Some Remarks on Free Energy
and Coarse-Graining

Frédéric Legoll and Tony Lelievre

Abstract We present recent results on coarse-graining techniques for thermody-
namic quantities (canonical averages) and dynamical quantities (averages of path
functionals over solutions of overdamped Langevin equations). The question is how
to obtain reduced models to compute such quantities, in the specific case when
the functional to be averaged only depends on a few degrees of freedom. We
mainly review, numerically illustrate and extend results from (Blanc et al. Journal
of Nonlinear Science 20(2):241-275, 2010; Legoll and Lelievre Nonlinearity
23(9):2131-2163, 2010.), concerning the computation of the stress-strain relation
for one-dimensional chains of atoms, and the construction of an effective dynamics
for a scalar coarse-grained variable when the complete system evolves according to
the overdamped Langevin equation.

1 Motivation

In molecular simulation, two types of quantities are typically of interest: averages
with respect to the canonical ensemble (thermodynamic quantities, such as stress,
root-mean-square distance, ...), and averages of functionals over paths (dynamic
quantities, like viscosity, diffusion coefficients or rate constants). In both cases, the
question of coarse-graining is relevant, in the sense that the considered functionals
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typically depend only on a few variables of the system (collective variables, or
reaction coordinates). Therefore, it is essential to understand how to obtain coarse-
grained models on these variables.

1.1 Coarse-Graining of Thermodynamic Quantities

Computing canonical averages is a standard task in molecular dynamics. For a
molecular system whose atom positions are described by a vector ¢ € R”, these
quantities read

| e@an

where @ : R” — R is the observable of interest and u is the Boltzmann-Gibbs
measure,

dp=Z"exp(—BV(q))dq. )]

where V is the potential energy of the system, f is proportional to the inverse of the
system temperature, and

z= [ exw-pv@)dq

is a normalizing constant. Typically, g represents the position of N particles in
dimension d, hence g € R” withn = dN.

As mentioned above, observables of interest are often functions of only part of
the variable ¢. For example, g denotes the positions of all the atoms of a protein and
of the solvent molecules around, and the quantity of interest is only a particular
angle between some atoms in the protein, because this angle characterizes the
conformation of the protein (and thus the potential energy well in which the system
is, is completely determined by the knowledge of this quantity of interest). Another
example is the case when ¢ = (¢',...,¢") denotes the positions of all the atoms of
a one-dimensional chain, and quantities of interest are only a function of the total
length g — ¢! of the chain.

We thus introduce the so-called reaction coordinate

£:R" >R,

which contains all the information we are interested in. Throughout this article, we
assume that it is a smooth function such that |V§| is bounded from below by a
positive constant, so that the configurational space can be foliated by isosurfaces
associated to £. A simple case that will be considered below is £(¢',....q") = ¢".

To this function £ is naturally associated an effective energy A, called the free
energy, such that

d(§ *p) = exp(—pA(z))dz,

where & x 1 denotes the image of the measure u by &. In other words, for any test
function @ : R — R,
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[ 0G@) 2 exn-pv@da = [ o) exp-pacndz. @

Expressions of A and its derivative are given below (see Sect. 1.4).

The interpretation of (2) is that, when Q is a random variable distributed
according to the Boltzmann measure (1), then £(Q) is distributed according to
the measure exp(—pBA(z))dz. Hence, the free energy A is a relevant quantity for
computing thermodynamic quantities, namely canonical averages.

In conclusion, the question of coarse-graining thermodynamic quantities amo-
unts to computing the free energy, and there are several efficient methods to perform
such calculations (see for example [6, 20]). In the sequel of this article, we
address a particular case, motivated by materials science, where the system under
consideration is a one-dimensional chain of atoms, and £(¢',...,¢") = ¢" — ¢!
is the length of the chain (see Fig. 1 below). We are interested in the free energy
associated to this reaction coordinate, and its behaviour when the number n of
particles goes to +o0o. Standard algorithms to compute the free energy then become
prohibitively expensive, as the dimension of the system becomes larger and larger.
Alternative strategies are needed, and we investigate analytical methods, based on
large deviations principles, in Sect. 2.

1.2 Coarse-Graining of Dynamical Quantities

The second topic of this contribution is related to the dynamics of the system,
and how to coarse-grain it. In short, we will show how to design a dynamics that
approximates the path t — £(Q;), where £ is the above reaction coordinate.

To make this question precise, we first have to choose the full dynamics, which
will be the reference one. In the following, we consider the overdamped Langevin
dynamics on state space R”:

dQ; =—=VV(Q1)di+ 2B~ dW;,  Qi=0 = Qo, 3)

where W} is a standard n-dimensional Brownian motion. Under suitable assump-
tions on V, this dynamics is ergodic with respect to the Boltzmann-Gibbs measure
(1) (see [5] and references therein). Hence, for p-almost all initial conditions Qy,

1 T
tim /O ®(0)di = /R g dp 4

almost surely. In practice, this convergence is often very slow, due to some
metastabilities in the dynamics: Q; samples a given well of the potential energy
for a long time, before hopping to some other well of V.

An important dynamical quantity we will consider below is the average residence
time, that is the mean time that the system spends in a given well, before hopping
to another one, when it follows the dynamics (3). Typically, the wells are fully
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described through £ (g is in a given well if and only if £(g) is in a given interval), so
that these times can be obtained from the knowledge of the time evolution of £(Q;),
which is expensive to compute since it means simulating the full system.

In Sect. 3 below, we will first present a one-dimensional dynamics of the form

dn, =b(M,)dt + 2B~ o(n,)dB;. &)

where B; is a standard one-dimensional Brownian motion and b and o are scalar
functions, such that (%,)¢.,<7 is a good approximation (in a sense to be made
precise below) of (£(Q;))g<;<7. Hence, the dynamics (5) can be thought of as
a coarse-grained, or effective, dynamics for the quantity of interest. A natural
requirement is that (5) preserves equilibrium quantities, i.e. it is ergodic with respect
to exp(—pBA(z)) dz, the equilibrium measure of £(Q;) when Q; satisfies (3), but we
typically ask for more than that. For example, we would like to be able to recover
residence times in the wells from (5), hence bypassing the expensive simulation of
£(Q;). We will show below that the effective dynamics we propose indeed fulfills
these two requirements.
As a matter of fact, the coarse-grained dynamics

Az, = —A'Z)dt + 21 dB, 6)

is a one-dimensional dynamics that is ergodic with respect to exp(—fA(z))dz. It
can thus be thought of as a natural candidate for a dynamics approximating £(Q;),
all the more so as practitioners often look at the free energy profile (i.e. the function
z + A(z2)) to get an idea of the dynamics of transition (typically the transition
time) between one region indexed by the reaction coordinate (say for example
{q € R"; £(q) < zo}) and another one (for example {g € R"; £(q) > zo}). If E(Q¢)
follows a dynamics which is close to (6), then the Transition State Theory says that
residence times are a function of the free energy barriers [17,18], and then it makes
sense to look at the free energy to compute some dynamical properties. It is thus
often assumed that there is some dynamical information in the free energy A.

In the sequel, we will compare the accuracy (with respect to the original full
dynamics) of both coarse-grained dynamics, an effective dynamics, an effective
dynamics of type (5) (namely dynamics (67) below) and the dynamics (6) driven
by the free energy. Their relation has been investigated from an analytical viewpoint
in [19, Sect. 2.3] (see also [11, Sect. 10 and (89)] and [21]).

1.3 Outline of the Article

In this contribution, we mainly review, numerically illustrate and extend results
from the two articles [3, 19]. Our aim is to present in a pedagogical and uni-
fied manner recent contributions on coarse-graining procedures concerning: (1)
a static case inspired by material sciences, namely the computation of stress-
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strain (namely force-elongation) relation for one-dimensional chains of atoms, in
the thermodynamic limit (Sect.2) and (2) a dynamic case inspired by molecular
dynamics computations, namely the derivation of effective dynamics along the
reaction coordinate, for overdamped Langevin equations (Sect. 3). Compared to the
original articles [3, 19], we propose some extensions of the theoretical results (see
e.g. Sect. 2.2), some simpler proofs in more restricted settings (in Sect. 3.3) and new
numerical experiments (Sects. 2.2.4 and 3.4).

1.4 Notation

We gather here some useful notation and results. Let X', be the submanifold of R”
of positions at a fixed value of the reaction coordinate:

Y, ={qeR";&@q) =2z} 7

Let us introduce wx_, which is the probability measure p conditioned at a fixed
value of the reaction coordinate:

exp(—BV)|VE[ 1 dos.
/ exp(—BV) [VE| "V dos.

Xz

dus. = (8

where the measure oz, is the Lebesgue measure on X', induced by the Lebesgue
measure in the ambient Euclidean space R” D X,. By construction, if Q is
distributed according to the Gibbs measure (1), then the law of Q conditioned to
a fixed value z of £(Q) is . . The measure |V&|~'dos, is sometimes denoted by
8¢(q)—z (dq) in the literature.

We recall the following expressions for the free energy A and its derivative A,
also called the mean force (see [7]):

A(z) = —B"'In (/ Z Yexp(—BV)|VE|! dozz), )
z
A(2) = /E Fdus.. (10)

where F is the so-called local mean force:

CVVAVE o VE
F= g7 (1) v

In the particular case when the reaction coordinate is just one of the cartesian
coordinate, say £(q) = ¢”, then
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A@)=—p""In (/ Z7 exp(=pV(q'.....q" " 2)dq' dq"‘l)
g - s ,Z

and the local mean force is just F = dgn I/, so that

Jon—10g2V(q",....q" 2)exp(—=BV(q',....q" . 2))dq" ...dg" !

A'(2) =
@ Jpn—r1exp(—=BV(ql,....q" 1. 2))dgq" ...dg"!

2 Computing Macroscopic Stress-Strain Relations
for One-Dimensional Chains of Atoms

In this section, we wish to compute the stress-strain relation of a one-dimensional
chain of atoms, in the thermodynamic limit. More precisely, we consider a chain of
14 N atoms, with its left-end atom fixed, and either submit the right-end atom to a
force, and compute the average elongation, or prescribe the elongation, and compute
the force. We will show that, in the limit N — oo, these two relations are identical,
and that they can be computed in an extremely efficient manner. In short, passing to
the limit N — oo makes tractable a computation that is, for finite and large N, very
expensive.

The relation between that question and the question of determining the free
energy of the system, when the reaction coordinate is the length of the system, will
also be discussed.

In the sequel, we first proceed with the nearest neighbour case (see Sect.2.1).
We next address the next-to-nearest neighbour case in Sect. 2.2, which is technically
more involved.

