
Chapter 2
The Spaces W k,p

The theory of the spaces W k,p for p = 2, outlined in Chap. 1, has been sub-
stantially developed; now there exist plenty of spaces of analogous type. The
fundamental sources are: S.L. Sobolev [1], S.M. Nikolskii [2], J. Deny, J.L. Lions
[1], E. Gagliardo [1, 2]; see also N. Aronszajn [3], N. Aronszajn, K.T. Smith
[1–3], N. Aronszajn, F. Mulla, P. Szeptycki [1], V.M. Babich [1], O.V. Besov
[1, 2], S. Campanato [3–7], E. Gagliardo [3], V.P. Ilyin [1, 2], G.N. Jakovlev [1],
W. Kondrashov [1], L.D. Kudriavcev [2], J.L. Lions [5], E. Magenes [4], K. Maurin
[1], N.G. Meyers, J. Serrin [1], J. Nečas [11], S.M. Nikolskii [3–8], G. Prodi [1],
L.N. Slobodetskii [1, 2], V.I. Smirnov [1], S.V. Uspenskii [1–4], L. De Vito [1].

2.1 Definitions and Auxiliary Theorems

2.1.1 Classification of Domains, Pseudotopology in C∞
0 (Ω)

In Sect. 1.1.3, we introduced domains with continuous or lipschitzian boundaries; it
was a particular case of a more general definition:

A bounded domain Ω is of type Nk,μ , where k is a non-negative integer or
infinity, 0 ≤ μ ≤ 1, if there exist functions ar as in 1.1.3 defined in the closures
of cubes Δ r = {x′ ∈ R

N−1, |xri| ≤ α , i = 1,2, . . . ,N − 1}, μ-hölderian together
with their derivatives of order ≤ k, which means that for x′r,y′r ∈ Δ r, there is
|Diar(x′r)−Diar(y′r)| ≤ c|x′r − y′r|μ , |i| ≤ k.1 If μ = 0, the functions ar and their
derivatives of order ≤ k are only continuous in Δr, and for simplicity we shall write
Nk,0 =Nk.

Let Ω be a domain in R
N , k a non-negative integer or k = ∞, 0 ≤ μ ≤ 1. We

denote by Ck,μ(Ω ) the space of complex-valued functions whose derivatives of

1Hereafter various constants will be mostly denoted by the same letter c. If necessary, we shall use
indices or another appropriate notation.
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50 2 The Spaces W k,p

order ≤ k are μ-hölderian on the closure of Ω . If μ = 0, the functions and their
derivatives of order ≤ k are only continuous on Ω ; we then write simply Ck(Ω)
instead of Ck,0(Ω). If k < ∞, we endow Ck(Ω) with the following norm:

|u|Ck(Ω) = ∑
|α |≤k

max
x∈Ω

|Dα u(x)|, (2.1)

and Ck,μ(Ω) with the norm defined by:

|u|Ck,μ (Ω) = |u|Ck(Ω) + ∑
|α |=k

sup
x,y∈Ω ,x�=y

|Dα u(x)−Dαu(y)|
|x− y|μ . (2.2)

The spaces Ck(Ω) and Ck,μ(Ω ) are Banach spaces. We denote also by Ck(Ω)
(resp. Ck,μ(Ω)) the spaces of functions continuous (resp. μ−hölderian) together
with derivatives of order ≤ k in Ω .

For C∞
0 (Ω), see 1.1.1.

On C∞
0 (Ω) we introduce a pseudotopology (cf. L. Schwartz [1]): Let ϕn be

a sequence in C∞
0 (Ω). Then limn→∞ ϕn = ϕ in C∞

0 (Ω), if there exists Ω ′ ⊂ Ω ′ ⊂ Ω ,
Ω ′ bounded, such that the support of ϕn (denoted by supp ϕn) and the support of ϕ
are included in Ω ′, and for all k ≥ 0, limn→∞ ϕn = ϕ in Ck(Ω ′).

Following L. Schwartz [1], we will for some time denote the space C∞
0 (Ω) by

D(Ω). The space of distributions on Ω – the dual of D(Ω) – will be denoted by
D ′(Ω). For f ∈ D ′(Ω), we denote the value of f at the point ϕ ∈ D(Ω) by 〈ϕ , f 〉.

The derivative Di f of the distribution f is again a distribution, defined by the
formula

〈ϕ ,Di f 〉= (−1)|i|〈Diϕ , f 〉, ϕ ∈ D(Ω). (2.3)

If fn is a sequence in D ′(Ω), we say that limn→∞ fn = f in D ′(Ω) if for all ϕ ∈
D(Ω) we have:

lim
n→∞

〈ϕ , fn〉= 〈ϕ , f 〉.
Let L1

loc(Ω) be the space of locally integrable functions on Ω . We define the
imbedding L1

loc(Ω)⊂ D ′(Ω) by:

〈ϕ , f 〉 =
∫

Ω
ϕ f dx, ϕ ∈ D(Ω), f ∈ L1

loc.

Obviously we have:

Proposition 1.1. If f1, f2 ∈ L1
loc(Ω) and if for every ϕ ∈ D(Ω)

〈ϕ , f1〉= 〈ϕ , f2〉, (2.4)

then f1 = f2 almost everywhere in Ω .

Indeed: It follows from (2.4) that for every interval I ⊂ Ω , we have:
∫

I
f1 dx =

∫
I

f2 dx.

�
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Let B be a Banach space such that D(Ω) ⊂ B; B is called normal if D(Ω) is
dense in B.

If D(Ω)⊂ B algebraically and topologically, then B′ ⊂D ′(Ω), algebraically and
topologically. B′ is a subspace of distributions.

Exercise 1.1. If f ∈Ck(Ω), then, for |i| ≤ k, Di f in the classical sense and Di f in
the sense of distributions coincide.

Hereafter if f ∈ D ′(Ω), Di f will denote the derivative in the distribution sense.

2.1.2 The Space Lp(Ω), Mean Continuity

Let 1 ≤ p < ∞. We denote by Lp(Ω) the space of p−integrable functions on Ω
with the norm:

| f |Lp(Ω) =

(∫
Ω
| f (x)|p dx

)1/p

; (2.5)

this space is a Banach space, it has a countable basis, it is reflexive for p > 1. The
following mean continuity property holds:

Theorem 1.1. Let Ω be an open set in R
N, f ∈ Lp(Ω), f (x) = 0 for x �/∈ Ω . Then

for each ε > 0, there exists δ > 0 such that

|z|< δ =⇒
(∫

Ω
| f (x+ z)− f (x)|p dx

)1/p

< ε.

Proof. Let us assume Ω bounded and ε > 0. There exists ν < meas (Ω) such that

M ⊂ Ω , meas (M)< ν =⇒
(∫

M
| f (x)|p dx

)1/p

< ε/3.

According to Lusin’s theorem, there exists a closed set F ⊂ Ω , meas (F) >
meas (Ω)−(1/2)ν such that f is continuous on F . Then there exists δ > 0 such that

|z|< δ =⇒ x ∈ F, x+ z ∈ F, | f (x+ z)− f (x)|< ε
3(meas (Ω))1/p

.

For z fixed, |z|< δ , we denote

Hz = {y ∈ R
N , y = x+ z, x ∈ F}, Fz = F ∩Hz = F − (F −Hz).

We can choose δ sufficiently small such that Hz ⊂ Ω . Then we have:

meas (Fz)> meas (Ω)− ν
2
−
[

meas (Ω)−
(

meas (Ω)− ν
2

)]

= meas (Ω)−ν,
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i.e.
meas (Ω −Fz)< ν.

We get:

(∫
Ω
| f (x+ z)− f (x)|p dx

)1/p

≤
(∫

Fz

| f (x+ z)− f (x)|p dx

)1/p

+

(∫
Ω−Fz

| f (x+ z)− f (x)|p dx

)1/p

< meas (Fz)
1/p ε

3(meas (Ω))1/p

+

(∫
Ω−Fz

| f (x+ z)|p dx

)1/p

+

(∫
Ω−Fz

| f (x)|p dx

)1/p

< ε;

if Ω is unbounded, for any ε > 0, we can find a ball K(r) with radius r > 1 such that

(∫
Ω −K(r−1)

| f (x)|p dx

)1/p

< ε/3.

Then we can repeat the proof given previously for the bounded set Ω ∩K(r − 1)
with ε/3 and δ ≤ 1. �

2.1.3 The Regularizing Operator

Let h > 0. We define the regularizing kernel by:

ω(x,h) =

{
exp(|x|2/(|x|2 − h2)) for |x|< h,

0 for |x| ≥ h.

The kernel is a function in C∞(RN). The regularizing operator is the operator
mapping Lp(Ω) into itself and defined by

fh(x) =
1

κhN

∫
Ω

ω(x− y,h) f (y)dy, (2.6)

where
κ =

∫
|x|<1

ω(x,1)dx =
1

hN

∫
|x|<h

ω(x,h)dx.

Of course, we can use also other regularizing kernels; Sect. 2.5.5.
By an immediate computation we get:

fh(x) =
1
κ

∫
|z|<1

ω(z,1) f (x+ hz)dz

where f (x) = 0 for x �/∈ Ω .
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In what follows, we will use the following notation: let B1,B2 be two Banach
spaces, and T a bounded linear mapping defined on B1 with values in B2; we shall
write T ∈ [B1 → B2].

Theorem 1.2. The operator which defines fh(x) by (2.6), has the following prop-
erties: it belongs to [Lp(Ω) → Lp(Ω)], fh ∈ C∞(Ω ) (and also ∈ C∞(RN)), and
limh→0 fh = f in Lp(Ω).

Proof. We have to prove:

| fh|Lp(Ω) ≤C| f |Lp(Ω), lim
h→0

fh = f in Lp(Ω); (2.7)

the other properties are clear. We always set f (x) = 0 for x �/∈ Ω ; then we have:

∫
Ω
| fh(x)− f (x)|p dx

=

∫
Ω

∣∣∣∣ 1
κ

∫
|z|<1

ω(z,1) f (x+ hz)dz− 1
κ

∫
|z|<1

ω(z,1) f (x)dz

∣∣∣∣
p

dx

≤
∫

Ω

(
1
κ

∫
|x|<1

ω(z,1)| f (x+ hz)− f (x)|dz

)p

dx ≡ I(h).

If p = 1 then the Fubini theorem implies:

I(h)≤ c
∫
|z|<1

dz
∫

Ω
| f (x+ hz)− f (x)|dx. (2.8)

If p > 1 then using the Hölder inequality and the Fubini theorem we get:

I(h)≤ c
∫

Ω
dx

∫
|z|<1

| f (x+ hz)− f (x)|p dz = c
∫
|z|<1

dz
∫

Ω
| f (x+ hz)− f (x)|p dx;

(2.9)
the result follows according to (2.8), (2.9) and Theorem 1.1. The inequality in (2.7)
can be obtained by a trivial modification of the proof. �

2.1.4 Compactness Condition

The following theorem is due to Kolmogorov.

Theorem 1.3. Let Ω be a bounded domain, M ⊂ Lp(Ω). M is precompact if and
only if:

M is a bounded set, (2.10)

the functions f ∈ M are mean-equicontinuous. (2.11)
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Proof. First, let us prove that the conditions are sufficient; as previously we set
f (x) = 0 for x �/∈ Ω . According to (2.8), (2.9) we have:

| fh − f |Lp(Ω) ≤ c sup
|z|<h

(∫
Ω
| f (x+ z)− f (x)|p dx

)1/p

. (2.12)

Let ε > 0; we can find δ > 0 such that h < δ =⇒ | fh − f |Lp(Ω) < ε/2. Let Mh =
{ fh, f ∈ M, h fixed}. The functions fh are bounded by the same constant and they
are equicontinuous, hence Mh is a relatively compact set in C0(Ω ), and there exists
an ε/2(meas (Ω))1/p-net, say Sε , in C0(Ω ). It follows from (2.12) that Sε is an
ε-net in Lp(Ω).

Now we prove the necessity: If M is relatively compact then (2.9) holds. Let
f1, f2, . . . , fk be an (ε/3)-net in M. According to Theorem 1.1, each fi, i = 1,2, . . . ,k
is mean continuous, and there exists δ > 0 such that

|z|< δ =⇒ (
∫

Ω
| f (x+ z)− f (x)|p dx < (ε/3)p, i = 1,2, . . . ,k.

Hence, if f ∈ M, there exists an index i such that | f − fi|Lp(Ω) < ε/3, and

|z|< δ =⇒
(∫

Ω
| f (x+ z)− f (x)|p dx

)1/p

< ε.

�
Exercise 1.2. Prove Theorem 1.1 using the fact that for Ω bounded we have

Lp(Ω) =C(Ω).

Exercise 1.3. Prove Theorem 1.3 for Ω unbounded with the following additional
condition: for each ε > 0 there exists r > 0 such that

f ∈ M =⇒
∫

Ω−K(r)
| f (x)|p dx < ε,

where K(r) is a ball with center at the origin and with radius r.

2.2 The Spaces W k,p(Ω)

2.2.1 A Property of the Regularizing Operator

Let us recall that Lp
loc(Ω), p ≥ 1 is the space of complex-valued functions defined

on Ω which are locally p−integrable on Ω (i.e. on every compact set in Ω ). The
following proposition is obvious:
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Proposition 2.1. Let fi ∈ D ′(Ω), i = 1,2. Then

Dα( f1 + f2) = Dα f1 +Dα f2, Dα(λ fi) = λ Dα fi, Dα(Dβ fi) = Dα+β fi.

Theorem 2.1. Let u∈D ′(Ω), Ω ∗ ⊂Ω , Ω ∗ bounded. Suppose that Dα u∈ Lp
loc(Ω),

p ≥ 1. Then there exists h0 > 0 such that for h ≤ h0, x ∈ Ω ∗ we have:

Dα uh(x) = (Dα u)h(x), (2.13)

lim
h→0

Dα uh = Dα u in Lp(Ω ∗). (2.14)

Proof. Indeed: if ϕh(y) = (1/κhN)ω(x − y,h), then uh(x) = 〈ϕh,u〉 for h ≤ h0,
x ∈ Ω ∗, with h0 ≤ dist (Ω ∗,∂Ω). Using the definition from 2.1.1, it follows that

Dα uh(x) = (−1)|α |〈Dα ϕh,u〉= 〈ϕh,D
α u〉

=
1

κhN

∫
Ω

ω(x− y,h)Dαu(y)dy = (Dα u)h(x);

(2.14) is a direct consequence of Theorem 1.2. �

2.2.2 The Absolute Continuity

Let Ω be a domain in R
N , P a line verifying P∩Ω �= /0. A function defined almost

everywhere in Ω is said absolutely continuous on the line P if it is continuous on
each closed interval of P∩Ω .

Theorem 2.2. Suppose u ∈ L1
loc(Ω) and ∂u/∂xi ∈ Lp(Ω), p ≥ 1. This function

changed on a set of measure zero is absolutely continuous on almost all lines
parallel to the axis xi.2 Let us denote by [∂u/∂xi] the usual derivative and by ∂u/∂xi

the distribution derivative. Then we have almost everywhere [∂u/∂xi] = ∂u/∂xi.
Conversely, if u ∈ L1

loc(Ω) is absolutely continuous on almost all lines parallel
to the axis xi with [∂u/∂xi] ∈ Lp(Ω), then we have ∂u/∂xi = [∂u/∂xi].

Proof. Let us prove the second part: If ϕ ∈ D(Ω), by integration by parts we get
〈ϕ , [∂u/∂xi]〉= 〈ϕ ,∂u/∂xi〉. For the first part, let Ω =∪∞

j=1Cj, where Cj are cubes;
this cover is locally finite, which is always possible. Let C be one of these cubes, and
ψ ∈ D(Ω) such that ψ(x) = 1 for x ∈ C. Let us put v = uψ ;v ∈ L1(Ω). Obviously
∂v/∂xi = (∂u/∂xi)ψ +u(∂ψ/∂xi). Put v = ∂v/∂xi = 0 for x �/∈ Ω . Let K be a cube
big enough such that Ω ⊂ K.

2The set of all intersections of parallel hyperplanes where u is not absolutely continuous, with the
hyperplane xi = 0, is a set M such that meas (N−1)M = 0.
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Let us define v∗(x) by:

v∗(x) =
∫ xi

−∞

∂v
∂xi

(x1, . . . ,xi−1,ξ ,xi+1, . . . ,xN)dξ (2.15)

for the points (x1, . . . ,xi−1,xi+1, . . . ,xN), where

∫ ∞

−∞

∣∣∣∣ ∂v
∂xi

(x1, . . . ,xi−1,ξ ,xi+1, . . . ,xN)

∣∣∣∣ dξ < ∞.

Let χ ∈ D(Ω) be a function with χ(x) = 1 on supp v.
For all ϕ ∈ D(Ω), we have:

∫
Ω

ϕv∗ dx =
∫

Ω

(∫ ∞

xi

ϕ(x1, . . . ,xi−1,ξ ,xi+1, . . . ,xN)dξ
) ∂v

∂xi
(x)dx

=
∫

Ω

(∫ ∞

xi

ϕ dξ
)
χ

∂v
∂xi

dx =
∫

Ω
ϕvdx,

then almost everywhere v(x) = v∗(x); it is clear that v∗ is absolutely continuous on
almost all lines parallel to the axis xi, and almost everywhere [∂v∗/∂xi] = ∂v/∂xi.
But since almost everywhere on C v∗(x) = v(x), the result follows. �
Remark 2.1. According to Theorem 2.2, a function f not absolutely continuous on
[0,1] (or continuous) which has almost everywhere a derivative such that [d f/dx] ∈
L1(0,1), satisfies [d f/dx] �= d f/dx. The well known example is a monotone
function continuous on (0,1), f (0) = 0, f (1) = 1, d f/dx = 0 almost everywhere.

2.2.3 The Spaces W k,p(Ω)

For an integer k ≥ 0, and p ≥ 1, we denote by W k,p(Ω)3 the subspace of functions
f ∈ Lp(Ω) such that for |α| ≤ k,Dα u ∈ Lp(Ω). On W k,p(Ω) we define a norm by:

|u|Wk,p(Ω) =
(

∑
|α |≤k

∫
Ω
|Dα u|pdx

)1/p
, (2.16)

and, if p = 2,W k,2(Ω) is an Hilbert space for the scalar product defined by (1.1.2).
The membership of u in W k,p(Ω) is a local property, indeed.

3If u∈W k,2(Ω) by the definition from 1.1.1, then in general it is the same as in the definition given
here; the converse is not true. Later we shall see that for Ω ∈N0 the two definitions coincide. In
N.G. Meyers, J. Serrin [1], it is proved that C∞(Ω )∩W k,p(Ω) is dense in W k,p(Ω).
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Proposition 2.2. Let Ωi, i = 1,2, . . . , l, be domains satisfying ∪l
i=1Ωi ⊃ Ω . If

u ∈W k,p(Ωi), i = 1,2, . . . , l, then u ∈W k,p(Ω), and

|u|Wk,p(Ω) ≤ c
l

∑
i=1

|u|Wk,p(Ωi)
.

Proof. Let |α| ≤ k. We denote by gi the derivatives Dα u in Ωi; it follows
immediately from the definition of Dα u that if Ωi ∩Ω j �= /0, then gi = g j almost
everywhere in Ωi∩Ω j. We define g(x) = gi(x) in Ωi, and let ϕ ∈C∞

0 (Ω). According
to Proposition 1.2.3, there exist functions ψi ∈C∞

0 (Ωi) such that

x ∈ supp ϕ =⇒
l

∑
i=1

ψi(x) = 1.

We have:

〈Dα ϕ ,u〉= 〈Dα (
l

∑
i=1

ψiϕ),u〉= (−1)|α |
l

∑
i=1

〈ψiϕ ,gi〉

= (−1)|α |
l

∑
i=1

〈ψiϕ ,g〉= (−1)|α |〈ϕ ,g〉.

�
Remark 2.2. According to Theorem 2.2, there is a definition equivalent to the
previous: u ∈ W 1,p(Ω), if u ∈ Lp(Ω) and if, after a modification of u on a set
of zero measure, u remains absolutely continuous on almost all lines parallel to
the x1 axis and if [∂u/∂x1] ∈ Lp(Ω) (cf. Theorem 2.2). By another modification
[∂u/∂x2] ∈ Lp(Ω), etc.

There exists another definition for p = 2, k = 1 due to B. Levi related to
Remark 2.2: W 1,p(Ω) is the subspace in Lp(Ω) of functions u which, and after
a modification on a set of zero measure, remain absolutely continuous on almost all
lines parallel to the axes x1,x2, . . . ,xN ; the derivatives [∂u/∂xi] ∈ Lp(Ω).

