
(S ·A)

k
, Q2 = iQ1Pκ =

i
k2 (S ·A) (2.125)

These two operators together with “shifted” operator Ĥ ′ (2.123) generate the s(2)

algebra (2.100) - (2.105). Substituting A for F in Eqs. (2.123) - (2.125), we come to

the Clifford algebra (2.110).

The energy levels of a nonrelativistic particle with spin 1/2 in a Coulomb field

involved in supersymmetric degeneracy are those with fixed quantum numbers j,m

and l = j± 1/2 (see Fig. 2.7). Like in the above example, the S(2) supersymme-

try complements other symmetries characterizing the supermultiplet of the energy

levels: the hidden symmetry of the atom is characterized by continuous SO(4) or

SO(4,2) groups describing transitions between the states with given parity κ , while

transitions with changing parity initiated by the operator (S ·A)/k are involved in

the supersymmetry group S(2).

More detailed analysis of this problem including description of irreducible

representations of the S(2) group may be found in Ref. [128]. The supersymmetric

quantum mechanical description of a spinful particle in a 1/r potential in arbitrary

dimension d is given in Ref. [212].

To close the discussion of supersymmetric properties of real and artificial atoms,

we consider in brief the prospects of supersymmetric description of SCES models

with a Hubbard atom or a grid of Hubbard atoms as zero-order approximation.
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Fig. 2.7 Supersymmetric spectrum of hydrogen atom. All levels of equal j and m are connected
by an S(2) supersymmetry (after [394])

We have noted above that the dynamical symmetry SU(3) unites ”Bose-like” and

”Fermi-like” excitations into the a supermultiplet shown in Fig. 2.4(b). It is a tempt-

ing prospect to look for relation between this symmetry and supersymmetry S(2).

The theoretical grounds of such prospect can be looked for in various fermioniza-

tion and bosonizations procedures available for Hubbard operators XΛΛ ′ . In partic-

ular, the operators from the triads U,V,W,Y (2.67) may be expressed via products

of Fermi- and Bose operators in slave-boson [37, 60, 237, 350] and slave-fermion

[30, 122, 433] representations. Spin operators from the triad T may be represented

as products of spin-fermions [1, 335], Popov-Fedotov semi-fermions [214, 337] or

Majorana fermions [271, 429]. Representations of these operators via products of

Bose operators are also available [278]. Existing fermionization/bosonization pro-

cedures for Hubbard operators are described in Section 9.3. Here we are interested

in mixed fermion-boson representations which formally remind those used in the

definition of supercharge operators Qi (2.97), (2.99).

In order to reveal the hidden extension of the Fock space of Hubbard atom (2.60)

with the energy spectrum (2.62), we work in adjacent charge sectors N = 1,2,

Fig. 2.4(b). Following the general scheme of the s(2) algebra we represent the off-

diagonal operators from the triads W,Y (2.67) as supercharge operators using slave-

boson representation [cf. Eqs. (9.83)]
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Q+
σ = X2σ = b† fσ , Q−σ = Xσ2 = b f †

σ . (2.126)

Respectively,

Q1σ = Q+
σ +Q−σ = X2σ +Xσ2 (2.127)

Q2σ = −i(Q+
σ −Q−σ ) =−i(X2σ −Xσ2)

Then

Q2
1σ = Q2

2σ = {Q+
σ ,Q

−
σ }= Xσσ +X22 = nFσ + nB. (2.128)

Here Bose operators b,b† stand for “doublon” states in doubly occupied Hubbard

atom [237]. The supercharge operators transforms the system from the charge sector

N = 2 with zero spin into the charge sector N = 1 with spin 1/2, and thus connect

fermionic and bosonic sectors of the Fock space Φ̄3(↑,↓,2). The Hamiltonian ĤSU(3)

i

rewritten in terms of the supercharge operators (2.126), acquires the form

Hi = ε1 ∑
σ

Xσσ +(2ε1 +U)X22 = ε1 ∑
σ

Q2
σ +UX22 (2.129)

with Q2
σ = Q2

1σ = Q2
2σ . Renormalizing the operator

Ĥi → ε1 ∑
σ

Ĥσ ,

one arrives at two s(2) superalgebras (2.105) for the operators Ĥσ ,Q1σ ,Q2σ in the

limit r =U/ε1→∞, where two spin sectors are disentangled. At finite r any interac-

tion with the bath B initiates spin-flip transitions, which merge two spin subsectors

via the anticommutation relation

{Q1σ ,Q2σ̄}=−i( f †
σ fσ̄ − f †

σ̄ fσ ). (2.130)

