Chapter 1

Overview of Mathematical Methods in Partial
Differential Equations

Mathematics may be defined as the
subject in which we never know what
we are talking about, nor whether what
we are saying is true.

Bertrand Russell (1872-1970)

In this chapter we collect some results in Nonlinear Analysis that will be fre-
quently used in the book. The first part of this chapter deals with comparison prin-
ciples for second order differential operators and enables us to obtain an ordered
structure of the solution set and, in most of the cases, the uniqueness of the solution.
In the second part of this chapter we review the celebrated method of moving planes
that allows us to deduce the radial symmetry of the solution. The third part of this
chapter is concerned with variational methods. The final section contains some re-
sults in degree theory that will be mostly used to derive existence and nonexistence

of a stationary solution to some reaction-diffusion systems.

1.1 Comparison Principles

We start this section with the following result which is due to Lou and Ni (see [139]
or [140]).

Theorem 1.1 Let g € C'(Q x R).

(i) If w € CH(Q)NC"(Q) satisfies

aw
Aw+g(x,w) >0 in Q, a—gO on 0%, (1.1)
n
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2 1 Overview of Mathematical Methods in Partial Differential Equations

and w(xo) = maxgw, then g(xo,w(xo)) > 0.
(i) Ifw € C*(Q)NC'(Q) satisfies

Aw+g(x,w) <0 in Q, 3—W20 on 0Q,
n

and w(xo) = ming w, then g(xo,w(xo)) <O0.

Proof. We shall prove only part (i) as (ii) can be established in a similar way. There
are two possibilities for our consideration.

Case 1: xo € L. Since w(xp) = maxgw we have Aw(xp) < 0 and now from the first
inequality in (1.1) we obtain g(xo, w(xp)) < 0.

Case 2: xp € dQ2. Assume by contradiction that g(xo, w(xo)) < 0. By the continuity
of g and w, there exists a ball B C Q with 9BNJQ = {xy} such that

glx,w(x)) <0 forallx € B.

Thus, from (1.1) we find Aw > 0 in B. Since w(xg) = maxgw, it follows from the
Hopf boundary lemma that dw/dn(xp) > 0 which contradicts the boundary condi-
tion in (1.1). This completes the proof of Theorem 1.1. O

Basic to our purposes in this book we state and prove the following result which

is suitable for singular nonlinearities.

Theorem 1.2 Let 'V : Q x (0,0) — R be a Holder continuous function such that the
mapping (0,00) 3t — ¥(x,t)/t is decreasing for each x € Q. Assume that there
exist vy, vy € C2(Q) NC(Q) such that

(@) Avi+¥(x,vi) <0< Avy+WP(x,v7) in Q;

(b) vi,v2>0inQ andvy > vy 0on dQ;

(c) Avi € LY(Q) or Av, € L1(Q).

Then vy > vy in .

Proof. Suppose by contradiction that v < w is not true in £2. Then, we can find
&, 6 > 0 and a ball B CC Q such that

v—w>¢g inB, (1.2)
/vw ((D(x,w) B @(X,V)> dx > &. (1.3)
B w v

Let us assume that Aw € L'(€2) and set
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. )
M:max{l, HAWHLI(Q)}’ 8:m1n{1,30a m :

Consider 8 € C!(R) a nondecreasing function such that 0 < 6 < 1, 6(¢) = 0, if
t+<1/2and 6(¢r) = 1 forall t > 1. Define

es(t):e(é), tER.

Because w > v on d£2, we can find a smooth subdomain Q* CC Q such that
* € . *
BCQ andv—w<§1nQ\Q.
Using hypotheses (i) and (ii) we deduce

yw <‘D(fv’w) _ 2 V)) 0 (v —w)dx. (1.4)

v

/ ) (WAV —vAW) O (v —w)dx > /

Q*

By relation (1.3), we have

/*vw (q)(x’w) - CD()VC’V)) 0: (v — w)dx

w

> /vw (q’(x’w) - d)(x’v)) O (v — w)dox

w Vv

B
/BVW <€D(EW) N 4’(zw)) Jx
o

To raise a contradiction, we need only to prove that the left-hand side in (1.4) is

