Chapter 2
Magnetism of Atoms

The magnetic moments of magnetic materials originate from magnetic moments
of the atoms. The hyperfine interactions have important applications in magnetism.
This chapter introduces the basic theories relating to atomic magnetism and hyper-
fine interactions in atom. It contains the sections of Electron configuration of
atom; Term and multiplet; Intrinsic magnetic moment and gyromagnetic ratio of
atom; Paramagnetism and diamagnetism of atom; Exchange interaction in He atom;
Exchange interaction in Hy molecule; and Hyperfine interactions in atom; and
Appendices 4 to 6. The eigenfunctions are assumed orthonormalized.

2.1 Electron Configuration of Atom

Intrinsic atomic magnetic moment is decided by the state of the electrons. Consider
an atom or an ion of atomic number Z which has N electrons.

2.1.1 Electron Spin

An electron has an intrinsic angular momentum called spin angular momentum, or
tersely spin. The operators of its projections on the x, y and z axes (z axis = quantum
axis) are
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where 6, is the Pauli spin matrices,
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. . . . A2 .
Let |s, ms) denote the simultaneous eigenfunction (eigenstate) of s and §:

22
s |s, mg) = R’s(s + 1)|s, mg), (s = 1/2: spin quantum number) (2.3)

Sz|s, mg) = hmgls, mg), (mg = =%s: spin projection quantum number)  (2.4)

5.5) = x4 = ((1)) , 25)

== (1). 2.6)

(XolXo") = xS Xor = 8(0,0"). (0,0" ==%) (2.7)

Here X; is the conjugate transpose of x, such as XI = (1.0), and é(«, B) is the
Kronecker delta which is equal to 1 if 0 = ¢’ and 0 if 0 # o,

2.1.2 Hartree-Fock Equations

By taking into account only the Coulomb interactions, the Hamiltonian of the elec-
tron system of an atom is the sum of one-particle Hamiltonian H; and two-particle
Hamiltonian H>:

H (F1, 72, .. ., FN) = ﬁl + ﬁg, (7;: position of i th electron relative to the nucleus)
(2.8)

1,...N
Hi(F1 oy Pv) = D B, 2.9)

VN
p 7z

fz(?) = , (m: electron rest mass) (2.10)
2m dmegr
! 1., Nsisj
@1, FN) = 5 Z (i, 7). (2.11)
l’j
2
g(F1, i) = (e: electron charge, rijj = |F; —T|) (2.12)
47T80r12

By solving the Schrodinger equation (1926)
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HY (G, 0(1),72,02),...,ry,0(N)) = EV(F,0(1),72,0Q2),....ry,0(N))

(2.13)
the eigenfunctions {W} and eigenvalues {E} of the system can be obtained. Here
o is the variable of spin which takes +(mg; = s) or —(m; = —s). Equation (2.13)

for multi-electron system is very difficult to solve. The method which has long been
used to approximately solve is to approximate W by a Slater determinant:

G1D X (1) 2o (1) oo N )Xoy (D
e DO oo O et PR
01N Aoy (N) 92N Koy (N) -+ -- N (FN) Xoy (N)

Here ¢, (7;) and Xo, (i) are the orbital and spin state of the i th electron occupying
the orbit a. ¥y, (i) = ¢u(Fi) xs, (i) is called spin orbital. The best set of {¢, (F)}
could be obtained by invoking the variational principle 8(\I-f|ﬁ |[¥) = 0 under the
condition of orthonormality of {¢, (¥)}. The {¢, (¥)} satisfies the N-coupled Hartree—
Fock equations (1930-1935)

,,,,,

@g(F)
@a(F)

(. =1,2,..., N.Note 1 of this section) (2.15)

