Chapter 2
Principles of Analytical Mechanics

2.1 Constraints

As we have already mentioned in Chap. 1, a particle (or a system of particles) is
subject to constraints if its motion is restricted by a constraint force on a certain
surface, or on some curve, etc. The notion of constraint is essential in under-
standing the analytical mechanics formalism, and we shall begin this chapter with
a thorough analysis of this basic concept.

By definition, a constraint is a geometric or kinematic condition that limits the
possibilities of motion of a mechanical system. For example, a body sliding on an
inclined plane cannot leave the plane, or a pebble inside a soccer ball is compelled
to move within a given volume, etc.

2.1.1 One-Particle Systems

Assuming Cartesian coordinates are used, let us begin our investigation with a
single particle. If r is the radius-vector of the particle and v its velocity at time ¢,
then a relation of the form

flr,v,r)=0 (2.1.1)

is the mathematical expression for a constraint. One says that the particle is subject
to the constraint (2.1.1).
We can classify the constraints according to three criteria:

(a) A constraint can be expressed either by an equality

f(x,y,2,1) =0, (2.1.2)
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or by an inequality

fx,y,2) <0, f(x,5,2) >0. (2.1.3)

The first type of constraint is called bilateral and the second unilateral. For
example, the relation

(x—at) +(y—bt) +(z—ct)* = R (2.1.4)

indicates that the particle is permanently on a moving sphere, with its centre at
the point (at, bt, ct), while the inequality

Ay + - R0 (2.1.5)

shows that the motion of the particle is restricted inside a fixed sphere of radius R.

(b) If the time ¢ does not explicitly appear in the equation of the constraint, this is
called a scleronomous or stationary constraint. Such a constraint is, for
instance, (2.1.5). If the constraint is time-dependent, like (2.1.4), it is named a
rheonomous or non-stationary constraint. An example of rheonomous con-
straints is provided by the system

filx,y,2,6) =0,  fa(x,y,2,1) =0, (2.1.6)

meaning that the particle is forced to slide on a moving curve.
(c) A velocity-dependent constraint is called a kinematic or differential constraint,
like

f(x7y?z7x7y7z):O’ (2'1'7)

while a constraint in which the components of the velocity do not appear is
named a geometric or finite constraint. For example, the constraints (2.1.2)—
(2.1.6) are geometric, while (2.1.1) is kinematic. From now on, we shall
consider only those differential constraints which are linear in the velocity
components, as

aixi+b=0, (218)

where
a; = a,-(r, I), b; = b,‘(r, I) (l = 1,2,3) (219)

and the summation convention has been used. Taking the total time derivative
of (2.1.2), we have:

of of

—Xxi+—==0 2.1.10

6)6,' ! or ’ ( )
meaning that a geometric constraint can be written as a linear differential
constraint. Obviously, the reciprocal of this statement is not true.

Those differential constraints which can be put in a finite form are called
integrable constraints. The geometric constraints, together with the integrable
constraints, form the class of holonomic constraints. Such constraints are, for
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Fig. 2.1 The motion of a Z
coin of radius a, rolling on a
horizontal plane, as an
example of non-integrable
constraint.

example, those given by (2.1.2), (2.1.4), (2.1.6). The non-integrable constraints,
together with constraints expressed by inequalities, are said to be non-holonomic
constraints.

As an example of non-integrable constraint, let us consider a coin of radius a,
rolling on a horizontal plane and keeping always a vertical position (Fig. 2.1). If 0
is the angle between the x-axis and the normal to the coin, and ¢ is the angle of
rotation of the coin, the velocity of the point C is

vV =adu, (2.1.11)

which is permanently orthogonal to the axis of the coin. The components of the
velocity are:

vy =ag@cosl, vy, =a@psinb, v, =0,
or, in differential form,

dx —acosOdp =0, dy—asinfde =0. (2.1.12)

These two equations cannot be integrated, because their left hand sides do not
represent total differentials of some functions. Consequently, they provide an
example of a non-holonomic (vector) constraint.

There are no general methods of solving problems involving non-holonomic
constraints. Each case must be studied separately. Fortunately, most of the prob-
lems arising in mechanics are connected with holonomic constraints.

A constraint can be characterized simultaneously upon all possible criteria. For
instance, the constraint expressed by (2.1.2) is bilateral, scleronomous and geo-
metric, while the constraint (2.1.7) is bilateral, scleronomous and differential.

There is a close relation between the number of constraints and the number of
degrees of freedom of a mechanical system. The minimal number of real inde-
pendent parameters that determine the position of a particle defines the number of
degrees of freedom of that particle. A free particle, i.e. a particle subject only to
applied forces, has three degrees of freedom. If the coordinates of the particle are
connected by a relation of type (2.1.2), the number of its degrees of freedom
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reduces to two. In the same way, the existence of the two constraints (2.1.6)
implies that the particle moves on a curve: the position of the particle is deter-
mined by a single parameter, corresponding to a single degree of freedom. In
general, each geometric bilateral constraint applied to a system reduces its
number of degrees of freedom by one.

Note that the coordinates of a particle cannot simultaneously obey more than
two independent constraints; a third constraint would either keep the particle fixed,
or make its motion known without considering the forces acting on it.

2.1.1.1 The Fundamental Equation of Motion

As we have already mentioned in Chap. 1, the existence of a constraint can be
connected with a reaction or constraint force, which determines the particle to
obey the constraint. If we denote by F and L the resultants of the applied and
constraint forces, respectively, acting on a particle P of mass m, the differential
equation of motion reads:

mi =F +L. (2.1.13)

The fundamental problem of mechanics of a system subject to both applied and
constraint forces is: given F and the initial conditions, consistent with the con-
straints, find the motion of the system and determine the reaction force L. The
constraint force L is a priori unknown, therefore in order to use Eq. (2.1.13) one
must make certain assumptions on it. The following two examples will familiarize
the reader with the methods of solving problems involving constraint forces.

(1) Motion on a curve. First, assume that the curve, considered to be fixed, is
given by its parametric equations:

xi=xi(q) (i=12,3), (2.1.14)

where ¢ is a real, time-dependent parameter. On the other hand, projecting (2.1.13)
on the axes, we have:

m¥; = F,+L; (i=1,2,3), (2.1.15)
where F,, F,, F, are given as functions of r, r, ¢ or, in view of (2.1.14),
Fi=Flg..1) (i=123), (2.1.16)

We have arrived at a system of three second-order differential equations
(2.1.15), with four unknowns, Ly, L,, L., q. To solve the problem, one decom-
poses the constraint force L into two vector components, L, and L, (Fig. 2.2).
The component L, lies in the plane normal to the curve (C) at the point P, while
the component L, is tangent to the curve and points in the direction of motion
of the particle.
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Fig. 2.2 Decomposition of
the constraint force L into
two vector components, one
normal and one tangent to the
trajectory.

(© g

The component L, is called the normal reaction and L, — the force of friction.
If L, = 0, the particle moves without friction and the curve is perfectly smooth or
ideal. If L,, = 0, the force L is tangent to a perfectly rough curve.

Assuming L, = 0, since v is always directed along the tangent to the trajectory
(which in our case coincides with the constraint), we can write

v-L=xL,+ yL,+zL. =0. (2.1.17)

We are now in possession of four equations (2.1.15) and (2.1.17) for the
unknowns L, L, L, g. Therefore, we are able to determine both g = ¢(?), i.e. the
motion of the particle on the curve, and the components of the constraint force.

Second, let us suppose that the fixed curve is given in the implicit form

fl(xvyvz):()a fZ(x;yaZ):O' (2118)

In this case, the differential equations (2.1.15), together with the frictionlessness
condition (2.1.17) and the constraint equations (2.1.18) form a system of six
equations for six unknowns: x,y,z, Ly, Ly, L..

The problem can be solved somewhat differently by decomposing the force
L into two vector components, along the normals to the two surfaces whose
intersection produces the curve (C) (Fig. 2.3). Then we may write

L =L, = Agrad fi + p grad f>, (2.1.19)

where A and p are two scalar multipliers. The equation of motion is then

0fi n 0f2

..i _ Fi Ji
mr + @x,- # @x,-

(i=1,2,3). (2.1.20)

Thus, we are left with a system of five equations (2.1.18) and (2.1.20) for the
unknowns x, y, z, 4, 4. In this way, both the motion of the particle and the con-
straint force are determined.
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Fig. 2.3 Decomposition of
the constraint force L into
two vector components, along
the normals to the two
surfaces whose intersection
produces the curve (C).

Observations:

(a) If the component L, is non-zero but known, it can be included in F:

mi=F+L,+L,=F +L, (2.1.21)

and one then follows the usual procedure.

(b) An alternative form of the equations of motion for a stationary curve is
obtained by projecting (2.1.13) on the axes of a natural system of coordinates
(see Appendix B):

mv2

mi):Fr, T :Fv‘i’Lv, 0:Fl;+L/;, (2122)
where the index t shows the tangent to the curve, v — the principal normal and
f — the bi-normal.

(2) Motion on a surface. Here the procedure is similar, though a little more
complicated. Following the same order as in the previous case, let us first suppose
that the surface is given in the parametric form

xi =x(g', %) (i=1,273). (2.1.23)

Since

. dr
=Y Yy
the equation of motion (2.1. 13) becomes

2
or
E ——4’q +E — ¢ | =F+L (2.1.24)
( @q aqﬁ “~ 0q )

=1

or, in components,

22: P, '“'Mi Ox;
m
oyl aqaaq/} 949 o Og*

q“)F,-+Li (i=1,2,3).  (2.1.25)



2.1 Constraints 33

There are five unknowns occurring in (2.1.25): ql,q2,LX,Ly,LZ. To solve this
problem, one decomposes L into two components, L, and L, the first being
tangent to the surface and showing the direction of motion, and the second along
the normal to the surface. If L, = 0, then L = L,,. To express this property, we
observe that L is normal to two parametric curves on the surface, i.e.

Li— =0 (¢2=1,2). 2.1.26
g =0 (x=12) (2.1.26)
We therefore have five equations, (2.1.25) and (2.1.26), for the unknowns
ql s q27 L, Lyz L.

If the surface is perfectly smooth, the constraint force L can be eliminated by
multiplying (2.1.24) by % (y = 1,2). Then, in view of (2.1.26), we have:

or 2 azr or 2 or
_E:—a/f i ) _ o _ N
" <6qv 5 0470q” 79T 5 ; o 1 0, (y=12), (2.1.27)

where

or

g 0712 (2.1.28)

0,=F
are the covariant components of the applied force F along the tangents of any two

parametric lines of the surface.
The solution of (2.1.27) is

¢ =q"(t,Cr,....Cs) (x=1,2) (2.1.29)

and, if the initial conditions are known, the finite equations of motion can be
determined. The solution (2.1.29) is then introduced into (2.1.23) and thus we
obtain the motion of the particle in the real (physical) space.

Equation (2.1.27) can be set in a more condensed form by using the metric
tensor g,p (see (2.6.35)), which is defined by

or Or
8ap = 6_q“ ’ 6_qﬁ (fxvﬁ =1,2). (2.1.30)
We have:

0g,s  O°r  Or Lo o°r
dq)  dq*dq’ dqF  Og* Oqfq

and, making a cyclic permutation of the indices «, f, 7 and then combining the
three obtained relations, we get

or o’r

@ . W = Fo:/f;,f (aaﬁaV = la2)7 (2-1~31)
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where the quantities

1 /0gp  08p  O8up
T, == : - 2.1.32

are called the Christoffel symbols of the first kind. By virtue of (2.1.31),
Eq. (2.1.27) can be put in the form

<Zgwq + Z F:x[fyq q > = Qy (V = 1,2). (2133)

o, p=1

If we multiply this equation by g’? and perform the summation over 7, we find
(q + Z I0sd"q ) Q° (0=1,2), (2.1.34)
o,f=1

where
2
Ty = & Ty (2.1.35)
=1
are the Christoffel symbols of the second kind and
Qa = Z gg"/Qy (2136)

are the contravariant components of the quantities (2.1.28).

If no applied force F acts on the particle, the kinetic energy theorem implies
that the particle moves on the surface (2.1.23) with constant speed. In this case, the
acceleration vector a is oriented along the principal normal to the trajectory which,
for L, = 0, coincides with the normal to the surface. The equations of equilibrium
of the particle, written in a geodetic form, are then

§° + Z raqf =0 (0=1,2). (2.1.37)
o, p=1

As an example, let us take ¢' = 0, g> = ¢. Then the metric (see Appendix B)

ds* = r*d0* + r*sin®> 0de* (r = const.)
yields

2 2 in2
g1 =7r, g =7r S 07 g12:0
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and, together with the condition

2
D gug” =0},
a=1

we find

1 1
11 22 12
==, el — =0.
g'= 5 &= gy 8

We are now able to calculate the Christoffel symbols of the second kind, F"; 5 The
only non-zero symbols are
'), = —sin0cos o, F%z = F%l =cot0

and Egs. (2.1.37) read

0 — sin 0 cos pp* = 0,

&+ cot 00p = 0.
We easily recognize the components of the acceleration vector (1.1.17) along the
parametric lines 6, ¢, taken for r = const.

If, as a second example, we choose g' = x,¢* =y, we have g, = J,5, which
leads to the equation of motion

¥=0, y=0, (2.1.38)

as expected.
If the fixed, ideal surface is given under the implicit form

f(x,y,2) =0, (2.1.39)

the components of the fundamental equation of motion are

mi; = F; + ;vg—f (i=1,2,3). (2.1.40)
Xi

The three equations (2.1.40), together with the equation of constraint (2.1.39),
form a system of four equations in the unknowns x, y, z, 4. Both the motion and
the constraint forces can then be determined.