>
smaller than &y. For this purpose, define
1
Ou(t) = / s6.(s)ds, 1€R.
0
It is easy to see that
O (1) =0, ift<§ and 0 < O(1) < 2e, foralls € R. (1.5)

Now, using Green’s first formula, we evaluate the left side of (1.4):
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/ (WAV —vAW) 0 (v — w)dx

v
:/89* w@s(v—w)%dc(x)—/*(Vw-Vv)Bs(v—w)dx
. , . aw
_/Q* w@s(v—w)Vv.V(v—w)dx—/amv@g(v—w)ﬁdc(x)
+/Q*(VW-Vv)eg(vfw)dan/Q*v@é(vfw)Vw-V(vfw)dx
=/, 0.(v—w)(WWw—wVv)- V(v —w)dx.

The previous relation can be rewritten as

*

/*(wAv—vAw)Gg(v—w)dx:/ wOL(v—w)V(w—v)-V(v—w)dx

+ [ (v=w)0.(v—w)Vw-V(v—w)dx.
Q*

Because / wOl(v—w)V(w—v)- V(v —w)dx <0, the last equality yields

%

/ ) (WAV —vAW)Be (v — w)dx < / (v—w)0.(v—w)Vw V(v —w)dx.
Therefore,
/ ) (WAV —vAW)0e (v — w)dx < - Vw V(O (v—w))dx.
Again by Green’s first formula, and by (1.5), we have

/ (wAv—vAw)Bs(v—w)dxg/ @g(v—w)a—wdc(x)
Q* 00+ dn
f/ O (v—w)Awdx
Q*
< 7/ @g(va)AwdeZE/ |Aw|dx
ol ol

§2£M<%.

Thus, we have obtained a contradiction. Hence v < w in €, which completes the

proof. (]
A direct consequence of Theorem 1.2 is the result below.

Corollary 1.3 Let k € C(0,00) be a positive decreasing function and ay,a € C(Q)
with 0 < ay < ay in Q. Assume that there exist B >0, v, vy € C2(Q)NC(Q) such
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that vi,vy > 01in Q, vi > v, on Q2 and

Avi — Bvi+ a1 (x)k(v1) <0< Avy — By +ax(x)k(v2)  in Q.
Then vi > vy in Q.

Proof. We simply apply Theorem 1.2 in the particular case

®O(x,1) = —Bt+a (k(t), (x,1) € Q2 x (0,00).

Let us now consider the more general elliptic operator in divergence form
Lu = div[A(|Vu|)Vy],
where A € C(0, <o) is positive such that the mapping 7 — tA(¢) is increasing.

Theorem 1.4 Let Q be a bounded and smooth domain in RN (N > 1), p € C(Q)
and f € C(R). Assume that u,v € C*(Q)NC(Q) satisfy

(i) Lu—px)f(u) >0>Lv—p(x)f(v)in Q;
(ii) u <vondQ.
Thenu <vin Q.

Proof. Let ¢ : R — [0,%0) be a C'-function such that ¢ =0 on (—o0,0] and ¢ is
strictly increasing on [0, ). We first multiply by ¢ (u — v) in (i) and obtain

(Lu—2v)p(u—v) = p)(f(u) = f(v))¢(u—v) inQ.
Integrating over €2, by the divergence theorem we find
—/Q [A(Vil) Vi = AV VY] V)9~ v)ex
> [ P (/) = F() 9~ v)dx > 0.

Hence
/Q [A(Vul)Va— A9V VY] - V(= )9 (u—v)dx < 0. (1.6)

On the other hand,
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[A(|Vu|)Vqu(|Vv|)Vv} V(u—v)
= [A(Vu]) V| = AV V] (V| — V)
+ [AQVa) + AV | (Val V3] V- V),

so that
[A(|Vu|)Vqu(|Vv|)Vv} V(u—v)>0 in,

with equality if and only if Vu = Vv. Using this fact in (1.6) it follows that u < v in
€. This finishes the proof of our result. O

