
Chapter 1
Field Emission from Quantum Wires
of Nonparabolic Semiconductors

1.1 Introduction

The Fowler–Nordheim field emission (FNFE) is a well-known quantum-mechanical
phenomenon that involves tunneling of electrons through a surface barrier due to
the application of an intense external electric field. Normally, at field strengths of
the order of 108 V=m (below the electrical breakdown), the potential barriers at the
surfaces of metals and semiconductors usually become very thin and result in field
emission of electrons due to the tunnel effect [1, 2]. This has been well investigated
with reference to three-dimensional electron gases in metals and semiconductors
and the FNFE from quantum-confined structures has also been studied in this
context [3–37]. Some of significant features of the FNFE which have emerged from
these investigations are as follows:

1. The FNFE increases with increasing electron concentration in bulk materials and
are significantly influenced by the carrier energy spectra of different electronic
materials.

2. The FNFE increases with increasing electric field.
3. The FNFE oscillates with film thickness for quantum-confined systems.
4. The FNFE oscillates with inverse quantizing magnetic field in the presence of

magnetic quantization due to the Shubnikov–de Haas effect.
5. For various types of superlattices of different materials, the FNFE shows

composite oscillations with different system variables.

In recent years, with the advent of fine lithographical methods [38, 39], molecular
beam epitaxy [40], organometallic vapor-phase epitaxy [41], and other experimental
techniques, the restriction of the motion of the carriers of bulk materials in
one (quantum wells in ultrathin films, NIPI structures, inversion, and accumula-
tion layers), two (quantum wires), and three (quantum dots, magnetosize quan-
tized systems, magneto-accumulation layers, magneto-inversion layers quantum dot
superlattices, magneto-quantum well superlattices, and magneto-NIPI structures)
dimensions have in the last few years, attracted much attention not only for their
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potential in uncovering new phenomena in nanoscience, but also for their interesting
quantum device applications [42–45]. In ultrathin films, the restriction of the motion
of the carriers in the direction normal to the film (say, the z direction) may be viewed
as carrier confinement in an infinitely deep 1D rectangular potential well, leading to
quantization [known as quantum size effect (QSE)] of the wave vector of the carrier
along the direction of the potential well, allowing 2D carrier transport parallel to the
surface of the film representing new physical features not exhibited in bulk semicon-
ductors [46–50]. The low-dimensional heterostructures based on various materials
are widely investigated because of the enhancement of carrier mobility [51]. These
properties make such structures suitable for applications in quantum well lasers [52],
heterojunction FETs [53, 54], high-speed digital networks [55–58], high-frequency
microwave circuits [59], optical modulators [60], optical switching systems [61],
and other devices. The constant energy 3D wavevector space of bulk semiconductors
becomes 2D wavevector surface in ultrathin films or quantum wells due to dimen-
sional quantization. Thus, the concept of reduction of symmetry of the wavevector
space and its consequence can unlock the physics of low-dimensional structures.

It is well known that in quantum wires (QWs), the restriction of the motion
of the carriers along two directions may be viewed as carrier confinement by two
infinitely deep 1D rectangular potential wells, along any two orthogonal directions
leading to quantization of the wave vectors along the said directions, allowing 1D
carrier transport [62–64]. With the help of modern fabrication techniques, such one-
dimensional quantized structures have been experimentally realized and enjoy an
enormous range of important applications in the realm of nanoscience in quantum
regime. They have generated much interest in the analysis of nanostructured devices
for investigating their electronic, optical, and allied properties [65–72]. Examples
of such new applications are based on the different transport properties of ballistic
charge carriers which include quantum resistors [73–75], resonant tunneling diodes
and band filters [76,77], quantum switches [78], quantum sensors [79,80], quantum
logic gates [81, 82], quantum transistors and subtuners [83, 84], heterojunction
FETs [85], high-speed digital networks [86,87], high-frequency microwave circuits
[88], optical modulators [89], optical switching systems [90], and other nanoscale
devices.

In this chapter, we shall study the FNFE from QWs of nonparabolic semicon-
ductors having different band structures. At first we shall investigate the FNFE from
QWs of nonlinear optical compounds which are being used in nonlinear optics and
light-emitting diodes [91, 92]. The quasi-cubic model can be used to investigate the
symmetric properties of both the bands at the zone center of wavevector space of
the same compound.Including the anisotropic crystal potential in the Hamiltonian,
and special features of the nonlinear optical compounds, Kildal [93] formulated
the electron dispersion law under the assumptions of isotropic momentum matrix
element and the isotropic spin–orbit splitting constant, respectively, although the
anisotropies in the two aforementioned band constants are the significant physical
features of the said materials [94–96]. In Sect. 1.2.1, the FNFE from QWs of non-
linear optical semiconductors has been investigated by considering the combined
influence of the anisotropies of the said energy band constants together with the
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inclusion of the crystal field splitting respectively within the framework of k � p
formalism.

The III–V compounds find applications in infrared detectors [97], quantum
dot light-emitting diodes [98], quantum cascade lasers [99], quantum well wires
[100], optoelectronic sensors [101], high electron mobility transistors [102], etc.
The electron energy spectrum of III–V semiconductors can be described by the
three- and two-band models of Kane [103, 104], together with the models of
Stillman et al. [105], Newson and Kurobe [106], and Palik et al. [107], respectively.
In this context, it may be noted that the ternary and quaternary compounds
enjoy the singular position in the entire spectrum of optoelectronic materials.
The ternary alloy Hg1�xCdxTe is a classic narrow gap compound. The band gap
of this ternary alloy can be varied to cover the spectral range from 0.8 to over
30�m [108] by adjusting the alloy composition. Hg1�xCdxTe finds extensive
applications in infrared detector materials and photovoltaic detector arrays in the
8–12�m wave bands [109]. The above uses have generated the Hg1�xCdxTe
technology for the experimental realization of high mobility single crystal with
specially prepared surfaces. The same compound has emerged to be the optimum
choice for illuminating the narrow subband physics because the relevant material
constants can easily be experimentally measured [110]. Besides, the quaternary
alloy In1�xGaxAsyP1�y lattice matched to InP, also finds wide use in the fabrication
of avalanche photodetectors [111], heterojunction lasers [112], light-emitting diodes
[113] and avalanche photodiodes [114], field effect transistors, detectors, switches,
modulators, solar cells, filters, and new types of integrated optical devices are made
from the quaternary systems [115]. It may be noted that all types of band models as
discussed for III–V semiconductors are also applicable for ternary and quaternary
compounds. In Sect. 1.2.2, the FNFE from QWs of III–V, ternary, and quaternary
semiconductors has been studied in accordance with the said band models and
the simplified results for wide gap materials having parabolic energy bands under
certain limiting conditions have further been demonstrated as a special case and thus
confirming the compatibility test.

The II–VI semiconductors are being used in nanoribbons, blue green diode lasers,
photosensitive thin films, infrared detectors, ultrahigh-speed bipolar transistors,
fiber optic communications, microwave devices, solar cells, semiconductor gamma-
ray detector arrays, and semiconductor detector gamma camera and allow for a
greater density of data storage on optically addressed compact discs [116–123].
The carrier energy spectra in II–VI compounds are defined by the Hopfield model
[124] where the splitting of the two-spin states by the spin–orbit coupling and the
crystalline field has been taken into account. Section 1.2.3 contains the investigation
of the FNFE from QWs of II–VI compounds.

In recent years, Bismuth (Bi) nanolines have been fabricated and Bi also finds
use in array of antennas, which leads to the interaction of electromagnetic waves
with such Bi-nanowires [125, 126]. Several dispersion relations of the carriers have
been proposed for Bi. Shoenberg [127] experimentally verified that the de Haas–Van
Alphen and cyclotron resonance experiments supported the ellipsoidal parabolic
model of Bi, although the magnetic field dependence of many physical properties
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of Bi supports the two-band model [128]. The experimental investigations on the
magneto-optical and the ultrasonic quantum oscillations support the Lax ellipsoidal
nonparabolic model [129]. Kao [130], Dinger and Lawson [131], and Koch and
Jensen [132] demonstrated that the Cohen model [133] is in conformity with the
experimental results in a better way. Besides, the hybrid model of bismuth, as
developed by Takaoka et al. also finds use in the literature [134]. McClure and Choi
[135] derived a new model of Bi and they showed that it can explain the data for a
large number of magneto-oscillatory and resonance experiments. In Sect. 1.2.4, the
FNFE from QWs of Bi has been formulated in accordance with the aforementioned
energy band models for the purpose of relative assessment. Besides, under certain
limiting conditions all the results for all the models of 1D systems are reduced to
the well-known result of the FNFE from QWs of wide gap materials. This above
statement exhibits the compatibility test of our theoretical analysis.

Lead chalcogenides (PbTe, PbSe, and PbS) are IV–VI nonparabolic semi-
conductors whose studies over several decades have been motivated by their
importance in infrared IR detectors, lasers, light-emitting devices, photovoltaics,
and high-temperature thermoelectrics [136–140]. PbTe, in particular, is the end
compound of several ternary and quaternary high-performance high-temperature
thermoelectric materials [141–145]. It has been used not only as bulk but also as
films [146–149], quantum wells [150], superlattices [151, 152], nanowires [153],
colloidal and embedded nanocrystals [154–157], and PbTe films doped with various
impurities have also been investigated [158–165]. These studies revealed some of
the interesting features that had been seen in bulk PbTe, such as Fermi level pinning
in the case of superconductivity [166]. In Sect. 1.2.5, the FNFE from QWs of IV–VI
semiconductors has been studied taking PbTe as an example.

The stressed semiconductors are being investigated for strained silicon transis-
tors, quantum cascade lasers, semiconductor strain gages, thermal detectors and
strained-layer structures [167–170]. The FNFE from QWs of stressed compounds
(taking stressed n-InSb as an example) has been investigated in Sect. 1.2.6. The
vacuum deposited Tellurium (Te) has been used as the semiconductor layer in thin-
film transistors (TFT) [171], which is being used in CO2 laser detectors [172],
electronic imaging, strain-sensitive devices [173, 174], and multichannel Bragg cell
[175]. Section 1.2.7 contains the investigation of FNFE from QWs of Tellurium.

The n-gallium phosphide (n-GaP) finds applications in quantum dot light-
emitting diode [176], high efficiency yellow solid-state lamps, light sources, and
high peak current pulse for high gain tubes. The green and yellow light-emitting
diodes made of nitrogen-doped n-GaP possess a longer device life at high drive
currents [177–179]. In Sect. 1.2.8, the FNFE from QWs of n-GaP has been studied.
The Platinum Antimonide .PtSb2/ is used in device miniaturization, colloidal
nanoparticle synthesis, sensors, detector materials, and thermo-photovoltaic devices
[180–182]. Section 1.2.9 explores the FNFE from QWs of PtSb2. Bismuth telluride
.Bi2Te3/ was first identified as a material for thermoelectric refrigeration in 1954
[183] and its physical properties were later improved by the addition of bismuth
selenide and antimony telluride to form solid solutions [184–188]. The alloys
of Bi2Te3 are useful compounds for the thermoelectric industry and have been



1.2 Theoretical Background 7

investigated in the literature [184–188]. In Sect. 1.2.10, the FNFE from QWs of
Bi2Te3 has been considered.

The usefulness of elemental semiconductor Germanium is already well known
since the inception of transistor technology, and it is also being used in memory
circuits, single photon detectors, single photon avalanche diode, ultrafast optical
switch, THz lasers, and THz spectrometers [189–192]. In Sect. 1.2.11, the FNFE
has been studied from QWs of Ge. Gallium Antimonide (GaSb) finds applications
in the fiber optic transmission window, heterojunctions, and quantum wells. A
complementary heterojunction field effect transistor in which the channels for the
p-FET device and the n-FET device forming the complementary FET are formed
from GaSb. The band gap energy of GaSb makes it suitable for low power operation
[193–198]. In Sect. 1.2.12, the FNFE from QWs of GaSb has been studied. The
II–V semiconductors are being used in photovoltaic cells constructed of single
crystal semiconductor materials in contact with electrolyte solutions. Cadmium
selenide shows an open-circuit voltage of 0.8 V and power conservation coefficient
is nearly 6% for 720-nm light [199]. They are also used in ultrasonic amplification
[200]. The development of an evaporated TFT using cadmium selenide as the
semiconductor has also been reported [201, 202]. In Sect. 1.2.13, we shall study
the FNFE from QWs of II–V semiconductors. Section 1.3 contains the result and
discussions pertaining to this chapter. Section 1.4 contains open research problems.

