Chapter 2
The Spaces W/»

The theory of the spaces WX? for p = 2, outlined in Chap. 1, has been sub-
stantially developed; now there exist plenty of spaces of analogous type. The
fundamental sources are: S.L. Sobolev [1], S.M. Nikolskii [2], J. Deny, J.L. Lions
[1], E. Gagliardo [1, 2]; see also N. Aronszajn [3], N. Aronszajn, K.T. Smith
[1-3], N. Aronszajn, F. Mulla, P. Szeptycki [1], V.M. Babich [1], O.V. Besov
[1, 2], S. Campanato [3-7], E. Gagliardo [3], V.P. Ilyin [1, 2], G.N. Jakovlev [1],
W. Kondrashov [1], L.D. Kudriavcev [2], J.L. Lions [5], E. Magenes [4], K. Maurin
[1], N.G. Meyers, J. Serrin [1], J. Necas [11], S.M. Nikolskii [3-8], G. Prodi [1],
L.N. Slobodetskii [1, 2], V.I. Smirnov [1], S.V. Uspenskii [1-4], L. De Vito [1].

2.1 Definitions and Auxiliary Theorems

2.1.1 Classification of Domains, Pseudotopology in C;(£2)

In Sect. 1.1.3, we introduced domains with continuous or lipschitzian boundaries; it
was a particular case of a more general definition:

A bounded domain Q is of type MM, where k is a non-negative integer or
infinity, 0 < p < 1, if there exist functions a, as in 1.1.3 defined in the closures
of cubes A, = {¥' € RN-L |xyi| < o, i=1,2,...,N— 1}, p-holderian together
with their derivatives of order < k, which means that for x.,y. € A,, there is
\D'a,(x,) — D'a,(y,)| < c|x, —y/|*, |i| < k.' If g =0, the functions a, and their
derivatives of order < k are only continuous in A, and for simplicity we shall write
NkO = Mk,

Let Q be a domain in RY, k a non-negative integer or k = o0, 0 < u < 1. We
denote by C**(Q) the space of complex-valued functions whose derivatives of

Hereafter various constants will be mostly denoted by the same letter c. If necessary, we shall use
indices or another appropriate notation.
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order < k are {i-holderian on the closure of €. If u = 0, the functions and their
derivatives of order < k are only continuous on Q; we then write simply C¥(Q)
instead of C*0(Q). If k < oo, we endow C*(€2) with the following norm:

|| cx ) = > max|D%u(x)|, (2.1)

|or| <k ¥EL

and C* (Q) with the norm defined by:

|D%u(x) — D%u(y)|
lx —y|#

|“|cku |”|ck + 2 sup (2.2)

|or|=kX:YEQ x7Fy

The spaces C¥(Q) and C**(Q) are Banach spaces. We denote also by C*(Q)
(resp. CHH(Q)) the spaces of functions continuous (resp. y—holderian) together
with derivatives of order < k in €.

For C5 (), see 1.1.1.

On C7 () we introduce a pseudotopology (cf. L. Schwartz [1]): Let ¢, be
a sequence in C; (€2). Then lim,,_,.. ¢, = @ in Ci’(£2), if there exists Q' C Q cQ,
Q' bounded, such that the support of ¢, (denoted by supp ¢,) and the support of ¢
are included in ©’, and for all k > 0, lim,_.. ¢, = @ in C(Q’).

Following L. Schwartz [1], we will for some time denote the space C;'(£2) by
2(Q). The space of distributions on - the dual of 2(Q) — will be denoted by
2'(Q). For f € 2'(L2), we denote the value of f at the point ¢ € Z(Q) by (¢, f).

The derivative D' f of the distribution f is again a distribution, defined by the

formula ) o
(@.D'f) = (=1)"(D'g,f), ¢ Q). (2.3)
If f, is a sequence in 2'(), we say that lim,—,. f, = f in 2'(Q) if for all ¢ €
2(Q) we have:
lim (@, fu) = (@, /).

Let L1 -(£) be the space of locally integrable functions on . We define the
1mbedd1ng L} (Q)C 7'(2) by

0.f) = [ ofdr pca(Q), fetl,.

Obviously we have:
Proposition 1.1. If fi, > € L}, () and if for every ¢ € D(Q)

<(P7f1> = <(P7f2>a (24)

then f1 = f» almost everywhere in €.

Indeed: It follows from (2.4) that for every interval I C €2, we have:

[ fidr= [ ppax
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Let B be a Banach space such that 2(Q) C B; B is called normal if 2(Q) is
dense in B.

If 2(Q) C B algebraically and topologically, then B’ C 2'(£2), algebraically and
topologically. B is a subspace of distributions.

Exercise 1.1. If f € C¥(Q), then, for |i| < k, D'f in the classical sense and D'f in
the sense of distributions coincide.

Hereafter if f € 9'(Q), D' f will denote the derivative in the distribution sense.

2.1.2 The Space L?(L2), Mean Continuity

Let 1 < p < . We denote by LP(L2) the space of p—integrable functions on Q
with the norm:

o= ([ o) 25)

this space is a Banach space, it has a countable basis, it is reflexive for p > 1. The
following mean continuity property holds:

Theorem 1.1. Let Q be an open set in RY, f € LP(Q), f(x) =0 for x ¢ Q. Then
for each € > 0, there exists & > 0 such that

lzZ] <6 = (/Q |f(x+2) —f(x)|pdx) v <E.

Proof. Let us assume £ bounded and € > 0. There exists v < meas (£2) such that

. 1/p
MCQ, meas(M)<v— (/ |f(x)|”dx> <e/3.
M
According to Lusin’s theorem, there exists a closed set F C €2, meas (F) >

meas (£2) — (1/2)v such that f is continuous on F. Then there exists 6 > 0 such that

£

| <8=x€F, x+zeF, |f(x+2)—f(x)|< 3 (meas (2))1/7°

For 7 fixed, |z| < &, we denote
HZ:{yERN’ y=x+z,x€F}, F,=FNH,=F—(F—H,).

We can choose 0 sufficiently small such that H, C 2. Then we have:

meas (F;) > meas () — % - {meas (Q)-— (meas (Q)-— %)}

= meas (Q2) — v,
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ie.
meas (2 —F,) < v.

We get:

(/Q |f(x+z)—f(x)|pdx) l/pS (/F |f(x+z)—f(x)|l’dx)l/p

€
3(meas (2))!/r

+ (/QF |f(x+z)|”dx>l/p+ (/QF |f(x)|”dx> " <&

Z

+ (/QF |f(x+2z) f(X)|l’dx> v < meas (F,)!/?

if Q is unbounded, for any € > 0, we can find a ball K(r) with radius » > 1 such that

(/Q —K(r—1) |f(x)|pdx) v <eg/3.

Then we can repeat the proof given previously for the bounded set Q NK(r—1)
with /3 and 6 < 1. O

2.1.3 The Regularizing Operator

Let 4 > 0. We define the regularizing kernel by:

(. h) exp(lx[*/(|x|> = h?))  for |x| <,
x,h) =
0 for |x| > h.

The kernel is a function in C*(RM). The regularizing operator is the operator
mapping LP(2) into itself and defined by

1) = < L oG x k) d 26

where

1 n
K= w(x,1 dx:—/ w(x,h)dx.
/\x\<1 (1) N Jixj<n (1)

Of course, we can use also other regularizing kernels; Sect. 2.5.5.
By an immediate computation we get:

Ful) = l/z<1 oz, 1) f(x+hz)dz

K

where f(x) =0 for x ¢ Q.



2.1 Definitions and Auxiliary Theorems 53

In what follows, we will use the following notation: let By, B, be two Banach
spaces, and 7" a bounded linear mapping defined on B with values in B,; we shall
write T € [Bl — Bz].

Theorem 1.2. The operator which defines f,(x) b Yy (2.6), has the following prop-
erties: it belongs to [LP(Q) — LP(Q)], f, € C(Q) (and also € C*(RN)), and
limy, 0 fi, = f in LP(L2).

Proof. We have to prove:
faler@) < Clflr@),  lim fiy = fin L7(); (2.7)

the other properties are clear. We always set f(x) = 0 for x ¢ €; then we have:

[ 1) = fp s

/ k=L [ oG .
\z\<1 X z7)dz oy Z, x)dz
1 s P
S/Q (E/m (’1)|f(x+h2)—f(X)le) dx = I(h).
If p = 1 then the Fubini theorem implies:
I(h)SC/‘ZKIdz/Q|f(x+hz)ff(x)|dx, (2.8)

If p > 1 then using the Holder inequality and the Fubini theorem we get:

I(h) < c/g ax [ 1/t he) S de = c/‘z‘ddz/g f(x+hz) — F(0)|P da;

(2.9)
the result follows according to (2.8), (2.9) and Theorem 1.1. The inequality in (2.7)
can be obtained by a trivial modification of the proof. (]

2.1.4 Compactness Condition

The following theorem is due to Kolmogorov.

Theorem 1.3. Ler Q be a bounded domain, M C LP(Q). M is precompact if and

only if:
M is a bounded set, (2.10)

the functions f € M are mean-equicontinuous. (2.11)
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Proof. First, let us prove that the conditions are sufficient; as previously we set
f(x) =0 forx ¢ Q. According to (2.8), (2.9) we have:

1/p
|fh7f|Lp <csup</|fx+z )|ndx> . (2.12)

lz]<h

Let £ > 0; we can find § > 0 such that h < 6 = [fi — flr(@) < €/2. Let M), =
{fn, f € M, hfixed}. The functions fj, are bounded by the same constant and they
are equicontinuous, hence M;, is a relatively compact set in C°(Q2), and there exists
an £/2(meas (2))"/P-net, say Se, in C°(Q). It follows from (2.12) that S is an
e-netin LP(Q).

Now we prove the necessity: If M is relatively compact then (2.9) holds. Let
fi,f2,---, fx be an (¢/3)-netin M. According to Theorem 1.1, each f;, i=1,2,...,k
is mean continuous, and there exists 6 > 0 such that

Id<5:$QéU@+@—f@Wﬂx<@ﬂV,i:l@wwk

Hence, if f € M, there exists an index i such that | f — fi[;»() < /3, and

m<5:¢<éuu+@ﬂmwmym<a

O

Exercise 1.2. Prove Theorem 1.1 using the fact that for 2 bounded we have

LP(Q) =C(Q).

Exercise 1.3. Prove Theorem 1.3 for 2 unbounded with the following additional
condition: for each € > 0 there exists r > 0 such that

fEM:>/ (x)]Pdx < &,

where K (r) is a ball with center at the origin and with radius r.

2.2 The Spaces W-P(Q)

2.2.1 A Property of the Regularizing Operator

Let us recall that Lf (2),p >1 is the space of complex-valued functions defined
on 2 which are locally p—integrable on € (i.e. on every compact set in €2). The

following proposition is obvious:
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Proposition 2.1. Let f; € 7'(Q),i =1,2. Then

D*(fi+fo) =D%fi +D%f,, D*(Af;) = AD%f;, D*(DPf))=D**Pf.

Theorem 2.1. Letuc 7'(Q), Q" C Q, Q* bounded. Suppose that D*u € Ly (),
p > 1. Then there exists hg > 0 such that for h < hy, x € Q* we have:
D%up(x) = (D*u)x(x), (2.13)
lim D%uj;, = D%u in LP (Q7). (2.14)
h—0

Proof. Indeed: if @,(y) = (1/kh")@(x — y,h), then uy(x) = (@p,u) for h < h,
x € Q*, with hy < dist (Q*,9€Q). Using the definition from 2.1.1, it follows that

D%uy(x) = (—1)1*{(D* @y, u) = (@), D*u)

= L 0= 3D () dy = (D))

(2.14) is a direct consequence of Theorem 1.2. [l

2.2.2 The Absolute Continuity

Let  be a domain in R, P a line verifying PN # 0. A function defined almost
everywhere in (2 is said absolutely continuous on the line P if it is continuous on
each closed interval of PN £2.

Theorem 2.2. Suppose u € L}, () and du/dx; € LP(Q), p > 1. This function
changed on a set of measure zero is absolutely continuous on almost all lines
parallel to the axis x;.* Let us denote by [du/dx;) the usual derivative and by du/dx;
the distribution derivative. Then we have almost everywhere [du/dx;| = du/dx;.

Conversely, if u € L}OC(Q) is absolutely continuous on almost all lines parallel
to the axis x; with [du/dx;] € LP(Q2), then we have du/dx; = [du/dx;].

Proof. Let us prove the second part: If ¢ € 9(L2), by integration by parts we get
(@,[du/dxi]) = (@,du/dx;). For the first part, let = U7_, C;, where C; are cubes;
this cover is locally finite, which is always possible. Let C be one of these cubes, and
v € 2(Q) such that w(x) = 1 for x € C. Let us put v = uy;v € L' (). Obviously
dv/dx; = (du/ox;)y+u(dy/dx;). Putv=9dv/dx; = 0 for x ¢ Q. Let K be a cube
big enough such that Q C K.

The set of all intersections of parallel hyperplanes where u is not absolutely continuous, with the
hyperplane x; = 0, is a set M such that meas (y_;)M = 0.
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Let us define v*(x) by:

. i Jy
v (X): E(xla'"7xifla€axi+1a"'7xN)d§ (215)
o DX
for the points (x1,...,Xi—1,%i+1,---,Xn), where
dv

Let y € 2(£) be a function with y (x) = 1 on supp v.
For all ¢ € Z(Q), we have:

g(xl,...,xl',l,é,x,url,...,x;v) dé < oo,
1

X ° 2
/Q(pv dx:/ﬂ(/x,- (p(xl,...,xi,l,é,xiﬂ,...,xN)dé)a—;(x)dx

oo av n
—/Q(/Xi <pd§)xa—de—/Q<pvdx,

then almost everywhere v(x) = v*(x); it is clear that v* is absolutely continuous on
almost all lines parallel to the axis x;, and almost everywhere [dv*/dx;| = dv/dx;.
But since almost everywhere on C v*(x) = v(x), the result follows. O

Remark 2.1. According to Theorem 2.2, a function f not absolutely continuous on
[0,1] (or continuous) which has almost everywhere a derivative such that [df/dx] €
L'(0,1), satisfies [df/dx] # df/dx. The well known example is a monotone
function continuous on (0, 1), £(0) =0, f(1) = 1, df / dx = 0 almost everywhere.

2.2.3 The Spaces W"?(Q)

For an integer k > 0, and p > 1, we denote by W57 (Q)? the subspace of functions
f € LP(Q) such that for || < k,D%u € LP(). On W*P(Q) we define a norm by:

oy = (3, [ IDulrd)' ", (2.16)

|of <k

and, if p = 2, Wk?(Q) is an Hilbert space for the scalar product defined by (1.1.2).
The membership of u in W*?(Q) is a local property, indeed.

31f u € W52 (Q) by the definition from 1.1.1, then in general it is the same as in the definition given
here; the converse is not true. Later we shall segthat for Q € MY the two definitions coincide. In
N.G. Meyers, J. Serrin [1], it is proved that C**(Q) N\W*P(Q) is dense in WP (Q).
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Proposition 2.2. Let Q;,i = 1,2,...,l, be domains satisfying UfZIQi D Q. If
ue WhP(Q),i=1,2,...,1, thenu € W*P(Q), and

i
|“|W’W(Q) < 02 |”|W"‘”(Qi)'
i=1

Proof. Let |o] < k. We denote by g; the derivatives D%u in €;; it follows
immediately from the definition of D%u that if £; N €2; # 0, then g; = g; almost
everywhere in ;N €;. We define g(x) = g;(x) in £2;, and let ¢ € C;’(£2). According
to Proposition 1.2.3, there exist functions y; € Ci’(£2;) such that

l
x€ Supp(p:>21//,-(x) =1.
i—1

=

We have:

!

