
Chapter 2

Mathematical Apparatus

Abstract The mathematical tools of quantum mechanics are summarized. This

overview, which makes no attempt to be mathematically complete and rigorous, is

intended as an introduction for readers unfamiliar with the subject. We begin with

some geometrical analogies of the basic concepts and techniques of the mathemati-

cal formalism used to treat the extended Hilbert space of the quantum-mechanical

states, the abstract vector space spanned by the state vectors or the associated wave
functions of the physical system of interest. Dirac’s vector notation, which greatly

simplifies manipulations on these mathematical objects, and the alternative rep-

resentations of the singular delta “function” are given. The linear operators acting

on the state vectors as well as their adjoints are defined and the basis set rep-

resentations of vectors and operators are introduced. The eigenvalue problem of the

linear self-adjoint (Hermitian) operators is examined in some detail and the com-

plete set of the commuting observables is defined. The two most important (contin-

uous) bases of vectors for representing quantum states of a single particle, defined

by the eigenvectors of the particle position and momentum operators, respectively,

are explored. In particular, the position representation of the momentum operator,

as well as the momentum representation of the position operator, are examined in

some detail. Next, the discrete energy representation is briefly examined and the

unitary transformation of states and operators is discussed. Finally, the functional

derivatives are introduced and the associated Taylor expansion of functionals is

formulated. The localized displacements of the functional argument function

are defined using Dirac’s delta function and the rules of functional differentiation

are outlined stressing analogies to familiar operations performed on functions

of many variables. The chain rule transformations of functional derivatives are

summarized.
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2.1 Geometrical Analogies

The ordinary three-dimensional physical space R3 is spanned by the orthonormal

basis {i, j, k} � e(3) (a row vector of vector elements), consisting of three unit

vectors {ei, i ¼ 1 � x, 2 � y, 3 � z} along the mutually perpendicular axes {x, y, z},
respectively, in the Cartesian coordinate system. The orthogonality of different

basis vectors, i 6¼ j, expressed by the vanishing scalar product ei·ej ¼ 0, and their

unit length (normalization), ei·ei ¼ jeij2 � ei
2 ¼ 1, can be combined into the

orthonormality relations expressed in terms of Kronecker’s delta,

ei � ej ¼ di; j ¼ f1; for i ¼ j; 0; for i 6¼ jg; (2.1a)

defining the three-dimensional, unit-metric tensor represented by the identity

matrix I(3) ¼ {di,j}:

eð3Þ � eð3Þ � eð3ÞTeð3Þ ¼ Ið3Þ; (2.1b)

where e(3)T denotes the transposed (T), column vector of transposed vector elements.

Any vector in R3 can be expanded in this reference system,

A ¼ Ax þ Ay þ Az �
X3
i¼1

Ai ¼ iax þ jay þ kaz �
X3
i¼1

eiai ¼ eð3Það3ÞT; (2.2)

with the row vector of coordinates a(3) ¼ {ai ¼ ei·A} ¼ [ax, ay, az], measuring the

lengths {ai ¼ jAij} of projections {Ai} of A onto the corresponding axes, providing

the matrix representation of A in the adopted basis set: A$a(3).
It should be also observed that in the preceding equation the resolution of A into

its projections {Ai} along the directions of basic vectors e(3) in this coordinate

system can be also interpreted as a result of acting on Awith the projection operator

P̂ðR3Þ onto the whole R3 space,

P̂ðR3Þ ¼
X3
i¼1
ðeiei�Þ �

X3
i¼1

P̂ðeiÞ; (2.3)

defined by the sum of individual projectors fP̂ðeiÞg onto the specified axes. Indeed,
the following identity directly follows from (2.2):

A ¼
X3
i¼1

eiai ¼
X3
i¼1

eiei�
 !

A ¼ P̂ðR3ÞA ¼
X3
i¼1

P̂ðeiÞA �
X3
i¼1

Ai: (2.4)

The preceding relation also implies that the projection of any vector A in R3,

or A(R3) for short, amounts to multiplying it by the unity (identity) operation
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P̂ðR3Þ ¼ 1: P̂ðR3ÞAðR3Þ ¼ A R3ð Þ. Clearly, the sum of projections onto any two

basis vectors P̂ðei; ejÞ ¼ P̂ðeiÞ þ P̂ðejÞ defines the projection onto the plane defined

by these two axes:

P̂ðei; ejÞA ¼ P̂ðeiÞAþ P̂ðejÞA ¼ Ai þ Aj � Aði; jÞ: (2.5)

This overall projection onto the whole physical space allows one to interpret the

scalar product of two vectors A and B in R3 in terms of their coordinates a(3) and
b(3), respectively:

A � B ¼ A � P̂ðR3ÞB ¼
X3
i¼1
ðA � eiÞðei � BÞ ¼

X3
i¼1

aibi ¼ að3Þbð3ÞT: (2.6)

As seen from this example, the coordinate-resolved expression results directly from

placing the identity operator P̂ðR3Þ ¼ 1 between the two vectors in the scalar

product. Obviously, this formal manipulation has no effect on the product value.

The characteristic property of projections is that the effect of a singular projec-

tion is identical to that of the subsequent repetition of the same projection. This

immediately implies the idempotency property of the projection operators,

P̂ðR3ÞP̂ðR3Þ � ½P̂ðR3Þ�2 ¼ P̂ðR3Þ; ½P̂ðei;ejÞ�2 ¼ P̂ðei;ejÞ; ½P̂ðeiÞ�2 ¼ P̂ðeiÞ; (2.7)

where we have identified the square of an operator as a double execution of the

operation it symbolizes. One can straightforwardly verify these identities using the

orthonormality relations of (2.1a, 2.1b), which also imply that the product of

projections into the mutually orthogonal subspaces identically vanishes, e.g.,

P̂ðiÞP̂ðkÞ ¼ P̂ðiÞP̂ð jÞ ¼ P̂ð jÞP̂ðkÞ ¼ P̂ði; jÞP̂ðkÞ ¼ 0: (2.8)

These observations can be naturally generalized into the n-dimensional Euclid-
ean space Rn, spanned by n orthonormal basic vectors e(n) ¼ {ei, i ¼ 1, 2, . . ., n},
e(n)T·e(n) ¼ I(n), also including the n ! 1 limit. In particular, the matrix repre-

sentations of vectors and the coordinate-resolved expression for the scalar product

of vectors A(Rn) and B(Rn) directly follow from applying the projector onto the

whole space Rn,

P̂ðRnÞ ¼
Xn
i¼1
ðeiei�Þ �

Xn
i¼1

P̂ðeiÞ; (2.9)

AðRnÞ ¼ P̂ðRnÞAðRnÞ ¼
Xn
i¼1

P̂ðeiÞAðRnÞ ¼
Xn
i¼1

ei½ei � AðRnÞ�

¼
Xn
i¼1

eiai ¼
Xn
i¼1

Ai ¼ eðnÞaðnÞT; (2.10)
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AðRnÞ � BðRnÞ ¼ AðRnÞ � P̂ðRnÞBðRnÞ ¼
Xn
i¼1
ðA � eiÞðei � BÞ

¼
Xn
i¼1

aibi ¼ aðnÞbðnÞT: (2.11)

In particular, for two identical vectors A(Rn) ¼ B(Rn) one obtains the following

expression for the vector length (norm):

A ¼ jAj ¼
ffiffiffiffiffiffi
A2

p
¼

Xn
i¼1

a2i

 !1=2

� 0: (2.12)

One similarly defines the projection operators into various subspaces in Rn, e.g.,

its complementary, mutually orthogonal parts Pm ¼ fei; i ¼ 1; 2; . . . ;mg � P and

Qn�m ¼ fei; j ¼ mþ 1;mþ 2; . . . ; ng � Q:

P̂ðPmÞ � P̂P ¼
X
i2P

P̂ðeiÞ; P̂ðQn�mÞ � P̂Q ¼
X
j2Q

P̂ðejÞ; P̂P P̂Q ¼ 0;

AðRnÞ ¼ ðP̂P þ P̂QÞAðRnÞ ¼ AP þ AQ ; (2.13)

where AP and AQ stand for the projections of A(Rn) into the Pm and Qn�m

subspaces, respectively.

The scalar product of (2.11) can be also given the (linear) functional interpreta-
tion. In mathematics the linear functional F[’] of the argument ’, e.g. a function or
vector, is a linear operation performed on the argument, which gives the scalar

quantity F, F[’] ¼ F, e.g., the definite integral I f½ � ¼ Rx2
x1

f ðxÞ dx ¼ I. The same

property can be associated with the (discrete) scalar product, say a projection of the

argument vector A � A
!
onto another vector B � B

!
:

B � A ¼ B
! � A! � B

 ½A!�; (2.14)

where B
 ½V!� denotes the functional of the vector argument V

!
giving the value of its

scalar product with the vector B
!
. The latter thus defines the functional B

 ½X� itself,
denoted as the “reversed” vector, by specifying the direction onto which the

argument vector X is to be projected.