1.2 Theoretical Background

1.2.1 The Field Emission from Quantum Wires of Nonlinear
Optical Semiconductors

The form of k � p matrix for nonlinear optical compounds can be expressed
extending Bodnar [94] as

H D
"
H1 H2

HC
2 H1

#
; (1.1)

where

H1 �

2
666664

Eg0 0 Pkkz 0

0 .�2�jj=3/ .
p
2�?=3/ 0

Pkkz .
p
2�?=3/ �.ı C 1

3
�k/ 0

0 0 0 0

3
777775; H2 �

2
666664

0 �f;C 0 f;�
f;C 0 0 0

0 0 0 0

f;C 0 0 0

3
777775;

in which Eg0 is the band gap in the absence of any field,Pjj and P? are the
momentum matrix elements parallel and perpendicular to the direction of crystal
axis, respectively, ı is the crystal field splitting constant, and �jj and �? are the
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spin–orbit splitting constants parallel and perpendicular to the C -axis, respectively,
f;˙ � .P?=

p
2/.kx ˙ iky/ and i D p�1. Thus, neglecting the contribution of

the higher bands and the free electron term, the diagonalization of the above matrix
leads to the dispersion relation of the conduction electrons in bulk specimens of
nonlinear optical semiconductors as

�.E/ D f1.E/k
2
s C f2.E/k

2
z ; (1.2)

where

�.E/ � E
�
E C Eg0

� �
.E C Eg0/.E C Eg0 C�jj/C ı

�
E C Eg0 C 2

3
�jj
�

C 2

9

�
�2

jj ��2?
�	
;

f1.E/ � „2Eg0.Eg0 C�?/

2m�

?
�
Eg0 C 2

3
�?

�� �ı �E C Eg0 C 1

3
�jj
�

C �
E C Eg0

� �
E C Eg0

C 2

3
�jj
�

C 1

9

�
�2

jj ��2
jj
�	
;

where E is the total energy of the electron as measured from the edge of the con-
duction band in the vertically upward direction in the absence of any quantization,

k2s D k2x C k2y , f2.E/ � „2Eg0.Eg0 C�jj/h
2m�

jj
�
Eg0 C 2

3
�jj
�i
�
.E C Eg0/

�
E CEg0 C 2

3
�jj
�	

,

h D h=2�; h is the Planck’s constant, and m�
jj and m�? are the longitudinal and

transverse effective electron masses at the edge of the conduction band, respectively.
For two-dimensional quantization along the x and y directions, (1.2) assumes

the form
k2z D A11.E; nx; ny/; (1.3)

whereA11.E; nx; ny/D Œf2.E/�
�1Œ�.E/��1.nx; ny/f1.E/�, �1.nx; ny/D

�
nx�

dx

�2

C
�
ny�

dy

�2
, nx D .1; 2; 3; : : :/; ny D .1; 2; 3; : : :/ are the size quantum numbers

along the x and y directions, respectively, and dx and dy are the nanothickness
along the x and y directions, respectively.

The quantized subband energy .E11/ is given by

�.E11/ D f1.E11/�1.nx; ny/: (1.4)

The electron concentration per unit length can be expressed as

n0 D 2gv

�

nxmaxX
nxD1

nymaxX
nyD1



B11

�
EF1D; nx; ny

�CB12
�
EF1D; nx; ny

��
; (1.5)
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where gv is the valley degeneracy, B11.EF1D; nx; ny/ D ŒA11.EF1D; nx; ny/�
1=2,

B12.EF1D; nx; ny/D
r0P
rD1

Z1D.r/ŒB11.EF1D; nx; ny/�,Z1D.r/D 2.kBT /
2r .1�21�2r /

�.2r/
@2r

@E2r
F1D

; kB is the Boltzmann constant, T is the temperature, r is the set of real

positive integers whose upper limit is r0, �.2r/ is the Zeta function of order 2r [203],
and EF1D is the Fermi energy in the presence of 2D quantization as measured from
the edge of the conduction band in the vertically upward direction in the absence of
any quantization.

The current .I / due to Fowler–Nordheim fFNgfield emission can be written as

I D 1

2

nxmaxX
nxD1

nymaxX
nyD1

2
4 1Z
E11

Œe � vn1t11�

3
5 ; (1.6a)

where e is the magnitude of the electron charge, v is the velocity of the electron and
given by v D .1=„/.@E=@kz/, n1 D N1D.E/:f .E/dE, N1D.E/ is the 1D density-
of-states function per subbands and can be written asN1D.E/ D .2gv=�/.@kz=@E/,
f .E/ is the Fermi–Dirac occupation probability factor and is given by f .E/ D
Œ1 C exp.E � EF1D=kBT /�

�1, and t11 is the transmission coefficient. From (1.6a),
it appears that I is a function of the product of the carrier velocity, concentration,
and transmission coefficient. These three quantities in turn depend totally on the
dispersion relation of the material. As the basic E–k relation changes, all the
aforementioned quantities will change and the current due to FN field emission will
be different consequently. Thus, the field emission will change all together in 1D,
2D, and 3D quantization of the wave vector space encompassing the whole arena of
quantized structures.

Thus, from (1.6a) one can write

I D 1

2

nxmaxX
nxD1

nymaxX
nyD1

2
4 1Z
E11

�
e

„
@E

@kz
:
2gv

�

@kz

@E
f .E/dE

	
t11

3
5: (1.6b)

The term @E=@kz from velocity and the term @kz=@E from the density-of-states
function per subbands cancel each other leaving the constant prefactor.

Therefore, (1.6b) assumes the form

I D e � gv

„�
nxmaxX
nxD1

nymaxX
nyD1

2
4 1Z
E11

Œf .E/dE� � t11
3
5 : (1.6c)

The term t11 in this case can be expressed by using the method as given in [204] as

t11 D exp.�ˇ11/ (1.7)
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in which

ˇ11 D 4


A11

�
V0; nx; ny

��3=2
3eFsz



A0
11

�
V0; nx; ny

�� : (1.8)

Fsz is the electric field along the z-axis,
A11.V0; nx; ny/ D Œf2.V0/�

�1Œ�.V0/ � �1.nx; ny/f1.V0/�; V0 is equal to the
addition of the Fermi energy in the corresponding case and the work function �w

of the material,

f2.V0/ � „2Eg0.Eg0 C�jj/h
2m�

jj
�
Eg0 C 2

3
�jj
�i
�
.V0 C Eg0/

�
V0 C Eg0 C 2

3
�jj
�	
;

�.V0/ � V0
�
V0 C Eg0

� h �
V0 C Eg0

� �
V0 C Eg0 C�jj

�

C ı

�
V0 C Eg0 C 2

3
�jj
�

C 2

9

�
�2

jj ��2?
�	
;

f1.V0/ � „2Eg0.Eg0 C�?/

2m�?

�
Eg0 C 2

3
�?

�� �ı �V0 C Eg0 C 1

3
�jj
�

C .V0 C Eg0/

�
V0 C Eg0 C 2

3
�jj
�

C 1

9

�
�2

jj ��2
jj
�	
;

A0
11.V0; nx; ny/ D

��A11.V0; nx; ny/f 0
2 .V0/

f2.V0/
C Œf2.V0/�

�1Œ� 0.V0/

� f 0
1 .V0/�1.nx; ny/�

�
;

f 0
2 .V0/ D

"
Œ„2Eg0.Eg0 C�k/�

�
2m�

k
�
Eg0 C 2

3
�k
�	�1

�
�
2V0 C 2Eg0 C 2

3
�k
		
;

f 0
1 .V0/ D

"
Œ„2Eg0.Eg0 C�?/�

�
2m�?

�
Eg0 C 2

3
�?

�	�1

�
�
2V0 C 2Eg0 C 2

3
�k C ı

		
;

and

� 0.V0/ D
�
�.V0/.2V0 C Eg0/

V0.V0 C Eg0/
C .V0.V0 C Eg0//



2V0 C 2Eg0 C�k C ı

�	
:



1.2 Theoretical Background 11

Thus, we can write

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	11/ t11; (1.9)

where 	11 D .EF1D � E11/=kBT ,F0.	11/ is the special case of the one-parameter
Fermi–Dirac integral of order j which can be written as

Fj .	/ D
�

1


.j C 1/

�Z 1

0

xj dx

1C exp.x � 	/ ; j > �1 (1.10)

or for all j , analytically continued as a complex contour integral around the negative
x-axis

Fj .	/ D
�

.�j /
2�

p�1
�Z C0

�1
xj dx

1C exp.�x � 	/ ; (1.11)

where 	 is the dimensionlessx independent variable,


.j C 1/ D j
.j /; 


�
1

2

�
D p

�; and
.0/ D 1::

Therefore, the field-emitted current is given by

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	11/ exp.�ˇ11/: (1.12)

1.2.2 The Field Emission from Quantum Wires of III–V
Semiconductors

The dispersion relation of the conduction electrons of III–V compounds are
described by the models of Kane (both three and two bands) [103, 104], Stillman
et al. [105], Newson and Kurobe [106], and Palik et al. [107], respectively. For
the purpose of complete and coherent presentation, the FNFE from QWs of III–V
semiconductors have also been investigated in accordance with the aforementioned
different dispersion relations for indicating the relative comparison as follows:

1.2.2.1 The Three-Band Model of Kane

Under the conditions, ı D 0, �k D �? D � (isotropic spin–orbit splitting
constant) and m�

k D m�? D mc (isotropic effective electron mass at the edge of
the conduction band), (1.2) gets simplified into the form
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„2k2
2mc

D I11.E/; I11.E/ �
E
�
E C Eg0

� �
E C Eg0 C�

� �
Eg0 C 2

3
�

�

Eg0.Eg0 C�/

�
E C Eg0 C 2

3
�

� ;

(1.13)
which is known as the three-band model of Kane [103, 104] and is often used to
study the electronic properties of III–V, ternary, and quaternary semiconductors.

The 1D E–kz relation can be expressed as

k2z D A12.E; nx; ny/; (1.14)

where A12.E; nx; ny/ D 2mc
„2 I11.E/ � �1.nx; ny/:

The quantized subband energy .E12/ is given by

I11.E12/ D
� „2
2mc

	
�1.nx; ny/: (1.15)

The electron concentration per unit length can be written as

n0 D 2gv

�

nxmaxX
nxD1

nymaxX
nyD1



B13

�
EF1D ; nx; ny

�C B14
�
EF1D ; nx; ny

��
; (1.16)

where B13
�
EF1D; nx; ny

� D 

A12

�
EF1D; nx; ny

��1=2
and B14.EF1D; nx; ny/ D

r0P
rD1

Z1D.r/ŒB13.EF1D; nx; ny/�.

The field-emitted current can be expressed as

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	12/ t12; (1.17)

where 	12 D .EF1D � E12/=kBT , t12 D exp.�ˇ12/, ˇ12 D 4
3
ŒA12.V0; nx; ny/�

3=2 �
ŒeFszA

0
12.V0/�

�1,

A12.V0; nx; ny/ D
�
2mc

„2 I11.V0/� �1.nx; ny/

	
;

I11.V0/ �
V0.V0 C Eg0/.V0 C Eg0 C�/

�
Eg0 C 2

3
�

�

Eg0.Eg0 C�/

�
V0 C Eg0 C 2

3
�

� and

A0
12.V0/ D

�
2mc

„2 I11.V0/
�
1

V0
C 1

V0 CEg0
C 1

V0 C Eg0 C�

� 1

V0 CEg0 C .2=3/�

		
:
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Therefore, the field-emitted current is given by

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	12/ exp.�ˇ12/: (1.18)

1.2.2.2 Two-Band Model of Kane

Under the inequalities� � Eg0 or � � Eg0 , (1.13) assumes the form

E.1C ˛E/ D .„2k2=2mc/; ˛ � 1=Eg0: (1.19)

Equation (1.19) is known as the two-band model of Kane where ˛ is known as
band nonparabolicity parameter and should be as such for studying the electronic
properties of the semiconductors whose band structures obey the above inequalities
[103, 104].