Here an adaptation of a theorem of J. Deny, J.L. Lions [1]:

Theorem 2.3. For W 1,p(Ω), the definition from 2.2.3 and the definition of B. Levi
are equivalent.

Proof. If u ∈ W 1,p(Ω) by the B. Levi definition, then it is the same as by our
definition according to Theorem 2.2. Let u ∈W 1,p(Ω); we use the steps used in the
proof of Theorem 2.2: uψ = v ∈ W 1,p(K), where K is a cube (−l, l)N sufficiently
large such that supp v ⊂ K. According to Theorem 2.1, limh→0 vh = v in Lp(Ω),
limh→0 ∂vh∂xi = ∂v/∂xi in Lp(K), i = 1,2, . . . ,N. Let us set for i = 1,2, . . . ,N:

gi(x) =
∫ xi

−∞

∂v
∂xi

(x1, . . . ,xi−1ξ ,xi+1, . . . ,xN)dξ . (2.17)
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Then gi(x) is an absolutely continuous function on almost all lines parallel to the
axis xi; we have:

lim
h→0

∫ l

−l
. . .

∫ l

−l︸ ︷︷ ︸
(N−1)-times

(∫ l

−l

∣∣∣∣∂vh

∂x1
− ∂v

∂x1

∣∣∣∣ dx1

)
dx′ = 0,

then we can find a sequence hn, limn→∞ hn = 0, such that for almost all lines parallel
to the axis x1

lim
n→∞

∫ l

−l

∣∣∣∣∂vhn

∂x1
− ∂v

∂x1

∣∣∣∣ dx1 = 0.

We deduce that limn→∞ vhn(x) = g1(x) on almost all lines parallel to x1. The same
property holds for i = 2: we can extract a subsequence hnm of the sequence hn such
that limm→∞ vhnm

(x) = g2(x) on almost all lines parallel to the axis x2, etc. Step by
step we construct a sequence vhs , such that lims→∞ vhs(x) = gi(x) on almost all lines
parallel to x1,x2, . . . ,xN ; it is clear that lims→∞ vhs = v∗(x) = v(x) almost everywhere
in Ω . We conclude as in the proof of Theorem 2.2. �
Exercise 2.1. If u ∈ W 1,p(Ω), prove that |u| ∈ W 1,p(Ω) and ||u||W1,p(Ω) ≤
|u|W1,p(Ω).

Hint: use Theorem 2.3.

2.2.4 The Spaces W k,p(Ω) (Continuation)

Proposition 2.3. The space W k,p(Ω) is a Banach space with a countable basis,
reflexive for p > 1.

Proof. The space W k,p(Ω) is complete, this is a consequence of the definition from
2.2.3; W k,p(Ω) is a closed subspace of the space [Lp(Ω)]s which has a countable
basis and which is reflexive if p > 1. Here, s is the number of indices |α| ≤ k. �
Proposition 2.4. Let ui be a sequence in D ′(Ω), with |Dα ui|Lp(Ω) ≤ c1, p > 1, and
limi→∞ ui = u in the sense of distributions. Then Dα u∈ Lp(Ω), and |Dα u|Lp(Ω) ≤ c1.

Proof. For ϕ ∈C∞
0 (Ω), we have:

lim
i→∞

〈ϕ ,Dα ui〉= lim
i→∞

(−1)|α |〈Dα ϕ ,ui〉= (−1)|α |〈Dα ϕ ,u〉,

〈ϕ ,Dα ui〉=
∫

Ω
ϕDα ui dx.

But D(Ω) = Lq(Ω) for q ≥ 1, hence limi→∞ Dα ui = g weakly in Lp(Ω), and
〈ϕ ,g〉= limi→∞〈ϕ ,Dα ui〉= limi→∞(−1)|α |〈Dα ϕ ,ui〉= (−1)|α |〈Dα ϕ ,u〉. �
Remark 2.3. If p = 1, Proposition 2.4 is true if the sequence Dα ui is weakly
compact.
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2.2.5 The Spaces W k,p
0 (Ω)

We denote W k,p
0 (Ω) = D(Ω), the closure of D(Ω) with respect to the norm of

W k,p(Ω), and W−k,q(Ω) = (W k,p
0 (Ω))′ the dual space of W k,p

0 (Ω).

Proposition 2.5. Suppose p > 1; then every function f ∈W−k,q(Ω) can be written
(not uniquely) in the following form:

f = ∑
|α |≤k

Dα fα , (2.18)

where
fα ∈ Lq(Ω) and

1
p
+

1
q
= 1.

Proof. Let s be as in the proof of Proposition 2.3. We have W k,p
0 (Ω) ⊂ [Lp(Ω)]s.

According to the Hahn-Banach theorem, f can be extended on [Lp(Ω)]s. But
([Lp(Ω)]s)′ = [Lq(Ω)]s, hence

v ∈ [Lp(Ω)]s =⇒ f v =
s

∑
i=1

∫
Ω

vigi dx

with gi ∈ Lq(Ω). If v ∈W k,p
0 (Ω), we get:

f v = ∑
|α |≤k

(−1)|α |
∫

Ω
Dα v fα dx

with fα ∈ Lq(Ω); then

v ∈ D(Ω) =⇒ f v = 〈v, ∑
|α |≤k

Dα fα 〉.

�
Exercise 2.2. If p > 1, prove that the closed unit ball in W k,p(Ω) is weakly
compact.

Remark 2.4. If Ω is a domain such that its complement �Ω has a positive measure,
then for k ≥ 1 we cannot have W k,p

0 (Ω) = W k,p(Ω); details can be found in J.L.
Lions [5]. But if Ω = R

N we have:

Proposition 2.6. W k,p
0 (RN) =W k,p(RN).

Proof. Let ϕ ∈ D(RN) satisfy ϕ(x) = 1 for |x| ≤ 1, ϕ(x) = 0 for |x| ≥ 2. If u ∈
W k,p(RN), let us put ur(x) = u(x)ϕ(x/r). Clearly limr→∞ ur = u in W k,p(RN). Using
Theorem 2.1, we get limh→0 urh = ur in W k,p(RN) (we use (2.6)); but urh ∈ D(RN).

�
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2.3 Imbedding Theorems

2.3.1 The Lipschitz Transform

Lemma 3.1. Let Ω ,O be two bounded open sets, T a one-to-one continuous
mapping, T : O → Ω , with a Lipschitz inverse, i.e.

|T−1(x)−T−1(y)| ≤ c|x− y|. (2.19)

Let u ∈ Lp(Ω), p ≥ 1. Then v(y) = u(T (y)) ∈ Lp(O), and we have:

|v|Lp(O) ≤ c|u|Lp(Ω). (2.20)

Proof. Using the regularizing operator (we put u(x) = 0 for x �/∈ Ω), we get
limh→0 uh = u in Lp(Ω). Let Sd be a rectangular lattice in R

N formed by cubes with
sidelength d; let us consider cubes C1,C2, . . . ,Cmd whose closures are contained
in O; we have:

∫
O
|uh(T (y))|p dy = lim

d→0

md

∑
i=1

dn inf
y∈Ci

|uh(T (y))|p. (2.21)

According to (2.19) we have:

meas (Ci)≤ ci meas (T (Ci)). (2.22)

Indeed: if yi is the center of Ci, and if ∂T (Ci) is the boundary of T (Ci), we get
T−1(∂T (Ci)) ⊂ ∂Ci. Using (2.19) if x ∈ ∂T (Ci), and denoting xi = T (yi), we have
|x−xi| ≥ c2|T−1(x)−yi| ≥ (1/2)dc2, hence T (Ci) contains a ball with center xi and
radius (1/2)dc2 and we have (2.22). Furthermore,

dn
md

∑
i=1

inf
y∈Ci

|uh(T (y))|p ≤ c1

md

∑
i=1

meas (T (Ci)) inf
y∈Ci

|uh(T (y))|p ≤ c1

∫
Ω
|uh(x)|p dx,

(2.23)
and then ∫

O
|uh(T (y))|p dy ≤ c1

∫
Ω
|uh(x)|p dx. (2.24)

Now limh→0 uh = u in Lp(Ω), and we can extract a subsequence, say uhi ,
such that limi→∞ uhi = u almost everywhere in Ω . It follows from (2.19) that
limi→∞ uhi(T (y)) = u(T (y)) almost everywhere in O. The Fatou lemma gives
(2.24). �
Lemma 3.2. Let Ω ,O be two bounded open sets, and T and T−1 one-to-one
Lipschitz mappings, T : O → Ω . Let u ∈ W 1,p(Ω), p ≥ 1. We have u(T (y)) ∈
W 1,p(O), and if we set v(y) = u(T (y)) we get:
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|v|W1,p(O) ≤ c|u|W1,p(Ω). (2.25)

Proof. Let us put u ≡ 0 outside of Ω , and let uh be the regularized function. The
function v(h)(y) = uh(T (y)) is a Lipschitz function in O, hence a posteriori it is
Lipschitz on all lines parallel to y1,y2, . . . ,yN . Then we have in the usual sense:

∂v(h)

∂yi
=

N

∑
j=1

∂uh

∂x j

∂x j

∂yi
; (2.26)

according to Theorem 2.2 it holds in the sense of distributions. We have
limh→0 ∂uh/∂x j = ∂u/∂x j in Lp(Ω ∗) for Ω ∗ ⊂ Ω , limh→0 uh = u in Lp(Ω). Let us
denote O∗ = T−1(Ω ∗). According to the previous lemma, ∂v(h)/∂yi is a Cauchy
sequence in Lp(O∗). We get:

∂v
∂yi

=
N

∑
j=1

∂u
∂x j

∂x j

∂yi
, (2.27)

and then, using again the previous lemma, we have v ∈ W 1,p(O), and hence the
inequality (2.25). �

2.3.2 Density of C∞(Ω) in W k,p(Ω)

In Chap. 1, we introduced another definition of W k,2(Ω) (cf. the definition in 1.1.1);
we can generalize it for p ≥ 1.

Problem 3.1. Characterize the domains such that C∞(Ω) is dense in W k,p(Ω).

We know that these two definitions are equivalent under certain conditions (cf.
E. Gagliardo [2]), V.P. Iljin [1]); let us denote by C∞

Ω (RN) the space of restrictions

to Ω of functions in C∞(RN) (clearly we have C∞
Ω (RN)⊂C∞(Ω)). We have:

Theorem 3.1. Let Ω ∈N0. There is C∞
Ω (RN) =W k,p(Ω).

Proof. Using the notations introduced in 1.2.4, we set ur = uϕr. We get immediately
ur ∈ W k,p(Ω); using the local charts (x′r,xrN), let us define urλ , r ≤ m by
urλ (x

′
r,xrN) = ur(x′r,xrN +λ ). If λ is sufficient small, we have urλ ∈W k,p(Ω), and

according to Theorem 1.1 limλ→0 urλ = ur in W k,p(Ω). We have urλ ∈ W k,p(Ωλ ),
with Ωλ ⊃ Ω . It follows from Theorem 2.1 that limh→0 urλ h = urλ in W k,p(Ω). If
r = m+1, we have limh→0 um+1,h = um+1 in W k,p(Ω), so uλ h = ∑m+1

r=1 urλ h, and we
get limh→0,λ→0 uλ h = u in W k,p(Ω). �

Example 3.1. Let Ω be the disc in R
2 with center at origin and radius 1, without

the segment 0 ≤ x1 ≤ 1, x2 = 0. Then C∞(Ω) �=W k,p(Ω), if k ≥ 1, p ≥ 2 (the result
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is true if p ≤ 2, but at the moment, we are not able to prove it). Indeed, according to
Theorem 1.1.2 we can define traces “from top” and “from bottom” on the segment

mentioned. If we have C∞(Ω ) =W k,p(Ω), these traces will coincide, but this is not
possible in polar coordinates (r,Θ) if we consider the function rkΘ ∈W k,p(Ω).

A bounded domain is called starshaped with respect to the origin if there exists
a positive continuous function on the unit sphere, say h(x/|x|), such that Ω = {x ∈
R

N , |x|< h(x/|x|)}. We have (cf. V.I. Smirnov [1]):

Theorem 3.2. Let Ω be a starshaped domain with respect to the origin. Then
W k,p(Ω) =C∞

Ω (RN).

Proof. Indeed: let u ∈ W k,p(Ω) and put uλ (x) = u(λ x), 0 < λ < 1. According to
Theorem 1.1, limλ→1 uλ =u in W k,p(Ω). Denoting Ωλ ={x∈R

N , x=y/λ ,y∈Ω},
we have uλ ∈ W k,p(Ωλ ), but Ω ⊂ Ωλ . Obviously, for every ε > 0, there exist λ ,
h > 0 such that |uλ h − u|Wk,p(Ω) < ε . �

In the statements of Theorems 3.1, 3.2, the properties of Ω are used; but it is
possible to generalize these theorems in the following form:

Theorem 3.3. Let Ω be a bounded domain such that there exists a sequence
of domains Ωn, n = 1,2, . . . such that Ω ⊂ Ωn, Ωn ⊃ Ωn+1; ∩∞

n=1Ωn = Ω , and
let us assume that for every u ∈ W k,p(Ω), there exists un ∈ W k,p(Ωn) such that
limn→∞ |un − u|Wk,p(Ω) = 0. Then C∞

Ω (RN) =W k,p(Ω).

Proof. Let un = 0 outside of Ωn; according to Theorem 2.1 we can find a sequence
hn such that limn→∞ |unhn − un|W k,p(Ω) = 0. �

2.3.3 The Gagliardo Lemma

Let us prove a lemma due to E. Gagliardo [2]:

Lemma 3.3. Let C be the cube (−1,1)N, let Ci denote its faces (−1,1)N−1 for
xi = 0. Let fi ∈ LN−1(Ci), i = 1,2, . . . ,N, and define fi in C by
fi(x) = fi(x1, . . . ,xi−1,xi+1, . . . ,xN). Then

∫
C

∣∣ N

∏
i=1

fi
∣∣dC ≤

N

∏
i=1

(∫
Ci

| fi|N−1dCi
)1/(N−1)

. (2.28)

Proof. We use a recurrence process over N. For N = 2 inequality (2.28) is a simple
consequence of Fubini’s theorem:

∫
C
| f1|| f2|dC =

∫ 1

−1
| f1(x2)|dx2

∫ 1

−1
| f2(x1)|dx1.

Let be N > 2, and let us assume that (2.28) holds for N − 1; we have:
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I =
∫

C
| f1 f2 . . . fN |dC =

∫
C1

| f1|dC1

∫ 1

−1
| f2 f3 . . . fN |dx1.

Using the Hölder inequality for pi = N − 1, i = 1,2, . . . ,N − 1, we get:

I ≤
∫

C1

| fi|dC1

N

∏
i=2

(∫ 1

−1
| fi|N−1 dx1

)1/(N−1)
. (2.29)

Now using again the Hölder inequality for p=N−1, q= (N−1)/(N−2) in (2.29),
we get:

I ≤ (∫
C1

| f1|dC1
)1/(N−1)(∫

C1

N

∏
i=2

(∫ 1

−1
| fi|N−1 dx1

)1/(N−2)
dC1

)(N−2)/(N−1)
. (2.30)

Using now the recurrence hypothesis, denoting C1i, i = 2, . . . ,N, the projections of
C1 on the hyperplane xi = 0, we finally get:

∫
C1

N

∏
i=2

(∫ 1

−1
| fi|N−1 dx1

)1/(N−2)
dC1

≤
N

∏
i=2

(∫
C1i

dC1i

∫ 1

−1
| fi|N−1 dx1

)1/(N−2)
=

N

∏
i=2

(∫
Ci

| fi|N−1dCi
)1/(N−2)

.

Then taking into account (2.30), we get (2.28). �

2.3.4 The Sobolev Imbedding Theorems

Now, let us start with the first of the imbedding theorems; basically these theorems
are due to Sobolev (cf. S.L. Sobolev [1].) Here we use an adaptation of the method
of Gagliardo (cf. E. Gagliardo [2]). Let us recall that if for two Banach spaces
B1,B2,B1 ⊂ B2 is an imbedding algebraically and topologically, then this means
that each element in B1 is an element of B2, and for every x ∈ B1, |x|B2 ≤ c|x|B1 . We
use the notation introduced in 1.2.4.

Theorem 3.4. Let Ω ∈ N0,1, 1 ≤ p < N. If 1/q = 1/p− 1/N, then W 1,p(Ω) ⊂
Lq(Ω) algebraically and topologically.

Proof. It is sufficient to prove that ur = uϕr ∈ Lq(Vr). We define a mapping T on
the cube C = {|yi|< 1, i = 1,2, . . . ,N}, T : C →Vr using x = (x′r,xrN), y = (y′r,yrN);
for simplicity we omit the index r, and we set:

x′ = αy′, xN = (β/2)yN + a(αy′)+β/2. (2.31)
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The mapping T and its inverse are lipschitzian between C and V . According to
Lemma 3.2 it is sufficient to prove that v ∈ Lq(C) where v(y) = u(T (y)), and the
corresponding inequality. Let v ∈W 1,p(C), and equal zero in a neighborhood of the
sides of the cube, except the side yN = 1, |yi|< 1, i = 1,2, . . . ,N − 1, cf. Fig. 2.1

yN

y0

supp v

Fig. 2.1

Theorem 2.1 implies the existence of a sequence vl , liml→∞ vl = v in
W 1,p(C),vl ∈ C∞(C) with the support mentioned. We prove first the following
inequality:

|vl |Lq(C) ≤ c|vl |W1,p(C), (2.32)

then we can pass to the limit as l → ∞ and we obtain:

|v|Lq(C) ≤ c|v|W1,p(C). (2.33)

Let v ∈C∞(Ω ) with the support mentioned and let us consider the function:

yi → |v(y)|(N p−p)/(N−p)

as a function of the variable yi (all other local charts are fixed). On the interval
(−1,1) we have almost everywhere:

∂
∂yi

|v(y)|(N p−p)/(N−p) ≤ N p− p
N − p

|v|(N p−N)/(N−p)

∣∣∣∣ ∂v
∂yi

∣∣∣∣ ; (2.34)

in fact, it is sufficient to use the inequality

∣∣∣∣d| f |
dt

∣∣∣∣≤
∣∣∣∣d f

dt

∣∣∣∣ (2.35)

which holds for an absolutely continuous function almost everywhere on (−1,1).
Using (2.34) we get:
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sup
|yi|≤1

|v(y)|(N p−p)/(N−p) ≤ N p− p
N − p

∫ 1

−1
|v|(N p−N)/(N−p)

∣∣∣∣ ∂v
∂yi

∣∣∣∣ dyi. (2.36)

Let Ci be the projection of C on the hyperplane yi = 0, p > 1. Using Hölder’s
inequality we get from (2.36),

∫
Ci

sup
|yi|≤1

|v(y)|(N p−N)/(N−p)dCi

≤ N p− p
N − p

(∫
C
|v|N p/(N−p)dC

)(p−1)/p(∫
C

∣∣∣∣∂vp

∂yi

∣∣∣∣dC

)1/p

≤ N p− p
N − p

(∫
C
|v|N p/(N−p)dC

)(p−1)/p

|v|W 1,p(C).

(2.37)

Taking into account Lemma 3.3 and (2.37), it follows that

∫
C
|v|N p/(N−p)dC ≤

∫
C

N

∏
i=1

sup
|yi|<1

|v|p/(N−p)dC

≤
N

∏
i=1

(∫
Ci

sup
|yi |<1

|v|(N p−p)/(N−p)dCi

)1/(N−1)

≤
(

N p− p
N − p

)N/(N−1)(∫
C
|v|N p/(N−p)dC

)(N p−N)/(N p−p)

|v|N/(N−1)
W1,p(C)

,

(2.38)

and hence (∫
C
|v|N p/(N−p)dC

)(N−p)/N p

≤ N p− p
N − p

|v|W 1,p(C). (2.39)

Going back to the index r, for r = m+1 we cover Um+1 by a finite number of cubes
and using a partition of unity we again arrive at the inequality (2.39), and we have
the result for p > 1. If p = 1 then (2.36) becomes:

sup
|yi|<1

|v(y)| ≤
∫ 1

−1

∣∣∣∣ ∂v
∂yi

∣∣∣∣ dy,

and by Lemma 3.3, we obtain

∫
C
|v|N/(N−1)dC ≤

∫
C

N

∏
i=1

sup
|yi|<1

|v|1/(N−1)dC

≤
N

∏
i=1

(∫
Ci

sup
|yi|<1

|v|dCi

)1/(N−1)

≤
N

∏
i=1

(∫
C

∣∣∣∣ ∂v
∂yi

∣∣∣∣dC

)1/(N−1)

≤ |v|N/(N−1)
W1,1(C)

,

which completes the proof. �
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Remark 3.1. Theorem 3.4 is obviously true for a finite union of domains of the
type N0,1.

