Chapter 2
Theory

In this chapter I will give the fundamental concepts to describe diffusion on the atomic
level, with special consideration to the case of diffusion on a lattice. For reasons of
conceptual simplicity this chapter will stay abstract, I will work out the connection
to the actual problem at hand—atomic diffusion in condensed matter—in Chap. 3.

2.1 Setting the Scene

The system to be described consists of particles diffusing in infinite space. The
particles behave equally but are distinguishable. The theoretical tools for the problem
athand, i.e. to describe the stochastic motion of the particles, were given by van Hove
[12]. These are:

e The self-correlation function G4(AX, At) gives the probability to find a given
particle at time ¢ + At at the position X + AX given that it (the same particle) was
at time ¢ at position X.

e The pair-correlation function G(AX, At) gives the probability to find any particle
at time 7 + At at the position X + Ax given that any particle was at time ¢ at
position X.

The definition given above is the classical case of van Hove’s quantum-mechanical
theory. This is justified by the fact that first for the systems of interest in this thesis the
spatial uncertainty of the particles is given by thermal excitations and not quantum
effects (e.g. tunneling) and second that the scattering of X-rays on diffusing atoms
can be considered truly elastic due to the X-rays’ high energy. The formulation with
time differences instead of the correlations between two absolute times implies that
the system is in equilibrium. Obviously the functions given above do not contain all
the information of the dynamic process. One could continue and consider correlation
functions of higher order, e.g. the probability of a particle being at a given time and
place if it was at time #; at place X1 and at time f, at place X, but for diffusion
modelled as a Markov process the description by two-point correlations suffices.
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6 2 Theory

From now on I will restrict my attention to particles diffusing on a lattice.
I assume the lattice to be three-dimensional, as this covers all cases treated later
in this thesis, but this is just for convenience, the reader is invited to picture a lattice
of arbitrary finite dimensionality,' everything given here generalizes. Let the lattice
be composed of A sublattices. The translation vectors of the fundamental lattice be
d1, az, and as, being linearly independent, but not necessarily orthogonal. I use this
basis set for spanning R3. The distinct sites in the sublattice have the coordinate
vectors r, for 1 < A < A. Finally I define the vectors spanning reciprocal space
b 1, 52, and 53 such that a; l;, = 27 §; ;. This set of vectors can easily be constructed:

> 52 X 6_1)3
ap - (a2 x az)

52 and 53 follow by cyclic permutation. Given a vector X relative to the Cartesian
unity vectors ¢; I will write x for its coordinate vector relative to the translation
vectors of the lattice a;, analogously with a reciprocal vector ¢ and its coordinate
vector ¢ relative to the reciprocal lattice vectors l;i. This has the property that the
valid positions of the particles are given by x 4 r for x € Z> and 1 < A < A. Also
note that ¢ - x = g - X due to the definition of the reciprocal lattice vectors.

Having this definitions out of the way, I now move on to the description of the
dynamics, the correlation functions.

2.2 The Self-Correlation Function

As stated above, van Hove’s self-correlation function G4 (Ax, At) gives the condi-
tional probability for a given particle to be at time # + At at position x + Ax under
the condition that this particle was at time 7 at position x. The reason for treating
the self-correlation function is first that it is a rather intuitive way of describing
dynamics and second that there are methods which (more or less) directly measure
it (see Sect.3.4). These methods realize the measurement of the probability via the
actual displacements of a vast number of atoms. I will now deduce the temporal
evolution of this probability density. For past approaches to this problem see [2, 6,
7,9, 10].

I consider particles diffusing on a lattice. As its name already tells, for the self-
correlation function the movement of a particle with respect to itself alone is of rele-
vance. Therefore it suffices to consider (the probability distribution of) the positions
of one particle over time. In reality particles can interact, so actually the temporal
evolution of the tagged particle’s position is influenced by the configuration of its
surrounding. As I describe the state of the system only by the position of the one

1 Diffusion on a surface would be a physically relevant case of diffusion on a lower-dimensional

lattice.


http://dx.doi.org/10.1007/978-3-642-24121-5_3

2.2 The Self-Correlation Function 7

tagged particle, this fact can lead to a non-Markovian behaviour of the system (earlier
states of the system can influence the hidden variables, i.e. the configuration of the
neighbourhood, influencing in turn the further evolution). The simplification which
makes the problem tractable is to postulate Markovian behaviour, i.e. that the prob-
ability distribution of the states of the system at some later time are only a function
of the state of the system now.

