
Chapter 3
The Equation of Cinquini-Cibrario

3.1 Very Brief Historical Remarks

Although the study of mixed elliptic–hyperbolic equations goes back at least to
Riemann’s computation of the Laplacian in toroidal coordinates (c.f. [46] or p. 461,
(B) of [7]), the first systematic study of well-posedness for boundary value problems
appears to be the memoir by Tricomi [49]. Reasoning from purely mathematical
assumptions, Tricomi studied the equation

yuxx C uyy D 0; (3.1)

where u D u .x; y/: This equation is typically defined on a domain ˝ �� R2

bounded by a smooth Jordan curve � in the upper half plane and the characteristic
lines

x C 2

3
.�y/3=2 D 1; x > 0; (3.2)

x � 2

3
.�y/3=2 D �1; x < 0; (3.3)

in the lower half-plane (Fig. 3.1). Tricomi proved that a unique solution to (3.1)
exists on ˝ provided the values of u .x; y/ are smoothly prescribed on the elliptic
arc � and the characteristic line (3.3).

Tricomi further claimed that any sufficiently smooth equation having the form

˛ .x; y/ uxx C 2ˇ .x; y/ uxy C � .x; y/ uyy C lower order D 0;

for which the discriminant ˇ2 � ˛� changes sign along a smooth curve, is locally
equivalent to (3.1) plus lower order terms. This erroneous statement (which is
repeated, for example, on pp. 81 and 82 of the classic text [11]) was corrected in
the early 1930s by Cinquini-Cibrario, who studied the equation [18]
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48 3 The Equation of Cinquini-Cibrario

Fig. 3.1 A typical Tricomi
domain. The elliptic region is
bounded by the curve � and
lies above the x-axis; the
hyperbolic region is bounded
by the characteristic lines �1;
�2 and lies below the x-axis.
The hyperbolic boundary is
the graph of the equation
y D � f.3=2/ Œ.1� x/�g2=3

xuxx C uyy D 0: (3.4)

Her investigations led to the discovery of a small number of canonical forms,
slightly generalizing (3.1) and (3.4), to which any linear second-order elliptic–
hyperbolic equation is reducible near a point of R2 (see [17], and Chap. 1 of [12]).

It was shortly after Cinquini-Cibrario abandoned her study of elliptic–hyperbolic
equations in favor of other areas of analysis that von Kármán and Frankl’ [22]
independently drew attention to the physical significance of equations closely
related to (3.1), having the forms

yuxx � uyy D 0 (3.5)

and
K .y/uxx C uyy D 0; (3.6)

where
K .0/ D 0 (3.7)

and
yK .y/ > 0 for y ¤ 0: (3.8)

Such equations arise as linear approximations to the quasilinear continuity equation
for steady ideal potential flow in the plane (Sect. 2.7.2, application (i)). The
approximation is valid near the sonic curve, at which the character of the continuity
equation changes from elliptic to hyperbolic type. Equations having the form (3.6) –
possibly including lower-order terms – and satisfying conditions (3.7) and (3.8) are
said to be of Tricomi type (c.f. (1.1)). Despite the importance of Cinquini-Cibrario’s
contribution, equations having the form

K .x/uxx C uyy C lower-order terms D 0; (3.9)

satisfying (3.7) and
xK .x/ > 0 for x ¤ 0; (3.10)
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are said to be of Keldysh type (c.f. (1.2)), in honor of the mathematician who studied
the degeneration of ellipticity in such equations in the early 1950s [30]. We will use
this established terminology, except that (3.4) will be called Cinquini-Cibrario’s
equation, rather than the Keldysh equation as in, e.g., [16].

3.2 Transformation to Canonical Form

In considering canonical forms for elliptic–hyperbolic equations, we ignore lower-
order terms as they do not significantly affect the analysis. Lower-order terms are,
however, often crucial to the existence of solutions to equations having the form
(3.9), as will be shown.

Suppose our equation originally has the form

˛ .x; z/ 'xx C � .x; z/ 'zz D 0; (3.11)

where � is nonvanishing on the domain. (All the models considered in the
sequel will have highest-order terms of this form, either in cartesian or polar
coordinates. The coefficient of 'xz can be set to zero by a standard coordinate
change; see Sect. 1.2 of [12].) Perform the coordinate transformation .x; z/ !
.� .x; z/; � .x; z//; where

� D ˛ .x; z/:

In these coordinates,

˛'xx C �'zz D �
��2x C ��2z

�
'��

C2 .��x�x C ��z�z/ '�� C �
��2x C ��2z

�
'��: (3.12)

If the transformation .x; z/ ! .�; �/ is to be nonsingular, its Jacobian must be
nonvanishing, i.e.,

�x�z � �z�x ¤ 0: (3.13)

In addition, we want the coefficients of the cross term '�� to be zero in the new
coordinates; so, taking into account (3.12), we impose the condition that

��x�x C ��z�z D 0: (3.14)

It is easy for the two first derivatives of � to satisfy (3.13) and (3.14) simultaneously
for given � and �:

Either

i) � and �z never vanish simultaneously on the sonic curve, or else
ii) There exist one or more points .x; z/ on the sonic curve at which

� .x; z/ D �z .x; z/ D 0: (3.15)
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Because � D ˛ .x; z/ and � does not vanish, case ii) is equivalent to the case in
which the characteristics of (3.11) are tangent to the sonic curve; c.f. (2.3).

In case i), in order for � to vanish we would need, given condition (3.14) and the
assumption that � is positive, the additional condition �z D 0: But if � and �z both
vanish, then the coefficient of '�� in (3.12) also vanishes. That is,

��2x C ��2z D 0 (3.16)

whenever � D 0:

Applying (3.14) to (3.12), we obtain from (3.11) the equation

'�� C ��2x C ��2z

��2x C ��2z
'�� D 0: (3.17)

The denominator in the coefficient of '�� cannot be zero: � and �z cannot vanish
simultaneously, and if �x vanishes, then �z must be nonzero in order to preserve
condition (3.13). The numerator in the coefficient of '�� vanishes whenever � D 0;

by the arguments leading to (3.16). Thus (3.17) is an equation having the form

'�� C K .�; �/ '�� D 0; (3.18)

where K .�; �/ D 0 when � D 0; an equation of Tricomi type.
In case ii), condition (3.13) prevents �z from vanishing when �z vanishes. Thus

in case ii) we obtain from (3.11), (3.12), and (3.14) an equation of the form

��2x C ��2z

��2x C ��2z
'�� C '�� D 0; (3.19)

where the numerator in the coefficient of '��; but not the denominator, is zero at one
or more points on the sonic curve when � is zero there. That is, (3.19) is an equation
of the form

K .�; �/ '�� C '�� D 0; (3.20)

where K .�; �/ D 0 when � D 0; an equation of Keldysh type. That is what we
would expect from our interpretation of case ii) as requiring that the characteristics
of (3.11) be tangent to the sonic curve.

This line of reasoning establishes the two canonical forms for equations origi-
nally having the form (3.11). See Sect. 1.2 of [12,17], Sect. 1 of [40], and (75)–(78)
of [52] for similar arguments.

3.3 A Closed Dirichlet Problem Which Is Classically
Ill-Posed

In 1956, Morawetz [38] proved the uniqueness of sufficiently smooth solutions to
open Dirichlet problems, having data prescribed on only part of the boundary, for
certain mixed elliptic–hyperbolic equations of Tricomi type. That result implied that
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the closed Dirichlet problem is over-determined for sufficiently smooth solutions of
such equations.

Morawetz’s result was later extended to a large class of boundary value problems
for Tricomi-type equations, by Manwell ([36] and Sect. 16 of [37]) and by Morawetz
herself [39]. In this section we extend the result to a large class of equations of
Keldysh type.

For given K .x/; define constants a; b; d; and m; where m < a � 0 < d and
b > 0: Consider the domain D formed by the line segments

L1 D f.x; y/ ja � x � d; y D �bg I
L2 D f.x; y/ jx D d;�b � y � bg I
L3 D f.x; y/ ja � x � d; y D bg I

the characteristic line�1 joining the points .m; 0/ and .a;�b/ I and the characteristic
line �2 joining the points .m; 0/ and .a; b/ I see Fig. 3.2.

We consider equations having the form

Lu � K .x/uxx C uyy C K 0.x/
2

ux D 0; (3.21)

where K satisfies conditions (3.7) and (3.10). We assume for convenience that K is
C1; and monotonic on the hyperbolic region, but the result clearly extends to weaker
hypotheses on K : For example, the monotonicity hypothesis on K is imposed only
in order to simplify the graphs of the characteristic lines, which in turn simplifies
the proof of Theorem 3.1 in the hyperbolic region. See also the discussion of the
type-change function (3.32), below.