2.1.1.2 Static Equilibrium of a Particle

(1) Free particle. A point mass m is in equilibrium relative to a certain frame if the
resultant of the forces acting on it is zero

mi=F =0. (2.1.41)


http://dx.doi.org/10.1007/978-3-642-17234-2_1#Equ17

36 2 Principles of Analytical Mechanics

The equilibrium positions are determined by solving the system of three equations
with three unknowns

mi; = F; = 0. (2.1.42)

If, in particular, the solution of the system (2.1.42) is unique, we have only one
position of equilibrium.
Assume that the particle is subject to a conservative force field

F = —gradV = grad U, (2.1.43)

where we denote U(r) = —V(r). We also assume that U(r) is a function of class
C?. The last two relations give

oU
— =0 (i=1,2,3). 2.1.44
S =0 (=123) (2.1.44)
Consequently, in order for the position P, of the particle to be a position of
equilibrium, it is necessary to have

ou
— =0 (=123 2.1.45
(5),=0 t=123, (2.145)

meaning that in P, the function U(r) has either an extremum, or an inflection point.

A position Py of the particle P is a position of stable equilibrium if, setting the
particle in a position P; close to Py, and giving it a sufficiently small initial
velocity vy, the trajectory of the particle remains in an infinitely small sphere. In
other words, the displacement of the particle from the equilibrium position is
infinitely small. More rigorously, for any ¢ > O there correspond the functions
n,(€) > 0,n,(¢) > 0, such that, if |PoP;|<n,(¢) and |vo| <n,(e), then |PoP|<e
for any .

The position Py is a position of maximum (or minimum) for U(P), if there is a
vicinity Q p, of Py in which U(P) <U(Py) (or U(P) > U(P,)), for any P € Qp,.
When these conditions are fulfilled without the “equal” sign, we have a strict
maximum (minimum).

Using these definitions, we shall now demonstrate the Lagrange—Dirichlet
theorem: If in the position P the function U has a strict maximum, then Py is a
position of stable equilibrium.

The proof begins with the observation that, since U(P,) = max., then
V(Po) = min. But, as we know, the origin of the potential energy V can be arbi-
trarily chosen, so that we can take V(P,) = 0. Consequently, there exists a vicinity
Qp, of Py (except for Py) for which V(P) > 0. Let L be the maximum value of
V(P) on the boundary of the domain Q p, and let us choose a vicinity Q;,O C Qp, of
Py, so that V(P) < % forany P € Q'p,- Suppose that at the initial time the particle

. . 2
is in P; € Q% and has the velocity vy, chosen so as to have im|v|"<%.

Applying the kinetic energy theorem (1.3.21), we have:
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1 1
SV = Jmivi = U(P) — U(PY)

or, since the system is conservative,

1o 1 2

§m|v| +V(P) = §m|V1| + V(P;) = const.
Thus, we may write

+Z =L

|~

1
§m|v|2 +V(P)<

The quantities T(P) = %m|v|2 and V(P) are positive, therefore T(P)<L,
V(P) <L, showing that the velocity of the particle in position P cannot be greater
than a certain value. Consequently the particle, starting from the position P;, will
never touch the boundary of the domain Qp,. Recalling the definition of stable
equilibrium, the proof is completed.

(2) Particle subject to constraints

(a) Equilibrium on a surface. Assuming again a perfectly smooth (ideal) surface,
in order for a particle to be in equilibrium it must obey the equation

mi=F+L, =0. (2.1.46)

In other words, the particle is in equilibrium relative to the surface if the resultant
of the applied forces is directed along the normal to the surface. If the surface is
given in the parametric form (2.1.23), the equations of equilibrium are:

0(y,2) , 0(z,x) . O(x,y)
3(q' =0, F+iz——75 =0, FerAW

q',q%) a(q", 4%
where the functional determinants <02 , Ozx) , oY) are the direction
a(q',q*)’ 0(q".q%) > 0(q',q*)
)

parameters of the normal to the surface. The determinant %, for example,

Fo+ 2 =0, (2.1.47)

is calculated by

Qqy dy
0:2) _|ar ag |
od'?) | &

If the surface is given under the implicit form (2.1.39), the equations of
equilibrium are

F,-+/la—f =0 (i=1,2,3). (2.1.48)
6x,»

(b) Equilibrium on a curve. Following the same procedure, we first consider the
case where the curve is given under the parametric form as in (2.1.14).
Let X', y', 7 be the direction parameters of the tangent to the curve in the point
where the particle is. Then, the constraint force L is normal to the curve if
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xiL; = 0. (2.1.49)
This condition is identically satisfied by the choice:
Ly=77 —w', Ly=px'—vz, L ,=vy -2, (2.1.50)

where A, p, v are three arbitrary parameters.

Finally, if the curve is expressed by its implicit equations (2.1.18), in view
of (2.1.20), the equilibrium condition reads:
0fi 02

+

F+
i+ ax,- 'uax,-

=0 (i=1,2,3). (2.1.51)

Example. Let us find the equilibrium position of a heavy particle, sliding without
friction on a fixed circle of radius R, situated in a vertical plane. The circle can be
conceived as given by the intersection of a sphere of radius R and a plane passing
through its centre. Choosing the origin of the coordinate system in the centre of the
sphere and the x-axis along the descendent vertical, the equations of the circle are

file,y,2)=x*+y+22—R*=0, fi(x,y,2)=2=0. (2.1.52)
The equilibrium positions are obtained by eliminating 4 and u from (2.1.51).
Multiplying this equation by €; jx %ff‘i 2%2, we have:
F. F, F
2 2 2
F ol ) (2.1.53)

o 3L Of
Ox Oy 0z

But F, = G =mg, Fy = F, =0, therefore (2.1.53) gives y = 0. These results,
when introduced into the first equation of (2.1.52), produce the following two
conditions of equilibrium:

x=+R. (2.1.54)

On the other hand, projecting Eq. (2.1.43) on axes, we have:
U = mgx + const. (2.1.55)

One observes that U has a maximum for x = R and a minimum for x = —R.
According to the Lagrange—Dirichlet theorem, the position Po(x= + R,y = 0)isa
position of stable equilibrium, while P;(x = —R, y = 0) is a position of unstable
equilibrium.
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2.1.2 Many-Particle Systems

Let Py,..., Py be a system of N particles. At any moment ¢, the radius-vectors of
the particles ry,...,ry and their velocities Iy, ..., Fy can take arbitrary values. A
relation of the form

f(l'17...,l'N7I.'1,...,I"N,l):0 (2156)

is a constraint which restricts the motion of the particles. The criteria of classi-
fication of constraints for many-particle systems are similar to those encountered
in the case of a single particle. For example, the relations

filrr,..rn, ) =0 (k=T,5; s<3N) (2.1.57)

express s bilateral, rheonomous, geometric constraints. They are also holonomic
constraints. The number of constraints cannot exceed 3N; in the case s = 3N, the
N vectors ry,...,ry would be completely determined by the constraints.

As for a single particle, we consider only those differential constraints which
are linear in the velocities:

N
> g,y t) Bt gh(r, .ty ) =0 (k=T5). (2.1.58)
i=1

It is seen that (2.1.57) can be written in a form similar to (2.1.58). Indeed, taking
its total time derivative, we arrive at

u . Ofk
> (grad; fi) - ¥ + 5 =0 (k=T (2.1.59)

i=1

The constraints (2.1.58) can be integrable (holonomic) or non-integrable (non-
holonomic). The non-integrable constraints are also called Pfaffian.

The fundamental equation of motion, written for the particle P; of mass m; of
the system, is

where L; is the resultant of the constraint forces acting on the particle.

Assuming that the holonomic constraints (2.1.57) are ideal, we can generalize
the relation (2.1.40) by multiplying (2.1.57) by Ax(7), performing the summation
over k, and introducing the result into (2.1.60):

mit; =Fi + ) Jgrad; fi (i =T,N). (2.1.61)
k=1

Equations (2.1.61), together with the constraints (2.1.57), represent 3N + s equa-
tions in the unknowns ry,...,ry (3N coordinates) and 4i,...,4,. Equations
(2.1.61) are called the Lagrange equations of the first kind. They are due to the
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Italian-French mathematician Joseph-Louis Lagrange, as are many other results,
concepts and formalisms which we shall encounter further in this book.

Observation: The problems involving static equilibrium of mechanical systems of
particles are discussed in a way similar to that used for a single particle. Notice,
nevertheless, that special care must be taken in the case of interacting particles.

2.2 Elementary Displacements

To determine the equilibrium conditions of a system of N particles subject to
constraints using the method developed in the previous section, one must separately
study the equilibrium of each particle, taking into account that the constraint forces
are a priori unknown. If the number of particles is large, we have many equations
with many unknowns. In this case the aforementioned procedure becomes
complicated.

We shall now give a more general and more useful method for solving both
dynamic and static problems of mechanics. The main difference from the already
known formalism is that the effect of constraints is expressed not by constraint
forces, but rather by elementary displacements associated with these forces.

Assume that our system is subject to s holonomic, scleronomous constraints

filer,.oen) =0 (k=1,5). (2.2.1)

Being under the action of applied forces, the particles perform certain displace-
ments which must be consistent with the constraints. Let dr; be the infinitesimal
displacement of the particle P; during the time interval dt, subject to the applied
forces and the initial conditions, and consistent with the constraints. Such a dis-
placement takes place effectively, during the time interval dt, being unique. It is a
real displacement. But, if we only fix the position of the particle at time 7, we can
have an infinite number of velocities Iy, ..., Iy, consistent with the constraints
(2.2.1). The displacements performed by particles under these conditions are called
possible. The real displacements belong to the multitude of possible displacements,
being the subset that satisfies both the equations of motion and the initial conditions.

Now, let us consider a system of displacements ér; (i = 1, N) that obey only
one condition: they are consistent with the constraints. These purely geometric
displacements are synchronic, i.e. they are taken at an instant ¢ (6r = 0). These are
usually called virtual displacements.

By differentiating (2.2.1), we get

(erad, fi) -dr; =0 (k =T,5), (22.2)
1

N
meaning that all the real (or possible) displacements dr; lie in the planes tangent to
the surfaces f; =0, ..., fy = 0. Using the definition of virtual displacements Jr;,

we infer also:
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N

> (grad; fi) - or; =0 (k=T.5), (2.2.3)

i=1

showing that any virtual displacement can become a possible one.
Passing now to the rheonomous constraints, given, for example, by Eq. (2.1.56),
we realize that the possible displacements dr; (i = 1, N) must obey the relation

S 0 fk —
> (erad; fi) - dr; + 5, d=0 (k=Ts), (2.2.4)
i=1

while the virtual displacements or; satisfy an equation similar to Eq. (2.2.3).
Writing (2.2.4) for two sets of possible displacements dr;/ and dr;’, and then

L

subtracting the obtained relations, we arrive precisely at Eq. (2.2.3), where
or; = dr; — dr}. (2.2.5)

Therefore, any virtual displacement can be considered as the difference
between two possible displacements. For example, consider a spherical balloon
with a fixed centre, taken in the process of inflation (Fig. 2.4). At the moments
t) <t <ts..., the radii of the balloon will be R; <R, <Rj3.... An ant moving on
the balloon, and being at time ¢#; in the position P, could be at time #, > ¢#; in any
position P, P, P etc., on the sphere of radius R, > R;. The displacements
dr', dr”, dr'’, etc. are possible displacements. Depending on the initial conditions
(the ant is considered a mechanical system), only one of these displacements is
real. Any virtual displacement Jr at time 7, lies in the plane tangent to the sphere
of radius R,, and obeys the rule (2.2.5). The virtual displacements are atemporal,
in our example being any displacement on the balloon surface, taken at an instant,
while R is fixed.

Fig. 2.4 Intuitive examples — _eesmTTTTe
of real, possible and virtual e .
displacements. ~ -~ S ~,
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2.3 Principle of Virtual Work

A method providing a very efficient way of eliminating the constraint forces
appearing in a mechanical problem is the principle of virtual work. Assume again
that a system of N particles Py, ..., Py is in static equilibrium and subject to ideal
constraints. If dor; is a virtual displacement of the particle P;, consistent with the
constraints, then, by definition,

is the virtual work of the force F; relative to the displacement Jr;. In the case of
static equilibrium (r; = 0), multiplying (2.1.60) by Jr; and summing for all the
particles of the system, yields:

N
> F;-or =0, (2.3.2)
i=1

where we have used the property of ideal constraints

N
> Li-ori =0. (2.3.3)
i=1

Relation (2.3.2) expresses the principle of virtual work: The necessary and
sufficient condition for static equilibrium of a scleronomous system subject to ideal
constraints is that the virtual work of the applied forces, for virtual displacements
consistent with the constraints, be zero. If the particles were free, the displace-
ments Jr; would be arbitrary.

Let us now show that from the principle of virtual work all the conditions of
equilibrium discussed in Sect. 2.1 can be derived.

2.3.1 Free Particle

The principle (2.3.2) for one particle is written as
F-or=0. (2.3.4)

Since Jr is completely arbitrary, it follows that F = 0, in agreement with (2.1.41).

2.3.2 Particle Subject to Constraints

If the constraint is an ideal surface f(x, y, z) = 0, then the condition

grad f-or=20 (2.3.5)



2.3 Principle of Virtual Work 43

expresses the fact that the particle lies on the surface. Multiplying (2.3.5) by some
scalar /4 and adding the result to (2.3.4), we fall back on the relation (2.1.48). In the
case of an ideal curve, the condition (2.3.4) must be completed with

grad fi -or =0, grad f-or =0, (2.3.6)

leading together to (2.1.51).