1,...,.N
- Z 3(oq, O'ﬂ)/QDZ(F/)g(?, o (F) dv’ Pa(F) = €000 ().
B

Thus, the many-body problem transforms to the problem to solve N-coupled one-
electron equations. The above method is called Hartree—Fock approximation. More
widely, such kind of approach to solve a many-body problem by use of one-electron
equations is called one-electron method. In the left of (2.15), the first term in the
bracket is the sum of the kinetic energy and Coulomb potential in the electric field
produced by the nucleus (2.10); the second term is the Coulomb potential in the
average electric field produced by all the electrons; and the third term the average
exchange potential. Those of 8 = « in the second and third terms cancel each other.
Equation (2.15) shows that an electron moves around in the potential consisted of the
Coulomb potential of the nucleus, average Coulomb potential, and average exchange
field produced by the electrons. Therefore, Hartree—Fock approximation is a mean
field approximation. Here the space distribution of ¢g(7') is not affected by the
variation of position 7 of the « electron.
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2.1.3 Central Field Approximation

The total potential in the bracket of the left of (2.15) is spherically asymmetric and
is slightly different for different ¢, (F). By averaging the potentials for all ¢, () and
approximating it by its spherically symmetrical part u(r), the N-coupled Hartree—
Fock equations simplify to a single equation of

2

-

XG)

> +u(r) | ¢u(F) = eqpu(F), (2.16)
m

where u(r) is common for all ¢, (7). Such approximation is called central field
approximation.
The solution of (2.16) is

§0a(7) = (pnlml(r» 0,¢) = Rnl(r)Ylml(e» ?),
n=12,..;1=0,1,...n—1, m=-1,—-1+1,...,]) 2.17)

where 6 and ¢ is the zenith angle of 7 from the positive z axis direction and azimuth
angle from the positive x axis direction, respectively, and n, [, and m; are the principal
quantum number, orbital angular quantum number (or azimuthal quantum number),
and magnetic quantum number. Y}, (8, ¢) is the spherical harmonics,

mj+|m 2[ 1 l— '

x P/"!(cos 0) exp(im;¢), (Table 2.1) (2.18)
] 2y bt d™!
BME) = (-8 T A, (2.19)

where Pllml ! (&)is the associated Legendre function and P; (&) is the Legendre poly-
nomial (1.63). The orbital angular momentum operator of an electron is

[=7xp=—ihFf xV, (1.116) (2.20)

~

and Y}, (0, ¢) is the simultaneous eigenfunction of / and /;:

2
L Yy, (0, ¢) = R+ DYim, 0, @), (2.21)

[:Yim, (0, ¢) = By Yy, (0, §). (2.22)


http://dx.doi.org/10.1007/978-3-642-25583-0_1

2.1 Electron Configuration of Atom

39

Table 2.1 Expressions of spherical harmonics Y, (6, ¢) and Yy, (x /71, y /7, 2/1)

l mj Yl)n1(0v¢) Ylmz(x/rs y/r,z/r)
0 0 [1 /1 [1 /1
27V 2 27V 2
1 /3 1 /32
1 0 1/ ‘/ cos 6 N
2V 2r
1 [3x+iy
+1 sm 0 exp(Lig) T ==
2r V 4 ) r 5
1 |53z —r
2 —. /= —1 —. /=
0 VznVSGCOS o= VgV~ 2
[1 [15 / 1 /15 i'
+1 F./ =—+/ — cos 0 sin 6 exp(Li¢) — —Z(X y)
2V 4 27 )
[1 15 ., . /1 / (xily)
+2 o 1—6$1n 0 exp(£2i¢) 271 2
1 /7 572 —3
30 J— /= cosf(5cos? 0 — 3) J— ‘/ Z( -3
27 V 8 271

1 [21 5 - (x +
41 g/ 2 scos20 - Dsinoexp(hig) T ,/ LGz -7 )(x Bz —r)x+iy
27 V 32 27r 2
1 105 . . 105 Z(xily)
+2 ME‘/FCOSQSIH 0 exp(£2i¢) ,/271‘/ 16 3
1 35 . . (xily)
+ [ — ] = sin? + /— =
3 F =\ 3 sin” 0 exp(£i3¢) ¥ o 32 3