The 1D E–kz relation can be expressed as

k2z D A13.E; nx; ny/; (1.20)

where A13.E; nx; ny/ D 

2mc
„2 fE.1C ˛E/g � �1.nx; ny/

�
:

The quantized subband energy .E12/ is given by

E13.1C ˛E13/ D
� „2
2mc

	
�1.nx; ny/: (1.21)

The electron concentration per unit length can be written as

n0 D 2gv

�

nxmaxX
nxD1

nymaxX
nyD1



B15

�
EF1D; nx; ny

�C B16
�
EF1D; nx; ny

��
; (1.22)

where B15
�
EF1D; nx; ny

� D 

A13.EF1D ; nx; ny/

�1=2
and

B16.EF1Dnx; ny/ D
r0X
rD1

Z1D.r/


B15

�
EF1D; nx; ny

��
:

The field-emitted current can be expressed as

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	13/t13; (1.23)

where 	13 D .EF1D � E13/=kBT , t13 D exp.�ˇ13/, ˇ13 D 4

3



A13

�
V0; nx; ny

��3=2 �

eFszA

0
13.V0/

��1
; and A0

13.V0/D 2mc

„2 .1C 2˛V0/ :
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Therefore, the field-emitted current assumes the from

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	13/ exp.�ˇ13/: (1.24)

1.2.2.3 Parabolic Energy Bands

The expressions for the electron concentration per unit length and the FNFE from
QWs having parabolic energy bands can, respectively, be written as

n0 D 2gv
p
2�mckBT

h

nxmaxX
nxD1

nymaxX
nyD1

F�1=2.	14/; (1.25)

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	14/ exp

"
� 4

3eFsz

�
2mc

„2
�1=2

V
3=2
0

�
1 � „2�1.nx; ny/

2mcV0


 3=2#
; (1.26)

where 	14 D
h
EF1D � „2�1.nx;ny/

2mc

i
ŒkBT �

�1 :
Converting the summations over nx and ny to the corresponding integrations,

(1.26) gets transformed as

J D gve
2F 2

sz

8�h�w
exp

(
� 4

3eFsz

�
2mc

„2
�1=2

�3=2w

)
: (1.27)

Equation (1.27) is the well-known expression of the FNFE from bulk semiconduc-
tors having parabolic energy bands [205, 206].

1.2.2.4 The Model of Stillman et al.

In accordance with the model of Stillman et al. [105], the electron dispersion law of
III–V materials assumes the form

E D t11k
2 � t 12k4; (1.28)

where t 11� „2
2mc

; t 12 �
�
1 � mc

m0

�2� „2
2mc

�2��
3Eg0 C 4�C 2�2

Eg0

�
:
˚�
Eg0 C�

�
.2�C 3Eg0/

��1i
; and m0 is the free electron mass.
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Equation (1.28) can be expressed as

„2k2
2mc

D I12.E/; (1.29)

where I12.E/ � a11Œ1 � .1 � a12E/
1=2� and a11 �

� „2 Nt11
4mc Nt12

�
, and a12 � 4Nt12

Nt211
.

The 1D E–kz relation can be written as

k2z D A14
�
E; nx; ny

�
; (1.30)

where A14.E; nx; ny/ D
�
2mc

„2 fI12.E/g � �1.nx; ny/
	
:

The quantized subband energy .E14/ is given by

I12.E14/ D
� „2
2mc

	
�1
�
nx; ny

�
: (1.31)

The electron concentration per unit length can be expressed as

n0 D 2gv

�

nxmaxX
nxD1

nymaxX
nyD1



B17

�
EF1D ; nx; ny

�C B18
�
EF1D ; nx; ny

��
; (1.32)

where B17
�
EF1D; nx; ny

� D 

A14

�
EF1D ; nx; ny

��1=2
and B18

�
EF1D; nx; ny

� D
r0P
rD1

Z1D.r/


B17

�
EF1D ; nx; ny

��
:

The field-emitted current can be written as

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	15/ exp.�ˇ15/; (1.33)

where 	15 D .EF1D �E14/ =kBT; ˇ15 D 4

3



A14

�
V0; nx; ny

��3=2 �ŒeFszA
014 .V0/��1,

A14.V0; nx; ny/ D
�
2mc

„2 fI12.V0/g � �1.nx; ny/

	
; A0

14.V0/ D 2mc

„2 I
0
12.V0/; and

I 0
12.V0/ D

�a11a12
2

�
.1 � a12V0/

�1=2.

1.2.2.5 The Model of Newson and Kurobe

In accordance with the model of Newson and Kurobe [106], the electron dispersion
law in this case assumes the form
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E D a13k
4
z C

� „2
2mc

C a14k
2
s

	
k2z C „2

2mc

k2s Ca14k2xk2yCa13
�
k4x C k4y

�
; (1.34)

where a13 is the nonparabolicity constant, a14.� 2a13 C a15/, and a15 is known as
the warping constant.

The 1D E–kz relation can be expressed as

k2z D A15.E; nx; ny/; (1.35)

whereA15.E; nx; ny/ D .2a13/
�1Œ�L1.nx; ny/C ŒfL1.nx; ny/g2�4a13ŒL2.nx; ny/

� E/�1=2�; L1.nx; ny/ D „2
2mc

C a14

"�
nx�

dx

�
C
�
ny�

dy

�2#
; and L2.nx; ny/ D"

„2
2mc

�1.nx; ny/C a14

�
nx�

dx
� ny�
dy

�2
C a13

"�
nx�

dx

�4
C
�
ny�

dy

�4##
:

The quantized subband energy .E16/ is given by

E16 D L2.nx; ny/: (1.36)

The electron concentration per unit length can be written as

n0 D 2gv

�

nxmaxX
nxD1

nymaxX
nyD1



B19

�
EF1D; nx; ny

�C B20
�
EF1D ; nx; ny

��
; (1.37)

where B19
�
EF1D; nx; ny

� D 

A15

�
EF1D; nx; ny

��1=2
and

B20.EF1D; nx; ny/ D
r0X
rD1

Z1D.r/ŒB19.EF1D; nx; ny/�: (1.38)

The field-emitted current assumes the form

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0.	16/ exp.�ˇ16/; (1.39)

where 	16 D .EF1D � E16/ =kBT , ˇ16 D 4
3



A15.V0; nx; ny/

�3=2� 
eFszA
0
15 .V0; nx;

ny
���1

; and A0
15.V0; nx; ny/ D ŒfL1.nx; ny/g2 � 4a13ŒL2.nx; ny/� V0/�

�1=2�.

1.2.2.6 Model of Palik et al.

The energy spectrum of the conduction electrons in III–V semiconductors up to the
fourth order in effective mass theory, taking into account the interactions of heavy
hole, light hole, and the split-off holes can be expressed in accordance with the
model of Palik et al. [107] as
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E D „2k2
2mc

� B11k
4; (1.40)

where B11 D
� „4
4Eg0.mc/2

	2664
1C x211

2

1C x11

2

3
775 .1 � y11/

2 ; x11 D
�
1C

�
�

Eg0

�	
;�1 and

y11 D mc

mo

:

Equation (1.40) gets simplified as

„2k2
2mc

D I13.E/; (1.41)

where I13.E/ D Nb12
�

Na12 �
�
. Na12/2 � 4EB11

�1=2	
and Na12 D

� „2
2mc

�
; and Nb12 D� Na12

2B11

	
:

The 1D E–kz relation can be written as

k2z D A16.E; nx; ny/; (1.42)

where A16.E; nx; ny/ D
�
2mc

„2 fI13.E/g � �1.nx; ny/

	
:

The electron concentration per unit length can be expressed as

n0 D 2gv

�

nxmaxX
nxD1

nymaxX
nyD1



B21

�
EF1D ; nx; ny

�C B22
�
EF1D; nx; ny

��
; (1.43)

where B21
�
EF1D; nx; ny

� D 

A16

�
EF1D; nx; ny

��1=2
and B22

�
EF1D; nx; ny

� D
r0P
rD1

Z1D.r/


B21

�
EF1D; nx; ny

��
:

The field-emitted current can be written as

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

F0 .	16/ exp.�ˇ16/; (1.44)

where 	16 D .EF1D � E17/ =kBT and E17 is the root of

„2
2mc

�1.nx; ny/ D I13.E17/; (1.45)
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where ˇ16 D 4

3



A16

�
V0; nx; ny

��3=2 � 
eFszA
0
16.V0/

��1
; A0

16.V0/ D 2mc

„2 I
0
13.V0/;

and I 0
13.V0/ D 2 Nb12B11

h
. Na12/2 � 4V0B11

i�1=2
.

1.2.3 The Field Emission from Quantum Wires of II–VI
Semiconductors

The carrier energy spectra in bulk specimens of II–VI compounds in accordance
with Hopfield model [124] can be written as

E D A0k
2
s C B0k

2
z ˙ C0ks; (1.46)

whereA0 � „2=2m�?, B0� „2=2m�
k , and C0 represents the splitting of the two-spin

states by the spin–orbit coupling and the crystalline field.
The 1D dispersion relation for quantum wires of II–VI semiconductors can be

expressed as

E D B0k
2
z CG3;˙.nx; ny/; (1.47)

where G3;˙
�
nx; ny

� �
"
A0

��
�nx
dx

�2 C
�
�ny
dy

�2
 ˙ C0

��
�nx
dx

�2 C
�
�ny
dy

�2
 1=2#
.

The FNFE in this case is given by

I D egvkBT

h

nxmaxX
nxD1

nymaxX
nyD1

hn
F0

n
.kBT /

�1 
EF1D � 

G3;C

�
nx; ny

���o

� exp
�
�ˇ016;C

�o
CF0

n
.kBT /

�1 
EF1D � 

G3;�

�
nx; ny

���o
exp

�
�ˇ016;�

�i
(1.48)

and ˇ016;˙ D 4
3


�
V0 �G3;˙

�
nx; ny

���3=2 � ŒeFsz„��1
q
2m�

k .

The 1D electron statistics can be written as

n1D D gv

�
p
B0

nxmaxX
nxD1

nymaxX
nyD1



t7
�
EF1D; nx; ny

�C t8
�
EF1D; nx; ny

��
; (1.49)

where t7
�
EF1D; nx; ny

� � 

EF1D � 


G3;C
�
nx; ny

���1=2 C ŒEF1D � ŒG3;� .nx;
ny
���1=2

and t8
�
EF1D; nx; ny

� D
0P
1

Z1D.r/


t7.EF1D; nx; ny/

�
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1.2.4 The Field Emission from Quantum Wires of Bismuth

1.2.4.1 The McClure and Choi Model

The dispersion relation of the carriers in Bi can be written, following the McClure
and Choi [135], as

E .1C ˛E/ D p2x
2m1

C p2y

2m2

C p2z

2m3

C p2y

2m2

˛E

�
1 �

�
m2

m0
2

�

C p4y˛

4m2m
0
2

� ˛p2xp
2
y

4m1m2

� ˛p2yp
2
z

4m2m3

; (1.50)

where pi � „ki , i D x; y; z, m1;m2, and m3 are the effective carrier masses at the
band edge along the x, y, and z directions, respectively, andm0

2 is the effective mass
tensor component at the top of the valence band (for electrons) or at the bottom of
the conduction band (for holes).