2.1 The Nearest Neighbour (NN) Case

We consider a one-dimensional chain of atoms, with positions ¢°, ¢! ,..., ¢™.
In this section, we only consider nearest neighbour interaction. In addition to this
internal interaction, we assume that the atom at the right boundary of the chain is
submitted to an external force f, and that the atom at the left boundary is fixed:
q° = 0. The energy of the chain thus reads

N
Ef(ql,...,qN) :ZW(qi—qi_l)—qu.

i=1

In the sequel, we will consider the limit when the number N of atoms goes to co. We
wish to make sure that, even when N — oo, the system occupies, on average, a finite
length. To this aim, we introduce the rescaled positions u = hqi ,withh=1/N.
The energy now reads
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. N N wi— i1 ulN
E ( ): 74 (e B 12
slutu ; ( - ) £ (12)
where again u® = 0.
For any observable @, depending on the variables ul,...,ul, we define the

canonical average of @ by

(cD)ﬁ = Z_I/RNq§(u1,...,uN)exp(—,BEf (ul,...,uN))dul...duN, (13)

where the partition function Z reads

Z=/RNexp(—,BEf (ul,...,uN))dul...duN.

We assume in the sequel that W (r) grows fast enough to co when |r| — oo, so that
Z is well defined (it is for instance enough that W(r) ~ ;o0 [F|* With a > 1).

We will be interested in the limit of (@) 1{,, when N — oo, and when @ only
depends on u™: @(u',...,uN) = Au") for a given function A.

Remark 1. In (13), we let the variables ul vary on the whole real line. We do
not constrain them to obey u'~! <y’ which would encode the fact that nearest
neighbours remain nearest neighbours. The argument provided here carries through
when this constraint is accounted for: we just need to replace the interaction
potential W by

W =1 L oerwive,

2.1.1 Computing the Strain for a Given Stress

We first show a simple adaptation of [3, Theorem 1], which is useful to compute
averages of general observables, in the thermodynamic limit, for the canonical
ensemble at a fixed stress:

Lemma 1. Assume that A : R — R is continuous, that for some p > 1, there exists
a constant C such that

VyeR, [Ap)|=CA+]y?),

and that
[+ 1P)exp BV = frdy <+
Then
Jim (4"} = A" ().
with

_ ey expBIV() — fyDdy
Jeexp(=BW(y) = fyDdy

Yy (f) (14)
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Proof. We observe that

(A)£ = Z_l/ A(uN)exp(—,BEf (ul,...,uN))dul...duN
RN

:z—l/RN (uN)exp( ﬁZWf( ul—ul 1))du1...duN

i=1

i ul—l

where Wy (x) = W(x)— fx. Introducing y = , a change of variables in

the above integral yields

<A>§:z/ ( Zy)exp(—ﬂZN:Wf(yi))dyl.,_dyN

i=1 i=1

where, with a slight abuse of notation,

zz/ exp( ﬁZWf ) dyN.

i=1

Consider now a sequence {Y i }IN=1 of independent random variables, sharing the
same law z ™' exp (=W (y)) dy with

z= /R exp(—BWy(y))dy

oo (i)

The law of large numbers readily yields that % Z,N=1 Y converges almost surely to
y*(f) defined by (14).

We infer from [3, Theorem 1] that, for any force f, and for any observable A

sufficiently smooth, the limit when N — oo of (A)£ is

It is clear that

lim (4 = A0 ().

N—
Rates of convergence are also provided in the same theorem. O
Numerical simulations illustrating this result are reported in [3, Sect. 2.3].

In the specific case of interest here, namely computing the stress-strain relation,

we take AW™) = u¥, thus ey (f) 1= (A)ﬁ represents the average length of the
chain, for a prescribed force f. We infer from the previous result that

Jim ex(f)=y*(f).



Some Remarks on Free Energy and Coarse-Graining 287

We hence have determined the macroscopic elongation, namely y*(f), for a
prescribed microscopic force f in the chain.

Notice that, in this specific case, A is a linear function, so we actually have
en(f) = y*(f) for any N. The result of Lemma | remains interesting for
computing standard deviation of the average length, for example.

Remark 2. The force between atoms j and j — 1 is W’ (%) Its canonical
average, defined by (13), is

01{} = Z_I/RN W’(%)exp(—ﬂEf (ul,...,uN))dul...duN

N

- Z_I/RN W’(yj)exp (—,BZ[W(yi)—fyi]) dy'...dyN

_ W) exp (=5 [W(yjl)=—fyj])dyf
f]R exp (—,3 [W (yj) —fy-f])dy-f

Je W' (07) = flexp(=B[W (/) = fy']) dy’
Jeexp (=B[W (y/) = fy/])dy’

= f+

N N
where y’/ = — Integrating by parts, we see that the second term of the

last line vanishes. We hence obtain that the average force between two consecutive
atoms is independent of j (the stress is homogeneous in the material), and is equal
to its prescribed microscopic value f:

Vj, VN, o} =f

Imposing a force f on the right boundary atom hence implies that the average force
between any two consecutive atoms is equal to f. ¢

2.1.2 Computing the Stress for a Given Strain

In the previous section, we have prescribed a force, and computed an average

elongation. We now prescribe the length of the material, by imposing u® = 0 and
ulV = x (see Fig. 1).

X

@ ©¢ @ @ @ @ @ @ @ © O
0 N

Fig. 1 One-dimensional chain of 1+ N atoms, where the total length of the system is prescribed
at the value x
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As we fix the position of atom N, the system is insensitive to any force f
imposed on that atom. We hence set f = 0. Our aim is to compute the force in the
chain,

_,N-1
/ w' (l)exp(—ﬂEo(ul,,.,,uN_l,x)) du'...du™!
RN—1 h

/ eXP(—ﬁEo(ul,---,uN_l,x)) du'...du™ !
RN—1

In(x) =

)

(15)
or, more precisely, its limit when N — oco. Note that, as all the (1’ —u'~1)/h play
the same role in the above expression, we also have, forany 1 <i < N —1,

i i1
/ W (l)exp(_ﬁEo(ul,_._,uN—l,x)) du'...du=!
RN—1 h

In(x) =
/ eXP<—.3E0(u1,---,uN_1,x)) du' ... dulN™!
RN—1

The force between atom N and N — 1 is thus equal to the force between any two
consecutive atoms.

We infer from (15) that Ty (x) = Fy (x), where

Fn(x) = —IBLNIn |:/RN—1 exp (—,BEO(ul,...,uN_l,x)) du! ...duN_li| .

Hence NFy is the free energy of the material associated to the reaction coor-
dinate £(u',...,u"Y) = u®, and Fy is a rescaled free energy (free energy per
integrated out particle). Using the variables y’ = (u’ —u'~1)/h, we also see that
exp(—BNFn (x))dx is (up to a normalizing multiplicative constant) the probability
distribution of the random variable # ZIN=1 Y, when {Yi }IN=1 is a sequence of
independent random variables, sharing the same law z ! exp (—BW(y)) dy, with

- /R exp(—BW(y)) dy.

In the case W(y) = (y —a)?/2, it is possible to analytically compute Fy (x), and
to observe that there exists a constant C, independent of x, such that Fx (x) +Cyn
has a finite limit when N — oo. In the general case, the limit of Fyy is given by the
following result, which relies on a large deviations result for i.i.d. random variables:

Lemma 2 ([3], Theorem 2). Assume that the potential W satisfies
veeR, [ expley—pWO)dy < +ov.
and exp(—pW) € H'(R). Then

1
Nl—i}}rloo (FN(x)—i—Eln%) = Foo(x), (16)
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with

Fao(x) = %sup (&x—ln [z—l /]R exp(Ey — FW(Y)) dyD (17)

EeR

and
- / exp(—BW(»)) dy.
R

p

oo Jorany 1 < p <oo. Asa

This convergence holds pointwise in x, and also in L

1,
consequence, Fy, converges to Fl in W 7.

We hence obtain the macroscopic force F/ (x) for a prescribed elongation x.
Numerical simulations that illustrate this result are reported in [3, Sect. 2.3].

Remark 3. The additive term B~ 'In(z/N) in (16) can be seen as a normalizing
constant. Indeed, as mentioned above, NFy is a free energy, and the correct
normalization for exp(—BN Fx) to be a probability density function is:

1.z
/Rexp |:—,8N (FN(x)—i-Elnﬁ)} dx =1.

Remark 4. Fy is a challenging quantity to compute. One possible method is to
compute, for each x, its derivative F 1’\, (x), and deduce Fy (this is the so-called
thermodynamic integration method). Note that F (x) = Jy (x) is given by (15): it
is a canonical average of some observable, in a space of dimension N —1 > 1. In
contrast, F is easier to compute, since it only involves one-dimensional integrals
or optimization problems. ¢

<

2.1.3 Equivalence of Stress-Strain Relations in the Thermodynamic Limit

The function we maximize in (17) is concave, so there exists a unique maximizer
£(x) in (17), that satisfies the Euler-Lagrange equation

L Jey exp(E(x)y —BW()dy 18)

T [pexpE(x)y —BW () dy

We observe that

P = =22,

On the other hand, recall the definition (14) of y*(f):

Jzy exp(=B[W(y)— fy])dy
Jrexp(=BIW(y)— fyDdy

yi(f) =
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Comparing (18) and (14), we see that y*(B71&(x)) = y*(F.(x)) = x. The
function f +— y*(f) is increasing (because its derivative is positive), thus it is
injective, and we also get the converse relation: F. (y*(f)) = f.

Otherwise stated, the relation f — y*(f) and x — F/_(x) are inverse one to
each other. So, prescribing a microscopic force f and computing the macroscopic
elongation is equivalent to prescribing an elongation and computing the macro-
scopic force, in the thermodynamic limit (namely in the limit N — o0).

2.2 The Next-to-Nearest Neighbour (NNN) Case

We now consider next-to-nearest neighbour interactions in the chain. Again, the first
atom is fixed: u® = 0, whereas the last one is submitted to an external force f.The
(rescaled) energy reads

Ep(u'..uV)= ZWI(” v ) ZWZ(. v 1)—f%. (19)

i=1 i=1

If W, = 0, this energy reduces to (12). Averages of observables are again defined
by (13).

2.2.1 Computing the Strain for a Given Stress

Our aim, as in Sect. 2.1.1, is to compute the macroscopic strain, which is the average
length of the material, that is

Ny\S
en(f)= ")y
where (-)ﬁ is the average with respect to the canonical measure associated to E ¢.
We introduce the notation

Wig(x) = Wi(x)— fx,

which will be useful in the sequel. A simple adaptation of [3, Theorem 3] yields the
following general result:

Lemma 3. Assume that A : R — R is continuous, and that there exists p > 1 and
C > 0 such that
[A(x)| < C(1+[x]?).

