Chapter 2
Kernel Density Estimation and Local Time

Ciprian A. Tudor

Abstract In this paper we develop an asymptotic theory for some regression
models involving standard Brownian motion and standard Brownian sheet.

2.1 Introduction

The motivation of our work comes from the econometric theory. Consider a
regression model of the form

yi=f(xi)+u, >0 2.1

where (u;);>0 is the “error” and (x;);>o is the regressor. The purpose is to estimate
the function f based on the observation of the random variables y;, i > 0. The
conventional kernel estimate of f(x) is

p _ Z?:o Ky (x; —x)y;
SO =S5 =)

where K is a nonnegative real kernel function satisfying [ K*(y)dy = 1 and

Jz yK(y)dy = 0 and Kj(s) = %K(%). The bandwidth parameter 1 = h,, satisfies

h, — 0asn — oo. We will choose in our work 4, = n% with 0 < a < %

The asymptotic behavior of the estimator f is usually related to the behavior of the
sequence

Vn = Z Kh(x,' —x)uf.

i=1
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The limit in distribution as n — oo of the sequence V,, has been widely studied in
the literature in various situations. We refer, among others, to [5] and [6] for the case
where x; is a recurrent Markov chain, to [12] for the case where x; is a partial sum of
a general linear process, and [13] for a more general situation. See also [9] or [10].
An important assumption in the main part of the above references is the fact that
u; is a martingale difference sequence. In our work we will consider the following
situation: first the error u; is chosen to be u; = W41 — W; for every i > 0, where
(W;)r>0 denotes a standard Wiener process and x; = W; fori > 0. Note that in this
case, although for every i the random variables u; and x; are independent, there is
not global independence between the regressor (x;);>0 and (u;);>0. However, this
case has been already treated in previous works (see e.g. [12, 13]). See also [2]
for models related with fractional Brownian motion. In this case, the sequence V,
reduces to (we will also restrict to the case x = 0 because the estimation part is not
addressed in this paper)

n—1

Su = K@ W) (Wi = Wi). (2.2)
i=0

The second case we consider concerns a two-parameter model:

yij=f(xij)+ej. i,j=0 (2.3)
where ¢; ; = Wi(i)l, i1 Wi(i)l, i Wl(j)ﬂ + W,(j) are the rectangular increments

of a Wiener sheet W@ (see Sect. 2 for the definition of the Wiener sheet). This case
seems to be new in the literature. But in this situation, because of the complexity
of the stochastic calculus for two-parameter processes, we will restrict ourselves to
case when the regressor x; ; is independent by the error u; ;. That is, we assume that
Xij = W,(Jl) where W is a Wiener sheet independent by W The model (2.3)
leads to the study of the sequence

n—l1
(1 2) 2) ) )
T, = Z K (naI/Vi.j ) (Wi+1,j+1 Wi, = Wiinm T W )
ij=0

We will assume that the kernel K is the standard Gaussian kernel

2

1 )
K(x) = \/E[T' 2.4

The limits in distribution of S, and 7,, will be cl,BLw(,‘O) and Cz.BLwU)

(Lo) Fespec-

tively, where L" and L"" denote the local time of W and W respectively,
is a Brownian motion independent by W and W and ¢, ¢, are explicit positive
constants.
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2.2 The One Parameter Case

Let (W;);>0 be a standard Brownian motion on a standard probability space
(£2, #, P) and let us consider the sequence S, given by (2.2) with 0 < o < %
and the kernel function K given by (2.4). Denote by .%; the filtration generated

by W. Our first step is to estimate the 1> mean of S,,.

Lemma 2.1. As n — oo it holds that

n* IES? > C =

S

Proof. Recall that, if Z is a standard normal random variable, and if 1 4+ 2¢ > 0

E (e—czz) - \/%_ZC (2.5)

Since the increments of the Brownian motion are independent and W;4; — W; is
independent by .%; for every i, it holds that (here Z denotes a standard normal
random variable)

n—1 n—1
ES; =E) Kn“W;) Wip1 = W)’ =E Y _ K*(n"W)

i=0 i=0
1 n—1 - 1 n—1 )

- E ) VAR 1 2 200:\7 2

5 2B 5 Z( + 2n*i)
i=0 i=0
and this behaves as ‘z/—fn*“Jr% when 7 tends to infinity. O

. . _lye .
In the following our aim is to prove that the sequence n~#% 2§, converges in
distribution to a non-trivial limit. Note that the sequence S, can be written as

n—1 n—l a4
Sp =Y K@"W)(Wig1 = W)= | KetW)dw,
i=0 i=0

n=l aj4 n
=Y [ kwewipaw. = [ keewgaw,
=01 0
where [s] denotes the integer part of the real number s. Define, for every ¢ > 0,

t
S = / K@ Wid W, (2.6)
0
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Then for every n > 1 the process (S]');>o is a .%; martingale (recall that .%,
denotes the sigma algebra generated by the Wiener process W). The bracket of
the martingale (S;),>¢ will be given by, for every t > 0

t
S™Y, =/ Kz(n“W[S])ds.
0

This bracket plays a key role in order to understand the behavior of S,,. Let us first
understand the limit of the sequence (S"),. Its asymptotic behavior is related to the
local time of the Brownian motion. We recall its definition. For any # > O and x € R
we define LY (¢, x) as the density of the occupation measure (see [1,21])

Ja(A) = /0 LWods, A B®).