The 1D dispersion relation of the carriers in Bi in this case assumes the form

E .1C ˛E/ D
(

„2k2x
2m1

"
1 � ˛„2

2m2

�
�ny

dy

�2#
CG12

C „2
2m2

˛E

�
1 �

�
m2

m0
2

�
 �
�ny

dy

�2)
; (1.51)

where nz D 1; 2; 3; : : : is the size quantum number along the z direction, dz is the
nanothickness along the z direction, and

G12 �
(

„2
2m2

�
�ny

dy

�2
C „2
2m3

�
�nz

dz

�2
C ˛„4
4m2m

0
2

�
�ny

dy

�4

� ˛

4m2m3

�„2nynz�
2

dydz

�2)
:

Using (1.51), the 1D electron statistics can be expressed as

n1D D 2gv

�

p
2m1

„
nymaxX
nyD1

nzmaxX
nzD1



t27
�
EF1D; ny ; nz

�C t28
�
EF1D; ny ; nz

��
; (1.52)

where

t27
�
EF1D; ny; nz

� �
8<
:
"
1 � ˛„2

2m2

�
�ny

dy

�2#�1=2"
EF1D .1C ˛EF1D/ �G12

� „2
2m2

˛EF1D

�
1 �

�
m2

m0
2

�
 �
�„ny
dy

�2#1=29=
;
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and

t28
�
EF1D; ny ; nz

� �
soX
rD1

Z1D.r/


t27
�
EF1D; ny; nz

��
:

The field-emitted current is given by

I D 2gvekBT

h

nzmaxX
nzD1

nymaxX
nyD1

F0.	17/ exp.�ˇ17/; (1.53)

where 	17 D EF1D � E19

kBT
and E19 is the root of

E19 .1C ˛E19/ D
(
G12 C „2

2m2

˛E19

�
1 �

�
m2

m0
2

�
 �
�ny

dy

�2)
; (1.54)

ˇ17 D 4

3
ŒA17.V0; nz; ny/�

3=2 � ŒeFszA
0
17.V0;nz; ny/�

�1;
"
1 � ˛„2

2m2

�
�ny

dy

�2#�1 �
V0 .1C ˛V0/�G12 �

� „2
2m2

˛V0

�
1 �

�
m2

m0
2

�


�
�
�ny

dy

�2)#� „2
2m1

��1
D A17

�
V0;ny;nz

�
;

and"
1 � ˛„2

2m2

�
�ny

dy

�2#�1 "
.1C 2˛V0/ �

(
„2
2m2

˛

�
1 �

�
m2

m0
2

�
 �
�ny

dy

�2)#

�
� „2
2m1

��1
D A0

17

�
V0;ny;nz

�
:

1.2.4.2 The Hybrid Model

The dispersion relation of the carriers in bulk specimens of Bi in accordance with
the Hybrid model can be written as [134]

E .1C ˛E/ D �0 .E/
�„ky�2

2M2

C ˛�0„4k4y
4M2

2

C „2k2x
2m1

C „2k2z
2m3

; (1.55)

where �0.E/ � Œ1C ˛E.1 � �0/C ı0�; �0 � M2

m2
; ı0 � M2

M 0

2
; and the other notations

are defined in [134].
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The 1D dispersion relation in this case assumes the form

E .1C ˛E/ D „2k2x
2m1

CG14 C „2
2M2

�
�ny

dy

�2
˛E .1 � �0/ ; (1.56)

where G14 D
"

„2
2m3

�
�nz

dz

�2
C „2
2M2

�
�ny

dy

�2 �
1C ı0

�
C ˛�0„4

4M2
2

�
�ny

dy

�4#
:

The use of (1.56) leads to the expression for the electron concentration per unit
length as

nD1 D 2gv

�

p
2m1

„
nymaxX
nyD1

nzmaxX
nzD1



t31
�
EF1D; ny ; nz

�C t32
�
EF1D; ny ; nz

��
; (1.57)

where

t31
�
EF1D; ny; nz

��
"
EF1D .1C ˛E1DF/ �G14 � „2

2M2

�
�ny

dy

�2
˛EF1D .1 � �0/

#1=2
;

and t32
�
EF1D; ny ; nz

� �
soP
rD1

Z1D.r/


t31
�
EF1D; ny; nz

��
:

The field-emitted current is given by

I D 2gvekBT

h

nzmaxX
nzD1

nymaxX
nyD1

F0.	18/ exp.�ˇ18/; (1.58)

where 	18 D EF1D � E20

kBT
.

E20 is the root of

E20 .1C ˛E20/ D G14 C „2
2M2

�
�ny

dy

�2
˛E20 .1 � �0/ ; (1.59)

ˇ18 D 4

3
ŒA18.V0; nz; ny/�

3=2 � ŒeFszA
0
18.V0;nz; ny/�

�1;"
V0 .1C ˛V0/�G14 �

(
„2
2M2

˛V0 f1 � �0g
�
�ny

dy

�2)#� „2
2m1

��1

D A18
�
V0;ny;nz

�
;

and

"
.1C 2˛V0/�

(
„2
2M2

˛ f1� �0g
�
�ny

dy

�2)#� „2
2m1

��1
D A0

18

�
V0;ny;nz

�
:
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1.2.4.3 The Cohen Model

In accordance with the Cohen model [133], the dispersion law of the carriers in Bi
is given by

E .1C ˛E/ D p2x
2m1

C p2z

2m3

� ˛Ep2y
2m0

2

C p2y.1C ˛E/

2m2

C ˛p4y

4m2m
0
2

: (1.60)

The 1D carrier dispersion law in this case can be written as

˛E2 C El7 �G15 D „2k2x
2m1

; (1.61)

where l7 D
"
1 � ˛„2

2m2

�
�ny

dy

�2
C ˛„2
2m0

2

�
�ny
dy

�2#

and G15 D
"

„2
2m3

�
�nz

dz

�2
C „2
2m2

�
�ny
dy

�2 C ˛„4
4m2m

0
2

�
�ny

dy

�4#
:

The 1D electron concentration per unit length assumes the form

n1D D 2gv

�

p
2m1

„
nymaxX
nyD1

nzmaxX
nzD1



t35
�
EF1D; ny; nz

�C t36
�
EF1D; ny ; nz

��
; (1.62)

where t35
�
EF1D; ny ; nz

� D 

˛E2

F1D CEF1Dl7 �G15
�1=2

and t36
�
EF1D; ny ; nz

� D
soP
rD1

Z1D .r/


t35
�
EF1D; ny ; nz

��
.

The field-emitted current is given by

I D 2gvekBT

h

nzmaxX
nzD1

nymaxX
nyD1

F0.	19/ exp.�ˇ19/; (1.63)

where 	19 D EF1D�E21
kBT

:

E21 is the root of

E21 .l7 C ˛E21/ D G15; (1.64)

ˇ19 D 4
3
ŒA21.V0; nz; ny/�

3=2 � ŒeFszA0
21.V0;nz; ny/�

�1;

ŒV0.l7 C ˛V0/�G15�

� „2
2m1

��1
D A21.V0;ny;nz/; and

Œ.l7 C 2˛V0/�

� „2
2m1

��1
D A0

21.V0;ny;nz/:
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1.2.4.4 The Lax Model

The electron energy spectra in bulk specimens of Bi in accordance with the Lax
model can be written as [129]

E .1C ˛E/ D p2x
2m1

C p2y

2m2

C p2z

2m3

: (1.65)

The 1D dispersion relation in this case can be expressed as

E .1C ˛E/ D „2k2x
2m1

CG16; (1.66)

where G16 D „2
2m2

�
�ny

dy

�2
C „2
2m3

�
�nz

dz

�2
:

The 1D electron statistics is given by

n1D D 2gv

�

p
2m1

„
nymaxX
nyD1

nzmaxX
nzD1



t37
�
EF1D; ny; nz

�C t38
�
EF1D; ny ; nz

��
; (1.67)

where t37
�
EF1D ; ny ; nz

� D ŒEF1D .1C˛EF1D/ �G16�1=2 and t38
�
EF1D; ny ; nz

� D
soP
rD1

Z1D .r/


t37
�
EF1D; ny ; nz

��
.

The field-emitted current in this case assumes the form

I D 2gvekBT

h

nzmaxX
nzD1

nymaxX
nyD1

F0.	20/ exp.�ˇ20/; (1.68)

where 	20 D EF1D � E22

kBT
.

E22 is the root of

E22 .l7 C ˛E22/ D G16; (1.69)

ˇ20 D 4
3



A22.V0; nz; ny/

�3=2 � ŒeFszA
0
22.V0/�

�1;

ŒV0 .1C ˛V0/�G16�

� „2
2m1

��1
D A22

�
V0;ny;nz

�
; and

Œ.1C 2˛V0/�

� „2
2m1

��1
D A0

22 .V0/ :

It may be noted that under the conditions ˛ ! 0;M 0
2 ! 1 and isotropic effective

electron mass at the edge of the conduction band, all models of Bismuth convert into
isotropic parabolic energy bands. Thus under the aforementioned conditions and
the conversion of the summations over the quantum numbers to the corresponding
integrations, all the equations for FNFE for Bismuth lead to the well-known
expression of the FNFE as given by (1.27).
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1.2.5 The Field Emission from Quantum Wires of IV–VI
Semiconductors

The dispersion relation of the conduction electrons in IV–VI semiconductors can be
expressed in accordance with Dimmock [207] as
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(1.70)

where " is the energy as measured from the center of the band gapEg0 , andmṫ and
ml̇ represent the contributions to the transverse and longitudinal effective masses

of the externalLC
6 andL�

6 bands arising from the
�!
k :�!p perturbations with the other

bands taken to the second order.
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(m�
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l are the

transverse and longitudinal effective electron masses at k D 0) in (1.70), we can
write
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The 1D dispersion relation can be expressed from (1.71) as

k2z D A23.E; nx; ny/; (1.72)
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The electron concentration is given by
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The field-emitted current can be written as
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1.2.6 The Field Emission from Quantum Wires of Stressed
Semiconductors

The dispersion relation of the conduction electrons in bulk specimens of stressed
semiconductors can be written as [208–211]
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C1 is the conduction band deformation potential constant, " is the trace of the

strain tensor O" which can be written as O" D
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The 1D dispersion relation of the carriers in stressed materials in this case can be
written as

k2z D A24.E; nx; ny/; (1.77)
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Using (1.77), the 1D electron statistics can be expressed as
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The field-emitted current is given by
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1.2.7 The Field Emission from Quantum Wires of Tellurium

The dispersion relation of the conduction electrons in Te can be expressed as [212]

E D  1k
2
z C  2k

2
s ˙ Œ 23 k

2
z C  24k

2
s �
1=2; (1.81)

where  1;  2;  3, and  4 are system constants.
From (1.81), the1D dispersion relation can be written as

k2z D A25;˙.E; nx; ny/; (1.82)
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where
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The subband energies are given by
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The electron concentration per unit length can be expressed as
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The field-emitted current assumes the form
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1.2.8 The Field Emission from Quantum Wires of Gallium
Phosphide

The energy spectrum of the conduction electrons in n-GaP can be written as [213]
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where k0 and jVGj are constants of the energy spectrum and A
0 D 1. The 1D

dispersion relation assumes the form
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The subband energyE27 can be written as
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The electron concentration per unit length can be expressed as
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The field-emitted current assumes the form
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1.2.9 The Field Emission from Quantum Wires of Platinum
Antimonide

The dispersion relation for n � PtSb2 is given by [214]"
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Therefore, (1.92) can be expressed as
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The electron concentration per unit length assumes the form
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The field-emitted current can be written as
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1.2.10 The Field Emission from Quantum Wires
of Bismuth Telluride

The dispersion relation of the conduction electrons in Bi2Te3 can be written as
[215–217]
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The electron concentration per unit length is given by
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The field-emitted current in this case can be written as
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nzD1

nymaxX
nyD1

ŒF0.	28/ exp.�ˇ28/�; (1.101)

where

	28 D EF1D � E30

kBT
; ˇ28 D 4

3



A28

�
V0; ny; nz

��3=2 � 
eFszA
0
28.V0/

��1
; and

A0
28.V0/ D . N!1/�1 Œ1C 2˛V0� :
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1.2.11 The Field Emission from Quantum Wires of Germanium

It is well known that the conduction electrons of n-Ge obey two different types of
dispersion laws since band nonparabolicity has been included in two different ways
as given in the literature [218–220].

(a) The energy spectrum of the conduction electrons in bulk specimens of n-Ge can
be expressed in accordance with Cardona et al. [218] as

E D �Eg0
2

C „2k2z
2m�

k
C
"
E2
g0

4
CEg0k

2
s

� „2
2m�

?

�#1=2
; (1.102)

where in this case m�
k and m�

? are the longitudinal and transverse effec-
tive masses along the h111i direction at the edge of the conduction band,
respectively.