As an example, choose K .x/ D x2k0�1 for k0 2 ZC: The operator L under
this choice of type-change function is an analogue, for equations of Keldysh type,

Fig. 3.2 The domain D
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of the well known Gellerstedt operator [24] for equations of Tricomi type. Other
roughly equivalent examples are the polar-coordinate forms of an equation arising
from a uniform asymptotic approximation of high-frequency waves near a caustic
(Chap. 5) and of the equation for harmonic fields on the extended projective disc
(Chap. 6). Both equations can be put into the form (3.21) in the cartesian r�-plane,
with the x-axis replaced by the line r D 1 as a sonic line.

The y-axis divides the domain D of (3.21) into the subdomains

DC D f.x; y/ 2 D jx � 0g ;

and D� D DnDC: Equation (3.21) is (non-uniformly) elliptic for .x; y/ 2 DC:

Theorem 3.1. Let u .x; y/ be a sufficiently smooth solution of (3.21) on D [ @D ;
with K satisfying conditions (3.7) and (3.10). Assume that K isC1; and monotonic
on D�: If u vanishes identically on the non-characteristic boundary, then u � 0 on
all of D :

Remark. Regarding the required smoothness of the solution u; in the proof we
assume as in [40] that u is a twice-continuously differentiable solution of (3.21)
up to the boundary, and is identically zero on the noncharacteristic boundary; see
also [39]. However, the theorem remains true under the weaker assumption that u is
continuous on D [@D and has first partial derivatives which are sufficiently smooth
so that the integral

I D
Z .x;y/

0

h
K .x/u2x � u2y

i
dy � 2uxuydx (3.22)

is continuous on D [ @D I c.f. [38].

Proof. We follow the approach of [38–40]. Differentiating the auxiliary function I
under the integral sign, we observe that

@

@y

��2uxuy
� � @

@x

h
K .x/u2x � u2y

i
D ��2uxyuy � 2uxuyy

�

� �K 0.x/u2x C 2K .x/uxuxx � 2uyuyx
�

D �2uxuyy � �
K 0.x/u2x C 2K .x/uxuxx

�

D �2ux

�
uyy C K 0.x/

2
ux C K .x/uxx

�
D 0;

using (3.21) and the equivalence of mixed partial derivatives. We conclude that there
exists a function � .x; y/ such that

�x D �2uxuy (3.23)
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and
�y D K .x/u2x � u2y: (3.24)

We will first show that u vanishes identically in DC: To accomplish this, we must
show that u vanishes identically on the sonic line x D 0: Once we have shown that,
we will have zero boundary conditions on DC: We will complete the proof for the
elliptic region by invoking Proposition 2.1.

Because u � 0 on L1;we conclude that ux vanishes identically on that horizontal
line. Thus we have, by (3.23),

�x D 0 on L1: (3.25)

Also, u � 0 on L3; so ux D 0 on that horizontal line as well, implying that

�x D 0 on L3: (3.26)

Equations (3.25) and (3.26) imply that on L1 and L3; � is a function of y only. But
y is constant on those two horizontal lines, implying that

� D c1 on L1

and
� D c2 on L3;

where c1 and c2 are constants. On the line L2; u � 0; implying that uy D 0 on that
vertical line. Also, K .x/ > 0 on L2: These facts imply, using (3.24), that �y � 0

on L2; which in turn implies that

c2 � c1: (3.27)

On the line x D 0; K D 0; implying by (3.24) that �y � 0 on that vertical line.
This is turn implies that

c2 � c1: (3.28)

Inequalities (3.27) and (3.28) are in contradiction unless c1 D c2: Taking into
account that � cannot increase with increasing y on the line x D 0; it also cannot
decrease with increasing y; as it would then have to increase in order to return to its
initial value at the endpoint. This implies that �y D 0 on the y-axis. Using (3.24)
again, we find that on the y-axis,

� u2y D 0; (3.29)

so the function u .0; y/ is constant there. Because

u .0;�b/ D u .0; b/ D 0;

that constant is zero. Thus on the rectangle @DC we have a closed Dirichlet problem
having homogeneous boundary conditions.
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Proposition 2.1 of Sect. 2.4.1 implies that the C2 function u attains both its
maximum and minimum values on the boundary. Because it is identically zero there,
u must be zero in all of DC:

We obtain the identical vanishing of u on the hyperbolic region by integration
along characteristic lines as in [1]. We have

d� D �xdx C �ydy D ��2uxuy
�
dx C

h
K .x/u2x � u2y

i
dy:

On characteristic lines,
dx D ˙p�K .x/dy

and

d� D
h
�2uxuy

p
�K .x/C K .x/u2x � u2y

i
dy

D �
hp�K .x/ux ˙ uy

i2
dy � 0: (3.30)

Thus � is nonincreasing in y on any arbitrarily chosen characteristic.
Initially, take a D 0:

Because u � 0 on the sonic line x D 0; we conclude that uy D 0 on that
vertical line. So �x D 0 on the sonic line by (3.23). BecauseK.0/ D 0;we conclude
that �y D 0 on the sonic line by (3.24) and (3.29). Beginning at the point .0;�b/;
proceed along �1 to .m; 0/ and then along �2 to .0; b/: Expression (3.30) implies
that � will not increase in y along this path from .0;�b/ and .0; b/: Because � is
equal to the same constant at those two points, � must be constant in y along �1[�2:
(If � decreased in y at any point along such a path, it would have to increase in y at
a later point in order to return to its constant value at .0; b/: And it cannot increase
in y along a characteristic.) Ascending along the y-axis from the point .0;�b/; for
any initial point above .0;�b/ and any terminal point below .0; b/ on the y-axis we
can always find a pair of characteristic lines intersecting at some point on the x-axis
to the right of .m; 0/: We conclude that �y D 0 on D�: But then (3.24) implies that

K .x/u2x D u2y on D�: (3.31)

Because K < 0 on D�; we are forced to conclude from (3.31) that ux D uy D 0

on D�: This is turn implies that u is constant on D�: Because u � 0 on the sonic
line, that constant must be zero by the smoothness of u:

Now take a < 0: Because �x D 0 on L1 and L3; � remains constant between
.0;�b/ and .a;�b/ and between .0; b/ and .a; b/: Moreover, �y remains non-
positive along �1 and �2: As we move the initial and terminal points to the right
along L1 and L3 in D�; we can always find a pair of characteristic lines which
intersect at a point on the x-axis to the right of .m; 0/: Arguing as in the case a D 0;

we again conclude that u � 0 on D�: This completes the proof of Theorem 3.1. ut
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In the special case in which K is an analytic function, we do not require a
maximum principle, so we do not need to show that u D 0 on the line x D 0:

Rather, we observe that uy D 0 on L2 as u � 0 on that vertical line. Our analysis
of the constants c1 and c2 implies that �y D 0 on L2 as well. Because in addition,
K > 0 on L2; (3.24) implies that ux D 0 on L2:We use this last identity as Cauchy
data for the Cauchy–Kowalevsky Theorem, to argue that u remains equal to zero as
one moves in the negative x-direction away from L2 along the rectangle DC: This
argument was applied in [40].

An example of a natural type-change function which is not analytic is the
function

K .x/ D sgnŒx�; (3.32)

which yields an analogue, for equations of Keldysh type, of the Lavrent’ev–Bitsadze
equation (2.5). Although such K .x/ is also not C1; our proof will work for this
choice of K provided (3.21) is suitably interpreted.

Corollary 3.1. The closed Dirichlet problem for (3.21) on D is over-determined
for u and D defined as in Theorem 3.1.

