Chapter 1
Basic (Elementary) Inequalities
and Their Application

There are many trivial facts which are the basis for proving inequalities. Some of
them are as follows:

If x> yandy>zthen x >z, forany x, y,z € R.

Ifx>yanda>bthenx +a>y+b,forany x,y,a,b eR.
Ifx>ythenx+z>y+z forany x,y,zeR.

If x > y and a > b then xa > yb, forany x,y € R ora, b ¢ RT.

If x € R then x? > 0, with equality if and only if x = 0. More generally, for
AieR"andx; e R,i=1,2,...,nholds Ajx] + Apxj + -+ + A,x7 > 0, with
equality ifand only if x; =xp =--- =x, =0.

NS

These properties are obvious and simple, but are a powerful tool in proving inequal-
ities, particularly Property 5, which can be used in many cases.

We’ll give a few examples that will illustrate the strength of Property 5.

Firstly we’ll prove few “elementary” inequalities that are necessary for a com-
plete and thorough upgrade of each student who is interested in this area.

To prove these inequalities it is sufficient to know elementary inequalities that
can be used in a certain part of the proof of a given inequality, but in the early
stages, just basic operations are used.

The following examples, although very simple, are the basis for what follows
later. Therefore I recommend the reader pay particular attention to these examples,
which are necessary for further upgrading.

Exercise 1.1 Prove that for any real number x > 0, the following inequality holds

1
X+ —>2.
X

Solution From the obvious inequality (x — 1)> > 0 we have
X=2x+120 & x*4+1>2x,

and since x > 0 if we divide by x we get the desired inequality. Equality occurs if
andonlyifx — 1 =0,ie.x=1.
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Exercise 1.2 Let a, b € R™. Prove the inequality

a b
-+ —>2.
a

S

Solution From the obvious inequality (a — b)? > 0 we have

a? + b?
ab

v
N

SIS

a’>—2ab+b*>0 & a*+b*>2ab & >2 &

S Q

Equality occurs if and only if a — b =0, i.e. a = b.

Exercise 1.3 (Nesbitt’s inequality) Let a, b, ¢ be positive real numbers. Prove the
inequality
a n b n c 3
b+c c+a a+b 2

Solution According to Exercise 1.2 it is clear that
a+b b+4+c a+c c+b b+a a+c

+ + + + +
b+c a+b c+b a+c a+c b+a

Let us rewrite inequality (1.1) as follows
a+b a+c c+b b+a b+c a+c
+ + + + + >0,
b+c c+b at+c a+c a+b b+a

2a 2b 2c
+14+ +14+——+1>6
b+c c+a a+b

>2+4242=6. (1.1

i.e.

or
a n b n c
b+c c+a a+b

3
>_7
-2

a s required.
Equality occurs if and only i
easily we deduce a =b =c.

atb __ b+c atc _ c+b bta _ a+tc
f b+c — a+b’ c+b T a+c’ at+c ~ b+a’ from where

The following inequality is very simple but it has a very important role, as we
will see later.

Exercise 1.4 Let a, b, c € R. Prove the inequality

a2+b2+022ab+bc+ca.

Solution Since (a — b)% 4+ (b — ¢)® + (¢ — a)* > 0 we deduce
2(a2+b2+02) >2(ab+bc+ca) <& a’> +b>+c* > ab+ be + ca.

Equality occurs if and only if a = b =c.
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As a consequence of the previous inequality we get following problem.
Exercise 1.5 Let a, b, ¢ € R. Prove the inequalities
3(ab+bc+ca) < (a+b+c)* <3(@+b*+c?).
Solution We have

3(ab + bc 4 ca) =ab + bc + ca + 2(ab + bc + ca)
§a2+b2+c2+2(ab+bc+ca)=(a+b+c)2
=a’® +b>+c? +2(ab + bc + ca)
<a?+ b+ +2@>+ b2+ =3@>+ b2+ ).
Equality occurs if and only if a = b = c.

Exercise 1.6 Let x, y, z > 0 be real numbers such that x + y 4+ z = 1. Prove that

Vox +1+/6y+1++/6z+1<3V3.

Solution Let V6x +1=a, /6y +1=b,/6z+1=c.
Then

a4+ +r=6(x+y+2)+3=0.

Therefore
(@+b+0)?<3@+b*+c*=27, ie. a+b+c=<3V3.
Exercise 1.7 Let a, b, c € R. Prove the inequality
a*+ b+ >abc(a+b+c).
Solution By Exercise 1.4 we have that: If x, y, z € R then
x2+y2+zzzxy~|—yz+zx.
Therefore
a* +b* 4+ c* > a’b? + b2 + c*a® = (ab)* + (bc)* + (ca)®
> (ab)(bc) + (be)(ca) + (ca)(ab) = abc(a + b+ ¢).
Exercise 1.8 Leta, b, c € R such that a + b + ¢ > abc. Prove the inequality

a4+ b* + 2 > V3abe.
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Solution We have

(@ +b>+ A =a* + b* + * +24%0 + 2% +2%a

=a* + b+ a0 + )+ D (P +aP) + P+ D).

By Exercise 1.7, it follows that
a*t+ b+ >abc(a+b+c).