It can be then demonstrated that these scalar product functionals also span the

vector space, called the dual space, since any combination of such quantities

represents another linear functional of the same type. Let us examine these

reversed “vector” quantities (functionals) associated with the independent basis

vectors fei ¼ e
!
ig. They represent the dual basis “vectors” fe i½V

!� � e
 
ig of the
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scalar product functionals. Indeed, any combination of them also belongs to this

dual space, e.g.,

Cie
 
i½V
!� þ Cje

 
j½V
!� ¼ ðCie

!
i þ Cje

!
jÞ � V

! � W
! � V! ¼ W

 ½V!�; (2.15)

and to every vector A
!
corresponds its functional analog A

 
in the dual space, since

the vector is uniquely specified by the complete set of its scalar products

(components) with all independent vectors e(n):

A
! ¼

Xn
i¼1

aie
!
i ¼

Xn
i¼1

A
!
i ) A

 ½V!� ¼
Xn
i¼1

aie
 
i½V
!� ¼

Xn
i¼1

A
 
i½V
!�: (2.16)

It also follows from these relations that in Euclidean space this correspondence

is linear: the linear combination of vectors in Rn is represented in the associated

dual space by the associated combination, with the same expansion coefficients, of

the corresponding dual-space functionals.

It should be emphasized that the dual-space elements, the “reversed” vectors,

represent mathematical quantities (functionals of vectors) quite different from the

original (argument) vectors on which they act.

2.2 Dirac’s Vector Notation and Delta Function

In accordance with the Superposition Principle of quantum mechanics (Dirac

1967), any combination of states represents an admissible quantum state of the

given molecular or atomic system. This property is also typical of ordinary vectors,

CA A þ CB B ¼ C, where the numerical coefficients CA and CB determine the

relative participation of both vectors in the combination. We shall use this analogy

in the vector notation of Dirac, in which the quantum statesC and F are denoted as

arrowed “ket” symbols jCi, jFi, . . ., called state vectors. Their linear combination

CCjCi þ CFjFi ¼ jYi determines another state jYi. When these states are

functions of the continuous parameter x∈[x, z ], jCi ¼ jC(x)i � j xi, this summa-

tion of vector states is generalized into its continuous (integral) analog:

jYi ¼
ðz
x

cðxÞ xj i dx: (2.17)

Here, the combination coefficients {c(x), c(x0), . . .} are in general complex since the

quantum states are complex entities. The resultant state jYi of the given combina-

tion is said to be dependent upon the component states {jxi, jx0i, . . .}. These
independent state vectors cannot be expressed as combinations, with nonvanishing

coefficients, of the remaining states in this basis set.
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In the quantum kinematics it is the direction of the state vector jCi that matters

and uniquely identifies the quantum state C. Therefore, the opposite state vectors

along the same direction, e.g., jCi and�jCi, in fact represent the same stateC, and

any combination of the state with itself, C1jCi þ C2jCi ¼ (C1 þ C2) jCi ¼ CjCi
� Meif jCi, where M and f stand for the modulus and phase of the complex

coefficient C, also denote the same state C. As we shall see later in this chapter,

the length (norm) of the state vectors in quantum mechanics will be fixed by the

appropriate normalization requirement resulting from the probabilistic interpreta-

tion of quantum states. In case of the square integrable wave functions it calls for

M ¼ 1, but the phase f will be left undetermined as immaterial and having no

physical meaning.

This property of the quantum superposition rule distinguishes it from the

corresponding classical principle, e.g., that for combining vibrations of a string or

a membrane, in which the combination of a state with itself gives another state

exhibiting different amplitude. There is also another important distinction between

the quantum and classical kinematics: in quantum mechanics the state vector of the

vanishing norm (length), which thus has no specified direction in the vector space of

quantum states, does not exist and thus has no physical meaning, while the classical

vibration of the vanishing amplitude everywhere does in fact represent the real

physical state of rest of a string or a membrane.

It was shown in the preceding section that to any vector space the dual space of

the “reversed” vectors, the entities of quite different mathematical variety

(functionals), can be ascribed through the concept of the scalar product (projection)

of the vectors themselves. The dual space to the ket-space of state vectors {jCii} is
called the bra-space of the reversed “vectors” (functionals) {hCij}, with the one-

to-one (antilinear) correspondence: hCij $ jCii, (hCij þ hCjj) $ (jCii þ jCji),
C*hCj $ CjCi, etc., where C* denotes the complex conjugate of C. In the original

terminology of Dirac the bra- “vector” hCj represents the conjugate-imaginary of
the associated ket-vector jCi. Again, the basic difference between the elements of

the two vector spaces, with the “bras” in fact representing the functionals acting

on “kets,” it is improper to regard the bra-“vectors” as the complex conjugates of
the corresponding ket-vectors.

In Dirac’s notation the bra hFj and ket jCi symbols are examples of an

incomplete “bracket,” while the result of hFj acting on jCi gives the complete
bracket of the scalar product of jCi and jFi, hFjCi � F[jCi], which measures the

projection of jCi on jFi. The complete bracket generates the complex number. This

association also explains the English nomenclature of the “bra” and “ket” symbols.

This definition also implies that in contrast to the Euclidean space the complex

numbers of the projections of jCi on jFi and of jFi on jCi, respectively, are not

equal in general, one representing the complex conjugate of the other:

hFjCi ¼ F½jCi� � hCjFi� ¼ C½jFi��: (2.18)

One also observes that this linear functional of the ket vector:
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F½jC1C1 þ C2C2i� ¼ C1F½jC1i� þ C2F½jC2i�; (2.19)

is antilinear with respect to the bra vector, which determines the direction on which

the projection is made:

hC1F1 þ C2F2jCi ¼ C1
�F1½jCi� þ C2

�F2½jCi�: (2.20)

Any vector in the ket space has its unique analog in the dual space of the bra

“vectors” (functionals). There is a close analogy with the Euclidean space, in which

the scalar product functional has also been used to define the dual “vector”. Indeed

the vector is uniquely defined by its projections on all (independent, orthonormal)

vectors {jXii ¼ jii}, possibly including indenumerable vectors {jX(x)i � jxi} labeled
by the continuous parameter(s) x. The set of projections {hFjXii ¼ hXijFi*} thus

uniquely determines the original ket |Fi associated with the functional F[] ¼ hFj.
The “orthonormality” relations for the continuous basis vectors {|xi} are

expressed in terms of the continuous analog of the Koronecker delta di,j ¼ hijji,
called the Dirac delta “function” d(x0 � x) ¼ hxjx0i. For any function f(x) of the
continuous argument(s) x this kernel satisfies the following “projection” identity:

f ðxÞ ¼
ð
dðx0 � xÞf ðx0Þ dx0: (2.21)

This equation indicates that this singular function represents the kernel of the

integral operator
Ð
dx0d(x0 � x), which acting on function f(x0) generates f(x).

Moreover, since the integral of the preceding equation formally expresses the

functional f(x) ¼ f [f(x0)], Dirac’s delta can also be interpreted as the functional

derivative (see Sect. 2.7):

dðx0 � xÞ ¼ df ðxÞ
df ðx0Þ : (2.22)

We shall discuss other properties of this mathematical entity later in this section.

The Dirac delta function d(x0 � x) of (2.21) represents the unity-normalized,Ð
d(x0 � x)dx0 ¼ 1, infinitely sharp distribution centered at x0 ¼ x, exhibiting

vanishing values at any finite distance from this point. It can be thus envisaged as

the limiting form of the ordinary Gaussian (normal) distribution of the probability

theory in the limit of the vanishing variance:

dðx0 � xÞ ¼ lim
s!0

1ffiffiffiffiffiffiffiffiffiffi
2ps2
p exp �ðx

0 � xÞ2
2s2

 !
: (2.23)

Alternatively, one can use any complete, say discrete, set of orthonormal basis

functions {wi(x)},
Ð
wi
*(x)wj(x)dx ¼ di,j, to generate the analytical representation of

this singular function. Indeed, expanding f(x) in terms of the complete (orthonor-

mal) basis set {wi(x)} gives:
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f ðxÞ ¼
X
i

wiðxÞci ¼
X
i

wiðxÞ½
ð
wi
�ðx0Þf ðx0Þ dx0�

¼
ð �X

i

wi
�ðx0ÞwiðxÞ

�
f ðx0Þ dx0: (2.24)

Hence, comparing the last equation with (2.21) gives the closure relation:

dðx0 � xÞ ¼
X
i

wiðxÞwi�ðx0Þ: (2.25a)

For the continuous orthonormal basis set {ua(x)} labeled by the continuous index
a,
Ð
ua

*(x) ua0 (x) dx ¼ d(a0�a), one similarly finds

dðx0 � xÞ ¼
ð
uaðxÞ ua�ðx0Þ da: (2.25b)

When the complete basis set is “mixed,” containing the discrete and continuous

parts, {wi(x), ua(x)}, with
Ð
ua

*(x) wi(x) dx ¼ 0, this closure relation reads

dðx0 � xÞ ¼
X
i

wiðxÞwi�ðx0Þ þ
ð
uaðxÞ ua�ðx0Þ da: (2.25c)

Another important example of the continuous analytical representation of

Dirac’s delta originates from the Fourier-transform relations, e.g., between the

wave function in the position and momentum representations of quantum mechan-

ics (see Sect. 2.6),

FðkÞ ¼ 1ffiffiffiffiffiffi
2p
p

ð
expð�ikxÞf ðxÞdx and f ðxÞ ¼ 1ffiffiffiffiffiffi

2p
p

ð
expðik0xÞFðk0Þdk0;

i ¼
ffiffiffiffiffiffiffi
�1
p

:

(2.26)

Substituting the second, inverse transformation into the first one then gives

FðkÞ ¼ 1

2p

ð
Fðk0Þ f

ð
exp½ixðk0 � kÞ� dxg dk0 (2.27)

and hence

dðk0 � kÞ ¼ 1

2p

ð
exp½ixðk0 � kÞ� dx: (2.28)

The singular Dirac delta function d(x0 � x) � d(z) satisfies the following

identities:
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dðzÞ ¼ dð�zÞ; zdðzÞ ¼ 0;

dðazÞ ¼ j aj�1dðzÞ; f ðx0Þdðx0 � xÞ ¼ f ðxÞdðx0 � xÞ;ð
dðx0 � xÞ d x� x00ð Þdx ¼ d x0 � x00ð Þ;

dðx2 � a2Þ ¼ ð2jajÞ�1½dðx� aÞ þ dðxþ aÞ�: (2.29)

Of interest also are the related properties of the derivative of Dirac’s delta

“function,” d 0(z) � dd(z)/dz,ð
f ðzÞd0ðzÞdz ¼ �f 0ð0Þ or

ð
f ðzÞd0ð�zÞdz ¼ f 0ð0Þ; zd0ðzÞ ¼ �dðzÞ: (2.30)

2.3 Linear Operators and Their Adjoints

The complex number resulting from the scalar product between two state vectors is

the result of applying the functional represented by its bra factor to its ket argument.