]
(D%, u) = <D°’(2i Yip),u) = (—1)1 ;<Wp,gi>

l
= (DY (yig.g) = (—1)*(p,g).
i=1

O

Remark 2.2. According to Theorem 2.2, there is a definition equivalent to the
previous: u € W'P(Q), if u € LP(Q) and if, after a modification of u on a set
of zero measure, u remains absolutely continuous on almost all lines parallel to
the x; axis and if [du/dx;] € LP(Q) (cf. Theorem 2.2). By another modification
[Qu/dxy) € LP(Q), etc.

There exists another definition for p = 2, k = 1 due to B. Levi related to
Remark 2.2: WHP(Q) is the subspace in L”(£2) of functions u which, and after
a modification on a set of zero measure, remain absolutely continuous on almost all
lines parallel to the axes x1,xz,...,xy; the derivatives [du/dx;] € LP(Q).

Here an adaptation of a theorem of J. Deny, J.L. Lions [1]:

Theorem 2.3. For W7 (Q), the definition from 2.2.3 and the definition of B. Levi
are equivalent.

Proof. If u € W'?(Q) by the B. Levi definition, then it is the same as by our
definition according to Theorem 2.2. Let u € W!7(Q); we use the steps used in the
proof of Theorem 2.2: uy = v € W»(K), where K is a cube (—1,1)" sufficiently
large such that suppv C K. According to Theorem 2.1, limj,_,gv;, = v in LP(Q),
limy,_0 dvdx; = dv/dx; in LP(K),i=1,2,...,N. Letus set fori = 1,2,...,N:

"X a
gilx) = —v(xl,...,xi,lé,xiJrl,...,xN)dé. (2.17)

_. —o0 ax,'
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Then g;(x) is an absolutely continuous function on almost all lines parallel to the

axis x;; we have:
lim / /
h—0

) times

3vh 8
-1 axl axl

dxl) dy’ =0,

then we can find a sequence A,,, lim,,_,.. 1, = 0, such that for almost all lines parallel
to the axis x

3vhn 8
axl 8x1

We deduce that lim,, .. vy, (x) = g1 (x) on almost all lines parallel to x;. The same
property holds for i = 2: we can extract a subsequence £, of the sequence £, such
that limy, e v, (X) = g2(x) on almost all lines parallel to the axis x», etc. Step by
step we construct a sequence vy, , such that limg_,., v, (x) = g;(x) on almost all lines
parallel to x,xz, ..., xn; it is clear that limg .. v, = v* (x) = v(x) almost everywhere
in 2. We conclude as in the proof of Theorem 2.2. O

lim

n—eo |

dx; =0.

Exercise 2.1. If u € W!''7(Q), prove that |u| € W'"’(Q) and ullwir@) <

|ulwir(q)-
Hint: use Theorem 2.3.

2.2.4 The Spaces W*?(Q) (Continuation)

Proposition 2.3. The space WSP(Q) is a Banach space with a countable basis,
reflexive for p > 1.

Proof. The space WhP () is complete, this is a consequence of the definition from
2.2.3; WkP(Q) is a closed subspace of the space [L”(£2)]* which has a countable
basis and which is reflexive if p > 1. Here, s is the number of indices |ot| < k. O

Proposition 2.4. Let u; be a sequence in 7' (), with |D%u;| () < c1, p > 1, and
im;_ye u; = u in the sense of distributions. Then D*u € LP (), and ID%ulp(q) < c1.

Proof. For ¢ € Ci(L2), we have:
lim (¢, D%;) = lim (—1)'*(D%@,u;) = (~1)*/(D%p,u),
(@, D%u; / ©D%u;dx

But 2(Q) = L1(Q) for ¢ > 1, hence lim;_,.. D%u; = g weakly in LP(L2), and
(9.8) = limi s (9, D%u;) = limj e (1)1 (D% 1) = (1) (D @, ). O
Remark 2.3. If p = 1, Proposition 2.4 is true if the sequence D%u; is weakly
compact.
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2.2.5 The Spaces W' (Q)

We denote W(f P(Q) = 2(Q), the closure of Z(Q) with respect to the norm of
WhP(Q), and Wk4(Q) = (WP (2))' the dual space of Wy’ ().

Proposition 2.5. Suppose p > 1; then every function f € W54(Q) can be written
(not uniquely) in the following form:

f=Y D%, (2.18)
o <k
where 11
fo €LI(Q) and —+-=1.
P q

Proof. Let s be as in the proof of Proposition 2.3. We have W(;{’p(.Q) C [LP(Q)]°.
According to the Hahn-Banach theorem, f can be extended on [L”(Q)]°. But
([LP(2))) = [L1(2)], hence

S
€LP(Q) = fv= Z/Qvigidx
i=1
with g; € L9(Q). If v € WP (), we get:

=3 (—1)‘0“/91)%fadx

lor| <k
with fy, € L1(Q); then

vED(Q) = fv=_(v, Y, D*fa).

|of <k

O

Exercise 2.2. If p > 1, prove that the closed unit ball in WA (Q) is weakly
compact.

Remark 2.4. 1f  is a domain such that its complement C£2 has a positive measure,
then for k > 1 we cannot have W(;{’p(.Q) = WkP(Q); details can be found in J.L.
Lions [5]. But if Q =R we have:

Proposition 2.6. W,” (RY) = WkP(RN).
Proof. Let ¢ € 2(RYN) satisty ¢(x) =1 for x| < 1, ¢(x) =0 for |x| > 2. Ifu €
WP (RN, let us put u,(x) = u(x)@(x/r). Clearly lim, o, = uin W5P(RV). Using

Theorem 2.1, we get limy,_ u,, = u, in W5P(RY) (we use (2.6)); but u,;, € Z(RN).
O
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2.3 Imbedding Theorems

2.3.1 The Lipschitz Transform

Lemma 3.1. Let Q2,0 be two bounded open sets, T a one-to-one continuous
mapping, T : O — Q, with a Lipschitz inverse, i.e.

T 0) =T (W) < e =y (2.19)

Letuc LP(Q),p > 1. Thenv(y) = u(T (y)) € L(O), and we have:
Vo) < clulira (2.20)
Proof. Using the regularizing operator (we put u(x) = 0 for x ¢ Q), we get
limy,_,ou, = uin LP(Q). Let S, be a rectangular lattice in RY formed by cubes with

sidelength d; let us consider cubes Ci,Cy,...,Cy, whose closures are contained
in O; we have:

[ luroniray = alligg)lild” inf (TGP (221)

According to (2.19) we have:
meas (G;) < ¢;meas (T(G)). (2.22)

Indeed: if y; is the center of C;, and if dT(C;) is the boundary of T(C;), we get

19T (C;)) € 9C;. Using (2.19) if x € T (C;), and denoting x; = T (y;), we have
|x —x;| > c2|T~(x) —yi| > (1/2)dcy, hence T(C;) contains a ball with center x; and
radius (1/2)dc, and we have (2.22). Furthermore,

mq mg
1 p ) P P
@' 3, inf (T O < 1 3, meas (T(C) nf [ TO)I” < 1 [ )l d,
(2.23)
and then
/|Mh |pdy<61/ |up ()]7 dx. (2.24)

Now limj_ou;, = u in LP(L2), and we can extract a subsequence, say uy,
such that lim; e up, = u almost everywhere in Q. It follows from (2.19) that
lim; ooty (T(y)) = u(T(y)) almost everywhere in O. The Fatou lemma gives
(2.24). O

Lemma 3.2. Let Q.0 be two bounded open sets, and T and T~' one-to-one
Lipschitz mappings, T : O — Q. Let u € WHP(Q), p > 1. We have u(T(y)) €
WP(0), and if we set v(y) = u(T(y)) we get:
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|V|W1’1’(0) < C|M|W1»P(Q)- (2.25)

Proof. Let us put u = 0 outside of £2, and let u, be the regularized function. The
function v(")(y) = u,(T'(v)) is a Lipschitz function in O, hence a posteriori it is
Lipschitz on all lines parallel to y;,y»,...,yy. Then we have in the usual sense:

8\;(") N auh axj (2 26)
dyi axj ady;’ '

according to Theorem 2.2 it holds in the sense of distributions. We have
limy,_,0 duy,/dx; = du/dx; in LP(Q*) for Q* C Q,limy,_,ouy, = uin L (). Let us
denote O* = T~1(Q*). According to the previous lemma, dv\*) /9y, is a Cauchy
sequence in LP(0O*). We get:

v u 8x1
a—yi (9)6] ayl (2.27)

and then, using again the previous lemma, we have v € W!?(0), and hence the
inequality (2.25). O

2.3.2 Density of C*(Q) in WkP(Q)

In Chap. 1, we introduced another definition of Wk’Z(Q) (cf. the definition in 1.1.1);
we can generalize it for p > 1.

Problem 3.1. Characterize the domains such that C*(Q) is dense in W7 (Q).

We know that these two definitions are equivalent under certain conditions (cf.
E. Gagliardo [2]), V.P. Iljin [1]); let us denote by C%(RN ) the space of restrictions

to Q of functions in C**(RV) (clearly we have CE(RN ) C C=(Q)). We have:

Theorem 3.1. Ler Q € N°. There is Co(RV) = W5 (Q).

Proof. Using the notations introduced in 1.2.4, we set u, = u@,. We get immediately
u, € WEP(Q); using the local charts (x).,xrn), let us define u,y, r < m by
Uy (X, %) = up (X, %,y 4+ A). If A is sufficient small, we have u,; € W*?(Q), and
according to Theorem 1.1 limy_,qu,; = u, in W*?(Q). We have u,y € W57 (€,),
with Q; D Q. It follows from Theorem 2.1 that limy,_,qu,, = u,;, in wkr(Q). If
r=m+ 1, we have limy_,o tty,41 , = U1 in WkP(Q), so uy,;, = Zr | Uppps and we
getlimhg)oﬂﬁoukh:blin Wk’p(.Q). O

Example 3.1. Let  be the disc in RZ with center at origin and radius 1, without
the segment 0 < x; < 1, x, =0. Then C°°( ) £WkP(Q),if k> 1, p > 2 (the result
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is true if p <2, but at the moment, we are not able to prove it). Indeed, according to
Theorem 1.1.2 we can define traces “from top” and “from bottom” on the segment
mentioned. If we have C=() = W*?(Q), these traces will coincide, but this is not
possible in polar coordinates (r,0) if we consider the function r*@ € W7 (Q).

A bounded domain is called starshaped with respect to the origin if there exists
a positive continuous function on the unit sphere, say /(x/|x|), such that Q = {x €
RN, |x| < h(x/|x|)}. We have (cf. V.I. Smirnov [1]):

Theorem 3.2. Let Q be a starshaped domain with respect to the origin. Then
WEP(Q) = C5(RN).

Proof. Indeed: let u € W*P(Q) and put u; (x) = u(Ax), 0 < A < 1. According to
Theorem 1.1, lim, _,; uy =u in W5 (Q). Denoting Q) = {xeRY, x=y/A,ycQ},
we have u; € W5P(£;), but Q C ;. Obviously, for every & > 0, there exist A,
h > 0 such that |uy), — u|Wk‘p(_Q) <e&. O

In the statements of Theorems 3.1, 3.2, the properties of 2 are used; but it is
possible to generalize these theorems in the following form:

Theorem 3.3. Let €2 be a bounded domain such that there exists a sequence
of domains €,, n =1,2,... such that Q C £, £, D Q,,1; N~_,Q, = Q, and
let us assume that for every u € WhP(Q), there exists u, € W5P(Q,) such that

10y seo |ty — ]y ) = 0. Then Co(RN) = WhP(Q).

Proof. Let u, = 0 outside of €2,,; according to Theorem 2.1 we can find a sequence
hy such that limy, e [, — tn|yep(q) = 0. 0

2.3.3 The Gagliardo Lemma

Let us prove a lemma due to E. Gagliardo [2]:

Lemma 3.3. Let C be the cube (—1,1)V, let C; denote its faces (—1,1)N~! for
x;=0. Let f; e IN"Y(C;), i = 1,2,...,N, and define f; in C by
ﬁ(x) = ﬁ(xlv cesXi— Xty ,XN)- Then

N N
/C\Hﬁ\dc <II (/C Ny e) K (2.28)
i=1 i=1 i

Proof. We use a recurrence process over N. For N = 2 inequality (2.28) is a simple
consequence of Fubini’s theorem:

1 1
Lilisldc = [ nGlde [ 16|,

Let be N > 2, and let us assume that (2.28) holds for N — 1; we have:
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1
I:/C|f1f2...fN|dC:/Cl |f1|dC1[1|f2f3...fN|m1.

Using the Holder inequality for p; =N —1,i=1,2,... ., N — 1, we get:

Nt 1/(N=1)
1< [ IT( [ 10 an) (2.29)
G i=2 /-1

Now using again the Holder inequality forp=N—1,g=(N—1)/(N—2) in (2.29),
we get:

_ N 1 _ _ _
< (bt "ML TTCS A an) Y Pac) . @0

Using now the recurrence hypothesis, denoting Cy;,i = 2,...,N, the projections of
C} on the hyperplane x; = 0, we finally get:

/ / |fl|N ldx)l/(Nfz)dcl
Cll .

<TTC, e [ 1aran) 2 =T [ 17 ac) "2,
=2 1i - 2 ;

i=

Then taking into account (2.30), we get (2.28). (I

2.3.4 The Sobolev Imbedding Theorems

Now, let us start with the first of the imbedding theorems; basically these theorems
are due to Sobolev (cf. S.L. Sobolev [1].) Here we use an adaptation of the method
of Gagliardo (cf. E. Gagliardo [2]). Let us recall that if for two Banach spaces
Bi,B>,B; C Bj is an imbedding algebraically and topologically, then this means
that each element in B is an element of B, and for every x € By, |x|p, < c|x|p,. We
use the notation introduced in 1.2.4.

Theorem 3.4. Let Q € M, 1 < p < N. If1/qg=1/p—1/N, then W'"P(Q) C
L1(Q) algebraically and topologically.

Proof. Tt is sufficient to prove that u, = u¢, € L4(V,). We define a mapping 7 on
the cube C= {|y;| < 1,i=1,2,...,N}, T :C =V, usingx = (x.,.x,n), y = (¥, yiv);
for simplicity we omit the index r, and we set:

K=oy, xy=(B/2)yn+alay)+B/2. (2.31)
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The mapping T and its inverse are lipschitzian between C and V. According to
Lemma 3.2 it is sufficient to prove that v € L7(C) where v(y) = u(T (y)), and the
corresponding inequality. Let v € W!?(C), and equal zero in a neighborhood of the
sides of the cube, except the side yy = 1, |y;| < 1,i=1,2,...,N — 1, cf. Fig. 2.1

YN

supp v

Fig. 2.1

Theorem 2.1 implies the existence of a sequence v;, lim;,.v; = v in
WLP(C),v; € C(C) with the support mentioned. We prove first the following
inequality:

Wilza(c) < cvilwie(c)s (2.32)

then we can pass to the limit as / — o and we obtain:
Vlzacy < cvlwinc)- (2.33)
Let v € C*(Q) with the support mentioned and let us consider the function:
yi = |v(y)|VP=P)/(N=P)

as a function of the variable y; (all other local charts are fixed). On the interval
(—1,1) we have almost everywhere:

d Np— dv
7 (Np—p)/(N=p) « YP P\ (Np-N)/(N=p) | TV |. 234
3”0 S il 234
in fact, it is sufficient to use the inequality
dift| _ |df
’7 . ’z (235)

which holds for an absolutely continuous function almost everywhere on (—1,1).
Using (2.34) we get:
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|(prp)/(an

Np p/||(NpNNpav
d

sup [v(y) dy;. (2.36)

[yvi|<1

Let C; be the projection of C on the hyperplane y; = 0, p > 1. Using Holder’s
inequality we get from (2.36),

/ sup [v(y)|NP-N/ V=Pl
Cilyil<t

(r=1)/
<o ([ penenac) (]
C

(r=1)/p
< Np )4 </| |Np/N p dC) |V|W1,1’(C)-

Taking into account Lemma 3.3 and (2.37), it follows that

/|v|N”/N pdC</H sup |v|P/N=P)g

i=1]yil<1

ovP

1/p
—_— dC) (2.37)
dyi

1/(N=1)
< H </c sup |v|(NPP)/(NI’)dCl.> (2.38)

lyil<1
N/(N—-1) Np—N)/(Np—
<<Np—p) /( (/ |v|N1’/NPdC)(p )/(pp)|v|N/N N
= pr Wlp C) )
and hence
(N=p)/Np Np —
Np/(N— pP—D
(/C|V| P/( p)dc) S pr |V|W1,p(c>. (239)

Going back to the index r, for r = m+ 1 we cover U, by a finite number of cubes
and using a partition of unity we again arrive at the inequality (2.39), and we have
the result for p > 1. If p = 1 then (2.36) becomes:

v
ay,

sup ) < [

lyil<1

dy,

and by Lemma 3.3, we obtain

[0 Vac < [ 1T sup 10 Vac
i=1|yi|<1
1/(N—-1)
ac) b

N . /N=1)
< H / sup |v|dC; H ( Wl 1
i=1 \7Ci|yl<1 i=1

which completes the proof. (]

8yl
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Remark 3.1. Theorem 3.4 is obviously true for a finite union of domains of the
type N1

A domain has the interior cone property if there exists a fixed cone such that
each point of € is the vertex of this cone appropriately placed into 2. We can
easily prove that such a domain can be decomposed into a finite union of domains
of the type M1, cf. E. Gagliardo [2].