The temporal evolution of the probability density is therefore defined by speci-
fying the transition rates between the sites on the lattice. I write (K(Ax)) 2 for the
transition rate of the particle from sublattice A in the cell x to sublattice u in the
cell x + Ax. Put another way, the entry in row w, column A of the matrix K(Ax)
multiplied by an infinitesimal amount of time is the probability for a particle on the
sublattice A to jump onto the site p of the cell displaced by Ax within this amount of
time. For mass conservation I put the overall leaving rate from the sublattice A into
(K(o)) . , but counted negatively:

> (Kax), , = —(K@), . (2.2.1)

(Ax.11)7#(0,4)

I require detailed balance, this means that in equilibrium there should be no net flux
between two states of the system:

(K(Ax), , pr = (K(=A%)), | py (2.2.2)

where p; is the equilibrium probability for a particle to reside on sublattice A.

My goal is to compute the temporal evolution of probabilities, so I introduce an
ensemble of systems (i.e. an ensemble of particles). This ensemble is completely
specified by (c(x, t)) T the concentration (i.e. the ratio) at time ¢ of the particles in
the ensemble which reside in the cell x on the sublattice A. With above definition of
K the temporal derivative of the concentration ¢ can now be written as

(¢, 0), =D (KO), , * (cC.0) (22.3)

n

where the symbol * denotes convolution in space. This now explains where K got
its symbol: it is the matrix-valued diffusion kernel.

Just as such equations are customarily solved I apply the element-wise spatial
Fourier transformation, that means F((c(., 1)), ) = (é(., 1)), analogously for K:

(é(q, t))A => (K@), . (@q.0), (2.2.4)
w

or put more elegantly

ég, 0 =K(g) - éq, 1), (2.2.5)
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understood as matrix multiplication. An equation like that is one of the first problems
encountered in the analysis of ordinary differential equations. Defining exponentia-
tion for matrices via the series expansion of the scalar-valued exponential function,
the solution to this ordinary differential can be immediately given:

og. 1) = K@ 2q.0). (2.2.6)

Remembering that the vector notation of the concentration is just a shorthand for a
scalar-valued concentration of the form >, (c( . t)) ; *¥6(.—ry), its Fourier transform

is therefore >, (6(., t))x exp(—igqry).
Let now f/i‘ (Ax, At) be the probability distribution for finding a particle at time
At on the site u of cell Ax if it was at time O at site A of cell 0. The spatial Fourier

transform of this function is ( Kig)ar ) (use Eq.2.2.6 with an initial condition ¢
equal to 1 at site 0 and sublattice A and take entry u of the result). Just considering the
particles from sublattice A would give for the self-correlation function > " fli‘ (x —
r, +rj, At). Taking into account the particles starting from all sublattices with their
respective weights p; gives

Go(Ax, A1) = D" fH(Ax —r, + 1. AD)p;, (2.2.7)
mooA

and in the Fourier domain

I,(q. At) == F(Gs(.. AD)(g) = Ze—lqruZ(ek@)A’) X el (22.8)
e

A

For reasons that will become clear in Sect. 3.4, I; goes under the name incoherent
intermediate scattering function.

To put Eq.2.2.8 more elegantly, I first define the 1 x A-matrix E = (e’i‘"1 .
e~1474), the A x A-diagonal matrix P with the entries p; ... p in the diagonal,
and the Hermitized diffusion kernel in reciprocal space

K (¢) := VP~ TK(g)VP. (2.2.9)

Because each component of K(Ax) is real, taking the component-wise complex

conjugation of its Fourier transform is equivalent to inverting the independent
variable:

K(—q) = K(q). (2.2.10)

To show that K'(g) is actually Hermitian I first restate Eq.2.2.2:

K(Ax)P = (K(—Ax)P)" = PKT(-Ax), 2.2.11)
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which naturally also holds for its Fourier transform

K(q)P = PK' (—¢). (2.2.12)

Multiplying this equality from both sides by +/P~! and using Eq.2.2.10 leads to

VPTK(g)VP = VPK (—q)VPT = VPK ()P, (22.13)

where (...)* denotes the adjoint matrix, thereby proving the claim.
With these definitions Eq.2.2.8 reads