Also
bz-l—c2 > 2bc, c2+a2 > 2ca, ct2+b2 > 2ab.
Now by (1.2), (1.3) and (1.4) we deduce

(a2 +b*+ 02)2 >abcla+b+c)+ 2a%bc + 2b%ac + 2c*ab

=abc(a+ b+ c)+2abc(a + b+ c¢) =3abc(a + b+ ¢).

Since a + b + ¢ > abc in (1.5) we have

(a2 +b%+ 02)2 >3abc(a+b+c) > 3(abc)?,

a? +b*+ 2 > V3abe.
Equality occurs if and only if a = b = ¢ = /3.

Exercise 1.9 Let a, b, c > 1 be real numbers. Prove the inequality
1 1 1 1

abc+-+-+->a+b+c+—.

a b ¢ abc

1
a?

)

After multiplying we get the required inequality.

Solution Since a, b, c > 1 we have a > %, b > %, c> -, ie.

(1.2)

(1.3)

(1.4)

(1.5)

Exercise 1.10 Leta, b, ¢, d be real numbers such that a* +b* +¢* +d* = 16. Prove

the inequality
a’+b +c +d° <32

Solution We have a* < a* + b* + ¢* + d* = 16, i.e. a < 2 from which it follows

that a4(a —2)<0,ie. a® <2a*.
Similarly we obtain b < 2b*, ¢® < 2¢* and d° < 2d*.
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Hence
PHV++d <2+ b+ F +dh) =32

Equality occurs iff a =2, b = ¢ =d = 0 (up to permutation).

Exercise 1.11 Prove that for any real number x the following inequality holds

xlz—x9+x4—x+l>0.

Solution We consider two cases: x < 1 and x > 1.
(1) Let x < 1. We have

xlz—x9+x4—x+l=x12+(x4—x9)+(1 —X).

9 4

Since x < 1 we have I — x > 0 and x* > x?, i.e. x* — x? > 0, so in this case

xlz—x9+x4—x+l>0,

i.e. the desired inequality holds.
(2) For x > 1 we have

xlz—x9+x4—x+1=x8(x4—x)+(x4—x)+1
=0+ D+1=xE -+ + 1.
Since x > 1 we have x3 > 1,i.e.x3 — 1> 0.

Therefore
12

X —x9+x4—x+1>0,
and the problem is solved.
Exercise 1.12 Prove that for any real number x the following inequality holds
2x* +1 > 2x3 + x2.
Solution We have
201 —2 — =17 230 -0 =1 —x0) (1 +x) —2x°(1 —x)
=1-0@+1-2)=0-x)x1=x)+1-x%
= =0 (x(1 =D+ + 1 =00 +x +27))
=1 =0 (1 =DE1+0+1+x +27)
=1 -x)*((x+ 1D +x)>0.

Equality occurs if and only if x = 1.
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Exercise 1.13 Let x, y € R. Prove the inequality
4 4
xXT+y'+4xy+2=0.
Solution We have
x4+ y4 +4xy+2= (x* = 2)c2y2 + y4) + (2)c2y2 +4xy+2)
=@’ =y + 20y +D* 20,

as desired.
Equality occurs ifand only if x =1, y=—lorx=—-1,y=1.

Exercise 1.14 Prove that for any real numbers x, y, z the following inequality holds
Ay 22200 —x 24+ D).
Solution We have
Ay 2l =2y —x+z+1)
= x4 - 2)62)72 +xh + @ =2z 4+ + P =204 1)
=@ =)+ -2+ (=D’ 20,

from which we get the desired inequality.
Equality occurs ifandonlyif x =y=z=1lorx=z=1,y=—1.

Exercise 1.15 Let x, y, z be positive real numbers such that x + y + z = 1. Prove
the inequality

xy+yz+2zx <

| =

Solution We will prove that
2xy +2yz+4zx < (x +y+2)2,

from which, since x + y + z = 1 we’ll obtain the required inequality.
The last inequality is equivalent to

24y 422 —2zx>0, ie. (x—22+y2>0,

which is true.
Equality occurs if and only if x =zand y =0,ie. x =z = %, y=0.

Exercise 1.16 Leta, b € RT. Prove the inequality

AL+ 1>aVb2+1+bvVa?+1.
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Solution From the obvious inequality

(@— Vb2 + 12+ b —va2+1)*>0, (1.6)

we get the desired result.
Equality occurs if and only if

a=Vp*+1 and b=vVa>+1, ie. a*=b*+1 and b*=d>+1,
which is impossible, so in (1.6) we have strictly inequality.
Exercise 1.17 Let x, y, z € RT such that x + y + z = 3. Prove the inequality
VX 4+ Y+ Vz=xy+yz+zx.
Solution We have
3ax+y+2)=(+y+t=x2+y2+ 22+ 2y +yz+zx).

Hence it follows that

1
xy+yztar=Gr—x? 43y -y +32 2%,

Then
VX 4y + V7= (xy +yz+zx)
1
=ﬁ+ﬁ+ﬁ+§(x2—3x+y2—3y+zz—3z)
1
= 5((x2 —3x 4 2Vx) + (02 =3y + 29 + (22 — 32 +2V2)
1
= Eu/a?(ﬁ— D2V +2) + /(Y = DAY +2)
+ V27— D (7 +2)) >0,
ie.

VXY V2= xy+yz+zx.
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