Remark 3.2. In J.L. Lions [5], Theorem 3.4 is proved for Q = R". The proof
follows the same ideas.

Example 3.2. The number ¢ = Np/(N — p) in Theorem 3.4 is the best possible: the
function u(x) = |x|~V/2*+In~! |x| defined on the ball Q = {x € RV, |x| < 1/2},
N >3, isin W12(Q); on the other hand,

/ u| N/ V=242 4y — oo for &> 0.
Q

Theorem 3.5. Let Q € MO p = N. Obviously W''P(Q) C L(Q) algebraically
and topologically for any q,1 < g < oo

Theorem 3.6. Let Q € M, p > 1, kp < N. Put 1/q = 1/p —k/N. Then
WkP(Q) C L4(Q) algebraically and topologically.

Proof. We proceed by recurrence with respect to &: the theorem is true if k = 1; we
assume that it is true for k — 1. Then D% € W'?(Q), || < k — 1, hence D%u €
L7 (Q) with 1/¢* =1/p—1/N=uc W19 (Q) = u € L1(Q). O

Obviously, we have also

Theorem 3.7. Let Q € ™!, p> 1, kp = N. Then Wk (Q) C L9(Q) algebraically
and topologically for any q, 1 < g < ce.

2.3.5 The Sobolev Imbedding Theorems (Continuation)

Theorem 1.1.11 is a particular case of an imbedding theorem if kp > N. Now we
follow the ideas of C.B. Morrey [3]. Hereafter we shall say that for a Banach space
B,BcC® (5) algebraically and topologically if every function f € B (where B is
a subspace of measurable functions on £2) can be modified on a set of measure zero
in such a way that this modified function is absolutely continuous on Q; moreover
we have:

max [ f(x) < c|f|s.
xeQ

Theorem 3.8. Let Q € %! p > 1,kp > N, and denote
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=k—(N/p) if k—(N/p)<1,
pe <1 if k—=(N/p)=1,
=1 if k—(N/p)>1.

Then WrP(Q) C COH(Q) algebraically and topologically.
Proof. We proceed as in the proof of Theorem 3.4: we consider u,, r < m; obviously
u, € WkP(V,), and

|“r|Wk‘p(V,) < Cl|’4|wk‘p(g)- (2.40)
Let us consider the case k — (N/p) < 1; we have (k—1)p < N, and thus, by
Theorem 3.6,

|”r|W1>II(V,) < 52|“|Wk,p(vr) (2.41)

where 1/g=1/p— (k—1)/N. For simplicity we omit the index r. If we use the
mapping (2.31) we have to consider u € W!4(C), and due to Theorem 3.1, it is

sufficient to assume that u € C(C), and to prove the inequality
|”|C“#(E) < C3|“|W1,q(c)- (2.42)

To do this, let yj), yp) € C; it is always possible to find a cube Cp with faces parallel
to the faces of C such that yyj,yp) € Cp C C and with sides of length equal to p,

p < |yp—ypl < VNp, cf. Fig.2.2 (N = 2).

Y2

Yl2]

Fig. 2.2
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Lety € Cp. We have:

a(y) — ()| = / 3+ 0= 330)) O = 1)

<C4P/

and then using the change of variables z = y;) + t(y— ym), we get:

gty — y[]))‘d

‘— M dy—uly;)| < —

|u(y) —u(y;))|dy
Cp
< eap N+1/ 7th/c
pri=1

Cor = {z € Cp,z= Vil th(yfym),y S Cp}.
Now from the Hélder inequality and from (2.43),

(2.43)
7)|dz,

ay,

where

k=(N/p),

‘— y)dy —uly)| < eslulyrac)p

hence
lu(yy) — u(p)| < 2¢slulyraeyp*™ NP < 2eslulyrage) v — v VP (2.44)

Let yo),y € C; we have:

(o < Juy |+/

then by integration with respect to y over C we obtain as above:

0] Tty —yi0) Vi — ypopi) | dt,

|u(y[0])| < C6|M|W1,q(c)a (2.45)

and with (2.44) we have (2.42).

Concerning u,,+ it is sufficient to cover U, by a finite number of cubes
contained in €2, and using a partition of unity, we obtain again (2.42). Hence, the
case k— (N/p) < 1 is proved.

If k—(N/p) =1, weuse p’ < p, and the result follows.

If k— (N/p) > 1, there exists a positive integer m such thatk— (N/p) —1 <m <

—(N/p)=0<k—m—(N/p) <1, then D%u € W< (Q), |at| < m;D%u=v
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is continuous, the case 0 < k — (N/p) < 1 having been proved, thus u € C%!(Q);
the theorem is proved completely. (]

Remark 3.3. As an immediate consequence of the previous theorems, we obtain
imbedding theorems for the derivatives. For instance, if u € W57 (Q), Q€ oL
(k—m)p<N= D% e L1(Q)with1/g=1/p— (k—m)/N and |a| < m.

Example 3.3. Theorem 3.4 does not hold if for instance £ is a domain in R? and
its boundary contains a sharp cuspidal point: Assume

Q={xeR?0<x <1,x <x?pexp(fp/x1)}, 1<p<2,

and u(x) = exp(1/x;). We have:

1
[t ds=2 [ exp(p/xyexp(—p/xl dn <.

u

8x1

Jo

on the other hand, if ¢ > p,

p I
ar=2 [ exp(p/xi)exp(—p/r}" duy <
X

1
[ luttax =2 [ expla/n)exp(—p/xeil dn = .

Concerning the imbedding theorems if Q = RV cf. J.L. Lions [5]; if Q is
unbounded, cf. J. Deny, J.L. Lions [1]; for 2 unbounded and the estimate of type
(1.1.4); cf. also the previous paper.

2.3.6 Extension, the Nikolskii Method

Let u € W(f P(Q). We define the extension of u on RV: let u = lim, e @y, @, €
Co(Q). @, is a Cauchy sequence in W5?(Q), thus in WP (RY), the sequence
converges to v € W5P(RV). Obviously, the restriction operator (denote it by R)
which maps a function from W*? (RV) onto its restriction on £ satisfies Rv = u. We
write v = Pu where P is the extension operator P € [Wy” () — WEP(RN)]; P is
linear and continuous.

Corollary 3.1. Let Q be a bounded domain. Then Theorems 3.4-3.7 hold if we
replace W*P(Q) by Wé"p(!)).

Proof. Indeed, take a cube C O Q; for the extension P, we have P € [Wé‘ P(Q) —
whr(C)]. O
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If Q C Q and u € W*P(Qy), we have u € W5P(Q) and we can formulate
a question:

Problem 3.2. For what domains £ does R(WX?(RN)) = Wkr(Q)?

A.P. Calderon [2] proved that this equality holds for Q € M%!, p > 1; we shall
prove it in the case Q € 9%*~1! p > 1 and for Q € MO, p=2.

Lemma 3.4. Let Q2,0 be two bounded open sets and T a one-to-one continuous
mapping, T : O — Q. We assume that T is (k — 1)-times continuously differentiable
in O, the derivatives of order k — 1 are lipschitzian in O; we assume also T~!
lipschitzian in Q. Let u € WEP(Q),v(y) = u(T (y)). Then we have:

|V|Wk’p(0) S C|“|wk.p(Q)- (246)

Proof. Let u € WkP(Q), we put u = 0 outside of Q, and let 1, be the regularized
function. Let vy (v) = un(T (y)). We can compute the derivatives of order < (k— 1)
of vy in the usual sense; for [ot| = k— 1, D%vy) is an absolutely continuous function
on all lines parallel to the axes y;. For |of| < k, the derivatives Do‘v[h], taken in the

distribution sense, are bounded on Q. If || <k, D"‘v[h] is a Cauchy sequence in

LP(Q*) due to Lemma 3.1. We deduce v € W*?(Q*); according to formulae as
(2.26) for D%v, |ax| < k, and according to Lemma 3.1 the result follows. O

The following theorem is based on an idea of S.M. Nikolskii, cf. V.M. Babich [1].

Theorem 3.9. Let Q € M1 1 < p < oo. The extension operator P exists and
maps W*P(Q) linearly and continuously into W*P (RN).

Proof. Let u, = ug,, the function u,,4 belongs to W(;{ 7 (£2), hence we extend it by
zero outside of Q. Let us consider u,,r < m, and omit the index r. Let T be the
mapping of the prism
K={yeRYy=(/ )l <oi=12,....,N=1,0 <yy < B}
to V (cf. 1.2.4, Chap. 1), defined by
X =y, xv=yv+aly). (2.47)

All hypotheses in Lemma 3.4 are satisfied, u € W*”(K) and the inequality (2.46)
holds. We denote:

Ky ={yeR" |yl <a,i=12,....N=1,0 <yy <kB},
K ={yeR" |yi|<a,i=1,2,....N—1,-B <yy <0}.
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Let us extend u by zero outside of K on K, and put for yy <0

u(y',yn) = 3, Ay, —iyn), (2.48)

where the coefficients A; are defined by

-

1= (=), a=01,.. k-1 (2.49)

i=1

The determinant of this linear system is not equal to zero, thus the A/s are
uniquely determined. Clearly u € W5?(K_), but we have also u € W*?(K'). To see
this let us consider D%u, |or| < k. Assume that u € C*(K); according to Theorem 3.1,
if we pass to the limit we get u € W5P(K). Let ¢ € C5(K'), and let us consider:

[ D0ty dy—/D“ dy+27t / D (y)u(y, —iyy)dy. (2.50)

Leta = (0q,00,...,0n) and letus set o = o + o, o’ = (0,...,0, oy ). Now using
integration by parts in (2.50) we get:

- 9ON

D p(u()dy = (=1)! | S D% u(y)dy
K JK dyy
OC
\oc \ E)L / N(p(y)Do‘/u(y/, iyy)dy
Iy

k
(=1 [ @)D u(s)dy+ (=)™ | 9(3) ¥, 2u(=) DUuly',~isn)dy
i=1

B 9w TI(.0) I
+3Y (=Y A —if’l—l/ u — D% u(y’,0)dy.
3 DA 1) [ S S Do)
(2.51)
According to (2.49), the last term of (2.51) is equal to zero, then

|M|Wk,p(K/) S C|M|Wk.p(K). (252)

The mapping (2.47) and its inverse satisfy the hypotheses of Lemma 3.4 for Q2 = U,
0o=K.

We obtain the extension of u on U such that u € WP (U) and u is equal to
zero in a neighborhood of JdU. If we put u = 0 outside of U we have constructed
an extension operator. Now we go back to the index r, and denote this extension
operator by P,; we have the result if we put Pu = 2:”;11 Pou,. O
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2.3.7 Extension, the Calderon Method

We describe the method of A.P. Calderon only for p = 2 : we shall introduce
some simplifications as in the work of J. Necas [9]. We shall finish with remarks
concerning the case p # 2.

Let a(x’) be a lipschitzian function in the cube A = {|x;| < @, i =1,2,...,N—1}.
Let us denote by C(y) the cone xy > yn, |X' —)'| < k(xy —yn). We can find x
sufficiently small such that the set A = {x € RV ¥’ € A, xy = a(x')} has an empty
intersection with C((«',a(x’))), ¥’ € A. Let us denote Koo = Uy C((«,a(x'))); we
choose y > 0 such that ¥ € A = a(¥') < 7, and define K = {x € K., xy < y}; cf.
Fig. 2.3.

Fig. 2.3

Let u € C*(K) be a function with support in K UA, cf. Fig. 2.3. We denote by S
the unit sphere with center at the origin O and let 6 € SNC(0). Now for x € K, we
have:

roo k
[ b a0 d = (D= D). (2.53)

Let us denote o! = o)l ... on!, 6% = 6 62 ... ooV we get:
1 03 N

k
jtk(exp( Hu(x+10)) = exp(— W%D“ u(x+10)o u(@)(—l)"‘.

(2.54)
Now let v(o) be a real infinitely differentiable function on S with support in
SNC(0), v(o) >0, [(v(o)dS = 1. From (2.53) and (2.54) we get:

u(x) =

= dS/ “lexp(—1)(— 1)k

!
x Y (- ‘“‘|a| <|a|)6°‘D“u(x+t6)dt,

lor| <k
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and the substitution y = x 4 to leads to

_ L o [k C=*  a
u) = G /RN Lékﬁ((m) P ”(y)]

x—y
< exp(—x —y) (W) d,

where (x) = v(—x); formula (2.55) is an adaptation of the Sobolev identity, cf.
S.L. Sobolev [1].
If f € L'(RY), we denote by (&) the Fourier transform of f defined as

(2.55)

7&) = [ expl=itx £ sax
if f € L2(RV),f is defined by the Plancherel method (cf. S. Bochner, K. Chan-

drasekharan [1]). We have

Lemma 3.5.
we W) = [ ()1 +IEP) dE <o,
R

and
1/2

cilubye, < ([ JAEPO+EPAGE) < coliyaan,

Indeed, it is sufficient to use the Parseval identity (cf. the book of S. Bochner,
K. Chandrasekharan [1]); for f,g € L*(R"), we have:

: o
[ S8 = )y /RNfgdé,

by the definition of W*2(RY) in 2.2.3 and by the well known properties of the
Fourier transform such as

—

e RY) = (3—)‘5)(5) —iEH(E), etc.

Remark 3.4. 1If Q = RN, then from Lemma 3.5 follows easily a particular case
of Theorem 3.8, i.e.: if 2k > N, then W*?(RV) c CO(RM) algebraically and
topologically. This follows from

[rene = ([ rerarierre)” ([ o)
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and from the inverse transform:

1) = g fon F(E)explife£))d.

With the notations of this section, K, ..., we have:

Lemma 3.6. Let M C KUA be a closed set, and u € W*?(K), supp u C M. Let us
denote by W C Wr2(Q) the set of functions with support in M. Then there exists
a mapping P € [W — Wk2(RN)] such that RPu = u.

Proof. Letu € WNC=(K). Let us put for || < k:

| D%(x) for xeK,
fa(X)_{O for x¢K.