Assume also that Wy and W both belong to L10C (R), that they are bounded from
below, and that, for any x € R, we have |W;r(x)| < oo and |W2(x)| < o0 In

addition, we assume that e "1/ and e B2 both belong to W, loc (R) with
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/(1 +1x|?) e PV gx < 400 and /(1 +[x|?) e P20 gy < 0.
R R

Then
Jim (46M))] = A0 (). (20)

with
* — 2 d , 21
V() /Rwa(y) y @1)

where ¢ solves the variational problem

Ay = max {/sz/f(y)x/f(z) Ky(y,2) dydz;/Rl/fz(y)dy=1}, (22)

YeL2(R)
with
Kyr(x,y):=exp [—ﬂWz(x +y)— ngf(x) - ngf(y)] (23)

We only provide here the main arguments to prove this result (see [3, Sec. 3.1.1
and Theorem 3] for details). They will be useful in the sequel. The observable
Au™) only depends on u® , thus

(A(uN))If:, = Z_I/ A(uN)exp(—,BEf (ul,...,uN))dul...duN

RN
» N N wi i1

=Z /RNA(u )exp —,Bizz;Wlf(T)
N-1 i+l i—1

B3 W (%))dul...dﬂ.
i=1

. . . I e
Introducing again the variables y' = ————, we see that

h

N N
1 : . .
(A(MN)){;:Z‘I/RNA(ﬁ Zy’)eXP(—ﬂWlf(yl))]_[kf(y"l,y’)dyl---a’yN,
i=1 i=2
(24)
with . _ . _ .
kp (V=1 ') =exp(=BWir (V) = BW2 ('~ 7).
Assume for a moment that fR k r(a,b)db = 1. Then we see that

N
(AuV) =E |:A (% ZYi):| ,
i=1

where {Y ! }l.=1 is a realization of a Markov chain of transition kernel k ¢, and where

Y! has the initial law (up to a normalization constant) exp(—fWis (y1)) dy'.
A law of large numbers argument, now for Markov chains, yields the large N limit
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of (A(u™ ))If:, (recall that, in the case of the NN model considered in Sect. 2.1.1, this
limit is given by a law of large numbers argument for i.i.d. sequences).

In general, of course, [;ks(a,b)db # 1. There is thus a slight technical
difficulty in identifying a Markov chain structure in (24). It yet turns out that
the above argument can be made rigorous as follows. Consider the variational
problem (22), with K y defined by (23). Under our assumptions, K y € L?*(R xR).
Using standard tools of spectral theory of self-adjoint operators (see e.g. [10]),
one can prove that this problem has a maximizer (denoted v ), and that, up to
changing ¥ s in — ¢, the maximizer is unique. In addition, one can choose it such
that ¥y > 0. We can next define

Vr(y)

Kr(x,y), 25
) r(x,y) (25)

gr(x,y):=
which satisfies
/Rgf(y,Z)dz =1, /Rl/f}(y) gr(y,2)dy = ¥3(2).

The average (24) now reads

Ny _ -1 iN i 1 ,—5wi Y
(A Ny =21 | 4 vV urohe

i=1
=AW, M)

xgrhLyH .. gr NN TS dy'...dy",
(26)
with
Z —/ ¥ ( l)e_ng/’(yl) ( 1 2) ( N—1 N)e_ng/(yN)d 1 4 N
e= ) Yo grOh YY) g Ny ey dy

Thus

N
Ny ! i
(A@W™))y —E[A (N ;Y )}
where (Y1,..., YY) may now be seen as a realization of a normalized Markov chain
of kernel g ¢, with invariant probability measure wj%.

Under our assumptions, the Markov chain has a unique invariant measure, and
satisfies a law of large numbers with respect to it. This yields the convergence (20).
Numerical simulations illustrating this result are reported in [3, Sect. 3.1.3].

In the specific case of interest here, namely computing the stress-strain relation,
we take A(u™) = u®, thus ey (f) := (A)Ij:, represents the average length of the
chain, for a prescribed force f. We infer from the previous result that
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lim en (f)=y"(f).
N—o0

We hence have determined the macroscopic elongation, namely y*(f), for a
prescribed microscopic force f in the chain.

We conclude this section by showing the following result, which will be useful
in the sequel.

Lemma 4. Under the assumptions of Lemma 3, introduce the asymptotic vari-
ance 02 (f) defined by

o*(f) = /R(x —y Vi@ dx +2) E(Xi =y (NT1-y* (1),
i>2
_ B @27)
where (Y,~)i>1 is a Markov chain of transition kernel g ¢, and of initial law wj%, the
invariant measure.
Assume that 6%(f) # 0 almost everywhere. Then the function f + y*(f) is
increasing.

Note that the right-hand side of (27) is exactly the variance appearing in the Central
Limit Theorem for Markov chains [23, Theorem 17.0.1]. It is thus non-negative.
More precisely, we have that

N

1 ~
li V. —§ Yi|=0%(f).
ym N ar(N ) o (f)

i=1
where (¥;),_, is the Markov chain defined in the above lemma.

Proof. Leten(f) = (uV )ﬁ. An analytical computation shows that

2
Dy (f) = %ﬁv(f) = NB [((uN)% - (M%) } :
Thus the function f +— ex(f) is non-decreasing. By Lemma 3, y*(f) is the
pointwise limit of ey (f): it is thus non-decreasing. It remains to prove that it is
increasing.

Let us now compute the limit when N — oo of Dy (f). Using [3, Theorem 4],
we see that

Jim Dy (f) = Ba?(f).

where o2( f) is defined by (27).
Let us now fix T and T > 7. Since Dy (f) > 0, we can use Fatou lemma, which
yields that

8 / “2(f)df = / “liminf Dy (f)df < liminf / D (f)df =y -yt ().
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As 02(f) > 0 almost everywhere, we thus obtain that 7 > y*(7) is an increasing
function. O

2.2.2 Computing the Stress for a Given Strain

We now prescribe the length of the material, by imposing u® = 0 and ¥ = x. Our
aim is to compute the average force in the chain,

/N 1Ah(uN_l,z/V_z;x)exp(—,BEo (ul,...,uN_l,x))dul...duN_l
RN—

/ eXP<—,3Eo<ul,...,uN_1,x)) dut . duN-1
. (28)

where Ey is the energy (19) with f = 0, and where the observable Ay, is the force
at the end of the chain, which reads

_yN-1 _ . ,N-2
(5 o)

In(x)=

)

More precisely, we are interested in Nlim In (x).
—00
As in Sect. 2.1.2, we see that T (x) = Fj (x), with

Fy(x) = —Lln |:/RN1 exp (—,BEo(ul,...,uN_l,x)) du! ...duN_l}.

BN
(29)
Again, N Fy is the free energy associated to the reaction coordinate £(u', ..., u") =
N . . .
u”,and Fy is arescaled free energy (free energy per integrated out particle). In the

NN case, we have computed the large N limit of Fy (x) using a large deviations
result for i.i.d. random variables. Comparing Sects. 2.1.1 and 2.2.1, we also see that
moving from a NN setting to a NNN setting implies moving from a framework
where random variables are i.i.d. to a framework where they are a realization of a
Markov chain. It is hence natural to try and use a large deviations result for Markov
chains to compute the large N limit of (29).

We now assume that the underlying Markov chain satisfies the following
pointwise large deviations result:

Assumption 1 Consider the Markov chain {Yi }i>1 of kernel k € L?>(R x R).
Assume that, for any £ € R, the function exp(£y)k(x,y) € L>(R xR).
Introduce the operator (on L*(R))

(0:0) () = /R o(x) exp(E) k(x. y) dx

and assume that it has a simple and isolated largest eigenvalue A(§), and that
& In A(§) is convex.
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N
Let exp(—N F y (x)) dx be the law of the random variable — Z Y. We assume

1—1
the large deviations principle

yim Fy(x) = Foo(x), (30)
where -
Foo(x) 1= sup(Ex —In A(§)). (31)
EeR

We moreover assume that the convergence (30) holds poznthse in x, and also in

forany 1 < p < 00. As a consequence, F, N converges to F inW,_

loc’ loc

Note that similar results in a finite state Markov chain setting are reviewed in [9,
pages 60—61] or [8, Sec. 3.1.1] (the continuous state case is addressed in e.g. [8,
Secs. 6.3 and 6.5]). In the discrete state case, one can prove that £ — In A(§) is
convex (see [9, Exercise V.14]). We will numerically check in the sequel that this
assumption is indeed satisfied in the example we consider (see Fig. 2).

Remark 5. We have assumed that the operator Q¢ has a simple and isolated largest
eigenvalue. This can be proved for many kernels k, using for instance Krein-Rutman
theorem [28]. In the case of interest in this contribution, we will use the specific
expression of the kernel to transform the operator Q¢ into a self-adjoint Hilbert-
Schmidt operator on L2(R) (see Remark 7 below). We will thus be in position to
work with self-adjoint compact operators. <

Remark 6. In the NN case, when k(x,y) = 0(y) = z lexp(—BW(y)), the
sequence {Y’} . 1s a sequence of i.i.d. variables sharing the same law 6(y)dy.
The operator Qg_ as a unique eigenvalue

AE) = /R exp(Ey) 0(y) dy.

We then recover the large deviations result of i.i.d. sequence given in Lemma 2 (see
also [12-14,29]). ¢

We now wish to use Assumption 1 to compute the large N limit of (29). As
pointed out in Sect. 2.2.1, there is a slight technical difficulty in identifying a Markov
chain structure in the NNN setting, related to the normalization of the Markov chain
kernel. We thus cannot readily use Assumption 1. We now detail how to overcome
this difficulty.

Consider an observable A that depends only on u . In view of (29) and (26), its
canonical average reads
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(A)y = Z_l/RNA(uN)exp(—,BEO (ul,...,uN_l,uN)) du'...du™ ' du

Z_I/A(x)exp(—ﬂNFN(x)) dx
R

N
1 . 8 1
_ =1 - I ,—5Wi(p")
=% /RNA<NZYI)W0(y)e 2N

i=1

—EwioM)
N-1 Ny € 27!
LM

Yo(yN)
where g¢ is defined by (25) and ¥ is the maximizer in (22), when the body
force f = 0. Let Z(y',...,y") be the probability density of a Markov chain
{Yi}lj.\;l of kernel go, where the law of Y1 is (up to a normalization constant)

Yo(y!)exp(—BWi(y')/2)dy". Then

xgo(y'.y?)...go(y dy'...dy",

N
/RA(x)exp(—ﬂNFN(x)) dx=Cn /RNA<%l;yi) 20, ..,y reNydy'...dy",

(32)
where Cy is a constant that does not depend on the observable 4, and
o e—AmoM)
ry) =
Yo(y™)

N
1 .
Let now an (x, yY)dxdy™ be the law of the couple (ﬁ Z Y’,YN). We recast
i=1
(32) as

/RA(x)exp(—,BNFN(x)) dx =Cy /RzA(x) an (x,yN) r (yN) dxdy".