Ii(q. At) = E(q) exp (K(q) A)PE*(q) = E(g) exp (ﬁK’(q)v P‘lAt) PE*(q)
= E(q)vPexp (K'(9) A1) VPE*(g). (2.2.14)
From

1@, A0 = Is(q, A" = (E@vPexp (K@) A1) VPE @)
= E**(q)vP* exp (K*(q)Ar) VP*E*(q)

= E(q)vPexp (K'(q)Ar) VPE*(g)
= Is(q, A1), (2.2.15)

where the first equality followed trivially from considering /; an 1 x 1-matrix and
the following equalities from the Hermitianness of K’ and the rules for matrix trans-
position, it follows that I is real. Using this fact, Eq.2.2.10 and the definition
of E(g)

Ii(q. At) = T,(q, At) = E(—q)vV/Pexp (K'(—q) A1) VPE*(—q) = I(—q. AD),
(2.2.16)
so I is in fact even and real-valued. Therefore also G, being the back-transform of
an real-valued even function, is even (and real-valued).

This is at first glance surprising, as the lattice’s being composed of sublattices will
in the general case destroy the inversion symmetry of the underlying Bravais lattice.
The key point in above derivation, however, was the invocation of detailed balance.
This principle just says that the same number of atoms hop from site A to site B as
from site B to site A, so even if the fluxes exiting site A have no inversion symmetry,
the other sites make up for that imbalance, leading to an even correlation function.

It is instructive to write I; in yet another way. Diagonalizing K', i.e. writing

K'(¢) = V(@)D(@)V*(q). (2.2.17)

with V(q) a unitary matrix and D(q) a diagonal matrix with real (because K’ is
Hermitian) non-positive (see Sect. A.1) diagonal entries, Eq.2.2.14 reads
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I5(q, Ar) = E(g)v/Pexp (V(9)D(9)V*(q) A1) VPE*(q)
= E(q)v'PV(g) exp (D(q) A1)V*(q)v'PE*(g)

= 3 P@RN| S el pv(g) [ (2.2.18)
A 0

I;(g, At) for a fixed ¢ is therefore a sum of A (possibly degenerate) exponential
decays, where the respective decay times are given by the inverse of the diagonal
entries in D(q) and the respective weights are a function of the occupation probabil-
ities of the sublattices p;, the geometry within the unit cell r; in relation to ¢, and
the jump frequencies between the various sites.

I want to point out an analogy of the present problem to another one most solid
state physicists are probably more familiar with: phonon dispersion. In a crystal
composed of A sublattices there are A phonon states for a given wave-vector ¢,
one acoustic and A — 1 optical phonons. The eigenvalues of K'(g) (which are the
diagonal entries of D(q)) behave similarly: for small ¢ they can be divided into one
value describing the decay of long-range correlations and A — 1 values describing the
fluxes between the sublattices. Considerations along the lines of the proof in Sect. A.1
show that the appearance of an additional eigenvalue equal to zero at a ¢ equal to a
reciprocal lattice vector (apart from the “acoustic” eigenvalue) is equivalent to the
lattice’s decomposing into two (or more) systems of sublattices, so that there is no
flux from sites in one system to sites in the other (in the phonon analogy this would
correspond to the artificial example of two interleaved lattices which do not interact,
leading to an optical phonon branch behaving like an additional acoustic branch).
A non-trivial case is the interstitialcy mechanism of diffusion in the diamond lattice,
see Sect.4.1. In this case there is no flux between the two sublattices, so for a ¢ equal
to a reciprocal lattice vector the intermediate incoherent scattering function does not
decay in time.

I want to treat now Eq.2.2.18 in the limit of small ¢ for the non-degenerate case,
i.e. where the lattice does not decompose. Using Eq.2.2.1 it follows that the diagonal
vector of \/5, in the following denoted ,/p. is the “acoustic” eigenvector of K (o)
corresponding to the eigenvalue 0. As x/EE*(q) converges to ,/p for ¢ — o, the
weight of the “optical” decays in Eq.2.2.18 vanishes, leaving only the “acoustic”
decay, the eigenvalue of which goes to 0. For computing the behaviour at small g of
this eigenvalue, in the following denoted d(q) and defined by the equation

d(g)v(g) = K'(q)v(g), (2.2.19)
I write the relevant quantities as power series in g:
d(q) =d°+d'(q) +d*(q) + O(g°).
v(ig) =V’ +v' (@) +Vvi(g) + 0(g"). (2.2.20)
K'(q) = vVP1(K* +K'(q) + KX(@)VP + 0(g?).