For x € R, we define:

o ol (kY ()
)= Gy o lék?w) |xy|a+Nkf°‘(y)] "

xexp(|xy|)/.1<|x_§|) Mk/ Lo(x—) fa(y) dy

It is clear that [pv [[5(x)|dx < oo, |at| < k, thus according the to theorem about the
Fourier transform of a convolution, we get:

(2.56)

(&)=Y, la(&)ful). (2.57)
lor| <k
For |a| < k, we have
(&) < Ci (1418172 (2.58)

Indeed, it is sufficient to consider:

Il = G5 o e b (7 ) exp(-iGr )

/1+1G§ as

Clearly we have:
max /o (§)] < e2; (2.59)
&I<1
let |£| > 1. Let us consider the vector n = & /|&|. Without loss of generality we can
assume the support of i sufficiently small such that if y(o) # 0, then (o, 06p) > 1/2,



2.3 Imbedding Theorems 75

where 0p = (0,0,...,—1); then we can find € > O such that if |ny| < &, n ¢ supp u,
and if |ny| > €, 0 € supp U, |(o,N)| > c3. In the case |nN| < € let us introduce
anew system of charts generated by vectors 6',62,..., 6", such that —(c", 0p) =

(1-n3)'/2, 6! =n, where the coordinates are 7y, 12, ..., Ty. We put T = (7', 7y)

and obtain: A7) v
. 7)drt
J = —_—
() /\wgl(mmél)k

with A indefinitely differentiable if [7/| < 1, and with supp A in |7/| < I.
Using integration by parts, we get:

/‘ A(T)dr 1 1 / (A /otf1yar
<t (LHinlEDE (k=DLEENS <t 1+in|E] (2:60)
o | / (1207 ) (1 —im|E]) e
(k= DAEN T < 1+ 17[E
We have:
© (M A ot ar /‘1 dn, _ _ s
< —. 2.61
’/f’<1 1+17[E2 ST ER = |§| (261)
To simplify the notation, let us set § = 911 /91 '; we get:
/' o(7)[E]T d7’ _/' 5(0a727---,TN71)|§|TldT,d /
oMt T
W<t 1+ T7|E? l7|<1 1+ 77|€)2
5(¢)— 5(0 ) (2.62)
T)— y W2y IN—1 /
_|_/ T1d7.
v/|<1 1+ 77|&? &l

The first integral in the right hand side is equal zero, and using in the second integral
the inequality |6(7') — 6(0, T2, ..., Tv—1)| < c6|T1| we get

8(7)—8(0,72,..., 1) < f
’/1 e HEC B (263

Inequality (2.58) follows from (2.60) to (2.63).
If [nn| > €, then |(0,M)| > ¢3 for 6 € supp 1, and in this case (2.58) again holds.
Finally, according to (2.57), (2.58) and Lemma 3.5, we get:

|V|Wk»2(RN) < C9|“|Wk,2(1<)7 (2.64)

and (2.56) defines the extension operator P. [l

Now we can prove
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Theorem 3.10. Let Q € N1, Then there exists P € [W*?(Q) — WE2(RN)], such
that RPu = u.

Proof. We use always ¢, V,, etc. as in 1.2.4; for u@,, r < m, we use Lemma 3.6,
with K, C V,, such that supp ¢, C K, UA,. Let P. be as in Lemma 3.6, for r =m+ 1
let us define P, by 2.3.6; and if we put: Pu = ZZ"LI P,u, the result holds. O

Remark 3.5. Theorem 3.9 is true also in the general case p > 1, p # 2. For the proof
we can use again (2.56), and in addition the theory of singular operators due to A.P.
Calderon, A. Zygmund [1], cf. J.L.. Lions [5], or (2.57) and in addition the multiplier
theorems, cf. S.G. Mikhlin [4], B. Malgrange [2].

The Nikolskii and Calderon extensions are different at one point: the Nikolskii
extension operator can be the same for W’”’(Q), k=1,2,...,k, the Calderon
extension depends on k which can be in some situations inconvenient, for instance
if we use interpolation, cf. J.L. Lions [5].

Let us formulate an unsolved problem:
Problem 3.3. Is Theorem 3.10 true for p = 1?

The questions concerning the existence of extension operators P are closely
related with the whole theory of Sobolev spaces W5?(Q); if P exists for one
WkP(Q) we can restrict our consideration solely to the case of WP (RV) as
far as concerns density theorems (cf. Theorem 3.1), imbeddings, compactness of
imbedding operators, and their consequences such as trace theorems etc. We can
also formulate converse problems, such as, e.g.,

Problem 3.4. If Q is bounded and if Theorem 3.4 holds, does P exist?

In some particular cases the answer is negative, for instance: if Q € MO,
Theorem 3.1 is true, but in general, P does not exist, according to Example 3.3.
If P exists, we can see that Q must be almost in M1, etc.

2.3.8 The Spaces W-P(Q), k Non-integer

It is natural, in particular in problems of traces, cf. Chap. 1, Theorem 1.2 and the two
following sections, to introduce the spaces wkp (), p > 1, where k is a real number
> 0, in general not integer. The definition of these spaces is due to S. Aronszajn [3],
L.N. Slobodetskii [1], see also N. Aronszajn, K.T. Smith [1]:

Let Q be a domain in RN, k > 0, p > 1. If k is not integer;, the space W*P(Q) is
a subspace of WK (Q), where [k] is the integer part of k, of functions such that for
|ot| = [k]

/' |D%u(x) — D*u(y)|”
ela -

oy R < (265)

the norm in WP (Q) is defined as
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|D%u “u(y)|” 1/
lulwir(oy = ([l ) + 2 // P y|N+p i drdy) " (2.66)

For k > 0 we define also Wy " () = C5 ().

If k<0, we put Wh?(Q) = (Wofk’q(.Q))’, the dual space of Wofk’q (Q),
1/p+1/g=1.

Clearly we have:

Proposition 3.1. The space WP (Q),k > 0, integer; is a Banach space, separable,
and reflexive for p > 1.

Proof. W*P(Q) is obviously complete. We can consider this space as a closed
subspace of the product [L”(Q)]* x [LP(Q x Q)] {where s is as in Proposition 2.2
and 7 is the number of indices o, |at| = k} of elements of the following form:

IMux)  IMu(y) IMu(x) — IMu(y)
Jou M o S SE SR
Tox T axl[f,‘] T |x— y|V o R=TRD 7T | — N/ P (k= TK])

This space is separable, and reflexive if p > 1, thus the same is true for W57 (). O]

Actually, the theory of the spaces WX” () can be extended to other spaces whose
definition is closely related to W*?(Q); we have the Nikolskii spaces H*?, the
Besov spaces BbP (cf. O.V. Besov [, 2]), the Lizorkin spaces LFP | the weighted
spaces Wé’p , the Morrey spaces WkrA | etc. For details and a survey cf. S.M.
Nikolskii [2], E. Magenes [4], the following section and Chap. 7; concerning the
spaces Whpt f. S, Campanato [6, 7].

2.4 The Problem of Traces

2.4.1 Lemmas

We have solved this problem partly in Theorem 1.1.2. Here in this section,we
consider the problem in more detail. In fact, most of these theorems are due to
S.L. Sobolev [1]; here we shall follow the ideas of E. Gagliardo [1]. We obtain
slightly stronger results than S.L. Sobolev. It is important to observe that we are
interested in traces on (N — 1)—dimensional manifolds; for smaller dimension cf.
the monograph of S.L. Sobolev [1]; if p = 2, it is possible to consult K. Maurin [1].

Let Q € N%! and f a function defined almost everywhere on dQ which means
that f(x.,a,(x])) is defined almost everywhere in A,, r = 1,2,....m, cf. 1.2.4. If
f(xh, ar(x)) € LP(A,), r=1,2,...,m, p > 1, we say that f € L”(dQ) with the
following norm:
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1/p
Moy = [z J, Vrehan |"dx'] X (2.6

Theorem 4.1. The space LP(dQ) is a separable Banach space.

Proof. We must prove that L”(d€Q) is complete. Indeed, let f; be a Cauchy
sequence. We have lim; .. f; (x;., a,(x})) = fiy (x, a,(x})); let U, NUs N9 Q = M # 0.
Let P, (resp. Ps) be the projection of M onto the plane x,y =0 (resp xYN =0), and
T the mapping T : Py — P, defined for x, € P; by T(x}) = x. (e.g. x. and ¥, are
projections of the same point on m to A, and A, resp). If it is necessary we can
rotate the coordinate system (x},xgy) (resp. (x),x.n)) to get:

xri:-xsi+ll'7 l.:1,2,...,N72,

XpN—1 = XsN—1COS () — Xgy SIN @ + /’LN,1 , XN = XsN—1 SINQ + Xy COS @ + AN,
(2.68)
where ¢ is the angle between the axes xgv,xv. The mapping T : P, — P is
one-to-one and lipschitzian as well as 7~!; indeed:

N-2

Z (xri _yri)z + (er,1 _erfl)2
i=1

|x _yrl2
N-2
= (Xsi *ysi>2 + [(xgv—1 — ysv—1) cos @ — (as(x}) — ag(y;)) sin (P]z
i=1
<20 = Vi (a5 () — as ()P < (24 )|, — i

We prove by the same approach that 7~ ! is lipschitzian. Without loss of generality
we can assume that f;(x,, as(x})) (resp. fi(x,,a,(x].))) converges almost everywhere
in A (resp. in A,), as i — oo; we get:

f[s] (Xg, as(va)) = f[r] (x;a ar(x;‘))

almost everywhere on P, (resp. P,), where x, = T (x},). O
We will use also a fundamental lemma:

Lemma 4.1. Let f be a function defined almost everywhere on 0, different from
zero at most only for X, € A,,r fixed. Let

/ |f xraal‘ |pdx/ < eo.

Then f € LP(dQ2), and

*In Chap. 3 we shall consider surface integrals in more detail. We shall define ([,q | f|7dS)!/?
precisely by a norm equivalent to (2.67): we shall deduce that L”(d€2) does not depend on the
systems of local coordinates (x].,x,y).
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1/p
s <c(/ F(a(x >>|de/) .

Proof. We proceed as in the proof of Theorem 1.1; we use T : P, — P, and
Lemma 3.1. O

2.4.2 Imbedding Theorems

Theoremd.2. Let Q ¢ N, 1 <p <N, 1/g=1/p—[1/(N—1)](p—1)/p.
Then _there exists exactly one mapping Z € WhP(Q — L9(9Q))] such that u €
C*(Q) = Zu=u.

Proof. It suffices to consider u € C*(€2), use a partition of unity as in 1.2.4, and
investigate the functions u,,r = 1,2,...,m. To simplify the notation we omit the
index r. Let us put

v a(x)) = |u(x ,a(x))| VPPV (N=p),

We have: B g
v
W(¥al¥)) = - / v Feman,
then
_ ra(x')+B
e 2 L Pt )
and for p > 1

/|xa NPP/(NI’dx’

Np p </| |Np/N ») >([’1)/I’< )l/l’;

this inequality also holds for p = 1. According to Theorem 3.4, we obtain for u €
c(Q)

o (2.69)

v dxy

lulza00) < clulwirq) (2.70)
and the result follows from Theorem 3.1. O

Using the terminology introduced in Chap. 1, we call Zu the trace of u; to
simplify we shall write « instead of Zu.

Exercise 4.1. Use Theorem 3.8 and prove, with the hypotheses of Theorem 4.2,
thatu € C(Q)NW'P(Q) = Zu=u.
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Theorem 4.3. Let Q € N%', uc W'P(Q), 1 < p < N. Then, after a modification on
a set of measure zero, u is absolutely continuous for almost all x,. € A, on the interval
ar(*) <xeyv < ar(x)) + B, and u(x),a,(x.)) = (Zu)(x},a,(x.)) almost everywhere
inA.

Proof. Using Theorem 3.9, we extend u from V;. to U,; then we use Theorem 2.2. As
in the previous proof, after a modification of u on a set of measure zero, we obtain
the inequality (2.69). O

Remark 4.1. If Q is a smooth domain (cf. 1.2.3) or if € is sufficiently smooth, in
Theorem 4.3 we can use G, instead of U, (cf. 1.2.4). Then we obtain that for almost
all interior normals, the function u(o;, ) is absolutely continuous for 0 < ¢ < §, and
modulo a set of measure zero, its limit value coincides with the trace of u.

Theorem 4.4. Let us consider u € WP (V), 1 < p < N,a(x') a lipschitzian function
inA, cf 1.2.4. Then if 1/q=1/p—[1/(N—1)](p—1)/p, we have in the sense of
traces

lim/ lu(x' a(x’) + &) —u(x';a(x))|9dx’ =0, (2.71)
e—=0JA
[ ) ) —u(e a@)IP e < cer MNalf (272

where
Ve={xeRY x=(x,xn),x €A, a(x') <xy <a(x')+e},

Proof. Let V' = {x € RV x = (X,xn),¥ € A,a(¥') < xy < a(x') + B/2}, and
u(x',xy +€) —u(x,xy) in V', € < B/2. Using inequality (2.69), we get (2.71)
according to Theorem 1.1.

To obtain (2.72) we restrict ourselves only to the case u € C*(V); we have:

a(¥)+e Jy
o) +e)—ulsal) = [T I g,

o) OxN
then
a()+e | Ju r
u(x,a(x')+&)—ulx,alx ”<6”71/ — (¥, dé,
e a) o) —uldapdl <ert | TR ag
and (2.72) follows by integration with respect to x'. O

Let Q,,Q € MK, We shall say that lim,, ... 2, = Q in N, if Q, C Q and if 902,
and dQ are described by the same system of charts; let a,, be the corresponding
functions defined on the charts. Let us assume that

’}E}}O |am - a’lC’ﬂl(E) =0.

Let Q,, Q € b1, We shall say that lim,, .. Q, = Q in %! if lim, ... Q, = Q
in MK, if
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r}grolo |arn - ar|Wk+l,2(Ar) =0

and if @1 (p,) < const.
If lim,, e 2, = Q in N, and if g, € L9(9,), g € L1 (), we shall say that
limy e gn = g in L9(9Q), if

m
tim 3. [ [ga(x}amn(31)) (20, () 7. =
r=1v42r

n—yoeo

We have:

Theorem 4.5. Let ©,, Q € N, lim, .. Q, = Q in NO15 Letu c WP(Q), 1<
p <N. Then if Zu = g on € (resp. Zu = g, on 9€2,), we have lim,_,.c g, = g in
L1 /qi>1/q=1/p—=[1/(N=1)](p—1)/p.

Proof. We consider again V, as above, and prove as in (2.72):

n—seo

lim /A lu(x),ar(x))) — u(x',am(x.))|? dx,. = 0.
If p = 1, everything is proved. Let p > 1; in this case according to (2.69), we get:

u(x',a(x)))| " dxy < c1;

A
then
/‘ lu(xy,a(x})) — u(x'am(x))) | dx;
A
< [ Ju— |/ =DV =)y gy (a=a0)/a=1) g (2.72bis)
A
(a=1/(g=1) , , (g=q1)/(q=1)
< (f, -wirar) (/- wlar) ,
Ar Ar

where u, = u(x,, a;,(x.)). O

Obviously we have:

Theorem 4.6. Let Q € N%', p = N. Then Theorems 4.2, 4.4 hold for arbitrary
g=1

Theorem 4.7. Let Q e MO, p> 1, kp <N. Let 1/g=1/p—[1/(N—1)] x (kp—
1)/ p. Then the mapping Z from Theorem 4.2 satifies Z € [W*P(Q) — L1(9R)].

SIn this theorem it is sufficient that lim,,_,.. 2, = Q in the following sense:

)}B;I}Q ‘arn - ar‘CO(E) =0, |arn|CO.l(I) < const.



82 2 The Spaces WP

Indeed, if u € W5P(Q), then (Jdu/dx;) € WK-1P(Q), thus we can apply
Theorem 3.6: u € WH9' (Q) with 1/¢* = 1/p — (k — 1)/N. Then we use
Theorem 4.2. O

It is immediately clear that we have:

Theorem 4.8. Let Q € N, kp = N. Then the mapping Z defined in Theorem 4.2
satisfies: Z € [WhP(Q) — L1(9Q)] for every g > 1.