Theorem 1.5 Let Q C RY (N > 1) be a smooth bounded domain, T > 0, and
Lu = du—a(x,t,u)Au+ f(x,t,u),

where a, f : Q x [0,00) x [0,00) — R are continuous functions such that a > 0 in
Q x [0,00). Assume that there exist uj,u, € C>'(Q x (0,T)) NC(Q x [0,T]) such
that:

(1) Luy < Luyin Q x(0,T).
(i) uy <wuponXr:= (02 x (0,T))U (2 x {0}).
(iii) at least for one i € {1,2} we have |D*u;| € L*(Q x [0,T]) and the functions
a and f are Lipschitz with respect to the u variable in the neighborhood of
K :=u;(Q x [0,T)).

Then uy < up in Q x[0,T].

1.2 Radial Symmetry of Solutions to Semilinear Elliptic
Equations

An important tool in establishing the radial symmetry of a solution to elliptic PDEs
is the so-called moving plane method that goes back to A.D. Alexandroff and J. Ser-
rin. It was then refined by Gidas, Ni and Nirenberg in the celebrated paper [97]. The
requirements on the regularity of the domain were further simplified by Berestycki
and Nirenberg [16]. We follow here the line in [16] and [25] to provide the reader
with a simple and instructive proof of the radial symmetry of solutions to semilinear

elliptic PDEs in bounded and convex domains €2 that vanish on dQ.



1.2 Radial Symmetry of Solutions to Semilinear Elliptic Equations 7

Theorem 1.6 Let Q C RY be a convex domain which is symmetric about the x;
axis. Assume that f : R — R is a Lipschitz continuous function and p : [0,00) — R
is a decreasing function. If u € C*(Q) NC(Q) satisfies

{ —Au=p(x)f(w),u>0  inQ,

1.7)
u=0 on 0Q,
then u is symmetric with respect to the x| axis.

Proof. We first need a version of the maximum principle for small domains as stated

below.

Lemma 1.7 Let a € C(Q) and w € C*(®) NC(®) be such that

—Aw+a(x)w>0 in o,
(1.8)
w>0 on Jw.
If
||a7||LN/2(w) > Sn, (1.9)

where Sy is the best Sobolev constant in @, then w > 0 in @. In particular; if
- N/2
la™ |yl @ < S,

that is, if @ is small, then w > 0 in @.
Proof. We multiply the first inequality in (1.8) by w~ = max{—w,0}. Integrating
over @ we obtain
/ |Vw7|2dx+/ a(x)|w™ [2dx <0.

[0 [0
This also yields

/ |Vw™|Pdx < / a” (x)|w™ |*dx.

w [0
On the other hand, by Sobolev and Holder inequalities we find
SNIW ™l av/wv-2) ) < /wa*(x)|wf|2dx < a2 lwW [l avsov2) (@).

Using (1.9), the above inequality implies ||w™~ HLZN/(N*Z)(w) =0,sow>0inw. O

Let us now come back to the proof of Theorem 1.6. For any x = (x1,x2,...,xy) € RV

we write x = (x1,x'), where x; € R and ¥’ € R¥~!. Let
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Ao =max{x; : (x;,x) € Q}.
We claim that
u(xy,x') < u(y;,x'), (1.10)

for all (x1,x') € Q with x; > 0 and all y; € R with |y;| < x;.

Then (1.10) implies u(x,x") < u(xy,—x') and similarly u(x;,x") > u(x;, —x'). so
u(xy,x') = u(xy,—x'), that is, u is symmetric about the x; axis. For any 0 < A < A4g
define

I ={x=(x,X)€Q: x>}
and
wy(x) =up(x) —u(x), x€X,

where u) (x) = u(24 — x1,x’). Note that wy, is well defined in X, since 2 is convex
and symmetric about the hyperplane x; = 0. Let us further remark that (1.10) is
equivalent to

wy, >0 inX;, forall0<A<A. (1.11)

From (1.7) we have

—Awy +p (x| witp(x) —p(al)wa =0 in %,

)f(u) —f(uz)
Uy —u
where x; = (24 — x1,x’). This yields
—Awy +a(x)wy >0 inX,,

e )~ )
u)— jluy .
X)) ———% if wy (x) #0,
g [P ) #
0 if wy (x) =0.
Remark that @ € L*(€) and ||| ;=) < L||p||1=(q), Where L is the Lipschitz con-

stant of f on the interval [—||ul|=(q), [|#]|z=(q)]- Furthermore, we have
wp >0 ondX3NoR, w,=0 ondXNQ.
Thus, by taking A close to Ay, by Lemma 1.7 we obtain wy > 0in X, . Let

4272{0<7L<201W120i1‘121}.