2.3.3 System of Free Particles

For arbitrary virtual displacements Jr;, we have

N
> Fi-or; =0, (2.3.7)
i=1

yielding the conditions of equilibrium

F,=0 (i=T1,N), (2.3.8)

which are also obtained from (2.1.60) for ¥; = 0, L; = 0. Notice that, by using the

principle of virtual work, the N relations (2.3.8) are replaced by a single relation
(2.3.7).

2.3.4 System of Particles Subject to Constraints

Assuming that the constraints are given by (2.1.57), we may write:

N
0 fx 0 fi 0 fi —
5x; 5y; 52 ) =0 (k=T.3). 23,
;<axi 5t gy it o, (k=1s. (239

From (2.3.2) we have also
N

> (Xidx; + Yidy; + Zidz:) =0, (2.3.10)
i=1

where X;,Y;, Z; are the components of the force F;. The displacements ox;, 0y;, 0z;
are not arbitrary anymore, but they must obey the s relations (2.3.9).

The (s + 1) equations (2.3.9) and (2.3.10) can be written as a single relation by
using the method of Lagrange multipliers. Let us amplify each of the equations
(2.3.9) by A, then perform the summation over the index k and add the result to
(2.3.10). We obtain:
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0 fk
0z; ) &i]

(2.3.11)

=1 i i

N . afk S afk S .
<X,'+k /Lkax >5Xi+<Yi+;)Vkay~>5yi+<Zi+kz;/bk
0

This relation must be satisfied by any 6&x;,dy;,0z; (i = 1,N). Since these
variations must obey the s linear homogeneous equations (2.3.10), it follows that
3N — s of these displacements can be taken as being independent. Then, in
(2.3.11) are determined 4; so that the parentheses which multiply the s dependent
displacements are zero, leading to a number of s equations. Next, we make vanish
the parentheses multiplying the 3N — s independent displacements, and get more
3N — s equations. Finally, we are left with 3N equations:

., 0 .0 .0
N T A DY NP g
k=1 k=1 k=1

af% —0 (i=T.N).

l

Ox; 0y;
(2.3.12)

The 3N equations (2.3.12), together with the s equations (2.1.57), form a system
of 3N + s equations for 3N 4 s unknowns: the equilibrium coordinates
Xi, yi,zi (i =1, N) and the multipliers 4, ..., 4;.

Observation: The principle of virtual work applies to the study of the equilibrium
conditions of a rigid body as well. Anticipating, we shall use (4.3.10) to write the
velocity v; of a particle P; of the rigid body, relative to a fixed frame Oxyz:

Vi=Vo+oXr. (2.3.13)

Here, v, is the velocity of some particle O’ of the body and r; the radius-vector of
P; relative to O'. If r/ is a virtual displacement of P;, consistent with the rigidity
constraints, we can write:

or; _org

VT T s

(2.3.14)

and (2.3.13) becomes
or; = org + (o x r})ot. (2.3.15)

The principle of virtual work (2.3.2) reads then:

N N N
> F-ori=6rg-» Fit+dtw- > rxF =0, (2.3.16)
i=1 i=1 i=1
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Fig. 2.5 Choice of the
systems of coordinates to find
the equilibrium conditions of
a free rigid body (2.3.20).

being true for completely arbitrary variations dry and @dr. Therefore, we obtain:
N
> F,=F=0 > rixF=M=0, (2.3.17)
i—1

where the torque M’ is taken relative to O'. But r; = r; — ro (see Fig. 2.5), so that

N N N
D rixFi=) rxF-rx) Fi=0 (2.3.18)
i=1 i=1 i=1

and, using (2.3.17),

N
M= "r xF =0 (2.3.19)

i=1

Since O is arbitrary, we conclude that M can be taken with respect to any point.
Therefore, the equilibrium conditions of a free rigid body are:

F=0, M=0. (2.3.20)

Note that any point of a free rigid body has two independent virtual vector dis-
placements, ory and wdt, equivalent to six components. Consequently, a free rigid
body possesses six degrees of freedom.

The equilibrium conditions for a rigid body subject to constraints are obtained
in a similar way. For instance, if the body has a fixed point, say O’, the reaction
force of the point O’ can be considered as an applied force, and so the body can be
regarded as being free. Hence, in view of (2.3.17),

N N
L+ZF,:0, Zr,- x F; = 0. (2.3.21)
i=1 i=1

Since O’ is fixed relative to O, we have ory = 0, and so
or; = (o x r})ot, (2.3.22)

i.e. a rigid body with a fixed point has three degrees of freedom.
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2.3.5 Application

Using the principle of virtual work, let us find the equilibrium positions of a
particle A of mass m, which can slide without friction on an ellipse of semi-axes
a and b, rotating with constant angular velocity @ about its minor axis, directed

along the vertical as shown in Fig. 2.6.
Our particle is subject to two applied forces:

force of gravity: F, = mg = —mgj,

2 2

centrifugal force: F.y = mw™r = mo*xi,

and a constraint force, due to the restriction of moving on the ellipse,

X2 y2

The principle of virtual work (2.3.2) yields:
F - or = mw*xdx —mgdy =0
On the other hand, by differentiating (2.3.25), we have:

x0x  yoy

Zz T =0

Eliminating Jy between the last two equations, we obtain

1 ?y

This means that either

Fig. 2.6 A particle sliding Ya

without friction on a rotating
ellipse.

(2.3.23)

(2.3.24)

(2.3.25)

(2.3.26)

(2.3.27)
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or

1w’y
b 0, — + -5 =0.
(b) x#0, 5+

Consequently, these two cases lead to the following possible equilibrium
conditions:

(@) x=0, y=+b, (2.3.28)

/ b2g2 ng
(b) x==xay/1— W’ y= —a2a)2 . (2329)

Obviously, if w — oo, we have x — +a, y — 0.

2.4 Generalized Coordinates

Consider again a system of N particles Py, ..., Py, of radius-vectors rj,...,Iy
relative to a Cartesian orthogonal frame Oxyz, subject to s holonomic independent
constraints

fk(r]7"'7rN7t):O (k:m) (241)

Due to the existence of the constraints, the 3N coordinates of particles are not
independent, therefore the number of independent coordinates will be

3N —s=n, (2.4.2)

meaning that our system has 3N — s = n degrees of freedom. For instance, a
system of two particles, at a fixed distance one from the other, has 6 — 1 =5
degrees of freedom.

If the number of particles is large, the presence of constraints makes the
determination of the coordinates x;,y;,z; a difficult task. We shall attach to the

n degrees of freedom a number of n independent variables q,...,q,, called
generalized coordinates or Lagrangian variables. The 3N Cartesian coordinates r;
are then expressed in terms of ¢i,...,¢q, by

ri:ri(qla"'aqnvt)Eri(q7[) (l:17N) (243)

The generalized coordinates ¢; (j = 1,n) satisfy the following properties:

(a) Any independent variation of ¢y, ..., g, yields
fk[rl(qvt)a"'arN(qat)vt] =0. (244)
(b) Any ry, ..., ry, consistent with the constraints (2.4.1), can be obtained from

(2.4.3).
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(c) There also exists the inverse transformation of (2.4.3), namely

qj:qj(rla'”arNat) (]: l,l’l), (245)
for ry, ..., ry satisfying (2.4.1).

Similarly to the Cartesian coordinates, the generalized coordinates are assumed
to be continuous functions of time, at least twice differentiable. On the other hand,
in contrast to the Cartesian coordinates, the generalized coordinates do not nec-
essarily have the dimension of length. We can choose as Lagrangian coordinates
any suitable assembly of geometrical objects, such as: segments of straight lines,
arcs, angles, surfaces, components of angular velocities, etc.

The choice of generalized coordinates is somewhat arbitrary. It is always
possible to find a point transformation

q; — q/j = q/j(QIa codny ) (J=1,n), (24.6)

such that ¢, . .., ¢, are a new set of Lagrangian variables.

If the system is not subject to constraints, we can choose as generalized
coordinates the 3N Cartesian coordinates of the particles, but there are also other
possible choices. For instance, the position of a free particle can be defined either
by its Cartesian coordinates x, y, z, its spherical coordinates r, 0, ¢, or its cylin-
drical coordinates p, ¢, z, etc.

Example. A particle P is constrained to remain on the moving sphere
(x —at)’ + (y —bt)* + (z —c1)* = R%. (2.4.7)

Since n = 2, we can choose g; = 0, g» = ¢. At time ¢, the centre of the sphere is
at the point (at, bt, ct), therefore we can write

x=at+ Rsinfcosp, y=>bt+ RsinfOsing, z=ct+ Rcosf, (2.4.8)

representing the transition from Cartesian to spherical coordinates.

2.4.1 Configuration Space

The set of radius-vectors ry, . . ., ry define the so-called configuration of the system
of particles, in the real space. If we choose ¢i,...,q, as coordinates of a
n-dimensional space R,, then to each set of values of the variables ¢y, .. ., g, will
correspond a representative point in this space, known as the configuration space.
In other words, any configuration of a mechanical system can be represented by a
single point in the configuration space R,. Note that the configuration space does
not generally have an intuitive meaning, as does the Euclidean space used in
Newtonian mechanics; but, as we shall prove, the abstract notions of generalized
coordinates and configuration space are very useful not only in mechanics, but in
other physical disciplines as well.
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As the mechanical system changes its configuration with time, the configuration
point traces a curve in configuration space, called generalized trajectory. This is by
no means any of the real trajectories of particles, but describes the motion of the
whole system. The generalized trajectory can be conceived as a succession of
representative points, each of them corresponding to a certain configuration of the
system. To know the law of motion in the configuration space means to know

qj=q,(t) (j=Ln). (2.4.9)

These are also the parametric equations of the generalized trajectory. Once (2.4.9)
are known, by means of (2.4.3), the motion of the particles in real space can also
be determined.

2.4.2 Generalized Forces

In view of (2.4.3), a real infinitesimal displacement dr; of particle P;, during the
time interval dt, is

61‘,» Gr;

dri =S —Ldg;+ =—dt (i=T1,N), 2.4.10
r >4, q;+ 7 dr (i ) ( )

while a virtual displacement or; satisfies the relation

ar, S
—T.N). 2.4.11
Z -0 ) (24.11)

The displacements dg; and Jg; in the configuration space are similar to the dis-
placements dr; and or; defined in the real space. Thus, by dg; we mean real (or
possible) displacements of the representative point during time dt, while dq; are
virtual displacements, taken at t = const. (i.e. 6r = 0). If ¢y, ..., g, are indepen-
dent, dqy, ..., dq, are also independent and can be considered as a set of n com-
pletely arbitrary displacements at an instant.

Let us now write the virtual work W, done by applied forces Fy, ..., Fy on the
particles, in terms of virtual displacements in the configuration space. In view of
(2.4.3), we have:

5W:§;Fi-5ri—z<ZF >5q,

If we define the generalized forces by

N
Qj:ZF,a—rf (j=T1,n), (2.4.12)
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the work can be written as
N n
SW=> F;i-ori =Y 0;dq;. (2.4.13)
i=1 j=1
Since, in general, the forces F; are functions of the form

F; :F,-(rl,...,rN, ry,...ry, l) (ZZI,—N), (2414)

we conclude that the generalized forces Q; have the following functional
dependence:

Qj = Qj(Q1a'--7qn7 qlw'wQVta t) = Q_/<Q7Q7t) (]:1,—7’1) (2415>

The quantities

=
TTar
are called generalized velocities and are related to the real velocities vy, ..., vy by
" Or; or;
=V, = —§i+— (i=1,N). 2.4.16
r A4 ; aqj qJ + at (l ) ( )

The physical meaning of the generalized forces Q; emerges from the signifi-
cance of their associated generalized coordinates. For example, if the transition
from Cartesian coordinates x, y, z to orthogonal curvilinear coordinates qi,q»,q3
is defined by

xi = xi(q1,92,q93) (i=1,N), (2.4.17)

then z% is a vector tangent to the curve g, = variable, while Q; = F - % is the

component of F on this direction. In particular, the choice g; =r, g2 =0, g3 = ¢
yields (see Appendix B):

Ql = Qr:F'ur:Fra
0> = Q¢ =F-(rug) =r Fy, (2.4.18)
03=0,=F-(rsinfu,) =rsin0 F,.

The generalized forces do not generally have the dimension of force, but the

product [¢gQ] has always the dimension of work.
If the forces F; (i = 1, N) derive from a potential (see (1.3.22)):

F; = —grad,V (i =1,N), (2.4.19)

then the generalized forces Q; obey a similar equation:

N ooy or oV
0, =-— B (j=1,n), (2.4.20)
J ;al‘i aqj 6qj

where V = V(qi,...,qu,t) is the potential in terms of the new variables.
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From (2.4.13) follows that a position of the representative point in the con-
figuration space, at time ¢, is a position of equilibrium, if

> 0;6q;=0, (2.4.21)
j=1

which expresses the principle of virtual work in R,,. If the virtual displacements dg;
are arbitrary and independent, it results in

Q;=0 (j=Ln), (2.4.22)

meaning that: a certain position of a system of particles, subject to holonomic
constraints, is a position of equilibrium, if all the generalized forces corresponding
to that position are zero.