One should emphasize that the existence of s(2) superalgebra does not imply

supersymmetry of the Hubbard atom in the classical meaning of this term, because

the original Hamiltonian ĤSU(3)

i describes fully discrete system with the constraint

(2.6), which in the fermion-boson representation reads as

∑
σ

nFσ + nB = 1. (2.131)

so that the physical sector of phase space consists of three states
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|nB,nF↑,nF↓〉= |1,0,0〉, |0,1,0〉, |0,0,1〉 (2.132)

instead of (2.96). Thus, the boson-fermion transformation

Q+
↑ |1,0,0〉= |0,1,0〉

reveals only internal symmetry of the SU(3)Hubbard atom. To make the Bose states

continuous or quasicontinuous, this toy model should be generalized. In particular,

one may introduce “N-colored” model with N orbitals [5] and ascribe additional in-

dex m= 1,2 . . .N to slave bosons, i.e. introduce Bose operators as Xσm,2 = f †
σ bm etc.

In case of N→∞ this supersymmetric model with slave-boson continuum is exactly

solvable, and one may hope that the supersymmetric approach will give reasonable

description of excitations in Hubbard atom at finite N [61, 167]. This mathematical

trick does not look too promising for the description of realistic physical models.

More attractive is the use of slave-fermion approach, where the Hubbard operators

are expressed via spinless charged fermion operators g and Schwinger boson opera-

tors a,b (see Section 9.3). For example, in the subspace Φ̄3 = 0,↑,↓ one introduces

the supercharge operators

Q†
↑ = X↑0 = a†g, Q†

↓ = X↓0 = b†g, (2.133)

Then the Schwinger bosons describe local spin fluctuations by means of bosonized

operators from the triad T [see Eqs. (2.67),(9.56)]. Introducing N-component

Schwinger representation, one transforms the Bose branch into continuous two-

dimensional harmonic oscillator at large N. Such continuous mode arises naturally,

if the bath B is chosen in a form of local spin environment like in molecular mag-

nets with large total spin (see Section 5.2). In any case, supersymmetric aspects

of Hubbard-like and Anderson-like models need further investigation (see [98] for

further discussion of supersymmetric description of periodic Hubbard model).

The theory of mesoscopic objects also has benefited from the supersymmetry

ideas [88]. Supersymmetric approach reveals hidden symmetries in disordered and

chaotic systems, including the fundamental problem of electron localization. This

fructiferous offshoot of supersymmetry is, however, beyond the scope of our book.
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2.7 Quasienergy spectrum for periodical time-dependent
problems

In some practical applications devices consisting of nanoobjects, electrodes and con-

tacts are subject to periodic perturbation

Ĥ(x, t) = Ĥ0(x)+ Ĥ ′(x, t), (2.134)

where x stand for spatial coordinates, t is real time, Ĥ ′(x, t + T ) = Ĥ ′(x, t) and

T = 2π/Ω is a period of perturbing potential. There is no stationary solutions

Ψ(x, t) = ∑
α

cκψκ(x)exp(−iεα t)

of the Schrödinger equation

i
d
dt

Ψ(x, t) = ĤΨ(x, t) (2.135)

characterized by the energy states εα . However, in case of strictly periodic in time

perturbation one may introduce a set set of functions ψα(x, t) and corresponding

quasienergy states fα which inherit the quantum numbers α from the eigenstates of

the time-independent Hamiltonian Ĥ0,

Ψ(x, t) = ∑
α

cα ψα(x, t)exp(−i fα t) (2.136)

Moreover, the spectrum of quasienergies possesses the dynamical symmetry in the

same mathematical sense as the spectrum of eigenenergies εα for Ĥ0.

Theoretical description of quasienergy states is based on appropriate modifica-

tion of the basis wave functions, which explicitly takes into account the periodicity

in time domain [352, 378, 439, 440]. Indeed, the periodicity in time implies

ψα(x, t +T) = e−i fα T ψα(x, t) (2.137)

This means that the wave function may be represented in the form

ψα(x, t) = e−i fα t uα(x, t) (2.138)

in accordance with the Floquet – Bloch theorem. The Floquet amplitude is periodic

in time, uα(t + T ) = uα(t). The quantity fα plays the same part as the quasimo-

mentum kα in the Bloch wave function periodic in space. Basing on this analogy,
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Nikishov and Ritus [298] introduced the concept of four-dimensional quasimomen-

tum, where the factor fα in the exponent in Eqs. (2.137), (2.138) plays part of

quasienergy.