A domain has the interior cone property if there exists a fixed cone such that
each point of Ω is the vertex of this cone appropriately placed into Ω . We can
easily prove that such a domain can be decomposed into a finite union of domains
of the type N0,1, cf. E. Gagliardo [2].

Remark 3.2. In J.L. Lions [5], Theorem 3.4 is proved for Ω = R
N . The proof

follows the same ideas.

Example 3.2. The number q = N p/(N− p) in Theorem 3.4 is the best possible: the
function u(x) = |x|−(N/2)+1 ln−1 |x| defined on the ball Ω = {x ∈ R

N , |x| < 1/2},
N ≥ 3, is in W 1,2(Ω); on the other hand,

∫
Ω
|u|(2N/(N−2))+ε dx = ∞ for ε > 0.

Theorem 3.5. Let Ω ∈ N0,1, p = N. Obviously W 1,p(Ω) ⊂ Lq(Ω) algebraically
and topologically for any q,1 ≤ q < ∞.

Theorem 3.6. Let Ω ∈ N0,1, p ≥ 1, kp < N. Put 1/q = 1/p − k/N. Then
W k,p(Ω)⊂ Lq(Ω) algebraically and topologically.

Proof. We proceed by recurrence with respect to k: the theorem is true if k = 1; we
assume that it is true for k− 1. Then Dα u ∈ W 1,p(Ω), |α| ≤ k − 1, hence Dαu ∈
Lq∗(Ω) with 1/q∗ = 1/p− 1/N =⇒ u ∈W k−1,q∗(Ω) =⇒ u ∈ Lq(Ω). �

Obviously, we have also

Theorem 3.7. Let Ω ∈N0,1, p ≥ 1, kp = N. Then W k,p(Ω)⊂ Lq(Ω) algebraically
and topologically for any q, 1 ≤ q < ∞.

2.3.5 The Sobolev Imbedding Theorems (Continuation)

Theorem 1.1.11 is a particular case of an imbedding theorem if kp > N. Now we
follow the ideas of C.B. Morrey [3]. Hereafter we shall say that for a Banach space
B, B ⊂ C0(Ω) algebraically and topologically if every function f ∈ B (where B is
a subspace of measurable functions on Ω) can be modified on a set of measure zero
in such a way that this modified function is absolutely continuous on Ω ; moreover
we have:

max
x∈Ω

| f (x)| ≤ c| f |B.

Theorem 3.8. Let Ω ∈N0,1, p ≥ 1,kp > N, and denote
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μ

⎧⎪⎪⎨
⎪⎪⎩
= k− (N/p) if k− (N/p)< 1,

< 1 if k− (N/p) = 1,

= 1 if k− (N/p)> 1.

Then W k,p(Ω)⊂C0,μ(Ω) algebraically and topologically.

Proof. We proceed as in the proof of Theorem 3.4: we consider ur, r ≤m; obviously
ur ∈W k,p(Vr), and

|ur|W k,p(Vr)
≤ c1|u|W k,p(Ω). (2.40)

Let us consider the case k − (N/p) < 1; we have (k − 1)p < N, and thus, by
Theorem 3.6,

|ur|W1,q(Vr)
≤ c2|u|Wk,p(Vr)

(2.41)

where 1/q = 1/p− (k − 1)/N. For simplicity we omit the index r. If we use the
mapping (2.31) we have to consider u ∈ W 1,q(C), and due to Theorem 3.1, it is
sufficient to assume that u ∈C∞(C), and to prove the inequality

|u|C0,μ (C) ≤ c3|u|W1,q(C). (2.42)

To do this, let y[1],y[2] ∈C; it is always possible to find a cube Cρ with faces parallel
to the faces of C such that y[1],y[2] ∈ Cρ ⊂ C and with sides of length equal to ρ ,

ρ ≤ |y[1]− y[2]| ≤
√

Nρ , cf. Fig. 2.2 (N = 2).

y2

y10

y[1]

y[2]

C

C

Fig. 2.2
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Let y ∈Cρ . We have:

|u(y)− u(y[ j])|=
∣∣∣∣∣
∫ 1

0

N

∑
i=1

∂u
∂yi

(y[ j] + t(y− y[ j]))(yi − y[ j]i)dt

∣∣∣∣∣

≤ c4ρ
∫ 1

0

N

∑
i=1

∣∣∣∣ ∂u
∂yi

(y[ j] + t(y− y[ j]))

∣∣∣∣ dt,

and then using the change of variables z = y[ j] + t(y− y[ j]), we get:

∣∣∣∣ 1
ρN

∫
Cρ

u(y)dy− u(y[ j])

∣∣∣∣≤ 1
ρN

∫
Cρ

|u(y)− u(y[ j])|dy

≤ c4ρ−N+1
∫ 1

0
t−Ndt

∫
Cρt

N

∑
i=1

∣∣∣∣ ∂u
∂yi

(z)

∣∣∣∣dz,

(2.43)

where
Cρt = {z ∈Cρ ,z = y[ j] + t(y− y[ j]),y ∈Cρ}.

Now from the Hölder inequality and from (2.43),

∣∣∣∣ 1
ρN

∫
Cρ

u(y)dy− u(y[ j])

∣∣∣∣≤ c5|u|W1,q(C)ρ
k−(N/p),

hence

|u(y[1])−u(y[2])| ≤ 2c5|u|W 1,q(C)ρ
k−(N/p) ≤ 2c5|u|W1,q(C)|y[1]−y[2]|k−(N/p). (2.44)

Let y[0],y ∈C; we have:

|u(y[0])| ≤ |u(y)|+
∫ 1

0

N

∑
i=1

∣∣∣∣ ∂u
∂yi

(y[0] + t(y− y[0]))(yi − y[0]i)

∣∣∣∣ dt,

then by integration with respect to y over C we obtain as above:

|u(y[0])| ≤ c6|u|W1,q(C), (2.45)

and with (2.44) we have (2.42).
Concerning um+1 it is sufficient to cover Um+1 by a finite number of cubes

contained in Ω , and using a partition of unity, we obtain again (2.42). Hence, the
case k− (N/p)< 1 is proved.

If k− (N/p) = 1, we use p′ < p, and the result follows.
If k− (N/p)> 1, there exists a positive integer m such that k− (N/p)−1 ≤ m <

k− (N/p) =⇒ 0 < k−m− (N/p)≤ 1, then Dα u ∈ W k−m,p(Ω), |α| ≤ m;Dα u = v
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is continuous, the case 0 < k− (N/p) < 1 having been proved, thus u ∈ C0,1(Ω);
the theorem is proved completely. �
Remark 3.3. As an immediate consequence of the previous theorems, we obtain
imbedding theorems for the derivatives. For instance, if u ∈ W k,p(Ω), Ω ∈ N0,1,
(k−m)p < N =⇒ Dα u ∈ Lq(Ω) with 1/q = 1/p− (k−m)/N and |α| ≤ m.

Example 3.3. Theorem 3.4 does not hold if for instance Ω is a domain in R
2 and

its boundary contains a sharp cuspidal point: Assume

Ω = {x ∈R
2,0 < x1 < 1, |x2|< x2p

1 exp(−p/x1)}, 1 ≤ p < 2,

and u(x) = exp(1/x1). We have:

∫
Ω
|u|p dx = 2

∫ 1

0
exp(p/x1)exp(−p/x1)x

2p
1 dx1 < ∞,

∫
Ω

∣∣∣∣ ∂u
∂x1

∣∣∣∣
p

dx = 2
∫ 1

0

1

x2p
1

exp(p/x1)exp(−p/x1)x
2p
1 dx1 < ∞,

on the other hand, if q > p,

∫
Ω
|u|q dx = 2

∫ 1

0
exp(q/x1)exp(−p/x1)x

2p
1 dx1 = ∞,

Concerning the imbedding theorems if Ω = R
N cf. J.L. Lions [5]; if Ω is

unbounded, cf. J. Deny, J.L. Lions [1]; for Ω unbounded and the estimate of type
(1.1.4); cf. also the previous paper.

2.3.6 Extension, the Nikolskii Method

Let u ∈ W k,p
0 (Ω). We define the extension of u on R

N : let u = limn→∞ ϕn, ϕn ∈
C∞

0 (Ω). ϕn is a Cauchy sequence in W k,p(Ω), thus in W k,p(RN), the sequence
converges to v ∈ W k,p(RN). Obviously, the restriction operator (denote it by R)
which maps a function from W k,p(RN) onto its restriction on Ω satisfies Rv= u. We
write v = Pu where P is the extension operator P ∈ [W k,p

0 (Ω) → W k,p(RN)]; P is
linear and continuous.

Corollary 3.1. Let Ω be a bounded domain. Then Theorems 3.4-3.7 hold if we
replace W k,p(Ω) by W k,p

0 (Ω).

Proof. Indeed, take a cube C ⊃ Ω ; for the extension P, we have P ∈ [W k,p
0 (Ω) →

W k,p(C)]. �
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If Ω ⊂ Ω1 and u ∈ W k,p(Ω1), we have u ∈ W k,p(Ω) and we can formulate
a question:

Problem 3.2. For what domains Ω does R(W k,p(RN)) =W k,p(Ω)?

A.P. Calderon [2] proved that this equality holds for Ω ∈N0,1, p > 1; we shall
prove it in the case Ω ∈Nk−1,1, p ≥ 1 and for Ω ∈N0,1, p = 2.

Lemma 3.4. Let Ω ,O be two bounded open sets and T a one-to-one continuous
mapping, T : O → Ω . We assume that T is (k−1)-times continuously differentiable
in O, the derivatives of order k − 1 are lipschitzian in O; we assume also T−1

lipschitzian in Ω . Let u ∈W k,p(Ω),v(y) = u(T (y)). Then we have:

|v|Wk,p(O) ≤ c|u|Wk,p(Ω). (2.46)

Proof. Let u ∈ W k,p(Ω), we put u = 0 outside of Ω , and let uh be the regularized
function. Let v[h](y) = uh(T (y)). We can compute the derivatives of order ≤ (k−1)
of v[h] in the usual sense; for |α|= k−1, Dα v[h] is an absolutely continuous function
on all lines parallel to the axes yi. For |α| ≤ k, the derivatives Dα v[h], taken in the
distribution sense, are bounded on Ω . If |α| ≤ k, Dα v[h] is a Cauchy sequence in
Lp(Ω ∗) due to Lemma 3.1. We deduce v ∈ W k,p(Ω ∗); according to formulae as
(2.26) for Dα v, |α| ≤ k, and according to Lemma 3.1 the result follows. �

The following theorem is based on an idea of S.M. Nikolskii, cf. V.M. Babich [1].

Theorem 3.9. Let Ω ∈ Nk−1,1, 1 ≤ p < ∞. The extension operator P exists and
maps W k,p(Ω) linearly and continuously into W k,p(RN).

Proof. Let ur = uϕr, the function um+1 belongs to W k,p
0 (Ω), hence we extend it by

zero outside of Ω . Let us consider ur,r ≤ m, and omit the index r. Let T be the
mapping of the prism

K = {y ∈R
N ,y = (y′,yN), |yi|< α, i = 1,2, . . . ,N − 1,0 < yN < β}

to V (cf. 1.2.4, Chap. 1), defined by

x′ = y′, xN = yN + a(y′). (2.47)

All hypotheses in Lemma 3.4 are satisfied, u ∈ W k,p(K) and the inequality (2.46)
holds. We denote:

K′ = {y ∈ R
N , |yi|< α, i = 1,2, . . . ,N − 1, |yN |< β},

K+ = {y ∈ R
N , |yi|< α, i = 1,2, . . . ,N − 1,0 < yN < kβ},

K− = {y ∈ R
N , |yi|< α, i = 1,2, . . . ,N − 1,−β < yN < 0}.
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Let us extend u by zero outside of K on K+, and put for yN < 0

u(y′,yN) =
k

∑
i=1

λiu(y
′,−iyN), (2.48)

where the coefficients λi are defined by

1 =
k

∑
i=1

(−i)α λi, α = 0,1, . . . ,k− 1. (2.49)

The determinant of this linear system is not equal to zero, thus the λ ′
i s are

uniquely determined. Clearly u ∈W k,p(K−), but we have also u ∈W k,p(K′). To see
this let us consider Dα u, |α| ≤ k. Assume that u∈C∞(K); according to Theorem 3.1,
if we pass to the limit we get u ∈W k,p(K). Let ϕ ∈C∞

0 (K
′), and let us consider:

∫
K′

Dα ϕ(y)u(y)dy =
∫

K
Dα ϕ(y)u(y)dy+

k

∑
i=1

λi

∫
K−

Dα ϕ(y)u(y′,−iyN)dy. (2.50)

Let α = (α1,α2, . . . ,αN) and let us set α = α ′+α ′′, α ′′ = (0, . . . ,0,αN). Now using
integration by parts in (2.50) we get:

∫
K′

Dα ϕ(y)u(y)dy = (−1)|α
′|
∫

K

∂ αN

∂yαN
N

Dα ′
u(y)dy

+(−1)|α
′|

k

∑
i=1

λi

∫
K−

∂ αNϕ(y)
∂yαN

N

Dα ′
u(y′,−iyN)dy

= (−1)|α |
∫

K
ϕ(y)Dα u(y)dy+(−1)|α |

∫
K−

ϕ(y)
k

∑
i=1

λi(−i)α ′
Dα u(y′,−iyN)dy

+
αN

∑
j=1

(−1) j(
k

∑
i=1

λi(−i) j−1 − 1)
∫

Δ

∂ αN− jϕ(y′,0)
∂yαN− j

N

∂ j−1

∂y j−1
N

Dα ′
u(y′,0)dy.

(2.51)
According to (2.49), the last term of (2.51) is equal to zero, then

|u|Wk,p(K′) ≤ c|u|Wk,p(K). (2.52)

The mapping (2.47) and its inverse satisfy the hypotheses of Lemma 3.4 for Ω =U ,
O = K′.

We obtain the extension of u on U such that u ∈ W k,p(U) and u is equal to
zero in a neighborhood of ∂U . If we put u = 0 outside of U we have constructed
an extension operator. Now we go back to the index r, and denote this extension
operator by Pr; we have the result if we put Pu = ∑m+1

r=1 Prur. �
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2.3.7 Extension, the Calderon Method

We describe the method of A.P. Calderon only for p = 2 : we shall introduce
some simplifications as in the work of J. Nečas [9]. We shall finish with remarks
concerning the case p �= 2.

Let a(x′) be a lipschitzian function in the cube Δ = {|xi|<α , i = 1,2, . . . ,N−1}.
Let us denote by C(y) the cone xN > yN , |x′ − y′| < κ(xN − yN). We can find κ
sufficiently small such that the set Λ = {x ∈ R

N ,x′ ∈ Δ ,xN = a(x′)} has an empty
intersection with C((x′,a(x′))), x′ ∈ Δ . Let us denote K∞ = ∪x′∈ΔC((x′,a(x′))); we
choose γ > 0 such that x′ ∈ Δ =⇒ a(x′)< γ , and define K = {x ∈ K∞, xN < γ}; cf.
Fig. 2.3.

a (x )

supp u

K

Δ

Fig. 2.3

Let u ∈ C∞(K) be a function with support in K ∪Λ , cf. Fig. 2.3. We denote by S
the unit sphere with center at the origin O and let σ ∈ S∩C(0). Now for x ∈ K, we
have: ∫ ∞

0
tk−1 dk

dtk (exp(−t)u(x+ tσ))dt = (−1)k(k− 1)!u(x). (2.53)

Let us denote α! = α1!α2! . . .αN!, σα = σα1
1 σα2

2 . . .σαN
N ; we get:

dk

dtk (exp(−t)u(x+ tσ)) = exp(−t)(−1)k ∑
|α |≤k

Dαu(x+ tσ)σα |α|!
α!

(
k
|α|

)
(−1)|α |.

(2.54)
Now let ν(σ) be a real infinitely differentiable function on S with support in
S∩C(0), ν(σ)≥ 0,

∫
S ν(σ)dS = 1. From (2.53) and (2.54) we get:

u(x) =
1

(k− 1)!

∫
S

ν(σ)dS
∫ ∞

0
tk−1 exp(−t)(−1)k

× ∑
|α |≤k

(−1)|α | |α|!
α!

(
k
|α|

)
σα Dαu(x+ tσ)dt,
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and the substitution y = x+ tσ leads to

u(x) =
1

(k− 1)!

∫
RN

[
∑

|α |≤k

|α|!
α!

(

(
k
|α|

)
)

(x− y)α

|x− y||α |+N−k
Dα u(y)

]

× exp(−|x− y|)μ
(

x− y
|x− y|

)
dy,

(2.55)

where μ(x) = ν(−x); formula (2.55) is an adaptation of the Sobolev identity, cf.
S.L. Sobolev [1].

If f ∈ L1(RN), we denote by f̂ (ξ ) the Fourier transform of f defined as

f̂ (ξ ) =
∫
RN

exp(−i(x,ξ )) f (x)dx;

if f ∈ L2(RN), f̂ is defined by the Plancherel method (cf. S. Bochner, K. Chan-
drasekharan [1]). We have

Lemma 3.5.

u ∈W k,2(RN)⇐⇒
∫
RN

|û(ξ )|2(1+ |ξ |2)k dξ < ∞,

and

c1|u|Wk,2(RN) ≤
(∫

RN
|û(ξ )|2(1+ |ξ |2)k dξ

)1/2

≤ c2|u|Wk,2(RN).

Indeed, it is sufficient to use the Parseval identity (cf. the book of S. Bochner,
K. Chandrasekharan [1]); for f ,g ∈ L2(RN), we have:

∫
RN

f g dx =
1

(2π)N

∫
RN

f̂ ĝdξ ,

by the definition of W k,2(RN) in 2.2.3 and by the well known properties of the
Fourier transform such as

ϕ ∈C∞
0 (R

N) =⇒
(̂

∂ϕ
∂xi

)
(ξ ) = iξiϕ̂(ξ ), etc.

Remark 3.4. If Ω = R
N , then from Lemma 3.5 follows easily a particular case

of Theorem 3.8, i.e.: if 2k > N, then W k,2(RN) ⊂ C0(RN) algebraically and
topologically. This follows from

∫
RN

| f̂ (ξ )|dξ ≤
(∫

RN
| f̂ (ξ )|2(1+ |ξ |2)k dξ

)1/2(∫
RN

1
(1+ |ξ |2)k

)1/2

,
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and from the inverse transform:

f (x) =
1

(2π)N

∫
RN

f̂ (ξ )exp(i(x,ξ ))dξ .

With the notations of this section, K, . . . , we have:

Lemma 3.6. Let M ⊂ K ∪Λ be a closed set, and u ∈W k,2(K), supp u ⊂ M. Let us
denote by W ⊂ W k,2(Ω) the set of functions with support in M. Then there exists
a mapping P ∈ [W →W k,2(RN)] such that RPu = u.

Proof. Let u ∈W ∩C∞(K). Let us put for |α| ≤ k:

fα (x) =

{
Dα u(x) for x ∈ K,

0 for x /∈ K.

For x ∈ R
N , we define:

v(x) =
1

(k− 1)!

∫
RN

[
∑

|α |≤k

|α|!
α!

(
k
|α|

)
(x− y)α

|x− y||α |+N−k
fα(y)

]
×

× exp(−|x− y|)μ
(

x− y
|x− y|

)
dy = ∑

|α |≤k

∫
RN

Iα(x− y) fα(y)dy.

(2.56)

It is clear that
∫
RN |Iα(x)|dx < ∞, |α| ≤ k, thus according the to theorem about the

Fourier transform of a convolution, we get:

v̂(ξ ) = ∑
|α |≤k

Îα(ξ ) f̂α(ξ ). (2.57)

For |α| ≤ k, we have
|Îα(ξ )| ≤C1(1+ |ξ |2)−k/2. (2.58)

Indeed, it is sufficient to consider:

Ĵα(ξ ) =
1

(k− 1)!