The spherical harmonic addition theorem

[Tan " ‘l“ """ 21+ 1
Y10(012,0) = 2l+1 Y12(91,¢1)Y1m(92,¢2) =V 2 Py(cos 012)

(2.23)
holds, where 61, is the angle between 7 (01, ¢1) and 7 (62, ¢,) directions. The function

I 4
Uml = ZZ——HYlml (224)

is used instead of Y;,,, in some cases for convenience.
The radial function R,;(r) (2.17) satisfies the radial equation

1d/,d l I+ 1)
2=
r2dr dr r2

A general characteristics of R,;(r) can be seen from the analytical solutions for

the simple case of nuclear Coulomb potential u(r) = —Zé? /4meor (Table 2.2,
Fig. 2.1). It has n — [ — 1 spherical surfaces of R,;(r) = 0, and

h2 " lea — u(r)]] Ry (r) = 0. (2.25)

Ry0(0) #0, Ry 120(0) =0. (2.26)
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Table 2.2 Expressions of

_ 2 2. :
R, (r) for n I Ry (r) (ag = 4mweoh” /me~: Bohr radius)
u(r) = —Ze2/4ﬂsor é
2 Zr
10 (—) 2exp (——)
0 ap
3
20 (Z)E 1 (1 Zr) ( Zr)
= xp | — ==
w/, V2 2a0) P ao
| (Z)E 1 Zr ( Zr)
il 2 exp( -2
aop 3 246 ag P\ 200
30 (2)2 2|, 2%, 2 zr\? Zr
= Il I I exp [ — ==
ap 33 3ag 27 \ ag P 3ag
3
Z\>» 8 Z Z VA
@R (B )
agp 3 27\/8 agp 6a0 3a0
> (2) s (5) e (50)
= " () exp-Z2S
ap 3 814/30 \ ao P 3ao
Z\2 1 (Zr)3 ( Zr)
43— —|— ) exp{——
(ao) 768+/35 \ ao P 4ag
Fig. 2.1 r/ap dependences Z=7,(n,l)=
of some Rgl of R, given in (30 (3,1 (32
Table 2.2 \

The eigenvalue ¢, = &,; of (2.25) is related with n and / but not with m;.

To get the solution of Ry;(r), u(r) should be known in advance, but u(r) is a
function of the set of {R,;(r)} including R, (r) itself. Therefore, it should be solved
by means of an iterative method called self-consistent field method. First assume a
set of {R,;(r)} with which u(r) is calculated. A set of solutions {R,;(r)} is solved
using this u(r). Calculate u(r) by using the new set of {R,;;(r)}. Repeat this process
until the set of { R,,; ()} for the calculation of u(r) becomes essentially the same with
those solutions solved using the u(r). In this way, we get the eigenstates {¢;m, r) =
Ru(r)Yim, (6, ¢)} and the eigenvalues {g,;}.
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2.1.4 Electron Configuration of Atom

The energy degeneracy of the energy level €, is 2(2/ 4 1). According to the Pauli’s
exclusion principle, the N electrons have different spin-orbitals. The arrangement
of the electrons in the electronic orbital subshells {(n, [)} is called atomic orbital
electron configuration or tersely electron configuration, and the total energy is called
the energy of the configuration. If the electrons fill the lowest energy levels, we
get the ground state electron configuration, otherwise an excited state configuration.
The energy gaps between the excited state energy levels and ground state energy
level are so large that the probability of occupation of excited states is extremely
small under usual magnetic experimental conditions, and the effect of them on the
magnetic properties can be neglected. Thus, the magnetic properties of an atom
are related only to the ground state configuration. At the ground configuration, the
inner electron subshells are fully filled and only the outermost subshell may be filled
partially for the atoms of Z < 18 (Z = 18 for Ar atom). For example, the electron
configuration of oxygen atom (Z = 8) is 1s?2s%2p* which is often tersely denoted
by 2p* by omitting the fully filled subshell symbols. Here s, p, d, f, ... stands for
1=0,1,2,3,..., and 2p4 refers to that the electron subshell of n =2 and [ = 1 is
filled by four electrons.