When the linear action of a mathematical object on ket results in another ket, i.e.,

when it attributes in the linear fashion the uniquely specified result-vector jC0i to
the given argument-vector jCi, it is said to define the linear operator Â:

ÂjCi ¼ jÂCi � jC0i; ÂjC1C1 þ C2C2i ¼ C1ÂjC1i þ C2ÂjC2i : (2.31)

The operator is defined when its action on every ket is determined; it becomes zero,

Â ¼ 0, when its action on every ket jCi gives zero. Thus, two operators are equal

when they produce equal results when applied to every ket.

The linear operators can be added and multiplied:

ðÂþ B̂ÞjCi ¼ ÂjCi þ B̂jCi; ðÂB̂ÞjCi ¼ ÂðB̂jCiÞ � ÂB̂jCi: (2.32)

In general, they do not commute, giving rise to nonvanishing commutator

½Â; B̂� � ÂB̂� B̂Â 6¼ 0: (2.33)

A multiplication by a number is a trivial case of a linear operation, which commutes

with all linear operators. It can be easily verified that commutators satisfy the

following identities:

½Â; B̂� ¼ �½B̂; Â�; ½Â; B̂þ Ĉ� ¼ ½Â; B̂� þ ½Â; Ĉ�;
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½Â; B̂Ĉ� ¼ ½Â; B̂�Ĉ þ B̂½Â; Ĉ�; ½Â; ½B̂; Ĉ�� þ ½B̂; ½Ĉ; Â�� þ ½Ĉ; ½Â; B̂�� ¼ 0:

(2.34)

Linear operators can also act on the bra vectors, with the latter always put to the

left of the operator, giving other bras. Indeed, the symbol ÂhFj has no meaning of

the bra vector (functional), since its action on the ket vector jCi gives another

operator, (ÂhFjÞjCi ¼ ÂhFjCi ¼ hFjCiÂ, thus representing an alien object in the
present mathematical formalism. However, it can be straightforwardly demon-

strated, again using the scalar product functional as the link to the definition of

(2.31), that hFjÂ ¼ hF0j: Indeed, since Â is linear and the scalar product depends

linearly on the ket, the scalar products F½ÂjCi� ¼ hFjðÂjCiÞ for the specified hFj
and Â, associate with every ket |Ci in the vector space a number which depends

linearly on jCi. This new linear functional thus defines a new bra vector hF0j, which
can be regarded as a result of Â acting on hFj:

hFjðÂjCiÞ ¼ ðhFjÂÞjCi ¼ hF0jCi: (2.35)

Therefore, the linear operators act either on bras to their left or on kets to their

right. In other words, the position of parentheses in the above matrix element of Â is

of no importance:

hFjðÂjCiÞ ¼ ðhFjÂÞjCi ¼ hFjÂjCi: (2.36)

The operation hFjÂ ¼ hF0j is linear, because for arbitrary jCi and hOj ¼
C1hF1j þ C2hF2| one obtains:

ðhOjÂÞjCi ¼ hOjðÂjCiÞ ¼ C1hF1jðÂjCiÞ þ C2hF2jðÂjCiÞ
¼ C1ðhF1jÂÞjCi þ C2ðhF2jÂÞjCi; (2.37)

and hence hOjÂ ¼ C1hF1jÂþ C2hF2jÂ.
It can be directly verified that the product of the ket and bra vectors, jCi hFj,

represents an operator. When acting on ket jXi it generates another ket vector along
jCi, jCi hFjXi ¼ hFjXi jCi, while the result of its action on bra hOj produces
another bra vector (functional), proportional to hFj: hOjCi hFj. It thus defines the
linear operator:

jCi hFjC1X1 þ C2X2i ¼ C1hFjX1ijCi þ C2hFjX2ijCi;

ðC1hO1j þ C2hO2jÞjCi hFj ¼ C1hO1jCi hFj þ C2hO2jCi hFj: (2.38)

In particular, the operator jXii hXij defined by the normalized vector jXii � jii
and its bra conjugate amounts to the projection onto the jii direction:

jii hijCi � P̂ijCi ¼ hijCi jii � Cijii; (2.39)
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whereCi stands for ith component of jCi in the jii ¼ {jii} representation (row

vector). The projector idempotency then directly follows:

P̂i
2 ¼ ij i i j ih i ih j ¼ ij i ih j ¼ P̂i: (2.40)

When this discrete (countable) basis set spans the complete space, the sum of all

such projectors, i.e., the projection on the whole space, amounts to the identity

operation,

P̂ ¼ ij i ih j ¼
X
i

P̂i ¼ 1; (2.41a)

where ih j stands for the column vector of bras associated with the row vector of the

basis kets jii, because then P̂jCi ¼ jCi: Similarly, when the complete basis set

jxi ¼ {jxi} is noncountable in character, with the orthonormality relations

expressed by Dirac’s delta “function” of (2.21), the summation is replaced by the

integral over the continuous parameter(s),

P̂ � xj i xh j ¼
ð

xj i xh j dx ¼
ð
P̂ðxÞ dx ¼ 1; (2.41b)

where we have again interpreted jxi and xh j as the (continuous) row and column

vectors, respectively. Finally, when the complete (mixed) basis contains both the

discrete part jai ¼ {jai} and the indenumerable subspace jyi ¼ {jyi}, jmi ¼ [jai,
jyi] the identity operator of the complete overall projection operator includes both

the discrete and continuous projections:

P̂ � mj i mh j ¼ aj i ah j þ yj i yh j ¼
X
a

P̂a þ
ð
P̂ðyÞdy ¼ 1: (2.41c)

The (antilinear) one-to-one correspondence between kets and bras associates

with every linear operator Â its adjoint (linear) operator Ây by the requirement that

the bra associated with the ket ÂjCi ¼ jÂCi � jC0i is given by the result of action
of Ây on the bra associated with jCi:

hC0j ¼ hÂCj � hCjÂy: (2.42)

Hence, since hFjÂCi ¼ hÂCjFi� one obtains:

Fh jÂC� � Fh jÂ Cij ¼ ÂC
� ��Fi� � Ch jÂy Fj i�: (2.43)

Moreover, because (ÂyÞy ¼ Â and hence hÂyFj ¼ hFjÂ, the adjoint operators can
be alternatively defined by the identity:

hÂyFjCi ¼ Fh jÂ Cij ¼ Fh jÂC�: (2.44)
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Next, it is easy to show that ðlÂÞy ¼ l�Ây and ðÂþ B̂Þy ¼ Ây þ B̂y: To deter-

mine the adjoint of the product of two operators one observes that the ket jOi ¼
ÂB̂ Cj i � Â Yj i is associated with the bra

hOj ¼ hCjðÂ B̂Þy ¼ hYjÂy ¼ hCjB̂y Ây; (2.45)

where we have realized that the bra associated with jYi; hYj ¼ hCjB̂y: Hence,
ðÂB̂Þy ¼ B̂yÂy: This change of order, when one takes the adjoint of a product of

operators, can be generalized to an arbitrary number of them: (ðÂB̂ . . . ĈÞy ¼
Ĉy . . . B̂yÂy: One also observes that the following identity is satisfied for com-

mutators: ½Â; B̂�y ¼ ½B̂y; Ây�:
We can now summarize the mutual relations between the mathematical entities

hitherto introduced in terms of the general Hermitian conjugation denoted by the

adjoint symbol “{”. In the Dirac notation the ket jCi and its associated bra hCj are
said to be Hermitian conjugates of each other: hCj ¼ jCi{ and hCj{ ¼ jCi. More-

over, the operators Â and Ây are also related by the Hermitian conjugation. As we

have observed in the preceding equation the hermitian conjugation of the product

of operator factors changes the order in the product of the adjoint operators. This rule

holds for other entities as well. For example, the Hermitian conjugate of ÂjCi gives:

ðÂjCiÞy ¼ jÂCiy ¼ jCiyÂy ¼ hCjÂy: (2.46)

Similarly,

ðjCi hFjÞy ¼ ðhFjyÞðjCiyÞ¼ jFihCj; ðhFjCiÞy ¼ ðjCiyÞðhFjyÞ ¼ hCjFi;
ðlhFjCijCi hFjÞy ¼ jFihCjhCjFil� ¼ l�hCjFijFihCj; etc: (2.47)

Thus, to obtain the adjoint (Hermitian conjugate) of any expression composed of

constants, kets, bras and linear operators, one replaces the constants by their

complex conjugates, kets by the associated bras, bras by the associated kets,

operators by their adjoints and reverses the order of factors in the products.