The 1D electron energy spectrum assumes the form

k2y D A29.E; nx; nz/; (1.103)

where

A29 .E; nx; nz/ D
""
�15 .E; nz/ �

� „2
2m�

1

��
nx�

dx

�2# �
2m�

2 =„2
�#
;

�15 .E; nz/ D
"
E .1C ˛E/ � .1C 2˛E/

� „2
2m�

3

��
nz�

dz

�2

C˛

"� „2
2m�

3

��
nz�

dz

�2#235 ;
m�
1 D m�?; m�

2 D m�? C 2m�
k

3
and m�

3 D 3m�?m�
k

m�? C 2m�
k
:

The quantized energy levels .E31/ can be expressed through the equation

E31 D .2˛/�1Œ��91.nz/C
p
�91.nz/2 � 4˛�92.nz/�; (1.104)

where

�91.nz/ D
"
1 � 2˛

„2
2m�

3

�
nz�

dz

�2#
and

�92.nz/ D
2
4 „2
2m�

3

�
nz�

dz

�2
� ˛

"
„2
2m�

3

�
nz�

dz

�2#235 :
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The electron concentration per unit length is given by

n0 D 2gv

�

nxmaxX
nxD1

nzmaxX
nzD1

ŒB44 .EF1D; nx; nz/C B45 .EF1D; nx; nz/�; (1.105)

where B44 .EF1D ; nx; nz/ D p
A29.EF1D; nx; nz/ and B45 .EF1D; nx; nz/ D

soP
rD1

Z1D.r/ ŒB44 .EF1D; nx; nz/� :

The field-emitted current assumes the form

I D 2gvekBT

h

nxmaxX
nxD1

nzmaxX
nzD1

ŒF0.	29/ exp.�ˇ29/�; (1.106)

where 	29 D EF1D � E31

kBT
,

ˇ29 D 4

3
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��1
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�
˛

„2
m�
3

��
nz�

dz

�2# �
2m�

2 =„2
�#
:

(b) The dispersion relation of the conduction electron in bulk specimens of n-Ge
can be expressed in accordance with the model of Wang and Ressler [220] and
can be written as

E D „2k2z
2m�

jj
C „2k2s
2m�

?
� Nc1

�„2k2s
2m�

?

�2
� Nd1

�„2k2s
2m�

?

� „2k2z
2m�

jj

!
� Ne1

 
„2k2z
2m�

jj

!2
; (1.107)

where Nc1 D C
�
2m�

?=„2
�2

, C D 1:4A, A D 1
4

�„4=Eg0m�2
?
� �
1 � m�?

m0

�2
, Nd1 D Nd 

4m�?m�
k

„4
!

, Nd D 0:8A, Ne1 D Ne0
�
2m�

k=„2
�2
; and Ne0 D 0:005 NA.

The 1D electron energy spectrum assumes the form

k2y D A30.E; nx; nz/; (1.108)

where A30.E; nx; nz/ D
""
I29.E; nz/ �

� „2
2m�

1

��
nx�

dx

�2# �
2m�

2 =„2
�#

,
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I29 .E; nz/ D 
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��1 �
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2
.nz/ � 4C 1E C 4

�
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�
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;
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��
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:

The quantized energy levels .E32/ can be expressed through the equation

E32 D A5 .nz/C
�

1

4C1

�24
"
C1„2
m�
1

�
nx�

dx

�2#2
� 2A6 .nz/

NC1„2
m�
1

�
nx�

dx

�235 :
(1.109)

The electron concentration per unit length is given by

n0 D 2gv

�

nxmaxX
nxD1

nzmaxX
nzD1

ŒB46 .EF1D; nx; nz/C B47 .EF1D; nx; nz/�; (1.110)

where

B46 .EF1D; nx; nz/ D
p
A30 .EF1D; nx; nz/ and

B47 .EF1D; nx; nz/ D
soX
rD1

Z1D.r/ ŒB46 .EF1D; nx; nz/�:

The field-emitted current assumes the form

I D 2gvekBT

h

nxmaxX
nxD1

nzmaxX
nzD1

ŒF0.	30/ exp.�ˇ30/�; (1.111)

where 	30 D EF1D � E32

kBT
; ˇ30 D 4

3
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1.2.12 The Field Emission from Quantum Wires of Gallium
Antimonide

The dispersion relation of the conduction electrons in n-GaSb can be written
as [221]

E D „2k2
2m0

� E 0
go

2
C

NE 0
go

2

"
1C 2„2k2

E 0
go

�
1

mc

� 1

m0

�# 1
2

; (1.112)

where E 0
go D

�
Ego C 5:10�5T 2

2.112C T /

	
eV:

Equation (1.112) can be expressed as

„2k2
2mc

D I16.E/; (1.113)

where

I16.E/ D ŒE C E 0
g0 � .mc=m0/.E 0

g0=2/� Œ. NE 0
g0=2/

2

C Œ..E 0
g0/

2=2/.1� .mc=m0//�C Œ.E 0
g0=2/.1� .mc=m0//�

2

C EE 0
g0.1� .mc=m0//�

1=2�:

The 1D electron energy spectrum assumes the form

k2z D A31.E; nx; ny/; (1.114)

where A31.E; nx; ny/ D ŒI16.E/.2mc=„2/ � �1.nx; ny/�.
The quantized energy levels .E33/ can be expressed through the equation

I16.E33/ D
� „2
2mc

�
�1.nx; ny/: (1.115)

The electron concentration per unit length is given by

n0 D 2gv

�

nxmaxX
nxD1

nymaxX
nyD1
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�CB49
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��
; (1.116)

where
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The field-emitted current can be written as

I D 2gvekBT

h

nxmaxX
nxD1

nymaxX
nyD1

ŒF0.	31/ exp.�ˇ31/�; (1.117)

where 	31 D EF1D �E33
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; ˇ31 D 4

3
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1.2.13 The Field Emission from Quantum Wires of II–V
Materials

The dispersion relation of the holes are given by [222–224]
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where kx; ky , and kz are expressed in the units of 1010m�1,

�1 D 1

2
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2
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ai .i D 1; 2; 3; 4/; bi ; A;B;G3; and�3 are system constants:

The 1D electron energy spectrum assumes the form

k2z D A32;˙.E; nx; ny/; (1.119)
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The quantized energy levels .E34;˙/ can be expressed through the equation

E34;˙ D ˛1;�.nx; ny/˙ Œ˛22.nx; ny/C ˛3.ny/�
1
2 : (1.120)

The electron concentration per unit length is given by
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The field-emitted current assumes the form
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1.3 Result and Discussions

Using (1.5) and (1.12) and taking the energy band constants as given in the Table 1.1,
we have plotted the FNFE current from QWs of CdGeAs2 (an example of nonlinear
optical materials) as a function of dy as shown by the dotted plot of Fig. 1.1, in
which the plot corresponds to the solid line represents the same for the two-band
model of Kane. Figure 1.2 exhibits the plot FNFE current from QWs of n-InSb as
a function of film thickness in accordance with the three- and two-band models of
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Kane together with the models of Stillman et al., Newson et al., and Palik et al.,
respectively for the purpose of assessing the influence of dispersion relations on the
FNFE current from QWs of III–V semiconductors. Figure 1.3 exhibits the variation
of the field-emitted current with electric field which is normal to the two directions
of quantizations in the wavevector space of the material for all cases Fig. 1.2.
Figure 1.4 presents the FNFE current as function of film thickness for two different

Table 1.1 The numerical values of the energy band constants of few materials

Materials Numerical values of the energy band constants

1 (a) The conduction
electrons of
n-Cadmium
Germanium
Arsenide can be
described by three
types of band models

1. The values of the energy band constants in accordance with
the generalized electron dispersion relation of nonlinear
optical materials (as given by (1.2)) are as follows:
Eg0 D 0:57 eV, �k D 0:30 eV, �? D 0:36 eV,
m�

k
D 0:034m0 , m�

?
D 0:039m0 , T D 4K,

ı D �0:21 eV, gv D 1 [47, 225], "sc D 18:4"0[226] ("sc

and "0 are the permittivity of the semiconductor material
and free space, respectively), and
W.electron affinity/ D 4eV [227–229]

2. In accordance with the three-band model of Kane (as given
by (1.13)), the spectrum constants are given by
� D .�jj C�?/=2 D 0:33eV; Eg0 D 0:57eV;
mc D .m�

jj
Cm�

?
/=2 D 0:0365m0; and ı D 0eV

3. In accordance with two-band model of Kane (as given by
(1.19)), the spectrum constants are given by Eg0 D 0:57 eV
and mc D 0:0365m0

(b) The conduction
electrons of
n-Cadmium
Arsenide can be
described by three
types of band models

1. The values of the energy band constants in accordance with
the generalized electron dispersion relation of nonlinear
optical materials (as given by (1.2)) are as follows:
jEg0 j D 0:095 eV; �k D 0:27 eV; �? D 0:25 eV,
m�

k
D 0:00697m0 , m�

?
D 0:013933m0 ,

T D 4K; ı D 0:085 eV; gv D 1 [47, 225], and "sc D 16"0
[227–229]

2. In accordance with the three-band model of Kane (as given
by (1.13)), the spectrum constants are given by
� D �

�jj C�?

�
=2 D 0:26 eV;

ˇ̌
Eg0

ˇ̌ D 0:095 eV,

mc D
�
m�

jj
Cm�

?

�
=2 D 0:020903m0 , and ı D 0 eV

3. In accordance with two-band model of Kane (as given by
(1.19)), the spectrum constants are given byˇ̌
Eg0

ˇ̌ D 0:095 eV and mc D 0:020903m0

2 n-Indium Arsenide The values Eg0 D 0:36 eV; � D 0:43 eV,
mc D 0:026m0 ,gv D 1; "sc D 12:25"0 [103, 104], and
W D 5:06 eV [230] are valid for three-band model of Kane
as given by (1.13)

3 n-Gallium Arsenide The values
Eg0 D 1:55 eV; � D 0:35 eV; mc D 0:07m0,gv D 1,
"sc D 12:9"0 [103, 104], and W D 4:07 eV [231] are valid
for three-band model of Kane as given by (1.13). The
values a13 D �1:97 � 10�37 eVm4 and
a15 D �2:3� 10�34 eVm4 [106] are valid for the Newson
and Kurobe model [106] as given by (1.34)

(continued)
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Table 1.1 (continued)

Materials Numerical values of the energy band constants

4
n-Gallium Aluminium

Arsenide

Eg0 D .1:424 C 1:266x C 0:26x2/eV,
� D .0:34� 0:5x/eV; gv D 1,
mc D Œ0:066C 0:088x�m0; "sc D Œ13:18� 3:12x� "0
[232], and W D .3:64� 0:14x/eV [233]

5
n-Mercury Cadmium

Telluride

Eg0 D .�0:302C1:93xC5:35�10�4.1�2x/T �0:810x2C
0:832x3/eV; � D �

0:63C 0:24x � 0:27x2
�

eV;
mc D 0:1m0Eg0.eV/�1; gv D 1; "sc D

20:262� 14:812x C 5:22795x2

�
"0 [234], and

W D �
4:23� 0:813

�
Eg0 � 0:083

��
eV [235]

6 n-Indium Gallium
Arsenide Phosphide
lattice matched to
Indium Phosphide

Eg0 D �
1:337� 0:73y C 0:13y2

�
eV,

� D �
0:114C 0:26y � 0:22y2

�
eV,

y D .0:1896� 0:4052x/=.0:1896� 0:0123x/,
mc D .0:08� 0:039y/m0; gv D 1; "sc D
Œ10:65C 0:1320y� "0; and [231]
W .x; y/ D Œ5:06 .1� x/ y C 4:38.1� x/

.1� y/C 3:64xy C 3:75 fx.1� y/g� eV
7

n-Indium Antimonide
Eg0 D 0:2352 eV; � D 0:81 eV; mc D 0:01359m0 ,

gv D 1; "sc D 15:56"0 [103,104], and W D 4:72 eV [230]
8 n-Gallium Antimonide The values of Eg0 D 0:81 eV; � D 0:80 eV,

P D 9:48 � 10�10 eVm; N&0 D �2:1; Nv0 D �1:49,
N!0 D 0:42, gv D 1 [238], and "sc D 15:85"0 [239] are
valid for the model of Seiler et al. [238] as given by (R1.5).)