Here quantities with 1 in the exponent are linear functions of ¢ and quantities
with 2 are bilinear functions. Expanding in a power series is valid because in the
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non-degenerate case d(q) has a multiplicity of 1 everywhere around ¢ = o and is
therefore an analytical function of the coefficients of the characteristic polynomial
of K'(g). By construction d° is 0 and v° is /P, but also d" is 0 because K'(g) and
therefore also its eigenvalues are even functions in ¢. This leads to the necessity for
the linear terms in g on the right-hand side of Eq.2.2.19 to cancel for all ¢, therefore

K!(g)p + K'/Pv!' = 0. (2.2.21)

K is not invertible, so VPVl is given by
VPV = —(K) 'K (g)p + sp. (2.2.22)
Here (KO)_l denotes the Moore-Penrose pseudoinverse of K’ and sPp spans the

kernel of K due to Eqgs.2.2.1 and 2.2.2 and the fact that the rank of the kernel is 1.
The quantity of interest d(g) follows then as

d(q) = v(9) da(q)V(g) = V(9) K (¢)K(g)
=v(g)"VP-! (Kz«/ﬁvo +K'WVPV! + KOx/ﬁvz) +0(¢*)
—e (sz/ﬁvo + Klﬁvl) +0(g%)
=e(K2g) - K' @K)'K' @) p+ 0@ (2.2.23)

with e = (1,..., 1) and observing the cancellation of various terms. The relevant
matrices are explicitely given by

K’ = Z K(Ax),
Ax

K'(q) = —i ) _(gAn)K(Ax),

Ax

2
Kg)=-) (qux) K(Ax), (2.2.24)
Ax

so Eq.2.2.23 is a non-negative (see Sect. A.1) quadratic form for small ¢
d(g) =q'Dg + 0(g"), (2.2.25)
and the intermediate incoherent scattering function Eq.2.2.18 reads for small ¢
I,(q, Ar) = 9 DaAr (2.2.26)

The description of diffusion in macroscopic terms is given by Fick’s laws. In
Fick’s first law the diffusion tensor D is defined via the phenomenological linear
relation between concentration gradient and mass flux
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j =-DVe. (2.2.27)
Invoking mass conservation leads to Fick’s second law
¢ = VDV, (2.2.28)
or in reciprocal space
&g, 1) = —qDgé(q, 1). (2.2.29)
Solving this equation with a delta distribution as initial condition gives

é(g.1) = e 7' Dar. (2.2.30)

Therefore the quadratic form D describing the behaviour of the intermediate inco-
herent scattering function in Eq.2.2.26 at small q is nothing else than the macroscopic
diffusion tensor. It is given by the macroscopic limit of the self-correlation function
which is experimentally mainly determined from the spreading of a small amount of
radioactive tracer atoms, so it is customarily called the tracer diffusion tensor.

In the degenerate case, where the lattice decomposes into mutually disconnected
sets of sublattices, the problem can be solved on each set alone. Note that this can
give different quadratic forms D for the distinct sets of sublattice. Therefore the non-
degeneracy assumption in the derivation of Eq.2.2.26 is not just for convenience,
in fact in the general case the macroscopic description by Fick’s laws is not valid.
For the above-mentioned case of interstitialcy diffusion in the diamond lattice both
sublattices behave equally at small ¢, so the partial intermediate incoherent scat-
tering functions can be merged and the phenomenological macroscopic behaviour is
recovered.