1.3 Variational Methods 9

It is easily seen that <7 is closed. We next prove that <7 is open. To this aim, let
A € &7 By the strong maximum principle, w; > 0 in X. Let K C X; be a compact
set such that | X, \ K| is small, for u in a neighborhood of 4. Also, there exists ¢ > 0
such that wy > ¢ > 0 in K, so by continuity arguments we have wy > 0 in K for
p near A. This yields wy > 0 on d(X, \ K), so by Lemma 1.7 we find w,, > 0 in
2, \ K, sowy > 0in X,. This proves that <7 is open, so &/ = (0,4¢). This implies

that (1.11) holds, that is, u is symmetric with respect to the x; axis. O

1.3 Variational Methods

1.3.1 Ekeland’s Variational Principle

Ekeland’s variational principle [67] was established in 1974, with its main feature
of how to use the norm completeness and a partial ordering to obtain a point where
a linear functional achieves its supremum on a closed bounded convex set. In its

original form, Ekeland’s variational principle can be stated as follows.

Theorem 1.8 (Ekeland’s Variational Principle) Let (M,d) be a complete metric
space and assume that @ : M — (—eo, 00|, @ = oo, is a lower semicontinuous func-
tional that is bounded from below.

Then, for every € > 0 and for any zo € M, there exists z € M such that

(i) P(z) < DP(z0) —€d(z,20);
(i) (x) > P(z) — ed(x,z), for any x € M.

Proof. We may assume without loss of generality that € = 1. Define the following

binary relation on M:

y<x if and only if D(y)— D(x)+d(x,y) <0.

Then “<” is a partial order relation—that is,
(a) x < x, forany x € M;
(b)ifx<yandy < xthenx=y;
(c)ifx<yandy <zthenx <z

For arbitrary x € M, set
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Sx):={yeM:y<x}.

Let {&,} be a sequence of positive numbers such that &, — 0 and fix zo € M. For
any n > 0, let 7,11 € S(z,) be such that

(D(thq) < inf @+¢&,4g.
S(zn)

The existence of z,,;1 follows from the definition of S(x). We prove that the sequence
{zn} converges to some element z, which satisfies (i) and (ii).

Let us first remark that S(y) C S(x), provided that y < x. Hence, S(z,+1) C S(zn).
It follows that for any n > 0,

(D(ZnJrl) - (D(Zn) + d(Zn,Zthl) <0

f— 3

which implies @(z,,+1) < @(z,). Because @ is bounded from below, we deduce that
the sequence {®(z,)} converges.
We prove in what follows that {z,} is a Cauchy sequence. Indeed, for any n and
p we have
D(zpsp) — P(zn) +d(znspszn) <O. (1.12)

Therefore,

d(zntp:zn) < P(zn) — P(zn+p) >0 asn— oo,

which shows that {z,} is a Cauchy sequence, so it converges to some z € M. Now,
taking n =0 in (1.12), we find

D(z,) — DP(20) +d(zp,20) <0

So, as p — o, we find (i).

To prove (ii), let us choose arbitrarily x € M. We distinguish the following situa-
tions.
Case I: x € S(zy), for any n > 0. It follows that @(z,4+1) < ®(x) + &,11, which
implies that @(z) < @(x).
Case 2: There exists an integer N > 1 such that x ¢ S(z,,), for any n > N or, equiva-
lently,

D(x) — D(z,) +d(x,2,) >0 foreveryn>N.