2.4.3 Kinetic Energy in Generalized Coordinates

It is most useful in the development of our formalism to express the kinetic energy
T of the system in terms of the generalized coordinates ¢, .. .,q,, and the gen-
eralized velocities ¢, .. .,g,. In view of (2.4.5), we have:

al. i az. ai
Z’”‘Z<a; Gt ) Z<a; et ai)

Set
1 Z Gr, 2 i ari 6 Z 61‘, al‘,-
a = — mi|l—1| , a; = m; — - ,
2 = ot ! —~ 0q; 0g; aqk
(2.4.23)
where a, aj, aj are continuous and differentiable functions of gy, .. .,q,,t. Thus,
—a+Za1q1+ZZ apdjgr=To+ T + Ty, (2.4.24)

j=1 k=

where the meaning of Ty, Ty, 7, is obvious.

If the constraints are scleronomous, the terms T and 7 in (2.4.24) vanish and
the kinetic energy T = T, becomes a homogeneous quadratic form of the gen-
eralized velocities ¢g;:

n

Z Za,k g (2.4.25)

jlkl
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Keeping in mind the definition of aj, we see that the quadratic form T, is
positively defined, 7> > 0 (the equality sign is valid only if all ¢y, .. ., g, are zero).
For example, the kinetic energy of a particle of mass m in spherical coordinates is

1 .
T= Em(iz + 0% 4 r* sin® 0 ¢?).

We can therefore conclude that, in general, the kinetic energy has the following
functional dependence:

T =T(q,4,1). (2.4.26)

2.5 Differential and Integral Principles
in Analytical Mechanics

As Newtonian mechanics is based on the well-known principles of inertia, of force
and of reciprocal interactions, so another formulation of mechanics is constructed
on some fundamental axioms, called principles of analytical mechanics. These
postulates serve to deduce the differential equations of motion in the configuration
space. The principles of analytical mechanics are more general then those of
Newtonian mechanics; they allow not only to obtain the results of Newtonian
mechanics, but also to approach a large variety of non-mechanical problems. As a
matter of fact, the methods provided by analytical mechanics play an important
role in other physical disciplines, such as: theory of elasticity, quantum field
theory, electrodynamics, theory of relativity, etc.
The principles of analytical mechanics can by grouped in two categories:

(a) Differential principles, which give us information about the state of a system,
at different times, and take care of the behaviour of the system under infini-
tesimal variations of general coordinates and velocities in the configuration
space. In general, the differential equations of motion (in both real and con-
figuration spaces) can be considered as mathematical forms of certain differ-
ential principles. Such a principle is, for example, D’Alembert’s principle.

(b) Integral principles, which consider the motion of a system during a finite time
interval. These principles operate with global variations in configuration space.
In this category fall variational principles, that use the methods of variational
calculus, for global displacements along the generalized trajectories. The
Hamilton and the Maupertuis principles belong to this category.

The distinction between these two groups is not absolute. As we shall see
later on, there is an intimate relation between all the principles of analytical
mechanics.
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2.5.1 D’Alembert’s Principle

Consider again a system of N particles Py, ..., Py, subject to applied and (holo-
nomic) constraint forces. The Newtonian equation of motion of the particle P; is
(see (2.1.60)):

mi¥; =F;,+L; (i=1,N). (2.5.1)
Let us denote
Ji=-mi; (i=1,N) (25.2)
and call it the inertial force acting on particle P;. Then
Fi+L;+J,=0 (i=1,N). (2.5.3)

This vector equation expresses one of the forms of D’ Alembert’s principle: there is
an equilibrium, at any moment, between the applied, the constraint and the inertial
forces acting on a particle. This is the initial form of the principle, discovered by
Jean-Baptiste le Rond D’Alembert.

In the case of ideal constraints, D’Alembert’s principle can be written in an
alternative form, which is very useful in some applications. To find this expres-
sion, we multiply (2.5.3) by the virtual displacement Jr;, and then we take the sum
over all particles of the system. Since the virtual work associated with the ideal
constraints is zero, we arrive at

N
Z(J" +F,)-0r, =0 (2.5.4)
i=1
or, in a slightly different form,
N
> (Fi — mji;) - 1 = 0, (2.5.5)

i=1

meaning that: The sum of the virtual works of applied and inertial forces, acting on
a system subject to ideal constraints, is zero. This form of D’ Alembert’s principle
is most useful, because it does not contain the constraint forces anymore. It was
given by Lagrange and is used to deduce the differential equations of motion in
configuration space.

2.5.2 Lagrange Equations for Holonomic Systems

We are now prepared to derive the differential equations of motion of a system of
N particles, subject to ideal and independent constraints, in terms of generalized
coordinates ¢y, . . ., ¢,. To this end, we shall express both the variations dr; and the
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derivatives r; occurring in (2.5.5) in the configuration space. The virtual dis-
placements oOr; can be written as (see (2.4.11)):

Z O sgi (= TN, (2.5.6)

O
dq;
(2.5.8)
On the other hand, (2.4.16) yields
61",» al’,‘
— = . 2.59
3, " 3 (25.9)

The substitution of (2.5.8) and (2.5.9) into (2.5.7) gives

N

Zm,rl 5r,2[i<z ) Zmr ]5%. (2.5.10)

Recalling that

1 & >
=5 2 milki
i=1

is the kinetic energy of the system of particles, it is easy to observe that (2.5.10)
becomes

oT oT
Zm,rl or; = Z{ <an> - @j}aq_i. (2.5.11)

The last step is now to introduce (2.4.13) and (2.5.11) into the expression for
D’Alembert’s principle (2.5.5). The result is:
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“[d <6T> oT
(=) =-==-0,l6¢;,=0. (2.5.12)
; L’t %;) oq; TV

Since the constraints are independent, the virtual displacements dg; are completely
arbitrary. Therefore (2.5.12) holds true only if all the square brackets are zero, i.e.

d [ oT oT
|- == =0, i=1 2.5.1
dl(aq]'> aé]j 0; (J 7”)7 ( 5 3)

which are called Lagrange equations of the second kind. From now on, we shall
use these equations under the shorter name of Lagrange equations. They represent
a system of n second-order differential equations in the variables g;. The general
integral of (2.5.13),

qj=q;(t,C1,...,Cy) (j=1,n), (2.5.14)

expresses the law of motion in the configuration space R,. The 2n arbitrary con-
stants Cy, .. ., C,, are determined by 2# initial conditions: at time ¢ = #;, we must
know both the generalized coordinates and the generalized velocities,

4} = q;(to,Ci1,...,Ca), 4} =4q;(t0,Cr,...,Can). (2.5.15)

Once the motion in configuration space is determined, the solution (2.5.14) is
introduced into (2.4.3), giving the motion in real space.

If, in particular, there are no constraints acting on the particles, we can choose
as generalized coordinates the Cartesian coordinates, thus falling on Newton’s
second law discussed in Chap. 1.

Assume now that the applied forces F; are potential. Then, according to
(2.4.20), the generalized forces Q; are also potentials and we obtain:

d <6T> or ov

Sl )-—=——-2=0 (j=T,n),
dt \ 9q, Oq;  Oq; ( )

where V = V(q, ). Introducing the Lagrangian function or, simply, the
Lagrangian L by

L(q,4,1) = T(q.4,1) — V(q,1), (2.5.16)
we finally arrive at
d (0oL oL
N )—%5=0 (=1Ln) 2.5.17
dt(ai]j) 661]' (] an) ( )

These equations are remarkably useful for several reasons. First, as we have
already mentioned, they do not contain constraint forces. Second, all the
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information regarding the behaviour of the system is contained in a single scalar
function, the Lagrangian. These equations are widely applied in many branches of
physics, as we shall show in our further development of this formalism.

To solve a problem using the Lagrangian technique, one should proceed as
follows:

1. Identify the n degrees of freedom of the system and choose suitable generalized
coordinates g;;

2. Construct either the functions 7, Q;, or the Lagrangian L;

Impose initial conditions;

4. Integrate the Lagrange equations and then, if necessary, determine the trajec-
tories of the particles;

5. Obtain the constraint forces by means of (2.1.60):

W

Li:m,"l:,‘—F,' (l: 17N) (2518)

In particular, if there is no applied force acting on the particles, the
Lagrange equations determine the geodesics of the configuration space R,. The
already known form of the equation of geodesics (see (2.1.37)) is obtained
recalling that, for scleronomous constraints, the kinetic energy can be written as
(see (2.4.25)):

=32 Z Zafk 99 G- (2.5.19)

j=1 k=

The Lagrange equations (2.5.13) then yield:

day . . Oay . -
Za]ka“l‘ZZ ’chn Zza “qegr=Q; (j=T,n).
qdj
Introducing the Christoffel symbols of the first kind,

Oa ik aa,- 6akl
Tw.; s — - — 2.5.2
K= <6611 * Oqx a‘Ij>7 (2:5:20)

we have:

Zajkék‘FZZFk/,ji]ké]l: Q;. (2.5.21)
k=1 =1 1=1

If Q; = 0, we arrive at the geodetic form of the equilibrium equations in config-
uration space R,, (see (2.1.37)).
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2.5.3 Velocity-Dependent Potential

Let us show that the Lagrange equations (2.5.17) keep their form in the case of a
generalized or velocity-dependent potential V(q,q,t), linear in §;, if Q; can be

taken as
d [0V ov .
0= (5) a U= (22

Consider the potential

V(g.q.t) =Y ajq;+ Vo= Vi+ Vo, (2.5.23)
=1

where o, (j = 1,n) and V, are functions of g; and ¢, and add the quantity

o afov
qu dt aqj

to both sides of (2.5.13). Then it is obvious that, if (2.5.23) is true, we arrive at the
Lagrange equations (2.5.17), where

L(g;4,1) = T(q,4,1) = V(q,4,1). (2.5.24)

A classic example of generalized potential is offered by the motion of an
electrically charged particle in an external electromagnetic field. It is well known
that the electromagnetic force acting on a particle of mass m and charge ¢, moving
with velocity v in the field E, B, is:

F=¢(E+vxB). (2.5.25)
The fields E and B are usually given in terms of the electromagnetic potentials
A(r,t) and ¢(r,1) as

0A
E:_W_a_;’ B=VxA. (2.5.26)
Since the particle is free, it has three degrees of freedom. We choose
qi = xi, ¢ = X; = v; (i = 1,2,3). Recalling that ¢; and ¢; are independent with
respect to each other, we can write (see Appendix B):

V(v-A)=vx(VxA)+ (v-V)A. (2.5.27)
We also have:

dA 0A
= -V)A. 2.5.2
I o +(v-V) (2.5.28)
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Using (2.5.26)—(2.5.28), we get from (2.5.25):

B 0p  0A;
Fie{_axi_ o + v x (VxA),

{8 n- 2ol

If we define the velocity-dependent potential by

V=e(p—v-A), (2.5.29)
which is of the form (2.5.23), we see that F; can indeed be derived from (2.5.29).
Therefore, the Lagrangian of our system is

1
L= Em|v|2 —ed+ev-A. (2.5.30)

In this example we started from the equation of motion (2.5.25) and arrived at
the Lagrangian (2.5.30), but usually the problem is posed in an inverse way: given
the Lagrangian, we are supposed to find the differential equations of motion.

Observations:

(a) Systems admitting a simple or a generalized potential are called natural. In
view of the definition (2.5.16), we can write:

L=Ly+ L+ Ly, (2.5.31)
where
Lo=b, Li=Y bjg; Ly=Y_ bydjix
=1 J=1 k=1
The coefficients b, b;, by are functions of qy,...,q,,t. Taking into account

(2.4.24), in the case of a simple potential V(g, 1),
Lo=To—V, Li=T, L,="0, (2.5.32)
while for a generalized potential V(q, ¢,1) (see (2.5.22))
Lo=Ty—-V, Li=T -V, Ly=T. (2.5.32)

(b) Conservative forces represent a particular case of potential forces, therefore the
Lagrange equations are used in the form (2.5.17), observing that now the
function V is the potential energy of the system.

(c) If the Lagrangian L does not depend on one of the generalized coordinates
q1,---,qn, say g (k fixed), the Lagrange equations (2.5.17) yield:

oL
—— = const. 2.5.33
% ( )
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Such a generalized coordinate is called cyclic or ignorable, and (2.5.33) is a
first integral of (2.5.17).

(d) Let us add to the Lagrangian a term which is the total time derivative of some
function F(q, 1):

L'=L(q,q,1) + %F(q, ). (2.5.34)
Introducing (2.5.34) into the Lagrange equations (2.5.17), the terms containing
F give zero, and we obtain the same system of equations for L'. This simple
exercise is left to the reader. In conclusion, the terms having the form of a total
time derivative can be omitted from a Lagrangian. In other words, two
Lagrangian functions which differ from one another by terms being total time
derivatives give the same description of the motion and therefore the two
Lagrangians L and L' are equivalent.

A Heavy Particle Moving on a Spherical Surface

Let us find the differential equations of motion of a particle of mass m, moving
without friction under the influence of gravity on a fixed spherical surface of radius
[ (a spherical pendulum) (Fig. 2.7).

This system has two degrees of freedom. Using spherical coordinates and
choosing g = 0, ¢ = ¢, we have:

Fig. 2.7 A particle moving
without friction on a fixed
sphere (spherical pendulum).
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1 2002 202
T= Eml (6° +sin” 6¢), V =mglcos0,

hence
1 .
L= 5;1112(92 4 sin? 0 %) — mgl cos 0. (2.5.35)

Performing the calculations in (2.5.17), we obtain the equations of motion:

8

0 — sin O cos 0> — T sin0 =0, (2.5.36)

& +2cot 00¢p = 0. (2.5.37)

These two second-order differential equations are non-linear. If ¢ = const., i.e. if
the motion is performed on a vertical circle of radius /, we are left with a single
equation:

0—2° slnH =0+ 7 8 sing = (2.5.38)

which is the differential equation of a plane (or simple) pendulum. The problem of
the mathematical pendulum will be thoroughly discussed in Chap. 3.