∫
RN

xα

|x||α |+N−k
exp(−|x|)μ

(
x
|x|

)
exp(−i(x,ξ )dx

=
∫

S

σα μ(σ)

(1+ i(σ ,ξ ))k dS

Clearly we have:
max
|ξ |≤1

|Ĵα(ξ )| ≤ c2; (2.59)

let |ξ | ≥ 1. Let us consider the vector η = ξ/|ξ |. Without loss of generality we can
assume the support of μ sufficiently small such that if μ(σ) �= 0, then (σ ,σ0)> 1/2,



2.3 Imbedding Theorems 75

where σ0 = (0,0, . . . ,−1); then we can find ε > 0 such that if |ηN | ≤ ε , η �/∈ supp μ ,
and if |ηN | > ε , σ ∈ supp μ , |(σ ,η)| ≥ c3. In the case |ηN | ≤ ε let us introduce
a new system of charts generated by vectors σ1,σ2, . . . ,σN , such that −(σN , σ0) =
(1−η2

N)
1/2, σ1 = η , where the coordinates are τ1,τ2, . . . ,τN . We put τ = (τ ′,τN)

and obtain:

Ĵα(ξ ) =
∫
|τ ′|≤1

λ (τ ′)dτ ′

(1+ iτ1|ξ |)k
,

with λ indefinitely differentiable if |τ ′|< 1, and with supp λ in |τ ′|< 1.
Using integration by parts, we get:

∫
|τ ′|≤1

λ (τ ′)dτ ′

(1+ iτ1|ξ |)k =
1

(k− 1)!
1

(i|ξ |)k−1

∫
|τ ′|<1

(∂ k−1λ/∂τk−1
1 )dτ ′

1+ iτ1|ξ |

=
1

(k− 1)!
1

(i|ξ |)k−1

∫
|τ ′|<1

(∂ k−1λ/∂τk−1
1 )(1− iτ1|ξ |)dτ ′

1+ τ2
1 |ξ |2

.

(2.60)

We have:

∣∣∣∣
∫
|τ ′|<1

(∂ k−1λ/∂τk−1)dτ ′

1+ τ2
1 |ξ |2

∣∣∣∣≤ c4

∫ 1

−1

dτ1

1+ τ2
1 |ξ |2

≤ c5

|ξ | . (2.61)

To simplify the notation, let us set δ = ∂ k−1λ/∂τk−1
1 ; we get:

∫
|τ ′|<1

δ (τ ′)|ξ |τ1 dτ ′

1+ τ2
1 |ξ |2

=

∫
|τ ′|<1

δ (0,τ2, . . . ,τN−1)|ξ |τ1 dτ ′

1+ τ2
1 |ξ |2

dτ ′

+

∫
|τ ′|<1

δ (τ ′)− δ (0,τ2, . . . ,τN−1)

1+ τ2
1 |ξ |2

|ξ |τ1 dτ ′.
(2.62)

The first integral in the right hand side is equal zero, and using in the second integral
the inequality |δ (τ ′)− δ (0,τ2, . . . ,τN−1)| ≤ c6|τ1| we get

∣∣∣∣
∫
|τ ′|<1

δ (τ ′)− δ (0,τ2, . . . ,τN−1)

1+ τ2
1 |ξ |2

|ξ |τ1dτ ′
∣∣∣∣ ≤ c7

|ξ | . (2.63)

Inequality (2.58) follows from (2.60) to (2.63).
If |ηN |> ε , then |(σ ,η)| ≥ c3 for σ ∈ supp μ , and in this case (2.58) again holds.
Finally, according to (2.57), (2.58) and Lemma 3.5, we get:

|v|Wk,2(RN ) ≤ c9|u|Wk,2(K), (2.64)

and (2.56) defines the extension operator P. �
Now we can prove
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Theorem 3.10. Let Ω ∈N0,1. Then there exists P ∈ [W k,2(Ω)→ W k,2(RN)], such
that RPu = u.

Proof. We use always ϕr, Vr, etc. as in 1.2.4; for uϕr, r ≤ m, we use Lemma 3.6,
with Kr ⊂Vr, such that supp ϕr ⊂ Kr ∪Λr. Let Pr be as in Lemma 3.6, for r = m+1
let us define Pm+1 by 2.3.6; and if we put: Pu = ∑m+1

r=1 Pru, the result holds. �
Remark 3.5. Theorem 3.9 is true also in the general case p> 1, p �= 2. For the proof
we can use again (2.56), and in addition the theory of singular operators due to A.P.
Calderon, A. Zygmund [1], cf. J.L. Lions [5], or (2.57) and in addition the multiplier
theorems, cf. S.G. Mikhlin [4], B. Malgrange [2].

The Nikolskii and Calderon extensions are different at one point: the Nikolskii
extension operator can be the same for W k,p(Ω), k = 1,2, . . . ,κ , the Calderon
extension depends on k which can be in some situations inconvenient, for instance
if we use interpolation, cf. J.L. Lions [5].

Let us formulate an unsolved problem:

Problem 3.3. Is Theorem 3.10 true for p = 1?

The questions concerning the existence of extension operators P are closely
related with the whole theory of Sobolev spaces W k,p(Ω); if P exists for one
W k,p(Ω) we can restrict our consideration solely to the case of W k,p(RN) as
far as concerns density theorems (cf. Theorem 3.1), imbeddings, compactness of
imbedding operators, and their consequences such as trace theorems etc. We can
also formulate converse problems, such as, e.g.,

Problem 3.4. If Ω is bounded and if Theorem 3.4 holds, does P exist?
In some particular cases the answer is negative, for instance: if Ω ∈ N0,

Theorem 3.1 is true, but in general, P does not exist, according to Example 3.3.
If P exists, we can see that Ω must be almost in N0,1, etc.

2.3.8 The Spaces W k,p(Ω), k Non-integer

It is natural, in particular in problems of traces, cf. Chap. 1, Theorem 1.2 and the two
following sections, to introduce the spaces W k,p(Ω), p≥ 1, where k is a real number
≥ 0, in general not integer. The definition of these spaces is due to S. Aronszajn [3],
L.N. Slobodetskii [1], see also N. Aronszajn, K.T. Smith [1]:

Let Ω be a domain in R
N , k ≥ 0, p ≥ 1. If k is not integer, the space W k,p(Ω) is

a subspace of W [k],p(Ω), where [k] is the integer part of k, of functions such that for
|α|= [k] ∫

Ω

∫
Ω

|Dα u(x)−Dαu(y)|p
|x− y|N+p(k−[k])

dxdy < ∞; (2.65)

the norm in W k,p(Ω) is defined as
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|u|Wk,p(Ω) =
(|u|p

W [k],p(Ω)
+ ∑

|α |=[k]

∫
Ω

∫
Ω

|Dα u(x)−Dαu(y)|p
|x− y|N+p(k−[k])

dxdy
)1/p

. (2.66)

For k ≥ 0 we define also W k,p
0 (Ω) =C∞

0 (Ω).

If k < 0, we put W k,p(Ω) = (W−k,q
0 (Ω))′, the dual space of W−k,q

0 (Ω),
1/p+ 1/q= 1.

Clearly we have:

Proposition 3.1. The space W k,p(Ω),k ≥ 0, integer, is a Banach space, separable,
and reflexive for p > 1.

Proof. W k,p(Ω) is obviously complete. We can consider this space as a closed
subspace of the product [Lp(Ω)]s × [Lp(Ω ×Ω)]t {where s is as in Proposition 2.2
and t is the number of indices α, |α| = k} of elements of the following form:

⎛
⎜⎝u,

∂u
∂x1

, . . . ,
∂ [k]u

∂x[k]N

,

∂ [k]u(x)

∂x
[k]
1

− ∂ [k]u(y)

∂x
[k]
1

|x− y|N/p+(k−[k])
, . . . ,

∂ [k]u(x)

∂x
[k]
N

− ∂ [k]u(y)

∂x
[k]
N

|x− y|N/p+(k−[k])

⎞
⎟⎠ .

This space is separable, and reflexive if p > 1, thus the same is true for W k,p(Ω). �
Actually, the theory of the spaces W k,p(Ω) can be extended to other spaces whose

definition is closely related to W k,p(Ω); we have the Nikolskii spaces Hk,p, the
Besov spaces Bk,p (cf. O.V. Besov [1, 2]), the Lizorkin spaces Lk,p, the weighted
spaces W k,p

α , the Morrey spaces W k,p,λ , etc. For details and a survey cf. S.M.
Nikolskii [2], E. Magenes [4], the following section and Chap. 7; concerning the
spaces W k,p,λ cf. S. Campanato [6, 7].

2.4 The Problem of Traces

2.4.1 Lemmas

We have solved this problem partly in Theorem 1.1.2. Here in this section,we
consider the problem in more detail. In fact, most of these theorems are due to
S.L. Sobolev [1]; here we shall follow the ideas of E. Gagliardo [1]. We obtain
slightly stronger results than S.L. Sobolev. It is important to observe that we are
interested in traces on (N − 1)−dimensional manifolds; for smaller dimension cf.
the monograph of S.L. Sobolev [1]; if p = 2, it is possible to consult K. Maurin [1].

Let Ω ∈N0,1 and f a function defined almost everywhere on ∂Ω which means
that f (x′r,ar(x′r)) is defined almost everywhere in Δr, r = 1,2, . . . ,m, cf. 1.2.4. If
f (x′r, ar(x′r)) ∈ Lp(Δr), r = 1,2, . . . ,m, p ≥ 1, we say that f ∈ Lp(∂Ω) with the
following norm:
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| f |Lp(∂Ω) =

[
m

∑
r=1

∫
Δr

| f (x′r,ar(x
′
r))|p dx′r

]1/p

.4 (2.67)

Theorem 4.1. The space Lp(∂Ω) is a separable Banach space.

Proof. We must prove that Lp(∂Ω) is complete. Indeed, let fi be a Cauchy
sequence. We have limi→∞ fi(x′r,ar(x′r)) = f[r](x

′
r,ar(x′r)); let Ur∩Us∩∂Ω =M �= /0.

Let Pr (resp. Ps) be the projection of M onto the plane xrN = 0 (resp. xsN = 0), and
T the mapping T : Ps → Pr defined for x′s ∈ Ps by T (x′s) = x′r (e.g. x′r and x′s are
projections of the same point on m to Δr and Δs, resp). If it is necessary we can
rotate the coordinate system (x′s,xsN) (resp. (x′r,xrN)) to get:

xri = xsi +λi, i = 1,2, . . . ,N − 2,

xrN−1 = xsN−1 cosϕ − xsN sinϕ +λN−1,xrN = xsN−1 sinϕ + xsN cosϕ +λN,
(2.68)

where ϕ is the angle between the axes xsN ,xrN . The mapping T : Ps → Pr is
one-to-one and lipschitzian as well as T−1; indeed:

|x′r − y′r|2 =
N−2

∑
i=1

(xri − yri)
2 +(xrN−1 − yrN−1)

2

=
N−2

∑
i=1

(xsi − ysi)
2 +[(xsN−1 − ysN−1)cosϕ − (as(x

′
s)− as(y

′
s))sin ϕ ]2

≤ 2|x′s − y′s|2 + |(as(x
′
s)− as(y

′
s)|2 ≤ (2+ c1)|x′s − y′s|2.

We prove by the same approach that T−1 is lipschitzian. Without loss of generality
we can assume that fi(x′s,as(x′s)) (resp. fi(x′r,ar(x′r))) converges almost everywhere
in Δs (resp. in Δr), as i → ∞; we get:

f[s](x
′
s,as(x

′
s)) = f[r](x

′
r,ar(x

′
r))

almost everywhere on Ps (resp. Pr), where x′r = T (x′s). �
We will use also a fundamental lemma:

Lemma 4.1. Let f be a function defined almost everywhere on ∂Ω , different from
zero at most only for x′r ∈ Δr,r fixed. Let

∫
Δr

| f (x′r,ar(x
′
r))|p dx′r < ∞.

Then f ∈ Lp(∂Ω), and

4In Chap. 3 we shall consider surface integrals in more detail. We shall define (
∫

∂Ω | f |pdS)1/p

precisely by a norm equivalent to (2.67): we shall deduce that Lp(∂ Ω) does not depend on the
systems of local coordinates (x′r ,xrN).
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| f |Lp(∂Ω) ≤ c

(∫
Δr

| f (x′r,ar(x
′
r))|p dx′r

)1/p

.

Proof. We proceed as in the proof of Theorem 1.1; we use T : Ps → Pr, and
Lemma 3.1. �

2.4.2 Imbedding Theorems

Theorem 4.2. Let Ω ∈ N0,1, 1 ≤ p < N, 1/q = 1/p − [1/(N − 1)](p − 1)/p.
Then there exists exactly one mapping Z ∈ [W 1,p(Ω → Lq(∂Ω))] such that u ∈
C∞(Ω) =⇒ Zu = u.

Proof. It suffices to consider u ∈ C∞(Ω ), use a partition of unity as in 1.2.4, and
investigate the functions ur,r = 1,2, . . . ,m. To simplify the notation we omit the
index r. Let us put

v(x′,a(x′)) = |u(x′,a(x′))|(N p−p)/(N−p).

We have:

v(x′,a(x′)) =−
∫ a(x′)+β

a(x′)

∂v
∂xN

(x′,η)dη ,

then

|u(x′,a(x′))|(N p−p)/(N−p)≤ N p− p
N − p

∫ a(x′)+β

a(x′)
|u(x′,η)|(N p−p)/(N−p)

∣∣∣∣ ∂u
∂xN

(x′,η)
∣∣∣∣ dη ,

and for p > 1
∫

Δ
|u(x′,a(x′))|(N p−p)/(N−p)dx′

≤ N p− p
N − p

(∫
V
|u|N p/(N−p)dx

)(p−1)/p(∣∣∣∣
∫

V

∂u
∂xN

∣∣∣∣
)1/p

;

(2.69)

this inequality also holds for p = 1. According to Theorem 3.4, we obtain for u ∈
C∞(Ω)

|u|Lq(∂Ω) ≤ c|u|W1,p(Ω) (2.70)

and the result follows from Theorem 3.1. �
Using the terminology introduced in Chap. 1, we call Zu the trace of u; to

simplify we shall write u instead of Zu.

Exercise 4.1. Use Theorem 3.8 and prove, with the hypotheses of Theorem 4.2,
that u ∈C(Ω)∩W 1,p(Ω) =⇒ Zu = u.
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Theorem 4.3. Let Ω ∈N0,1, u∈W 1,p(Ω), 1≤ p<N. Then, after a modification on
a set of measure zero, u is absolutely continuous for almost all x′r ∈Δr on the interval
ar(x′r) ≤ xrN ≤ ar(x′r)+ β , and u(x′r,ar(x′r)) = (Zu)(x′r,ar(x′r)) almost everywhere
in Δr.

Proof. Using Theorem 3.9, we extend u from Vr to Ur; then we use Theorem 2.2. As
in the previous proof, after a modification of u on a set of measure zero, we obtain
the inequality (2.69). �
Remark 4.1. If Ω is a smooth domain (cf. 1.2.3) or if ∂Ω is sufficiently smooth, in
Theorem 4.3 we can use Gr instead of Ur (cf. 1.2.4). Then we obtain that for almost
all interior normals, the function u(σr, t) is absolutely continuous for 0 ≤ t ≤ δ , and
modulo a set of measure zero, its limit value coincides with the trace of u.

Theorem 4.4. Let us consider u∈W 1,p(V ), 1≤ p<N,a(x′) a lipschitzian function
in Δ , cf. 1.2.4. Then if 1/q = 1/p− [1/(N− 1)](p− 1)/p, we have in the sense of
traces

lim
ε→0

∫
Δ
|u(x′,a(x′)+ ε)− u(x′,a(x′))|q dx′ = 0, (2.71)

∫
Δ
|u(x′,a(x′)+ ε)− u(x′,a(x′))|p dx′ ≤ cε p−1|u|p

W 1,p(Vε )
, (2.72)

where
Vε = {x ∈ R

N ,x = (x′,xN),x
′ ∈ Δ , a(x′)< xN < a(x′)+ ε},

Proof. Let V ′ = {x ∈ R
N ,x = (x′,xN),x′ ∈ Δ ,a(x′) < xN < a(x′) + β/2}, and

u(x′,xN + ε)− u(x′,xN) in V ′, ε < β/2. Using inequality (2.69), we get (2.71)
according to Theorem 1.1.

To obtain (2.72) we restrict ourselves only to the case u ∈C∞(V ); we have:

u(x′,a(x′)+ ε)− u(x′,a(x′)) =
∫ a(x′)+ε

a(x′)

∂u
∂xN

(x′,ξ )dξ ,

then

|u(x′,a(x′)+ ε)− u(x′,a(x′))|p ≤ ε p−1
∫ a(x′)+ε

a(x′)

∣∣∣∣ ∂u
∂xN

(x′,ξ )
∣∣∣∣

p

dξ ,

and (2.72) follows by integration with respect to x′. �
Let Ωn,Ω ∈Nk. We shall say that limn→∞ Ωn = Ω in Nk, if Ωn ⊂ Ω and if ∂Ωn

and ∂Ω are described by the same system of charts; let arn be the corresponding
functions defined on the charts. Let us assume that

lim
n→∞

|arn − ar|Ck,1(Δr)
= 0.

Let Ωn, Ω ∈Nk,1. We shall say that limn→∞ Ωn = Ω in Nk,1 if limn→∞ Ωn = Ω
in Nk, if
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lim
n→∞

|arn − ar|Wk+1,2(Δr)
= 0

and if |arn|Ck,1(Δr) ≤ const.

If limn→∞ Ωn = Ω in N0,1, and if gn ∈ Lq(∂Ωn), g ∈ Lq(∂Ω), we shall say that
limn→∞ gn = g in Lq(∂Ω), if

lim
n→∞

m

∑
r=1

∫
Δr

|gn(x
′
r,arn(x

′
r))− g(x′r,ar(x

′
r))|q dx′r = 0.

We have:

Theorem 4.5. Let Ωn, Ω ∈N0,1, limn→∞ Ωn = Ω in N0,1.5 Let u ∈W 1,p(Ω), 1 ≤
p < N. Then if Zu = g on ∂Ω (resp. Zu = gn on ∂Ωn), we have limn→∞ gn = g in
Lq1 , 1/q1 > 1/q = 1/p− [1/(N− 1)](p− 1)/p.

Proof. We consider again Vr as above, and prove as in (2.72):

lim
n→∞

∫
Δr

|u(x′r,ar(x
′
r))− u(x′,arn(x

′
r))|p dx′r = 0.

If p = 1, everything is proved. Let p > 1; in this case according to (2.69), we get:
∫

Δr

|u(x′,arn(x
′
r))|q dx′r ≤ c1;

then
∫

Δr

|u(x′r,a(x′r))− u(x′,arn(x
′
r))|q1 dx′r

≤
∫

Δr

|u− un|[q/(q1−q)]/(q−1)|u− un|(q−q1)/(q−1)dx′r (2.72bis)

≤
(∫

Δr

|u− un|q dx′r

)(q1−1)/(q−1)(∫
Δr

|u− un|dx′r

)(q−q1)/(q−1)

,

where un = u(x′r,arn(x′r)). �
Obviously we have:

Theorem 4.6. Let Ω ∈ N0,1, p = N. Then Theorems 4.2, 4.4 hold for arbitrary
q ≥ 1.

Theorem 4.7. Let Ω ∈N0,1, p ≥ 1, kp < N. Let 1/q = 1/p− [1/(N− 1)]× (kp−
1)/p. Then the mapping Z from Theorem 4.2 satifies Z ∈ [W k,p(Ω)→ Lq(∂Ω)].

5In this theorem it is sufficient that limn→∞ Ωn = Ω in the following sense:

lim
n→∞

|arn −ar|C0(Δr)
= 0, |arn|C0,1(Δr)

≤ const.
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Indeed, if u ∈ W k,p(Ω), then (∂u/∂xi) ∈ W k−1,p(Ω), thus we can apply
Theorem 3.6: u ∈ W 1,q∗(Ω) with 1/q∗ = 1/p − (k − 1)/N. Then we use
Theorem 4.2. �

It is immediately clear that we have:

Theorem 4.8. Let Ω ∈N0,1, kp = N. Then the mapping Z defined in Theorem 4.2
satisfies: Z ∈ [W k,p(Ω)→ Lq(∂Ω)] for every q ≥ 1.

2.4.3 Two Trace Theorems

Let p < N. In Sect. 2.5 we shall see that for Ω ∈N0,1, the space Lq(∂Ω) with

1
q
=

1
p
− 1

N − 1
p− 1

p

is not a trace space but a larger space: the mapping Z : W 1,p(Ω) → Lq(∂Ω) is not
surjective.

Nevertheless we have:

Theorem 4.9. Let Ω ∈N0,1, p ≥ 1. Then Z(W 1,p(Ω)) = Lp(∂Ω).

Proof. Let f ∈ Lp(∂Ω) and set, for x ∈ ∂Ω , fr(x) = f (x)ϕr(x). We have that

fr ∈ Lp(∂Ω),
m

∑
r=1

fr = f .

It is sufficient to prove our theorem for fr, r = 1,2, . . . ,m. For simplicity we omit
the index r. Fix ε > 0. The function f (x′,a(x′)) belongs to Lp(Δ), thus there exists
ϕ ∈C∞

0 (Δ) such that | f −ϕ |Lp(Δ ) < ε; let us set v(x′,xN)= ϕ(x′), and let ψ ∈C∞
0 (U)

be such that x ∈ ∂Ω =⇒ v(x)ψ(x) = v(x). Then Z(vψ) = ϕ . �
In Chap. 1 we introduced the subspace:

V = {v ∈W k,2(Ω),v =
∂v
∂n

=
∂ 2v
∂n2 . . .=

∂ k−1v
∂nk−1 = 0 on ∂Ω}.