Proof. Suppose that u1 and u2 are two such solutions of the open Dirichlet problem
for (3.21) on D ; with data prescribed only on L1; L2; and L3: Then U � u2 � u1
satisfies the hypotheses of Theorem 3.1. We conclude that u1 D u2 in D : That is,
any sufficiently smooth solution to (3.21) is uniquely determined by data given on
the non-characteristic boundary. So the problem is over-determined for sufficiently
smooth solutions if data are given on the entire boundary. This completes the proof.

ut
Theorem 3.2. The conclusion of Theorem 3.1 remains true if the Dirichlet condi-
tions on the non-characteristic boundary of D are replaced by the following mixed
Dirichlet–Neumann conditions: uy � 0 on L1 and L3I u � 0 on L2:

Proof. The existence of � satisfying (3.23) and (3.24) is established by the same
arguments as in the proof of Theorem 3.1. The condition that uy D 0 on L1 and L3

implies that �x D 0 on those horizontal lines. So the proof of Theorem 3.1 implies
that � is equal to a constant c0 on L1 and L3: Because u D 0 on L2; (3.23) and
(3.24) imply that � is equal to c0 on L2 as well. The arguments leading to (3.29)
imply that u is constant on the line x D 0 (but not necessarily equal to zero, as we
no longer assume the vanishing of u on the lines L1 and L3/: So (3.23) and (3.24)
imply that � is constant on the line x D 0: Because of the conditions on L1 and L3;

that constant is equal to c0: Thus we conclude that � is equal to c0 on the rectangle
@DC:

A direct calculation, using (3.21), (3.23), (3.24), and the identity of mixed partial
derivatives, shows that � satisfies

K .x/�xx C �yy C K 0.x/
2

�x D 0:
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Now Proposition 2.1 implies that � is a constant (not necessarily zero) in DC: In
particular, (3.23) implies that

�x D �2uxuy D 0;

so ux D 0 and/or uy D 0: If ux D 0; then u � 0 in DC because u D 0 on L2: If
uy D 0; then (3.24) and the constancy of � imply that

�y D K u2x D 0:

Because K > 0 on DCn fx D 0g ; we conclude that ux D 0 on DCn fx D 0g:
Because u D 0 on L2; we again conclude that u � 0 on DCn fx D 0g: The
smoothness of u implies that u is also zero on the line x D 0:

The proof that u � 0 in D� is the same as in the proof of Theorem 3.1. ut
Corollary 3.2. Let f1; f2; and f3 be given functions defined on the arcs L1; L2;

and L3; respectively. The mixed Dirchlet–Neumann problem in which uy D f1 on
L1; uy D f3 on L3; u D f2 on L2; and any boundary conditions at all are imposed
on the characteristic lines, is over-determined for sufficiently smooth solutions of
(3.21) in D :

Regarding the material in this section, see also Theorems 6.1 and 6.2, below, in
which an equation of the form (3.21) is defined on domains having geometry which
differs from that of the domain of Fig. 3.2. Note that conditions (3.7) and (3.10) are
not satisfied in those cases, but the arguments of this section can still be applied.

3.4 A Closed Dirichlet Problem for Distribution Solutions

Although the closed Dirichlet problem is ill-posed for classical solutions, it may be
well-posed for solutions having weaker properties.

3.4.1 Almost-Correct Boundary Conditions

As we mentioned in Sect. 2.3, the solutions to closed boundary value problems that
we will obtain for equations of Keldysh type are a little smoother than generic
distribution solutions. The latter fail to lie in a classical function space, whereas our
distribution solutions will lie in L2: They are called weak solutions by Berezanskii –
c.f. (2.13) of [10], Sect. II.2; but they do not correspond to weak solutions as defined
in other standard texts, e.g., [31] or [41].

Define, for a given C1 function K .x; y/; the space L2 .˝I jK j/ and its dual as
in Sect. 2.4.2. In this chapter we take the type-change function to depend only on
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x; as in Cinquini-Cibrario’s original papers. But many of the results will generalize
to more complicated choices of K : For example, the results of Sects. 3.3 and 3.4
extend easily to the cold plasma model as presented in Chap. 4, below, in which
K D x � y2I see Sect. 3 of [40] and Sects. 2 and 3 of [43].

Recall that a Hilbert space H is said to be rigged if there is a subspace V � H
for which

V � H � V �;

where V � is the space dual to V in the “test function” topology. If L is formally
self-adjoint on distributions, there exists a unique, continuous, self-adjoint extension

L W H1
0 .˝I K / ! H�1 .˝I K /;

leading to the rigged triple of Hilbert spaces

H1
0 .˝I K / � L2.˝/ � H�1 .˝I K /:

The dual space H�1 .˝IK/ is defined via the negative norm

jjwjjH�1.˝IK/ D sup
0¤'2C1

0 .˝/

jhw; 'ij
jj'jjH1

0 .˝;K/

;

Here h ; i is the Lax duality bracket (or duality pairing), motivated by the Schwarz
inequality

jhw; 'ij � jjwjjH�1.˝IK /jj'jjH1
0 .˝IK / (3.33)

for w 2 H�1 .˝I K / and ' 2 H1
0 .˝I K / I see [9] for a detailed discussion.

The key technical step in the majority of existence proofs in these notes is an
energy inequality having the form

jjujjU � C jjLujjV ; (3.34)

where U and V are appropriately chosen spaces of functions or distributions. (In
the more general case in which L is not formally self-adjoint, the term Lu on the
right-hand side of (3.34) is replaced by L�uI see Appendix A.2.) The choices in our
case reduce to:

i) U D H1
0 .˝I K /; V D L2.˝/;

or
ii) U D L2 .˝I jK j/; V D H�1 .˝I K /:

Roughly speaking, choice i) leads to considerably less regularity than choice ii);
but (3.34) is considerably harder to establish for choice ii) than for choice i).

In particular, it is sufficient for the existence of an L2 solution to boundary value
problems for the operator equation

Lu D f; (3.35)
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where f is a given distribution depending on .x; y/; that inequality (3.34) hold on
˝ with U and V defined as in case i). This argument seems to have originated in
the work of Berezanskii [8] on so-called “almost-correct” boundary conditions.

In order to prove uniqueness of the solution and the satisfaction of boundary
values in a stronger sense than duality, one would like to establish (3.34) for U
and V defined according to choice ii). This will be accomplished in Sect. 4.3, for a
different choice of type-change function. The failure of the methods of that section
to apply in an obvious way to the type-change functions of the present chapter will
be analyzed in Sect. 4.5.

3.4.2 The Existence of Distribution Solutions

Consider equations having the form (3.35), where f is a given function or
distribution defined on points .x; y/ 2 ˝: By a distribution solution of (3.35) with
the boundary condition

u.x; y/ D 08.x; y/ 2 @˝ (3.36)

we mean a function u 2 L2.˝/ such that 8� 2 H1
0 .˝I K / for which L�� 2

L2.˝/; we have �
u; L��

� D hf; �i: (3.37)

Notice that distribution solutions to a homogeneous Dirichlet problem need not
vanish on the boundary. (An example of one that does not is based on the
fundamental solution to the Tricomi equation: Example 2.4 of [32].)

We will restrict our discussion to the formally self-adjoint operator

L.K DxIkD1/u D xuxx C ux C uyy; (3.38)

which is a special case of the operator introduced in (2.12).

Lemma 3.1. Denote by ˝ any bounded, connected subdomain of R2 having
piecewise smooth boundary with counter-clockwise orientation. Let u be any C2

0

function on˝: Then
jjujjH1

0 .˝Ix/ � C jjL.xI1/ujjL2.˝/: (3.39)

Remark. In general the operator on the right is the adjoint of L; which in the case
of L.K I1/ is L itself. In the proof we will suppress the subscripts of L:

Proof. The proof is similar to the proof of Theorem 2 of [43], and is based on ideas
in Sect. 2 of [32].

For a positive constant ı � 1; define the function

M u D au C bux C cuy; (3.40)
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where a D �1; c D 2 .2ı � 1/ y; and

b.x/ D
�

exp .2ıx=Q1/ if x 2 ˝C
exp .6ıx=Q2/ if x 2 ˝� :

Here ˝C D fx 2 ˝ j x � 0g and˝� D ˝n˝C: Choose Q1 D exp .2ı�1/; where
�1 D max

x2˝C

x: Define the negative number �2 by �2 D minx2˝�

x and let
Q2 D exp .�2/: For example, if ˝ D D ; where D is the domain of Sect. 3.3, then
�1 D d and �2 D m: (The constants a and b defined in this section have nothing to
do with the constants a and b defined in the preceding section.)