9 n-Cadmium Sulphide m�

k
D 0:7m0; m

�

?
D 1:5m0; C0 D 1:4� 10�8 eVm; gv D 1

[103, 104], "sc D 15:5"0 [240], and W D 4:5 eV [230]
10 n-Lead Telluride The values m�

t D 0:070m0;m
�

l D 0:54m0;

m
C

t D 0:010m0;m
C

l D 1:4m0, Pjj D 141meVnm,
P? D 486meVnm; Eg0 D 190meV; gv D 4 [103, 104],
"sc D 33"0 [103, 104, 241], and W D 4:6 eV [242, 244] are
valid for the Dimmock model [207] as given by (1.70)

The values m1 D 0:0239m0;m2 D 0:024m0;m
0

2 D 0:31m0,
and m3 D 0:24m0 [243] are valid for the Cohen model
[133] as given by (1.60)

11
Stressed n-Indium

Antimonide

The values mc D 0:048mo,
Eg0 D 0:081 eV; B2 D 9� 10�10 eVm, C1 D 3 eV,
C2 D 2eV, Na0 D �10 eV, Nb0 D �1:7 eV,Nd0 D �4:4 eV; Sxx D 0:6� 10�3.kbar/�1,
Syy D 0:42 � 10�3.kbar/�1, Szz D 0:39� 10�3.kbar/�1,
Sxy D 0:5 � 10�3.kbar/�1, "xx D �Sxx, "yy D �Syy,
"zz D �Szz, "xy D �Sxy, � is the stress in kilobar, and
gv D 1 [208–211] are valid for the model of Seiler et al.
[208–211] as given by (1.76)

12
Bismuth

Eg0 D 0:0153 eV; m1 D 0:00194m0; m2 D 0:313m0,
m3 D 0:00246m0; m

0

2 D 0:36m0; gv D 3 [245, 246],
M2 D 1:25m0, M 0

2 D 0:36m0 [247], and W D 4:34 eV
13 Mercury Telluride m�

v D 0:028m0; gv D 1; "1 D 15:2"0 [248], and
W D 5:5 eV [249]

(continued)
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Table 1.1 (continued)

Materials Numerical values of the energy band constants

14 Platinum Antimonide For valence bands, along the h100i direction,N
0 D .0:02=4/eV, Nl D .�0:32=4/eV, N� D .0:39=4/eV,
Nn D .�0:65=4/eV, Na D 0:643 nm; I D 0:30 .eV/2,Nı0 D 0:02 eV, gv D 6 [214], "sc D 30"0 [250], and
�w � 3:0 eV [214, 251]

For conduction bands, along the h111i direction, gv D 8

[214, 251],N
0 D .0:33=4/eV; Nl D .1:09=4/eV; N� D .0:17=4/eV, and
Nn D .0:22=4/eV

15 n-Gallium Phosphide m�

jj
D 0:92m0; m�

?
D 0:25m0;

k0 D 1:7� 1015 m�1; jVG j D 0:21 eV; gv D 6 [213],
and W D 3:75 eV [230]

16
Germanium

Eg0 D 0:785 eV; m�

jj
D 1:57m0; m�

?
D 0:0807m0 [230],

W D 4:14 eV [231], and gv D 4

17
Tellurium

The values  1 D 6:7� 10�16 meVm2,
 2 D 4:2� 10�16 meVm2;  3 D 6� 10�8 meVm, and
 4 D .3:6� 10�8 meVm/ [212] are valid for the model of
Bouat et al. [212] as given by (1.81)

18 Graphite The values N� D �0:0002 eV, N�1 D 0:392 eV,
N�5 D 0:194 eV, c6 D 0:674 nm, N�2 D �0:019 eV,
a6 D 0:246 nm, N�0 D 3 eV, N�4 D 0:193 eV; �3 D 0:21 eV
[252], and W D 4:6 eV [253] are valid for the model of
Brandt et al. [252] as given by (R.1.12)

19 Lead Germanium
Telluride

The values gv D 4 [254] and �w � 6 eV [255] are valid for the
model of Vassilev [254] as given by (R.1.10)

20 Cadmium Antimonide The values a1 D �32:3� 10�20 eVm2,
b1 D �60:7� 10�20 eVm2, a2 D �16:3 � 10�20 eVm2,
b2 D �24:4� 10�20 eVm2, a3 D �91:9� 10�20 eVm2,
b3 D �105� 10�20 eVm2, A D 2:92� 10�10 eVm,
B D �3:47 � 10�10 eVm, G3 D 1:3 � 10�10 eVm,
�3 D 0:070 eV [222], and �w � 2 eV [256]

21 Cadmium Diphosphide The values ˇ1 D 8:6� 10�21 eVm2,
ˇ2 D 1:8� 10�21 .eVm/2, ˇ4 D 0:0825 eV,
ˇ5 D �1:9� 10�19 eVm2 [257], and �w � 5 eV [258] are
valid for the model of Chuiko [257] and is given by (R.1.20)

22 Zinc Diphosphide The values ˇ1 D 8:7� 10�21 eVm2,
ˇ2 D 1:9� 10�21 .eVm/2, ˇ4 D 0:0875 eV,
ˇ5 D �1:9� 10�19 eVm2 [257], and W � 3:9 eV [258]
are valid for the model of Chuiko [257] and is given by
(R.1.20)

23 Bismuth Telluride The values Eg0 D 0:145 eV, N̨11 D 4:9, N̨22 D 5:92, N̨33 D 9:5,
N̨23 D 4:22, gv D 6 [215–217], and �w D 5:3 eV [259] are
valid for the model of Stordeur et al. [215–217] using (1.97)

24 Carbon Nanotube The values ac D 0:144 nm [260], tc D 2:7 eV [261],
Nr0 D 0:7 nm [262, 263], and W D 3:2 eV [265] are valid
for graphene band structure realization of carbon nanotube
[262, 263]

(continued)
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Table 1.1 (continued)

Materials Numerical values of the energy band constants

25 Antimony The values ˛11 D 16:7, ˛22 D 5:98, ˛33 D 11:61, ˛23 D 7:54

[265], and W D 4:63 eV are valid for the model of
Ketterson [265] and are given by (R.1.13) and (R.1.14),
respectively

26 Zinc Selenide mc2 D 0:16m0; �2 D 0:42 eV; Eg02 D 2:82 eV [231], and
W D 3:2 eV [266]

27 Lead Selenide m�

t D 0:23m0; m
�

l D 0:32m0; m
C

t D 0:115m0,

m
C

l D 0:303m0; Pjj � 138meVnm,
P? D 471meVnm; Eg0 D 0:28 eV [267], "sc D 21:0"0
[231], and W D 4:2 eV [268]

Fig. 1.1 Plot of the FN field
emission current as a function
of film thickness dy for QWs
of n � CdGeAs2. The dotted
and solid curves correspond
to the generalized and the
two-band models of Kane,
respectively, where
dz D 30 nm

values of alloy composition for QWs of n � Hg1�xCdxTe. Figure 1.5 shows the
carrier concentration dependence of FNFE current from QWs of n � Hg1�xCdxTe,
n-InSb, n-InAs, and n-GaAs, respectively, for the purpose of assessing the influence
of different energy band constants on the field-emitted current from QWs of III–V
materials. In Fig. 1.6, exhibits the film thickness dependence of FNFE current from
QWs of n � In1�xGaxAsyP1�y in accordance with the three- and two-band models
of Kane together with the models of Stillman et al., Newson et al., and Palik
et al., respectively. Figure 1.7 shows the dependence of FNFE current on alloy
composition from QWs of ternary and quaternary materials in accordance with the
two-band model of Kane. Figure 1.8 exhibits the film thickness dependence of FNFE
current from QWs of II–VI materials taking p-CdS as an example. Figure 1.9 shows
the FNFE current as a function of carrier concentration for the case of Fig. 1.8. In
Fig. 1.10, we have plotted the FNFE current from QWs of Bismuth as a function of
film thickness in accordance with the models of McClure and Choi, Hybrid, Cohen,
and Lax, respectively. Figure 1.11 exhibits the variation of the FNFE current as a
function of film thickness for QWs of stressed materials taking stressed n-InSb
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Fig. 1.2 Plot of the FN field
emission current as a function
of film thickness dy for QWs
of n-InSb in accordance with
the three and two-band
models of Kane together with
the models of Stillman et al.,
Newson et al., and Palik
et al., respectively, where
dz D 30 nm

Fig. 1.3 Plot of the FN field
emission current as a function
of electric field for QWs of
n-InSb in accordance with all
the cases of Fig. 1.2

Fig. 1.4 Plot of the FN field
emission current as a function
of film thickness dy for QWs
of n � Hg1�xCdxTe in
accordance with the two-band
model of Kane for two
different values of alloy
composition
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Fig. 1.5 Plot of the FN field emission current as a function of carrier concentration for QWs of
n � Hg0:7Cd0:3Te, n-InSb, n-InAs, and n-GaAs in accordance with the two-band model of Kane at
the lowest subband

Fig. 1.6 Plot of the field
current as a function of film
thickness dy for quantum
wires of n � In1�x

GaxAsyP1�y in accordance
with the three- and two-band
models of Kane together with
the models of Stillman et al.,
Newson et al., and Palik et al.
respectively, where
dz D 30 nm

as an example. Figures 1.12 and 1.13 explore the stress dependence of the FNFE
current from QWs of stressed n-InSb for different values of doping for the purpose
of assessing the influence of carrier concentration on the field-emitted current in this
case. In Fig. 1.14, the field-emitted current as a function of film thickness has been
plotted for QWs of n-Ge (in accordance with both types of band models of n-Ge),
n-GaP,Te, n-PbTe, and p � Bi2Te3; respectively. The plot (a) of Fig. 1.15 shows the
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Fig. 1.7 Plot of the
field-emitted current as a
function of alloy composition
for QWs of n � Hg1�xCdxTe
and In1�xGaxAsyP1�y in
accordance with the two-band
model of Kane

Fig. 1.8 Plot of the
field-emitted current as a
function of film thickness dy
for QWs of CdS

variation of FNFE current on the electric field for QWs of PbTe and Te, while (b)
exhibits the same for QWs of Ge, GaP, and Bi2Te3, respectively.

The salient features of the above figures are described as follows:
From Fig. 1.1, we observe that the field emission current exhibits a step-

functional decreasing dependence with increase in film thickness for QWs of
n � CdGeAs2. The combined influence of the anisotropies of the energy band
constants and the crystal field splitting is to enhance the field-emitted current as
compared with the same as obtained on the basis of two-band model of Kane in the
whole range of thicknesses as considered in Fig. 1.1. The periodicity with respect
to the film thickness is same in both the cases and is invariant of the energy band
constants. It should be noted that the field-emitted current in general, is a product of
two quantities inside the summation signs. One of them is F0.	ij/, .i D 1; 2; 3: : :

and j D 1, 2, 3, . . . ) and the other one is exp(�ˇij), where both of them are functions
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Fig. 1.9 Plot of the
field-emitted current as a
function of concentration for
QWs of CdS

Fig. 1.10 Plot of the
field-emitted current as a
function of film thickness for
QWs of Bi in accordance
with the models of Mc Clure
and Choi, Hybrid, Cohen, and
Lax, respectively

of Fermi energy, effective mass, and various parameters of the system in a complex
way. Thus, we observe that field-emitted current depends totally on the product
of these two functions within the summation signs and a prefactor outside the
summation signs. The product of these two functions ultimately determines the
behavior of the field-emitted current. Although we know [247] that the Fermi energy
of low-dimensional systems decreases with increasing size, one cannot be always
certain that I will decrease with increasing film thickness due to the particular form
of field-emitted current in case of QWs. If the rate of increase of F0.	ij/ overcomes
the rate of change of exp(�ˇij), I will increase, whereas, for the opposite case,
I will decrease. This important physical fact determines the magnitude of the field-
emitted current and its dependence with respect to any other physical variable.