It is natural to choose for the basis functions φα(x, t) for the quasienergy states

those, which evolve from the eigenfunctions of the Hamiltonian Ĥ0. In principle,

each eigenstate of the Hamiltonian Ĥ0 may be put in correspondence to some

quasienergy state. To verify this statement, one may introduce the perturbation

λ (t)Ĥp and trace the variation of the solutions when λ varies slowly from 0 to 1

during a time much longer than the period T .

Due to periodicity in time, the variable t may be eliminated from the calculation

of quasienergy spectrum by means of the expansion of the wave functions ψα(x, t)

in a Fourier series,

ψα(x, t) =
+∞

∑
m=−∞

umα(x)e−i( fα+mΩ)t . (2.139)

Then the Fourier transformation of the Schrödinger equation [id/dt −H(t)]ψ(t)

results in an infinite system of equations for the Fourier components umα :

( fα +mΩ− εα)umα = ∑
nβ

Hmn
αβ unβ , (2.140)

Hmn
αβ =

1
T

∫ +T/2

−T/2
dt〈αn|Ĥ(t)|β m〉i(m−n)Ωt (2.141)

We learn from this system that the quasienergy is not conserved in a periodic

field: if the state fα is replaced by fα +m′Ω , the secular equation

|( fα − εα +mΩ)δαβ δmn−Hmn
αβ |= 0 (2.142)

which determines the solutions of Eq. (2.140) remains unchanged. The satellites at

mΩ arise in the quasienergy spectrum in the same sense as the Umklapp vectors mG

accompany the quasimomenta in Bloch states, i.e. the quasienergy fα in accordance

with the Fourier expansion (2.139) is defined up to the additive constant, fαn −
fαm = (n−m)Ω .

The composite Hilbert space S for the Hamiltonian Ĥ(x, t) (2.134) is made up of

the subspace R of square integrable functions in configuration space and subspace

T of functions periodic in time, S = R
⊗

T. The orthogonal basis functions for the

temporal subspace T are the exponents exp(imΩ t), and the functions

Φαm(x, t) = uα(x, t)exp(imΩ t) (2.143)
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taken at a given moment t are orthogonal,

〈〈Φαm|Φβ n〉〉=
1
T

∫ T

0

∫ ∞

−∞
Φ∗

αm(x, t)Φβ n(x, t) = δαβ δmn. (2.144)

They form a complete set of basis functions for a time-dependent Schrödinger equa-

tion with the Hamiltonian (2.134). One may treat conversion of the energy spectrum

εα into the quasi-energy spectrum fαm as a manifestation of the dynamical sym-

metry SO(2) of Fourier transformation using the basis e−imΩt in the Fock subspace

T. indexdynamical symmetry groups! – SO(2) group In this special case we deal

with real dynamics of quantum mechanical states in time. Due to Floquet theorem,

this dynamics results in (a) transformation of stationary states with definite energies

εα into quasienergy states fαm and (b) initiation of transitions between these states

given by the non-diagonal matrix elements (2.141).

The key features of quasienergy spectrum may be demonstrated on the elemen-

tary example of two-level systems discussed above in Section II.3. Let us assume

that the tunneling term in the Hamiltonian (2.37) is periodic in time in accordance

with a simple law W (t) = V cosΩ t. In this case, the spectrum of stationary states

consists of two levels ε1,2, perturbation Ĥp(t) contains a single harmonics±Ω , and

the secular equation (2.142) has the following structure∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . .
F2− 2Ω V 0 0 0 0 0 0

V F1−Ω 0 0 V 0 0 0
0 0 F2−Ω V 0 0 0 0
0 0 V F1 0 0 V 0
0 V 0 0 F2 V 0 0
0 0 0 0 V F1 +Ω 0 0
0 0 0 V 0 0 F2 +Ω V
0 0 0 0 0 0 V F1 + 2Ω

. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (2.145)

(Fi = fi − εi). This equation illustrates transformation of the stationary spectrum

Fi = 0 into a set of two interconnected ladders of quasienergy states. The temporal

dynamics of a particle in such a double well is determined by the evolution operator

U(t, t ′) = Ψ̂(t)Ψ̂−1(t ′) (2.146)

This dynamics is given by transitions between two quasienergy ladders.
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