Notice that on ˝C;

2ıx � 2ı�1 � 2ı�1e
2ı�1 D Q1 logQ1;

or
2ıx

Q1

� logQ1:

Exponentiating both sides, we conclude that b � Q1 on ˝C:
Choose ı D ı .˝/ to be sufficiently small so that 6ı < Q2: Then on ˝�;

6ıx � 6ı�2 D 6ı logQ2 > Q2 logQ2;

so b > Q2 on ˝�:
The coefficient b.x/ exceeds zero and is continuous but not differentiable on

the y-axis. When we integrate over ˝; it is necessary to introduce a cut along the
y-axis, which is analogous to the procedure employed in [32, 33]. The boundary
integrals involving a; b; and c on either side of this line will cancel. Integrating by
parts using Proposition 2.3 with K .x/ D x and k D 1; we obtain

.M u; Lu/ D
Z Z

˝C[˝�

˛u2x C �u2y dxdy; (3.41)

where

˛˝C

D ı

	
2 � b

Q1



x C b

2
� ıxI

˛˝� D ı

	
2 � 3 b

Q2



x C b

2
� ıjxjI

if ı is sufficiently small, then there is a positive constant " such that

�˝C
D 2C ı

�
b

Q1

� 2

�
� "
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and

�˝� D 2C ı

�
3b

Q2

� 2

�
� ":

The path integral in Proposition 2.3 does not appear in (3.41) because u has compact
support in ˝:

Let
ı0 D min fı; "g:

Then

ı0
Z Z

˝

�
jxju2x C u2y

�
dxdy � .M u; Lu/

� jjM ujjL2jjLujjL2

� C.˝/

	Z Z

˝

�
jxju2x C u2y

�
dxdy


1=2
jjLujjL2.˝/;

where we have used Proposition 2.2 in obtaining the bound on the L2-norm ofM u:
(In the proof of that proposition it is sufficient for u to be C1 and to vanish on @˝:)
Dividing through by the weighted double integral on the right completes the proof
of Lemma 3.1. ut

This leads to the following existence result:

Theorem 3.3. The Dirichlet problemL.K Ik/u D f with boundary condition (3.36)
possesses a distribution solution u 2 L2.˝/ for every f 2 H�1.˝I K / whenever
K D x and 	 D 1:

Proof. The proof for our case is essentially identical to the proof in the well known
case of Tricomi-type operators (c.f. [32], Theorem 2.2). Again we suppress the
subscripts of LI but for generality we distinguish L from its adjoint L�; although
under the hypotheses of the theorem the two operators are equal. Define for � 2 C1

0

a linear functional
Jf
�
L��

� � hf; �i: (3.42)

This functional is bounded on a subspace of L2 by the inequality

jhf; �ij � jjf jjH�1.˝Ix/jj�jjH1
0 .˝IK /; (3.43)

provided we apply Lemma 3.1 to the variable � in the second term on the right.
Precisely, Jf is a bounded linear functional on the subspace M ofL2 .˝/ consisting
of elements having the form L�� with � 2 C1

0 .˝/: The Hahn–Banach Theorem –
Theorem 2.1 of Sect. 2.4.4 – allows us to extend Jf to an operator Jf defined on
the closure M of M in L2.˝/; where in the notation of the theorem, B D M ;

` D Jf ; and L D Jf : Now we can take � to lie in H1
0 .˝I K /; on the basis

of arguments such as those in Sect. 2.4.2, and conclude that Jf is bounded on M
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for any � 2 H1
0 .˝I K / 3 L� 2 L2 .˝/: Extending by zero on the orthogonal

complement of M ; we obtain a bounded linear functional on all of L2.˝/:
Apply the Riesz Representation Theorem – Theorem 2.2 of Sect. 2.4.4, taking

H D L2 .˝/; T D Jf ; and X D L��: We conclude that there is a vector u 2 L2
such that �

u; L��
� D Jf

�
L��

�
:

But the extension of (3.42) to the functional J implies that

�
u; L��

� D hf; �i

8 � 2 H1
0 .˝I K / 3 L� 2 L2 .˝/: This is our definition (3.37) of distribution

solution. ut
These results have been extended to elliptic–hyperbolic operators having a wide

range of lower-order terms, which may not be associated with a formally self-
adjoint differential operator, but which use the type-change function of Chap. 4;
see [43], Sect. 2. Note, however, that the extension of type-change functions of the
form K .x/ to type-change functions of the form K .x; y/; whatever their other
complications, may simplify the absorption of a nonzero value for the coefficient ˇ
in (3.41).

3.5 A Strong Solution to an Open Dirichlet–Neumann
Problem

In order to find solutions having stronger regularity properties, we restrict our
attention to a favorable class of domains.

3.5.1 D-Star-Shaped Domains

Following Lupo and Payne (Sect. 2 of [34]), we consider a one-parameter family
 
 .x; y/ of inhomogeneous dilations given by

 
 .x; y/ D �

�˛x; 
�ˇy

�

for ˛; ˇ; 
 2 RC; and the associated family of operators

�
u D u ı 
 � u
:

Denote by D the vector field

Du D
	
d

d

u





j
D1
D �˛x@x � ˇy@y: (3.44)
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a b

Fig. 3.3 (a) The left-hand domain is star-shaped in the conventional sense; (b) the complement
of the region enclosed by the parabola in the right-hand domain is star-shaped with respect to a
vector field of the form (3.44) for which ˛ ¤ ˇ

An open set ˝ 	 R2 is said to be star-shaped with respect to the flow of D if
8 .x0; y0/ 2 ˝ and each t 2 Œ0;1� we have Ft .x0; y0/ � ˝; where

Ft .x0; y0/ D .x.t/; y.t// D �
x0e

�˛t ; y0e�ˇt �:

If a domain is star-shaped with respect to a vector field D; then it is possible
to “float” from any point of the domain to the origin along the flow lines of the
vector field. If these flow lines are straight lines through the origin .˛ D ˇ/; then
we recover the conventional notion of a star-shaped domain. (See Fig. 3.3.) By an
appropriate translation, the origin can be replaced by any point .xs; ys/ in the plane
as a source (or limit point) of the flow. In that case we obtain a translated function
QFt for which

lim
t!1

QFt .x0; y0/ D .xs; ys/ 8 .x0; y0/ 2 ˝:
Moreover, whenever a domain is star-shaped with respect to the flow of a vector
field satisfying (3.44), the domain boundary will be starlike in the sense that

.˛x; ˇy/ 
 On .x; y/ � 0;

where On is the outward-pointing normal vector on @˝I see Lemma 2.2 of [34]. In
equivalent notation, given a vector field V D � .b; c/ and a boundary arc � which
is starlike with respect to V; the inequality

bn1 C cn2 � 0 (3.45)

is satisfied on �:
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3.5.2 Admissible Domains

The following theorem is an “admissibility result” in the sense that we assume that
the domain ˝ supports a host of inequalities with respect to various parameters
of the problem and show that solutions exist on such a domain. In that case it
is necessary to show that reasonable examples of admissible domains exist, and
this will be done subsequently. Note that the term “admissible,” when applied to a
domain, does not mean exactly the same thing as it does when applied to boundary
conditions.

Theorem 3.4 ([44]). Let ˝ be a bounded, connected domain of R2 having C2

boundary @˝; oriented in a counterclockwise direction. Let @˝C
1 be a (possibly

empty and not necessarily proper) subset of @˝C: Let inequality (3.45) be satisfied
on @˝Cn@˝C

1 : On @˝C
1 let

bn1 C cn2 � 0 (3.46)

and on @˝n@˝C; let

� bn1 C cn2 � 0: (3.47)

Let b.x; y/ and c.x; y/ satisfy

b2 C c2K ¤ 0 (3.48)

on ˝; with neither b nor c vanishing on ˝C; and let

K .bn1 � cn2/
2 C .cK n1 C bn2/

2 � 0 on @˝n@˝C: (3.49)

Let L be given by (2.13), (2.14) and let EL be symmetric positive, where

E D
�
b �cK
c b

�
:

Let the Dirichlet condition

� u1n2 C u2n1 D 0 (3.50)

be satisfied on @˝Cn@˝C
1 and let the Neumann condition

K u1n1 C u2n2 D 0 (3.51)

be satisfied on @˝C
1 : Then (2.13), (2.14) possess a strong solution on˝; in the sense

of Sect. 2.5, for every f 2 L2.˝/:
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Remark. Let the operator L be given by

.Lu/1 D xu1x C u2y C 	1u1 C 	2u2; (3.52)

.Lu/2 D u1y � u2x; (3.53)

where 	1 and 	2 are constants. Sufficient conditions for the system to be symmetric
positive are

2b	1 � bxK � b C cyK > 0 in ˝ (3.54)

and

�
2b	1 � bxK � b C cyK

� �
2c	2 C bx � cy

�

� �b	2 C c	1 � cxK � c � by
�2
> 0 in ˝: (3.55)

Proof. For all points . Qx; Qy/ 2 @˝; decompose the matrix

ˇ . Qx; Qy/ D
�

K .bn1 � cn2/ cK n1 C bn2
cK n1 C bn2 � .bn1 � cn2/

�

into a matrix sum having the form ˇ D ˇC C ˇ�:
On @˝Cn@˝C

1 ; decompose ˇ into the submatrices

ˇC D
�

K bn1 bn2
K cn1 cn2

�

and

ˇ� D
��K cn2 K cn1

bn2 �bn1
�
:

Then ˇ�u D 0 under boundary condition (3.50). We have

�� D .bn1 C cn2/

�
K 0

0 1

�
;

so condition (3.45) implies that the Dirichlet condition (3.50) is semi-admissible on
@˝n@˝C

1 :

On @˝C
1 ; choose

ˇC D
��K cn2 K cn1

bn2 �bn1
�

and

ˇ� D
�

K bn1 bn2
K cn1 cn2

�
:
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Then ˇ�u D 0 under the Neumann boundary condition (3.51), and

�� D � .bn1 C cn2/

�
K 0

0 1

�

is positive semi-definite under condition (3.46).
On @˝n@˝C; choose ˇC D ˇ and take ˇ� to be the zero matrix. Then � D

�� D ˇ and
�11 D K .bn1 � cn2/:

Because �11 is non-negative by (3.47), �� is positive semi-definite by inequality
(3.49); so no conditions need be imposed outside the elliptic portion of the boundary.
We conclude that the boundary conditions are semi-admissible.