From Fig. 1.2, we observe that I decrease with increasing film thickness for the
three- and two-band models of Kane together with the models of Stillman et al.,
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Fig. 1.11 Plot of the
field-emitted current as a
function of film thickness for
QWs of stressed n-InSb for
different values of dy

Fig. 1.12 Plot of the
field-emitted current as a
function of stress for QWs of
stressed n-InSb for two
different values of carrier
concentration as shown

Newson et al., and Palik et al., respectively. The I exhibits different magnitudes
which is the direct signature of the dispersion relation on the field-emitted current.
Numerical computations reflect the fact that the field-emitted current for a 30 �
10 nm2 size quantum wire can reach nearly 160�A for n-InSb at low temperatures
and at a field strength of 5 � 108 V m�1 with carrier concentration of 109 m�1.
From Fig. 1.3, it can be stated that field strength of nearly 107 V m�1 is sufficient
to produce a tenth of microampers. Incidentally, due to the velocity saturation
phenomena, we observe that beyond 108 V m�1, I saturates converging to a unique
value and becomes invariant of dispersion relations. The field-emitted current from
QWs of n � Hg1�xCdx Te as function of film thickness has been exhibited in
Fig. 1.4 and can be compared with the corresponding cases of earlier figures.
It appears that for lower values of film thickness, I increases for a particular
subband. As thickness increases, generation of different subbands occurs which
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Fig. 1.13 Plot of the
field-emitted current as a
function of stress for QWs of
stressed n-InSb for two
different values of carrier
concentration as shown

Fig. 1.14 Plot of the field-emitted current as a function of film thickness for QWs of Ge (in
accordance with both types of band models), GaP, Bi2Te3, PbTe, and Te, respectively

leads to the overall decrease in I . The variation of I over a large range of carrier
concentration has been plotted in Fig. 1.5 for the quantum limit case. It appears that
I initially increases due to low value of Fermi energy, and as the concentration
increases, the magnitude of the current decreases sharply exhibiting a peak. The
amount of broadening is highly sensitive to the spectrum parameters of a particular
semiconductor. It appears that for n-GaAs, the broadening is more as compared with
others as shown in the figure. Figure. 1.6 exhibits the variation of I as function of
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Fig. 1.15 Plot of the field current as a function of electric field for quantum wires of (a) PbTe and
Te and (b) GaP, Bi2Te3, and Ge, respectively

film thickness for QWs of n � In1�xGaxAsP1�y in accordance with the three- and
two-band models of Kane together with the models of Stillman et al., Newson et al.,
and Palik et al. respectively. Figure. 1.6 shows almost a constant step-functional
dependence of the current for a particular regime of film thickness for all types of
band models. This implies that the difference in the Fermi energy and the quantized
subband energy is almost invariant of film thickness. From Fig. 1.7, one observes
that as alloy composition increases, the field-emitted current decreases for QWs
of both ternary and quaternary compounds. For lower values of alloy composition,
I from QWs of quaternary semiconductor is more than that of the corresponding
ternary one, whereas for higher value of alloy composition, it converges. Step-
functional dependence of field-emitted current with film thickness for QWs of CdS
has been observed in Fig. 1.8. We note a nearly constant field-emitted current per
subband, until a new subband is being occupied. Comparing with the earlier figures
on the thickness dependence, we observe in this case an opposite trend because of
the fact of overriding of the term F0.	ij/ by exp(�ˇij). Figure. 1.9 exhibits the fact
that for p-CdS, the field current is of the order of a few nano amperes even at field
strength of 5 � 109 V m�1.

Composite oscillations in the field-emitted current from QWs of Bi with film
thickness has been exhibited in Fig. 1.10 for the models of McClure and Choi,
Hybrid, Cohen and Lax, respectively. We observe that for nz D 1, electrons will be
populated in the various other subbands corresponding to ny . After a certain value
of film thickness, when nz D 2, the redistribution of the electrons in the quantized
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energy levels is being repeated leading to a composite oscillations. It should be noted
that this behavior is a general feature in thickness dependence of field emission from
quantum wires. The energy band parameters determine the composite periodicity.
The effect of film thickness on the field current in stressed InSb has been plotted
in Fig. 1.11 in the quantum limit case, where the current decreases with increase
in dz for different values of dy . For dy D 5 nm, the field-emitted current is highest
although is an approximately a constant quantity with respect to dz:We observe here
that the product of the two terms namely F0.	ij/ and exp(�ˇij) becomes independent
of dz for large values.

The effect of stress on the field-emitted current has been exhibited in Figs. 1.12
and 1.13 for different values of carrier concentration. From Fig. 1.12, it appears that
with the increase in stress, the current increases having a magnitude of few tenths of
microamperes. With the increase in carrier degeneracy, the current almost reduces
to about 10 times. From Fig. 1.14, we observe that the field current from QWs of
Ge (in accordance with the models of Cardona et al. and Wang et al. respectively),
Bi2Te3, and GaP decreases as film thickness increases because of the fact that the
term exp(�ˇij) dominates over the term F0.	ij/ in the whole range of thickness
as considered here. For QWs of PbTe and Te, the current initially increases since
the term exp(�ˇij) dominates over the term F0.	ij/ and then decreases exhibiting
the fact that the opposite dominancy exists. For QWs of Ge and Bi2Te3, the field
current has been observed to be in theorder of hundreds of microampere, where as
for other 1D systems as considered in this figures the currents are in the order of few
nanoamperes exhibiting the influence of the carrier dispersion relation of a particular
semiconductor. In Fig. 1.15 (a), the cut-in electric field for the field currents are in
the order of 109 V m�1 for QWs of PbTe and Te, while about 107–108 V m�1 field
strength is sufficient for field current to reach few microamperes.

The influence of quantum confinement is immediately apparent from Figs. 1.1,
1.2, 1.4, 1.6, 1.8, 1.10, 1.11, and 1.14 since the field-emitted current depends
strongly on the thickness of the quantum-confined materials in contrast with the
corresponding bulk specimens. The current changes with increasing film thickness
in an oscillatory way with different numerical magnitudes. It appears from the
aforementioned figures that the FNFE exhibits spikes for particular values of film
thickness which, in turn, depends on the particular band structure of the specific
semiconductor. Moreover, the FNFE from QWs of different compounds can be
smaller than of bulk specimens of the same materials, which is also a direct
signature of quantum confinement. This oscillatory dependence will be less and
less prominent with increasing film thickness. For bulk specimens of the same
material, the FNFE will be found to increase continuously with increasing electron
degeneracy in a non-oscillatory manner. The appearance of the discrete jumps in the
respective figures is due to the redistribution of the electrons among the quantized
energy levels when the size quantum number corresponding to the highest occupied
level changes from one fixed value to the others.

With varying electron degeneracy, a change is reflected in the FNFE through
the redistribution of the electrons among the size-quantized levels. It may be noted
that at the transition zone from one subband to another, the height of the peaks
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between any two subbands decreases with the increasing in the degree of quantum
confinement and is clearly shown in all the curves. It should be noted that although,
the FNFE changes in various manners with all the variables as evident from all the
figures, the rates of variations are totally band structure dependent.

It is imperative to state that the present investigation excludes the many-body, hot
electron, broadening, and the allied effects in the simplified theoretical formalism
due to the absence of proper analytical techniques for including them for generalized
systems as considered here. We have also approximated the variation of value of the
work function from its bulk value in the present system. Our simplified approach
will be appropriate for the purpose of comparisons when the methods of tackling the
formidable problems after inclusion of the said effects for the generalized systems
emerge. The results of this simplified approach get transformed to the well-known
formulation of the FNFE for wide gap materials having parabolic energy bands. This
indirect test not only exhibits the mathematical compatibility of the formulation but
also shows the fact that this simple analysis is more generalized one, since one can
obtain the corresponding results for materials having parabolic energy bands under
certain limiting conditions from the present derivation. For the purpose of computer
simulations for obtaining the plots of FNFE versus various external variables, we
have taken very low temperatures since the quantization effects are basically low-
temperature phenomena together with the fact that the temperature dependence of
all the energy band constants of all the semiconductors and their nanostructures as
considered in this chapter are not available in the literature. Our results as formulated
in this chapter are valid for finite temperatures and are useful in comparing the
results for temperature variations of FNFE after the availability of the temperature
dependences of such constants of various dispersion relations in this context. The
experimental results for the verification of theoretical formulations of FNFE are still
not available in the literature. It is worth noting that the nature of the curves of field-
emitted current with various physical variables based on our simplified formulations
as presented here would be useful to analyze the experimental results when they
materialize. The inclusion of the said effects would certainly increase the accuracy
of the results although the qualitative features of FNFE would not change in the
presence of the aforementioned effects.

It can be noted that on the basis of the dispersion relations of the various quan-
tized structures as discussed above the effective electron mass,the Debye screening
length,the plasma frequency, the activity coefficient, the carrier contribution to
the elastic constants, the diffusion coefficient of minority carriers, the third-
order nonlinear optical susceptibility, the heat capacity, the dia- and paramagnetic
susceptibilities, and the various important dc/ac transport coefficients can be probed
for all types of QWs as considered here. Thus, our theoretical formulation comprises
the dispersion relation dependent properties of various technologically important
quantum-confined semiconductors having different band structures. We have not
considered other types of compounds in order to keep the presentation concise
and succinct. With different sets of energy band parameters, we shall get different
numerical values of the FNFE. The nature of variations of the FNFE as shown here
would be similar for the other types of materials and the simplified analysis of
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this chapter exhibits the basic qualitative features of the FNFE. It may be noted
that the basic aim of this chapter is not solely to demonstrate the influence of
quantum confinement on the FNFE for a wide class of quantized materials but also
to formulate the appropriate carrier statistics in the most generalized form, since the
transport and other phenomena in modern nanostructured devices having different
band structures and the derivation of the expressions of many important carrier
properties are based on the temperature-dependent carrier statistics in such systems.
For the purpose of condensed presentation, the carrier statistics and the FNFE from
different QWs as considered in this chapter have been presented in Table 1.2.

1.4 Open Research Problems

The problems under these sections of this monograph are by far the most important
part and few open research problems from this chapter till end are being presented.
The numerical values of the energy band constants for various semiconductors are
given in Table 1.1 for the related computer simulations.

(R.1.1) Investigate the FNFE from all the bulk semiconductors whose respective
dispersion relations of the carriers are given in this chapter by converting
the summations over the quantum numbers to the corresponding integra-
tions by including the uniqueness conditions in the appropriate cases and
considering the effect of image force in the subsequent study in each case.

(R.1.2) Repeat R.1.1 for the bulk semiconductors whose respective dispersion
relations of the carriers in the absence of any field are given below:

(a) The electron dispersion law in n-GaP can be written as [269]

E D „2k2s
2m�

jj
C „2k2s
2m�
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�
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; (R1.1)

where N� D 335meV,P1 D 2�10�10eVm,D1 D P1a1, and a1 D 5:4�10�10m.

(b) In addition to the Cohen model, the dispersion relation for the conduction
electrons for IV–VI semiconductors can also be described by the models of
Bangert et al. [270] and Foley et al. [271], respectively.

1. In accordance with Bangert et al. [270], the dispersion relation is given by


 .E/ D F1 .E/ k
2
s C F2 .E/ k

2
z ; (R1.2)

where 
 .E/ � 2E , F1 .E/ � R21
E C Eg

C S21
E C�0
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E C Eg
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F2 .E/ � 2C 25
E CEg

C .S1 CQ1/
2

E C�00
c

;

R21 D 2:3 � 10�19 .eVm/2 ; C 25 D 0:83 � 10�19 .eVm/2 ;Q2
1 D 1:3R21; S

2
1 D 4:6R21;

�0
c D 3:07 eV; �00

c D 3:28 eV; and gv D 4. It may be noted that under the

substitution S1 D 0;Q1 D 0, R21 � „2Eg
m�?

, C2
5 � „2Eg

2m�
jj

, (R1.2) assumes the

form E.1C ˛E/D „2k2s
2m�?

C „2k2z
2m�

k
, which is the simplified Lax model.

2. The carrier energy spectrum of IV–VI semiconductors in accordance with
Foley et al. [271] can be written as

E C Eg

2
D E�.k/C

"�
EC.k/C Eg

2

	2
C P2?k2s C P2

jjk
2
z

#1=2
; (R1.3)

where EC.k/D „2k2s
2mC

?
C „2k2z

2mC
jj

, E�.k/D „2k2s
2m�?

C „2k2z
2m�

jj
represents the

contribution from the interaction of the conduction and the valance
band edge states with the more distant bands and the free electron

term, 1=m?̇ D 1

2
Œ1=mtc ˙ 1=mtv�,

1

m˙
jj

D 1

2

�
1
m1c

˙ 1

m1v

	
. For n-PbTe,

P? D 4:61 � 10�10 eVm, Pjj D 1:48 � 10�10 eVm, m0=mtv D 10:36,
m0=m1v D 0:75, m0=mtc D 11:36,m0=m1c D 1:20, and gv D 4.

(c) The hole energy spectrum of p-type zero-gap semiconductors (e.g., HgTe) is
given by [272]

E D „2k2
2m�

v

C 3e2

128"1
k �

�
2EB

�

�
ln

ˇ̌̌
ˇ kk0

ˇ̌̌
ˇ ; (R1.4)

where m�
v is the effective mass of the hole at the top of the valence band,

"1 is the semiconductor permittivity in the high-frequency limit, EB �
m0e

2=2„2"21, and k0 � m0e
2=„2"1.