Passing to the limit in this inequality as n — o we find (ii). O
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A major consequence of Ekeland’s variational principle is that even if it is not
always possible to minimize a nonnegative C! functional @ on a Banach space;
however, there is always a minimizing sequence (uy),>1 such that @'(u,) — 0 as

n — oo, More precisely we have

Corollary 1.9 Let E be a Banach space and let @ : E — R be a C' functional that
is bounded from below. Then, for any € > 0, there exists z € E such that

D(z) < infd+e  and @' (2)||e+ < €.

Proof. The first part of the conclusion follows directly from Theorem 1.8. For

the second part we have
10 (2)|[e+ = sup (@' (2),u).
But,

/ T

So, by Ekeland’s variational principle,
(D'(2),u) > —e.
Replacing now u with —u we find
(@'(2),u) <&,

which concludes our proof. (]

1.3.2 Mountain Pass Theorem

The mountain pass theorem was established by Ambrosetti and Rabinowitz in [7].
Itis a powerful tool for proving the existence of critical points of energy functionals,
hence of weak solutions to wide classes of nonlinear problems. We first recall the

following definition.

Definition 1.10 (Palais—Smale condition) Let E be a real Banach space. A func-
tional J : E — R of class C' satisfies the Palais—Smale condition if any sequence

{un} in E is relatively compact, provided
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{J(un)} is bounded and ||J'(uy)||gx — 0 as n— oo. (1.13)
By means of Ekeland’s variational principle, one deduces the following result.

Proposition 1.11 Let E be a real Banach space and assume that @ : E — R is a
functional of class C' that is bounded from below, and satisfies the Palais—Smale

condition. Then the following properties hold true:

(1) @ is coercive.

(i1)Any minimizing sequence of @ has a convergent subsequence.
We are now in position to state the mountain pass theorem.

Theorem 1.12 (Mountain Pass Theorem) Let E be a real Banach space and assume
that J : E — R is a C' functional that satisfies the following conditions: There exist

positive constants o. and R such that

(i) J(0) =0and J(v) > o for all v € E with ||v|]| = R;
(ii)J (vo) <0, for some vy € E with ||vo|| > R.

Set
I':={peC([0,1};E): p(0) =0and p(1) = vo}

and

= inf max J(p(t)).
¢:= Inf max (p(1))

Then there exists a sequence {uy,} in E such that J(u,) — ¢ and J'(u,) — 0 as
n — oo. Moreover, if J satisfies the Palais—Smale condition, then c is a nontrivial

critical value of J, that is, there exists u € E such that J(u) = ¢ and J'(u) = 0.

1.3.3 Around the Palais—Smale Condition for Even Functionals

In this section we recall some notions and results from critical point theory for even
functionals. These results are due to Tanaka [195]. Let X be an infinite dimensional
separable Hilbert space and let J : X — R be a C? functional such that

(A;) JisevenandJ(0)=0;

(A2)  For any finite dimensional subspace W of X there exists R = R(W) > 0 such
that J(u) < O for all u € W with ||u|| > R;
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(A3) The Fréchet derivative J' : X — X satisfies
J(u)=u+K(u) forall ueX,

where K : X — X is a compact operator. Let {X;} be a sequence of subspaces of X
such that

dimX; =k and X =|]JX
k=1
For every k > 1 let Ry = R(X)) > 0 from the hypothesis (A2) and set Dy = XN

B(0,Ry). Let also

Cr = {VGC(Dk,X) : yis odd and meaB(OR : —Id}
k Mk

and
by = inf sup J(y(u)).

Y€Ck uehy,

Definition 1.13 We say that

(i) J satisfies the (PS); condition if every sequence {u,} in Xy such that {J(u,)} is

bounded and
!
J )u —0 asn-—o
| (1) @],

admits a convergent subsequence in X.
(ii) J satisfies the (PS). condition if every sequence {u;} in X with u; € X;, and
such that {J(ux)} is bounded and

H (J‘Xk)/(uk)HXk —0 ask—o

admits a convergent subsequence in X.

Definition 1.14 Let u be a critical point of J : X — R. The large Morse index of J
at u, denoted by m*(J,u) is the infimum of the codimensions of all subspaces of X

on which the quadratic form J" (u) is positive definite.