2.5.4 Non-potential Forces

Assume that on a system of particles act both potential and non-potential forces. If
we denote by Q;(j=T1,n) the generalized non-potential forces, then the
Lagrange equations (2.5.17) take the form

dfoL\ oL .
m(aq,-) & =0 U=Tm), (2.5.39)

where, obviously, the Lagrangian L = T — V includes only the potential forces.
The infinitesimal virtual work done by the non-potential forces is

n

N
v = ZF, . 51‘,‘ = Z Qjéq] (2540)
i=1

J=1

Let us define the power P of non-potential forces:

P N
p:TVtV Z: ZQJqJ, (2.5.41)

and consider two remarkable cases:


http://dx.doi.org/10.1007/978-3-642-17234-2_3
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(1) The non-potential forces of negative power (7~3<O) are called dissipative
forces. Such a force is, for example, the friction force. If this can be written as

F/ = —kv; (i=1,N, k>0), (2.5.42)

then there exists a scalar function 7,

| LS
T =k il 2.5.4
2 i 2343
so that
Fg‘:f%zfvvj (i=T1,N), (2.5.44)

where V,, stands for the partial derivative with respect to v;. The function
T is called the Rayleigh dissipation function. It is obvious that Rayleigh’s function
for a scleronomous system is quadratic and homogeneous in the generalized
velocities §;:

T = % SO Cadja (2.5.45)

=1 k=1

The physical significance of 7 is found by writing the power of the friction forces:
~ N N

P=)YF -vi=—k> v =-2T, (2.5.46)
i—1 i—1

i.e. the function 7 is equal to half of the power dissipated by friction.
The generalized forces Q{ , associated with the friction forces F/, are:

~ Gr,» oT .
ol =¥ — = (j=T1,n). (2.5.47)

Therefore, in our case, the Lagrange equations (2.5.39) become

TN
dt 661/ aqj 6qj

0 (j=T,n). (2.5.48)

(2) If the power of non-potential forces is zero,

N n
ZF,’ V= Z Qjélj = 0, (2549)
i=1 j=1
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we deal with gyroscopic forces. Remark that, in order for (2.5.49) to be valid, F;
must be written as a cross product of two vectors, where one of them is v; or,

equivalently, O ;j must have the form

Q=Y hug (j=T.n), (2.5.50)
k=1

the coefficients hj being antisymmetric:
hj = —hy;. (2.5.51)

As two examples of gyroscopic forces, we give the Lorentz force acting on a
particle of charge e:

F, = e(v x B), (2.5.52)
and the Coriolis force (see (4.3.7)):

Fi = —Zm,(w X Vi), (2553)

where v; is the relative velocity of the particle m; and w is the instantaneous vector
of rotation.

The definition (2.5.49) shows that the instantaneous rate of the work done by a
scleronomous system subject to gyroscopic forces is zero:

n n

d .= .
$(5W) = Zzhijij =0, (2.5.54)

J=1 k=1

and therefore there exists the energy first integral.
In the next two chapters we shall give special attention to the application of this
formalism on concrete models of dissipative and gyroscopic systems.

Observation: The Lagrange equations for non-holonomic systems are derived and
applied in Chap. 4 (see (4.6.52)).

2.6 Elements of Calculus of Variations

Hamilton’s principle (see Sect. 2.7), which is one of the most important principles
of theoretical physics, belongs to the category of variational principles. For a
better understanding of the formalism implied by the use of this principle, let us
briefly review some elements of variational calculus.

The calculus of variations deals with the study of extremum values of functions
depending on a curve, or on another function, rather than a real number. For the
beginning, let us consider a function f(x) of class at least C* (i.e. continuous,


http://dx.doi.org/10.1007/978-3-642-17234-2_4#Equ30
http://dx.doi.org/10.1007/978-3-642-17234-2_4
http://dx.doi.org/10.1007/978-3-642-17234-2_4#Equ141
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together with its second partial derivatives), and expand it according to Taylor’s
formula, about a fixed value xg:

X — X0
1!

(x — xo)2
2!

f(x) = fxo) + f'(x0) + f"(x0) +--- (2.6.1)

The quantity

Of = (x = x0) f'(x0) = f'(x0)0x

is called the first variation of f at the point xy. The necessary and sufficient
condition that the function f has a stationary value at x is that of = 0, for any
arbitrary variation ox. This yields:

f'(x0) = (%)xwz (2—90: 0, (2.6.2)

which reminds us of the condition of static equilibrium (2.1.45). Going further, we
can define the second variation of f as

O’ f = %(x — x0)f" (xo0). (2.6.3)

If f”(xo) >0, we have a local minimum at xo, while if f”(xo) <0, xo is a local
maximum.

Assume now that f is of the form f(xi,...,x,). Then its first variation at
(x ., x%) s
"~/ d
5f:Z(6xf~> 0x;, 5xj:xj—x?, (2.6.4)
j=1 770
while the condition that f has a stationary value at (x9,...,x°), for independent
and arbitrary Jx;, reads:
of
— ) =0 (j=1,n). 2.6.5
() -0 u-1m (265)
If the variables xy,...,x, must obey s independent constraint equations
gk(x1,.. 0 x,) =0 (k=1,s), (2.6.6)
where gi,..., g are functions of class C?, the variations dx; are no longer inde-

pendent, but must satisfy the system of s equations

n ag -
5gkzz<a];>05xj20 (k=T,s). (2.6.7)

=1
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To find the stationary conditions in the presence of constraints, one multiplies

(2.6.7) by some arbitrary Lagrange multipliers 4; (k = 1,s) and add the result to
(2.6.4). Thus, we have:

- af : 5 agk B
;K@)o*;“‘(aju 0% = 0. (268)

Here the variations dx; are independent, therefore the stationarity condition reads:

(g—f> “"iik(%) =0 (]:1,—11) (2.6.9)
XiJo = Xji/o

Let us now consider the definite integral

X2
I[y(x)] = / f(x, .Y )dx, (2.6.10)
where y = y(x) is a curve in the xy-plane and y' = %‘ The function f(x, y, y') is of

class C? in each of its arguments. The integral (2.6.10) is a functional of y(x),
giving the correspondence between the function f and the number /, associated to
the curve y = y(x).

One of the central problems of the calculus of variations is to find the curve
y = y(x) for which the associated integral (2.6.10) is an extremum in the given
interval x; <x <x,.

Denote by (C) the path y = y(x) that makes the integral (2.6.10) an extremum
and consider a neighbouring curve (C"), given by

y(x) = y(x) + en(x), (2.6.11)

where € is a small parameter independent of x, while #(x) is a function of class C'
which satisfies the conditions

n(x1) =n(x) = 0. (2.6.12)

Therefore, the two paths (C) and (C") have the same initial and final points,
Pi(x1,y1) and P>(x7, y2) (Fig. 2.8). Varying the parameter &, we obtain a family of
curves C7,C3, ..., all of them passing through P; and P,. The functional associ-
ated to the curve (C*) is

Fig. 2.8 The two paths by
(C) and (C"), having the same By
initial and final points.

©
)
B, ey x
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X2
1) = [ £l (26.13)
Since
f(-xay )Y /) = f(xay+€777yl+6'7/> = f(-xayay/) +€776_y +€’7,a_y, +y
the first variation of the integral [ is
[(of, of
ol = = ' |d 2.6.14
6/<n%f+naﬂ)x’ ( )
X1
or, upon integration by parts of the second term and using (2.6.12):
X2
of d (of
1= - - —| = . 2.6.1
o= [l - & (7))@ 2613

X1

Recalling that #(x) is arbitrary, except for the condition (2.6.12), the necessary and
sufficient condition for a stationary value of [ is

of d (af\
5§E<@JQ (2.6.16)

Consequently, among all curves passing through the fixed points Pj(x1,y;) and
P5(x2, y2), the curve which makes the integral I stationary satisfies Eq. (2.6.16).
These considerations can be generalized for functionals of the type

X2
I[yl(-x)a RS yn<x)] = / f(-x7yla EERX) ynaylla RS Y:,)d% (2617>
X
where y; = y;(x) (i = I, n) are n functions of class C* and y; = 2% (i = T,n). Let
X, ¥1, ..., yn be the coordinates of a point in a (n 4+ 1)-dimensional space Q,,,; and

let Pi(x',y}), P(x?, y?) be two fixed points in Q,.;. Then, if

yi=yi(x) (i=1Ln) (2.6.13)

are the equations of the curve which makes (2.6.17) an extremum, and

yi = yi(x) + en;(x) (2.6.19)

are the equations of a neighbouring curve passing through the same initial and final
points, then, following a similar procedure, we obtain the condition which y;(x) has
to obey so that the integral (2.6.17) be an extremum, in the form
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of d(of\ . . —
a_yi_a<a_y;>_0 (i =Tn). (2.6.20)

These equations were first obtained by Leonhard Euler in 1744 and later used by
Lagrange in mechanics. They are usually called the Euler—Lagrange equations.

Before going any further, we shall apply this formalism to some classical
problems of variational calculus.

2.6.1 Shortest Distance Between Two Points in a Plane

Our aim is to minimize the integral

X2 X2
I:/ds:/\/l—&—y’zd)g (2.6.21)
X1

X1

where s = y/x2+ )2 is the arc length in the xy-plane. Comparing (2.6.21)

with (2.6.10), we get f = /1 + y2, and the Euler-Lagrange equation (2.6.16)
yields:

of _ Y of _

oy iy oy

hence

iy O Y e @

leading by integration to the equation of a straight line, y = C;x 4+ C;. The con-
stants C; and C, are determined by the condition that the curve must pass through
the points P;(x1,y1), P»(x2, y2). Note that our solution produces an extremum for
(2.6.21) and we cannot know the nature of this extremum at the beginning. But the
investigation of the problem, together with our common sense, tells us that the
extremum is a minimum.

y —C / C

Fig. 2.9 Choice of E (0,0 y
coordinates for the (0]

brachistochrone problem. The
points Py(0, 0) and P(xy, y1)
are fixed.

B x,y)
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2.6.2 Brachistochrone Problem

Among all curves lying in a vertical plane and passing through two fixed points,
find the one for which a heavy particle would slide down the curve without friction
in minimum (extremum) time.

This problem was formulated in 1696 by the Swiss mathematician Johann
Bernoulli, being the problem which lead to the calculus of variations. The word
brachistochrone derives from the Greek brachistos (shortest) and chronos (time).

Choosing the coordinates as in Fig. 2.9, with the fixed points Py(0, 0) and
Pi(x1,y1), the time of descent from Py to Py, on any curve, can be written as

d
T (2.6.22)
v
Py

where v is the speed of the particle along the curve. Using the kinetic energy
theorem (1.3.21),

1
mgx = Emvz, (2.6.23)

and the relation ds = /1 + y"2dx for the path element, we obtain:

X
1 14 y?
t= dx. 2.6.24
@/Vx . (2.6.24)
0

Next, we apply the Euler-Lagrange equation (2.6.16), where f = %
Performing simple calculations, we have:
0 0 d 1
f_o (2.6.25)

oy W Lty Vaa

where a is a constant. Separating the variables and integrating, we arrive at

[ x
y= / 5 xdx. (2.6.26)
0

Fig. 2.10 Generation of the
cycloid x = a(1 — cos 0).
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Fig. 2.11 Surface of
revolution of minimum area. P,(x,y)
The points Py (xy,y;) and

P,(x,
P> (x2,y,) are fixed. 2( zyz)

S 2
o
5,
z
To perform the integration, one makes the change of variable
X 2
= 2.6.27
5 = (2.6.27)
hence
1 u u Y
y=-2a [ ud el —2a T2 07 [arctan ulg .
0
A new substitution
0
u=tan 5 (2.6.28)
yields finally
y=a(0 — sin0), (2.6.29)
while x is found from (2.6.27) and (2.6.28):
x=a(l —cos0). (2.6.30)

Equations (2.6.29) and (2.6.30) are the parametric equations of a cycloid,
having the y-axis as basis and the concavity upwards. The constant a is the radius
of the circle that generates the cycloid (Fig. 2.10). In fact, we have shown that the
path of the cycloid insures a stationary value of ¢, but it is obvious that the
extremum must be a minimum.

2.6.3 Surface of Revolution of Minimum Area

Let Pi(xy,y1) and P,(x;,y,) be two fixed points in the xy-plane. Find the curve
y = y(x) passing through P; and P, which would generate by revolution about an
axis (say, x) a surface of minimum area.

Examining Fig. 2.11, one observes that upon a revolution about the x-axis,
a geometric volume has appeared, with fixed basis areas S; and S,. With two
planes orthogonal to the x-axis, we delimit an elementary cylinder, of lateral area

dS =2nyds = 2ny+\/1 + y?dx.
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The area generated by the curve passing through P, and P, is

X2

S = 2n/ ¥V 1+ y?dx. (2.6.31)

xi

To make (2.6.31) a minimum (a maximum would not make any sense), the
integrand f = yy/1 + y?2 must satisfy the Euler-Lagrange equation (2.6.16).
The easiest way to get the result is to observe that, since f does not explicitly
depend on x, Eq. (2.6.16) admits the first integral

of
/I -J _
y 3y Jf = const. (2.6.32)
Since
of »y

o Ty

from (2.6.32) we obtain:

/2
/—fiylz EVAY 1+y,2:C13

and, separating the variables and integrating,

d
x=C / _ D +C, =C arccoshl + Cy,
V¥ =G G
yielding finally:

—c
y=C,cosh > . (2.6.33)
1

which is the equation of a catenary (from the Latin catena, meaning chain). This is
the shape, for instance, of a uniform, flexible heavy chain under gravity, when it is
held fix at two points. The constants C; and C, are determined from the boundary
conditions.