Let us recall that W k,p
0 (Ω) =C∞

0 (Ω). We have:

Theorem 4.10. Let Ω ∈ N0,1, p ≥ 1. Then W 1,p
0 (Ω) = W ≡ {v ∈ W 1,p(Ω),

v = 0 on ∂Ω}.

Proof. As u= 0 on ∂Ω , we have ur = uϕr = 0 on ∂Ω ,r = 1,2, . . . ,m. For um+1, it is
clear that um+1 ∈W 1,p

0 (Ω) : limh→0 um+1,h = um+1 in W 1,p(Ω) and um+1,h ∈C∞
0 (Ω).

Let now r ≤ m; for simplicity we omit the index r. We have u ∈ W 1,p(V ), and set
u= 0 in U outside of V . Then u ∈W 1;p(U): Indeed, using the transformation (2.47),
denoting
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K = {y ∈R
N , |y|i < α, i = 1,2, . . . ,N − 1, |yN|< β},

K+ = {y ∈R
N , |y|i < α, i = 1,2, . . . ,N − 1,0 < yN < β},

K− = {y ∈R
N , |y|i < α, i = 1,2, . . . ,N − 1,−β < yN < 0},

and setting v(y) = u(T (y)) we have that v ∈W 1,p(K+) and according to Lemma 3.2,
we get:

v(y′,0) = 0. (2.73)

If ψ ∈C∞
0 (K), we get:

∫
K+

∂ψ
∂yi

vdy =−
∫

K+

ψ
∂v
∂yi

dy, i = 1,2, . . . ,N − 1, (2.74)

∫
K+

∂ψ
∂yN

vdy =−
∫

Δ
ψ(y′,0)v(y′,0)dy′ −

∫
K+

ψ
∂v

∂yN
dy. (2.75)

It follows from (2.73)–(2.75) that v ∈ W 1,p(K) =⇒ u ∈ W 1,p(U) by the transfor-
mation (2.46) extended to K. We denote uλ (x

′,xN) = u(x′,xN − λ ). For λ > 0
sufficiently small, uλ ∈ W 1,p(V ), with supp uλ ⊂ V . Then we have uλ ∈ W 1,p

0 (V ),

and since limλ→0 uλ = u, we get: W ⊂W 1,p
0 (Ω). Obviously W 1,p

0 (Ω)⊂W , and the
result follows. �

Let Ω ∈ Nk−1,1. Denote by W k,p(∂Ω), p ≥ 1, k ≥ 1 integer, the subspace of
Lp(∂Ω) of functions for which f (x′r,ar(x′r)) = fr ∈ W k,p(Δr), r = 1,2, . . . ,m. On
W k,p(∂Ω) we introduce the norm:

| f |W k,p(∂Ω) =

(
m

∑
r=1

| fr|pW k,p(Δr)

)1/p

,

where fr(x′r) = f (x′r,ar(x′r)). W k,p(∂Ω) is a separable Banach space.

2.4.4 Some Other Properties of Traces

Lemma 4.2. Let Ω ∈N0,1. The exterior (or interior) normal exists almost every-
where on ∂Ω .

Proof. It is sufficient to prove that the function ar, r = 1,2, . . ., has almost
everywhere in Δr a total differential. We again omit the index r. Let M be a countable
set on the unit sphere |x′| = 1 dense on this sphere; we assume that M contains
the points of intersection of all axes of coordinates with the sphere. Let m ∈ M.
The function a(x′) has almost everywhere in Δ a derivative ∂a/∂m; as M is
countable, there exists B ⊂ Δ , meas B = meas Δ , such that the function a(x′) has
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for x′ ∈ B,m∈ M a derivative (∂a/∂m); we denote this derivative am(x′). According
to Theorem 2.2, am(x′) is the distributional derivative and hence, if m ∈ M,x ∈ B,

am(x
′) =

N−1

∑
i=1

∂a
∂xi

(x′)mi. (2.76)

This equality holds for all x ∈ B and all directions. Indeed: Let n be a normed vector
and m[ j] ∈ M with lim j→∞ m[ j] = n in R

N−1. Fix ε > 0. We have:

∣∣∣∣∣
a(x′+ tn)− a(x′)

t
−

N−1

∑
i=1

∂a
∂xi

(x′)ni

∣∣∣∣∣< ε

for t sufficiently small; indeed, according to a ∈ C0,1(Δ ), there exists a sequence
m[ j], and a number δ > 0 such that for |t|< δ

∣∣∣∣∣
a(x′+ tm[ j])− a(x′+ tn)

t
−

N−1

∑
i=1

∂a
∂xi

(x′)m[ j],i +
N−1

∑
i=1

∂a
∂xi

(x′)ni

∣∣∣∣∣< ε/2.

Let m[ j] be fixed; using (2.76) for m[ j] ∈ M, the result follows. If moreover x ∈ B,
then

lim
t→0

(
sup
|n|=1

∣∣∣∣∣
a(x′+ tn)− a(x′)

t
−

N−1

∑
i=1

∂a
∂xi

(x′)ni

∣∣∣∣∣
)

= 0. (2.77)

If (2.77) does not hold, there would exist an ε > 0, a sequence tk, limk→∞ tk = 0, and
normed vectors n[k] with limk→∞ n[k] = n such that

∣∣∣∣∣
a(x′+ tkn[k])− a(x′)

tk
−

N−1

∑
i=1

∂a
∂xi

(x′)n[k]i

∣∣∣∣∣≥ ε;

this would imply that for k sufficient large
∣∣∣∣∣
a(x′+ tkn)− a(x′)

tk
−

N−1

∑
i=1

∂a
∂xi

(x′)ni

∣∣∣∣∣≥ ε/2,

and this inequality is a contradiction to (2.76). But (2.77) implies the existence of
the total differential at x. �

Let Ω ∈N0,1. If u ∈ W k,p(Ω) then Dα u ∈ Lp(∂Ω), |α| ≤ k− 1, and we define
the exterior normal derivative of order l ≤ k− 1 by:

∂ lu
∂nl = ∑

|α |=l

l!
α!

Dα unα , (2.78)

where n is the exterior normal, n = (n1,n2, . . . ,nN) and nα = nα1
1 nα2

2 . . .nαN
N .
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Theorem 4.11. Let Ω ∈N0,1; if 1≤ p<N, put 1/q= 1/p− [1/(N−1)](p−1)/p;
if p=N, put q≥ 1. There exists a unique mapping Z ∈ [W 2,p(Ω)→W 1,q(∂Ω)] such
that u ∈C∞(Ω ) =⇒ Zu = u.

Proof. Fix u ∈ C∞(Ω). Then we have u(x′,ar(x′r)) ∈ W 1,q(Δr), and according to
Theorem 2.2, if we denote v(x′r) = u(x′,ar(x′r)), we have:

∂v
∂xri

=
∂u

∂xri
+

∂u
∂xrN

∂ar

∂xri
, i = 1,2, . . . ,N − 1. (2.79)

We have ∂u/∂xri ∈W 1,p(Vr), i = 1,2, . . . ,N.
Using Theorems 4.2, 4.5 and (2.79) we get:

|u|W1,q(∂Ω) ≤ c|u|W2,p(Ω).

�

Remark 4.2. It is easy to see that for u ∈ W 2,p(Ω), (2.79) holds for the derivatives
∂u

∂xri
, i = 1,2, . . . ,N, considered in the sense of traces.

Remark 4.3. If Ω ∈Nk−2,1, k ≥ 2, we have with the same notations as in Theorem
4.11 that Z ∈ [W k,p(Ω)→W k−1,q(∂Ω)].

Theorem 4.12. If Ω ∈ N0,1, u ∈ W 2,p(Ω), p ≥ 1, u = ∂u/∂n = 0 on ∂Ω , then
u ∈W 2,p

0 (Ω).

Proof. For r = 1,2, . . . ,m, we have according to (2.79)

0 =
N−1

∑
i=1

∂u
∂xri

∂ar

∂xri
− ∂u

∂xrN
,6 (2.80)

0 =
∂u

∂xrN
+

∂u
∂xrN

∂ar

∂xri
, 1,2, . . . ,N − 1. (2.81)

Starting from (2.80), (2.81) we can compute the derivatives ∂u/∂xri, i = 1,2, . . . ,N,
and we get a homogeneous linear system with nonzero determinant, thus
∂u/∂xri = 0 on ∂Ω . As in Theorem 4.10, the function u, extended by zero outside
of Ω , is in W 2,p(RN); the remaining part of the proof is the same as in Theorem
4.10. �

Theorem 4.13. If Ω ∈Nk,1, u ∈W k,p(Ω) with u = ∂u/∂n = . . .= ∂ k−1u/∂nk−1 =

0 on ∂Ω , then u ∈W k,p
0 (Ω).

Proof. For k ≤ 2 this theorem was proved for Ω ∈ N0,1; hence we can assume
k ≥ 3. It is sufficient to prove that u extended by zero outside of Ω is in W k,p(RN).

6Clearly n =
(
1+∑N−1

i=1 (∂ ar/∂ xri)
2
)−1/2(∂ ar/∂ xr1,∂ ar/∂ xr2 . . . ,∂ ar/∂ xr(N−1),−1

)
.
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To do this we use the domains G1,G2, . . . ,GM , ψi, i = 1,2, . . . ,M, given in 2.2.4,
and the mapping (1.35) from Chap. 1; this mapping is smooth, one-to-one from Δ ×
(−δ ,δ ) to Gr, the inverse has the same properties, they are generated by functions
in Ck−1,1(Δ). Using Lemma 3.4 and ur = uψr in Gr, after the mapping we get ur ∈
W k,p(C+) with C+ = Δ × (0,δ ). For t = 0 we have:

ur =
∂ur

∂ t
= . . .=

∂ k−1ur

∂ tk−1 = 0,

then Dα ur = 0 for t = 0, |α| ≤ k − 1. The function u extended by zero if σ ∈ Δ ,
t < 0, is in W k,p(C) with C = Δ × (−δ ,δ ). By the mapping inverse to (1.35), we get
ur ∈W k,p(Gr), r = 1,2, . . . ,M. Obviously uM+1 ∈W k,p

0 (Ω), so

u =
M+1

∑
r=1

ur ∈W k,p(RN).

�
The notion of smoothness almost everywhere for ∂Ω was introduced in 1.2.3.

Theorem 4.14. Let u ∈ W k,p(Ω), ∂Ω almost everywhere smooth, u = ∂u/∂n =

. . .= ∂ k−1/∂nk−1 = 0 on ∂Ω in the sense of traces. Then u ∈W k,p
0 (Ω).

Proof. It is sufficient to prove that Dα u = 0 on ∂Ω for |α| ≤ k− 1. Let y ∈ ∂Ω be
a regular point. We use the set U from 1.2.4 which corresponds to that point, and
proceed as the proof of the previous theorem. �
Problem 4.1. Is Theorem 4.14 true if Ω ∈N0,1?

Remark 4.4. Let Ω ∈ N0,1, u ∈ W 2,p(Ω). We can prove that the subspace of
W 1,p(∂Ω)×Lp(∂Ω), generated by (u,∂u/∂n),u ∈W 2,p(Ω), is dense in this space.
Cf. Chap. 5.

Exercise 4.2. Let Ω ∈ N1,1, u ∈ W 3,p(Ω), u = ∂u/∂n = ∂ 2u/∂n2 = 0 on ∂Ω in
the sense of traces. Prove that u ∈W 3,p

0 (Ω).

2.5 The Problem of Traces (Continuation)

2.5.1 Application of the Fourier Transform

In the previous section we pointed out that the spaces Lp(∂Ω) in Theorem 4.2 are
larger than the trace spaces. For instance, if Ω ∈N0,1, the natural topology of the
space of traces of W 1,p(Ω) is the topology of the quotient space W 1,p(Ω)/W 1,p

0 (Ω).
On the other hand, this approach is rather formal and does not give a characterization
of the trace space.
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If Ω = R
N
+ = {x ∈ R

N , xN > 0}, p = 2, k ≥ 1, we can easily characterize the
trace space using the Fourier transform, cf. for instance J.L. Lions [4]. To do this we
introduce for Ω = R

N the notion of W k,2(RN) with k an arbitrary real number; later
we shall see that the new definition coincides for k ≥ 0 with the definition given in
2.3.8.

If k ≥ 0, W k,2(RN) is defined as the subset of L2(RN) of functions f (x) such that
their Fourier transforms satisfy:

(∫
RN

| f̂ (ξ )|2(1+ |ξ |2)k dξ
)1/2

< ∞. (2.82)

The left hand side of (2.82) is a norm, moreover W k,2(RN) is an Hilbert space with
the scalar product:

[ f ,g] =
∫
RN

f̂ (ξ )ĝ(ξ )(1+ |ξ |2)k dξ . (2.83)

If k < 0, we define W k,2(RN) = (W−k,2(RN))′. It is possible to define W k,2(RN)
directly for all real k in the setting of tempered distributions and their Fourier
transforms, cf. L. Schwartz [2].

Let us denote as usual x = (x′,xN),ξ = (ξ ′,ξN).

Theorem 5.1. Let k be an integer, k = 1,2. . . . Then

u ∈W k,2(RN
+) =⇒ u(x′,0) ∈W k−1/2,2(RN−1),

and if g(x′) = u(x′,0), we have:

|g|Wk−1/2,2(RN−1) ≤ c|u|Wk,2(RN
+)

(2.84)

Proof. By immediate application of (1.1.10) we obtain g ∈ L2(RN−1); we extend u
to R

N using (2.48) and get obviously |u|Wk,2(RN) ≤ c1|u|Wk,2(RN
+)

. Then according to
Lemma 3.5 it follows:

(∫
RN

|û(ξ )|2(1+ |ξ |2)k dξ
)1/2

≤ c2|u|W k,2(RN ). (2.85)

Due to Proposition 2.5, it is sufficient to prove (2.84) for u ∈C∞
0 (R

N); we have:

ĝ(ξ ′) =
1

2π

∫ ∞

−∞
û(ξ )dξN ,



88 2 The Spaces W k,p

and then
∫
RN−1

|ĝ(ξ )|2(1+ |ξ ′|2)k−1/2 dξ ′

=
1

4π2

∫
RN−1

∣∣∣∣
∫ ∞

−∞
û(ξ )dξN

∣∣∣∣
2

(1+ |ξ ′|2)k−1/2 dξ ′

≤ 1
4π2

∫
RN−1

[
(1+ |ξ ′|2)k−1/2

∫ ∞

−∞
|û(ξ )|2(1+ |ξ |2)k dξN×

×
∫ ∞

−∞
(1+ |ξ ′|2)−k dξN

]
dξ ′.

(2.86)

We have ∫ ∞

−∞
(1+ |ξ ′|2)−k dξN = π(1+ |ξ ′|2)−k+1/2,

and the result follows from (2.86). �
Remark 5.1. Clearly we have: if u ∈ W k,2(RN

+) then we have for l = 1,2, . . . ,k− 1
that (∂ lu/∂xl

N)(x
′,0) ∈W k−l−1/2,2x′N(RN−1), with

k−1

∑
l=0

∣∣∣∣ ∂ iu

∂xi
N

∣∣∣∣
W k−l−1/2,2(RN−1)

≤ c|u|Wk,2(RN
+)
.

In what follows, B1,B2, . . . ,Bk will be Banach spaces; we denote B1 ×B2 ×·· ·×Bk

the Cartesian product of Bi, i.e. the set of elements u=(u1,u2, . . . ,uk), where ui ∈Bi;
and we equip ∏k

i=1 Bi with the norm ∑k
i=1 |ui|Bi or some equivalent norm.

We have a “converse” of Remark 5.1:

Theorem 5.2. There exists a mapping:

Z ∈
[ k−1

∏
l=0

W k−l−1/2,2(RN−1)→W k,2(RN
+)
]

such that if

g = (g1,g2, . . . ,gk−1) ∈
k−1

∏
l=0

W k−l−1/2,2(RN−1),

then for u = Zg
∂ lu

∂xl
N

(x′,0) = gl(x
′).

Proof. We define:

Zl ∈ [W k−l−1/2,2(RN−1)→W k,2(RN
+)], l = 1,2, . . . ,k− 1,
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taking
Zlgl = ul ,

where
ûl(ξ ′,xN) = xl

N exp(−(1+ |ξ ′|)xN)ĝl(ξ ′). (2.87)

Zl is of the type mentioned; indeed, let |α| ≤ k, let us consider wα =Dαul in R
N
+ and

set wα = 0 for xN < 0. Let us denote α ′ = (α1, . . . ,αN−1,0), α ′′ = (0, . . . ,0,αN).
Hence ŵα(ξ ) is a finite sum of expressions like:

aI(ξ ) = a
∫ ∞

0
exp(−ixNξN)(ξ ′)α ′

(1+ |ξ ′|)xl− j
N ×

× exp(−(1+ |ξ ′|)xN)ĝl(ξ ′)dxN ,

where a is a constant, j = 0,1, . . . ,min(αN , l). We have:

I(ξ ) =
(l − j)!(ξ ′)α ′

(1+ |ξ ′|)αN−1ĝl(ξ ′)
(1+ |ξ ′|+ iξN)l− j+1 ,

and so ∫
RN

|I(ξ )|2 dξ

≤ c1

∫
RN−1

[
|ξ |2|α ′|(1+ |ξ ′|2αN−2 j)|ĝl(ξ ′)|2×

×
∫ ∞

−∞

dξN

((1+ |ξ ′|)2 + ξ 2
N)

l− j+1

]
dξ ′

= c2

∫
RN−1

|ξ |2|α ′|(1+ |ξ ′|)2αN−2l−1|ĝl(ξ ′)|2 dξ ′

≤ c3

∫
RN−1

(1+ |ξ ′|)2α−2l−1|ĝl(ξ ′)|2 dξ ′

≤ c4

∫
RN−1

(1+ |ξ ′|)k−l−1/2|ĝl(ξ ′)|2 dξ ′.

Now we have ∂ jul/∂x j
N(x

′,0) = 0 for j < l. We construct Z as a linear
combination of Zl by setting

Zg = Z0g0 +Z1

(
g1 − ∂

∂xN
Z0g0

)

+
1
2!

Z2

(
g2 − ∂ 2

∂x2
N

Z0g0 − ∂ 2

∂x2
N

Z1

(
g1 − ∂

∂xN
Z0g0

))
+ . . .

(2.88)

�
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2.5.2 Lemmas Based on the Hardy Inequality

The method used in 2.5.1 does not work if p �= 2; here we generalize the Gagliardo
approach, E. Gagliardo [1], assuming p > 1. Moreover we assume Ω bounded.

Let k ≥ 0, Ω ∈N[k]′−1,1, where [k]′ is the smallest integer such that k ≤ [k]′. We
define W k,p(∂Ω) as the subset of functions from W [k],p(∂Ω) such that
fr(x′r) = f (x′r, ar(x′r)) ∈W k,p(Δr),r = 1,2, . . . ,m; the norm is defined by:

| f |W k,p(∂Ω) =

(
m

∑
r=1

| fr|pW k,p(Δr)

)1/p

. (2.89)

Remark 5.2. The space W k,p(∂Ω) is a separable Banach space and reflexive if
p > 1; this is an immediate consequence of Proposition 3.1.

In this section we consider only the case p > 1. If p = 1 we have to use another
approach, cf. E. Gagliardo [1].

Now we shall prove a Hardy inequality, cf. G.H. Hardy, J.L. Littlewood, G.
Pólya [1].

Lemma 5.1. Let be f ∈ Lp(a,b), −∞ < a < b < ∞, p > 1. The following
inequalities hold:

∫ b

a

[
1

x− a

∫ x

a
| f (ξ )|dξ

]p

dx ≤
(

p
p− 1

)p ∫ b

a
| f (x)|p dx, (2.90)

∫ b

a

[
1

b− x

∫ b

x
| f (ξ )|dξ

]p

dx ≤
(

p
p− 1

)p∫ b

a
| f (x)|p dx. (2.91)

Proof. Let us define:

fε (x) =

{
f (x) for x ≥ a+ ε,
0 for a < x < a+ ε.

We have

∫ b

a

1
(x− a)p

[∫ x

a
| fε (ξ )dξ |

]p

dx

=
1

(b− a)p−1

1
p− 1

[∫ b

a
| fε (ξ )|dξ

]p

+
p

p− 1

∫ b

a

1
(x− a)p−1

(∫ x

a
| fε (ξ )|dξ

)p−1

| fε (x)|dx
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≤ p
p−1

∫ b

a

1
(x−a)p−1

(∫ x

a
| fε(ξ )|dξ

)p−1

| fε(x)|dx

≤ p
p−1

(∫ b

a

1
(x−a)p

(∫ x

a
| fε(ξ )|dξ

)p

dx

)(p−1)/p(∫ b

a
| fε(x)|p dx

)1/p

.