2.4.3 Two Trace Theorems

Let p < N. In Sect. 2.5 we shall see that for Q € N%!, the space LI(9Q) with

is not a trace space but a larger space: the mapping Z : W7 (Q) — L7(d) is not
surjective.
Nevertheless we have:

Theorem 4.9. Let Q € %! p > 1. Then Z(WP(Q)) = LP(9Q).
Proof. Let f € LP(dQ2) and set, for x € 09, f»(x) = f(x)@-(x). We have that

feLP(0Q), Y fri="1.
r=1

It is sufficient to prove our theorem for f,, r =1,2,...,m. For simplicity we omit
the index r. Fix € > 0. The function f(x',a(x’)) belongs to L (A), thus there exists
¢ € Cy(A) such that [f — @[1p(4) < &; letus setv(x', xy) = @(x'), and let y € G5’ (U)
be such that x € dQ2 = v(x)y(x) = v(x). Then Z(vy) = ¢. O

In Chap. 1 we introduced the subspace:

2 k—1
V= fvewk(@)y= 2 97 o v

Let us recall that W(;{’p(.Q) =Cy(L). We have:

Theorem 4.10. Ler Q € N p > 1. Then W, 7(Q) = W = {v € W'r(Q),
v=00ndQ}.

Proof. Asu=00n0dQ, wehaveu, =u@,=00ndQ,r=1,2,...,m.For up.1, itis
clear that u,, | € Wol’p(Q) Jlimyp 0 Ut 1 p = Upgr i W!P(Q)and Umi1h € Cy ().
Let now r < m; for simplicity we omit the index r. We have u € Wl”’(V), and set
u=0inU outside of V. Then u € WhP (U): Indeed, using the transformation (2.47),
denoting
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K={yeRV |y <a,i=1,2,....N—1,|yn| < B},

K. ={yeRV |y, <a,i=12,....N—1,0<yy < B},

K*:{yGRN7|y|i<aai:1727"'7N7157B<yN<0}5

and setting v(y) = u(T (y)) we have that v € W!P(K ) and according to Lemma 3.2,
we get:

v(y,0) =0. (2.73)
If y € G5 (K), we get:
- . i=12,....N—1, 2.74
. ayl vdy = / wayl i (2.74)
TV dy = / 0)v(y',0)d 7/ —d 2.75
/K+ Y= v(y',0)v(y',0)dy Voo (2.75)

It follows from (2.73)—(2.75) that v € W!?(K) = u € W' (U) by the transfor-
mation (2.46) extended to K. We denote uy (x',xy) = u(x',xy —1). For A >0
sufficiently small, u; € W!»(V), with supp u; C V. Then we have u; € WOI”’(V),
and since lim;_,gu; = u, we get: W C Wy ¥ (). Obviously W, ”(2) C W, and the
result follows. (]

Let Q € 911 Denote by Wk (9Q), p > 1, k > 1 integer, the subspace of
LP(9Q) of functions for which f(x.,a,(x.)) = f, € W&P(A,), r =1,2,...,m. On
WP (9€Q) we introduce the norm:

1/p
|f|Wkp 0Q) <Z|ff Wkp(A ) )

where f,(x.) = f(x.,a,(x.)). W5P(9Q) is a separable Banach space.

2.4.4 Some Other Properties of Traces

Lemma 4.2. Let Q € N%\. The exterior (or interior) normal exists almost every-
where on 0Q.

Proof. Tt is sufficient to prove that the function a,, r = 1,2,..., has almost
everywhere in A, a total differential. We again omit the index r. Let M be a countable
set on the unit sphere |x'| = 1 dense on this sphere; we assume that M contains
the points of intersection of all axes of coordinates with the sphere. Let m € M.
The function a(x’) has almost everywhere in A a derivative da/dm; as M is
countable, there exists B C A, meas B = meas A, such that the function a(x’ ) has
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forx’ € B,m € M aderivative (da/dm); we denote this derivative a,,(x). According
to Theorem 2.2, a,, (') is the distributional derivative and hence, if m € M, x € B,

Nl da
am(¥) =Y, E(X/)mi' (2.76)
i=1 9%

This equality holds for all x € B and all directions. Indeed: Let n be a normed vector
and mp;) € M with hm,ﬁwmm =nin RY~! Fix € > 0. We have:
a(xX' +tn) —a(x) N2 da

/
— — X )n;| < &
t izlaxi()l

for ¢ sufficiently small; indeed, according to a € C%!(A), there exists a sequence
my;), and a number 6 > 0 such that for [¢| < &

a(x'thmm)—a(x’thn) N- 18a )
t 8xl 2 8 Oni

< g/2.

Let m;) be fixed; using (2.76) for m;) € M, the result follows. If moreover x € B,

then

a(xX' +tm)—ax) No'ada,,

_— — ()
t = axi

n; ) =0. (2.77)

lim | sup
t—0 ‘Vl‘il

If (2.77) does not hold, there would exist an € > 0, a sequence #;, limy_,..#; = 0, and
normed vectors npy with limy .. 1) = n such that

a(X +nnp) —alx’) NI ga
tH - a—(x/)n[k],- > &
k i=1 X
this would imply that for k sufficient large
a(x' +un) —a¥) NS da
- >¢€/2,
1 1:21 axl ( )nl 8/

and this inequality is a contradiction to (2.76). But (2.77) implies the existence of
the total differential at x. (I

Let Q € ML If u € WhP(Q) then D% € LP(9RQ), |o| < k— 1, and we define
the exterior normal derivative of order / < k — 1 by:

dlu I
W = Z EDO‘M”O‘, (278)
lo|=1 7"

where 7 is the exterior normal, n = (ny,na,...,ny) and n* =n{"'ny? .. .ng".
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Theorem 4.11. Let Q e N if 1< p < N,put1/q=1/p—[1/(N—1D)](p—1)/p;
if p=N, put g > 1. There exists a unique mapping Z € W2P(Q) — Whi(9Q)] such
thatu € C°(Q) = Zu=u.

Proof. Fix u € C*(). Then we have u(x',a,(x.)) € W'4(A,), and according to
Theorem 2.2, if we denote v(x.) = u(x’,a,(x].)), we have:

v u Jdu da,

OXri B Xy OxpN axri’

i=1,2,...,.N—1. (2.79)

We have du/dx, € W'P(V,),i=1,2,...,N.
Using Theorems 4.2, 4.5 and (2.79) we get:

lulwraa0) < clulwrq)-

0
Remark 4.2. Tt is easy to see that for u € W2?(Q), (2.79) holds for the derivatives
%, i=1,2,...,N, considered in the sense of traces.

Remark 4.3. 1f Q € M=21 k> 2. we have with the same notations as in Theorem
4.11 that Z € [WhP(Q) — Wk 14(9Q))].

Theorem 4.12. If Q € N, u € W2P(Q), p > 1, u = du/dn =0 on dQ, then
ue WP (Q).

Proof. Forr=1,2,...,m, we have according to (2.79)

N1 Qu da, du

0=y ugar_ o
i—1 Oxyi Oxyi  Oxpy

(2.80)

_ du Jdu da,

B OxX,n  OXey axri’
Starting from (2.80), (2.81) we can compute the derivatives du/dx,;, i =1,2,...,N,
and we get a homogeneous linear system with nonzero determinant, thus
du/dx,; =0 on dQ. As in Theorem 4.10, the function u, extended by zero outside

of Q, is in W»P(RN); the remaining part of the proof is the same as in Theorem
4.10. O

1,2,...,N—1. (2.81)

Theorem 4.13. IfQ € &, ue WrP(Q) withu=0du/dn=...= " lu/on*~1 =
00ondQ, thenu € Wé{’p(.Q).

Proof. For k < 2 this theorem was proved for Q € M%!; hence we can assume
k > 3.1t is sufficient to prove that u extended by zero outside of € is in W57 (RV).

SClearly n = (1+ YY" (9a,/0x,)?)"* (9a,/0x,1, 3,/ 0x,2 ..., Aar 0%, 1), —1).
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To do this we use the domains G1,Gs,...,Gy, Wi, i = 1,2,...,M, given in 2.2.4,
and the mapping (1.35) from Chap. 1; this mapping is smooth, one-to-one from A x
(—8,8) to G,, the inverse has the same properties, they are generated by functions
in Ck=11(A). Using Lemma 3.4 and u, = uy, in G,, after the mapping we get u, €
Wkp(C.) with C; = A x (0,8). Fort = 0 we have:

u, ok 1y,
ur:—:___:—:(),

ot otk—1

then D%u, = 0 for t = 0, |ct| < k— 1. The function u extended by zero if 0 € A,
t <0,isin W5P(C) with C= A x (—8,8). By the mapping inverse to (1.35), we get
u, € WkP(G,), r=1,2,...,M. Obviously up; 1| € Wé"”(!)), SO

M+1
u= Y u € WP(RY).

r=1
O

The notion of smoothness almost everywhere for d€2 was introduced in 1.2.3.

Theorem 4.14. Let u € W*P(Q), 9Q almost everywhere smooth, u = du/dn =
.= 9% 1/9n* "1 =0 on dQ in the sense of traces. Then u € W(;{’p(.Q).

Proof. 1t is sufficient to prove that D%u = 0 on dQ for |at| <k—1.Lety € dQ be
a regular point. We use the set U from 1.2.4 which corresponds to that point, and
proceed as the proof of the previous theorem. O

Problem 4.1. Is Theorem 4.14 true if Q € N%1?

Remark 4.4. Let Q € M®!, u € W>P(Q). We can prove that the subspace of
WP (9Q) x LP(9LQ), generated by (u,du/dn),u € W>P(£Q), is dense in this space.
Cf. Chap. 5.

Exercise 4.2. Let Q € M, u e W3P(Q), u = du/dn = d°u/dn> = 0 on dQ in
the sense of traces. Prove that u € W(? P(Q).

2.5 The Problem of Traces (Continuation)

2.5.1 Application of the Fourier Transform

In the previous section we pointed out that the spaces LP(d Q) in Theorem 4.2 are
larger than the trace spaces. For instance, if Q € 9%!, the natural topology of the
space of traces of W!”(€Q) is the topology of the quotient space W (.Q)/Wol”J (Q).
On the other hand, this approach is rather formal and does not give a characterization
of the trace space.
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If Q=RY ={xe RN, xy >0}, p=2, k> 1, we can easily characterize the
trace space using the Fourier transform, cf. for instance J.L. Lions [4]. To do this we
introduce for Q = RY the notion of W*2(R") with k an arbitrary real number; later
we shall see that the new definition coincides for k > 0 with the definition given in
2.3.8.

If k > 0, Wh2(RN) is defined as the subset of L* (RN ) of functions f(x) such that
their Fourier transforms satisfy:

R 1/2
(Lo r@ra+igpre) <o 28)

The left hand side of (2.82) is a norm, moreover W52(RN) is an Hilbert space with
the scalar product:

sl = [, FOFEN1+[EP)" . (2.8

If k < 0, we define W*2(RN) = (W—k2(RV)). Tt is possible to define W5?(RV)
directly for all real k in the setting of tempered distributions and their Fourier
transforms, cf. L. Schwartz [2].

Let us denote as usual x = (¥, xy),& = (&', &Ey).

Theorem 5.1. Let k be an integer, k =1,2.... Then
ue WA(RY) = u(x’',0) e WH22(RVT),
and if g(xX') = u(x’',0), we have:
|g|Wk—1/2‘2(RN—l) < C|”|wk,2(Rﬁ) (2-84)
Proof By immediate application of (1.1.10) we obtain g € L?>(RV~1); we extend u

to R using (2.48) and get obviously |tz gy < 1 |”|W’<‘2(M)' Then according to
Lemma 3.5 it follows:

1/2

(L @Pa+1gR1aE) < ey, 289

Due to Proposition 2.5, it is sufficient to prove (2.84) for u € Cy (RV); we have:

1

§&) =5 [ aE)dd,
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and then

Lo BE)PA+ IRy ag

f— 1 '
 4n? /RAH

< g oo | EPI2 [ I PO 418

? (1 + |€/|2)k71/2d€/

| &)ag

(2.86)

A

<[ aa] o

We have .
[ Q+1EP)*dgy = (14 €)1,

and the result follows from (2.86). [l

Remark 5.1. Clearly we have: if u € W5?(RY) then we have for [l =1,2,....k—1
that (9'u/dx,) (¥',0) € Wh=1=1/220 (RN=1) with

k—1 aiu - | |
- clu .
axly W-I=1/22(RN-1) WERY)

=0

In what follows, By, B», ..., B; will be Banach spaces; we denote By X By X --- X By,
the Cartesian product of B;, i.e. the set of elements u = (uy,u,, . . .,u;), where u; € B;;
and we equip Hf-‘zl B; with the norm Zﬁ.‘: | lui| B; or some equivalent norm.

We have a “converse” of Remark 5.1:

Theorem 5.2. There exists a mapping:

k—1
7 e {Hkalfl/Z,Z(RNfl) %Wk’z(Rﬁ)
=0
such that if .
8= (g15g27 cee agkfl) S HWk7171/272(RN71),
=0
then foru=2g
dlu
—— (¥,0) = g ().
8x§v

Proof. We define:

7y € WKIEI22RNN) S wh2(RY)), 1=1,2,... k-1,
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taking
Z1g1 = uy,
where
(&', xv) = xiyexp(—(1+[&xw)&i(E").- (2.87)
7, is of the type mentioned; indeed, let |a| < k, let us consider wy, = D%u; in RIX and
set wg = 0 for xy < 0. Let us denote o' = (0oy,...,0v-1,0), a” = (0,...,0, 0v).

Hence Wy (&) is a finite sum of expressions like:

al(§) =a [ exp(—invEn)(E)% (1 +1E )k ¢
enp(—(1+ &) n (&) v

where a is a constant, j =0, 1,...,min(oy,!). We have:

= DUEN A IED Y a(E)
1(5)— (1+|€/|+i§N)lfj+l )

and so

[ &P a
R

<o [lélwa +1E P2l ()P

= déN /
| e

= [ G E P g )P
<a [ A+ (g Pag
<o [ A+EDRa(E) Pag

Now we have a-fu,/8x',’;,(x',0) =0 for j < I. We construct Z as a linear
combination of Z; by setting

0
28 =7Zogo+7: (gl - Mzogo)

(2.88)

Ao L e Lg (- 2z +
21 2| 82 ax%v 080 ax%v 1181 aXN 080
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2.5.2 Lemmas Based on the Hardy Inequality

The method used in 2.5.1 does not work if p # 2; here we generalize the Gagliardo

approach, E. Gagliardo [1], assuming p > 1. Moreover we assume £2 bounded.
Let k >0, Q € W' ~11 where [K]' is the smallest integer such that k < [k]". We

define WhP (9 Q) as the subset of functions from W¥7(9Q) such that

fr() = f(¥, ar(x))) € WhP(A,),r = 1,2,...,m; the norm is defined by:

1/p
|f|Wkl’ Q) <2 |fr Wkp ) . (289)

Remark 5.2. The space W*P(9€) is a separable Banach space and reflexive if
p > 1; this is an immediate consequence of Proposition 3.1.

In this section we consider only the case p > 1. If p = 1 we have to use another
approach, cf. E. Gagliardo [1].

Now we shall prove a Hardy inequality, cf. G.H. Hardy, J.L. Littlewood, G.
Pélya [1].

Lemma 5.1. Let be f € LP(a,b), — < a < b <o, p > 1. The following
inequalities hold:

[;[x a/|f |d4 dx<(pp ) /If W[Pdx,  (2.90)
[ [ [ wes (25) [iswores eon

Proof. Let us define:

o) = {f(x) for x>a+e,

0 for a<x<a+e.