2.6.4 Geodesics

A geodesic is defined as the shortest distance between two points in a given space.
We have already encountered this notion earlier in this chapter, but only in two
particular cases. We wish now to give a general theory of geodesics, useful not
only in classical mechanics, but also in the general theory of relativity.

First, we must define the metric tensor. Let E,, be an Euclidean space with the
Cartesian coordinates yi, ..., ¥, and write the line element in the form
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ds* = dy;dy;. (2.6.34)
=1
Let now R, (n<m) be a n-dimensional manifold in E,, and let x!,..., x" be the
coordinates of a point in R,. Since y; = y;(x',...,x"), we have:

_m ayjayjzk
_z::k S padrdx

and, with the notation

= Oy, 6y,
8x’ oxk

gun(x!, X" =g = (2.6.35)

for the metric tensor, we arrive at the following form of the metric (squared line
element):

ds* = gudx'dx". (2.6.36)
ik=1

If gy = di, i.e. if the manifold R, is Euclidean, we fall back on the metric
(2.6.34).
If the metric (2.6.36) is invariant under a general coordinate transformation

X=X (i=T,n), (2.6.37)

the manifold R, is called Riemannian. In our case, the metric tensor g; is
associated with transition from Cartesian to general coordinates, but the
transformation can be performed between two manifolds of the same dimension.
We can also write

ds* = dxidx’, (2.6.38)
hence
dx; = gudx* (i =Tn). (2.6.39)
k_

This can be considered as a system of n linear algebraic equations in the unknown
quantities dx', ..., dx". Solving the system by Cramer’s rule, we get:

dx* =" gldx;  (k=Tn), (2.6.40)
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where

gki _ gik _ Gy
8

(2.6.41)

are the contravariant components of the metric tensor, while Gy; is the algebraic
complement of the element g;; in the determinant

g = det(gxi)- (2.6.42)

Since

n n
dx; = ; gidx* = 1; ging"dx;,

we must have

Y sud' =g =6 (i.1=Tn). (2.6.43)
k=1

These elements of tensor calculus are useful in the derivation of the differential
equation of geodesics.
Let x'(i = 1,n) be the coordinates of a particle in R, and let

x=x(s) (i=T,n) (2.6.44)

be the parametric equations of a curve passing through the given points 1 and 2.
The arc length between the two points is

2 2
L:/ds:/
1 1

= (2.6.45)

(2.6.46)

must satisfy the Euler-Lagrange equations (2.6.20):

d(af> Yy m=Ton). (2.6.47)

ds \ 0x™ ox™
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Evaluating the derivatives, we have successively:

axm ngkx
() Z s S

6f %-i-k

— = — x'x
oxm 2 &= Qxm ’
ik=1

and (2.6.47) yields:

2 . l agmk agtm agik ik
— : —_— — ‘X =0.
kz:; gt 2 = < ox + Oxk o )N

If we denote

1 (Ogmk  Ogim  Ogik
Liw == - — 2.6.4
thom 2( Ox' + oxk  oxm )’ (2.6.48)

the last equation becomes

3 g + ) Timi's* = 0. (2.6.49)
=1 k=1

The quantities (2.6.48) are the Christoffel symbols of the first kind. Multiplying
(2.6.49) by g™, then summing over m and using (2.6.43), we finally arrive at the
differential equation of geodesics in R,:

i+ Zrkxx =0 (I=T1,n), (2.6.50)
where

T = ¢"Tim (2.6.51)

are the Christoffel symbols of the second kind. It can be shown that the Christoffel
symbols are not tensors (except for linear transformations).

If we take four dimensions, then (2.6.50) are the equations of geodesics in the
Riemannian manifold R4, used in the relativistic theory of gravitation. Here, I'},
determine the intensity of the field, while the components of the metric tensor g;;
play the role of potentials of the gravitational field.

Observation: If we denote

1<~
=5 aud'i, (2.6.52)
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then the equations

2 3 _
%(@%) - ax(i —0 (m=Tn) (2.6.53)

yield the same result (2.6.50). Consequently, the following two variational
equations:

and

(2.6.54)

are equivalent.

Geodesics of a Sphere

Let us find the geodesics of a sphere of constant radius R = 1. The sphere can be
imagined as a two-dimensional Riemannian manifold embedded in the three-
dimensional Euclidean space E;. The arc element on the sphere of unit radius is

ds* = d0* + sin® 0 dg?, (2.6.55)

and thus our variational principle can be put in the form
ds’ W2 2002
0 [ds=9 Eds =9 [ (0" +sin" 09~ )ds =0, (2.6.56)

where 0 = R and ¢ = I - Obviously, in our case

=0 +sin? 09> = 1. (2.6.57)

The geodesic for the variable ¢ is obtained by using the Euler—Lagrange
equations (2.6.20). Performing elementary derivatives, we arrive at:

®+2coth 0o =0. (2.6.58)

To obtain the explicit equation of the geodesic ¢ = ¢(6), we must eliminate the
parameter s between the last two equations. First, we observe that (2.6.58) can be
written as

dp+2pcotfdd =0,
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giving by integration

C
D= —— ), 2.6.59
¢ sin® 0 ( )
where C is a constant. Then, we can write:
. do do .
0=—=—¢
ds do
and, in view of (2.6.57) and (2.6.59),
_¢ _d ¢
sin20  do sin®0’
Separating the variables, we have:
C
dp= —————d0),
sin 0Vsin? 6 — C2
therefore
cos(p — @) = Lcot@ (2.6.60)
P e >

where ¢ is a constant of integration. This is the equation of a plane through the
origin of the coordinate system, which is also the centre of the sphere. Being at the
intersection of this plane with the sphere, the geodesics of our problem are great
circles. To make our result more obvious, let us write (2.6.60) in Cartesian
coordinates. Using the well-known formula for cos(¢ — ¢,) and the relations of
transformation

x=sinfcos¢p, y=sinfsing, z=cosb,
we find the equation of our plane in the normal form:

V1 —C?(xcos @y + ysingy) — Cz = 0. (2.6.61)

The constants ¢, and C are determined by the choice of the fixed points.

2.7 Hamilton’s Principle

The purpose of the previous section was to prepare the reader with regard to the
characteristics of the variational principles of mechanics. For a better under-
standing of the importance and usefulness of these principles, we shall begin our
study in real, physical space.

Let us consider a system of N particles, subject to ideal holonomic constraints
of the form (2.1.57), and suppose we know the real motion of the particles during
the time interval (7, 1,), i.e. we know the functions
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Fig. 2.12 Virtual variation
of the radius-vector of a
particle from one point of the
real trajectory (C) to the
corresponding point of the
varied path .

ri=r(t), n<t<t, (i=1,N). (2.7.1)
Let us also consider another law of motion, given by
r; =r; (1), (2.7.2)

which is consistent with the constraints (2.1.57), but does not obey the equations of
motion, expressing, as we already know, a virtual motion of the system. We also
assume that

ri(t) =ri(t,) (x=1,2i=T1,N), (2.7.3)

meaning that both the real and the virtual trajectories pass, at times #; and f,,
through the same fixed points of the real three-dimensional space. Hence, the
virtual displacements

ori=r:(t) —r:(t) (i=T,N) (2.7.4)

represent the variation of the radius-vector of the particle P; from one point of the
real trajectory (C) to the corresponding point of the varied path (C*) (Fig. 2.12). It
follows that

ori(t;) =ori(r) =0 (i=1,N), (2.7.5)
as well as
d d o P so g
E(ér,-) = E(ri —rf)=vi—v,=0v; (i=1,N). (2.7.6)

Let us now direct our attention to the kinetic energy 7, associated with the
virtual motion. Supposing the trajectory (C") is infinitely close to (C), we may
write:

Zm, |r,| —2F; - O1;) = Zm,r, Or;. (2.7.7)

Using this result, we shall make some transformation in D’ Alembert’s principle
(2.5.5), as follows:
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Fig. 2.13 Virtual 4
displacement in the
configuration space.

<R

o

N d (& N d (&
it - or; = — it - or; | — it - OF; = — it; - or; | — 0T,
;mr = ;mr r ;mr = ;mr r
(2.7.8)

where 6T =T — T is given by (2.7.7). In view of (2.4.13), we can write:

‘ (ﬁ: i 5ri> = 5(T + W). (2.7.9)

Integrating with respect to time between the fixed limits #; and 7, and using (2.7.5),
we obtain:

/ 5(T + W)dt = 0. (2.7.10)

In the case of potential forces, the virtual potential V" can be calculated in terms
of the real potential V in a similar way:

V' =V(r],...,ry,t) = V(r; — ory,...,ry — ry,1)
N
~ V(ry,...,rn,1) — Y (grad,V) - or;, (2.7.11)
i=1
therefore the virtual work done by the system is:

N
W = ZFi O =V =V =-4V, (2.7.12)
i=1

and relation (2.7.10), with notation (2.5.16), becomes:

15}

5]
/(3Ldt:5/Ldt:O. (2.7.13)
|

n
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This relation expresses Hamilton’s principle. Since r; and r; are not indepen-
dent variables, but must satisfy the same constraint relations, this principle is
usually used in the configuration space. Let ¢; = ¢,(¢) and ¢ = q;(¢) (j = 1,n) be
the parametric equations of generalized trajectories corresponding to the real
and (one of the) virtual motions, respectively, and define the virtual displacements
dq; by

J

6q,(t) = q;(1) —q;(t) (j=1,n). (2.7.14)

According to the condition (2.7.5), the generalized trajectories corresponding to
the real and virtual displacements pass through the same points in configuration
space, i.e.

dq;(t) = dq;(2) =0 (j=1,n). (2.7.15)

Except for (2.7.15), the virtual variations dg; are independent and, as pointed out in
Fig. 2.13, they are orthogonal to the #-axis. Therefore, we can write (2.7.13) as

%)

5/L(q,c’1,t)dt:0. (2.7.16)

I

The integral

5]

S:/L(q,c'],t)dt (2.7.17)

n

is called the action integral. We are now able to formulate Hamilton’s principle:
Out of all the possible generalized paths passing through two fixed points, cor-
responding to the times t| and t,, the real motion is performed on that path for
which the action is stationary. Hamilton’s principle is also called the principle of
stationary action. Since, in general, the stationary extremum is a minimum,
sometimes it is named the principle of least action.

The principle was published in 1834 by William Rowan Hamilton. Its discovery
played an important role in the development of various aspects of theoretical
physics and we shall support this statement by many examples.

2.7.1 Euler-Lagrange Equations for the Action Integral

Let us prove that the Lagrange differential equations of motion, for both potential
and non-potential forces, can be derived from Hamilton’s principle. Taking the
first (virtual) variation of the action, we have:

5]
", /0L oL
55/2(—5q1'+ —..5511‘) dr,
n j:1

0g; 0g;
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or, if we integrate by parts the second term,

S MR

Using (2.7.15) and the arbitrariness of the variations dg;, we arrive at the Lagrange
equations (2.5.17).

In a similar way, starting from (2.7.10), we can obtain the Lagrange equations
for non-potential systems (2.5.13). Indeed, we may write

/Z( -0q; + 5q, + Q,éq,) dt=0

and, after an integration by parts,

15 15}
".oT or orT
—8q; _|_/{_ < >—|—Q]5th 0.
|Jl aqj ]] oo aqj aqj ’ ’

Since dq;(t;) = dq;(t,) =0, for independent and arbitrary dg; we arrive at
(2.5.13), as expected.

The condition (2.7.10), sometimes called generalized Hamilton’s principle, can
also be used to derive the Lagrange equations in case of existence of a velocity-
dependent potential V(q, ¢,). To show this, we must prove that there exists a
function L = T — V(q, g, 1), such that (2.7.10) is equivalent with (2.7.16) if the
condition (2.5.23) is satisfied. Indeed, we have:

5]

/(5T+5W)dt /{5T+Z{dt<§;) gﬂéq]} =0

1

and, after integration by parts,

jlér Z(SV&I, 2 )]dt /5T th_a/Ld;

51 ]1

which completes the proof.

Finally, let us show that Hamilton’s principle (2.7.16) is a variational principle.
Comparing (2.6.10) with (2.7.17), it appears obvious that the action S is a func-
tional of qy,...,q,, while the correspondence

X — 1, yi(x)_)qj(t)a f(yvy/vx)_)L(Q7Q7t)a
I(y1,-- ;) = S(q1, -, qn)
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shows that the Euler—Lagrange equations (2.6.20) are formally identical with the
Lagrange equations for natural systems (2.5.17).

Before closing this section, we wish to emphasize the importance of the vari-
ational principles, Hamilton’s principle being one of them. (Another variational
principle will be discussed in Sect. 2.9; its understanding needs some extra
background, which by then will be given.) Compared with several other formu-
lations of mechanics, this principle offers certain advantages. First, since we deal
with quantities defined with respect to any frame, the principle does not depend on
the choice of coordinates. Second, once a single scalar function, the Lagrangian, is
known, one can obtain both the differential equations of motion and the associated
laws of conservation, in a direct and simple way. Third, the variational principles
can be used for a unitary description of some other systems, like fields. This
extension is possible because the Lagrangian has the dimension of energy and this
quantity can be defined for any type of motion, while not all interactions can be
described by forces. As we shall see later on, the fundamental equations of
electrodynamics (Maxwell’s equations), of the theory of linear elasticity (Lamé’s
equations), of quantum mechanics (Schrodinger equation), etc. can be derived
from Hamilton’s principle.