However, as we have observed in the last line of (2.47), the position of constants,

l*, hCjFi, etc., is of no importance.

2.4 Basis Set Representations of Vectors and Operators

Selection of the complete (orthonormal) basis of the reference ket vectors in

the vector space of the system quantum-mechanical states, either discrete jii ¼
{jii}, hij ji ¼ di,j, or the continuous infinity of vectors jxi ¼ {jxi}, hxjx0i ¼
d(x0�x), defines the specific representation in which both the vectors and operators
can be expressed. By convention the basis vectors jii and jxi are arranged as the row
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vectors. Accordingly, their Hermitian conjugates define the respective column

vectors of the bra basis: jii{ ¼ hij and jxi{ ¼ hxj.
Using the closure relations of (2.41a), (2.41b) and the above orthonormality

relations for these basis vectors gives the associated expansions of any ket jCi:

jCi ¼
X
i

jii hijCi ¼
X
i

jiiCi ¼ jii hijCi � jiiCðiÞ;

jCi ¼
ð
jxi hxjCi dx ¼

ð
jxiCðxÞ dx � jxi hxjCi � jxiCðxÞ: (2.48a)

The components {Ci } or {C(x), C(x0), . . .}, by convention arranged vertically

as the column vectors,C(i) ¼ hijCi andC(x) ¼ hxjCi, provide the representations
of the ket jCi in the basis sets jii and jxi, respectively. In the mixed basis set case of

(2.41c) the expansion of ket jCi in jmiwill contain both the discrete and continuous
components:

jCi ¼ jmi hmjCi � jmiCðmÞ ¼ jai hajCi þ jyi hyjCi ¼ jai CðaÞ þ jyiCðyÞ

¼
X
a

jai hajCi þ
ð
jyi hyjCi dy:

(2.48b)

The associated expansions of the bra vector hFj in terms of the reference

bra vectors hij, hxj, and hmj, respectively, directly follow from applying the

corresponding unity-projections of (2.41a)–(2.41c) to hFj (from the right):

hFj ¼
X
i

hFjii hij ¼
X
i

F�i hij ¼ hFjiihij � FðiÞyhij;

hFj ¼
ð
hFjxi hxj dx ¼

ð
F�ðxÞ hxj dx ¼ hFjxi hxj � FðxÞy hxj;

hFj ¼ hFjmi hmj � FðmÞyhmj ¼ hFjai haj þ hFjyi hyj � FðaÞyhaj þFðyÞyhyj:
(2.49)

Therefore, the vector components F(i){ ¼ hFjii, F(x){ ¼ hFjxi and [{Fa
*}, F*(y)]

¼ [hFjai, hFjyi], when arranged horizontally as the associated row vectors, con-

stitute the corresponding representations of hFj in these three types of the basis set.
Again, the continuous representation of the bra vector, e.g., the complex conjugate

wave function F*(x) ¼ hFjxi, can also be regarded as the continuous row vector

with components [F*(x), F*(x0), . . .].
In these three types of the basis sets, the linear operator Â is accordingly

represented by the square matrix and/or the continuous kernel, respectively,
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Aði; i0Þ � hijÂji0i ¼ fAi;i0 ¼ hijÂji0ig � AðiÞ;

Aðx; x0Þ � hxjÂjx0i ¼ fAðx; x0Þ ¼ hxjÂjx0ig � AðxÞ;

Aðm;m0Þ � hm ^jAjm0i¼ Aða;a0Þ ¼ ah jÂ a0j i Aða; y0Þ ¼ ah jÂ y0j i
Aðy;a0Þ ¼ yh jÂ a0j i Aðy; y0Þ ¼ yh jÂ y0j i

" #
� AðmÞ:

(2.50)

The adjoint operator Ây is similarly represented by the corresponding Hermitian

conjugates of these “matrices,”

hijÂyji0i¼hÂ iji0i¼ hi0jÂjii� ¼Aði0;iÞ� ¼ ½Aði;i0Þ��T¼Aði;i0Þy �AyðiÞ;

hxjÂyjx0i¼hx0jÂjxi� ¼hxjÂjx0iy ¼Aðx;x0Þy ¼ ½Aðx;x0Þ��T�AyðxÞ;

hmjÂyjm0i¼hm0jÂjmi� ¼hmjÂjm0iy ¼Aðm;m0Þy ¼ ½Aðm;m0Þ��T

¼ Aða;a0Þy ¼ a0h jÂ aj i� Aða;y0Þy ¼ y0h jÂ aj i�
Aðy;a0Þy ¼ a0h jÂ yj i� Aðy;y0Þy ¼ y0h jÂ yj i�

" #
�AyðmÞ: (2.51)

Hence, the Hermitian (self-adjoint) operator Â of the physical observable A,
for which Ây ¼ Â; is represented by the Hermitian matrix/kernel: A{(b) ¼ A(b),

b ¼ i, x, m.

The relations between vectors of (2.31) and (2.42) are thus transformed into the

corresponding equations in terms of the basis set components. For example, (2.31)

then reads:

ÂjCi ¼ jC0i $ AðbÞCðbÞ ¼C0ðbÞ; b ¼ i; x;m; i:e:;X
i0
Ai;i0 Ci0 ¼ Ci

0;
ð
Aðx; x0Þ Cðx0Þ dx0 ¼ C0ðxÞ;

X
a0
Aa;a0Ca0 þ

ð
Aða; y0Þ Cðy0Þ dy0 ¼ Ca

0 and

X
a0
Aðy; a0ÞCa0 þ

ð
Aðy; y0ÞCðy0Þdy0 ¼ C0ðyÞ: (2.52)

The corresponding basis set transcriptions of (2.42) similarly give:

hC0j ¼ hCjÂy , ðÂjCi ¼ jC0iÞy $ CðbÞyAyðbÞ ¼C0yðbÞ; b ¼ i; x;m; i:e:;X
i0
Ci0
�Ai0;i

� ¼ C0i �;
ð
Cðx0Þ�Aðx0; xÞ�dx0 ¼ C0ðxÞ�;

X
a0
Ca0

�ðAa0;aÞ� þ
ð
Cðy0Þ� Aðy0; aÞ� dy0 ¼ ðCa

0Þ� and

X
a0

Ca0
�Aða0; yÞ� þ

ð
Cðy0Þ�Aðy0; yÞ� dy0 ¼ C0ðyÞ�: (2.53)
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It should be emphasized that the basis set representations of the state vector

are fully equivalent to the state specification by the vector itself. For example

(see Sect. 2.6), when the continuous basis set is labeled by the position of a

particle in space, x ¼ r, or its momentum, x ¼ p, the associated representations

C(r) � C(r) ¼ hrjCi and C(p) � C(p) ¼ hpjCi, called the wave functions in

the position (r) and momentum (p) representations, respectively, provide alterna-

tive specifications of the quantum state of the particle, which uniquely establish the

direction of the ket jCi in the system Hilbert space.

2.5 Eigenvalue Problem of Linear Hermitian Operators

For the linear operator to represent the physically observable quantity in quantum

mechanics it has to be self-adjoint, i.e., its hermitian conjugate (adjoint) must be

identical with the operator itself: Ây ¼ Â: Only such Hermitian operators can be

associated with the measurable quantities of physics. They satisfy the following

scalar product identity [see (2.43)]:

Fh jÂ Cij ¼ Ch jÂ Fj i� ¼ Fh jÂ Cij y: (2.54)

The projector P̂C ¼ Cj i Ch j provides an example of the Hermitian operator:

P̂
y
C ¼ P̂C. One also observes that the change of order of the adjoint factors in the

Hermitian conjugate of the product of two operators implies that the product of the

commuting Hermitian operators also represents the Hermitian operator. Indeed,

when ½Â; B̂� ¼ 0; ðÂB̂Þy ¼ B̂yÂy ¼ B̂Â ¼ ÂB̂:
In quantum mechanics the eigenvalue problem of the linear Hermitian operator

Â corresponding to the physical quantity A is of paramount importance in deter-

mining the outcomes of its measurement. It is defined by the following equation:

Â Ciij ¼ ai Ciij or Cih jÂy ¼ Cih jai� ¼ Cih jÂ ¼ Cih jai; (2.55a)

where ai denotes ith eigenvalue (a number) and jCii � jaii and hCij � haij stand
for the associated eigen-ket(bra), i.e., the eigenvector belonging to ai. Therefore,
the action of Â on its eigenvector does not affect the direction of the latter, with only

its length being multiplied by the corresponding eigenvalue.

A trivial example is the multiplication by a number a. This operator has just one
eigenvalue, this number itself: any ket is an eigenket and any bra is an eigenbra

corresponding to this eigenvalue. One observes that this number has to be real for

such a number operator to be self-adjoint [see (2.55a)].