We have

[ = lefe(é)dél]p
f(b apl [/ |fe (& |d§]
+plil/ab (x_;)p—l (/:lfe(é)ldé)pl|fg(x)|dx
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L2 (Lxlfa(é)ldé)pllfe(X)IM
< 2 ([t ([enae) a) " ([ racora)”
This implies inequality (2.90) for the function f;, and consequently
[5 [ innas] o (S25) [
(23 [

Now, Fatou’s lemma gives (2.90) for f. Inequality (2.91) can be proved in the
same way. (|

Lemma 5.2. LetA={xcR>0<x; <1,0<x;<x;}, uc€W'?(A), p> 1. Then
we have the inequality

u(t,r) ‘L"L’)

drdt < clul? (2.92)

wlr(A):

Proof. According to Theorem 3.1, it is sufficient to consider u € C*(A). Let 0 <
T <t < 1.If we denote f(r) = u(z,t), then

u

‘f(f)—f(f) < 1 /t axl(xb 7) dx1+%/t (iz(t,xz) dxy,
and
‘f—(ti_{m s [@ flrw’ </ augjflf Hoo dxl)p (2.93)

T - o) (/

By integration with respectto?, T <t < 1,and thento 7,0 < 7 < 1, we get according
to Lemma 5.1

M(m)‘ dxz)”}

axZ

p
dr

o ) [
“haf)

p

gutn.7) dxy (2.94)

om0

8utx2

T)

p
axz dx] <2/ 1( ) |u |W1p
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Lemma 5.3. Let C be the cube (—1,1)N"! p > 1,u € LP(C); moreover let us
assume:

gt gt
Clp:/ / dxl...dxi,ldxiﬂ...de,lX
71 —1

(N 2)times (295)
1
/ / |A Sl drdt
|t—T|”
where A;(t) = u(X1,. .., Xi—1,8,Xi41,- -, XN—1)-

In this case we have the inequality:

N—
|M|W1*1/p,17( 0= |M|L1’ + 2 l/p (2-96)

Proof. For x,y € C. Denote xjjj = (y1,---,Yi,Xit1,---,Xn-1), 1 =0,1,...,N— 1. We

have:
|x y|1v 2+p Y = |x le 2+p Y-

For instance, let us consider:

Jux )P
// |x le 2+p dxl...defldyl...dnyl

dyy...dyy—1
= u(xppy) —u(x)|? dxd / /
i /71| (x)) — ()| dvdyy =

(N 2)times
)
— |p yl—cc1

Exercise 5.1. For the cube C in the previous lemma, prove the converse of (2.96).
Let

O

[lutl 2o (c) + Z chp. (2.96bis)

Notice that (2.96 bis) defines an equivalent norm on W*(C) (this is a consequence
of the previous exercise).

Exercise 5.2. Replace C by RY and prove the equivalence of (2.96 bis) and (2.90).



2.5 The Problem of Traces (Continuation) 93

2.5.3 Imbedding Theorems, Application
of the Spaces W'~1/7P(9Q)

Theorem 5.3. Let C be the cube (—1,1)N, p > 1. Let C; be the faces x; = 1,
j# i, and u € WP (C). Then we have the inequality:

|M|W(1’1/p)‘p(c,-) S C|M|W1,p(c>, = 1,27 e 7N.

Proof. According to Theorem 3.1, it is sufficient to take u € C~ (E) Let i be fixed,
1 <i<N, j#i(forinstance j < i.) By Lemma 5.2, we have:

1 1
/1.../1dX1...de,Ide+1...dX[,1dxi+1...deX

(L = e |d"”)

1
SC/I.../ld.xl cdxjopdxjpg.. o dxgopdxgyg .. dxy X

LSS

(N—2)times
where Bji(t) = u(x1,...Xj—1,1,Xj41,...,%i—1,1,%+1...,xy) and the result follows
from Lemma 5.3. [l

(N—2)times

du
ax,

du |?
axj

>dxdxn

Theorem 5.4. Let u € Wh? (C); under the same hypotheses as that of Theorem 5.3,
we have forl <k—1

olu

— < c|u|yx, i=1,2,...,N.
8x§ < |Wkp(c)

Wk*l*l/p.p(ci)

Indeed, D% € W'P(C) for || < k — 1, and the result follows from the previous
theorem. g

2.5.4 Imbedding Theorems, Application of the Spaces
wi=1/rr(9Q) (Continuation)

Lemma 5.4. Let Q €¢ N p > 1,k >0, 0 < A < k. Then WhP(Q) ¢ WAP(Q)
algebraically and topologically.
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Proof. The only nontrivial case is the case of A non integer, k integer; the other cases
are either trivial or consequences of the case considered. It is sufficient to investigate
the case 0 < A < 1,k = 1. We set u, = u,, use the transformation (2.31), and then
everything reducesto Q =C = (—1,1)V. According to Theorem 3.1, we can assume
v € C(C), and prove the inequality:

[ [POO gy

e e (2.97)

whp(C

We use the Holder inequality and write:

P
u(x [B@/dn+i-yyal”
//C |x y|N+p)L _// |x y|N+p/l Y

cof /\Jo 1 (9v/03) v+ 1(x - ) |

e — y[NtpA=p

dxdy

[(9v/dxi)(y +1(x =)
<C3lzi/// P dxdydr.

We transform the set of points (x,y,7) € C x C x (0,1) to G by:
T=t, M=y, §=y+ilx—y).

We have fori=1,2,...,N

1| (dv/oxi)(y+t(x—y)) dxd df = | (9v)/ox; (&) PP aE dndi
T g-nprier

_ dn
_ [ Udr/ d/ o
| ¢ > Jo., E—mNis
(2.98)

Since [E(1—1)'—n| <cyt(1—17)7!, we have |€ — 1| < cs7(1 — 1), and

1 p d
TPWUdT/ d / a0
/0 c : G IéfnlNﬂ’“"

SCG/ Tp(lld/
0

v
a—xl_(é)

v
a—xi(é)

="
Gr,{j |§ —-n |N+p7ufp

ax,
! dv P dn v p
p(A-1) 9 _ /_
veof wtvar [ 9 [ et ser [ 5@ 6

and finally (2.97) follows from (2.98). [l
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Lemma 5.5. Ler Q € N, u e WoP(Q), p> 1, k> 0; h e CW=11(Q). Then
hu € WhP(Q), and

|“h|wk,1’(9) < C|”|Wk»P(Q)|h|C[k]’*1>1(§)'
Proof. If k is an integer the result is trivial. Let k be a non-integer; we have for
o < [K] -

D*(uh)= Y hgDPu, hg e CO1(Q).

IB|<|al

If |B| < [k], then

g (x) —hg(y)DPu(y)|P
// |x y|N+P ~[K]) dXdy
| (x)(DPu(x) — DPu(y))|P
<or-! / / p\x |x y|N+p 0 dxdy

+2p71/!‘2/9 \DPu(y)|P g (x) — hg(v))|” drdy,

|x —y|N+P(k7[k])

The first integral on the right hand side is less than or equal to:

|u|Wkp(Q |h| clk’- ll Q)
and the second integral is less than or equal to:
o [ IpPu)ray T S L PP a
0 o) |x—y|N*1+P([k*[k]]) - Q

O

Theorem 5.5. Let Q € W11 uc WhP(Q), p > 1, k an integer. If | < k— 1, then
the following inequality holds:

< C|”|W’<‘P(Q)‘

Wk*l*l/p,p(ag)

&
on!

Proof. It is sufficient to prove that D% € W*~/=1/7P(9Q) and the corresponding
inequality for |a| = I; we have D% € W*=1P(Q). Let us put v = D%u,v,(x,) =
v(x,,a,(x].)). Differentiating v, with respect to coordinates x.. |3|-times, |B| < k —
[ —1, we obtain that v € WA=/~ (A,); then, by the previous lemma, everything goes
back to knowing whether DBv € W1=1/7P(A,). But DPv is a linear combination of
terms aD"u,|y| < |B|, a € C%!(A,), hence using once more the previous lemma it
is sufficient to see that D%u € W!'=1/PP(9Q),|8| < k — 1, with the corresponding
estimate.
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Setting w = D%u, we have w € W!''P(Q). Using the transformation (2.31) and
the inverse transformation which are at least lipschitzian, the result follows from
Theorem 5.4. O

2.5.5 A Lemma

We have to prove the “converse” of Theorem 5.5. We do this with more restrictive
conditions concerning the domains.

A function R(z),z € RY will be called a regularizing kernel if R € C=(R"), with
support contained in the closed unit ball with center at the origin. We shall write
R € Ry. If [py R(z)dz = 1, we define the regularizing operator by:

wl) = [ R@uthetdi= g [ R(5E)uve

Lemma 5.6. Let P be the pyramid defined by: P = {x ¢ RN, 0 <xy < I, |x;| <1 —
xy, i=1,2,...,N—1}, op € WK 1/PP(C), p> 1, where C = {x' € RN |x;| < 1}.
There exists a mapping Z € [W*=1/PP(C) — W5P(P)] such that if Zgo = u, then
u = Qo on the basis C of P.

Proof. LetR € Ry_1, [gv-1R(Z)dZ =1, letus set x = (x',xy), andif x € P:

1 vy —x
oy p—— R Ny,
o) = [, RS Jm0w

N

Clearly we have u € C(P). Let|a| < k — 1 and consider D*u; we have:

Du(x)= Y cpa / R(Z)2* DP gy (x2 +x)d
Bl=le — TKI<!
1= (o)

Now, if we proceed as in the proof of Theorem 1.2, we get the inequality:

/\x’\<1 X, IDoux )l de < e /\x’\<1 |Dﬁ(p0(x/)|pdx/,
—xN

Bl=c|

which implies
|M|Wk—l,p(P) S C|(pO|Wk—l/p,p(C). (298 blS)

It remains to prove: if R € Ry_1 and f € WX=1/PP(C), then for

v(x) = /‘;,KIR(Z’)J”(XNZ/H’)dz/
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we have:
|V|W1»P(P) < lelwlfl/m’(c)-

First we consider dv/dx;,1 <i < N — 1; without loss of generality let us consider
dv/dx;; we have:

8v 1 8R yl x/> / /
oy Frn dy'.
Jx1 x% y —'|<xy 921 < XN SO dy
We have: | . .
y /
dy' =0,
xN ‘y x’\<xN 821 ( XN ) Y
SO 5 1 » -
v Y- / / /
ax Ty FE —FO)d
aX1 * X% \y/*x'\<xN 821 ( xN ) (f('x) f(y )) y

IR ) J) = flan? +2)

IZ|<1 921 Xy

From this, we get:
p ) — / /| P
te [ar [ [fIS0 )
P |Z|<1 XN

=c /Iax](V7P7N+l)dx/‘ |f(‘x/) ( )|17| |N 2+pdy

R e U

)= O
— dx// |f( d /
Cl/( max |x[)<1 Y =d|<1=( _max |xl) |x/ — y/|N-2+p X

1<i<N-1

d7

/ /
— 1— .
b =x[<1=( _max |xi[)

Sish-1 I —y/ [N~ 2+p| PN ey
X' —y'|<1
/ NP
SN 2/ max |xi[) ldx%/—x'\q (,max[x) tr) Ijvcgzzt Vo
+p 1<i<N-1"" Y i =y
and then
v <
-— <c U ppe -
ox; o) wi=1/p.p(C)

Now, let us consider
v N—1 < y =X > o
T P o JFO)dy

1 N—1 (9R <ylx[) yl’f_xi )
iy . ay.
Xy =<y Z; o\ T ) e O
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We have:

N—-1 ! Nl aR XI i — Xi
/ R<y >d T 2 5 ( )yl Ly =0;
'x% ‘y,ij‘<xN AN -xN \y x’\<xN i=1 aZl XN XN

finally as above we get the inequality:

5) . < |f|W
C — D .
XN LP(P) - b ©)
Using Theorem 12, we see that u = @p on the basis of P. O

2.5.6 The Converse Theorem

Lemma 5.7. Let R € Ry_1, [gv-1 R(Z)dd =1, 1 > 0 an integer. We have:

i V-
o RO =

axf\, XN

where H € Ry_1, [pv-1 H(Z)dZ =1!
Proof. We have to prove that [pyv1 H(Z')dZ =1!. We have:

ai /]
/ <z |:xlN+1R(y X )] dy
& =y |<xn 8xN XN

J' / N1y Y —
= — Xy R(—/—)dy = —
8va X' —y'|<xn N ( XN ) Y 8fo

I
)
Sale
S~—

I

=

O

Lemma 5.8. Let P be the pyramid as in Lemma 5.6, and C its basis,
@i € WKI=Upp(C), 1k integers such that 0 < 1 < k—1, p > 1. Then there exists
a mapping

e wk=lpr(cy — whe(p)]

such that Z;@; = u; satisfies:

-1
dxn axh!
1
J atl =¢; onC. (299b>

!
dxy



2.5 The Problem of Traces (Continuation) 99

Proof. LetR € Zn_1, [gn-1 R(Z')dZ =1/1!, and let us set:

n ! .XI
/ I-N+1 y =
u (¥, xn) = xy / R(
S —yjexy XN

Jor(y')dy'.

Obviously, u; € C=(P). Let |a| < k—1—1; we get:
/ _ / / N a1t
u,<x,xN>—xN/H RE) @i + )4,
<

thus
D%y < eltlyicivipc) (2.100)

for the same reasons as that used previously in the proof of Lemma 5.6, starting from
the proof of (2.98bis). Letk— [ < |at| <k—1;letusseta = o/ + o, |@" | =k—1—1.
We have for M € Ry_1:

Do‘/ul()c/,x,,):x}f,xv*l/H 1M(z/)(pl(x;\/z/—i—)c/)dz/. (2.101)
Z|<

If we apply the operator D% to (2.101), we get (2.100) with || < k— 1 for the
same reasons as in the proof of (2.98bis). If |ct| = k, we use the ideas of the proof
of Lemma 5.6 and we get:

7, € WI=Vre(c) — whe(p)).

It is clear that (2.98) holds; concerning (2.99a, b), we use the previous lemma. [

Theorem 5.6. Let P be the pyramid as in Lemma 5.6 and C its basis, k an integer,
k>1,p>1, ¢ cW-I=1/rr(C), 1=0,1,...,k— 1. There exists a mapping:

k—1
ze |[Iwrk-Yrr(c) — whke(p)
1=0
such that if Z(Qo, @1, ..., Qx—1) = u, then % =@ onC.
N

Indeed: We use Lemmas 5.6 and 5.8 and proceed as in the construction of (2.88).
O

2.5.7 The Converse Theorem (Continuation)

Let k = 1. We have:

Theorem 5.7. Let Q € MO, p > 1. There exists a mapping Z € [W'='/Pr(9Q) —
WP (Q)] such that for h € W'=V/PP(9Q), Zh = u, we have u=h on dQ.
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Proof. We use the partition of unity from 1.2.4 and put i, = h¢,, 1 < r < m; to
simplify we omit the index r. By projection onto the hyperplane xy = 0, the function
he WU=1/P):P(A). Without loss of generality we assume o = 1 (in the definition of
A in 1.2.4). We use Lemma 5.6 to construct Z € [W!=1/PP(A) — WP (P)]. Since
supp i C A, with compact support, there exists y € C’ (RM), supp w C PUC such
that iy = h on C. We write Zh = h; we have hy € W'"P(K), Ky = {x € RV,
|xi| < 1,i=1,2,...,N—1,0 < xy < 1}. We use the transformation (2.31), and
going back to the index r starting from hy we construct a function v, € WHP(V,,),
supp v, C V,.UA,. Obviously, the functionv =Y, v, gives the extension of & on £2.

O

Problem 5.1. Prove a theorem analogous to Theorem 5.7, but for k > 2, Q €
N1 or for a nonsmooth boundary d€. The problem can be posed in the fol-
lowing way: Let ¢ be the number of indexes o, || = k — 1. We consider the
closed subset W C [W!=1/P7(902)]" as the closure of the set M of elements
(DM, D™y, ..., D*Mu),u € C*(Q). Is the mapping Z € [W5?(Q) — W], defined
by Zu = (D*Mu, D*?u, ..., D%u), surjective?