2.7.2 Criteria for the Construction of Lagrangians

There are several criteria which must be obeyed in constructing the Lagrangian
function used in our formalism. They are:

(a) Superposition principle. If the physical system consists of two (or more) inter-
acting particles, the Lagrangian is composed of three groups of terms: (i) The
Lagrangians of each particle, when the others are absent; (ii) Terms expressing
the interaction between particles; (iii) Terms describing the interaction between
the system and the exterior fields (if there are any).

(b) Invariance principle. The action must be invariant with respect to the appro-
priate group of transformations (e.g. Galilei group in Newtonian mechanics,
Lorentz group in relativistic mechanics).

(c) Correspondence principle. The Lagrangian must be constructed in such a way,
that all results of Newtonian mechanics be obtained by Hamilton’s principle.

(d) Principle of physical symmetry. The choice of the generalized coordinates must
provide a Lagrangian function not only simple, but also useful, i.e. suitable to
the symmetry properties of the system.

2.8 Symmetry Properties and Conservation Theorems

We already know that the motion of a mechanical system can be determined, in
principle, by integrating the Lagrange equations (2.5.17). We say ‘in principle’,
because there are circumstances when this operation is neither useful nor even
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possible. Nevertheless, there exist some cases when it is possible to obtain
information about our system without a full integration of the equations of motion.
This is done by using the first integrals.

2.8.1 First Integrals as Constants of Motion

Consider a system of N particles with n degrees of freedom, subject to holonomic
constraints, and assume that we found a relation of the type:

F(q1y . qnyquy- - Gn,t) = C(const.), (2.8.1)

which is identically satisfied by any solution of the Lagrange equations and for any
initial conditions. Then (2.8.1) is called a first integral of (2.5.17) or a constant of
motion (see Chap. 1, Sect. 1.2)

Suppose we know A distinct first integrals

fi(q,4,t) =Cs (s=1,h). (2.8.2)

Then any function
F(fi,..., fu) = const. (2.8.3)

is also a constant of motion, but not independent of (2.8.2). Since the general
integral of the Lagrange equations (2.5.17),

qj :qj([a C17"'aC2n) (]:177)) (284)
depends on 2n arbitrary independent constants, it follows that the maximum
number of distinct first integrals is 2n. The constants Cy, ..., Cy, are determined

from the initial conditions:

q(}:qj'(t(),cl,...,CQn), q(j] :é]j(tQ,C|,...,C2n) (]:1,_7’!) (285)

The integration of the Lagrange equations is considerably facilitated by the
application of first integrals, because:

(1) Finding a solution of a first-order differential equation is an easier task;
(ii) A first integral offers information on the physical nature of the system, as well
as its symmetry properties;
(iii) In some cases, first integrals express the conservation of fundamental physical
quantities, such as linear and angular momenta, energy, etc.

Consequently, finding the first integrals (if there are any) is a necessary step in
solving a problem by the Lagrangian technique.


http://dx.doi.org/10.1007/978-3-642-17234-2_1
http://dx.doi.org/10.1007/978-3-642-17234-2_1#Sec4
http://dx.doi.org/10.1007/978-3-642-17234-2_1#Sec4
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As we have already mentioned in Sect. 2.5, if ¢, is a cyclic coordinate, then the
quantity (% is a constant of motion. Let us define the quantities
oL
7

Pj (j=1,n) (2.8.6)
and call them the generalized momenta associated (or conjugated) to the gen-
eralized coordinates g;. The dimensions of p; are given by those of g;: if g is a
distance, then p is a linear momentum; if ¢ is an angle, then p is an angular
momentum, etc. But in any case, we must have:

[p;q;] = ENERGY] = ML*T 2. (2.8.7)

Introducing (2.8.6) into the Lagrange equations (2.5.17), we obtain:

oL
p; = — j=1,n). 2.8.8
pj aqj (.] 7”) ( )
If the coordinate g is cyclic, then (2.8.8) yields
Pr = const., (2.8.9)

expressing the conservation of the generalized momentum associated with a cyclic
coordinate.

Equation (2.8.9) gives either the conservation of linear momentum, or that of
angular momentum. It is valid not only in mechanics, but also for other physical
systems. For example, since the coordinate x; does not appear in the Lagrangian
(2.5.30) describing the behaviour of a charged particle in an external electro-
magnetic field, the conjugated momentum is conserved:

pr = muvy + eAy = const. (2.8.10)

Therefore, in solving a concrete problem we should follow the rule: look for cyclic
coordinates, each of them being associated with a first integral. Then, if there are
not any, search for another set of generalized coordinates q’j (j = 1,n), of which at
least one being cyclic.

A useful example is offered by a particle moving in a central field. When
expressed in Cartesian coordinates, the Lagrangian

1
L= om(#+ ) = V(x,)

does not display any cyclic coordinate, but if it is written in terms of polar
coordinates,

1
L= Em(i’2 + r2¢2) - V(r),
it shows the ignorable coordinate ¢, leading to the first integral

Py = mr*( = const. (2.8.11)
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2.8.2 Symmetry Transformations

As we have mentioned, the first integrals are related with the conservation of the
fundamental physical quantities. This fact emerges from the intrinsic properties of
the space—time continuum and expresses the connection between different types of
motion and the conservation of associated quantities.

The study of a large amount of experimental data has led to the conclusion that
the real, physical space is homogeneous (there are no privileged reference frames)
and isotropic (there are no privileged directions), while time passes uniformly
(there are no privileged moments of time). The homogeneity of space results in the
fact that the properties of an isolated mechanical system do not change if all
particles of the system perform infinitesimal translations with the same velocity v,
while the isotropy yields the conservation of the properties of the system if all
particles execute infinitesimal rotations of the same angle, about the same direc-
tion. Finally, the uniformity of time shows that the origin of the time interval can
be arbitrarily chosen, meaning that the properties of the system remain unchanged
at an infinitesimal displacement of the time origin.

An important role in the study of physical systems is played by those
transformations which leave the form of the differential equations of motion
unchanged. These are called symmetry transformations. For example, we can cite
space—time transformations, gauge transformations, etc. In the first category are
included the space displacements (translations, rotations) and time transforma-
tions. The gauge transformations appear when one (or more) physical quantity is
not completely determined by its equation of definition, and we shall familiarize
the readers with them later on in this book.

2.8.3 Noether’s Theorem

As we mentioned earlier in this section, the cyclic coordinates lead to constants of
motion, expressing the symmetry of the Lagrangian with respect to certain space—
time transformations. But not all constants of motion come from evident symmetry
properties of the system, or have a simple form. That is why there appears the
necessity of giving a general method to obtain the first integrals. Such formalism
was provided in 1918 by the German Jewish mathematician Emmy Noether.'

Let us consider a physical system, described by the generalized coordinates g;
and velocities ¢;, and assume that the Lagrangian L(g,q,t) of the system is
known. A transformation of coordinates and time

q/j:q,j(qh“qu;t)a tl:t,(qla"'aqn?t) (2812)

' Noether, E.: Invariante Variationsprobleme. Nachr. Kgl. Ges. Wiss. Gottingen 2, 235 (1918).
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is a symmetry transformation if it leaves Hamilton’s principle invariant or, in view
of (2.5.34), if

dq’ dF
L(c/, d-f,,t’) df = [L(q,c'[,t) + %’t) dt. (2.8.13)

Let us now specify the transformation (2.8.12), namely that it is an infinitesimal
transformation of the form:

d;=q;+enqt) (j=Ln), =t+e(q) (2.8.14)

where #; and t are arbitrary functions, while the parameter ¢ is small enough as to
keep only terms linear in it. Since

dar dt dt dt
— =1 — — ~ ] —e— 2.8.15
dt Jredt’ dr “dr ( )

we have:

dq dq dt . dn; dt . dﬂj o dt

LD L (gire—L)(1—e= ) ~g; . (2.8.16

di'  dt dt Gty dt G\ g ( )
Introducing (2.8.15) and (2.8.16) into (2.8.13), we arrive at:

. dn dt dt . do

L = t l+e— | =1L =

[q+6n7q+6<dt th) +61K +6dt> (:4,1) + e,

where we took F(g,t) = e(q,t) because, obviously, F must be infinitesimal and

linear in e. Using Taylor’s formula for series expansion in the Lh.s. and keeping

only terms linear in ¢, after some reduction and rearranging of terms we are
left with

dt dn; . dt\ 0L oL d¢|
Ldt+z j +Z( QJE>@+ E—E =0. (2.8.17)

The transformation (2.8.14) is a symmetry transformation if, for a given L, there
exist some functions 7; (j = 1,n) and 1, so that the Lh.s. of (2.8.17) is a total time
derivative of a function of g;, . The first integrals of motion are obtained from the
condition of stationary action S, on any path where the equations of motion
(2.5.17) are satisfied. Before applying the action principle, we should mention that
the variations dq; = ¢, —q; (j = 1,n) and 6t = ¢ — ¢ differ from those previ-

€

ously used by the fact that they perform a transition between two possible tra-
jectories. Therefore, the first variation of the action S reads:

15 "
B ! oL “\(dn; . dt\ oL dt oL dd)
5S_€/[Z j dq; +Z.7 <dz — 4 dt)aqj LTy T
b Jj=1 j=1
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or, recalling that L is a function of g;,g;,

153

d | oL "\ 0L
s=c [ (@[5 G (50§ )|

n j:1
1 d (0oL oL
‘= ] 70 dt ac]/ aqj

The invariance of Hamilton’s principle under the symmetry transformation
(2.8.14) means S = O for any time interval within which the Lagrange equations
are valid. This implies

", oL "~ 0L
Ni— —1 —g;i—L|—-¢=C, 2.8.19
Sty (o) .

where C is a constant. This equation expresses Noether’s theorem for discrete
systems of particles: To any continuous symmetry transformation (2.8.14), one can
associate a first integral (2.8.19). Noether’s theorem can also be written for
infinitesimal quantities en;, €, e¢, €C, which is useful in some applications.

We shall now consider some particular cases, which will show the connection
between Noether’s theorem and the general theorems of mechanics discussed in
Chap. 1.

1. Let us consider an isolated system of N particles (V') = 0) with n degrees of
freedom and assume that the particle P; performs an infinitesimal space dis-
placement of the form

ri=r;,+or; (i=1,N), 7=t (2.8.20)
Since
oL ot L . o L . o
= = = mri - — = mixi - =,
0q;  0q; ; 0q; ; g
we obtain:
" QL No(Z. . o o
62,7].? - EZ Z’"i"i A ) = Zmiri .o, (2.8.21)
= Y i=1 \j=1 9j i1

Suppose now that our space displacement is a translation, i.e. all particles of the
system perform a straight motion in the same direction with the same velocity.
Then we have

or; = or =nor, (2.8.22)

n being the unit vector along the direction of translation. Taking ¢ = 0 in
(2.8.19), we get:


http://dx.doi.org/10.1007/978-3-642-17234-2_1
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N
orn- Zm,-i‘,- = const., (2.8.23)

i=1

showing the conservation of total linear momentum in the direction of trans-
lation (Chap. 1, Sect. 1.3)

2. If the infinitesimal space transformation (2.8.20) is a rotation of all the parti-
cles, about the same axis and in the same direction:

or; =00 X r; = 60s X r;, (2.8.24)

where s is the unit vector along the axis of rotation and 60 is the constant angle
of rotation, then:

n aL N N
627’“@ = zl:mif‘i : (50 X I‘i) = 595-2]:1’)1,'1‘,' X T;
j= i= i=

and, according to Noether’s theorem (2.8.19),

N
00s - Zm,-ri X F; = const., (2.8.25)
i=1

which is nothing else but the conservation of the total angular momentum
(Chap. 1, Sect. 1.3)

3. A special type of space transformation is that associated with the Newtonian
mechanics principle which states that two inertial frames are equivalent in
describing the motion of a mechanical system. The transition from one frame to
another is given by an infinitesimal Galilean transformation:

ri =r; + (dvo)1, (2.8.26)

where the infinitesimal constant vector dv is the relative velocity of the frames.
Indeed, taking the time derivative of (2.8.26), we have:

V. = v; + dv. (2.8.27)

Choosing

N N
Gd) = 75V0 . Zmiri, eC = — (Z mi> I'OG . 5V0 (2828)
i=1 i=1
in (2.8.19) and using (2.8.26), we obtain:

N N

-1 m;r; -1 M;V;

5V() . 217\,] rtr l'((); _ Zl—] [ t] = O,
Di1mi i

or

n-(rg —r% —vgt) =0, (2.8.29)
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which is the centre of mass theorem for isolated systems (Chap. 1, Sect. 1.3).
Here, n is the unit vector of dv,, while the meaning of rg and vg is obvious.
4. Let us now consider a pure time transformation and take

t=1, 69;=0, ¢=0

in (2.8.19). Hence:
oL
—q;—L=C. (2.8.30)
— 0q,
To understand the physical significance of this equation of conservation, we
shall first make some comments on the function

H=Y pjg;—L, (2.8.31)
j=1

where p; is given by (2.8.6). This function is called the Hamiltonian of the
system. Recalling Euler’s theorem for homogeneous functions:
n af

U 2.8.32
xi=mf, (2832)

i=1

where f(x,..
we may write:

., X,) is a homogeneous function of grade m, and using (2.5.31),

" BL oL
H:Z X Zaz%—L Li+2Ly — (Lo+ Ly + Ly) = Ly — Lo

=T -Ty+ V. (2.8.33)
If the constraints are scleronomous, then 7y = 0, T = T,, and we arrive at
H =T+ V = const., (2.8.34)

which shows that the Hamiltonian of a conservative system represents the total
energy, being a constant of motion.