As this relation holds for any observable A, with a constant Cy independent of A,
we obtain

exp (~BNFx () = Cv [ an (v ) r (4¥) ™.
R
Assuming that r and 1/r are in L*°(R), we have
Cnli1/rlizé /Razv (2, yV) dy" <exp(=BNFn(x)) < Cy|r|L= /RaN (x,y) dy™.

As a consequence, since the function r is independent of N,

. T N N\ 4,N
jvlgnoo<FN(x>+DN)—ngnoo[ Al Rom(x,y ) dv } (33)
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1
where Dy = —— InCy . Recall now that

BN
yN(x) = /ROlN (x,yN) dy™

is the density of % Z,N=1 Y, where {Yi }f\;l is a realization of the Markov chain of

kernel go. The behaviour of Yy when N — oo is given by Assumption 1:

lim —% Inyn (x) = Fool(x), (34)

N——+o00

where F o is given by (31). Collecting (33) and (34), we hence obtain that
1—
lim (Fy(x)+Dpn) = — Foo(x).
N—o0 '3

We thus have the following result:

Lemma 5. Assume that Wy and Wy both belong to L} (R), that they are bounded
from below, and that, for any x € R, we have |Wi(x)| < oo and |Wa(x)| < oco. In
addition, we assume that e " and e=#"2 both belong to Wléc’l (R), with

/e_ﬂWI(x)dx < 400 and /e‘ﬂWz(x)dx < 400,
R R

and that, for any £ € R, we have exp (Ex — BW;(x)) € L1 (R).
Under Assumption 1 for the kernel go defined by (25), we have that

Nl—ig-loo (Fn(x) 4+ CN) = Foo(x), (35)

where Fy is defined by (29), Cn is a constant that does not depend on x, and Foo
is given by the Legendre transform

1
Foo(x) := 2 sup (§x —In A(§)) , (36)
,3 EeR
where A(£) is the largest eigenvalue of the operator (defined on L?(R))

(0e0)(») = /R o(x) exp(y) go(x.y) dx. 37

The convergence (35) holds pointwise in x, and also in Lf;c, forany 1 < p < oo.

As a consequence, the macroscopic force in the chain Iy (x) = Fy (x) converges

’o —-1,p
to Foyin W 7.

We hence obtain the macroscopic force F. (x) for a prescribed elongation x.
Note that, under our assumptions, in view of its definition (36), Fu is (up to the
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factor B) the Legendre transform of some function. It is hence always a convex
function. Thus, as in the zero temperature case, we observe, in this one-dimensional
setting, that the macroscopic constitutive law x — F(x) is a convex function.

Remark 7. In view of the definitions (25) of go and (23) of Ky, we see that

1

Thus A(£) is also the largest eigenvalue of the operator

Oep)(y) = i /R o (x) exp(Ev) Ko(x. y) dx.

Furthermore, if A is an eigenvalue of @ g, then

/R o(x) exp(Ey) Ko(x.y) dx = 2ohe(y),

where ¢ is an associated eigenfunction. Thus

@(x) _ ()
/]R e explE/2) exp(Ex/2) Ko,y dx = hod 2

and AgA is an eigenvalue of the operator
(Qe) () = [ ¢() exples/2) exp(ex/2) Koty d.

The converse is also true. As A(£) is the largest eigenvalue of the operator ag, we
have that Ag A(§) is the largest eigenvalue of the operator 65.

As W, is bounded from below and exp(£x — BW;(x)) € L1 (R) for any &, we
have that exp(£x/2)exp(£y/2)Ko(x,y) € L?(R x R). Hence EE is a self-adjoint
compact operator on L2(RR), which is thus easier to manipulate theoretically and
numerically than Q¢. In particular, using standard tools of spectral theory of self-
adjoint operators (see e.g. [10]), one can prove that the largest eigenvalue of
EE is simple, and that the associated eigenvector ¥ (which is unique up to a
multiplicative constant) can be chosen such that ¥¢ > 0. ¢

2.2.3 Equivalence of Stress-Strain Relations in the Thermodynamic Limit

In Sect.2.2.1, we have identified the function f — y*(f), that associates to a
prescribed force f the macroscopic elongation y* (/). Next, in Sect. 2.2.2, we have
identified the function x +— F’_(x), that associates to a prescribed elongation x the
macroscopic force F/ (x). We show now that these functions are reciprocal one to
each other.
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Consider the optimization problem (36). Since the function £ > In A(§) is
convex (see Assumption 1), there exists a unique maximizer £(x) in (36), which
satisfies the Euler-Lagrange equation

_AEW)

= ACW) 8

We also observe that

§(x)
p

We see from (38) that we need to compute A’(§). Recall that A(§) is the largest
eigenvalue of the operator (37). In view of Remark 7, A9 A(£) is also the largest
eigenvalue of @5. Denoting W the associated eigenfunction satisfying ||We |2 =1
and ¥¢ > 0, we thus have

Foo(x) = >~

@ev0) = [ W K§(t.)dr =2 AW ).

where
K§(1.y) = exp(§v/2) exp(§1/2) Ko(1.). (39)
Multiplying by ¥¢(y) and integrating, we obtain

L5 00 Kiep)drdy = haA ) 0)
We thus have, using that Kg(t, y) = Kg(y,t), that

RoA'(§) = / d;(y)ws(r)Kf(z y)didy + / ve() L p CEW K@) dedy
£

s [ oo GEedidy
dKg
—22046) [ TEO M+ [ w0000 G0 dray,

In the above expression, the first term vanishes, since, for any &, / 11152 (y)dy =1.
R
We thus obtain

Ao A'(E) = /%(y)wg(r) Y k(1. y)dt dy. 1)

Collecting (38), (40) and (41), we see that
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t+y
/RZ Ws<x)(y)‘1/s(x)(t)7Kg(x)(t,y)dt dy

X =

/R Lo () Yo (1) KEX (. y)dt dy

/Rzy We o) (V) We ooy (1) K5 (2, y) di dy

/]Rz e () (V) Pe(x) (1) Kg(x)(t,y) dtdy
/]R ¥ W2 () dy
/R 2 () dy

= /R Y Wi () dy, (42)

where we have used, at the second line, that Kg(x)(t, y) = Kg(x)(y, 1).
On the other hand, we have obtained that the macroscopic elongation y*( /), for
a prescribed force f, is given by (21), namely

() = /]R Y U3 (5)dy. (43)

where ¥ ¢ is the maximizer of the variational problem (22). As K s is symmetric,
the Euler-Lagrange equation of (22) reads

A = [0 K ae
= [r0 Kote.pyexp (B3 at
— [ v & @
where Kg 7 is defined by (39). Thus ¥ ¢ is an eigenfunction associated to the largest

eigenvalue A s of the Hilbert-Schmidt operator Qﬂ  of kernel K, g s, By definition
of Wgr, and using the fact that the largest eigenvalue of 63 7 18 simple, we obtain

A
Wy =Eyy and ABS) =5

We thus recast (43) as
(= [y ¥ 44)
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We deduce from the comparison of (42) and (44) that y*(B~'£(x)) =
y* (Fl (x))=x. Recall now that the function f'+y*(f) is increasing, as shown by
Lemma 4. It is thus injective, and we also get the converse relation F (y*(f))=1.

As a consequence, as in the NN setting considered in Sect.2.1.3, the relation
f = y*(f) and x — F/ (x) are inverse one to each other. Prescribing a micro-
scopic force f and computing the macroscopic elongation is equivalent to prescrib-
ing an elongation and computing the macroscopic force, in the thermodynamic limit.

2.2.4 Numerical Computation of F/  and Comparison with the Zero
Temperature Model

For our numerical tests, we follow the choices made in [3], for the sake of
comparison. We thus take the pair interaction potentials

1 1 1
Wi(x) = E(x— )* + Exz and Wi(x) = Z(x—2.1)4.

Note that these potentials satisfy all the assumptions that we have made above.

We are going to compare the free energy derivative Jy(x) = Fy (x) with
its thermodynamic limit approximation F/ (x). The reference value Fjy (x) is
computed as the ensemble average (28), which is in turn computed as a long-time
average along the lines of (3)-(4). To compute F/(x), we proceed as follows:

(i) We first compute the largest eigenvalue A(§) of the operator (37), for all £ in
some prescribed interval.

(i) For any fixed x in a prescribed interval, we next consider the variational
problem (36), compute its maximizer £ (x), and obtain F/_(x) using F/ (x) =

§(x)/B.

In practice, using Remark 7, we work with the operator 65, which is easier to
manipulate since it is self-adjoint and we do not need to first solve (22). We thus
first compute the largest eigenvalue A9 A(€) of @5, and next compute the Legendre
transform of the function & > In(Ag A(£)). The maximizer is the same as that for
Foo(x). On Fig.2, we plot the function £ + In(19A(£)), and observe that it is
convex, in agreement with Assumption 1.

We first study the convergence of Fy (x) to F/ (x) as N increases, for a fixed
chain length x = 1.4 and a fixed temperature 1/8 = 1. Results are shown on Fig. 3.
We indeed observe that Fy (x) — F. (x) when N — +-o0.

We now compare F, (x) with its approximation F/ (x), for N =100and 1/8 =
1. Results are shown on Fig. 4. We observe that F_(x) is a very good approximation
of Fj (x), for any x in the considered interval.

For the sake of comparison, we now identify the zero temperature behaviour of
the system, in the thermodynamic limit. At zero temperature, for a finite N, we
model the system by minimizing the energy E(, with prescribed Dirichlet boundary
conditions (this corresponds to prescribing the elongation, and computing the force;
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Fig. 2 Plot of In (A9 A(£)) as a function of & (temperature 1/8 = 1)
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Fig. 3 Convergence of F J/V (x) (shown with error bars computed from 40 independent realizations)
to F/ (x) as N increases (temperature 1/8 = 1, fixed chain length x = 1.4)
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alternatively, one could impose Neumann boundary conditions, i.e. prescribe a force
and compute an elongation):

JN(x) = %inf{Eo (uo,ul,...,uN_l,uN), u® =0, ulv :x}. (45)

We have the following result, which proof will be given below:

Lemma 6. Let us introduce ¢ defined by
¢ (x) = Wi(x) + Wa(2x). (46)
Assume that there exists o > 0 such that
Wi (x) > ax?, (47)

and that Wy and ¢ are non-negative and strictly convex functions. Then we have the
pointwise convergence

lim Jy(x) = ¢(x).

N—>oo
Assume in addition that ¢ € Lf;c
negative. Then the above convergence also holds in L

for some 1 < p < oo and that W, is non-

D /
loc- As a consequence, J y (x)

converges to ¢’ (x) in Wlo_cl’p .