Theorem 1.15 (see [195]) Assume that J satisfies (A1) — (A3), (PS), (PS); and
(PS).. Then, for each k > 1 there exists a critical point u, € X such that

Ju) <k and m*(Ju) >k
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1.3.4 Bolle’s Variational Method for Broken Symmetries

In the following we recall some notions and results from critical point theory for
functionals with broken symmetry in the spirit of Bolle [22]. Let X be an infinite
dimensional separable Hilbert space and let J : [0,1] x X — R be a C? functional.
We set Jg = J(6,-) and denote by Jg : X — X the Fréchet derivative of Jy.

Consider {e;} an orthonormal system of X and for any k > 1 set X; =
span{ej,ea,... ek}

(By) J satisfies the Palais—Smale condition on [0, 1] x X;

(By)  Forany b > 0 there exists a positive constant C = C(b) > 0 such that
2
20
for all (0,u) € [0,1] x X satisfying |Jg(u)| < b.
Assume that J is even and J(0) = 0;

(6,1)| < C(1+ | T(w)[1x) (1 + fJullx).,

(B3)  There exist two flows 1; : [0,1] Xx R — R such that 1;(0,-) are Lipschitz

continuous for all 6 € [0, 1] and

(6,90 ) < 57 (0.1) < 12 (6,Jp(0)

at each critical point u of Jy.

(B4) Jiseven and for any finite dimensional subspace W of X we have

lim  sup Jg(u) = —oo.

ueW
][0 OE101]

Denote by y; : [0,1] x X — X the solutions of the problem

ay; . '
%(9#) =1ni(0,y;(6,)),

v;(0,s) =s.

Remark that y;(0,-) are continuous, nondecreasing and y; < y,. Define

fi(s) = sup 1i(6,s).
0<(0,1]

Let
¢ ={§eC(X,X):{isodd and {(u) = uif ||u||x > R},

and
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¢ = inf sup Jo(&(u)).
CEC uex,

The main result of this section is due to Bolle [22].

Theorem 1.16 (see [22]) Assume that the sequence

{ — Chtl i Ck } is unbounded.
i (crer) +M2(er) +1

Then, the functional J, admits a sequence of critical values {dy} such that
l[/z(l,ck) < l[/l(l,CkJrl) <dy forallk > 1.
1.4 Degree Theory

1.4.1 Brouwer Degree

We start by recalling some basic facts about Brouwer degree.

Definition 1.17 Let 2 be an open set in RN N>1,andF € C! (E;RN).

(i) We say that xo € Q is a regular point if the Jacobian matrix Jr (xg) = (JF;/9x;)
has rank N. If xq is not a regular point, we say that xq is a critical point of F.
(ii) We say that yy € RN is a regular value of F if the preimage F~'(yo) does not

contain any critical point; otherwise we say that y is a critical value.
A first characterization of the set of critical values is given by the following result.

Theorem 1.18 (Sard Lemma) Let 2 C RN be a bounded open set, F' € C? (E;RN).

Then the set of critical values of F has zero Lebesgue measure.

Definition 1.19 Let Q C RN be a bounded open set, F € C*(Q;RN), p € RN\
F(0Q).

(i) If p is a regular value of F then

deg(F,Q,p)= Y sign(detJr(x)).
xeF~1(p)

(ii) If p is a critical value of F then

deg(F,Q,p) = deg(F,Q,p1),
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where py is a regular value of F such that ||p — p1|| < dist(p,F(dQ)).
It can be proved that deg(F, €2, p) is independent of the choice of p;.

Definition 1.20 Let Q C RN be a bounded open set and F € C(Q;RN), p € RN\
F(0Q). The Brouwer degree of F in Q at point p is defined as

deg(F,Q,p) = deg(G,Q2,p),
where g € C?(Q;RY) is an arbitrary function such that ||F — G|~ < dist(p, Q).

It can be proved that deg(F, £2, p) is independent of the choice of G.

Some basic properties of Brouwer degree theory are stated below.

Theorem 1.21 Let Q C RN be a bounded open set.