The function H is of great importance in analytical mechanics. We shall
encounter it again in Chap. 5 and discuss there its properties more thoroughly.

2.9 Principle of Least Action

This principle was discovered in 1745 by Pierre-Louis Moreau de Maupertuis and
it is the first integral principle of mechanics. Its initial formulation was nebulous
and it was the merit of Euler, Lagrange and Jacobi that the principle acquired its
current form.
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http://dx.doi.org/10.1007/978-3-642-17234-2_1#Sec8
http://dx.doi.org/10.1007/978-3-642-17234-2_1#Sec8
http://dx.doi.org/10.1007/978-3-642-17234-2_5

2.9 Principle of Least Action 87

In the discussion of Hamilton’s principle, we used the notion of virtual dis-
placements consistent with the constraints dg;, being performed by the represen-
tative point in the configuration space, when passing from a point P of the real
generalized trajectory (C), to some point P" of an infinitely close trajectory (Cat
the same time t (synchronic variations):

P(q.t) — P*(q+ 0q.1). (2.9.1)
Since the boundary points were supposed to be fixed, we also had:
dq(t1) = 0q;(t2) = 0. (2.9.2)

Summarizing, we can state that ¢ is a linear operator that satisfies the following
conditions:

(i) dq; are arbitrary except for the end points, where dg; = 0;
(i) or=0.

Let us now introduce a new operator A, including the variation of both space
and time variables, defined by:

d
A=5+At= 9.
o+ i, (2.9.3)

with the properties:

(i) Ag; are arbitrary, except for end points, where Ag; = 0;
(ii) At is arbitrary.

As we can see, the asynchronous variations given by A are less restrictive than
those produced by J. Applying A to g;, we have:

Aq]' = 5q] + é]jA[, (294)

expressing the correspondence between two points, one on the real and the
other on the neighbouring path (Fig. 2.14). In the end points dg;(t;) # O,

561j(t2) 7é 0, but
Ag;j(11) = Ag;(r2) = 0. (29.5)

Let us now apply the operator A to some function f(q,q,1):

d 0 of 0
Af:éf+7{m_z<afaq, 5q,>—|—2(a q;+ afq]>At+ afA

j=1
@f . of
= E A —Ag; —A 2.9.
(65], it qj qj>+ ot ; (2.96)

which is the usual differential of f(q,q,1). Next, we apply A to the action integral
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Fig. 2.14 Correspondence q

between two points, one on .

the real and the other on a

neighbouring path, when both

space and time variations are P
considered.

P

Ban gy t
0 1t AT

5]

S:/L(q,é],t) dt, (2.9.7)

3]

where the limits #; and 7, are now variable. Let A(¢) be the primitive function of the
Lagrangian L[q(t), g(t), #]. It then follows that

15}
AS = A/Ldt = AA(t) — AA(n), (2.9.8)
4]

or, in view of (2.9.3),

5]
AS = 3A(12) — 0A(1)) + A(2) Aty — A(t) Aty = & / Ldt+[LA?.  (2.9.9)

Al

On the other hand, the Lagrange equations (2.5.17) allow us to write

“ [ OL oL . . :
oL = Z(—5Qj+ @5%) = Z(Pj5Qj+Pj5CIj)

=1 0q,j =
d n d n '
T dr > pida; | = i > (piAg; — pja;An). (2.9.10)
Jj=1 j=1

Therefore, using (2.9.5) and (2.8.31), we obtain:

153

AS:A/Ldt: [(Z—pjé]j—i—L)At
j=1

1

5]

= —[HA". (2.9.11)

1
If the system is conservative, then

H=E=T+V = const, (2.9.12)
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meaning that on any varied path (C"), the energy has the same value as on the real
path (C). Therefore,

1% 1)
[HA#; = H(At, — Aty) = HA/dt = A/ Hdt. (2.9.13)
n n
Introducing this result into (2.9.11), we arrive at
15}
A/ijq,-dt =0, (2.9.14)
f J=1

which is one of the forms of the principle of least action: The action taken for a
real generalized trajectory is stationary with respect to any neighbouring isoen-
ergetic path. The quantity

153
n
W= /iji]jdt (2.9.15)
151 ‘1:1

is called Maupertuisian action.

The principle of least action can be written in different equivalent forms. For
example, recalling that the system is conservative, the kinetic energy 7 is a qua-
dratic homogeneous form of generalized velocities:

or
ijqj Za CIJ—ZT

and (2.9.14) yields:

%)
A/ZTdt:O. (2.9.16)

n

Another form of this principle was given by Carl Jacobi. To write it, let us
extract dt from the kinetic energy formula,

1 N P 1 & ds;
oA 3 (%)
and then introduce it into (2.9.16):
N
A/ 2E—-V)> mds} =0, (2.9.17)

i=1

where P, and P, are the positions of the system at the times #; and #,, in the real
space. If ds7 is expressed in terms of gj> then Py and P, are end points in
configuration space. For a single particle, (2.9.17) reduces to
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A/ \V2m(E—V)ds=0. (2.9.18)
Py

Let us define the n-dimensional manifold R, by the metric

N
do® =2(E— V) mds;. (2.9.19)
i=1

P,
A/da:O
P

defines the geodesic line in R,, between P, and P,. If, in particular, R, is the
configuration space R, then the metric is (see (2.4.24)):

Then, as we know,

do® =2(E— V)Y Y ajdq;dg (2.9.20)
j=1 k=1

and the principle of least action finally acquires the form:

Py

A / 2E-V)> Y audqgdg; = 0. (2.9.21)

4 j=1 k=1

Equal-Action Wave Front

Let us first determine the connection between the Hamiltonian (S) and Mau-
pertuisian (W) actions. Assuming again that the system is conservative, we have:

5]

15 15
S:/Ldt:/(T—V)dt:/(zT—E)dt:W—E(tz—rl).
151 n

sl
Taking #, =t, t; = 0, we arrive at:
S(g,t) = —Et+ W(q). (2.9.22)

On the other hand, Hamilton’s principle (2.7.16) and the definition of the
Hamiltonian (2.8.31) yield:

ds oS "~ 0S -
_———|-E —'-—_E iq;i—H 29.2
dr or < aqﬂ_z Pjq;j ) (2.9.23)
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therefore, in view of (2.9.22),

oS
0
(This is only a rough deduction of generalized momenta in terms of S, needed in
this application; for more details, see Chap. 5).

Let our conservative system be a single particle and choose ¢; = x;
(j=1,2,3). Then

pj (j=1,n). (2.9.24)

oS ow
pi=— = = (gradW), (j=1,2,3 2.9.25
1=y = o, = @AW, ) (29.25)

which, together with the formula of the Hamiltonian,

1
5 lerad W[+ V =E,

yields

|grad W| = \/2m(E — V). (2.9.26)

With our choice of coordinates, the configuration space coincides with the real,
three-dimensional space, while the generalized trajectory is just the real path of the
particle. Then the equation

W(x,y,z) = const. (2.9.27)

represents a family of fixed surfaces, while

S(x,y,z,t) = const. (2.9.28)
stands for a family of moving surfaces. For example, if at t = 0 the surfaces S; and
W, coincide, after a time interval dt, the surface S; has passed from W, to W +

E dr (Fig. 2.15) and so on, similarly to the propagation of a wave front. If ds is the
elementary displacement of the wave front in normal direction, we can write

dW = |grad W|ds = E dr,
which helps to write the phase velocity of the wave front:

E E E E
|grad W| V2m(E—-V) V2mT p

where p is the momentum of the particle. In other words, (2.9.29) gives the phase
velocity of propagation of the equal-action wave front.

To study the nature of these waves, one must find certain characteristic quan-
tities, such as frequency and wavelength. These can be obtained by making an
analogy with the propagation of light waves, whose equation is:

n? 8%y
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Fig. 2.15 Geometry of fixed
(W = const.) and moving
(W + E dt = const.)
surfaces, propagating as a
wave front.

Here, n is the index of refraction of the medium. If n = const., the solution of
(2.9.30) is

Y= p(x, y,2)e®rn, (2.9.31)

where k = "2 = nk is the wave number. Taking K in the positive direction of the
x-axis, we have:
¥ = Yolx, y, 2)e o, (2.9.32)

If n is no longer a constant, but its variation is smooth, the solution of (2.9.30) is
close to the form

Y = o (x, y, g)elbottomalmer, (2.9.33)
The quantity L is called eikonal. If n = const., then L = nx (optical path length).
Introducing (2.9.33) into (2.9.30), evaluating the derivatives and then separating
the real and imaginary parts, we obtain:

Yoki[n? — |grad L|*] + Ay = 0, (2.9.34)
WoAL + 2(grad ) - (grad L) = 0. (2.9.35)

Suppose that the wavelength is small compared to the distance on which the
medium displays its non-homogeneity. Then the presence of k3 makes the first
term in (2.9.34) much greater than the second, which results in

|grad L| = n. (2.9.36)

This is the eikonal equation, fundamental in geometrical optics. The equal-phase
surfaces are given by

f(x,v,z,1) = koL(x,y,z) — ot = const. (2.9.37)

Comparing (2.9.26) with the eikonal equation (2.9.36), we realize that they are
similar: the quantity /2m(E — V) plays the role of the refraction index and the
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function W that of the eikonal, while the surfaces S = const. are analogous to the
surfaces f = const. Therefore, we can set:

S=oaf, W=oakoL(x,y,z), E=ow, (2.9.38)
where o is an arbitrary constant. Hence:

1
n=lgrad L] = - Jgrad W] = é V2Zm(E — V). (2.9.39)

This analogy shows that the propagation of equal-action waves and light waves
are similar phenomena. In their remarkable papers, Erwin Schrodinger and Louis
de Broglie showed that the relation between wave and geometrical optics is similar
to that between quantum and classical mechanics. If we apply the principle of least
action in the form (2.9.18) and observe that according to (2.9.39) the integrand is
proportional to n, we have:

A/nds =0, (2.9.40)

which is nothing else but the well-known Fermat principle of geometrical optics.
Concluding our discussion, we can state that: If applied forces are absent, the
trajectory described by a particle of light (photon) is a geodesic (minimal optical
path).

2.10 Problems

1. Determine the covariant and contravariant components of the metric tensor g;;
in spherical coordinates r, 0, ¢.

2. Study the tensor properties of the Christoffel symbols I';x; and Fﬁk.

3. Determine the shape of the curve traced by a catenary of mass m and length /,
whose fixed ends are at the same height. The distance between ends is a.

4. Find the plane closed curve of given perimeter, which encloses the maximum
area (isoperimetric problem).

5. Study the motion of a heavy particle, constrained to move without friction on
the surface of a cone.

As
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10.

11.

12.

13.
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. A particle of mass m and velocity v, passes from a semi-space in which its

potential energy U, is constant, to a semi-space in which its potential energy
U, is also constant. Determine the change in the direction of the particle.

. A particle P of mass m moves without friction on the curve y = f(x) passing

through the origin. Assuming that the curve rotates about the vertical axis Oy
with constant angular velocity g, find the shape of the curve so that the
particle remains at rest with respect to the curve.

. Construct the Lagrangian for a system of N charged particles interacting via

Coulomb law, and placed in an external variable electromagnetic field E, B.

. Find the Lagrangian of a double coplanar pendulum and write the differential

equations of motion. Linearize these equations for small motions.

Two masses m; and m, are fastened at the ends of an inextensible, flexible
rope, running over a massless pulley (Atwood machine). Determine the law of
motion and the force of constraint.

Investigate the motion of a plane pendulum of mass m; whose point of support
of mass m; is able to perform one of the following motions:

(a) A displacement on a horizontal straight line;

(b) A displacement on a vertical circle with constant angular velocity w;
(c) Oscillations along a horizontal line according to the law a cos wt;
(d) Oscillations along a vertical line according to the law a sin wt.

Determine the equations of motion and the period of small oscillations of the
system shown in the figure.

The point of support of a simple pendulum of mass m moves uniformly on a
vertical circle of radius R, with the constant angular velocity . Construct the
Lagrangian and write the equation of motion.
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14.

15.

16.

17.

18.

19.

20.

A system is composed of a particle of mass M and n particles of mass
m. Separate the motion of the centre of mass and reduce the problem to the
motion of n particles.

Discuss the one-dimensional motion of a particle of mass m in the field with
potential energy U(x) = Up(e > — e™*) (the Morse potential). Here,
Uyp>0,0>0.

Assume that a particle of mass m moves in a field whose potential is either
(@)U =U(p),or (b) U = U(z), where p, ¢, z are cylindric coordinates. Find
the first integrals of motion in both cases.

A particle moves on a helix of equations p = a, z = bp, where a and b are
constants. If the potential energy is

V= Skt + ),
2

where k is another constant, find the law of motion of the particle and the force
of constraint.
Two particles m, and m, are connected by a cord passing through a hole in a
horizontal table. The mass m; moves like a simple pendulum, while the mass
m; slides without friction on the table. Identify the constraints and write the
equations of motion.
Show that the transformation

xﬁ = X; + n;a; sin wt, /=t (i=1,2,3),

where a(a;,as,a3) is an arbitrary constant vector and »® = k/m, is a sym-
metry transformation for the Lagrangian

L="¢_ lkr2

2 2

(space oscillator) and find the first integral of motion associated with this
transformation.
Using the first integral found in the previous problem, as well as some other
first integrals corresponding to the motion described by this Lagrangian,
determine the law of motion and the trajectory associated with the following
initial conditions:

r(0) = (x0,0,0), #(0) = (0, v,0).
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