This implies inequality (2.90) for the function fε , and consequently

∫ b

a

[
1

x− a

∫ x

a
| fε(ξ )|dξ

]p

dx ≤
(

p
p− 1

)p ∫ b

a
| fε(x)|p dx

≤
(

p
p− 1

)p ∫ b

a
| f (x)|dx.

Now, Fatou’s lemma gives (2.90) for f . Inequality (2.91) can be proved in the
same way. �
Lemma 5.2. Let Δ = {x ∈ R

2,0 < x1 < 1,0 < x2 < x1}, u ∈W 1,p(Δ), p > 1. Then
we have the inequality

∫ 1

0

∫ 1

0

∣∣∣∣u(t, t)− u(τ,τ)
t − τ

∣∣∣∣
p

dt dτ < c|u|p
W1,p(Δ )

. (2.92)

Proof. According to Theorem 3.1, it is sufficient to consider u ∈ C∞(Δ ). Let 0 ≤
τ < t ≤ 1. If we denote f (t) = u(t, t), then

∣∣∣∣ f (t)− f (τ)
t − τ

∣∣∣∣≤ 1
t − τ

∫ t

τ

∣∣∣∣ ∂u
∂x1

(x1,τ)
∣∣∣∣ dx1 +

1
t − τ

∫ t

τ

∣∣∣∣ ∂u
∂x2

(t,x2)

∣∣∣∣ dx2,

and
∣∣∣∣ f (t)− f (τ)

t − τ

∣∣∣∣
p

≤ 2p−1
[

1
(t − τ)p

(∫ t

τ

∣∣∣∣∂u(x1,τ)
∂x1

(x1,τ)
∣∣∣∣ dx1

)p

+
1

(t − τ)p

(∫ t

τ

∣∣∣∣∂u(t,x2)

∂x2
(t,τ)

∣∣∣∣ dx2

)p]
.

(2.93)

By integration with respect to t, τ < t < 1, and then to τ , 0< τ < 1, we get according
to Lemma 5.1
∫ 1

0
dτ

∫ 1

τ

∣∣∣∣ f (t)− f (τ)
t − τ

∣∣∣∣
p

dt

≤ 2p−1
(

p
p− 1

)p
[∫ 1

0
dτ

∫ 1

τ

∣∣∣∣∂u(x1,τ)
∂x1

(x1,τ)
∣∣∣∣

p

dx1

+

∫ 1

0
dt
∫ t

0

∣∣∣∣∂u(t,x2)

∂x2
(t,τ)

∣∣∣∣
p

dx2

]
≤ 2p−1( p

p− 1

)p|u|p
W1,p(Δ )

.

(2.94)

�
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Lemma 5.3. Let C be the cube (−1,1)N−1, p > 1,u ∈ Lp(C); moreover let us
assume:

cp
i =

∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dx1 . . . dxi−1 dxi+1 . . . dxN−1×

×
(∫ 1

−1

∫ 1

−1

|Ai(t)−Ai(τ)|p
|t − τ|p dt dτ

)
< ∞,

(2.95)

where Ai(t) = u(x1, . . . ,xi−1, t,xi+1, . . . ,xN−1).
In this case we have the inequality:

|u|W1−1/p,p(C) ≤ c[|u|Lp(C) +
N−1

∑
i=1

cp
i ]

1/p. (2.96)

Proof. For x,y ∈C. Denote x[i] = (y1, . . . ,yi,xi+1, . . . ,xN−1), i = 0,1, . . . ,N − 1. We
have:

∫
C

∫
C

|u(x)− u(y)|p
|x− y|N−2+p dxdy ≤ c

N−1

∑
i=1

∫
C

∫
C

|u(x[i])− u(x[i−1])|p
|x− y|N−2+p dxdy.

For instance, let us consider:

∫
C

∫
C

|u(x[1])− u(y)|p
|x− y|N−2+p dx1 . . . dxN−1 dy1 . . . dyN−1

=
∫

C

∫ 1

−1
|u(x[1])− u(x)|p dxdy1

∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dy2 . . . dyN−1

|x− y|N−2+p

≤ c
∫

C

∫ 1

−1

|u(x[1])− u(x)|p
|x[1]− x|p dxdy1 = ccp

1 .

�
Exercise 5.1. For the cube C in the previous lemma, prove the converse of (2.96).

Let

[|u|Lp(C) +
N−1

∑
i=1

cp
i ]

1/p. (2.96bis)

Notice that (2.96 bis) defines an equivalent norm on W k,p(C) (this is a consequence
of the previous exercise).

Exercise 5.2. Replace C by R
N and prove the equivalence of (2.96 bis) and (2.90).
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2.5.3 Imbedding Theorems, Application
of the Spaces W 1−1/p,p(∂Ω)

Theorem 5.3. Let C be the cube (−1,1)N, p> 1. Let Ci be the faces xi = 1, |x j|< 1,
j �= i, and u ∈W 1,p(C). Then we have the inequality:

|u|W (1−1/p),p(Ci)
≤ c|u|W1,p(C), i = 1,2, . . . ,N.

Proof. According to Theorem 3.1, it is sufficient to take u ∈ C∞(C). Let i be fixed,
1 ≤ i ≤ N, j �= i (for instance j < i.) By Lemma 5.2, we have:

∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dx1 . . . dx j−1 dx j+1 . . . dxi−1 dxi+1 . . . dxN×

×
(∫ 1

−1

∫ 1

−1

∣∣B ji(t)−B ji(τ)
∣∣p

|t − τ|p dt dτ
)

≤ c
∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dx1 . . . dx j−1 dx j+1 . . . dxi−1 dxi+1 . . . dxN×

×
∫ 1

−1

∫ 1

−1

(∣∣∣∣ ∂u
∂x j

∣∣∣∣
p

+

∣∣∣∣ ∂u
∂xi

∣∣∣∣
p)

dx j dxi,

where B ji(t) = u(x1, . . .x j−1, t,x j+1, . . . ,xi−1,1,xi+1 . . . ,xN) and the result follows
from Lemma 5.3. �
Theorem 5.4. Let u ∈W k,p(C); under the same hypotheses as that of Theorem 5.3,
we have for l ≤ k− 1

∣∣∣∣∂ lu

∂xl
i

∣∣∣∣
W k−l−1/p,p(Ci)

≤ c|u|Wk,p(C) i = 1,2, . . . ,N.

Indeed, Dα u ∈W 1,p(C) for |α| ≤ k−1, and the result follows from the previous
theorem. �

2.5.4 Imbedding Theorems, Application of the Spaces
W 1−1/p,p(∂Ω) (Continuation)

Lemma 5.4. Let Ω ∈ N0,1, p ≥ 1,k ≥ 0, 0 ≤ λ < k. Then W k,p(Ω) ⊂ W λ ,p(Ω)
algebraically and topologically.
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Proof. The only nontrivial case is the case of λ non integer, k integer; the other cases
are either trivial or consequences of the case considered. It is sufficient to investigate
the case 0 < λ < 1,k = 1. We set ur = uϕr, use the transformation (2.31), and then
everything reduces to Ω =C = (−1,1)N . According to Theorem 3.1, we can assume
v ∈C∞(C), and prove the inequality:

∫
C

∫
C

|v(x)− v(y)|p
|x− y|N+pλ dxdy ≤ c1|v|pW1,p(C)

. (2.97)

We use the Hölder inequality and write:

∫
C

∫
C

|u(x)− u(y)|p
|x− y|N+pλ dxdy =

∫
C

∫
C

∣∣∣∫ 1
0 (d/dt)v(y+ t(x− y))dt

∣∣∣p

|x− y|N+pλ dxdy

≤ c2

∫
C

∫
C

∣∣∣∫ 1
0 ∑N

i=1(∂v/∂xi)(y+ t(x− y))dt
∣∣∣p

|x− y|N+pλ−p
dxdy

≤ c3

N

∑
i=1

∫
C

∫
C

∫ 1

0

|(∂v/∂xi)(y+ t(x− y))|p
|x− y|N+pλ−p

dxdydt.

We transform the set of points (x,y, t) ∈C×C× (0,1) to G by:

τ = t, η = y, ξ = y+ t(x− y).

We have for i = 1,2, . . . ,N :

∫
C

∫
C

∫ 1

0

|(∂v/∂xi)(y+ t(x− y))|p
|x− y|N+pλ−p

dxdydt =
∫

G

|(∂v)/∂xi(ξ )|pτ p(λ−1)

|ξ −η |N+pλ−p
dξ dη dt

=

∫ 1

0
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p

dξ
∫

Gτ,ξ

dη
|ξ −η |N+pλ−p

.

(2.98)
Since |ξ (1− τ)−1−η | ≤ c4τ(1− τ)−1, we have |ξ − τ| ≤ c5τ(1− τ)−1, and

∫ 1

0
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p

dξ
∫

Gτ,ξ

dη
|ξ −η |N+pλ−p

≤ c6

∫ 1/2

0
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p

dξ
∫

Gτ,ξ

dη
|ξ −η |N+pλ−p

+ c6

∫ 1

1/2
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p ∫
Gτ,ξ

dη
|ξ −η |N+pλ−p

dξ ≤ c7

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p

dξ ,

and finally (2.97) follows from (2.98). �
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Lemma 5.5. Let Ω ∈ N0,1, u ∈ W k,p(Ω), p ≥ 1, k ≥ 0; h ∈ C[k]′−1,1(Ω). Then
hu ∈W k,p(Ω), and

|uh|Wk,p(Ω) ≤ c|u|Wk,p(Ω)|h|C[k]′−1,1(Ω)
.

Proof. If k is an integer the result is trivial. Let k be a non-integer; we have for
|α|< [k] :

Dα(uh) = ∑
|β |≤|α |

hβ Dβ u, hβ ∈C0,1(Ω).

If |β | ≤ [k], then

∫
Ω

∫
Ω

|hβ (x)D
β u(x)− hβ(y)D

β u(y)|p
|x− y|N+p(k−[k])

dxdy

≤ 2p−1
∫

Ω

∫
Ω

|hβ (x)(D
β u(x)−Dβ u(y))|p

|x− y|N+p(k−[k])
dxdy

+ 2p−1
∫

Ω

∫
Ω

|Dβ u(y)|p|hβ (x)− hβ (y))|p
|x− y|N+p(k−[k])

dxdy.

The first integral on the right hand side is less than or equal to:

|u|p
Wk,p(Ω)

|h|p
C[k]′−1,1(Ω)

,

and the second integral is less than or equal to:

c1

∫
Ω
|Dβ u(y)|p dy

∫
Ω

dx

|x− y|N−1+p([k−[k]])
≤ c2

∫
Ω
|Dβ u(y)|p dy.

�
Theorem 5.5. Let Ω ∈Nk−1,1, u ∈W k,p(Ω), p > 1, k an integer. If l ≤ k− 1, then
the following inequality holds:

∣∣∣∣∂ lu
∂nl

∣∣∣∣
W k−l−1/p,p(∂Ω)

≤ c|u|Wk,p(Ω).

Proof. It is sufficient to prove that Dα u ∈ W k−l−1/p,p(∂Ω) and the corresponding
inequality for |α| = l; we have Dα u ∈ W k−l,p(Ω). Let us put v = Dα u,vr(x′r) =
v(x′r,ar(x′r)). Differentiating vr with respect to coordinates x′r |β |-times, |β | ≤ k−
l−1, we obtain that v∈W k−l−1,p(Δr); then, by the previous lemma, everything goes
back to knowing whether Dβ v ∈ W 1−1/p,p(Δr). But Dβ v is a linear combination of
terms aDγu, |γ| ≤ |β |, a ∈ C0,1(Δ r), hence using once more the previous lemma it
is sufficient to see that Dδ u ∈ W 1−1/p,p(∂Ω), |δ | ≤ k− 1, with the corresponding
estimate.
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Setting w = Dδ u, we have w ∈ W 1,p(Ω). Using the transformation (2.31) and
the inverse transformation which are at least lipschitzian, the result follows from
Theorem 5.4. �

2.5.5 A Lemma

We have to prove the “converse” of Theorem 5.5. We do this with more restrictive
conditions concerning the domains.

A function R(z),z ∈ R
N will be called a regularizing kernel if R ∈C∞(RN), with

support contained in the closed unit ball with center at the origin. We shall write
R ∈RN . If

∫
RN R(z)dz = 1, we define the regularizing operator by:

uh(x) =
∫
|z|<1

R(z)u(hz+ x)dz =
1

hN

∫
|y−x|<h

R

(
y− x

h

)
u(y)dy.

Lemma 5.6. Let P be the pyramid defined by: P = {x ∈R
N, 0 < xN < 1, |xi|< 1−

xN, i = 1,2, . . . ,N −1}, ϕ0 ∈W k−1/p,p(C), p > 1, where C = {x′ ∈R
N−1, |xi|< 1}.

There exists a mapping Z ∈ [W k−1/p,p(C) → W k,p(P)] such that if Zϕ0 = u, then
u = ϕ0 on the basis C of P.

Proof. Let R ∈RN−1,
∫
RN−1 R(z′)dz′ = 1, let us set x = (x′,xN), and if x ∈ P :

u(x′,xN) =
1

xN−1
N

∫
|y′−x′|<xN

R

(
y′ − x′

xN

)
ϕ0(y

′)dy′.

Clearly we have u ∈C∞(P). Let|α| ≤ k− 1 and consider Dα u; we have:

Dα u(x) = ∑
|β |=|α |
|λ |=(αN)

cβ λ

∫
|z′|<1

R(z′)z′λ Dβ ϕ0(xNz′+ x)dz′.

Now, if we proceed as in the proof of Theorem 1.2, we get the inequality:

∫
|x′|<1−xN

|Dα u(x′,xN)|p dx′ ≤ c ∑
|β |=|α |

∫
|x′|<1

|Dβ ϕ0(x
′)|p dx′,

which implies
|u|Wk−1,p(P) ≤ c|ϕ0|W k−1/p,p(C). (2.98bis)

It remains to prove: if R ∈RN−1 and f ∈W k−1/p,p(C), then for

v(x) =
∫
|z′|<1

R(z′) f (xNz′+ x′)dz′
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we have:
|v|W1,p(P) ≤ c| f |W 1−1/p,p(C).

First we consider ∂v/∂xi,1 ≤ i ≤ N − 1; without loss of generality let us consider
∂v/∂x1; we have:

∂v
∂x1

=− 1

xN
N

∫
|y′−x′|<xN

∂R
∂ z1

(
y′ − x′

xN

)
f (y′)dy′.

We have:
1

xN
N

∫
|y′−x′|<xN

∂R
∂ z1

(
y′ − x′

xN

)
dy′ = 0,

so
∂v
∂x1

(x) =
1

xN
N

∫
|y′−x′ |<xN

∂R
∂ z1

(
y′ − x′

xN

)
( f (x′)− f (y′))dy′

=
∫
|z′|<1

∂R
∂ z1

(z′)
f (x′)− f (xNz′+ x′)

xN
dz′.

From this, we get:

∫
P

∣∣∣∣ ∂v
∂x1

(x)

∣∣∣∣
p

dx ≤ c1

∫
P

dx
∫
|z′|<1

∣∣∣∣ f (x′)− f (xNz′+ x′)
xN

∣∣∣∣
p

dz′

= c1

∫
P

x(−p−N+1)
N dx

∫
|y′−x′|<xN

| f (x′)− f (y′)|p
|x′ − y′|N−2+p |x′ − y′|N−2+p dy′

= c1

∫
( max
1≤i≤N−1

|xi|)<1
dx′

∫
|y′−x′|<1−( max

1≤i≤N−1
|xi|)

| f (x′)− f (y′)|p
|x′ − y′|N−2+p dy′×

×
∫ |y′−x′ |<1−( max

1≤i≤N−1
|xi |)

|x′−y′|<1
|x′ − y′|N−2+p|x−p−N+1

N dxN

≤ 2c1

N + p− 2

∫
( max
1≤i≤N−1

|xi|)<1
dx′

∫
|y′−x′|<1−( max

1≤i≤N−1
|xi|)

| f (x′)− f (y′)|p
|x′ − y′|N−2+p dy′,

and then ∣∣∣∣ ∂v
∂x1

∣∣∣∣
Lp(P)

≤ c| f |W 1−1/p,p(C).

Now, let us consider

∂v
∂xN

=−N − 1

xN
N

∫
|y′−x′|<xN

R

(
y′ − x′

xN

)
f (y′)dy′

− 1

xN
N

∫
|y′−x′|<xN

N−1

∑
i=1

∂R
∂ zi

(
y′ − x′

xN

)
yi − xi

xN
f (y′)dy′.



98 2 The Spaces W k,p

We have:

N − 1

xN
N

∫
|y′−x′|<xN

R

(
y′ − x′

xN

)
dy′+

1

xN
N

∫
|y′−x′|<xN

N−1

∑
i=1

∂R
∂ zi

(
y′ − x′

xN

)
yi − xi

xN
dy′ = 0;

finally as above we get the inequality:

∣∣∣∣ ∂v
∂xN

∣∣∣∣
Lp(P)

≤ c| f |W 1−1/p,p(C).

Using Theorem 1.2, we see that u = ϕ0 on the basis of P. �

2.5.6 The Converse Theorem

Lemma 5.7. Let R ∈RN−1,
∫
RN−1 R(z′)dz′ = 1, l ≥ 0 an integer. We have:

∂ i

∂xl
N

[
xl−N+1

N R
(y′ − x′

xN

)]
=

1

xN−1
N

H
(y′ − x′

xN

)
,

where H ∈RN−1,
∫
RN−1 H(z′)dz′ = l!

Proof. We have to prove that
∫
RN−1 H(z′)dz′ = l!. We have:

∫
|x′−y′|<xN

∂ i

∂xl
N

[
xl−N+1R

(y′ − x′

xN

)]
dy

=
∂ l

∂xl
N

∫
|x′−y′|<xN

xl−N+1
N R(

y′ − x′

xN
)dy′ =

∂ l

∂xl
N

(xl
N) = l!.

�
Lemma 5.8. Let P be the pyramid as in Lemma 5.6, and C its basis,
ϕi ∈ W k−l−1/p,p(C), l,k integers such that 0 ≤ l ≤ k− 1, p > 1. Then there exists
a mapping

Zl ∈ [W k−l−1/p,p(C)→W k,p(P)]

such that Zlϕl = ul satisfies:

ul =
∂ul

∂xN
= . . .

∂ l−1ul

∂xl−1
N

= 0 on C, (2.99a)

∂ lul

∂xl
N

= ϕl on C. (2.99b)
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Proof. Let R ∈ RN−1,
∫
RN−1 R(z′)dz′ = 1/l!, and let us set:

ul(x
′,xN) = xl−N+1

N

∫
|x′−y′|<xN

R(
y′ − x′

xN
)ϕl(y

′)dy′.

Obviously, ul ∈C∞(P). Let |α| ≤ k− l− 1; we get:

ul(x
′,xN) = xl

N

∫
|z′|<1

R(z′)ϕl(xNz′+ x′)dz′,

thus ∣∣Dα ul

∣∣
Lp(P) ≤ c|ϕl |W k−l−1/p,p(C), (2.100)

for the same reasons as that used previously in the proof of Lemma 5.6, starting from
the proof of (2.98bis). Let k− l ≤ |α| ≤ k−1; let us set α =α ′+α ′′, |α ′′|= k− l−1.
We have for M ∈RN−1:

Dα ′
ul(x

′,xn) = x|α |′−1
N

∫
|z′|<1

M(z′)ϕl(xNz′+ x′)dz′. (2.101)

If we apply the operator Dα ′′
to (2.101), we get (2.100) with |α| ≤ k − 1 for the

same reasons as in the proof of (2.98bis). If |α| = k, we use the ideas of the proof
of Lemma 5.6 and we get:

Zl ∈ [W k−l−1/p,p(C)→W k,p(P)].

It is clear that (2.98) holds; concerning (2.99a, b), we use the previous lemma. �
Theorem 5.6. Let P be the pyramid as in Lemma 5.6 and C its basis, k an integer,
k ≥ 1, p > 1, ϕl ∈W k−l−1/p,p(C), l = 0,1, . . . ,k− 1. There exists a mapping:

Z ∈
[

k−1

∏
l=0

W k−l−1/p,p(C)→W k,p(P)

]

such that if Z(ϕ0,ϕ1, . . . ,ϕk−1) = u, then ∂ lu
∂xl

N
= ϕl on C.