The local time L" (¢, x) satisfies the occupation time formula

/ FWyds = / LY (1. x) f(x)dx 27
0 R

for any measurable function f. The local time is Holder continuous with respect to
t and with respect to x. Moreover, it admits a bicontinuous version with respect to

(t,x).

We will denote by p, the Gaussian kernel with variance ¢ > 0 given by p.(x) =

2
1 _xZ
me 2 . Note that

B TW) = = p, (W)

Zf
and by the scaling property of the Brownian motion

n—1

%+a(Sn>n — n*%‘ka ZKZ(HQI/V,‘)

i=0
n—1 ln 1 1
=N 2+QZK2( a+2W) szp;n_m 1<W’z7)
i=0

where =(;) means the equality in distribution. A key point of our paper is the
following result which gives the convergence of the “bracket.”

Lemma 2.2. The sequence % Z?;(l) Py —a) (Wy) converges in L*(2), asn — oo
in n

to LV (1,0).
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Proof. Let us recall that fol pe(Wy)ds converges as ¢ — 0 to LV (1,0) in L2(£2)
and almost surely (see e.g. [8]). Using this fact, it suffices to show that the quantity

I, =E (/01 (pa"(M) — Da, (Wu)) ars)2 (2.8)

gl
converges to zero as n — oo, where we denoted by o, = %n *~2. We have

I, = E/O1 /01 dsdt (pan(Ws) = Pa, (Wu)) (pa,,(I’Vt) = Pa, (Wu))
=25 [t [ s (a0~ o (W) (90— s (Was)).

Notice that for every s, € [0, 1], s < ¢,

By the independence of W, — W, and .Z)" we get
E[p:(W, = Wy + W)|.F] = Bpe(W, = Wy + X))o, = Peti—s(W).
We will obtain

Eps(I/Vs)ps(VVt) = Epa(st‘)pH»tfs(I/Vs)

1

1 s 1
Z\/E(85+8(Z—S+8)+s(t_s+8)) . 2.9)

This sequence converges to ﬁ as ¢ — 0. If we replace s or ¢ by [”S—S] or %

respectively, we get the same limit.
As a consequence of the Lemma 2.2 we obtain

" _1 e
Proposition 1. The sequence n=27%(S"), converges in distribution, as n — o0, to

2 w _; 14
(/RK(y)dy)L (1,0)_2ﬁL (1,0)

where LY denotes the local time of the Brownian motion W .
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Proof. The conclusion follows because

n—1 n—1
n*%+a<5n>n — n*%‘ka ZKZ(naI/Vi) =) n*%+a ZKZ(na+%WL)
i=0 i=0

and this converges to L" (1,0) in L?(£2) from Lemma 2.2.

Remark 2.1. Intuitively, the result in Proposition 1 follows because

n—1 !
w2t KA W) =y n T Y K2t W)
i=0 =0

1
Nn%+a\/ [(2(”“+%I/I/S)ds=/Kz(n“Jr%x)LW(l,x)dx
0 R

:/dsz(y)LW (1, Y 1)
R na+§

where we used the occupation time formula (2.7). The bicontinuity of the local time
implies that this last expression converges to the limit in Proposition 1.

We state the main result of this part.

Theorem 2.1. Let S, be given by (2.2). Then as n — 00, the sequence n%fiSn
converges in distribution to

((/ K2(y)dy) LW(I,O))Z Z
R

where Z is a standard normal random variable independent by LY (1,0).

Proof. A similar argument has already been used in [4]. Obviously,
lya ! 1
Sy =@ nith / K (n"‘+2WM) AW, :=T,.
0 n

Let .
T"=n%+%/ K(n‘”%WM)dWS.
0 n

t

Then T is a martingale with respect to the filtration of W. We can show that
(T", W) converges to zero in probability as n — oo. Indeed,

t
(", W), =n%+%/ K(n‘”%Wm)ds
0 n
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and this clearly goes to zero using formula (2.5). It is not difficult to see that the
convergence is uniform on compact sets. On the other hand (7"); converges to
(fR Kz(y)dy) L% (1,0) in L*(£2) from Lemma 2. The result follows immediately
from the asymptotic Knight theorem (see [11], Theorem 2.3 page 524, see also [4]).