When the temperature is set to zero, the energy thus converges, in the thermody-
namic limit, to ¢(x), and the force (i.e. the derivative of the energy with respect to
the prescribed Dirichlet boundary condition) converges to ¢'(x). We plot on Fig. 4
the function x — ¢’(x). We clearly observe the effect of temperature, as F.(x) for
B = 1 significantly differs from ¢’ (x).

Proof (Lemma 6). Let
Xy(x)= {(uo,ul,...,uN_l,uN) eRYN 40 =0, u¥V =x}

be the variational ensemble for the problem (45). The configuration u’ = ix/N
clearly belongs to that ensemble. We thus obtain the upper-bound

N—-1

In(x) = Wi(x) + W (2x). (48)
In the sequel, we first show a lower-bound for Jy (x), and next study its behaviour
when N — oo.

Let us first build a lower bound for Jy (x). Assuming for the sake of simplicity
that N is even, and using the short-hand notation y’ = (u’ —u’~')/h, we have
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¥

i K : forceat T =0 ===---
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X

Fig. 4 We plot F,(x) and F/_(x) for the temperature 1/8 = 1 and N = 100. On the scale
of the figure, 5, (x) and F/_(x) are on top of each other. We also plot the zero temperature
response ¢’ (x)

1 Y ul — i1 1 Y -
w2 () =y o)

i=1 i=1

1 1
= ﬁWl()’l)"'ﬁWl()’N)
1 N/2 ) .
5 W 07+ (07)]
i=1
| N2 _ _
+ﬁ Z [Wl (y21)+W1 (y2l+l):|'
i=1
By convexity of W;, we obtain
N . .
1 u —y'~! 1 ) 1 N
L (=) = sy e+ sy o™
1 N/2 1 '
+NZW1 |:§ (y21—1+ 21):|
i=1
N/2—-1

Taking into account the next-to-nearest interactions, we thus obtain that, for any
(O ul, . VL uN) e RIFN,
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L Fo (uo VT uN) > Lol + WM
N o ’ — 2N 2N
12 11
+N Z¢ |:§ (y21—1 +y21)j|
i=1
N/2—1

1 [Py 2i+1
+ ,; ¢ [2 (> +y* |,
where ¢ is defined by (46). As ¢ is convex, we deduce that

| N2

1 1 . )
1 N 2i—1 2i
Wiy )+—2NW1(y )+§¢ NE [y~ 4+ y*]

i=1

1 1
_E _—
y Eol) 2 75

\%

N/2—1
N-2 [ 1 2 L 2itl
+2N¢N—2Z[y+y ]

i=1

1 1 1
=_W 1 _W N - N_ 0
N O+ O )+2¢(” ”)

AR 0-0)),

As a consequence, for any configuration u € Xy (x), we have

1 _
NE()(uO,ul,...,uN_l,uN)zEN(ul,uN_l;x), (49)

with

_ 1 1 1
1, N—1. 1 N-1 1
En(u ,u ,x)——ZN Wi(Nu )—i——ZN Wi(N(x—u ))+2¢>(x)

N=2 (N /no
TN ¢(N-2(“ “ )) (50)

We infer from (49) the lower bound

IN(x) > TN (x), (5D

with . .
JN(x)=inf{EN(u1,uN—1;x); ul e R, ulV ! ER}. (52)

_ We now study the auxiliary variational problem (52) to determine the limit of
J n(x) when N — oo. Since ¢ is non-negative, and using (47), we have that

— N
Ex'a~ix) = == [+ a2 z 0.

As a consequence, J y (x) > 0, and any minimizing sequence is bounded (by a con-
stant possibly depending on N). Up to extraction, it thus converges to a minimizer,
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that we denote (ﬁl aN _1). As W and ¢ are strictly convex, it is easy to see that the

hessian matrix of fN is positive definite, hence fN is also strictly convex, hence

it has a unique minimizer. The problem (52) is thus well-posed. To underline the

dependency of its minimizer with N, we denote it (ﬁl (N), 7V "IN )) in the sequel.
The Euler-Lagrange equation associated to (52) reads

W(NT (V) = ¢ (m

(71 -7 (N))) = W{(NG =" (V).
As Wj is strictly convex, this implies that
u' (N) = x—u~'(N),

Nu'(N) = X(N]\iz (x—zﬁl(zv))),

(33)

where the function y = (W/ )~ o ¢’ is independent of N, and increasing.

Let us now show that %' (N) is bounded with respect to N. If this is not the
case, then, without loss of generality, it is possible to find a subsequence ¢ (N ) such
that limy 00 %' (9(N)) = +00. Passing to the limit in the second line of (53), one
obtains a contradiction. Thus %! (N) is bounded.

In view of the first line of (53), ¥ ! (N) is also bounded. Up to a subsequence
extraction, (' (N),u" "' (N)) converges when N — oo to some (a,b). We infer
from (53) that a = 0 and b = x, thus the limit is unique, and the whole sequence
converges:

lim #'(N)=0, lim ¥ Y(N)=x. (54)
N—o0 N—o0

We next infer from the above limits and (53) that
lim Nu'(N)= lim N(x—-u""Y(N)) = y(x). (55)
N—o0 N—o0
By definition, we have
In(x)= inf{fN(ul,uN_1 x)uleR ulV e ]R} =En@ (N), 7V 1 (N);x).
In view of (50), (54) and (55), we obtain
lim Jy(x)= lim Ey@ (N), 7V "1(N);x) = ¢ (x). (56)
N—o0 N—o0
Collecting (48), (51) and (56), we obtain the claimed pointwise convergence of
IN(x) to ¢ (x).
We now turn to the second assertion of Lemma 6. Under the additional
assumption that W, is non-negative, we deduce from (48) that, for any N and any x,
0 < Jn(x) = Wi(x) + W2(2x) = ¢ (x).

As ¢ € LY , we obtain the convergence of Jy to ¢ in L[ . .
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3 A Coarse-Graining Procedure in the Dynamical Setting

In this section, we present a procedure for coarse-graining a dynamics. More
precisely, we consider Q; € R” solution to the overdamped dynamics (3), and
a reaction coordinate £ : R” + R. Our aim is to find a closed one-dimensional
dynamics of type (5) on a process 7;, such that 7, is a good approximation of
£(Q¢). In Sects. 3.2 and 3.3, we build such a process (see (67) below), and present
an analytical estimation of its accuracy (the obtained estimate is an upper-bound
on the “distance” between the laws of £(Q;) and 7, at any time ¢). We will next
report on some numerical experiments that somewhat check the accuracy of 77, in a
stronger sense (Sect. 3.4).

3.1 Measuring Distances Between Probability Measures

We introduce here some tools that will be useful in the sequel, to measure how
close two probability measures are. Consider two probability measures v(dg) and
n(dq). The distance between the two can be measured by the total variation norm

v —n|lTv, which amounts to the L!-norm / il/fv (q9)— 1/f,,(q)\ dg in case v and 7

have respectively the densities v, and v, with respect to the Lebesgue measure.

When studying the long-time behaviour of solutions to PDEs (such as long time
convergence of the solution of a Fokker-Planck equation to the stationary measure of
the corresponding SDE), the notion of relative entropy turns out to be more useful.
Under the assumption that v is absolutely continuous with respect to 1 (denoted
v < 1 in the sequel), it is defined by

H(v|n) = /ln (j—;) dv.

The relative entropy provides an upper-bound on the total variation norm, by the
Csiszar-Kullback inequality [1]:

lv—nlltv < v2H (v|p).

In the sequel, we will also use the Wasserstein distance with quadratic cost, which
is another way to measure distances between probability measures. It is defined, for
any two probability measures v and 7 with support on a Riemannian manifold ¥, by

W(,n) = \/ inf / dx(x,y)? n(dx.dy). (57)
IxX

well(v,n)

In the above expression, d x(x, y) denotes the geodesic distance between x and y
on X,
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[ 1
dx(x,y) =inf /0 |o'z(t)|2 dt; « € C1([0,1], %), a(0) = x, (1) =y ¢,

and I1(v,n) denotes the set of coupling probability measures, that is probability
measures 7 on X' x X' such that their marginals are v and 7: for any test function @,

/ () (dx. dy)= / (x)v(dx) and / ®(y)r(dx.dy)= / S()n(dy).
IxX o IxX X

In the sequel, we will need two functional inequalities, that we now recall [1]:

Definition 1. A probability measure 7 satisfies a logarithmic Sobolev inequality
with a constant p > 0 if, for any probability measure v such that v < 7,

1
H(ln) = - 1(v|n),
P
where the Fisher information /(v|n) is defined by

()

Definition 2. A probability measure 7 satisfies a Talagrand inequality with a
constant p > 0 if, for any probability measure v,

W) < ,/%H(vm).

We will also need the following important result (see [24, Theorem 1] and [4]):

2
dv.

Lemma 7. If n satisfies a logarithmic Sobolev inequality with a constant p > 0,
then n satisfies a Talagrand inequality with the same constant p > 0.

The following standard result illustrates the usefulness of logarithmic Sobolev
inequalities (we refer to [1,2,30] for more details on this subject).

Theorem 1. Consider Q; solution to the overdamped Langevin equation (3),
and assume the stationary measure Voo(q)dq = Z Yexp(—BV(q))dq satisfies
a logarithmic Sobolev inequality with a constant p > 0. Then the probability
distribution Y (t,-) of Q converges to Vo, exponentially fast, in the sense:

Vi>0, HW(t,)|Voo) < HW(0,)|¥oo)exp(—208711). (58)

Conversely, if (58) holds for any initial condition ¥(0,-), then the stationary
measure Yoo (q) dq satisfies a logarithmic Sobolev inequality with a constant p > 0.

Proof. The probability distribution function ¥(¢,q) of Q, satisfies the Fokker-
Planck equation
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0y =div(yVV)+ B Ay (59)
As Voo = =B VV, we recast the above equation as

0, = B Ldiv [wmv (1/%0)} .

Note that this equation implies that / ¥ (t,q)dq is a constant. Introduce now the
Rn
relative entropy

v(t.q)
Yoo (q)

50 = Hto) = [ n(SEB ) vgrdg

Then

2

()]

= =B I (1.)|Yoo). (60)

As Vo satisfies a logarithmic Sobolev inequality with the constant p > 0, we have
that, for any time ¢ > 0,

HW (1.)|¥o0) = 20) " (W (t,)[Yo0)- (61)
We infer from (60) and (61) that
d&
i <—2pp7'6.