In the special case where the particles sit on a Bravais lattice and therefore all sites
are equivalent, the diffusion kernel K (Ax) is scalar-valued, has inversion symmetry
and >, K(Ax) = 0. Defining

Tinc(q) = —K(q) = —F(K)(q) = — > K(Ax) cos(qAx)

Ax
= > K(Ax)(1 - cos(gAx)). (2.2.31)
Ax
Eq.2.2.18 has the concise form
Is(q, At) = e Tinc @A, (2.2.32)

[ine is called the incoherent linewidth, as quasi-elastic methods measure it as a line
broadening (see Sect. 3.1). In the Bravais case Eq. 2.2.23 and equivalently Eq.2.2.31
simplify to

(gAx)?
2

d(g) = Tinc(g) = D K (Ax) (2.2.33)
Ax
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for small ¢g. Additionally invoking cubic symmetry leads to the ellipsoid described
by the quadratic form D becoming a sphere, therefore diffusion becomes isotropic,
completely specified by the scalar-valued tracer diffusion constant D with

2
D=3 K(ax) 'Ag” . (2.2.34)
Ax

This equation is called the Einstein relation, where the additional factor 3 in the
denominator compared to Eq. 2.2.33 is due to the value of (g Ax)? averaged over all
directions being

2 2
<(qAx)2> - M. (2.2.35)

It is worth reflecting on the approximations inherent in this section’s consider-
ations. First, in actual metallic systems in most cases diffusion does not happen
by spontaneous, unprovoked hopping, rather it is the result of the migration of a
vacancy. This fact leads to correlations between hopping events. These correlations
can, however, be satisfactorily incorporated into the model in the framework of the
so-called encounter model (see Sect.3.5). The second issue, the influence of the
particle’s surroundings, was already addressed at the beginning of this section. With
interacting particles the jump probabilities are not a strict function of the initial and
target sublattices, but they vary with the surroundings. This leads to the fact that there
is not one single well-defined decay time per sublattice, so the decay gets “stretched”
due to averaging over the distinct surroundings, corresponding to different exponen-
tial decays. Still, in most experimental studies this effect is not drastic, and the data
can be fitted by one exponential per sublattice.

2.3 The Pair-Correlation Function

This section gives an analytic theory of the pair-correlation function in the case
of short-range order on the lattice. The simplification introduced in Sect.2.2, i.e.
describing the systems in the ensemble only by the position of the tagged particle
and accounting for the different surroundings only through an average “effective”
surrounding, does not work here, as the very essence of the pair correlation function
lies in the correlation with other particles. Therefore the temporal evolution of the
positions of all the particles in the system has to be described in a unified approach,
explicitly treating the correlations. Nevertheless, in order to obtain analytic results,
some approximations have to be made, namely the high-temperature limit, i.e. to
treat correlations due to the energetics as first-order perturbations. A further assump-
tion is that the Hamiltonian is given via pairwise interactions. Considering several
sublattices would only obfuscate the ideas presented here, so I assume the particles
to sit on sites of a Bravais lattice. The derivation presented here, which uses classical
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transition state theory [13], leads to the same results as the one given by Sinha and
Ross [11] set in a general framework of lattice dynamics. In the meantime is has
been published as Leitner and Vogl [8]. For a still quicker, although less fundamental
treatment of this problem see the last paragraphs of this section.

A state of the system is described by the occupation function o, thatis, o (x) = 1if
the site x is occupied by a particle and o (x) = 0 if not. The most general Hamiltonian
for pair potentials is given by

Ho)=Vo+ Vi D 0@+ > Vix—yox)ao(y). (2.3.1)
x X,y

In the following only the differences between energies of states in the canonical
ensemble will be required, so the expression

H'(0) =D V(x = y)ox)o(y) (2.3.2)

x,y

can be used without loss of generality. I write
AE(x; Ax,0) = H'(02) — H'(07) (2.3.3)

for the difference in energy between a state o7 with

1 y=x
o1(y) =130 y=x+Ax 2.3.4)
o(y) else
and a state op with
0 y=x
oa(y) =141 y=x-+Ax (2.3.5)
o(y) else.

Described in words, AE(x; Ax, o) is the energy gained (or lost) when moving a
particle from x to x + Ax in the environment specified by o. I write E;(x, x +Ax; o)
for the energy of the saddle point in the energy landscape on the path from x to Ax,
relative to the average of the initial and final energy H'(o1) and H'(02). Equivalently
stated, the energy necessary to invest for raising a particle on its way from x to Ax
onto the saddle point is given by Es(x, x + Ax; o) + AE(x; Ax, 0)/2, for moving
itbackitis Es(x, x + Ax; 0) — AE(x; Ax, 0)/2. These concepts will become more
clear by means of an example in Sect.4.3.