(i) (Normality)
1 peQ,

deg(F,Q,p) = —
0 pgdQ.
(ii) (Domain Additivity) Let F € C(E;RN). If Qy, Q, are two open subsets of €2

with QN =0and p ¢ F(Q\ (Q;UQy)) then
deg(F,Q,p) = deg(F,Qi,p) +deg(F, s, p).

(iii) (Invariance of Homotopy) Let H : Q x [0,1] — RY be a continuous mapping.
Assume that p : [0,1] — RN satisfies p(t) # H(x,t) for all (x,t) € 9Q x [0,1].
Then deg(H (-,1),2,p(t)) is independent of t.

1.4.2 Leray—Schauder Degree

Let X be a Banach space and let  be a bounded open set in X. If 7 : Q — X is
a compact operator, then there exists a sequence of finite rank operators {7} such
that |7 — T¢|| — 0 as € — oo.

Letnow p € X\ F(dQ).If 0 < & < dist(p, dQ), there exists a finite rank operator
T; such that || T — T || < €. Letting Fz = — T¢, then p & F¢(d€2) so that considering

X = T:(Q) it follows that

F; XeNQ — X,

X.NQ
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the Brouwer degree of F; on X N at point p is well defined.

Definition 1.22 (Leray—Schauder Degree) Let F =1 —T where T is a compact op-
erator. The Leray-Schauder degree of F in Q at point p € X \ F(9Q) is defined
as

deg(F,Q,p) = deg(Fe,Xe N Q, p).

It can be proved that deg(F, 2, p) is independent of the choice of €. As a conse-
quence, the results in Theorem 1.21 (i)—(ii) concerning Brouwer degree of maps
in finite dimensional space transfer to Leray—Schauder degree for F =1 —T by
applying these results to the finite dimensional approximation Fe. As regards the in-

variance to the homotopy, we state here the counterpart result for Theorem 1.21(iii).

Theorem 1.23 (Invariance to Homotopy) Let H : Q x [0,1] — RN be a compact

operator and let p : [0,1] — X be a continuous function such that
p(t) #x—H(x,t) forall (x,t) € 0Q x[0,1].

Then deg(H (-,1),2,p(t)) is independent of t.

1.4.3 Leray—Schauder Degree for Isolated Solutions

As before, let  be a bounded open set of a Banach space and F : Q — X such that
0¢ F(dQ) and T =1— F is compact. We assume that xyp € € is an isolated solu-
tion of F(x) =0 and that F'(xg) = I — T'(xo) is invertible. By the implicit function
theorem, there exists a ball B,(xg) C €2 such that F (x) # 0 for all x € B,(xp), X # Xo.

Definition 1.24 The index of F' at xg is given by
index(F,xo) = deg(F,By(x9),0).

It can be shown that index(F, xo) is independent of r.

Theorem 1.25 Under the above conditions,

index(F,xo) = (—1)P, B= 3 m,

where
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ny = dim[ | Ker(A —T'(x))"].
p>1

Proof. Without loss of generality we may assume xo = 0. For 0 < < 1 and x € Q
let |
—=T(t 0<tr<1,
H(x,t) = T (tx) -
x—T'(0)x t=0.
Then, by the invariance of the compact homotopy we have
index(F,xo) = deg(F,B,,0) = deg(H(1,-),B,,0)

— deg(H(1,-),B,,0) = deg(I— T'(0), 5,.,0).

We next decompose X = X; @ X, where
X = span{ U UKer(AI— T/(xo))”}.
Aea(T! (xg)) P=1

A>1

Then
deg(I-T1'(0),B,,0) :deg((I—T/(O))\Xl,Brmxl,O)-deg((l—T/(O))\Xz,Brmxz,O).
Further, if I'(z,-) =1—1T'(0),0 <1 < 1, then

0& I (x,¢) forall (x,¢) €[0,1] x d(B,NXa)

SO
deg((I - T’(O))]XZ,B,HXZ,O) = deg(T"(0, -)]XZ,B,ﬁXz,O) =1
Thus, from the above equalities we find
deg(I—T'(0),B,,0) = deg((I—T'(0)) |Xl ,B,NX1,0)
= sgn(det(I - 77(0))) = (—1)P.

This finishes the proof. (|
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