Using the Gronwall lemma, we obtain the claimed result.
Conversely, if
Vi=0, &)< EO)exp(—2pp7 "),

we also have

vi>o, £02E0 g(o)exp(—zpf—lz)—l_

By letting ¢ go to 0 and using (60), one obtains the logarithmic Sobolev inequality

1Y (0,)[Veo) = 2pH (Y (0.-)|¥o0)- o
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3.2 Effective Dynamics

Consider Q; that solves (3). By a simple It6 computation, we have

dE(Q:) = (=VV-VE+ 71 AE) (Qi)dt + V2871 |VE(Q:) dBy, (62)
where B; is the one-dimensional Brownian motion

43

= ——(Q¢)-dW,.
IVSI(Q)

t

Of course, (62) is not closed. Following Gyongy [16], a simple closing procedure
is to consider 7j; solution to

A7 = b(t,7) dt + /271 5(1,7,) d By, (63)

where
b(t.2) = E[(-VV - VE+B748) (Q0) | £(Q0) =2]. ©4)
3(1,2) = E[|VE*(Q)) | £(01) = z]. (65)

Note that 5 and & depend on ¢, since these are expected values conditioned on
the fact that £(Q;) = z, and the probability distribution function of Q; of course
depends on 7.

As shown in [16], this procedure is exact from the point of view of time
marginals: at any time ¢, the random variables 7j; and £(Q,) have the same law.
This is stated in the following lemma.

Lemma 8 ([19], Lemma 2.3). The probability distribution function ¥¢ of £(Q;),
where Q; satisfies (3), satisfies the Fokker-Planck equation associated to (63):

0t =0z (=B v+ B710.G5).

The problem with equation (63) is that the functions b and & are very complicated
to compute, since they involve the full knowledge of . Therefore, one cannot
consider (63) as a reasonable closure. A natural simplification is to consider a time-
independent approximation of the functions » and &. Considering (64) and (65), we
introduce (I, denoting a mean with respect to the measure (1)

b(z) =E,[(-VV-VE+ BT AE) (Q) | £(Q) = 2]
:/Z (-=VV-VE+ B AE)dps,, (66)

and

02(2) = B, (|VEP(Q) | £(Q) = 2) = / VER dpis..

z
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where (5. is defined by (8). This amounts to replacing the measure v/ (¢, x) in (64)
(conditioned at the value £ (x) = z) by the equilibrium measure ¥« (x) (conditioned
at the value £(x) = z), and likewise for (65). This simplification especially makes
sense if £(Q;) is a slow variable, that is if the characteristic evolution time of £(Q;)
is much larger than the characteristic time needed by Q; to sample the manifold X'.
This is quantified in the sequel.

In the spirit of (63), we next introduce the coarse-grained dynamics

dn,=b(m)dt + v 2p71 o(M)dBs, M=o =E(Qo). (67)

We have proved in [19] that the effective dynamics (67) is ergodic for the
equilibrium measure £ x u, that is exp(—BA(z))dz. In addition, this measure
satisfies a detailed balance condition. We have also proved the following error
bound, that quantifies the “distance” between the probability distribution function
of £(Q;) (at any given time ) and that of 7,.

Proposition 1 ([19], Proposition 3.1). Assume that & is a smooth scalar function
such that
forallgeR", 0<m<|VE(g)| <M < oo, (68)

and that the conditioned probability measures [y, defined by (8), satisfy a
logarithmic Sobolev inequality with a constant p uniform in z: for any probability
measure v on X, which is absolutely continuous with respect to the measure jLx_,
we have

1
H(lpz,) = 5-10us). (69)
0

Let us also assume that the coupling is bounded in the following sense:

K = ||VZJZF||L°° < 00, (70)

where F is the local mean force defined by (11).
Finally, let us assume that |VE| is close to a constant on the manifold X, in the
following sense:
V&> —0? 0k
020§

Assume that, at time t = 0, the distribution of the initial conditions of (3) and (67)
are consistent one with each other: Y&(t = 0,-) = ¢(t = 0,-). Then we have the
following estimate: for any time t > 0,

A= < 0. (71)

Loo

2 m2[32K2

M
B0 = s (4 55 ) w0l - B 02

where E(t) is the relative entropy of the probability distribution function ¥¢ of
£(Q:), where Q; follows (3), with respect to the probability distribution function ¢
of the solution 1, to (67):
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4
E(t)=H (wf(z,-)|¢(z,-)) = /Rm (1";)(5”5)) vé(t,z)dz.

The above proposition thus yields a uniform-in-time bound on the relative
entropy between ¢ and ¢. In addition, we also know that the effective dynamics
is ergodic for exp(—BA(z)) dz, which is the equilibrium measure of £(Q;), in the
long-time limit. We thus expect the two probability densities to converge one to
each other, in the long-time limit. This is indeed the case, as it is shown in [19,
Corollary 3.1]: under some mild assumptions, the L' distance between v (z,-) and
¢ (t,-) vanishes at an exponential rate in the long-time limit.

The difficulty of the question we address stems from the fact that, in general, t —
£(Q;) is not a Markov process: this is a closure problem. If an appropriate time-scale
separation is present in the system (between £ (Q;) and the complementary degrees
of freedom), then memory effects may be neglected, and £ (Q;) be approximated by
a Markov process such as (67).

One interest of our approach is to get the error estimate (72), which is not an
asymptotic result, and holds for any coarse-grained variable. Of course, this error
estimate certainly yields a large error bound in some cases, in particular if £ is
not well-chosen, or when no time-scale separation is present in the dynamics. If
bounds (69) and (70) encode a time-scale separation, namely if k < 1 and p > 1,
then the right-hand side of (72) is small, and 7, solution to (67) is indeed a good
approximation of £(Q¢).

We would like to emphasize that the effective dynamics (67) may also be
obtained using different arguments, such as the Mori-Zwanzig projection approach
[15]. In the case when a small parameter is present in the system, one can
alternatively use asymptotic expansions of the generator (see [11,25,26]).

3.3 The Proof in a Simple Two-Dimensional Case

For the purpose of illustration, we consider in this section an extremely simple
case: starting from the overdamped dynamics (3) in two dimensions (we write
g = (x,y) € R?), we want to derive an effective dynamics for the coarse-grained
variable £ (¢) = £(x, y) = x. Although this case is over-simplified, it turns out that
the main arguments of our derivation, as well as the proof arguments, can be well
understood here.

In that context, the complete dynamics (3) reads
dX: = =0,V (Xs,Yr)dt + /271 d W,
dY, = =0, V(X Y de + /2871 dW,,

with the initial condition Q¢ = (Xo, Yo). The manifold X', defined by (7) is

(73)
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X ={z.y) y eR}
and the probability measure dy 5, defined by (8) reads
exp(=BV(z,y))dy _  Veol(z,y)dy
/R exp(—=BV(z,y))dy /R Voo(2,y)dy

dus

. =

(74)

We focus on the dynamics of &(X;,Y;) = X;. In that case, the equation (62) is
just the first line of (73), which is obviously not closed in X;, since Y; appears. At
time ¢, Q; is distributed according to the measure ¥ (¢,q). Hence, the probability
distribution function of Y;, conditioned to the fact that £(Q;) = X; = x, is given by

Yt x,y) _
/w@mw@
R

'(:[/éi)nd(l‘7 y) =

Following Gyongy [16], we introduce the function E(t,x) defined by (64), which
reads in the present context as

/avawwaxw@

5.0 = [ [0V Wikt ) dy = 2 s)
: [ vy
The resulting dynamics (63) reads
dX, =Db(t.X,)dt + 2B~ dW}. (76)

We now prove Lemma 8 in that specific context and show that, at any time 7, the
probability distribution function of X is equal to that of £(Q;) = X;.

Proof (Lemma 8, case £(x,y) = x). The probability density function ¥ (¢, x, y) of
0: = (X;,Y;) satisfies the Fokker-Planck (59):

0 =div(yVV)+p 1Ay
= x (Y0 V) + 0y (WO, V) + B 0xxty + B 0y, v (77)

The probability distribution function of £(Q;) = X; is

wmmzéw@mw@.

Integrating (77) with respect to y, we obtain



314 F. Legoll and T. Lelievre

8,1//5 = Oy (/ngVdY) +,3_laxxl/fé
= 0 (VE D) + B 0y, (78)

where 3(t, x) is given by (75). We recognize the Fokker-Planck equation associated
to the (76). O

As pointed out above, (63) (i.e. (76) here) cannot be considered as a reasonable
closure, since it involves the function b, which is defined using 4 (t,x,y) (see (75)),
which in practice is hardly computable. We thus approximate b by the function b
defined by (66), which amounts to replacing (¢, x, y) in (75) by the equilibrium
measure Yoo (X, y):

/axV(x,y) Voolr.y)dy
b(x) =—=F :

/ Voo(x,y)dy
R
In the spirit of (76), we thus introduce the effective dynamics

dX;=b(X;)dt+ 281 dWS . (79)

We now prove Proposition 1 (error estimator on the effective dynamics), in the
specific case at hand here. The assumption (69) means that the measure (74)
satisfies, for any z, a logarithmic Sobolev inequality with a constant p independent
of z. The assumption (70) reads k = ||0x, V'||Loc < 00, and the assumption (71) is
satisfied with A = 0 since V& = (1,0)7 is a constant vector.

Proof (Proposition 1, case £(x,y) = x). By definition (see (9)), the free energy A
associated to the reaction coordinate £ satisfies

exp(—BA(x)) = /R Voolxoy)dy = 27! /R exp(—BV(x.7))dy.

hence

/ B V(X ) Woo (x.y) dy
A(x) =
0o (X, v)d
/Rllf (x,y)dy

The effective dynamics (79) thus reads

= —b(x). (80)

dX, =—A'(Xy)dt + 2/ BdWF.

Note that, in this specific context, the effective dynamics is of the form (6)
(see [19, Sect. 2.3] for a comprehensive discussion of the relati% between the
effective dynamics and (6)). The probability distribution ¢ (¢, x) of X, satisfies the
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Fokker-Planck equation associated to the above stochastic differential equation, that
reads

3 = 0x (¢ A') + B dxx . 81

Consider now the relative entropy

E() = H(wfwu:/Rln(‘” ¢ “)w‘f(z x)dx.

$(t.x)

We compute, using (81) and (78), that

dE

% =/]R ( )3t1/fS /—3t
-/ 1n(1/’7f) [~oc (W) + 5 00vt] - | 1’; [0 (9 4') + 5" 2x0]
= _ﬁ—I/Rax [m (%ﬁ)]axwhﬂ‘l | 0x (%ﬁ) Ox¢p

+/wa O (m%f) (’5+ A’)

= —ﬂ‘l/Rax [m(%ﬁ)][axwf AL ¢] /wfa (m%) (b+A)
=-g! /Rax [m (%S)]¢ 3y (%ﬁ) +/wa dx (m %ﬁ) (’5+ A’)
=B 1 1p) + /]R KN (m%ﬁ) (b+a).