In quantum theory the Hermitian operator Â, the eigenvectors of which form a

basis in the state space, is called an observable. The projections onto all such

eigenstates amounts to the identity operations of (2.41a)–(2.41c). The projector

P̂C is an example of the quantum-mechanical observable, which exhibits only two
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eigenvectors. Indeed, for an arbitrary ket jFi the two functions j1i � P̂CjFi and
j0i � ð1� P̂CÞjFi can be shown to satisfy the eigenvalue problem of P̂C:

P̂Cj1i ¼ P̂2CjFi ¼ P̂CjFi ¼ j1i; P̂Cj0i ¼ ðP̂C � P̂2CÞjFi ¼ 0j0i; (2.56)

where we have used the idempotency property of projection operators [(2.40)].

Therefore, the two state vectors {j1i, j0i} are the eigenvectors of P̂C corresponding

to eigenvalues {1, 0}. Since every ket in the state space can be expanded in these

two eigenstates, jFi ¼ j1i þ j0i, they form the basis in the state space, j1ih1j þ
j0ih0j ¼ 1, thus confirming that P̂C is an observable.

The eigenbra problem is similarly defined by the Hermitian conjugate of (2.55a):

hCijÂ ¼ hCijai�: (2.55b)

It then follows from the Hermitian character of Â that all its eigenvalues are real

numbers. It suffices to multiply (2.55a) by hCij (from the left) and (2.55b) by jCii
(from the right), subtract the resulting equations and use (2.54) (forF ¼ C¼Ci) to

obtain the identity:

0 ¼ ðai � ai
�Þ hCijCii ) ai ¼ ai

�: (2.57)

The eigenvalues can be degenerate, when several independent eigenvectors

{jCi,ji} ¼ {jCi,1i, jCi,2i, . . ., jCi,gi} � {jiji, j ¼ 1, 2, . . ., g} belong to the same

eigenvalue ai:

Âji1i ¼ aiji1i; Âji2i ¼ aiji2i; . . . ; Âjigi ¼ aijigi; (2.58)

here the number g of such linearly independent (mutually orthogonal) components

determines the multiplicity of such degenerate eigenvalue. It then directly follows

from the linear character of Â that any combination of such states, say jCi ¼
C1ji1i þ C2ji2i þ . . . Cgjigi, also represents the eigenvector of Â belonging to this

eigenvalue:

ÂjCi ¼ C1Âji1i þ C2Âji2i þ � � � þ CgÂjigi ¼ aijCi: (2.59)

The Hermitian character of the linear operator also implies that eigenvectors

jCii � jii and jCji � j ji, which belong to different eigenvalues ai 6¼ aj, respec-
tively, are automatically orthogonal. Indeed, the associated eigenvalue equations,

Âjii ¼ aijii and hjjÂ ¼ hjjaj; give by an analogous manipulation involving a

multiplication of the former by hjj, of the latter by jii, and a subtraction of the

resulting equations,

0 ¼ ðai � aiÞ hjjii ) hjjii ¼ 0: (2.60)

In the degenerate case, each vector belonging to the subspace {jiki} of eigen-

value ai is thus orthogonal to every vector belonging to the subspace {jjli} of
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eigenvalue aj: hikj jli ¼ 0. Inside each degenerate subspace the vectors can always

be constructed as othonormal, hikjili ¼ dk,l, by choosing appropriate combinations

of the initial independent (normalized but nonorthogonal) state vectors.

For the given representation in the Hilbert space, say, specified by the discrete

orthonormal basis jii, the eigenvalue equation (2.55a) assumes the form of the

separate systems of algebraic equations for each eigenvalue, which can be

summarized in the joint matrix form [see (2.52)]:

AðiÞCðiÞ ¼ aCðiÞ; (2.61)

with the operator represented by the square matrix AðiÞ ¼ fhijÂji0ig; the diagonal
matrix a ¼ fasds;s0 ¼ hCsjÂjCsids;s0 g grouping the eigenvalues {as} corresponding
to eigenvectors jCi ¼ {jCsi � jsi} determined by the corresponding columns

Cs
(i) ¼ hijsi of the rectangular matrix C(i) ¼ {Cs

(i)} ¼ hijCi ¼ {hijsi} grouping
the relevant expansion coefficients (projections).

Moreover, since both jCi and jii form bases in the Hilbert space, the overall

projection jCihCj ¼ jiihij ¼ 1 and hence

CðiÞCðiÞy ¼ hijCi hCjii ¼ hijii ¼ fdi;i0 g ¼ IðiÞ and

CðiÞyCðiÞ ¼ hCjii hijCi ¼ hCjCi ¼ fds;s0 g ¼ IðCÞ: (2.62)

Thus, the basis set components of eigenvectors, C(i), define the unitary matrix:

(C(i)){ ¼ (C(i))�1. Hence, the multiplication, from the right, of both sides of (2.61)

by C(i){ allows one to rewrite this matrix equation as the unitary (similarity)

transformation (“rotation”), which diagonalizes the Hermitian matrix A(i), the

basis set representation of the Hermitian operator Â, to its eigenvector representa-

tion a ¼ hCjÂjCi � AðCÞ:

CðiÞyAðiÞCðiÞ ¼ ðCðiÞÞ�1AðiÞCðiÞ ¼ a: (2.63)

This is the standard numerical procedure, which is routinely applied in the com-

puter programs for the finite basis set determination of eigenvalues of Hermitian

matrices.

When dealing with problems of the simultaneous measurements of physical

quantities in quantum mechanics, one encounters the common eigenvalue problem

of several mutually commuting observables. It can be straightforwardly

demonstrated that the commutation of operators Â and B̂; ½Â; B̂� ¼ 0, implies the

existence of their common eigenvectors, which form the basis in the space of state

vectors. In other words, for the case of the discrete spectrum of eigenvalues {ai} and
{bj} of these two operators, there exist the common eigenvectors {jai, bji} of Â

and B̂, which satisfy the simultaneous eigenvalue problems of these two operators:

Âjai; bji ¼ aijai; bji and B̂jai; bji ¼ bjjai; bji: (2.64)

2.5 Eigenvalue Problem of Linear Hermitian Operators 37



Indeed, when jaii denotes the eigenvector of Â; Âjaii ¼ aijaii; and ½Â; B̂� ¼ 0,

applying B̂ to both sides of this eigenvalue equation gives: B̂Âjaii ¼ ÂðB̂jaiiÞ ¼
aiðB̂jaiiÞ: Therefore, B̂jaii is also the eigenvector of Â belonging to the same

eigenvalue ai. Hence, for the nondegenerate eigenvalue ai; B̂jaii must be collinear

with jaii, since there is only one independent eigenstate corresponding to ai,
identified by the direction of jaii. Hence, B̂jaii is then proportional to jaii, thus
also satisfying the eigenvalue equation of B̂,

B̂jaii ¼ bjjaii ) jaii ¼ jai; bji: (2.65)

For the degenerate eigenvalue ai; B̂jaii gives a vector belonging to the subspace

{jaiik} of ai, so that such eigenvalue subspace of Â remains globally invariant under

the action of B̂. One also observes that for such a pair of commuting operators,

the two eigenvectors for different eigenvalues of one operator, say jaii and jaji of
Â; ai 6¼ aj; give the vanishing matrix element of the other operator: haijB̂jaji ¼ 0:

This directly follows from their vanishing commutator which implies

haij½Â; B̂�jaji ¼ ðai � ajÞhaijB̂jaji ¼ 0 ) haijB̂jaji ¼ 0; (2.66)

where we have recognized the Hermitian character of Â.

In fact the commutation of two operators constitutes both the necessary and

sufficient condition for the two operators to have the common eigenvectors. The

above demonstration of the sufficient criterion can be supplemented by the inverse

theorem of the necessary condition that the existence of the common eigenvalue

problem of the two operators implies that they commute. Since the common

eigenvectors {jai, bji} constitute the basis (complete) set one can expand any ket

jCi ¼
X
i;j

ai; bj
�� �

ai; bj
� ��Ci �X

i;j

ai; bj
�� �

Ci;j: (2.67)

Therefore:

½Â; B̂� Cj i ¼
X
i;j

Ci;j½ÂB̂� B̂Â�jai; bji ¼
X
i;j

Ci;jðaibj � bjaiÞ ai; bj
�� � ¼ 0

) ½Â; B̂� ¼ 0: (2.68)

The minimum set of the mutually commuting observables fÂ; B̂; . . . ; Ĉg; which
uniquely specify the direction of the state vector jCi, is called the complete set of

commuting observables. Hence, there exists a unique orthonormal basis of their

common eigenvectors and the corresponding eigenvalues (ai, bj, . . ., ck) provide
the complete specification of the state under consideration: jCi ¼ jai, bj, . . ., cki.
One should realize, however, that for a given molecular system there exist several

such sets of observables. We shall encounter their examples in the next section.
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2.6 Position and Momentum Representations

Two important cases of the continuous basis sets in the vector space of quantum

states of a single (spinless) particle combine all state vectors corresponding to its

sharply specified position r ¼ (x, y, z) or momentum p ¼ (px, py, pz). These states,
{jri} and {jpi}, respectively, labeled by the respective three continuous coordinates
are the eigenvectors of the particle position and momentum operators, r̂ ¼ ðx̂; ŷ; ẑÞ
and p̂ ¼ ðp̂x; p̂y; p̂zÞ,

r̂ r0j i ¼ r0 r0j i; rh r0j i ¼ dðr0 � rÞ ¼ ur0 ðrÞ;
ð

rj i rh j dr ¼ 1;

p̂ p0j i ¼ p0 p0j i; ph p0j i ¼ dðp0 � pÞ ¼ up0 ðpÞ;
ð

pj i ph j dp ¼ 1: (2.69)