Now we prove admissibility:
On @˝Cn@˝C

1 the null space of ˇ� is composed of vectors satisfying the
Dirichlet condition (3.50), which is imposed on that boundary arc. The null space
of ˇC is composed of vectors satisfying the adjoint condition (3.51). On @˝C

1 ; this
relation is reversed. In order to show that the direct sum of these null spaces spans
the two-dimensional space Vj@˝C

; it is sufficient to show that the set

��
1

n2=n1

�
;

�
1

�K n1=n2

�


is linearly independent there. Setting

c1

�
1

n2=n1

�
C c2

�
1

�K n1=n2

�
D
�
0

0

�
;

we find that c1 D �c2 and

� c2

�
n22 C K n21
n1n2

�
D 0: (3.56)

Recall that the elliptic boundary is that part of the domain boundary on which the
type-change function K is positive. Equation (3.56) can only be satisfied on the
elliptic boundary if c2 D 0; implying that c1 D 0: Thus the direct sum of the null
spaces of ˇ˙ on @˝C is linearly independent and must span V over that portion of
the boundary.

On @˝n@˝C; the null space of ˇ� contains every 2-vector and the null space of
ˇC contains only the zero vector; so on that boundary arc, their direct sum spans V :

On @˝Cn@˝C
1 ; the range RC of ˇC is the subset of the range R of ˇ for which

v2n1 � v1n2 D 0 (3.57)

for .v1; v2/ 2 V I the range R� of ˇ� is the subset of R for which

K v1n1 C v2n2 D 0 (3.58)
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for .v1; v2/ 2 V :Analogous assertions hold on @˝C
1 ; in which the ranges of RC and

R� are interchanged. Because if n1 and n2 are not simultaneously zero the system
(3.57), (3.58) has only the trivial solution v2 D v1 D 0 on @˝C; we conclude that
RC \ R� D f0g on @˝C:

On @˝n@˝C;R� D f0g; so RC \ R� D f0g trivially.
The invertibility ofE under condition (3.48) completes the proof of Theorem 3.4.

ut
By taking @˝C

1 to be either the empty set or all of @˝C; Theorem 3.4 implies
the existence of strong solutions for either the open Dirichlet problem or the open
Neumann problem for the system (2.13), (2.14).

The argument leading to (3.56) suggests that the Tricomi problem (Sect. 3.1)
is strongly ill-posed under the hypotheses of the theorem. This is because in the
Tricomi problem, data are given on both the elliptic boundary and a characteristic
curve; but on characteristic curves, K satisfies

K D �n
2
2

n21
: (3.59)

Substituting this equation into (3.56), we find that the equation is satisfied on
characteristic curves without requiring the constants c1 and c2 to be zero.

However, the theorem is less restrictive if the operator in (2.13) is given by

.Lu/1 D xu1x � u2y C 	1u1 C 	2u2;

.Lu/2 D �u1y C u2x; (3.60)

where, again, 	1 and 	2 are constants. This variant is analogous to the variant of the
Tricomi equation,

yuxx � uyy C zeroth-order terms D 0;

studied in various contexts by Friedrichs [23], Katsanis [28], Sorokina [47,48], and
Didenko [20]. In that case, choose

E D
�
b cK

c b

�
:

Obvious modifications of conditions (3.54) and (3.55) guarantee that the equation

ELu D Ef

will be symmetric positive. Condition (3.48) must be replaced by the invertibility
condition

b2 � c2K ¤ 0;
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which is restrictive on the subdomain ˝C rather than on ˝� as in (3.48). Most
importantly, the discussion leading to Table 1 of [29] now applies, with only minor
changes, and one can obtain a long list of possible starlike boundaries which result
in strong solutions to suitably formulated problems of Dirichlet or Neumann type.
In particular, one can formulate a Tricomi problem which is strongly well-posed.

The hypotheses of Theorem 3.4 have a rather formal appearance, but many of
the conditions have natural interpretations. For example, inequalities (3.45), (3.46),
and (3.47) are satisfied whenever boundary arcs are starlike with respect to an
appropriate vector field. Moreover, (3.49) is always satisfied on the characteristic
boundary:

Proposition 3.1. Let � be a characteristic curve for (2.13), with the higher-order
terms of the operatorL satisfying (2.14). Then the left-hand side of inequality (3.49)
is identically zero on �:

Proof. We have, using (3.59),

.cK n1 C bn2/
2 D c2K 2n21 C 2K cbn1n2 C b2n22

D �c2K 2 n
2
2

K
C 2K cbn1n2 � b2K n21

D �K
�
c2n22 � 2cbn1n2 C b2n21

�

D �K .cn2 � bn1/
2 :

Substituting the extreme right-hand side of this equation into the second term of
(3.49) completes the proof. ut

3.5.3 An Example of an Admissible Domain

A simple example which illustrates the hypotheses of Theorem 3.4 can be con-
structed for the case K .x/ D x: In that case the system (2.13), (2.14) can be
reduced, by taking u1 D ux; u2 D uy; and f D 0; to the original Cinquini-Cibrario
equation (3.4). We will consider the formally self-adjoint case, corresponding to the
equation

Lu D K .x/uxx C uyy C K 0.x/ux;

with K .x/ D x ((3.52) with 	1 D 1 and 	2 D 0). Choose b D x C M; where
M is a positive constant which is assumed to be large in comparison with all other
parameters of the problem � in particular, b > 08x 2 ˝; c D � .y C 5/; where �
is a small positive constant; .n1; n2/ D .dy=ds;�dx=ds/; where s is arc length on
the boundary. We obtain a symmetric-positive system satisfying inequality (3.48)
forM sufficiently large.
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Fig. 3.4 The domain ˝.
The cusps at the points
.�4; 0/ and .0;˙4/ can be
smoothed out as described in
the text. The upper curve is
the characteristic
y D �2p�xC4: The lower
curve is the characteristic
y D 2

p�x � 4

Let the hyperbolic region ˝� be bounded by intersecting characteristic curves
originating on the sonic line. Condition (3.49) is satisfied on @˝� by Proposition
3.1. Condition (3.47) is satisfied forM sufficiently large. As a concrete example, let
@˝� D � � [ � C; where

� ˙ D ˚
.x; y/ 2 ˝�jy D ˙2 �p�x � 2

��
:

These curves intersect at the point .�4; 0/: Their intersection is not C2; but it
can be easily “smoothed out” (by the addition of a small noncharacteristic curve
connecting the points .�4C ı0;˙ı1/ for 0 < ı0; ı1 � 1) without violating either
of the governing inequalities. Let the elliptic boundary @˝C be a smooth convex
curve, symmetric about the x-axis, with endpoints at .0;˙4/ on the sonic line.
Let the disconnected subset @˝C

1 of @˝C take the form of two small “smoothing
curves,” on which the slope of the tangent line to @˝C changes sign in order to
prevent a cusp at the two endpoints. Inequality (3.45) is satisfied on @˝Cn˝C

1 and,
again assuming that M is sufficiently large, inequality (3.46) is satisfied on the two
smoothing curves comprising @˝C

1 :

The domain ˝ of this construction, shown in Fig. 3.4, is nearly identical to one
originally considered by Cinquini-Cibrario � which is illustrated in Fig. 2 on p. 277
of [19]. However, in order for the analysis to apply, the cusps near the points .�4; 0/
and .0;˙4/ should be smoothed out as described above.

Theorem 3.4 implies that strong solutions to an open, homogeneous, mixed
Dirichlet–Neumann problem for the first-order inhomogeneous form of Cinquini-
Cibrario’s equation exist on this natural class of domains for any square-integrable
forcing function.