For N =2,9Q piecewise smooth, the solution with some modifications is given
by G.N. Jakovlev [1]. Cf. also P. Grisvard [1].

If 9Q is sufficiently smooth, the problem is solved (cf. papers by L.N. Slobodet-
skii [1], S.V. Uspenskii [1]):

Theorem 5.8. Ler Q € MO, p > 1, by e WE=1rr(9Q), 1 =0, 1,2,...,k— 1.
There exists a mapping,

k-1
k—1—-1/p.,p k,p
Ze [gw (9Q) — Whr(Q)] |

such that if Z((ho,hy,...,hi_1)) = u, then on dQ we have d'u/on' = hy;, | =
0,1,2,... k—1.

Proof. Due to the previous theorem it is sufficient to consider the case k > 2.
We use G, y;,... as in 1.2.4, and the transformation (1.35) from Chap. 1; this
transformation is one-to-one, with lipschitzian derivatives of order < k— 1 on G,
and the inverse transformation has the same properties on K,. Put ;. = hjy,. By
projection on the hyperplane x5 = 0, we consider 4, as a function of the variable
o; we have hy, € WEI=1/pp(A,).

Without loss of generality, we can assume in the definition of G, that @ = 0 = 1.
According to Theorem 5.6 we construct u, € W5?(P) such that on C 9'u,/dx;, =
(—=1)'hy,. Since supp hy, C C, there exists y € Cg(RY) with supp y C PUC such
that 9’ (u, ) /dxhy = (—1)'hy, on C. We have u,y € WEP(K,), Ky = {y e RV )y =
(0,1),|0;] < 1,0 <t < 1}. Using the transformation 1.2.7, we get v, = u,y €
WkP (G, N Q); but according to the form of the support of y we have v, € W5P(Q);
on the other hand 9'v, /dn! = h;, on dQ, thus v = er”:l v, gives the transformation
suchthatZ((ho,hl,...,hk,l)):v. O
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2.5.8 Remarks

It is possible to investigate the spaces W*? (), where k is noninteger, in more
detail. Concerning the questions about extension and density, cf. J.L. Lions, E.
Magenes [4], for imbedding theorems cf. S.V. Uspenskii [1, 2, 4]. There is a strong
link between interpolation in the sense of J.L. Lions and traces, cf. J.L. Lions
[7-10]. From our considerations on these questions it is possible to obtain some
consequences, for instance:

Corollary 5.1. Let C be an (N — 1)—dimensional cube, p > 1. If p <N, 1/q =
1/p—[1/(N—1)][(p—1)/p), then W'=1/PP(C) C LI(C) algebraically and topo-
logically; if p =N, q is an arbitrary real number > 1; if p > N, then Wl’l/p’P(C) -
COH(C) with u = 1 — N/ p, algebraically and topologically.

Remark 5.3. Let us set k =1 —1/p. Then in Corollary 5.1 for p < N we have
1/¢g=1/p—k/(N—1), and we have the formula from Theorem 3.4. It holds in
other cases, cf. S.V. Uspenskii [1].

Let C be an (N — 1)—dimensional cube, u € W*~1/PP(C),k > 1 an integer, p > 1;
according to Lemma 5.5 it is possible to extend u to the corresponding pyramid P so

that u € WhP (P). P € N0 = WkP (P) = C=(P) = W*~1/PP(C) = C=(C), hence

Corollary 5.2. Let C be an (N — 1)—dimensional cube, k > 1 an integer, p > 1.
Then Wk’l/”*”(C) =C=(C).

Let Cy_| be an (N — 1)-dimensional cube, u € W*~1/PP(Cy_1), k > 1 an integer,
p > 1. According to Lemma 5.6 we can extend u to a cube Cy with Cy_; as
its face. By the approach used in Theorem 3.8 it is possible to extend u to the
whole RY so that |ulwipmyy < clulyipc,)- We get an extension of u to RNy e

Wk=1/pP(RN=1). We have also

Corollary 5.3. Let C be an (N — 1)—dimensional cube, p > 1, k > 1 an integer.
Then there exists P € [WEP(C) — W =1/PP(RN=1)] such that RP = I, where R
is the restriction operator, R € [W*=1/PP(RN) — Wk=1/PP(C)], and I the identity
operator on W<=1/P:(C),

Remark 5.4. A well known simple counterexample due to J. Hadamard states the
existence of a continuous function on the unit circle which is not the trace of
a function from W!2(K) where K is the unit disc, cf. for instance S.G. Mikhlin
[2]. L. De Vito [1] has constructed an absolutely continuous function with the same
property. It is easy to see that a piecewise smooth function cannot be the trace
of a function u € W!?(Q). For sufficient conditions implying that f belongs to
kal/””’(a.Q), cf. S.M. Nikolskii [2, 5-8], G. Prodi [1], J. Necas [11], etc.

Remark 5.5. If p =1, Q € %!, we have obtained by Theorem 4.2 that the traces
belong to L' (9€2). We have also the converse, i.e. lel(.Q)/WOl’l(.Q) =L'(0Q);
cf. E. Gagliardo [1].
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Exercise 5.3. Prove that on the unit circle we have:

=

2r
W1229Q) = {u € [}(9Q), ananlz<w,an:%/ u()exp(—ind)d}.
0

—oo

Exercise 5.4. Prove directly that for Q € N>, u € WP(9Q) we can extend u to
Qsothatu e W»(Q),p>1.

2.6 Compactness

2.6.1 The Kondrashov Theorem

In Chap. 1, we have proved a particular case of the compactness of the imbed-
ding operator, cf. Chap. 1, Theorem 1.1.4. We shall give some generalizations;
concerning the literature on the subject see W. Kondrashov [1], S.L. Sobolev [1],
V.I. Smirnov [2], etc.

Theorem 6.1. Let Q € M®!, 1 < p <N, 1 > 1/q > 1/p—1/N. The identity
mapping I : WP (Q) — L1(Q) is compact.

Proof. Let u, € W'"(Q) be a bounded sequence, |tn|y1p(q) < 1. 1t is possible
to find elements v, € C*(£) such that [u, — Valwin() < 1/n, [Valwipq) < 13 itis
sufficient to prove the existence of a subsequence of v, for simplicity we denote this
subsequence again v,, which converges in L7(£2). Let us put 1 /¢* =1/p—1/N, let
€>0,0Q" C Q* C Q,Q% asubdomain such that

e \4/a =1
meas (Q — Q") < ( ) ,
361

where [vy|;4+(q) < 1 (cf. Theorem 3.4). Let 6 > 0 be sufficient small such that

X€E Q" |z < 0 = x+z€ Q; we have:
lz2| N 8vn I N 9w, ( ) ‘
x+ de,
250 (i) o<k 2le (g
v,

I |vn<x+z>v,,<x>|dx—/ozdr_/!'zlﬁ1 a

Let |v,,|W1‘1(Q) < ¢y, and let us choose § < €/3c;. Let us extend v, by zero outside
of €; then we have:

[V (x+2) — va(x

then it follows that

<l b
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[ hnx+2) = ()l
g/i n(x+2) |dx+/ ol |dx+/ WX+ 2) — va(x) dx < €.

If g = 1 the sequence v, has the same properties as that in Theorem 1.3. and the
result is true in this case. If 1 < g < ¢*, we have:

/|vmfvn|qd)€:/ Vi — vl @D @0,y @7 =a)/ (@7 =1) g
Q Q

X (g=1)/(g*-1) (4*—9)/(g" 1)
< </ [Vin — v |? dx) </ |vmvn|dx> ;
Q Q

this finishes the general case. O

Corollary 6.1. Let Q € N, p > 1, kp < N, k an integer; 1 > 1/q > 1/p —k/N.
The identity mapping I : WP (Q) — L1(Q) is compact.

Corollary 6.2. Let Q € %!, p > 1, kp = N, k an integer, ¢ > 1 arbitrary. The
identity mapping I : WP (Q) — L4(Q) is compact.

Corollary 6.3. Let Q € NO1, p > 1, kp > N, k an integer. The identity mapping
1:WkP(Q) — C(Q) is compact.

2.6.2 Traces

As far as concern traces, we have

Theorem 6.2. Let Q ¢ MO, 1 <p< N, 1>1/qg>1/p—[1/(N-1D](p—1)/p.
The mapping Z € [W'P(Q) — L1(9Q)], which defines the traces, is compact.

Proof. As in proof of Theorem 6.1 it is sufficient to consider a sequence v, €
C=(Q), n=1,2,..., bounded in W'P(). With a partition of unity as in 1.2.4
we take v,, suppv, C V,UA,. For 1 < p < e the function p — 1/p —[1/
(N—1)](p—1)/p is decreasing, thus there exists exactly one value p* such that
1/¢g=1/p*—[1/(N—=1)](p*—1)/p*. Ttis clear that it is sufficient to consider the
case ¢ > 1. According to (2.69) with 1/¢* = 1/p* — 1 /N (we omit the index r)

[V — Vm|;],‘1(/\) <c||lvn— vm|L,, + Vi = Vil g wp" )N NP, — Vinl 1 (V)]
(2.102)
According to Theorem 6.1 we can extract a subsequence denoted also by v, which
converges in LT (V); but ¢ < ¢*, hence (2.102) implies the convergence of v, in
Li(V).
O
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Exercise 6.1. Give a formulation of the previous theorem with the hypotheses
kp < N or kp = N with k > 1 an integer.

Remark 6.1. Let Q € M, 1 < p < N. Then the mapping Z of W!7(Q) into
L1(dQ)with1/g=1/p—[1/(N—1)](p—1)/pisnotsurjective. Indeed: it is always
possible to find a sequence v, defined on dQ and bounded by the same constant,
with [va[11(90) = 1, which converges weakly to zero in L'(9Q). If Z was surjective,

we could extend v, to €2 in such a way that v, is bounded in lef’(.Q), and due to
Theorem 6.2 there will exist a subsequence v,, which will converge in L!(9£) to
a limit equal to zero, and this is a contradiction to [va[;1 (50) = 1.

2.6.3 The Lions Lemma, Another Theorem of Compactness

We can prove Lemma 5.1 from Chap. 1 under more general conditions (cf. J.L.
Lions [4]):

Lemma 6.1. Let B;, i = 1,2,3, be three Banach spaces, B C By C By algebraically
and topologically. Assume that the identity mapping I : By — By is compact. Then
for every € > 0 there exists A(€) such thatu € B] =

|ulp, < &[ulp, +A(e)[ulp;

The proof is the same as that of Lemma 1.5.1.

Example 6.1. LetBy =W'P(Q),By=L19(Q),B;=L'(2),Q N, 1/g>1/p—
1/Nif p <N, g>1if p> N. This satisfies the conditions of Lemma 6.1.

Theorem 6.3. Let Q € M 1 < p, 1 <q < p. The identity mapping I : WP () —
L1(Q) is compact.

Proof. Tt is sufficient to consider a sequence v, € C*(£2) bounded in W'7(Q),
and to extract a subsequence which converges in L” (). Fix € > 0; we can find

Q' c Q' c Q such that

1/p ¢
(/ |vn(x)|pdx) <% (2.102bis)
Q-Q'

To do this we consider the open sets V,, r = 1,2,...,m. If a,(x,) <xny < a,(x,) +
B /2, we have:

vy,

XrN aer

(. En)dey,  ar(x) +B/2 < T <ar(x)+B.
(2.103)

V(X ) = v (), T) —

From this we get (we omit the index r):
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]

', En)

(o) P < 27! [|vn<x', P+

[ 5w gnay

2.104
- (2.104)

<or! [|vn(x’,r)|”—i-[3”1 /( ) ’

dgN] |

Now we integrate (2.104) with respect to 7 € (a(x’) + /2,a(x’) + ) and obtain

E|v,,(x/,x1v)|p < 2p71 |:/a(,€)+ gN)
2 a(¥')+B/2

d
[vn (', 7) |PdT—|— / ’ v,,

déN} ;

(2.105)
now by integration of (2.105) with respect to X’ € A and to xy € (a(¥'),a(x')+7), v
sufficiently small, we get:

a(x)+
Sl [ i mpan <20 (1450 ol g

this gives (2.102bis) if y is sufficiently small. Now let Q" be a subdomain satisfying
Q' c Q' cQ"cCQ and § > 0 sufficiently small such that x € Q" |z] < § =

x+z € Q. We have:
(e 8\/,, Z Zi
vu(x+2)—v </ x+—t | —dt
bt <| [T £ 5 (v 51)

2l | 9y z p 1/p
<[z 1p / n z
|z] 2< o |9 x+ |Z|t dt :
hence
|zl P
bt <o <l 3 |5 (s 5,
and

v
/ ,,|vn<x+z>—m(x)|"dx§c|z|"§ L5200 <l bntyn oy

and thus
1/p
([, 21—l as) < el

Finally, let & be sufficiently small such that x € Q — Q" |z] < 6 = x+z €

Q— Q' and
. 1/p c
(/ |v,,(x+z)—v,,(x)|pdx) < <.
Qr 3
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Let us set v, (x) =0 for x ¢ Q. We get:

(ot ntara U (bl ’

1/p 1/p
+ (/ |vn(x+z)|pdx) + (/ |vn(x)|pdx) <e.
Q- Q-

Now Theorem 1.3 gives the assertion. (]

Exercise 6.2. Prove Theorem 6.3 for a domain € starshapped with respect to the
origin.
Remark 6.2. For an arbitrary domain (2, bounded or unbounded, the restriction

operator R : W'P(Q) — L4(Q') with Q' bounded, Q' c Q, and with ¢ as in
Theorem 6.1, is compact.

E(ercise 6.3. Let Q be a bounded domain such that for any € > 0, we can find ' C
Q' C € such that |uly1,q) < 1= [u|r(@-q) < & Then the identity mapping
1:WhP(Q) — LP(Q) is compact.

Remark 6.3. 1f there exists an extension operator P € [W!?(Q) — W17 (RN)], then
Theorem 6.3 is true for £2 bounded.

Problem 6.1. Characterize bounded domains for which the imbedding theorem
W12(Q) C L*(£) is compact. We find only equivalent statements as for instance
the existence of a spectrum having the form given in Theorem 1.5.1.

2.7 Quotient Spaces, Equivalent Norms

2.7.1 Egquivalent Norms

The methods used in this paragraph are strongly related to these introduced in
Chap. 1, Sect. 1.1 concerning the same questions, and also with the work of J.
Deny, J.L. Lions [1], J.L. Lions [2]. As in 1.1.7 we denote by P;_1 the space of
polynomials of degree < k — 1. We shall consider only domains such that

S P(k*l) — |Vluw(g) < oo, (2106)

Lemma 7.1. Let Q be a domain satisfying (2.106), p > 1, k > 1 an integer. Then
there exist functionals f;, i =1,2,...,1, on WP (Q) such that v € Py implies the
equivalence:

1

!
[fivf =0<=v=0. (2.106 bis)
=1
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Proof. There are many ways to construct f;: for instance we take %, a bounded
nonempty subdomain of €2, and define:

fav:/ () dx, o <k—1, (2.107a)
Q*
or
fav:/ Dv(x)dx, |of <k—1. (2.107b)
Q*
O

Let us formulate the first theorem on equivalent norms in W57 (Q):

Theorem 7.1. Let Q € N, f; functionals satisfying (2.106bis), p > 1, k > 1 an
integer. We have the inequality:

1/p
I
“Z |DaM|Z(Q)+ZI|ﬁM|p] §C2|u|wk,p(9).
o|=k =

Cl|”|wk-P(.Q) <
Proof. We have to prove the inequality:

1/p

/

erlitlyin ) < ZID“MIZ(QﬁZIﬁMI”] . (2.108)
i=1

lo| =k

We proceed by contradiction: suppose that (2.108) does not hold for any constant cy,
for instance for ¢; = 1 /n. Then there exists a function u,, € W5 (Q), |tn|yrp() =1
such that
1 1 1/p
-> |y |D°‘un|p+2|fiun|p] . (2.109)
i=1

=k

From this we get, for |a| = k:

lim D%, = 0 in LP(Q). (2.110)

n—yoeo

According to Theorem 6.3, the identity mapping I : Wh?(Q) — WK 1r(Q) is
compact, hence there exists a subsequence u,, of u, which converges in Wk=1r(Q)
and by (2.110) in W7 (Q). Let u = lim,, e Upn,,- We have Du = 0= u € Py_y),
but P 1) is of finite dimension and hence closed in WP (). Then, due to (2.108),
we have:

!
N | fulf =0=u=0,
i=1
which is a contradiction to the fact that

’}gg|”nm|wk>ﬂ(.(2) = lulyrrig) =1
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Remark 7.1. Clearly Theorem 7.1 holds if the identity mapping I : W''7(Q) —
LP(Q) is compact.