There are two equivalent possible choices for the fundamental dynamic process:
either the particles hop into empty sites (and do not hop if the prospective target site
is occupied) or the occupancy of two sites is exchanged, i.e. if exactly one of the
two is occupied, after the exchange the other is occupied, if either both are occupied
or both are unoccupied, nothing changes. I use the latter concept, as it is symmetric
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under the operation 0 — 1 — o. The rate of exchanges of the occupances of x and
X + Ax can then be written

_AE(x;Ax,0) _ Es(x,x+Ax;0)
W = VAyxE 2kpT e kpT
_ Es(Ax) _ AE(x;Ax,0) _ AFEs (x,x+Ax;0)
=vare FBT e BT ¢ kpT , (2.3.6)

where E(Ax) is the mean saddle point energy for ajump along Ax with AE(x, x+
Ax; o) being the variations around this mean value and va, the attempt frequency
for such a jump [13].

I will now treat the temporal evolution of the system, where the system is initially
in the state 0. Obviously a given site x can either be occupied or unoccupied, so o (x)
is either O or 1. It will turn out that the equation describing the evolution is in first
order linear in o, therefore the same relationship holds also for the expected value,
that is the average value over an ensemble of systems. The reader is invited to choose
the most convenient setting, either a concrete state and transition probabilities or
expected values and their temporal evolution.

6=, (6<x +an(l—o@)e T

Ax
_AE(x;Ax,0) _ Es(x,x+Ax;0)
—ox)(1 —o(x + Ax))e T VAxC kpT

_ Es(Ax) _ AEs(x.x+Ax;0)
— E vare kBT e kgT
Ax

AE(x;Ax,0)

X (G(x + Ax) (1 —o(x))e 5T
_ AE(iAx.o)
—U(x)(l —o(x + Ax))e 2T )

=D Var ((o(x + Ax) — o (x)) (1 — AEs(x’: ; Ax; o))
Ax B
AE(x; Ax,0)
T 2ksT

~20(®)0(x + Ax) + 0 ((E/ks T)Z)) 237

(0(x) +o(x+ Ax)

Here E is a measure for the typical energy variations, in both the saddle point and
the stable positions, i.e. AE(x; Ax,0) = O(E) and AEs(x,x + Ax; 0) = O(E).
Vax = Vax eXp(—Es(Ax)/kpT) is the raw jump frequency neglecting the influence
of energy and correlations.

The system is assumed to be only short-range ordered, this means that

(0@ ()~ (o@)o ) = OE/ksT) (238)
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for x # y. Asboth AE(x; Ax,0) and AE;(x,x + Ax; o) are linear functionals
with respect to o which depend neither on o (x) nor on o (x + Ax), it follows that

(AE(x; Ax, a)o(x)) — (AE(x; Ax, 0))(a(x)) =0 ((E/kB T)2), (2.3.9)

analogously for similar quantities. Applying this to Eq.2.3.7 and cancelling (noting
that (o (x)) is equal to the concentration of particles ¢) shows that

AE(x; Ax,0)

d(x):Zan (a(x+Ax)—o(x)+ kT

Ax

c(1 — c)) (2.3.10)

in first order approximation, in particular the influence of the configuration on the
energetics of the saddle point vanishes, only the energies of the initial and the final
state matter.

Going back to Eq.2.3.2, AE(x; Ax, o) is explicitly given by

AE(x; Ax,0) = D V(x +Ax — y)o(y) = > V(x — y)a(y)
y y

=> V@) (ox+Ax —2) —0(x —2)). (2.3.11)

Z

Defining the amplitude A = F (o) and using basic results about the Fourier transform
of convolutions, the transform in x of above equation reads

F(AEC; Ax, 0))(q) = V() A(g) (¥ — 1), (2.3.12)

where V is the transform of the pair potential V. Using this result the Fourier transform
of Eq.2.3.10 can be given as

. . % igAx _
A(q) — zl’ij (A(q)elqAx _ A(q) + V(‘I)A(Q)(e l)C(l _ C))

Ax kBT
Vig)e(l —c

= A(q) ZﬁAx(cos(qAx) -D{1+ Yiged =) . (2.3.13)

kgT

Ax
In this section’s nomenclatura I'j,. now reads (cp. Eq.2.2.31)
Tinc(g) = D Uax (1 — cos(gAx)), (2.3.14)
Ax

but this time the relevant quantity is the coherent linewidth

(2.3.15)

V(g)e(l —¢)
kgT ’