3.6 Relation to Magnetically Dominated Plasmas

Maxwell’s equations for a magnetic field B (with �0 D 1 and ignoring the electric
field E) assume the form
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r � B D j; (3.61)

r 
 B D 0: (3.62)

The first equation gives the relation between the field and the current j; while the
second equation asserts the absence of magnetic monopoles. Equation (3.61) implies
that

j � B D .r � B/ � B: (3.63)

In, e.g., atmospheric plasma or in magnetized thermonuclear fusion in toroidal
geometries, the left-hand-side of (3.63) is equal to rp; where p is atmospheric
pressure in the former case, and the kinetic pressure of a magnetized confined
plasma in the latter case. One then obtains the full magnetostatic equations, in which
the equation

j � B D rp (3.64)

is appended to (3.61) and (3.62).
In the special case of zero pressure, we obtain the Beltrami equations, which

consist of (3.62) and the additional equation

.r � B/ � B D 0: (3.65)

These describe so-called force-free fields. Examples include equilibrium magnetic
fields in the solar corona.

In the solar physics literature, one usually encounters (3.65) in the form of an
eigenvalue equation for the curl operator,

r � B D ˛B; (3.66)

where ˛ is a scalar function. Taking into account (3.61), we observe that ˛ has a
physical interpretation as the proportionality factor between the magnetic field B
and the current density j of the medium. In models for the equilibrium magnetic
field of the solar corona, ˛ is often taken to be constant or to depend on r: But in
general, ˛ varies with position within the magnetic field. Note that any solution of
(3.66) automatically satisfies (3.65) by the skew-symmetry of the cross product.

Taking the divergence of both sides in (3.66), one obtains

r 
 .r � B/ D r 
 .˛B/ D B 
 r˛; (3.67)

using (3.62). But the identity of mixed partial derivatives insures that the left-hand
side of (3.67) vanishes for continuously differentiable B; leading to the equation

B 
 .r˛/ D 0: (3.68)
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Equation (3.68) implies that ˛ is constant along the magnetic lines of force: curves
for which the tangent line at any point lies in the direction of the magnetic field at
that point.

If ˛ is known and B is unknown, then (3.66) is an elliptic partial differential
equation for which Dirichlet or Neumann boundary value problems are expected.
If B is known and ˛ is unknown, then (3.68) is typically a hyperbolic equation
for which the Cauchy problem is expected. Physicists refer to this (somewhat
misleadingly) as a mixed elliptic–hyperbolic structure; see, e.g., Sect. 2.1 of [3] or
(2.1), (2.2) of [5].

In applications to models of the solar corona, one would like to solve (3.66) with
condition (3.62) subject to boundary conditions derived from spectro-polarimetric
measurements at lower altitudes. In addition to the considerable practical difficulties
associated with such measurements (see, e.g., [53]), there is concern that the
resulting boundary conditions might not form a well-posed boundary value problem.

Classically, models of the solar corona based on (3.66) and condition (3.62) have
been accompanied by Neumann-like boundary conditions having the form [25]

Bnj@˝ D g;

˛j@˝C

D h;

where g and h are sufficiently smooth functions; Bn is the component of B normal
to the boundary @˝I and @˝C is the part of @˝ on which Bn has a fixed sign – say,
the part of the boundary on which Bn exceeds zero. The latter unusual condition
corresponds to the prescription of ˛ over one polarity of the magnetic field.

Recently [3], a Dirichlet-type problem was posed for a model of the solar corona
based on (3.66) with condition (3.62). In that case one prescribes each of the three
cartesian components of the magnetic field B on the domain boundary @˝:

Bi j˝ D fi ; i D 1; 2; 3;

where fi are three regular functions.
In either case, physicists like to prescribe the asymptotic condition

lim
jrj!1

jBj D 0; (3.69)

in order that the solution remain physically meaningful as the outer boundary of the
domain is extended out to infinity.

Equations (3.66), (3.62) for axially symmetric fields also arise in plasma models
of ball lightning in the Earth’s atmosphere [27, 50] and of certain extra-galactic jets
[51]. But those cases differ in details of the domain geometry, and also with respect
to conditions on the fluid pressure, which we have been taking to be zero but which
is not zero in the terrestrial atmosphere. In all cases, Neumann-like and/or Dirichlet-
like boundary conditions are physically meaningful, but are manifestly well-posed
only in the case of ˛ equal to a constant (in which case (3.62) and (3.66) are a
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first-order variant of the Helmholtz equation). Selections from the vast mathematical
literature on physical applications of Beltrami fields include [2, 4, 13, 14, 21, 26].

3.6.1 The Axisymmetric Case

Because force-free magnetic fields in models of the solar corona are axially
symmetric, the magnetic field B can always be written in the form

B .r; �/ D Br Oer C B� Oe� C B' Oe'; (3.70)

where Oer ; Oe� ; and Oe' are an orthonormal basis for spherical coordinates; in this
context, the subscripts r , � and ' denote components of B in spherical coordinates
(not partial differentiation in the direction of those variables); � denotes the polar
spherical coordinate and ' the equatorial spherical coordinate; and

Br D 1

r2 sin �

@

@�
ŒP .r; �/� ; (3.71)

B� D � 1

r sin �

@

@r
ŒP .r; �/� ; (3.72)

B' D 1

r sin �
Q .r; �/; (3.73)

for scalar functions P .r; �/ and Q.r; �/:

Notice that

r 
 B �
�

Oer @
@r

C Oe�
r

@

@�
C Oe'
r sin �

@

@'

�

 �Br Oer C B� Oe� C B' Oe'

�

D 1

r2
@

@r

�
1

sin �

@P

@�

�
� 1

r sin �

@

@�

�
1

r

@P

@r

�
D 0;

so (3.62) is satisfied automatically. Moreover,

r � B D 1

r2 sin �

�
@Q

@�

�
Oer � 1

r sin �

�
@Q

@r

�
Oe�

�
�

1

r sin �

�
@2P

@r2

�
C 1

r3
@

@�

	
1

sin �

�
@P

@�

�


Oe': (3.74)

Thus in order for B to satisfy (3.66), we require that:

@Q

@�
D ˛

@P

@�
(3.75)
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in order for the coefficients of Oer in (3.74) to equal those in (3.71);

@Q

@r
D ˛

@P

@r
; (3.76)

in order for the coefficients of Oe� in (3.74) to equal those in (3.72). Conditions (3.75)
and (3.76) can be satisfied by choosingQ to be a function of P for which

dQ

dP
D ˛: (3.77)

In order for the components of Oe' in (3.74) to equal those in (3.73) we require,
taking into account (3.77), that

r2
@2P

@r2
C @2P

@�2
� cot �

@P

@�
C r2˛Q D 0: (3.78)

Thus in the axisymmetric case, taking ˛ to be independent of B; the system (3.62),
(3.66) reduces to the scalar equation (3.78).

3.6.2 An Open Dirichlet Problem for Cinquini-Cibrario’s
Equation Which Is Classically Well-Posed

Equation (3.78) in the special case ˛ D 0 can be derived from Cinquini-Cibrario’s
equation (3.4) in the half-plane x � 0 by the coordinate transformation

x D r2 sin2 �

4
; y D r cos �; (3.79)

or equivalently,

r D
p
4x C y2; � D arctan

2
p
x

y
: (3.80)

Realizing that, up to a constant,Q D ˛P by (3.77), we will eventually find that the
limitation ˛ D 0 is relatively unimportant.

It is possible to solve (3.78) by separation of variables and then paste the solution,
which will be defined only within the upper half-plane, onto a particular solution of
(3.4) in the lower half-plane.