The Dirac deltas fdðr0 � rÞg and fdðp0 � pÞg in these equations define the continu-
ous basis functions {ur0(r)} and {up0(p)} for expanding the particle wave functions

C(r0) ¼ hr0|Ci and C(p0) ¼ hp0|Ci in these two bases:

Cðr0Þ ¼
ð
hr0jrihrjCi dr ¼

ð
ur0
�ðrÞ CðrÞ dr;

Cðp0Þ ¼
ð
hp0jpihpjCi dp ¼

ð
up0
�ðpÞ CðpÞ dp: (2.70)

Indeed, these two equations express the basic integral property of Dirac’s delta

function [(2.21)]:

Cðr0Þ ¼
ð
dðr � r0ÞCðrÞ dr and Cðp0Þ ¼

ð
dðp� p0ÞCðpÞ dp:

They also identify the function “coordinates” as the corresponding projections in

the function space spanned by the bases {ur0(r)} and {up0(p)}, respectively.
The orthogonality relation between quantum states jCi and jFi can thus be

expressed as the isomorphic relations between the corresponding wave functions:

hCjFi ¼
ð
hCjrihrjFi dr ¼

ð
C�ðrÞFðrÞ dr

¼
ð
hCjpihpjFi dp ¼

ð
C�ðpÞFðpÞ dp ¼ 0: (2.71)

It also follows from (2.69) that the basis functions ur0(r) and up0(p) are themselves

wave functions of quantum states with the sharply defined position r ¼ r0 and
momentum p ¼ p0, respectively. There is one-to-one correspondence between

wave functions and the associated state vectors they represent, e.g.,

ur0 ðrÞ , jr0i; up0 ðpÞ , jp0i; CðrÞ , jCi; CðpÞ , jCi: (2.72)
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Of interest also are the relations between the wave functions in the momentum

and position representations. They are summarized by the Fourier transformations

of (2.26), which in three dimensions read in terms of the wave vector k ¼ p/�h,

CðkÞ¼ ð2pÞ�3=2
ð
expð�ik � rÞCðrÞdr or CðpÞ¼ ð2p�hÞ�3=2

ð
expð� i

�h
p � rÞCðrÞ dr;

CðrÞ¼ ð2pÞ�3=2
ð
expðik � rÞCðkÞdk¼ð2p�hÞ�3=2

ð
expð i

�h
p � rÞCðpÞ dp:

(2.73)

Substituting one transform into the other then generates the following analytical

representations of the Dirac deltas [see (2.28)]:

dðr0 � rÞ ¼ ð2p�hÞ�3
ð
exp

i

�h
p � ðr0 � rÞ

� 	
dp;

dðp0 � pÞ ¼ ð2p�hÞ�3
ð
exp

i

�h
ðp0 � pÞ � r

� 	
dr: (2.74)

Hence, by transcribing (2.73) in terms of corresponding state vectors,

CðpÞ ¼ p jCh i ¼
ð

p j ri rh jCh i dr ¼
ð
u�pðrÞCðrÞ dr;

CðrÞ ¼ r jCh i ¼
ð

r j pi ph jCh i dp ¼
ð
u�r ðpÞCðpÞ dp; (2.75)

one identifies the following representation of basis vectors of one representation in

terms of vectors comprised in the other basis set:

upðrÞ ¼ hrjpi ¼ ð2p�hÞ�3=2 expð i
�h
p � rÞ and

urðpÞ ¼ hpjri ¼ upðrÞ� ¼ ð2p�hÞ�3=2 expð� i

�h
p � rÞ: (2.76)

Let us now examine the associated representations of the position and momen-

tum operators in these two continuous basis sets. We first observe that these

operators are the continuous diagonal when represented in the basis set of their

own eigenvectors [see (2.69)]:

r00h jr̂ r0j i ¼ r0 r00h jr0i ¼ r0dðr0 � r00Þ; p00h jp̂ p0j i ¼ p0 p00h jp0i ¼ p0dðp0 � p00Þ: (2.77)

Therefore, the action of the position operator on the wave function in the

position representation amounts to a straightforward multiplication by the position

vector:
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ð
r00h jr̂ r0j i r0h jCi dr0 ¼

ð
r0dðr0 � r00ÞCðr0Þdr0 ¼ r00Cðr00Þ: (2.78)

The action of the momentum operator on the wave function in the momentum

representation similarly represents the multiplication by the momentum vector:ð
p00h jp̂ p0j i p0h jCi dp0 ¼

ð
p0dðp0 � p00ÞCðp0Þdp0 ¼ p00Cðp00Þ: (2.79)

Next, let us establish the form of the momentum operator in the position
representation. It can be recognized by examining the position representation of

the ket p̂jCi;

rh jp̂ Cj i ¼
ð

rh jpi ph jp̂ Cj i dp ¼ ð2p�hÞ�3=2
ð
exp

i

�h
p � r


 �
pCðpÞ dp: (2.80)

Hence, by comparing the previous equation with the last (2.73) gives:

rh jp̂ Cj i ¼ �i�hrr rh jCi � p̂ðrÞCðrÞ; (2.81)

where the differential vector operator rr ¼ i@ @x= þ j@ @y= þ k@ @z= � @ @r=
stands for the position gradient. Therefore, the action of the momentum operator

in the position representation amounts to performing the differential operation

p̂ðrÞ ¼ �i�hrr on the wave function C(r). Hence, the matrix element Fh jp̂ Cj i in
this representation is determined by the associated integral in terms of the position

wave functions:

Fh jp̂ Cj i ¼
ð

Fh jri rh jp̂ Cj i dr ¼ �i�h
ð
F�ðrÞrrCðrÞ dr: (2.82)

One could alternatively calculate the kernel p̂ðr; r0Þ ¼ rh jp̂ r0j i (the continuous

matrix element) of the momentum operator, in terms of which the operation of

(2.81) reads:

rh jp̂ Cj i ¼
ð

rh jp̂ r0i r0h jCj i dr0 ¼
ð
p̂ðr; r0ÞCðr0Þ dr0: (2.83)

By twice inserting the closure relation into this matrix element, and using the

analytical expression for the Dirac delta (2.74) one then finds:

rh jp̂ r0j i ¼
ðð

rh jpi ph jp̂ p0i p0h jr0j i dp dp0

¼
ðð

u�r ðpÞ pdðp0 � pÞ ur0 ðp0Þ dp0dp

¼ ð2p�hÞ�3
ð
exp

i

�h
p � ðr0 � rÞ

� 	
p dp ¼ i�hrr0dðr0 � rÞ: (2.84)
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Substituting this result to (2.83), after integration by parts [see (2.30)], gives the

same result as in (2.82):ð
p̂ðr; r0ÞCðr0Þ dr0 ¼ i�h

ð
rr0dðr0 � rÞCðr0Þ dr0:

¼ �i�h
ð
dðr0 � rÞrr0Cðr0Þ dr0 ¼ �i�hrrCðrÞ: (2.85)

One similarly derives the remaining kernel providing the momentum represen-

tation of the position operator,

r̂ðp; p0Þ ¼ ph jr̂ p0j i ¼
ðð

ph jri rh jr̂ r0i r0h jp0j i dr dr0 ¼
ðð

u�pðrÞ rdðr0 � rÞ up0 ðr0Þ dr dr0

¼ ð2p�hÞ�3
ð
exp

i

�h
ðp0 � pÞ � r

� 	
r dr ¼ �i�hrp0dðp0 � pÞ;

(2.86)

where the momentum gradient rp ¼ i@ @px= þ j@ @py
� þ k@ @pz �= @ @p= . It gives

rise to the following momentum representation of the ket r̂|Ci:

ph jr̂ Cj i ¼
ð

ph jr̂ p0i p0h jCj i dp0 ¼
ð
r̂ðp; p0ÞCðp0Þ dp0

¼ �i�h
ð
rp0dðp0 � pÞCðp0Þ dp0 ¼ i�h

ð
dðp0 � pÞrp0Cðp0Þ dr0

¼ i�hrpCðpÞ � r̂ðpÞCðpÞ: (2.87)

Therefore, the action of the position operator in the momentum space coincides

with the differential operation r̂ðpÞ ¼ i�hrp performed on the wave function CðpÞ.
The same result directly follows from inserting the closure identity into the

initial scalar product of the preceding equation:

ph jr̂ Cj i ¼
ð

ph jri rh jr̂ Cj i dr ¼ ð2p�hÞ�3=2
ð
expð� i

�h
p � rÞrCðrÞ dr: (2.88)

Hence, by comparing this expression with the second (2.73) again gives:

ph jr̂ Cj i ¼ i�hrp ph jCi ¼ r̂ðpÞCðpÞ: (2.89)

2.7 Energy Representation and Unitary Transformations

The energy representation of quantum states and operators is defined by the basis

set of the (orthonormal) eigenvectors {jEni} of the system energy operator, the

Hamiltonian Ê � Ĥ,
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Ĥ Enj i ¼ En Enj i: (2.90)

They represent the stationary states, with the sharply specified energy. Here, for

the sake of simplicity we have assumed the discrete spectrum of the allowed energy

levels {En}.