Most important magnetic atoms and ions for magnetic materials are Fe(3d°),
Co(3d”), and Ni(3d®) of 3d transition elements (3d¥4s2) and Prt3(4f25s25p°),
Nd 3 (435525p°), Sm™3 (4£35525p°), Tb 13 (4£85525p°), and Dy+3(4f95525p%) of
4f transition (rare-earth) ions (4fk5525p6). Their atomic magnetic moments orig-
inate from the partially filled 3d subshell enclosed by the fully filled outer subshell
4s? for the 3d atoms, and partially filled 4f subshell enclosed by the fully filled outer
subshells of 5s25p® for the 4f transition ions.

2.1.5 Angular Momentum Operators

For succinctness of expressions hereafter all angular momentum operators will be
formulated in A unit. Thus, (2.1), (2.3), (2.4), and (2.20)—(2.22) become

R I,
o = Eaaa 2.27)
a2
s |s,mg) =s(s + 1)|s, my), (2.28)
Szls, mg) = mygls, my), (2.29)

[=—if x V. (2.30)
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2

L Y, 0, ¢) =110+ DY, (0, @), (2.31)

LYim (0, 6) = m Yim, 0, ). (2.32)

Any angular momentum operator J satisfies the following relations.

fi = fx + ify, (called raising and lowering operators) (2.33)
JxJ=il, (2.34)

~2
J I, My)y=JJ + 1D|J,My), (J:angular momentum quantum number)

(2.35)
JAJ, My) = My|J, M;), (Mj:magnetic quantum number) (2.36)
JelJ. M) =TT +1) = M;(M; £ 1)|J, M; 1),
My=-J,—J+1,...,J) (2.37)
22 o
Here |J, M) is the simultaneous eigenfunction of J and J. If
J=ji+ (2.38)
J=1lji— L=+ .. 0+ ). (2.39)

Note 1

Define the Coulomb, exchange, and Fock operators Ko (F), Ay (F), and F (¥) by the
relations of

Ko (P)pp(7) E/st)&k(?/)g(?, F)ga (F1)dv'¢p (7). (2.40)
Ao (F)pp (F) E/(p&k(?/)g(?, F)gp (F)dv ¢q (7). (2.41)
R R 1,...,.N R R
F@ea® = 1h# + D [Kp() — 80w, 0p) Ag(F)] | ¢a (). (2.42)
B

Equation (2.42) is the left of the Hartree—Fock equation (2.15).
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E= (W) = (N 211> huvitf
JTRY

t5 D Guysdyalayas|l. 2, N)

1 .
= D hea+ 3 [gappa — 8(0u, 08)8apap), (Appendix5)

hag E/(pzﬁwﬁdv =/(p,3flg0;dv, (a4.8)
apys E/§0§(71)§02§(72)g(71,72)¢y(72)§05(71)dv1dv2,

Shaa :/(S(pzfz(padv—i—/go;l;&padv :/&péﬁ(padv—i—/&pafupédv,

88appa =/5§02(71)¢,§(72)8(71,72)%(72)%(71)(101(11’2
+/¢§(71)3¢§(72)8(71,72)§0ﬁ(72)¢a(71)dv1dv2
+ / PGSR, 72)805 () g (Fr)dvrdus

+/¢§(71)¢E(72)g(71,72)<ﬂﬁ(72)3<ﬂa(71)dv1dv2

43

(2.43)

(2.44)

(2.45)

(2.46)

=/Sgoslempadv—k/&p;kagoﬁdv+/6<p513;go§dv+/8goa13§<p;dv,

S8apas = [ 0L FGGIEE Fa)vaFa)ep (F)du1dvn
+/¢§(71)5¢E(72)g(71,72)<pa(72)</?ﬁ(71)dv1dv2
+/<P§(71)§0;§(72)g(71,72)5%(72)(/?,3(71)(11)1(102