2.7.2 Quotient Spaces

Let P C Py_y), and denote by WP (&) /P the quotient space (cf. 1.1.7) with the
topology associated with the usual norm:

For i € WP (Q)/P,  |ilyup(q) p = I0f [ulyi(o)- (2.111)
ucu

Theorem 7.2. Let Q € N°, and let us assume that the identity mapping
1:WhP(Q) — LP(Q) is compact. Then we have:

- 1/ . .
C1|M|Wk‘p(9)/P(k,1) < [‘ ‘Z‘k [Dau|ip(g)} P < C2|M|Wk’p(Q)/P(k,l)' (2111bls)
ol=

Ifp=2, Wk’z(.Q)/P(k,l) is a Hilbert space with the scalar product

5,8) = " D%vD%adx. 2.112
va=3 [, (2112)

Proof. First, WEP(82) /P,y is complete with respect to the norm

1
[W‘Z:kw“m",(m} /P (2.113)

Indeed: let i, be a Cauchy sequence for (2.113). We can choose u, € i, such
that fiu, =0, i = 1,2,...,1, f; satisfying (2.106bis); this is always possible by
Lemma 7.1. We apply Theorem 7.1, hence u, is a Cauchy sequence in W57 (Q);
let lim,—ye0 14, = u, which implies lim, .. 7, = ii. Denote by B; the quotient space
WP (€2) /Py with the norm (2.111), and by B the same space but with the norm
(2.113). The identity mapping / : B — B5 is continuous, due to the Banach theorem,
cf. Chap. 1, Sect. 1.1, and the same property is true for inverse transformation. The
result follows. (]

Hereafter, when we shall use the mentioned Banach theorem we will not specify
the spaces B1, B, etc.

Theorem 7.3. Let Q € N°, and assume that the identity mapping I : W'P(Q) —
LP(Q) is compact, P C Py_y), fi, i = 1,2,...,1, functionals on WhkP(Q) k> 1 an
integer, p > 1 such that
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!
forv e Py_y), Z|fiv|” =0<=vePr
i=1

Then

1/p

/

Cl|ﬁ|wk>p(_q)/1> < <[ 2 |Da”|€p(g)]p+2|fi”|p> < CZ|”7|W’<‘P(Q)/P'
ot =k i=1

If p=2, W&P(Q) /P is a Hilbert space with the scalar product:

l
(v,a) =Y, /QD“vD“uderzfivﬁ.
i=1

o=k

Proof. Tt is sufficient to prove that W% () /P is complete with the norm

l
[‘ 2k|D“u|§p(Q)+;|ﬁu|P]“". (2.114)
al= i=

Let i, be a Cauchy sequence. According to Theorem 7.2, we can find polynomials
Pn € Py_y) such that lim,, e (14, + py) = u in W5P(Q). Since i, is a Cauchy
sequence with respect to the norm (2.114), the same holds for the sequence pj,.
Clearly (3!_, |f;u|?)!/P is a norm in Pi—1)/P, hence lim, c. p, = p in wkr(Q)/P,
and lim,_ye it, = @t — p. O
Remark 7.2. Let Q* C Q, Q* non empty, L the orthogonal complement of P in
Py for the space L>(Q2%);p1,p2,...,p; a basis of L. Then the functionals fiu =
Jo- upidx satisfy the hypotheses of Theorem 7.3.

2.7.3 The Spaces V"7 (Q)

Let us formulate a theorem on equivalent norms:

Theorem 7.4. Let Q € N, Q* a nonempty and open subset of Q. Then we have
the inequality

. ) 1/p
|M|Wk.p(g)gc[2 / |D“u|”dx+/ |u|”dx] . (2.115)
o =72 e

Proof. Tt is sufficient to prove that W*P(Q) with the norm (2.115) is complete.
Let u, be a Cauchy sequence. According to Theorem 7.2 there exist p, € Py_y)



110 2 The Spaces WP

such that lim, e (u, + p,) = u in WEP(Q). Since u, + p, is a Cauchy sequence
for the norm (2.115), lim,,_,«. p, = p in LP(2*) and in W*P (), which implies that
limy, oo tty, = u — p in WEP(Q). O

Fix Q C RV. Denote by V¥7(Q) the space of functions in L/ () whose

loc

distributional derivatives of order k belong to LP(). Let Q* C Q" C Q; Q*
bounded; on V¥ (Q) we define the norm by

1/p

‘ ‘24k|Da“|€p(Q) + |u|€p(g*) . (2.116)
o=

Theorem 7.5. The space V¥P(Q) is a Banach space. If we change Q* in such
a way that QF C Q, we obtain equivalent norms. Let Q' C Q' C Q, Q' bounded.
Then the restriction operator R satisfies R € [VP(Q) — WkP(Q")].

Proof. Let u € VP(Q), and extend u by zero outside of €. We have u;, € C*(Q)
and u;, € W5P(Q'). On the other hand limy,_, uj, = u in L? ('), and limy,_,o D%u), =
D% in LP(Q') for || = k. Without loss of generality we can assume Q' € NP,
According to Theorem 7.4, u € W57 (Q'), and we have:

[l < ctlulyip(g)- (2.117)

Using (2.117) we see that the topology of V¥7(Q) does not depend on Q*. Let
u, be a Cauchy sequence in V57 (Q). Due to (2.117) there exists u € L} (Q),

loc
u € WkP(Q') for all bounded Q’, Q' C Q c Q, and lim,_,eu, = u in LP(Q'),
limy,—yee D%u,, = D%u in LP (Q) for |a| = k. O

Remark 7.3. It is a priori clear that we could assume in the definition of V57 (Q)
that u € L} (Q) and D% € LP(Q),|o| = k. Tt is sufficient to consider u € 7'(Q)
with D%u € L”(Q) and we obtain the same space, cf. J. Deny, J.L. Lions [1].

Theorem 7.6. Let Q € NO. Then WP (Q) = VkP(Q) algebraically and topologi-
cally.

Proof. Tt is sufficient to prove that W7 (Q) = VP (Q) algebraically. Let |o| =
k— 1, and let us consider v = D%u. We have v € V!?(Q) due to Theorem 7.5. Let
us consider v in V,, r = 1,2,...,m. For simplicity we omit the index r. Now using
Theorem 2.2 change v on a set of measure zero in such a way that the function
obtained is absolutely continuous in V' on almost all lines parallel to the axis xy. We
have:

XN a
V(x/,XN)=/y _8;:\/ (', n)dn+v(.,yn), xnv.yw € (al¥),a(x')+ B).
'N
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From this relation we get:

v

e <2 [t [0 2 )

p
" an-+ b ow)l?)

Integrating this inequality with respect to yy on the interval (a(x’) + /2,a(x') + ),
we get:
| A
Can e [ Py
a(x')+B/2
(2.118)

Finally we integrate (2.118) with respect to xy on (a(x'),a(x’) + B), and then with
respect to x’ on A, and get:

b [

<2~ Zﬁ”“/ dx// \ X)

Bluiw mr <2r2pr [0 2 (o

a(x)

P
dn (2.119)

a(xX)+
+2P~ 113/ dx// (o', yn)|P dyn.

The estimates (2.119), (2.117) give v € W1 (Q); the result follows by recurrence.
O

Remark 7.4. In R. Courant, D. Hilbert [1] we can find an example of a bounded
domain such that W&?(Q) C V5P(Q) holds strictly.

Remark 7.5. For £ bounded, Theorem 7.1 holds with f as in (2.107a) or (2.107b)
for VAP (Q).

For other examples of equivalent norms on W*?(Q) cf. Chap. 1, Sect. 1.1.

2.7.4 Nikodym Domains

Theorem 7.7. Let k > 1 be an integer, p > 1,€2 a domain such that v € P(k,l) —
Jo [v[Pdx < eo. We have the inequality:

s <15 D] S clivan 2120

Proof. Let €; be an increasing sequence of domains in D — 1,2,..., such
that lim; .. €2; = €, and let &, be a Cauchy sequence for the norm (2.113).
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According to Theorems 7.6 and 7.2, (2.120) holds for €2;, i = 1,2,.... There exists
i) € WhP(€2) /Py_y) such that lim,, .. it = dig; in WHP(€2;) /Py_y). It is clear that
the restriction of uj; ;] to £2; is uy), and hence there exists u € LZ, (£2) such that
limy, o iy = i in WEP (i) /Py_yy, i = 1,2,.., and limy, .. D%u, = D%u in LP(£2)
for |ot| = k. Thus V*P () /Py_1y with the norm (2.113) is complete and the result
follows from the Banach theorem. ]

Remark 7.6. Taking into account Remark 7.5, we can proceed in the proof of
Theorem 7.7 as in the proof of Theorem 7.2.

Exercise 7.1. Using Theorem 7.7 and the regularizing operator, prove that u €
92'(Q), D*u € LP(Q), || = k, imply u € VFP(Q).

A bounded open set €2 is called a Nikodym domain if for all p > 1, Vl”’(Q) =
whr(Q).”

If we have to be more precise, we say that the bounded domain Q is (k,p)-
Nikodym if V¥P(Q) = WkP(Q).

According to Theorem 7.5 we get obviously

Proposition 7.1. If Q is a Nikodym domain, it is (k, p)—Nikodym fork > 1, p > 1.

We have another characterization of Nikodym domains (for p = 2, cf. J. Deny,
J.L. Lions [1]):

Theorem 7.8. The domain €2 is a Nikodym domain if and only if for
i€ Wl”’(.Q)/P(O) the following inequality holds:

N

Cl|ﬁ|W1>P(Q)/P(0) < lz

i=1

u

p 1/p
ou . (2.121)
axl' (Q)]

P

Proof. 1f Q is a Nikodym domain, the identity mapping
1:W'P(Q)/Pg) — V'P(Q)/Py)

is surjective. The norms ||y 1.5 (), Poy and [i]y1(g), Py 1€ equivalent, and we have

(2.120) and then (2.121).

The relation (2.121) being satisfied, due to (2.120) it is sufficient to prove the
density of WP (2)/Pg) in V1P(Q)/Py). To do this, let & € V1P () /Py, u € ii;
without loss of generality we can assume u real. We define:

u for |u|<n,
up=<n for u>n,

—n for u< -—n.

The original definition was less restrictive: Q is a Nikodym domain if V!2(Q) = W!'2(Q).
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It follows from Theorem 2.3 that u, € W'?(Q). For F, = {x € Q, |u(x)| > n}, we
have obviously lim,, .. meas F,, = 0, hence lim,, .. 14, = ii in V1'7(Q)/ Po)- O

Problem 7.1. Is in general Wk’l’(.Q)/P(k,l) dense in V5P (€2)/Py—1) for instance
for £2 bounded?

Exercise 7.2. For Q2 a Nikodym domain prove the Poincaré inequality:

2 N 2
<c

i=1

1
meas

du
ax,'

uec WI’Z(Q) - |”|22(Q) —

2@
Remark 7.7. If Q is (k, p)—Nikodym, then we have the inequality:

- 1
cilalwer@yp, ) < [‘ ‘Zk DUl o] .
ol=

We proceed as in the first part of the proof of Theorem 7.8.

Now we formulate a more general theorem concerning equivalent norms, which
generalizes Theorems 7.1, 7.3, 7.4:

Theorem 7.9. Let € be a Nikodym domain,
assume that |u|y < clulyipq)- Let

ul1 a seminorm on W5P(Q); we

1/p
o = |[ulf + 3, |Da“|p’(9)] ,
|oc|=k

and let P C Py be the set all polynomials u such that |u|, = 0. Then we get the
following inequalities:

C1|[ilwk‘p(g)/[’ < |’1|2 < CZ|”7|W’<‘P(Q)/P‘

Proof. It is sufficient to prove that W7 () /P with the norm |ii|, is complete. Let
ii, be a Cauchy sequence. According to Theorem 7.7, and since €2 is a Nikodym
domain, there exists a sequence p, € P(k,l) such that lim,,—e.(u, + pn) = u in
WkP(Q). But |p|, is a norm on Pj—1)/P, therefore limy .. py = p in Py_)/P,
and consequently also in W57 (Q)/P. Thus lim,_e it, = ii — p. O

Remark 7.8. If Q is a Nikodym domain, we deduce from Theorem 7.9 the
generalized Poincaré inequality, i.e. for u € WP (Q) we have

sy e[ X Dulfg+ 3 | [ Dmuar]’]'".

|oc|=k lor|<k—1
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Exercise 7.3. Let C be the unit disc without the interval y =0, 0 < x < 1. Prove
that C is a Nikodym domain.

Exercise 7.4. Let €2 be a starshapped domain with respect to the origin. Prove that
€ is a Nikodym domain.

Theorem 7.10. Let 2 be a Nikodym domain, V C wkp () a closed subset, and
Py =V O Py_1). Then (¥)q)—k |D“u|z],(9))1/” is an equivalent norm on'V | Py.

Proof. Let Py_1) =Py + L be the direct sum with LN Py =0, q1,42, - - .,qx a basis
of L (the functions ¢; are linearly independent). It is sufficient to prove that V /Py
with the norm given above is complete. Let ii, be a Cauchy sequence. According to
Theorem 7.7 and due to the Nikodym property of €2, there exist p, € P_1) such that
U+ py is a Cauchy sequence in W57 (), hence ii, + j, is also a Cauchy sequence
in WA (Q)/Py. We have:

K
pn:an+bn, anE[)Va brz ELa brz:zkntﬁi-
i=1

Let us consider:

K—1
i+ Y, Anidii. (2.122)
i=1
The space V /Py +US'g; = W is closed in W5?(Q) /Py and by the Hahn-Banach
theorem, there exists a functional f on W*?(Q)/Py such that ¥ =0 for ¥ € W
and f§, = 1. The sequence i, + byisa Cauchy sequence, therefore we have f (i, +
13,,) = Anx and limy, e Ayyc = A Using a recurrence process we get lim,,_,e A, = A;,
i=1,2,...,x, and ii, is a Cauchy sequence in W*?(Q)/Py. O

Theorem 7.11. Let Q be a Nikodym domain, V. C W*P(Q) a closed subspace, and
|ul1 a seminorm on'V; we assume u € V.= [u|y < c[u|yipq)- Let

= [t + 3 1Dl )"
|ot|=k

and P C Py_1)NV the space of polynomials in Py_1y NV for which |u|y = 0. Then
we have:

cilily/p < |ul2 < ealily/p.

Proof. As in Theorem 7.9, it is sufficient to prove that a Cauchy sequence i, for
the norm |ii|, is a Cauchy sequence in V/P. With the same notations as in the
previous theorem u, + p, is a Cauchy sequence in wkp (Q), and moreover i, + p,
is a Cauchy sequence in W& (Q)/P; p, € Py. But since p, is a Cauchy sequence in
the norm |i], it is also a Cauchy sequence in Py /P. Hence j, is a Cauchy sequence
in W&P(Q)/P. O
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