LCeon(q) = 1—‘inc(q)(l +

giving
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(Alg, 1) = A(g, 0y~ "eon @, (2.3.16)

Writing the time dependence of o explicitly, the pair-correlation function
G(Ax, At) is defined by

G(Ax, Aty =(o(., Jo(.+ Ax, .+ Ar)). (2.3.17)
Note that

G(Ax, At) = (O’(., Jo(.+ Ax, .+ At)) = (0(. — Ax,.— Ao (., .))
= (0(., Jo(.—Ax,.— At)) = G(—Ax, —At). (2.3.18)

Due to time-inversion symmetry G is even in time, using this fact and above result it
is also even in space.

Again using the interplay of Fourier transforming and convoluting the coherent
intermediate scattering function is given by

1(g, A1) := F(G(, AD)(g) = (A(g, VA(g, . + AD) = (A(g+, VA(g, Je~Tean@AT)
= Isro(g)e ™ Teon @A,
(2.3.19)
Isro(q) is the expected value of the intensity, the squared modulus of the amplitude,
due to short-range order, for a given q.
In the framework of the approximations invoked here the intensity can be directly

related to the potential via the Clapp-Moss-relations [3], see Sect. A.2:

1
Isro(q) = V—————, (2.3.20)
(1 + V(q)kcélfo)
therefore
1".
Teon(q) = inc (4) (2.3.21)
Isro(q)

The intensity Isro(q) is measured in Laue units, where one Laue unit is Nc(1 — ¢)
with N the number of lattice sites (this is just the value of the configurational diffuse
scattering of a random alloy). In particular it follows that the coherent linewidth is
equal to the incoherent linewidth for vanishing interactions, and I, = I.

Just as with the intermediate incoherent scattering function in Sect.2.2 also here
the behaviour of ['con(q) for small ¢ is given by a quadratic form corresponding
to a diffusion tensor D. In this case, however, it describes the decay of chemical
fluctuations in the macroscopic limit, I will therefore call it the chemical diffusion
tensor (or chemical diffusion constant in the cubic case). An analogon of the Einstein
relation also holds here, by Eq.2.3.21 the diffusion constant is just the value of the
tracer diffusion constant in Eq.2.2.34 divided by Isro(0).

The fact that the relaxation of fluctuations (i.e. the decay of the coherent interme-
diate scattering function) becomes slower than the value given by Chudley and Elloitt
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[2] for positions in reciprocal space with high intensity has been known qualitatively
under the name de Gennes-narrowing [5] from studies of liquids and colloidal glasses
[1, 4]. It is not difficult to understand: a high Isro(g) means that the particles prefer
to build local arrangements corresponding to a high Fourier component at ¢. The
reason can only be that such arrangements are energetically favoured compared to
other arrangements, therefore it takes more energy to break such arrangements up,
making them longer-lived. However, the fact that the decay is in the first approx-
imation still a single exponential given by the very simple relation (2.3.21), being
only a function of the static energetics, is not so obvious. The simulations in Sect. 4.3
elucidate what happens when the approximations invoked here break down.

I want also to sketch another, less fundamental way of deriving Eq.2.3.21.
I write the pair-correlation function as the sum of the self-correlation function and
the distinct-correlation function

G(Ax, At) = Gy(Ax, At) + Ga(Ax, At), (2.3.22)
equivalently in reciprocal space
(g, A1) = (g, A1) + Lu(q, AD). (2.3.23)

The behaviour of I;(q, At) was derived in Sect. 2.2, it decays with the rate I'jpc(q).
The assumption of equilibrium leads to time-inversion symmetry, therefore Eq.2.2.32
can be generalized to negative time differences

I(q, Ar) = e Tine@IAM (2.3.24)

G4(Ax, At) and therefore /;(q, At) can be seen as the reaction of the surrounding
particles to the occupation of site 0. This reaction happens via diffusion and will there-
fore vary smoothly in time, just as the heat conduction equation smoothes out singu-
larities in the initial or boundary data. I;(q, At) obviously also has time-inversion
symmetry, so with it being smooth everywhere it has a vanishing temporal derivative
at At = 0. Therefore

d d
~Teon(@Isro(@) = T=1(4, AD| 5o = 5321585 AD| g = —Tinc(),
(2.3.25)
and Eq.2.3.21 follows.
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