Indeed: We use Lemmas 5.6 and 5.8 and proceed as in the construction of (2.88).
�

2.5.7 The Converse Theorem (Continuation)

Let k = 1. We have:

Theorem 5.7. Let Ω ∈N0,1, p > 1. There exists a mapping Z ∈ [W 1−1/p,p(∂Ω)→
W 1,p(Ω)] such that for h ∈W 1−1/p,p(∂Ω),Zh = u, we have u = h on ∂Ω .
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Proof. We use the partition of unity from 1.2.4 and put hr = hϕr, 1 ≤ r ≤ m; to
simplify we omit the index r. By projection onto the hyperplane xN = 0, the function
h ∈W (1−1/p),p(Δ). Without loss of generality we assume α = 1 (in the definition of
Δ in 1.2.4). We use Lemma 5.6 to construct Z ∈ [W 1−1/p,p(Δ) → W 1,p(P)]. Since
supp h ⊂ Δ , with compact support, there exists ψ ∈ C∞

0 (R
N), supp ψ ⊂ P∪C such

that hψ = h on C. We write Zh = h; we have hψ ∈ W 1,p(K+), K+ = {x ∈ R
N ,

|xi| < 1, i = 1,2, . . . ,N − 1,0 < xN < 1}. We use the transformation (2.31), and
going back to the index r starting from hψ we construct a function vr ∈ W 1,p(Vr),
supp vr ⊂Vr∪Λr. Obviously, the function v=∑m

r=1 vr gives the extension of h on Ω .
�

Problem 5.1. Prove a theorem analogous to Theorem 5.7, but for k ≥ 2, Ω ∈
N0,1 or for a nonsmooth boundary ∂Ω . The problem can be posed in the fol-
lowing way: Let t be the number of indexes α , |α| = k − 1. We consider the
closed subset W ⊂ [

W 1−1/p,p(∂Ω)
]t

as the closure of the set M of elements
(Dα[1]u,Dα[2]u, . . . ,Dα[t]u),u ∈C∞(Ω). Is the mapping Z ∈ [W k,p(Ω)→W ], defined
by Zu = (Dα[1]u,Dα[2]u, . . . ,Dα[t]u), surjective?

For N = 2,∂Ω piecewise smooth, the solution with some modifications is given
by G.N. Jakovlev [1]. Cf. also P. Grisvard [1].

If ∂Ω is sufficiently smooth, the problem is solved (cf. papers by L.N. Slobodet-
skii [1], S.V. Uspenskii [1]):

Theorem 5.8. Let Ω ∈ N0,1, p > 1, hl ∈ W k−l−1/p,p(∂Ω), l = 0, 1,2, . . . ,k − 1.
There exists a mapping,

Z ∈
[ k−1

∏
l=0

W k−l−1/p,p(∂Ω)→W k,p(Ω)
]
,

such that if Z((h0,h1, . . . ,hk−1)) = u, then on ∂Ω we have ∂ lu/∂nl = hl, l =
0,1,2, . . . ,k− 1.

Proof. Due to the previous theorem it is sufficient to consider the case k ≥ 2.
We use Gr,ψr, . . . as in 1.2.4, and the transformation (1.35) from Chap. 1; this
transformation is one-to-one, with lipschitzian derivatives of order ≤ k− 1 on Gr,
and the inverse transformation has the same properties on Kr. Put hlr = hlψr. By
projection on the hyperplane xrN = 0, we consider hlr as a function of the variable
σ ; we have hlr ∈W k−l−1/p,p(Δr).

Without loss of generality, we can assume in the definition of Gr that α = δ = 1.
According to Theorem 5.6 we construct ur ∈ W k,p(P) such that on C ∂ lur/∂xl

N =
(−1)lhlr. Since supp hlr ⊂ C, there exists ψ ∈ C∞

0 (R
N) with supp ψ ⊂ P∪C such

that ∂ l(urψ)/∂xl
N = (−1)lhlr on C. We have urψ ∈ W k,p(K+), K+ = {y ∈ R

N ,y =
(σ , t), |σi| < 1,0 < t < 1}. Using the transformation 1.2.7, we get vr = urψ ∈
W k,p(Gr ∩Ω); but according to the form of the support of ψ we have vr ∈W k,p(Ω);
on the other hand ∂ lvr/∂nl = hlr on ∂Ω , thus v = ∑M

r=1 vr gives the transformation
such that Z((h0,h1, . . . ,hk−1)) = v. �
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2.5.8 Remarks

It is possible to investigate the spaces W k,p(Ω), where k is noninteger, in more
detail. Concerning the questions about extension and density, cf. J.L. Lions, E.
Magenes [4], for imbedding theorems cf. S.V. Uspenskii [1, 2, 4]. There is a strong
link between interpolation in the sense of J.L. Lions and traces, cf. J.L. Lions
[7–10]. From our considerations on these questions it is possible to obtain some
consequences, for instance:

Corollary 5.1. Let C be an (N − 1)−dimensional cube, p > 1. If p < N, 1/q =
1/p− [1/(N − 1)][(p− 1)/p], then W 1−1/p,p(C) ⊂ Lq(C) algebraically and topo-
logically; if p =N, q is an arbitrary real number ≥ 1; if p > N, then W 1−1/p,p(C)⊂
C0,μ(C) with μ = 1−N/p, algebraically and topologically.

Remark 5.3. Let us set k = 1 − 1/p. Then in Corollary 5.1 for p < N we have
1/q = 1/p− k/(N − 1), and we have the formula from Theorem 3.4. It holds in
other cases, cf. S.V. Uspenskii [1].

Let C be an (N−1)−dimensional cube, u∈W k−1/p,p(C),k ≥ 1 an integer, p> 1;
according to Lemma 5.5 it is possible to extend u to the corresponding pyramid P so
that u ∈W k,p(P). P ∈N0,1 =⇒W k,p(P) =C∞(P) =⇒W k−1/p,p(C) =C∞(C), hence

Corollary 5.2. Let C be an (N − 1)−dimensional cube, k ≥ 1 an integer, p > 1.

Then W k−1/p,p(C) =C∞(C).

Let CN−1 be an (N−1)-dimensional cube, u ∈W k−1/p,p(CN−1), k ≥ 1 an integer,
p > 1. According to Lemma 5.6 we can extend u to a cube CN with CN−1 as
its face. By the approach used in Theorem 3.8 it is possible to extend u to the
whole R

N so that |u|W k,p(RN ) ≤ c|u|Wk,p(CN )
. We get an extension of u to R

N−1,u ∈
W k−1/p,p(RN−1). We have also

Corollary 5.3. Let C be an (N − 1)−dimensional cube, p > 1, k ≥ 1 an integer.
Then there exists P ∈ [W k,p(C) → W k−1/p,p(RN−1)], such that RP = I, where R
is the restriction operator, R ∈ [W k−1/p,p(RN) → W k−1/p,p(C)], and I the identity
operator on W k−1/p,p(C).

Remark 5.4. A well known simple counterexample due to J. Hadamard states the
existence of a continuous function on the unit circle which is not the trace of
a function from W 1,2(K) where K is the unit disc, cf. for instance S.G. Mikhlin
[2]. L. De Vito [1] has constructed an absolutely continuous function with the same
property. It is easy to see that a piecewise smooth function cannot be the trace
of a function u ∈ W 1,2(Ω). For sufficient conditions implying that f belongs to
W k−1/p,p(∂Ω), cf. S.M. Nikolskii [2, 5–8], G. Prodi [1], J. Nečas [11], etc.

Remark 5.5. If p = 1, Ω ∈N0,1, we have obtained by Theorem 4.2 that the traces
belong to L1(∂Ω). We have also the converse, i.e. W 1,1(Ω)/W 1,1

0 (Ω) = L1(∂Ω);
cf. E. Gagliardo [1].
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Exercise 5.3. Prove that on the unit circle we have:

W 1/2,2(∂Ω) = {u ∈ L2(∂Ω),
∞

∑
−∞

n|an|2 < ∞, an =
1

2π

∫ 2π

0
u(ϑ)exp(−inϑ)dϑ}.

Exercise 5.4. Prove directly that for Ω ∈N0,1, u ∈ W 1,p(∂Ω) we can extend u to
Ω so that u ∈W 1,p(Ω), p ≥ 1.

2.6 Compactness

2.6.1 The Kondrashov Theorem

In Chap. 1, we have proved a particular case of the compactness of the imbed-
ding operator, cf. Chap. 1, Theorem 1.1.4. We shall give some generalizations;
concerning the literature on the subject see W. Kondrashov [1], S.L. Sobolev [1],
V.I. Smirnov [2], etc.

Theorem 6.1. Let Ω ∈ N0,1, 1 ≤ p < N, 1 ≥ 1/q > 1/p − 1/N. The identity
mapping I : W 1,p(Ω)→ Lq(Ω) is compact.

Proof. Let un ∈ W 1,p(Ω) be a bounded sequence, |un|W1,p(Ω) ≤ 1. It is possible

to find elements vn ∈ C∞(Ω) such that |un − vn|W1,p(Ω) < 1/n, |vn|W1,p(Ω) ≤ 1; it is
sufficient to prove the existence of a subsequence of vn, for simplicity we denote this
subsequence again vn, which converges in Lq(Ω). Let us put 1/q∗ = 1/p−1/N, let
ε > 0, Ω ∗ ⊂ Ω ∗ ⊂ Ω ,Ω ∗ a subdomain such that

meas (Ω −Ω ∗)<
(

ε
3c1

)q∗/(q∗−1)

,

where |vn|Lq∗ (Ω) ≤ c1 (cf. Theorem 3.4). Let δ > 0 be sufficient small such that
x ∈ Ω ∗, |z|< δ =⇒ x+ z ∈ Ω ; we have:

|vn(x+ z)− vn(x)|=
∣∣∣∣∣
∫ |z|

0

N

∑
i=1

∂vn

∂xi

(
x+

z
|z| t

)
zi

|z| dt

∣∣∣∣∣≤
∫ |z|

0

N

∑
i=1

∣∣∣∣∂vn

∂xi

(
x+

z
|z| t

)∣∣∣∣ dt,

then it follows that

∫
Ω∗

|vn(x+ z)− vn(x)|dx =
∫ |z|

0
dt

∫
Ω

N

∑
i=1

∣∣∣∣∂vn

∂xi
(y)

∣∣∣∣ dy ≤ |z| · |vn|W1,1(Ω).

Let |vn|W 1,1(Ω) ≤ c2, and let us choose δ < ε/3c2. Let us extend vn by zero outside
of Ω ; then we have:
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∫
Ω
|vn(x+ z)− vn(x)|dx

≤
∫

Ω−Ω∗
|vn(x+ z)|dx+

∫
Ω−Ω∗

|vn(x)|dx+
∫

Ω∗
|vn(x+ z)− vn(x)|dx ≤ ε.

If q = 1 the sequence vn has the same properties as that in Theorem 1.3. and the
result is true in this case. If 1 < q < q∗, we have:

∫
Ω
|vm − vn|q dx =

∫
Ω
|vm − vn|[q∗(q−1)]/(q∗−1)|vm − vn|(q∗−q)/(q∗−1)dx

≤
(∫

Ω
|vm − vn|q∗ dx

)(q−1)/(q∗−1)(∫
Ω
|vm − vn|dx

)(q∗−q)/(q∗−1)

;

this finishes the general case. �
Corollary 6.1. Let Ω ∈N0,1, p ≥ 1, kp < N, k an integer, 1 ≥ 1/q > 1/p− k/N.
The identity mapping I : W k,p(Ω)→ Lq(Ω) is compact.

Corollary 6.2. Let Ω ∈ N0,1, p ≥ 1, kp = N, k an integer, q ≥ 1 arbitrary. The
identity mapping I : W k,p(Ω)→ Lq(Ω) is compact.

Corollary 6.3. Let Ω ∈ N0,1, p ≥ 1, kp > N, k an integer. The identity mapping
I : W k,p(Ω)→C(Ω ) is compact.

2.6.2 Traces

As far as concern traces, we have

Theorem 6.2. Let Ω ∈ N0,1, 1 < p < N, 1 ≥ 1/q > 1/p− [1/(N − 1)](p− 1)/p.
The mapping Z ∈ [W 1,p(Ω)→ Lq(∂Ω)], which defines the traces, is compact.

Proof. As in proof of Theorem 6.1 it is sufficient to consider a sequence vn ∈
C∞(Ω), n = 1,2, . . ., bounded in W 1,p(Ω). With a partition of unity as in 1.2.4
we take vr, supp vr ⊂ Vr ∪ Λr. For 1 ≤ p < ∞ the function p → 1/p − [1/
(N − 1)](p− 1)/p is decreasing, thus there exists exactly one value p∗ such that
1/q = 1/p∗ − [1/(N − 1)](p∗ − 1)/p∗. It is clear that it is sufficient to consider the
case q > 1. According to (2.69) with 1/q∗ = 1/p∗ − 1/N (we omit the index r)

|vn − vm|qLq(Λ)
≤ c[|vn − vm|qLq(V )

+ |vn − vm|(N p∗−N)/(N−p∗)
Lq∗ (V )

|vn − vm|qW1,p∗ (V )
].

(2.102)
According to Theorem 6.1 we can extract a subsequence denoted also by vn which
converges in Lq∗(V ); but q ≤ q∗, hence (2.102) implies the convergence of vn in
Lq(V ).

�
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Exercise 6.1. Give a formulation of the previous theorem with the hypotheses
kp < N or kp = N with k ≥ 1 an integer.

Remark 6.1. Let Ω ∈ N0,1, 1 < p < N. Then the mapping Z of W 1,p(Ω) into
Lq(∂Ω) with 1/q= 1/p− [1/(N−1)](p−1)/p is not surjective. Indeed: it is always
possible to find a sequence vn defined on ∂Ω and bounded by the same constant,
with |vn|L1(∂Ω) = 1, which converges weakly to zero in L1(∂Ω). If Z was surjective,

we could extend vn to Ω in such a way that vn is bounded in W 1,p(Ω), and due to
Theorem 6.2 there will exist a subsequence vnk which will converge in L1(∂Ω) to
a limit equal to zero, and this is a contradiction to |vn|L1(∂Ω) = 1.

2.6.3 The Lions Lemma, Another Theorem of Compactness

We can prove Lemma 5.1 from Chap. 1 under more general conditions (cf. J.L.
Lions [4]):

Lemma 6.1. Let Bi, i = 1,2,3, be three Banach spaces, B1 ⊂ B2 ⊂ B3 algebraically
and topologically. Assume that the identity mapping I : B1 → B2 is compact. Then
for every ε > 0 there exists λ (ε) such that u ∈ B1 =⇒

|u|B2 ≤ ε|u|B1 +λ (ε)|u|B3 .

The proof is the same as that of Lemma 1.5.1.

Example 6.1. Let B1 =W 1,p(Ω), B2 = Lq(Ω), B3 = L1(Ω), Ω ∈N0,1, 1/q> 1/p−
1/N if p < N, q ≥ 1 if p ≥ N. This satisfies the conditions of Lemma 6.1.

Theorem 6.3. Let Ω ∈N0,1, 1≤ p, 1≤ q≤ p. The identity mapping I : W 1,p(Ω)→
Lq(Ω) is compact.

Proof. It is sufficient to consider a sequence vn ∈ C∞(Ω) bounded in W 1,p(Ω),
and to extract a subsequence which converges in Lp(Ω). Fix ε > 0; we can find
Ω ′ ⊂ Ω ′ ⊂ Ω such that

(∫
Ω−Ω ′

|vn(x)|p dx

)1/p

<
ε
3
. (2.102bis)

To do this we consider the open sets Vr, r = 1,2, . . . ,m. If ar(x′r) < xN < ar(x′r)+
β/2, we have:

vn(x
′
r,xrN) = vn(x

′
r,τ)−

∫ τ

xrN

∂vn

∂xrN
(x′r,ξN)dξN , ar(x

′
r)+β/2 < τ < ar(x

′
r)+β .

(2.103)
From this we get (we omit the index r):
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|vn(x
′,xN)|p ≤ 2p−1

[
|vn(x

′,τ)|p +
∣∣∣∣
∫ τ

xN

∂vn

∂xn
(x′,ξN)dξN

∣∣∣∣
p]

≤ 2p−1
[
|vn(x

′,τ)|p +β p−1
∫ a(x′)+β

a(x′)

∣∣∣∣∂vn

∂xn
(x′,ξN)

∣∣∣∣
p

dξN

]
.

(2.104)

Now we integrate (2.104) with respect to τ ∈ (a(x′)+β/2,a(x′)+β ) and obtain

β
2
|vn(x

′,xN)|p ≤ 2p−1
[∫ a(x′)+β

a(x′)+β/2
|vn(x

′,τ)|p dτ +
β p

2

∫ a(x′)+β

a(x′)

∣∣∣∣∂vn

∂xn
(x′,ξN)

∣∣∣∣
p

dξN

]
;

(2.105)
now by integration of (2.105) with respect to x′ ∈ Δ and to xN ∈ (a(x′),a(x′)+ γ), γ
sufficiently small, we get:

β
2

∫
Δ

dx′
∫ a(x′)+γ

a(x′)
|vn(x

′,xN)|p dxN ≤ 2p−1
(

1+
β p

2

)
γ|vn|pW 1,p(Ω)

;

this gives (2.102 bis) if γ is sufficiently small. Now let Ω ′′ be a subdomain satisfying
Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω and δ > 0 sufficiently small such that x ∈ Ω ′′, |z| < δ =⇒
x+ z ∈ Ω . We have:

|vn(x+ z)− vn(x)| ≤
∣∣∣∣∣
∫ |z|

0

N

∑
i=1

∂vn

∂xi

(
x+

z
|z| t

)
zi

|z| dt

∣∣∣∣∣

≤ |z|1−1/p
N

∑
i=1

(∫ |z|

0

∣∣∣∣∂vn

∂xi

(
x+

z
|z| t

)∣∣∣∣
p

dt

)1/p

,

hence

|vn(x+ z)− vn(x)|p ≤ c|z|p−1
N

∑
i=1

∫ |z|

0

∣∣∣∣∂vn

∂xi

(
x+

z
|z| t

)∣∣∣∣
p

dt,

and

∫
Ω ′′

|vn(x+ z)− vn(x)|p dx ≤ c|z|p
N

∑
i=1

∫
Ω

∣∣∣∣∂vn

∂xi
(y)

∣∣∣∣
p

dy ≤ c|z|p|vn|pW1,p(Ω)
,

and thus (∫
Ω ′′

|vn(x+ z)− vn(x)|p dx

)1/p

≤ c|z||vn|W 1,p(Ω).

Finally, let δ be sufficiently small such that x ∈ Ω −Ω ′′, |z| < δ =⇒ x+ z ∈
Ω −Ω ′, and (∫

Ω ′′
|vn(x+ z)− vn(x)|p dx

)1/p

<
ε
3
.
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Let us set vn(x) = 0 for x �/∈ Ω . We get:

(∫
Ω
|vn(x+ z)− vn(x)|p dx

)1/p

≤
(∫

Ω ′′
|vn(x+ z)− vn(x)|p dx

)1/p

+

(∫
Ω−Ω ′′

|vn(x+ z)|p dx

)1/p

+

(∫
Ω−Ω ′′

|vn(x)|p dx

)1/p

≤ ε.

Now Theorem 1.3 gives the assertion. �
Exercise 6.2. Prove Theorem 6.3 for a domain Ω starshapped with respect to the
origin.

Remark 6.2. For an arbitrary domain Ω , bounded or unbounded, the restriction
operator R : W 1,p(Ω) → Lq(Ω ′) with Ω ′ bounded, Ω ′ ⊂ Ω , and with q as in
Theorem 6.1, is compact.

Exercise 6.3. Let Ω be a bounded domain such that for any ε > 0, we can find Ω ′ ⊂
Ω ′ ⊂ Ω such that |u|W1,p(Ω) ≤ 1 =⇒ |u|Lp(Ω−Ω ′) < ε . Then the identity mapping

I : W 1,p(Ω)→ Lp(Ω) is compact.

Remark 6.3. If there exists an extension operator P ∈ [W 1,p(Ω)→W 1,p(RN)], then
Theorem 6.3 is true for Ω bounded.

Problem 6.1. Characterize bounded domains for which the imbedding theorem
W 1,2(Ω) ⊂ L2(Ω) is compact. We find only equivalent statements as for instance
the existence of a spectrum having the form given in Theorem 1.5.1.