Proceeding as in Sect. 3 of [19] for the remainder of this section, we seek a
solution in the form

P .r; �/ D R.r/T .�/: (3.81)
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Substituting (3.81) into (3.78), we obtain

r2R00T CRT 00 � .cot �/RT 00 D 0;

implying that
r2R00

R
D T 0 cot � � T 00

T
D k;

where k is an arbitrary constant, which we will write in the form

k D 
 .
 � 1/:

We obtain the two ordinary differential equations

r2R00 � 
 .
 � 1/R D 0; (3.82)

T 00 � .cot �/ T 0 C 
 .
 � 1/ T D 0: (3.83)

Equation (3.82) admits particular solutions of the form R D r
 (and also of the
formR D r1�
; although solutions of the latter form will not be used). Substituting

 D cos � into (3.83), that equation assumes the form

�
1 � 
2

� d2T
d
2

C 
 .
 � 1/ T D 0: (3.84)

If we write
T .
/ D �

1 � 
2�S.
/;
then S .
/ satisfies the equation

�
1 � 
2� d

2S

d
2
� 4


dS

d

C .
 � 2/ .
C 1/ S D 0: (3.85)

Choosing 
 to be an integer, we find that solutions to (3.85) are well known in the
literature on special functions. For example, (3.85) reduces to (13.03) in Chap. 5
of Olver’s standard reference [42], taking the parameters � and � of that work to
equal 1 and 
 � 1; respectively. (Or, in the display equation immediately preceding
(15.09) in the same reference, take � D �1 and � D 
 � 1:) The solution can be
written in terms of Legendre functions, which we denote by C3=2


�2.
/: In terms of
these functions, we can write a particular solution to (3.84) in the form

T .
/ D �
1 � 
2�C3=2


�2.
/ D �
sin2 �

�
C
3=2


�2 .cos �/:

Setting n D 
 � 2; we obtain a particular solution to (3.78) in the case ˛ D 0:

Pn D rnC2 �sin2 �
�
C3=2
n .cos �/; (3.86)
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where C3=2
n has the explicit representation

C3=2
n .cos �/ D 2p

n

mX

sD0

.�1/s � � 3
2

C n � s
�

sŠ .n � 2s/Š 2n�2s .cos �/n�2s ;

form D n=2 or m D .n � 1/ =2; depending on whether n is even or odd.
The analysis is only slightly different in the case Q D ˛P; ˛ ¤ 0; as the zeroth-

order term only enters into the simpler of the two equations, (3.82). We obtain, in
place of (3.82), the equation

r2R00 C �
˛2r2 � 
 .
 � 1/�R D 0; (3.87)

which can also be solved in terms of special functions, for example,

R.r/ D .˛r/1=2 JnC1=2 .˛r/ (3.88)

and

T .
/ D �n .nC 1/

Z 


1

Pn.x/dx: (3.89)

In (3.88) and (3.89): n D �
; J is now a standard spherical Bessel function, and
P is a Legendre polynomial – c.f. (18a) and (18b) of [50]; (19b) and (19c0) of [51];
and Chap. 5, Sect. 13.1, of [42].

In the other half-plane, x � 0; a particular solution to (3.4) is given by

un .x; y/ D 4

�
.nC 1/ .nC 2/ x

Z 1

0

t1=2 .1 � t/1=2 ŒY.t/�n dt; (3.90)

where
Y.t/ D y � 2 .�x/1=2 C 4 .�x/1=2 t:

In terms of x and y; the solution in the half-plane x � 0 can be written in the form

un .x; y/ D 2xp
�

mX

sD0

.�1/s � � 3
2

C n � s�

sŠ .n � 2 � s/Š
2n�2�s �4x C y2

�s
yn�2s : (3.91)

It has been shown by classical arguments ([19], Theorem 9) that the existence of
solutions (3.90) and (3.91) in the two half-planes can be used to construct a solution
to the following open Dirichlet problem:

Let the domain be given by the region shown in Fig. 3.4, with the boundary arc
in the half-plane x � 0 given explicitly by the curve

4x C y2 D 1: (3.92)
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(The same arguments will work for boundary arcs of the slightly more general form
4x C .y � y0/

2 D k; where k is a positive constant and y0 is a constant.) It can be
shown that a unique solution to (3.4) exists which is equal on the curve C given by
(3.92) to a function of the form x'.y/; where '.y/ is finite and continuous on C;
including the endpoints, and vanishes on the y-axis. The solution is analytic in the
interior of the domain.

In summary, Cinquini-Cibrario’s equation in a half-plane, with a zeroth-order
perturbation, is related by a coordinate transformation to an equation for axisym-
metric magnetically dominated plasmas. Moreover, solutions in the two half-planes
can be pasted together to provide a solution to an open Dirichlet problem for the
fully elliptic–hyperbolic equation (3.4).

Boundary value problems for (3.4) restricted to the half plane x � 0were studied
by Keldysh [30] and have applications to high-speed flow, particularly in certain
nonlinear generalizations; see, e.g., [15].

3.7 The Fundamental Solution

The topic of fundamental solutions has potential applications to boundary value
problems of all kinds. In particular, it is the main ingredient for solving the Dirichlet
problem by the Green’s function method. This brief discussion follows the work of
S-X. Chen [16].

Recall that a distribution E is a fundamental solution of the operator equation
(3.35), for a given operator L and function f; if

LE D ı: (3.93)

Here ı is the Dirac distribution, which can be defined as the singular measure (with
respect to Lebesgue integration) for which

Z

Rn
f .x/ı .dx/ D f .0/; x 2 Rn;

for all compactly supported continuous functions f I see, e.g., Sect. I.8, Examples 2
and 3, of [54]. The Dirac distribution arises naturally as an element of the negative
Sobolev space H�s for s > n=2I see Sect. 3.1 of [9] or Example 7.43 of [45] for
details of this interpretation.

If E is a fundamental solution for the operator L; then E � f is a solution for
(3.35), where in this context � denotes the convolution operator: for x; y 2 Rn;

E � f �
Z

Rn
E .y/f .x � y/ dy D

Z

Rn
E .x � y/ f .y/dy:
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Taking u D E � f; we have 8 x 2 Rn;

Lu D L.E � f / D LE � f D ı � f D f;

where we have used (3.93) and the elementary identities ı � g D g and

@i .g � h/ D .@ig/ � h D g � .@i h/:

The first step in constructing a fundamental solution is often a search for an
expression having the right invariance properties. In this case, Cinquini-Cibrario’s
equation and the Dirac ı-function are both invariant under the coordinate rescaling
s W .x; y/ ! .w; z/; for

w D t2x; z D ty; t > 0: (3.94)

Thus we expect to be able to find similarity solutions having the form

' D y�F

�
A
x

y2
C B

�
; (3.95)

where A and B are constants to be chosen. Let

� D A
x

y2
C B:

Then

'x D Ay��2F 0.�/

'xx D A2y��4F 00.�/;

'y D �y��1F.�/ � 2Axy��3F 0.�/;

and

'yy D � .� � 1/ y��2F.�/

�2Ax .2� � 3/ y��4F 0.�/C 4A2x2y��6F 00.�/:

We obtain

K .x; y/ 'xx C 'yy D y��2
�
A2
	

K .x; y/

y2
C 4

x2

y4



F 00.�/

�2A x
y2
.2� � 3/ F 0.�/C � .� � 1/F.�/



:

(3.96)
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Taking K .x; y/ D x; then

K

y2
D x

y2
D � � B

A
:

Taking A D 4; B D 1 in (3.96) allows us to write the equation

x'xx C 'yy D 0

as a particular ordinary differential equation, obtaining

y��2 ˚4� .�� 1/F 00.�/ � 2 .2� � 3/ .� � 1/ F 0.�/C � .� � 1/F.�/
� D 0:

(3.97)
Recall that the hypergeometric equation is an expression of the form

z .1 � z/w00.z/C Œc � .aC b C 1/ z�w0.z/ � ab 
 w.z/ D 0; (3.98)

where a; b; c are given parameters. Applying the method of Frobenius, (3.98) is
easily reduced to a series

1X

nD0

˚
.nC 1/ .nC c/ ˛nC1 � �

n2 C .a C b/ nC ab
�
˛n
�

zn D 0;

having indicial equation

˛nC1 D .nC a/ .nC b/

.nC 1/ .nC c/
˛n: (3.99)

Writing

w.z/ D
1X

nD0
˛nzn;

we obtain a regular solution, having the form

w.z/ D ˛0F .aI bI cI z/ � ˛0

	
1C ab

1Šc
z C a .a C 1/ b .b C 1/

2Šc .c C 1/
z2 C 
 
 




:

(3.100)
A complete solution is provided by all linear combinations of the two independent
solutions F .aI bI cI z/ and z1�cF .a C 1 � cI b C 1 � cI 2 � cI z/: The resulting
series converges, for z 2 R; on �1 < z < 1: It converges for z D ˙1 provided
c > a C b: See, e.g., Sect. 2.1 of [35].