Using a Young inequality with a parameter o > 0O to be fixed later, we obtain

2
dE gk 1 ¢ i @ [l 7Y
Gt [y (ax(ln?)) +5 [ (a+)

— (587 ) 1001+ [ (ar45)’. (52

IA

We now observe that, in view of (75) and (80), A’ and —b are averages of the same
quantity with respect to different probability measures:

Bitx) = /]R B V(x )V () dy and A'(x) = /]R BV (x.y) v3(y)dy

with
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Y. x,y) Voo (¥, )

)= o dy T Ve dy

and v(y) = (33)

We write
A+ = [0V )y = [0V 0y
= [ @V =0V (DK 01, 52) dy dy
for any probability measure k”* such that
/Rkt’x()m)&) dy, =v;(y1) and /Rkt’x()’l,)’z) dy1 =v7* (32).

Hence,

< [[0xy /2|)’1—J’2|kt’x(J’1,y2) dyvdy>
R
1/2
<Vl [ I =3aPEGry dyadya)

We now optimize on k*-*. Introducing the Wasserstein distance W(v{"™*, v¥) between
V1 * and vy (see (57)), we obtain

< [10xy V| Loo W(V1 V2).

As recalled above, assumption (69) means that v} satisfies a logarithmic Sobolev
inequality. Thus, it also satisfies a Talagrand inequality (see Lemma 7), hence

2 1
WO v3) < ([ SHO vE) < =17 [v3).
P P
As a consequence,
Oxy V| oo
’x)‘ S ” Xyp”L I(l)i’x|l)§).

Using (83), we obtain
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2
/wg A/+/v) dx < "&»yj” 0 /’lﬂ'é(t,x) I(Ui’xh)éc)dx

10y VIZoo [ ¢ B Vx| v @x.y)
< fve ’“)[ " Voo VEED) dy}dx
< M [(¥]¥eo)-

Returning to (82), and using (60), we thus deduce that

dE 1 £ o [9xy ”2

o= (5o ) 10810+ 5 Pl 1)
(a1 gy Bl VT
— (5= 10010 P20, o),

We take 2 = B, so that the first term vanishes, and we are left with

dE _ B*9xyV 7o
— <—-——5"0H .
S S H )
Integrating this inequality between the times 0 and ¢, and using that £(0) = 0, we
obtain

E@) < (HW (@t =0)[Yoo) = HWY (1.)|[¥00)) -

B 10xyV 117 0
4p?

As recalled above, assumption (70) reads k = ||0xy V|| L0 < oo. The above bound

is thus exactly the bound (72) in the present context. O

3.4 Numerical Results

In this section, we check the accuracy of the effective dynamics (67) in terms of
residence times, and also compare this effective dynamics with the coarse-grained
dynamics (6) based on the free energy. We perform such comparison on two test-
cases, and evaluate the influence of the temperature on the results. We also provide
some analytical explanations for the observed numerical results.

In the following numerical tests, we focus on residence times. We have indeed
already underlined that the characteristic behaviour of the dynamics (3) is to sample
a given well of the potential energy, then suddenly jump to another basin, and start
over. Consequently, an important quantity is the residence time that the system
spends in the well, before going to another one.

For all the numerical tests reported in this section, the complete dynamics (3) has
been integrated with the Euler-Maruyama scheme

Q1= 0~ AVV(Q))+V2Aip1 G,
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where, for any j, G; is a n-dimensional vector, whose coordinates are independent
and identically distributed (i.i.d.) random variables, distributed according to a
normal Gaussian law.

For the simulation of the dynamics (67) and (6), we need to have an expression
for the free energy derivative A’ and the functions » and ¢. These have been
computed using the algorithm proposed in [7], on a regular grid of some bounded
interval. Values of the functions for points that do not belong to that grid were
obtained by linear interpolation. We have again used the Euler-Maruyama scheme
to numerically integrate the dynamics (67) and (6).

To compute residence times in a well, we have proceeded as follows (for the sake
of clarity, we assume in the following that there are only two wells in the test case at
hand). First, the left and the right wells are defined as the sets {q eR"; £(q) < 1‘:&}

and {q eR"; £(q) > Er‘ihgm} respectively, with Er‘ihght > gh . Next, we perform the

following computations:

1. We first generate a large number .4 of configurations {g; € R"}i<;i< 4, dis-
tributed according to the measure u restricted to the right well: as a consequence,
E(ql) > Erlihght'

2. We next run the dynamics (3) from the initial condition g;, and monitor the
first time 7; at which the system reaches a point ¢(z;) in the left well: 7; =
inf{r: £(qr) < &l}.

3. From these (7;)1<i <.+, We compute an average residence time and a confidence
interval. These figures are the reference figures.

4. We next consider the initial conditions {§(q;) € R}, ;. , for the effective
dynamics. By construction, these configurations are distributed according to the
equilibrium measure £ x u (that is exp(—BA(z2)) dz) restricted to the right well.

5. From these initial conditions, we run the dynamics (67) or (6) until the left well
is reached, and compute, as for the complete description, a residence time and its
confidence interval.

3.4.1 A Three Atom Molecule

Our aim in this section is to show that different reaction coordinates, although
similar at first sight, can lead to very different results. As explained in [19], the
error estimate (72) can then help discriminating between these reaction coordinates.

We consider here a molecule made of three two-dimensional particles, whose
positions are g4, ¢ p and g¢ . The potential energy of the system is

1 1
Vig) = % (ras _Eeq)z +5c (rBc _eeq)z + W3(0aBc), (84)

where r4p = ||qa —gg|l is the distance between atoms A and B, {. is an
equilibrium distance, 84 gc is the angle formed by the three atoms, and W3(6) is a
three-body potential, that we choose here to be a double-well potential:
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1 2 2N\2
W3 (0) = Eke ((0 — Osadaie)” —867)".

Wells of W3 are located at 8 = 6spqq1e = 6. The potential (84) represents stiff bonds
between particles A and B on the one hand, and B and C on the other hand, with a
softer term depending on the angle 64 p¢ . To remove rigid body motion invariance,
we set ggp = 0 and g4 -e, = 0. In the following, we work with the parameters
€ =1073, kg =208, leqg = 1, Osaaaie = 7/2 and 86 = Ogyqaie — 1.187. All dynamics
are integrated with the time step At = 1073,

We consider two reaction coordinates, that both indicate in which well the
system is:

e The angle formed by the three atoms:
&1 =0aBcC.

In that case, wells are defined by {g € R"; &(q) < &5, = bsaaale —0.15} and
{0 €R": £1() = 8y = O +0.15.
e The square of the distance between 4 and C:

£ =llqa—qc|?*.

In that case, wells are defined by {q eR™; &(g) < lt:ft = 1.66;} and
{61 eR"; £2(q) = &y = 2-4€§q} :

Note that there is a region of state space that does not belong to any well. This choice
allows to circumvent the so-called recrossing problem.

Remark 8. Note that (84) reads

Vig) = % (Uas (@) +Usc(9)?) + Wa(baBc)

with Ugp(q) = rap —{eq and Upc(q) = rpc —{eq- The two first terms in V' are
much stiffer than the last one. We observe that VOspc - VUap =VO4pC -
VUpc =0. Hence, the reaction coordinate &; is orthogonal to the stiff terms of
the potential energy, in contrast to &;.

For potentials of the above type, we have shown in [19, Sect. 3.2] that the
coupling constant x defined by (70) is of the order of € when the reaction coordinate
is orthogonal to the stiff terms of the potential energy, and of order 1 otherwise. In
turn, the constant p defined by (69) typically remains bounded away from O when
€ goes to zero. Ignoring the effect of the constant A, we hence see that the right-
hand side of the error bound (72) is much smaller (and so the effective dynamics is
more accurate) when the reaction coordinate is orthogonal to the stiff terms of the
potential energy.

Consequently, in the case at hand here, we expect to obtain accurate results with
&1, in contrast to &,. This is indeed the case, as shown in the sequel of this section. ¢
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We compute the residence time in a given well following the complete descrip-
tion, and compare it with the result given by a reduced description, based either
on (67) or (6). Results are gathered in Table 1, for the temperatures ! = 1 and
,3_1 = (0.2. We observe that working with &; (and either (67) or (6)) leads to very
accurate results, independently of the temperature. On the other hand, when working
with £&;, the reaction coordinate is not orthogonal to the stiff terms of the potential,
and both coarse-grained dynamics turn out to be not accurate.

Remark 9. In the case at hand here, ||V&;||> = ||VO4pc||* = rzZ. This quantity
is almost a constant, since the bond length potential is stiff and the temperature is
small. Hence, along the trajectory, we have that | V£ ||? ~ E;qz = 1. We pointed out
in [19, Sect. 2.3] that, when the reaction coordinate satisfies ||V&|| = 1, then both
coarse-grained dynamics (67) and (6) are identical. This explains why, in the present
case, when choosing the reaction coordinate &1, dynamics (67) and (6) give similar
results. ¢

Table 1 Three-atom molecule: residence times obtained from the complete description (third
column) and from the reduced descriptions (two last columns), for both reaction coordinates
(confidence intervals have been computed on the basis of .#” = 15, 000 realizations)

Temperature Reaction Reference Residence time  Residence time
coordinate residence time using (67) using (6)
B l=1 & =04pc 0.700£0.011 0.704 £ 0.011 0.710 £ 0.011
1= y =712 0.709 &£ 0.015  0.219 % 0.004 2.744 £ 0.056
AC
B~1=0.2 & =04BcC 5784 £ 101 5836 + 100 5752 + 101
B~1=0.2 & =r2 5833 £ 88 1373 £ 20 2135 £ 319
AC

We now study how results depend on temperature. Let us first consider the
reaction coordinate §; = 64pc. Results are shown on Fig. 5. Both coarse-grained
dynamics provide extremely accurate results, independently of the temperature. We
also observe that we can fit the residence time t,.s according to the relation

Tres & To, exp(sB) (85)

with 70 = 0.07521 and s = 2.25031.

res

By analytical considerations, we now explain why the residence times computed
from both coarse-grained dynamics (6) and (67) satisfy the relation (85), with the
numerical values of s and 72, reported above.