In the position representation j ¼ {jxi, jx0i, . . .} ¼ {jxi}, hx0jxi ¼ d(x � x0),
where x groups the system coordinates, the eigenkets {jEni} of the energy basis set
are represented by the associated wave functions {’En

ðxÞ ¼ hxjEnig ¼ hjjEni of
the continuous column vector, while the corresponding eigenbras define the

associated continuous row vector: {’�En
ðxÞ ¼ hxjEni� ¼ hEnjxig ¼ hEnjji: In this

position basis the Hamiltonian Ĥ is similarly represented by the continuous (diago-

nal) matrix: Ĥ) fĤðx; x0Þ ¼ xh jĤ x0j i ¼ ĤðxÞdðx0 � xÞg: In the position represen-
tation the energy eigenvalue problem of (2.90) reads:ð

xh jĤ x0i x0h jEnj i dx0 ¼ En xh Enj i (2.91)

orð
Ĥðx; x0Þ’En

ðx0Þ dx0 ¼
ð
Ĥðx0Þdðx0 � xÞ’En

ðx0Þ dx0 ¼ ĤðxÞ’En
ðxÞ ¼ En’En

ðxÞ:
(2.92)

The orthonormality of the energy eigenvectors (discrete spectrum), hEnjEni ¼
dEm;En

, can be also expressed in terms of the associated wave functions:

hEmjEni ¼
ð

Emh xi xh jEnj i dx ¼
ð
’�Em
ðxÞ ’En

ðxÞ dx ¼ dEm;En
: (2.93)

Any state vector jCi is thus equivalently represented either by the components

{CEn
¼ hEnjCi ¼

Ð
’�En
ðxÞCðxÞ dxg �CðEÞ in the energy representation or by the

wave function C(x) ¼ hx|Ci � C(j) in the position representation. They are

related via the following transformations:

CðxÞ ¼ hxjCi ¼
X
m

xh Emi Emh jCj i ¼
X
m

’Em
ðxÞ CEm

or CðjÞ ¼ Tðj;EÞCðEÞ;

CEn
¼ hEnjCi ¼

ð
Enh xi xh jCj i dx ¼

ð
’�En
ðxÞCðxÞ dx or CðEÞ ¼ TðE; jÞCðjÞ:

(2.94)

Thus, the energy eigenfunctions f’Em
ðxÞg, with the continuous (discrete) position

(energy) labels, transform the energy representation of the state vector to its

associated position representation. Accordingly, the complex conjugate functions

f’�Em
ðxÞg are seen to define the reverse transformation of the state vector, from its

position representation to the energy representation.
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Therefore, should one regard the coefficients of these mutually reverse trans-

formations as elements of the corresponding transformation matrices identified by

the discrete {En} and continuous {x} indices,

f’Em
ðxÞg � Tðj;EÞ ¼ hjjEi;

f’�Em
ðxÞg � TðE; jÞ ¼ hEjji ¼ Tðj;EÞy; (2.95)

their mutual reciprocity relations imply:

Tðj0;EÞTðE; jÞ ¼ hj0jEi hEjji ¼ hj0jji ¼ dðj � j0Þ
) TðE; jÞ ¼ Tðj;EÞy ¼ Tðj;EÞ�1;

TðE; jÞTðj;E0Þ ¼ hEjji hjjE0i ¼ hEjE0i ¼ dE;E0 ¼ I:

) Tðj;EÞ ¼ TðE; jÞy ¼ TðE; jÞ�1: (2.96)

One thus concludes that each of these mutually inverse transformation matrices is

the Hermitian conjugate of the other thus defining the unitary transformations

(“rotations”) of one orthonormal basis set into another.

To summarize, the system energy, with discrete (or continuous/mixed) set of

eigenvalues, constitutes the independent variable of the energy representation. The

square of the modulus of the component CEn
¼ hEnjCi measures the (conditional)

probability W(EnjC) of observing the system in state jCi at the specified energy:

WðEnjCÞ ¼ jhEnjCij2 ¼ hCjEni hEnjCi;X
n

WðEnjCÞ ¼
X
n

hCjEnihEnjCi ¼ hCjCi ¼ 1: (2.97)

As we have already observed in (2.75) of the preceding section, the wave

functions (2.76) define another pair of such mutually reverse transformations:

urðpÞ ¼ hpjri � tðp; rÞ and upðrÞ ¼ hrjpi � tðr; pÞ;ð
tðp; rÞ tðr; p0Þdr ¼ dðp� p0Þ;

ð
tðr; pÞ tðp; r0Þdp ¼ dðr � r0Þ: (2.98)

They also define the unitary kernels,

tðp; rÞ ¼ tðr; pÞy ¼ tðr; pÞ�1 and tðr; pÞ ¼ tðp; rÞy ¼ tðp; rÞ�1; (2.99)

of the integral transformations between the position and momentum representations:ð
tðp; rÞCðrÞ dr � Tðp; rÞCðrÞ ¼CðpÞ or bTðp; rÞCðrÞ ¼ CðpÞ;ð
tðr; pÞCðpÞ dp � Tðr; pÞCðpÞ ¼CðrÞ or bTðr; pÞCðpÞ ¼ CðrÞ: (2.100)
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Above, T(p, r) represents the integral operator bTðp; rÞ defined by the kernel t(p, r),
which replaces the arguments of the wave function: r ! p, etc.

It follows from the preceding equations that these transformations are unitary:

Tðr; pÞ ¼ Tðp; rÞ�1 ¼ Tðp; rÞy or bT�1ðp; rÞ ¼ bTyðp; rÞ ¼ bTðr; pÞ; (2.101)

where the inverse operator bT�1ðp; rÞ replaces the variables in the wave function

it acts upon in the inverse order: p ! r. Therefore, the reciprocity relations of

(2.98) in fact express the unitary character of the above (integral) transformation

operators,

bT(r;pÞbTyðr;pÞ ¼ bT(r;p)bT(p; rÞ ¼ 1 andbT(p;rÞbTyðp;rÞ ¼ bT(p;r)bT(r; pÞ ¼ 1; (2.102)

because the double exchange of variables p ! r! p amounts to identity operation

on the wave functionC(p) and the double exchange r ! p!r operation performed

of C(r) leaves it unchanged.
Transitions from one set of independent variables to another are called the

canonical transformations. They have been shown to correspond to unitary

operators, which also transform the matrix representations of the quantum-mechan-

ical operators to a new set of variables. Indeed, by unitary transforming both sides

of the momentum representation of (2.31),ð
Âðp; p0ÞCðp0Þ dp0 ¼ C0ðpÞ;

and using the identity (2.102) one obtains

½bT(r;pÞÂðp; p0ÞbTyðr0;p0)][bT(r0;p0ÞCðp0Þ� � Âðr; r0ÞCðr0Þ
= bT(r;pÞC0ðpÞ � C0ðrÞ: (2.103)

Hence, the canonically transformed resultant vector C0(p) in the new variables

becomes: bT(r;pÞ C0(p) ¼ C0(r). It results from the transformed vector bT(r0;p0Þ
C(p0) ¼ C(r0) by the action of the transformed operator

bT(r;pÞÂðp; p0ÞbTyðr0;p0Þ ¼ bT(r;pÞÂðp; p0ÞbT�1ðp0;r0Þ ¼ Âðr; r0Þ (2.104)

with the preceding equation thus expressing a general transformation law for

changing representations of linear operators.

Another important type of the unitary operators is represented by the phase
transformation ŜðxÞ ¼ exp½iâðxÞ�. It involves the linear Hermitian operator âðxÞ,
the function of the same list of variables as those of the wave function itself.
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This transformation of C(x) modifies the wave function without affecting its set of

the independent state variables.

All physical predictions of quantum mechanics can be shown to remain unaf-

fected by the unitary transformations of states and operators, since they are related

to specific invariants of such operations. These invariant properties include the

linear and Hermitian character of quantum-mechanical observables, all algebraic

relations between them, e.g., the commutation rules, spectrum of eigenvalues and

the matrix elements of operators.

The diversity of unitary transformations is not limited to those changing a

description of the system quantum-mechanical states at the given time (quantum

kinematics): C(x) ¼ C(x, t ¼ 0). In the next chapter, we shall examine other

examples of unitary transformations of wave functions and operators, which gener-

ate different pictures of the quantum-mechanical dynamics, e.g., the evolution of

quantum states with time in the Schr€odinger picture:

Cðx; tÞ ¼ ÛðtÞCðxÞ; Û
yðtÞÛðtÞ ¼ 1: (2.105)

2.8 Functional Derivatives

The functional of the state vector argument or of its continuous basis

representation – the wave function – gives the scalar. The representative example

of such a mathematical entity is the definite integral, e.g., the scalar product of two

wave functions. It may additionally involve various derivatives of the function

argument. For simplicity, let us assume the functional F of a single function f(x) of
the continuous variable x,

F½f � ¼
ð
L½x; f ðxÞ; f 0ðxÞ; . . .�dx: (2.106)

This functional attributes to the argument function f the scalar F ¼ F[f]. It is
defined by the functional density L½x; f ðxÞ; f 0ðxÞ; . . .�, which in a general case

depends on the current value of x, the argument function itself, f(x), and its

derivatives: f 0ðxÞ ¼ df ðxÞ=dx, etc.
An important problem, which we shall often encounter in this book, is to find the

functional variation dF ¼ F[f þ df]�F[f] due to a small modification of the argu-

ment function, df ¼ eh, where e is a small parameter and h stands for the displace-

ment function (perturbation). The first differential of the functional is the

component of dF that depends on df linearly:

dð1ÞF ¼
ð

dF
df ðxÞ df ðxÞ dx; (2.107)
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with the (local) coefficient before df(x) in the integrand defining the first functional
derivative of F with respect to f at point x. It is seen to transform the local

displacements of the argument function into the first differential of the functional.