If y ¤ 0; then multiplying (3.97) by �1=4 and taking � D �1 puts the equation
in the form (3.98) with a D 1=2; b D 1; and c D 5=2I c.f. Sect. 4.3.2. This equation,
derived in [16], has the two linearly independent solutions
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F .aI bI cI�/ D F

�
1

2
I 1I 5

2
I�
�

and

�1�cF .a � c C 1I b � c C 1I 2 � cI�/ D ��3=2F
�

�1I �1
2

I �1
2

I�
�
:

Evaluating (3.100) for this choice of parameters, we find that only the terms in (3.99)
corresponding to n D 0 and n D 1 are nonzero. That is,

F

�
�1I �1

2
I �1
2

I�
�

D 1C .�1/ .�1=2/
.�1=2/ � D 1 � �;

and

' D y�F.�/ D y�1��3=2 .1 � �/ D

y�1
�
4
x

y2
C 1

��3=2 �
�4 x
y2

�
D � 4x

.4x C y2/
3=2
: (3.101)

To prove that (3.101) is a fundamental solution, one would ordinarily show that

hLE ;  i D hı;  i D  .0; 0/ (3.102)

8 .x; y/ 2 C1
0

�
R2
�
; where in this context angle brackets denote the duality

product of Sect. 2.4.5. However, only a (slightly) weaker assertion is true in this
case, because the function ' given by (3.101) has a singularity of order 3/2 on the
characteristic line

y2 C 4x D 0: (3.103)

Thus by a fundamental solution of (3.4) on any domain including the curve (3.103)
we will mean only a distribution E satisfying the expression

lim
�!0

�hE ; L� ijy2C4x>�2 C hE ; L� ijy2C4x<��2
� D  .0; 0/ (3.104)

for all smooth, compactly supported test functions  ; where L� is the operator
adjoint to L: In the language of Sect. 2.4.5, the finite part of the divergent
integral describing the distribution E (or, in other words, the principal value of
the distribution, abbreviated p.v.) is a fundamental solution in the ordinary sense
of (3.102).

Theorem 3.5 (S-X. Chen [16]). The distribution

E D C � p:v:4x sgn
�
y2 C 4x

�

jy2 C 4xj3=2

is the fundamental solution of (3.4).

Here C is a constant coefficient that is computed in the course of the proof.
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Proof. We only give the idea of the proof, and refer the reader to Sect. 4 of [16]
for the remaining details. (Note the difference in notation between (3.4) and (1) of
[16].) For

Lu D xuxx C uyy;

the adjoint operator is given by

L�u D .xu/xx C uyy D xuxx C uyy C 2ux:

In that case

uLv � vL�u D u
�
xvxx C vyy

� � v
�
xuxx C uyy C 2ux

�

D .uxvx/x � Œv .xu/x�x C �
uvy

�
y

� �
vuy

�
y
: (3.105)

Integrating the above identity over an appropriate domain of R2; Stokes’ Theorem
can be applied on the right-hand side in order to express the left-hand side as a
boundary integral.

Now we will construct the boundary of the domain in a way that will be
convenient for evaluating (3.104), using (3.105).

Introduce the characteristic coordinates [6]

` D y C 2
p�x

and

m D y � 2p�x
on the subdomain x < 0: Then the curves ` D constant and m D constant are
the characteristic lines for (3.4). Define the curves A W m D �I A0 W m D ��I
B W ` D ��I B 0 W ` D �I and

� W x D 1

4
�2 sin2 �; y D � cos �; 0 � � � �:

(Here � is the polar angle in the sense that a ray lying along � D 0 lies along the
positive y-axis and a ray lying along � D � lies along the negative y-axis.) Finally,
choose R so large that the interior of the circle CR W x2 C y2 D R2 encloses the
support of the test function  : Denote by DC the domain enclosed by the curves
CR; �; A; and B: Denote by D� the domain enclosed by the curves CR; A0; and B 0
(Fig. 3.5).

Taking u D  and v D E in (3.105), we evaluate this equation on each of
the boundary curves in DC and D�; taking into account that  has support in the
interior of CR:
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Fig. 3.5 The domain of
Theorem 3.5

In particular,

Z

DC

EL� dxdy D
Z

B[�[A
�
x Ex � E .x /y

�
dy C �

E y �  Ey
�
dx:

(3.106)
We will completely describe the evaluation of the line integral along the curve �;

and then give a few hints about how the calculation would be done on the remaining
curves, referring the reader to [16] for the remainder of the details.

On �;

E D 4x

.y2 C 4x/
3=2

D �2 sin2 �
�
�2 cos2 � C �2 sin2 �

�3=2 D sin2 �

�
:

Ey D �3
2

4x

.y2 C 4x/
5=2


 2y D �3 sin2 � cos �

�2
:

Ex D 4

.y2 C 4x/
3=2

� 24x

.y2 C 4x/
5=2

D 2
�
2 � 3 sin2 �

�

�3
:

Moreover,

dx D �2

2
sin � cos � d�

and

dy D �� sin � d�:

Integrating over �; we write

I� .�/ � I1 C I2;
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where

I1 D
Z

�

�E .x /y dy C E ydx

D
Z �

0

sin2 �

�

 

 x
�2 sin2 �

4
C  

!

� sin � d� C
Z �

0

sin2 �

�
 y
�2

2
sin � cos � d�

D
Z �

0

sin3 �

"

 x
�2 sin2 �

4
C  C �

2
 y cos �

#

d�

D
Z �

0

 sin3 � d� CO ."/;

and

I2 D
Z

�

 xExdy �  Eydx

D �
Z �

0

 

�
1

4
"2 sin2 �

�
2
�
2 � 3 sin2 �

�

"3
" sin � d�

C
Z �

0

 

 
3 sin2 � cos �

"2

!
"2

2
sin � cos � d�

D �
Z �

0

 sin3 �

	
1 � 3

2

�
sin2 � C cos2 �

�

d� D 1

2

Z �

0

 sin3 � d�:

In the limit as " tends to zero, � tends to .0; 0/ and we obtain

I� .0/ D 3

2
 .0; 0/

Z �

0

sin3 � d� D 2 .0; 0/: (3.107)

Integrating over the curves A; A0; B; and B 0 in characteristic coordinates yields
similar estimates. Use the fact that

y D `Cm

2

and

x D �
�
` �m
4

�2
:
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Then in characteristic coordinates,

E D 4x

.y2 C 4x/
3=2

D �4 Œ.` �m/=4�2

n
Œ.`Cm/=2�2 � 4 Œ.` �m/=4�2

o3=2 D � .` �m/2
4 .`m/3=2

I

E` D 1

2

.` �m/

.`m/3=2

	
�1C 3

4

.` �m/m
`m



I

Em D 1

2

.` �m/

.`m/3=2

	
1C 3

4

.` �m/ `
`m



:

Thus

Ey D E``y C Emmy D 2 .mC `/

8

.` �m/2
.`m/5=2

:

and

Ex D E``x C Emmx D 4

.`m/3=2
C 3

2

.` �m/2

.`m/5=2
:

Substituting these formulas into the right-hand side of (3.106), we obtain a result
analogous to (3.107). A similar result can be obtained for the integral overD�: The
sum of the coefficients of  .0; 0/ over the union of the individual boundary arcs is
C �1: See Sect. 4 of [16] for details. ut

3.7.1 The Effect of a First-Order Term

As is typical of equations of Keldysh type, the regularity of the solution depends on
the magnitude of a lower-order term. To see this, we consider in place of (3.4) the
equation

L	u D 0; (3.108)

where
L	u D xuxx C 	ux C uyy (3.109)

for a constant 	 2 Œ0; 2�:
Arguing exactly as in (3.96)–(3.101) but including the lower-order term, we

obtain in place of (3.101) the expression

' D .�4x/1�	
.4x C y2/

3
2�	 :
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Consequently, it is possible to prove the following:

Theorem 3.6 (S-X. Chen [16]). Let 	 > �1=2 and

E	 D
8
<

:

0 for 4x C y2 � 0;
.�4x/1�	

.�4x�y2/
3
2�	

for 4x C y2 < 0:

Then the distribution T	 D C	F:P:.E	/ is the fundamental solution of (3.108). Here
C	 is a constant depending on 	:

Notice that, not for the first time, the coefficients 	 D 1=2 and 	 D 1 both
have special significance, but in this case as “turning points” in the properties of the
solution:

At points for which 4x C y2 < 0;

j4x C y2j D � �4x C y2
� � �4x:

Thus if 	 � 1 we have, on the support of E	; the identity

.�4x/1�	
.�4x � y2/

3
2�	 D .�4x/1�	

.�4x � y2/
1�	 
 1

.�4x � y2/
1
2

;

from which we obtain

jE	 j D .�4x/1�	 ��4x � y2�	�1 
 1

.�4x � y2/
1
2

� 1

.�4x � y2/
1
2

:

This greatly simplifies the integrals in the proof. But if 	 � 1=2; then the distribution
E	 is singular at points for which 4x C y2 D 0; as the associated integrals fail to
converge.
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