We first consider the coarse-grained dynamics (6) driven by the free energy. In
the case at hand here, it is possible to compute analytically the free energy. Using
the internal coordinates r 4, rgc and 04 ¢, we indeed infer from (2) that the free
energy A; does not depend on the temperature and satisfies

A1(0aBc) = W3(0aBc)-
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Fig. 5 log;(residence time) as a function of B, for the reaction coordinate §; = 04 ¢

Thus A; has two global minimizers, separated by a barrier
1
AA, = Ekg((se)“ A 2.25648.
The large deviations theory can be used to understand the behaviour of the

dynamics (6), in the low temperature regime. It yields the fact that, when 8 > 1,
residence times are given by

. 2
10~ TP exp(BAAr)  with TP = ——| (86)
wsp Ww
where a)S2P = — A (Esp) is the pulsation at the saddle-point £sp = Bsaqqie, and w3 =

A’ (éw) is the pulsation at the local minimizer éw = saaaie £ 86 (see also [17, (7.9)
and (7.10)]). In the present case, we compute that wsp &~ 7.828 and ww =~ 11.07,
thus %P a2 0.0725, and we find that

res

s~ AA; and 0~ 0P
We thus obtain a good agreement between (85) and (86), as observed on Fig. 5. Note
that this agreement holds even up to temperature 81 = 1.

We now turn to the dynamics (67). We pointed out in Remark 9 that dynam-
ics (67) and (6) are identical in the limit of low temperature, for the reaction
coordinate £&;. The functions b and o are plotted for the temperature f~!=1
on Fig.6. We observe that, even though the temperature is not very small, we
already have b ~ —W; = —A| and o ~ 1. The agreement is even better when the
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temperature is smaller. This thus explains why results given by both coarse-grained
dynamics (67) and (6) can be fitted by the same relation (85), on the whole range of
temperature.

100 BT T T Toed T 1
- o(§) ——
& 1.005 - ~
25
5 1,0045r -
225
1.004 H
-50
-75 1.0035 |-
-100 ,
sl 11111 papll 11 0§
1 12 14 16 18 2 22 1 12 14 16 18 2 22
15 g

Fig. 6 Plot of the functions b and o, for the reaction coordinate §; = 0 4 ¢, at the temperature

g1 =1

We now consider the reaction coordinate £, = rfl c- Residence times as a function
of the inverse temperature B8 are shown on Fig.7. We observe that neither the
dynamics (6) nor the dynamics (67) provide accurate results. More precisely, the
reference results, the results given by (67) and the results given by (6) can be fitted
by

f 0 f
Tres N Ty eXp(sp),

Ty A roef“ exp(sp). 87)
Tooe” & Ty exp(sh), (88)

respectively, with the same parameter s = 2.21 +0.03 and

70~ 0.0768, 0~ 0.0241, %fC & 0.293.

res res res

The dependency with respect to the temperature is thus accurately reproduced by
both coarse-grained dynamics. The inaccuracy comes from the fact that the prefactor
70 5 ill-approximated.
Again, these numerical observations are in agreement with analytical computa-
tions based on the large deviations theory. More precisely, we explain in the sequel
why the residence times computed from both coarse-grained dynamics (67) and (6)
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Fig. 7 log; (residence time) as a function of B, for the reaction coordinate &, = rflc

satisfy (87) and (88), with the same s, and for the numerical values of s, rr%fff and
tfre reported above.

The functions A}, b and o are plotted for two different temperatures on Fig. 8.
Although A, a priori depends on 8 (as expected), it turns out this dependency

becomes quite weak when f > 1. It turns out that we can fit A, by
Ay(E) ~es(x—2)° +ea(x —2)* +e3(x —2)P +e2(x —2)? +c1(x —2),

with ¢; = —16.4433, ¢, = 3.87398, ¢35 = 34.2171, ¢4 = —6.36938 and c¢5 =
—7.89431. The free energy has thus two local minimizers, &, ~ 2.73 and &w, ~
1.25 and a saddle point, £sp & 2, with

Az(€sp) =0, Az(€w,y) ~—2.1, Ax(bw,) ~—2.37.

We introduce the barriers to go from the right well to the left well (r — 1) and
vice-versa:

AAT = Ao (Esp) — Az (Bw,y) and  AALT = As(Esp) — Az(Ew,y).

In the case of the dynamics (6) driven by the free energy, and under the assumption
that the temperature is low enough so that A, becomes independent of 8, the large
deviations theory can again be used, and yields the fact that residence times are
given by

LD,r—1 2n r—1 LD,l—>r 27 l—r
Tresfree ™ CXp(,BAAZ )’ Tres,free ~ eXp(ﬂAAZ )s
wWsp WW r Wsp Ww,|
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Fig. 8 Plot of the functions b, o and A’z, for the reaction coordinate &, = rflc , at two different
temperatures

where a)gp, a)%v,l and a)\z,\,,r are the pulsations at the saddle-point, the left well and the
right well, respectively. In the present case, we compute that wsp &~ /—c1 ~ 4.055,
ww, ~ 5.809 and ww  ~ 4.774.

The left well is deeper than the right well. Hence, in the low temperature limit,
the residence time in the left well is much larger than the residence time in the right
well, and the probability to be in the left well is higher than the probability to be in
the right well. Hence,

LD
Tres,free

LD,l—r

. _O,LD,l->r l—r . 0.LD,l>r __ 2r
s, free T exp(BAA;") with ¢ _—

™~ ‘res,free res,free T .
wsp Ww |

~
~

(89)

With the parameters that we used, we compute 7ot & 0.267, hence



Some Remarks on Free Energy and Coarse-Graining 325

~ -1 0,free . _O0,LD,I—>r
s~ AAZ and Tres ~ Tres,free ’

and we obtain a good agreement between (88) and (89).

We now turn to the dynamics (67). The functions b and o plotted on Fig. 8 seem
to be almost independent of the temperature when 8 > 1. Following [19, Sect. 2.3]
and [11, Sect. 10 and (89)], we introduce the one-to-one function

&
he) = /0 o~ () dy

and the coordinate { = h(&2). We next change of variable in the effective dynam-
ics (67) on the reaction coordinate £ and recast it as

dt =—A'(&)dt + /2B~ dB;,

where 4 turns out to be the free energy associated to the reaction coordinate {(g) =
h(£2(q)). The residence time to exit the left well is hence given by

LDj—>r 27 ~or
Tosoft N == exp(BAATT).
Wsp Ww,1

In the regime of low temperature, the second term of (11) is negligible, and we
deduce from (10) that A(h(§)) = A(€), where A, is the free energy associated
with the reaction coordinate &,. As a consequence,

AATT = AATT, Bsp = wspa(Esp),  Dw, = ow,10(Ew,).

Hence,
LD,—r _ _O,LD,l—r -1
Treseff > Tres,eff exp(lBAAZ )7 (90)
with
0.LD,l>r _ 2n

res,eff - Wsp Ww | O’(SSP) O—(SW,I) '

We thus recover that the dependency of the residence times with temperature is
identical between the residence times predicted by the effective dynamics (67) and
the residence times predicted by (6): this dependency is exponential, with the same
prefactor AALT.

We also compute 0 (§sp) ~ 3.465 and o (§w,1) ~ 2.563, so DT 0.03. Thus

res,eff
0,eff 0,LD,I—>r
the values 7,5 and 7,

between (87) and (90).

qualitatively agree, and we obtain a good agreement

3.4.2 The Butane Molecule Case

We now consider a system in higher dimension, namely a butane molecule, in the
united atom model [22,27]. We hence only simulate four particles, whose positions
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are ¢' € R3, for 1 <i < 4. The potential energy reads

3
V(q) = Z Vbond (||61i+1 - CIi ”) + Vbond—angle(el) + Vbond—angle(QZ) + Vtorsion(ﬁb)7

i=1

where 6 is the angle formed by the three first particles, 6, is the angle formed by
the three last particles, and ¢ is the dihedral angle, namely the angle between the
plane on which the three first particles lay and the plane on which the three last
particles lay, with the convention ¢ € (—, 7). We work with

k k
Voona(£) = 32(6 o). Viondangle(0) = 73(9 —Beq)?
and

Viorsion (@) = ¢1(1 —cos @) 4+ 2¢2(1 —cos® ¢) + c3(1 +3cosp —4cos’ ).

Rigid body motion invariance is removed by setting g> =0, g'-e, = 0and g>-e, =
q3-e;=0.

In the system of units where the length unit is £o = 1.53-107!% m and the energy
unitis suchthatkgT =1 at T = 300 K, the time unit is f = 364 fs, and the numerical
values of the parameters are £.4 = 1, k3 =208, 0, = 1.187,¢1 = 1.18, ¢, = —0.23,
and c3 = 2.64. We will work in the sequel with k, = 1,000. We set the unit of mass
such that the mass of each particle is equal to 1.

For these values of the parameters c;, the function Vigion has a unique global
minimum (at ¢ = 0) and two local non-global minima (see Fig.9). It is hence
a metastable potential. We choose to work with the dihedral angle as reaction
coordinate:

§(q) =¢.

We are interested in the residence time in the main well (around the global mini-
mizer ¢9 = 0) before hopping to any of the two wells around the local minimizers
¢+1 = £27/3. For each minimizer ¢, ¢; and ¢_1, the associated well is defined

by {q:16(q) — il < €M}, i =—1,0,1, with §h = 0.5.
Remark 10. We observe that

V Vit VE =0,

3 ) )
where Vsliff(q) = Zi:l Vbond (||6]’+1 _ql ”) + Vbond—angle(el) + Vbond—angle(QZ)- In
view of [19, Sect. 3.2], we hence expect to obtain accurate results with this choice
of reaction coordinate, as it is indeed the case. ¢

As in the previous section, we compute reference residence times by integrating
the complete dynamics, and we then consider both coarse-grained dynamics (67)
and (6). All computations have been done with the time step A = 1073, Results
are reported in Table 2. We observe that the effective dynamics (67) again yields
extremely accurate results. The results obtained by the dynamics (6), although
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Fig. 9 Torsion angle potential Viorion(¢0)

qualitatively correct, are less accurate. This conclusion holds for all the temperatures
we considered.
As in the previous section, residence times depend on the temperature following

Tres A~ rrgs exp(sB).

For both coarse-grained dynamics, the values found for s and Tr%s agree with
predictions based on the large deviations theory. In the case at hand here, it turns
out that the free energy associated to the reaction coordinate £(q) = ¢ is simply
A(E) = Viosion(§). On Fig. 10, we plot the functions b and 0. We observe that they
are almost independent of the temperature (as soon as 8 > 1), and that ¢ is almost a
constant. Hence, up to the time rescaling fescale = 0't, the effective dynamics reads
as the dynamics (6) governed by the free energy. As 0 = 1.086 ~ 1 (see Fig. 10),
the dynamics (6) yields qualitatively correct results.

Table 2 Butane molecule: residence times obtained from the complete description (second
column) and from the reduced descriptions (two last columns), at different temperatures (confi-
dence intervals have been computed on the basis of .4 = 13, 000 realizations)

Temperature Reference Residence time Residence time
residence time using (67) using (6)

B l=1 31.9 £0.56 32.0 £ 0.56 37.1 £ 0.64

B~1=0.67 493 £ 8 490 £ 8 5819

B~ 1=0.5 7624 £+ 113 7794 £ 115 9046 + 133
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