This expression can be viewed as the continuous generalization of the familiar

differential of the function of several variables: d(1)f(x1, x2, . . .) ¼ ∑i (∂f/∂xi) dxi.
The global shift df in the functional argument can be viewed as composed

of local manipulations on f which are conveniently expressed in terms of the

Dirac delta function: df(x) ¼ Ð df ðx0�xÞ dx0, where df(x0 � x) ¼ df(x0)d(x0 � x) ¼
eh(x0)d(x0 � x) � eh(x0 � x)}. Here, df(x0 � x) stands for the localized displace-

ment of the argument function, centered around x, in terms of which the first

functional derivative, itself the functional of f, reads:

dF
df ðxÞ ¼ lim

e!0

F½f ðx0Þ þ ehðx0 � xÞ�x0 � F½f ðx0Þ�x0
e

� g½f ; x� ; (2.108)

where subscript x0 in the functional symbol symbolizes integration over this argu-

ment [see (2.106)].

One similarly introduces higher functional derivatives, which define the con-

secutive terms in the functional Taylor–Volterra expansion (Volterra 1959; Gelfand

and Fomin 1963):

dF½f � ¼
ð

dF
df ðxÞ df ðxÞ dxþ

1

2

ðð
df ðxÞ d2F

df ðxÞ df ðx0Þ df ðx
0Þ dx dx0 þ . . .

� dð1ÞF½f � þ dð2ÞF½f � þ . . . (2.109)

For example, in the localized perspective on modifying the argument function of

the functional, one interprets its second functional derivative as the limiting ratio:

d2F
df ðxÞ df ðx0Þ ¼

dg½f ; x�
df ðx0Þ ¼ lim

e!0

g½f ðx000Þ þ ehðx000x0Þ; x�x000 � g½f ; x�
e

: (2.110)

In (2.109) it determines the continuous transformation of the two-point
displacements of the argument function, df ðx00 � xÞdf ðx000 � x0Þ, centered around x
and x0, respectively, into the second differential d(2)F[f]. The latter again parallels

the familiar expression for the second differential of a function of several variables:

d(2)f(x1, x2, . . .) ¼ ½∑i∑j (∂
2f/∂xi∂xj) dxi dxj.

The rules of the functional differentiation thus represent the local, function

generalization of those characterizing the differentiation of functions. The func-

tional derivatives of the sum and product of two functionals, respectively, read:

d
df ðxÞ faF½f � þ bG½f �g ¼ a

dF
df ðxÞ þ b

dG
df ðxÞ ;

d
df ðxÞ fF½f �G½f �g ¼ G

dF
df ðxÞ þ F

dG
df ðxÞ : (2.111)
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The chain rule transformation of functional derivatives also holds. Consider

the composite functional F½f � ¼ F½f ½g�� � �F½g�. Substituting the first differential of

f (x) ¼ f [g; x],

dð1Þf ½g; x� ¼
ð
df ðxÞ
dgðx0Þ dgðx

0Þ dx0; (2.112)

into d (1)F[f] of (2.108) gives:

dð1Þ �F½g� ¼
ð

d �F
dgðx0Þ dgðx

0Þ dx0 ¼
ð

dF
df ðxÞ

ð
df ðxÞ
dgðx0Þ dgðx

0Þ dx0
	
dx:

�
(2.113)

Hence, the functional derivative of the composite functional follows from the chain

rule

d �F
dgðx0Þ ¼

ð
dF

df ðxÞ
df ðxÞ
dgðx0Þ dx: (2.114)

One similarly derives the chain rules for implicit functionals. When functional

F[f, g] is held constant, the variations of the two argument functions are not

independent, since the relation F[f, g] ¼ const. implies the associated functional

relation between them, e.g., g ¼ g[f]F. The vanishing first differential,

dð1ÞF½f ; g� ¼
ð

@F

@f ðxÞ

 �

g

½df ðxÞ�F þ
@F

@gðxÞ

 �

f

½dgðxÞ�F
" #

dx ¼ 0; orð
@F

@f ðxÞ

 �

g

½df ðxÞ�F dx ¼ �
ð

@F

@gðx0Þ

 �

f

½dgðx0Þ�F dx0; (2.115)

is determined by the partial functional derivatives, a natural local extension of the

ordinary partial derivatives of a function of several variables, e.g.,

@F

@f ðxÞ

 �

g

¼ lim
e!0

F½f ðx0Þ þ ehðx0 � xÞ; g�x0 � F½f ; g�
e

: (2.116)

Finally, differentiating both sides of Eq. (2.115) with respect to one of the argument

functions for constant F gives the following implicit chain rules:

@F

@f ðxÞ

 �

g

¼ �
ð

@F

@gðx0Þ

 �

f

@gðx0Þ
@f ðxÞ


 �
F

dx0;

@F

@gðx0Þ

 �

f

¼ �
ð

@F

@f ðxÞ

 �

g

@f ðxÞ
@gðx0Þ

 �

F

dx: (2.117)
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These relations parallel familiar manipulations of derivatives in the classical

thermodynamics.

For the fixed value of the composite functional F[f[u], g[u]] ¼ ~F½u� ¼ const:
one similarly finds:

@gðx0Þ
@f ðxÞ


 �
~F

¼
ð

@gðx0Þ
@uðx00Þ

 �

~F

@uðx00Þ
@f ðxÞ


 �
~F

dx00;

@f ðxÞ
@gðx0Þ

 �

~F

¼
ð

@f ðxÞ
@uðx00Þ

 �

~F

@uðx00Þ
@gðx0Þ


 �
~F

dx00: (2.118)

Let us further assume that functions f(x) and g(x) are unique functionals of each
other, f(x) ¼ f [g; x] and g(x0) ¼ g[f; x0]. Substitution of (2.112) into

dð1Þg½f ; x00� ¼
ð
dgðx00Þ
df ðxÞ df ðxÞ dx; (2.119)

then gives:

dð1Þg½f ; x00� ¼
ð
dgðx00Þ
df ðxÞ df ðxÞdx ¼

ðð
dgðx00Þ
df ðxÞ

df ðxÞ
dgðx0Þdgðx

0Þdx0dx: (2.120)

This equation identifies the Dirac delta function as the functional derivative of the

function at one point with respect to its value at another point, as also implied by

(2.107): ð
dgðx00Þ
df ðxÞ

df ðxÞ
dgðx0Þdx ¼

dgðx00Þ
dgðx0Þ ¼ dðx00 � x0Þ; (2.121)

where we have applied the functional chain rule. The preceding equation also

defines the mutually inverse functional derivatives:

dgðx0Þ
df ðxÞ ¼

df ðxÞ
dgðx0Þ

 ��1

: (2.122)

Let us assume the functional (2.106) in the typical form including the depen-

dence of its density on the argument function itself and its first n derivatives:

f (i)(x) ¼ di f(x)/dxi , i ¼ 1, 2, . . ., n:

LðxÞ ¼ Lðx; f ðxÞ; f ð1ÞðxÞ; f ð2ÞðxÞ; . . . ; f ðnÞðxÞÞ: (2.123)

The functional derivative of F[ f ] is then given by the following general

expression:
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dF
df ðxÞ ¼

@LðxÞ
@f ðxÞ �

d

dx

@LðxÞ
@f ð1ÞðxÞ

 �

þ d2

dx2
@LðxÞ
@f ð2ÞðxÞ

 �

� � � � þ ð�1Þn dn

dxn
@LðxÞ
@f ðnÞðxÞ

 �

:

(2.124)

The first term in the r.h.s. of the preceding equation defines the so-called variational
derivative. It determines the functional derivative of the local functionals, the
densities of which depend solely upon the argument function itself.

This development can be straightforwardly generalized to cover functionals of

functions in three dimensions. Consider, e.g., the functional of f(r) depending on

the position vector in the physical space: r ¼ (x, y, z). Equation (2.124) can be then
extended to cover the f ¼ f(r) case by replacing the operator d dx= by its three-

dimensional analog – the gradient r � @ @r= . For example, for Lðr; f ðrÞ; rf ðrÞj jÞ
the functional derivative of F[f] is given by the expression:

dF
df ðrÞ ¼

@LðrÞ
@f ðrÞ � r

@LðrÞ
@ rf ðrÞj j

 �

: (2.125)

Similarly, for

~F½f � ¼ F½f � þ
ð
l Df ðrÞð Þ dr �

ð
~L r; f ðrÞ; rf ðrÞj j;Df ðrÞð Þ dr; D ¼ r2;

d ~F
df ðrÞ ¼

dF
df ðrÞ þ D

@~LðrÞ
@Df ðrÞ

 !
: (2.126)
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