O

2.3 The Multiparameter Settings

This part concerns the two-parameter model (2.3) defined in the introduction.
Let W1 and W® denote two independent Wiener sheets on a probability space
(£2,.7, P). Recall that a Brownian sheet (W,,),.,>0 is defined as a centered two-
parameter Gaussian process with covariance function

E (I/Vs,t Wu,v) = (S A ”)(t A V)

for every s,t,u,v > 0. The model (2.3) leads to the study of the sequence

n—1

T= 3 K () (W, - W Wl +w2). @10
i.j=0

As in the previous section, we will first give the renormalization of the L? norm
of T, asn — oo.

Proposition 2. We have

E(n*'T;)" —1oe v2

Proof. By the independence of W) and W® and by the independence of the
increments of the Brownian sheet W® we have, using (2.5)

n—1 n—1 n—1

1 20 (D2
2_ 20 apy (DY) — —n“*(W; /")
ET;= ) E(K (n Wi’j))—zn » E(e J ) 2 1—}—21120‘1]

i,j=0 i.j=0

and the conclusion follows because Zl —0 f behaves, when n — oo as 2.4/n.
O
We will first study the “bracket” (T'), = Z?,T:o K?*(n” W,(Jl)) which is in some
sense the analogous of the bracket of S, defined in the one-dimensional model.
For simplicity, we will still use the notation (7'), even if it is not anymore a true

martingale bracket (the stochastic calculus for two parameter martingales is more
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complex, see e.g. [7]). By the scaling property of the Brownian sheet, the sequence
n®"(T), has the same distribution as

n—l1
no! Z K? (n"‘“Wi(li-).

i,j=0 n’n

Note that for every u, v > 0 we can write

1
at+l g2 (ot — - 1)
Van T K2 (n* D) 5P iz Wa)-

As a consequence n®~!'(T'), has the same law as

1 1 n—1 @
27 n? .ZO” FeE] (W;vf;) '
i,j=

In the limit of the above sequence, the local time of the Brownian sheet WO will
be involved. This local time can be defined as in the one-dimensional case. More
precisely, for any 5,7 > 0 and x € R the local time LW(I)((S, 1), x) is defined as the
density of the occupation measure (see [1,21])

Ui (A) = /Ot /Os 1aW,,)dudv, A e BR).

and it satisfies the occupation time formula: for any measurable function f

t N
/ / S D) dudv = / LY ((s.1), %) f(x)dx. (2.11)
o Jo ’ R
The following lemma is the two-dimensional counterpart of Lemma 2.2.

Lemma 2.3. The sequence nLZ Zf’;'zo p2;12;t+2 (Wl(li) converges in L*(2) an

n — oo to LW“)(L 0) where LW“)(L 0) denotes the local time of the Brownian
sheet WO where 1 = (1, 1).

Proof. This proof follows the lines of the proof of Lemma 2.2. Since fol fol

pe(W,.,)duv converges to L"(1,0) as ¢ — 0 (in L2(£2) and almost surely, it
suffices to check that

Jn=E (/01 /01 (pa,,(Wu,v) — Pa, (Wuu)) dudV)

2
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converges to zero as 1 — oo with i, = 377272, This follows from the formula,

foreverya > uand b > v

E (ps(Wa,b - Wu,v)ps(Wu,v)) =E (ps(Wu,v)p«H»abfuv(Wu,v))

and relation (2.9). O
Let us now state our main result of this section.
Theorem 2.2. As n — 00, the sequence n%féTn converges in distribution to
1
(COLW(U(L O)) " Z where LY (1,0) is the local time of the Brownian sheet W1,

co = ﬁ; and Z is a standard normal random variable independent by W1,

Proof. We will compute the characteristic function of the T,,. Let A € R. Since the
conditional law of 7, given W) is Gaussian with variance Z:’;;O K? (n“ Wl(jl))

we can write

E (eikngéTn) —E (E (eikngéTn IW(I)))

_E (e‘f""‘“ ¥l Kz(n‘*wﬁy)) _E (e*f"““”") .

By the scaling property of the Brownian sheet, the sequence
n—1 1 1 n—1
a—1 _ a—1 2 [ jatip, (D) - ()
n N Ty =ayn*" Y K (” W;,;;) REW, TS > P (W;;,;)'
i.j=0 i,j=0

The result follows from Lemma 2.3. O

Remark 2.2. A similar remark as Remark 1 is available in the two-parameter
settings. Indeed, the basic idea of the result is that

n—1 1 1
n® ', = (d)na_] Z K? (n‘”‘lW.(li-) ~ ! / / K? (n“HWM("v)) dudv
0o Jo

e
i,j=0 n’n

= potl / K? (n“+1x) LW“)(L x)dx
R

— [ KoL (125)dy saem [ K20)LY01.0)
R notl R

by using (2.11) and the bicontinuity of the local time.
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As a final remark, let us mention that above result (and) the model (2.3) can
be relatively easily extended to the case of N-parameter Brownian motion, with
N > 2.
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