(d) The conduction electrons of n-GaSb obey the following two dispersion rela-
tions:

1. In accordance with the model of Seiler et al. [238]

E D
�
�Eg
2

C Eg

2



1C ˛4k

2
�1=2 C N&0„2k2

2mo

C Nv0f1.k/„2
2mo

˙ N!0f2.k/„2
2mo

	
;

(R1.5)
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where ˛4 � 4P 2
�
Eg C 2

3
�
�

E2
g

�
Eg C�

���1
, P is the isotropic momentum

matrix element, f1.k/� k�2
h
k2xk

2
y C k2yk

2
z C k2z k

2
x

i
represents the warping

of the Fermi surface, f2.k/�
h n
k2
�
k2xk

2
y C k2yk

2
z C k2z k

2
x

�
� 9k2xk2yk2z

o1=2
k�1

i
represents the inversion asymmetry splitting of the conduction band,

and N&0; Nv0, and N!0 represent the constants of the electron spectrum in this
case.

2. In accordance with the model of Zhang et al. [273]

E D
h
E
.1/
2 C E

.2/
2 K4;1

i
k2 C

h
E
.1/
4 C E

.2/
4 K4;1

i
k4

C k6
h
E
.1/
6 CE

.2/
6 K4;1 C E

.3/
6 K6;1

i
; (R1.6)

whereK4;1 � 5

4

p
21

"
k4x C k4y C k4z

k4
� 3

5

#
,

K6;1 �
r
639639

32

"
k2xk

2
yk

2
z

k6
C 1

22

 
k4x C k4y C k4z

k4
� 3

5

!
� 1

105

#
, the

coefficients are in eV, the values of k are 10
� a
2�

�
times those of k in

atomic units (a is the lattice constant), E.1/
2 D 1:0239620,E.2/

2 D 0, E.1/
4 D

�1:1320772,E.2/
4 D 0:05658,E.1/

6 D 1:1072073,E.2/
6 D �0:1134024, and

E
.3/
6 D �0:0072275.

(e) In addition to the well-known band models as discussed in this monograph,
the conduction electrons of III–V semiconductors obey the following three
dispersion relations:

1. In accordance with the model of Rossler [274]

E D „2k2
2m� C N̨10k4 C Ň

10

h
k2xk

2
y C k2yk

2
z C k2z k

2
x

i

˙ N�10
h
k2
�
k2xk

2
y C k2yk

2
z C k2z k

2
x

�
� 9k2xk2yk2z

i1=2
; (R1.7)

where N̨10 D N̨11 C N̨12k, Ň
10 D Ň

11 C Ň
12k, and N�10 D N�11 C N�12k, in

which N̨11 D �2132 � 10�40 eVm4, N̨12 D 9030 � 10�50 eVm5, Ň
11 D

�2493� 10�40 eVm4, Ň
12 D 12594� 10�50 eVm5, N�11 D 30� 10�30 eVm3,

and N�12 D �154 � 10�42 eVm4.
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2. In accordance with Johnson and Dickey [275], the electron energy spectrum
assumes the form

E D �Eg
2

C „2k2
2

�
1

m0

C 1

m�b

	
C Eg

2

"
1C 4

„2k2
2m0

c

Nf1.E/
Eg

#1=2
; (R1.8)

where
m0

m0
c

� P2

" �
Eg C 2�

3

�
Eg.Eg C�/

#
, Nf1.E/ � .Eg C�/

�
E C Eg C 2�

3

�
�
Eg C 2�

3

�
.E CEg C�/

,

m0
c D 0:139m0, andm�b D

�
1

m0
c

� 2

m0

	�1
.

3. In accordance with Agafonov et al. [276], the electron energy spectrum can
be written as

E D N	� Eg

2

2
41 � „2k2

2 N	m�

8<
:D

p
3 � 3B

2
�

„2
2m�

�
9=
;
"
k4x C k4y C k4z

k4

#3
5 ; (R1.9)

where N	 � .E2
g C .8=3/P 2k2/1=2, B � �21 „2

2m0

, andD � �40
� „2
2m0

�
.

(f) The dispersion relation of the carriers in n-type Pb1�xGaxTe with x D 0:01 can
be written following Vassilev [254] as



E � 0:606k2s � 0:0722k2z

� 

E C Eg C 0:411k2s C 0:0377k2z

�
D 0:23k2s C 0:02k2z ˙ 


0:06Eg C 0:061k2s C 0:0066k2z
�
ks (R1.10)

where Eg.D 0:21 eV/ is the energy gap for the transition point, the zero of the
energy E is at the edge of the conduction band of the 
 point of the Brillouin
zone and is measured positively upwards, kx; ky , and kz are in the units of
109m�1.

(g) The energy spectrum of the carriers in the two higher valance bands and the
single lower valance band of Te can, respectively, be expressed as [277]

E D A10k
2
z CB10k

2
s ˙

h
�210 C .ˇ10kz/

2
i1=2

andE D �jj CA10k
2
z CB10k

2
s ˙ˇ10kz;

(R1.11)
where E is the energy of the hole as measured from the top of the valance

and within it, A10 D 3:77 � 10�19 eVm2, B10 D 3:57 � 10�19 eVm2, �10 D
0:628 eV, .ˇ10/2 D 6 � 10�20 .eVm/2, and �jj D 1004 � 10�5 eV are the
spectrum constants.

(h) The dispersion relation for the electrons in graphite can be written following
Brandt [252] as
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E D 1

2
ŒE2 C E3�˙

�
1

4
.E2 � E3/

2 C 	22k
2

	1=2
; (R1.12)

where E2 � N� � 2 N�1 cos�0 C 2 N�5 cos2 �0,�0 � c6kz =2,E3 � 2 N�2 cos2 �0,

and 	2 �
�p

3
2

�
a6. N�0 C 2 N�4 cos�0/in which the band constants are N�, N�0,

N�1; N�2; N�4; N�5, a6, and c6, respectively.

(i) The dispersion relation of the conduction electrons in Antimony (Sb) in
accordance with Ketterson [265] can be written as

2m0E D ˛11p
2
x C ˛22p

2
y C ˛33p

2
z C 2˛23pypz (R1.13)

and

2m0E D a1p
2
x C a2p

2
y C a3p

2
z C a4pypz ˙ a5pxpz ˙ a6pxpy; (R1.14)

where a1 D 1

4
.˛11 C 3˛22/, a2 D 1

4
.˛22 C 3˛11˛22 C 3˛11/, a3 D ˛33, a4 D˛33,

a5 D p
3, and a6 D p

3.˛22 � ˛11/in which ˛11, ˛22, ˛33, and ˛23 are the system
constants.

(j) The dispersion relation of the holes in p-InSb can be written in accordance with
Cunningham [278] as

E D c4.1C �4f4/k
2 ˙ 1

3
Œ2

p
2
p
c4
p
16C 5�4

p
E4g4k�; (R1.15)

where c4 � „2=2m0 C �4, �4 � 4:7.„2=2m0/, �4 � b4=c4, b4 � Œ3=2.b5/C 2�4�,

b5 � 2:4.„2=2m0/, f4 � 1

4



sin2 2� C sin4 � sin2 2�

�
, � is measured from the

positive z-axis, � is measured from positive x-axis, g4 � sin �

�
cos2 � C 1

4

sin4 � sin2 2�

	
, and E4 D 5 � 10�4 eV.

(k) The energy spectrum of the valance bands of CuCl in accordance with Yekimov
et al. [279] can be written as

Eh D .�6 � 2�7/ „2k2
2m0

(R1.16)

and

El;s D .�6 C �7/
„2k2
2m0

� �1

2
˙
"
�2
1

4
C �7�1

„2k2
2m0

C 9

�
�7„2k2
2m0

�2#1=2
;

(R1.17)
where �6 D 0:53; �7 D 0:07, and �1 D 70meV:
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(l) In the presence of stress, �6 along the h001i and h111i directions, the energy
spectra of the holes in semiconductors having diamond structure valance bands
can be respectively expressed following Roman [280] et al. as

E D A6k
2 ˙

h
B
2

7k
4 C ı26 CB7ı6

�
2k2z � k2s

�i1=2
(R1.18)

and

E D A6k
2 ˙

�
B
2

7k
4 C ı27 C D6p

3
ı7.2k

2
z � k2s /

	1=2
; (R1.19)

where A6, B7, D6, and C6 are inverse mass band parameters in which
ı6 � l7

�
S11 � NS12

�
�6, S ij are the usual elastic compliance constants,

B
2

7 � .B2
7 C c26=5/, and ı7 � .d8S44=2

p
3/�6. For gray tin, d8 D � 4:1 eV,

l7 D � 2:3 eV, A6 D 19:2.„2=2m0/, B7 D 26:3.„2=2m0/, D6 D 31.„2=2m0/,
and c26 D � 1112.„2=2m0/.

(m) The dispersion relation of the carriers of cadmium and zinc diphosphides are
given by [257]

E D
�
ˇ1 C ˇ2ˇ3.k/

8ˇ4

	
k2 ˙

��
ˇ4ˇ3 .k/

�
ˇ5 � ˇ2ˇ3.k/

8ˇ4

�
k2
	

C 8ˇ24

�
1 � ˇ23.k/

4

�
� ˇ2

�
1 � ˇ23.k/

4

�
k2

 1=2

(R1.20)

where ˇ1; ˇ2; ˇ4, and ˇ5 are system constants and ˇ3.k/ D k2x Ck2y � 2k2z =k2.
(R1.3) Investigate the FNFE from quantum wells, wires, and dots of all the

semiconductors as considered in R1.1 and R1.2, respectively.
(R1.4) Investigate the FNFE from bulk specimens of heavily doped semi-

conductors in the presence of Gaussian, exponential, Kane, Halperian, Lax, and
Bonch-Burevich types of band tails [103, 104] for all systems whose unperturbed
carrier energy spectra are defined in R1.1 and R1.2, respectively.

(R1.5) Investigate the FNFE from quantum wells, wires, and dots of all the
heavily doped semiconductors as considered in R1.4.

(R1.6) Investigate the FNFE from bulk specimens of the negative refractive
index, organic, magnetic, and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field.

(R1.7) Investigate the FNFE from quantum wells, wires, and dots of the negative
refractive index, organic, magnetic, and other advanced optical materials in the
presence of an arbitrarily oriented alternating electric field.

(R1.8) Investigate the FNFE from the multiple quantum wells, wires, and dots
of semiconductors whose unperturbed carrier energy spectra are defined in R1.1,
R1.2, and heavily doped semiconductors in the presences of Gaussian, exponential,
Kane, Halperian, Lax, and Bonch-Burevich types of band tails [103, 104] for all
systems whose unperturbed carrier energy spectra are defined in the same problems
respectively.
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(R1.9) Investigate the FNFE from all the appropriate low-dimensional systems
of this chapter in the presence of finite potential wells.

(R1.10) Investigate the FNFE from all the appropriate low-dimensional systems
of this chapter in the presence of parabolic potential wells.

(R1.11) Investigate the FNFE from all the appropriate systems of this chapter
forming quantum rings.

(R1.12) Investigate the FNFE from all the above appropriate problems in the
presence of elliptical Hill and quantum square rings.

(R1.13) Investigate the FNFE for the appropriate accumulation layers for all the
materials whose unperturbed carrier energy spectra are defined in R1.1and R1.2,
respectively.

(R1.14) Investigate the FNFE from wedge shaped, cylindrical, ellipsoidal,
conical, triangular, circular, parabolic rotational, and parabolic cylindrical quantum
dots in the presence of an arbitrarily oriented alternating electric field for all the
materials whose unperturbed carrier energy spectra are defined in R1.1 and R1.2,
respectively.

(R1.15) Investigate the FNFE from wedge shaped, cylindrical, ellipsoidal,
conical, triangular, circular, parabolic rotational, and parabolic cylindrical quantum
dots of the negative refractive index, organic, magnetic, and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric field.

(R1.16) Formulate the time delay for all the appropriate systems of this chapter.
(R1.17) Formulate the reflection time for all the appropriate systems of this

chapter.
(R1.18) Formulate the minimum tunneling, Dwell and Phase tunneling, Buttiker

and Landauer, and intrinsic times for all the appropriate systems of this chapter.
(R1.19) Investigate all the appropriate problems of this chapter for a Dirac

electron.
(R1.20) Investigate all the appropriate problems of this chapter by including the

many body, image force, broadening, and hot carrier effects, respectively.
(R1.21) Investigate all the appropriate problems of this chapter by removing

all the mathematical approximations and establishing the respective appropriate
uniqueness conditions.
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