2.7 Quotient Spaces, Equivalent Norms

2.7.1 Equivalent Norms

The methods used in this paragraph are strongly related to these introduced in
Chap. 1, Sect. 1.1 concerning the same questions, and also with the work of J.
Deny, J.L. Lions [1], J.L. Lions [2]. As in 1.1.7 we denote by P(k−1) the space of
polynomials of degree ≤ k− 1. We shall consider only domains such that

v ∈ P(k−1) =⇒ |v|Lp(Ω) < ∞. (2.106)

Lemma 7.1. Let Ω be a domain satisfying (2.106), p ≥ 1, k ≥ 1 an integer. Then
there exist functionals fi, i = 1,2, . . . , l, on W k,p(Ω) such that v ∈ P(k−1) implies the
equivalence:

l

∑
i=1

| fiv|p = 0 ⇐⇒ v ≡ 0. (2.106bis)
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Proof. There are many ways to construct fi: for instance we take Ω ∗, a bounded
nonempty subdomain of Ω , and define:

fα v =
∫

Ω∗
xα v(x)dx, |α| ≤ k− 1, (2.107a)

or
fα v =

∫
Ω∗

Dα v(x)dx, |α| ≤ k− 1. (2.107b)

�
Let us formulate the first theorem on equivalent norms in W k,p(Ω):

Theorem 7.1. Let Ω ∈ N0, fi functionals satisfying (2.106 bis), p ≥ 1, k ≥ 1 an
integer. We have the inequality:

c1|u|Wk,p(Ω) ≤
[

∑
|α |=k

|Dα u|pLp(Ω) +
l

∑
i=1

| fiu|p
]1/p

≤ c2|u|Wk,p(Ω).

Proof. We have to prove the inequality:

c1|u|Wk,p(Ω) ≤
[

∑
|α |=k

|Dα u|pLp(Ω)
+

l

∑
i=1

| fiu|p
]1/p

. (2.108)

We proceed by contradiction: suppose that (2.108) does not hold for any constant c1,
for instance for c1 = 1/n. Then there exists a function un ∈W k,p(Ω), |un|W k,p(Ω) = 1
such that

1
n
>

[
∑

|α |=k

|Dα un|p +
l

∑
i=1

| fiun|p
]1/p

. (2.109)

From this we get, for |α|= k:

lim
n→∞

Dα un = 0 in Lp(Ω). (2.110)

According to Theorem 6.3, the identity mapping I : W k,p(Ω) → W k−1,p(Ω) is
compact, hence there exists a subsequence unm of un which converges in W k−1,p(Ω)
and by (2.110) in W k,p(Ω). Let u = limm→∞ unm . We have Dα u = 0 =⇒ u ∈ P(k−1),
but P(k−1) is of finite dimension and hence closed in W k,p(Ω). Then, due to (2.108),
we have:

l

∑
i=1

| fiu|p = 0 =⇒ u = 0,

which is a contradiction to the fact that

lim
m→∞

|unm |Wk,p(Ω) = |u|W k,p(Ω) = 1.

�
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Remark 7.1. Clearly Theorem 7.1 holds if the identity mapping I : W 1,p(Ω) →
Lp(Ω) is compact.

2.7.2 Quotient Spaces

Let P ⊂ P(k−1), and denote by W k,p(Ω)/P the quotient space (cf. 1.1.7) with the
topology associated with the usual norm:

For ũ ∈W k,p(Ω)/P, |ũ|Wk,p(Ω)/P = inf
u∈ũ

|u|Wk,p(Ω). (2.111)

Theorem 7.2. Let Ω ∈ N0, and let us assume that the identity mapping
I : W 1,p(Ω)→ Lp(Ω) is compact. Then we have:

c1|ũ|W k,p(Ω)/P(k−1)
≤ [ ∑

|α |=k

[
Dα u|pLp(Ω)

]1/p ≤ c2|ũ|W k,p(Ω)/P(k−1)
. (2.111bis)

If p = 2, W k,2(Ω)/P(k−1) is a Hilbert space with the scalar product

(ṽ, ũ) = ∑
|α |=k

∫
Ω

Dα vDα udx. (2.112)

Proof. First, W k,p(Ω)/P(k−1) is complete with respect to the norm

[
∑

|α |=k

|Dα u|pLp(Ω)

]1/p
. (2.113)

Indeed: let ũn be a Cauchy sequence for (2.113). We can choose un ∈ ũn such
that fiun = 0, i = 1,2, . . . , l, fi satisfying (2.106 bis); this is always possible by
Lemma 7.1. We apply Theorem 7.1, hence un is a Cauchy sequence in W k,p(Ω);
let limn→∞ un = u, which implies limn→∞ ũn = ũ. Denote by B1 the quotient space
W k,p(Ω)/P(k−1) with the norm (2.111), and by B2 the same space but with the norm
(2.113). The identity mapping I : B1 →B2 is continuous, due to the Banach theorem,
cf. Chap. 1, Sect. 1.1, and the same property is true for inverse transformation. The
result follows. �

Hereafter, when we shall use the mentioned Banach theorem we will not specify
the spaces B1,B2, etc.

Theorem 7.3. Let Ω ∈ N0, and assume that the identity mapping I : W 1,p(Ω) →
Lp(Ω) is compact, P ⊂ P(k−1), fi, i = 1,2, . . . , l, functionals on W k,p(Ω),k ≥ 1 an
integer, p ≥ 1 such that
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for v ∈ P(k−1),
l

∑
i=1

| fiv|p = 0 ⇐⇒ v ∈ P.

Then

c1|ũ|Wk,p(Ω)/P ≤
(
[ ∑
|α |=k

|Dα u|pLp(Ω)
]p +

l

∑
i=1

| fiu|p
)1/p

≤ c2|ũ|Wk,p(Ω)/P.

If p = 2, W k,p(Ω)/P is a Hilbert space with the scalar product:

(ṽ, ũ) = ∑
|α |=k

∫
Ω

Dα vDα udx+
l

∑
i=1

fiv fiu.

Proof. It is sufficient to prove that W k,p(Ω)/P is complete with the norm

[
∑

|α |=k

|Dα u|pLp(Ω) +
l

∑
i=1

| fiu|p
]1/p

. (2.114)

Let ũn be a Cauchy sequence. According to Theorem 7.2, we can find polynomials
pn ∈ P(k−1) such that limn→∞(un + pn) = u in W k,p(Ω). Since ūn is a Cauchy
sequence with respect to the norm (2.114), the same holds for the sequence p̃n.
Clearly (∑l

i=1 | fiu|p)1/p is a norm in P(k−1)/P, hence limn→∞ p̃n = p̃ in W k,p(Ω)/P,
and limn→∞ ũn = ũ− p̃. �
Remark 7.2. Let Ω ∗ ⊂ Ω , Ω ∗ non empty, L the orthogonal complement of P in
P(k−1) for the space L2(Ω ∗); p1, p2, . . . , pl a basis of L. Then the functionals fiu =∫

Ω∗ upi dx satisfy the hypotheses of Theorem 7.3.

2.7.3 The Spaces V k,p(Ω)

Let us formulate a theorem on equivalent norms:

Theorem 7.4. Let Ω ∈ N0, Ω ∗ a nonempty and open subset of Ω . Then we have
the inequality

|u|Wk,p(Ω) ≤ c

[
∑

|α |=k

∫
Ω
|Dα u|p dx+

∫
Ω∗

|u|p dx

]1/p

. (2.115)

Proof. It is sufficient to prove that W k,p(Ω) with the norm (2.115) is complete.
Let un be a Cauchy sequence. According to Theorem 7.2 there exist pn ∈ P(k−1)
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such that limn→∞(un + pn) = u in W k,p(Ω). Since un + pn is a Cauchy sequence
for the norm (2.115), limn→∞ pn = p in Lp(Ω ∗) and in W k,p(Ω), which implies that
limn→∞ un = u− p in W k,p(Ω). �

Fix Ω ⊂ R
N . Denote by V k,p(Ω) the space of functions in Lp

loc(Ω) whose
distributional derivatives of order k belong to Lp(Ω). Let Ω ∗ ⊂ Ω ∗ ⊂ Ω ; Ω ∗
bounded; on V k,p(Ω) we define the norm by

[
∑

|α |=k

|Dα u|pLp(Ω) + |u|pLp(Ω∗)

]1/p

. (2.116)

Theorem 7.5. The space V k,p(Ω) is a Banach space. If we change Ω ∗ in such
a way that Ω ∗ ⊂ Ω , we obtain equivalent norms. Let Ω ′ ⊂ Ω ′ ⊂ Ω , Ω ′ bounded.
Then the restriction operator R satisfies R ∈ [V k,p(Ω)→W k,p(Ω ′)].

Proof. Let u ∈ V k,p(Ω), and extend u by zero outside of Ω . We have uh ∈ C∞(Ω)
and uh ∈W k,p(Ω ′). On the other hand limh→0 uh = u in Lp(Ω ′), and limh→0 Dα uh =
Dα u in Lp(Ω ′) for |α| = k. Without loss of generality we can assume Ω ′ ∈ N0.
According to Theorem 7.4, u ∈W k,p(Ω ′), and we have:

|u|Wk,p(Ω ′) ≤ c1|u|V k,p(Ω). (2.117)

Using (2.117) we see that the topology of V k,p(Ω) does not depend on Ω ∗. Let
un be a Cauchy sequence in V k,p(Ω). Due to (2.117) there exists u ∈ Lp

loc(Ω),

u ∈ W k,p(Ω ′) for all bounded Ω ′, Ω ′ ⊂ Ω ′ ⊂ Ω , and limn→∞ un = u in Lp(Ω ′),
limn→∞ Dα un = Dα u in Lp(Ω) for |α|= k. �
Remark 7.3. It is a priori clear that we could assume in the definition of V k,p(Ω)
that u ∈ L1

loc(Ω) and Dαu ∈ Lp(Ω), |α| = k. It is sufficient to consider u ∈ D ′(Ω)
with Dα u ∈ Lp(Ω) and we obtain the same space, cf. J. Deny, J.L. Lions [1].

Theorem 7.6. Let Ω ∈N0. Then W k,p(Ω) = V k,p(Ω) algebraically and topologi-
cally.

Proof. It is sufficient to prove that W k,p(Ω) = V k,p(Ω) algebraically. Let |α| =
k− 1, and let us consider v = Dα u. We have v ∈ V 1,p(Ω) due to Theorem 7.5. Let
us consider v in Vr, r = 1,2, . . . ,m. For simplicity we omit the index r. Now using
Theorem 2.2 change v on a set of measure zero in such a way that the function
obtained is absolutely continuous in V on almost all lines parallel to the axis xN . We
have:

v(x′,xN) =
∫ xN

yN

∂v
∂xN

(x′,η)dη + v(x′,yN), xN ,yN ∈ (a(x′),a(x′)+β ).
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From this relation we get:

|v(x′,xN)|p ≤ 2p−1
[

β p−1
∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,η)
∣∣∣∣

p

dη + |v(x′,yN)|p
]
.

Integrating this inequality with respect to yN on the interval (a(x′)+β/2,a(x′)+β ),
we get:

β
2
|v(x′,xN)|p ≤ 2p−2β p

∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,η)
∣∣∣∣

p

dη+2p−1
∫ a(x′)+β

a(x′)+β/2
|v(x′,yN)|p dyN .

(2.118)
Finally we integrate (2.118) with respect to xN on (a(x′),a(x′)+β ), and then with
respect to x′ on Δ , and get:

β
2

∫
Δ

dx′
∫ a(x′)+β

a(x′)
|v(x′,xN)|p dxN

≤ 2p−2β p+1
∫

Δ
dx′

∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,η)
∣∣∣∣

p

dη

+ 2p−1β
∫

Δ
dx′

∫ a(x′)+β

a(x′)+β/2
|v(x′,yN)|p dyN .

(2.119)

The estimates (2.119), (2.117) give v ∈W 1,p(Ω); the result follows by recurrence.
�

Remark 7.4. In R. Courant, D. Hilbert [1] we can find an example of a bounded
domain such that W k,p(Ω)⊂V k,p(Ω) holds strictly.

Remark 7.5. For Ω bounded, Theorem 7.1 holds with fα as in (2.107a) or (2.107b)
for V k,p(Ω).

For other examples of equivalent norms on W k,p(Ω) cf. Chap. 1, Sect. 1.1.

2.7.4 Nikodym Domains

Theorem 7.7. Let k ≥ 1 be an integer, p ≥ 1,Ω a domain such that v ∈ P(k−1) =⇒∫
Ω |v|p dx < ∞. We have the inequality:

c1|ũ|V k,p(Ω)/P(k−1)
≤ [

∑
|α |=k

|Dα u|pLp(Ω)

]1/p ≤ c2|ũ|V k,p(Ω)/P(k−1)
. (2.120)

Proof. Let Ωi be an increasing sequence of domains in N0, i = 1,2, . . ., such
that limi→∞ Ωi = Ω , and let ũn be a Cauchy sequence for the norm (2.113).
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According to Theorems 7.6 and 7.2, (2.120) holds for Ωi, i = 1,2, . . .. There exists
ũ[i] ∈W k,p(Ωi)/P(k−1) such that limn→∞ ũn = ũ[i] in W k,p(Ωi)/P(k−1). It is clear that
the restriction of u[i+1] to Ωi is u[i], and hence there exists u ∈ Lp

loc(Ω) such that
limn→∞ ũn = ũ in W k,p(Ωi)/P(k−1), i = 1,2, . . ., and limn→∞ Dα un = Dα u in Lp(Ω)

for |α| = k. Thus V k,p(Ω)/P(k−1) with the norm (2.113) is complete and the result
follows from the Banach theorem. �
Remark 7.6. Taking into account Remark 7.5, we can proceed in the proof of
Theorem 7.7 as in the proof of Theorem 7.2.

Exercise 7.1. Using Theorem 7.7 and the regularizing operator, prove that u ∈
D ′(Ω), Dα u ∈ Lp(Ω), |α|= k, imply u ∈V k,p(Ω).

A bounded open set Ω is called a Nikodym domain if for all p ≥ 1, V 1,p(Ω) =
W 1,p(Ω).7

If we have to be more precise, we say that the bounded domain Ω is (k, p)-
Nikodym if V k,p(Ω) =W k,p(Ω).

According to Theorem 7.5 we get obviously

Proposition 7.1. If Ω is a Nikodym domain, it is (k, p)−Nikodym for k ≥ 1, p ≥ 1.

We have another characterization of Nikodym domains (for p = 2, cf. J. Deny,
J.L. Lions [1]):

Theorem 7.8. The domain Ω is a Nikodym domain if and only if for
ũ ∈W 1,p(Ω)/P(0) the following inequality holds:

c1|ũ|W1,p(Ω)/P(0)
≤
[

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣
p

Lp(Ω)

]1/p

. (2.121)

Proof. If Ω is a Nikodym domain, the identity mapping

I : W 1,p(Ω)/P(0) →V 1,p(Ω)/P(0)

is surjective. The norms |ũ|W1,p(Ω)/P(0)
and |ũ|V 1,p(Ω)/P(0)

are equivalent, and we have

(2.120) and then (2.121).
The relation (2.121) being satisfied, due to (2.120) it is sufficient to prove the

density of W 1,p(Ω)/P(0) in V 1,p(Ω)/P(0). To do this, let ũ ∈ V 1,p(Ω)/P(0),u ∈ ũ;
without loss of generality we can assume u real. We define:

un =

⎧⎪⎪⎨
⎪⎪⎩

u for |u|< n,

n for u ≥ n,

−n for u ≤−n.

7The original definition was less restrictive: Ω is a Nikodym domain if V 1,2(Ω) =W 1,2(Ω).
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It follows from Theorem 2.3 that un ∈ W 1,p(Ω). For Fn = {x ∈ Ω , |u(x)| ≥ n}, we
have obviously limn→∞ meas Fn = 0, hence limn→∞ ũn = ũ in V 1,p(Ω)/P(0). �

Problem 7.1. Is in general W k,p(Ω)/P(k−1) dense in V k,p(Ω)/P(k−1) for instance
for Ω bounded?

Exercise 7.2. For Ω a Nikodym domain prove the Poincaré inequality:

u ∈W 1,2(Ω) =⇒ |u|2L2(Ω)−
1

meas Ω

∣∣∣∣
∫

Ω
u(x)dx

∣∣∣∣
2

≤ c
N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣
2

L2(Ω)

.

Remark 7.7. If Ω is (k, p)−Nikodym, then we have the inequality:

c1|ũ|W k,p(Ω)/P(k−1)
≤ [

∑
|α |=k

|Dα u|pLp(Ω)

]1/p
.

We proceed as in the first part of the proof of Theorem 7.8.

Now we formulate a more general theorem concerning equivalent norms, which
generalizes Theorems 7.1, 7.3, 7.4:

Theorem 7.9. Let Ω be a Nikodym domain, |u|1 a seminorm on W k,p(Ω); we
assume that |u|1 ≤ c|u|Wk,p(Ω). Let

|ũ|2 =
[
|u|p1 + ∑

|α |=k

|Dα u|pLp(Ω)

]1/p

,

and let P ⊂ P(k−1) be the set all polynomials u such that |u|2 = 0. Then we get the
following inequalities:

c1|ũ|W k,p(Ω)/P ≤ |ũ|2 ≤ c2|ũ|W k,p(Ω)/P.

Proof. It is sufficient to prove that W k,p(Ω)/P with the norm |ũ|2 is complete. Let
ũn be a Cauchy sequence. According to Theorem 7.7, and since Ω is a Nikodym
domain, there exists a sequence pn ∈ P(k−1) such that limn→∞(un + pn) = u in
W k,p(Ω). But |p̃|2 is a norm on P(k−1)/P, therefore limn→∞ p̃n = p̃ in P(k−1)/P,
and consequently also in W k,p(Ω)/P. Thus limn→∞ ũn = ũ− p̃. �
Remark 7.8. If Ω is a Nikodym domain, we deduce from Theorem 7.9 the
generalized Poincaré inequality, i.e. for u ∈W k,p(Ω) we have

|u|W k,p(Ω) ≤ c
[

∑
|α |=k

|Dα u|pLp(Ω) + ∑
|α |≤k−1

∣∣∫
Ω

Dα udx
∣∣p]1/p

.
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Exercise 7.3. Let C be the unit disc without the interval y = 0, 0 ≤ x ≤ 1. Prove
that C is a Nikodym domain.

Exercise 7.4. Let Ω be a starshapped domain with respect to the origin. Prove that
Ω is a Nikodym domain.

Theorem 7.10. Let Ω be a Nikodym domain, V ⊂ W k,p(Ω) a closed subset, and
PV =V ∩P(k−1). Then (∑|α |=k |Dα u|pLp(Ω))

1/p is an equivalent norm on V/PV .

Proof. Let P(k−1) = PV �L be the direct sum with L∩PV = 0, q1,q2, . . . ,qκ a basis
of L (the functions qi are linearly independent). It is sufficient to prove that V/PV

with the norm given above is complete. Let ũn be a Cauchy sequence. According to
Theorem 7.7 and due to the Nikodym property of Ω , there exist pn ∈P(k−1) such that
un + pn is a Cauchy sequence in W k,p(Ω), hence ũn + p̃n is also a Cauchy sequence
in W k,p(Ω)/PV . We have:

pn = an + bn, an ∈ PV , bn ∈ L, b̃n =
κ

∑
i=1

λniq̃i.

Let us consider:

ũn +
κ−1

∑
i=1

λniq̃i. (2.122)

The space V/PV �∪κ−1
i=1 q̃i = W̃ is closed in W k,p(Ω)/PV and by the Hahn-Banach

theorem, there exists a functional f on W k,p(Ω)/PV such that f ṽ = 0 for ṽ ∈ W̃
and f q̃κ = 1. The sequence ũn + b̃n is a Cauchy sequence, therefore we have f (ũn +
b̃n) = λnκ and limn→∞ λnκ = λκ . Using a recurrence process we get limn→∞ λni = λi,
i = 1,2, . . . ,κ , and ũn is a Cauchy sequence in W k,p(Ω)/PV . �
Theorem 7.11. Let Ω be a Nikodym domain, V ⊂W k,p(Ω) a closed subspace, and
|u|1 a seminorm on V; we assume u ∈V =⇒ |u|1 ≤ c|u|Wk,p(Ω). Let

|u|2 =
[|u|p1 + ∑

|α |=k

|Dα u|pLp(Ω)

]1/p

and P ⊂ P(k−1)∩V the space of polynomials in P(k−1)∩V for which |u|1 = 0. Then
we have:

c1|ũ|V/P ≤ |u|2 ≤ c2|ũ|V/P.

Proof. As in Theorem 7.9, it is sufficient to prove that a Cauchy sequence ũn for
the norm |ũ|2 is a Cauchy sequence in V/P. With the same notations as in the
previous theorem un + pn is a Cauchy sequence in W k,p(Ω), and moreover ũn + p̃n

is a Cauchy sequence in W k,p(Ω)/P; pn ∈ PV . But since p̃n is a Cauchy sequence in
the norm |ũ|1, it is also a Cauchy sequence in PV/P. Hence p̃n is a Cauchy sequence
in W k,p(Ω)/P. �
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