+/§0§(71)<ﬂ§(72)g(71,72)%(72)5%(71)(11)1(11}2

(2.47)

=/8¢;Aﬂ(padv+/8¢/’§Aa<ﬂﬂdv+/8<paﬁj§,<pzdv+/6¢ﬁA§(pEdv,

(2.48)
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1,. 1

S0E = Z Shaa + = Z [agaﬂﬁol 8(oy, Uﬁ)agaﬁaﬁ]
o.p
1,...,.N

= Z (/ 5g0;ﬁcpadv+/8goaﬁgo;dv)

o
| LN
+§ Z [/8¢§K,3¢adv+/8(p;§l(a<p,3dv
a’ﬂ
—i—/&p,gle;(p;dv—i—/&pak;gozdv
— 8(og, 0p) |:/8¢$A,g<padv+/8<p§14a<pﬂ dv

/S(paAﬁgp*dv—l—/S(pﬂAa(pﬂ dv]]

1,.,.N

= Z [ / 8¢ Fogdv + / Su F (p*dv] (2.49)

o

Suppose {¢y} is orthonormal. Let {A,5} denote the Lagrange multipliers.

Sop = / wippdv =8, B), (2.50)
1,...,N 1,...N
D hapdSup = D hap (/ 5<p;<pﬂdv+/<p;5gaﬁdu) =0, (2.51)
o, B a.p
1,..N L..N| .~ 1.,
SE— D" hapdSep= . /S(p:;(F(pa Z Aap@p)du
o,pB o

+/8<pa (F*g} Z Mpagh)dv | =0.  (2.52)

8¢} and d¢y (¢ = 1,2, ..., N) being independent, (2.52) means

Foa=">" rapop. @ p=12...N) (2.53)
5
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1,...,N 1,...,N
Frf = Z ABatgs Foy = Z R (2.54)
B B
From (2.53) and the second relation of (2.54) we get

1,...,N

> (hap — M) 0p =0, (2.55)
B

hop = A’Ba, (2.56)

that is, (1) is a Hermitian matrix which can be diagonalized by an appropriate
unitary matrix (A4.2.4) and the diagonal elements Aqqy = &, are real numbers.
Equation (2.15) is (2.53) of diagonalized (1).

2.2 Term and Multiplet

2.2.1 Residual Coulomb Interaction and Term

If electron subshells {(n,/)} are fully filled, the wave function of the atom W
is solely determined, and the configuration energy is nondegenerate. Take atom
Ca(1s22522p®3s23p©4s?) as an example. All of the subshell Is, 2s, 2p, 3s, 3p, and
4s are fully filled and the spin-orbitals for each subshells are unique such as they are
{R21Y1m, Xo}(m1 = 0, £1; 0 = %) for the 2p subshell. The situation is different
if one of the subshell is partly filled. Take atom Ti(3d%4s?) of two more electrons
as an example. The situation of the full subshells is the same with that of atom Ca.
Another two electrons are in the 3d subshell which has ten different spin-orbital states
{R32Y2m, X6 }(m2 = 0, £1, £2; 0 = =£). Therefore, there are 10 x (10—1)/2! = 45
different spin-orbitals for the two 3d electrons. The radial wave function R3; of them
being the same, they have the same energy, that is, the configuration energy level is
45-fold degenerate.

The above results are obtained under the central field approximation which

approximates the potential %Zl"“’N;i# e _ Z!’z""’N _ze (2.8)~(2.12) by

i,j dmeorij i dmegr;
le 2Ny, (ri) (2.16). Take  the  neglected  residual Coulomb
interaction

Lo, Nii#j o 12,...N 12,..N

e Ze?
H) =~ - — i 2.57
272 Z dmeorij Z dmeor; Z ure) @37)

i,j i i
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as perturbation and solve the perturbation secular equation
|(\Pﬂ|ﬁ2’|\by) —&5(B,y) =0, B,y =1,2,...,d. Appendix 6)  (2.58)

where {W} is the configuration wave functions, d the degeneracy of the configuration
energy level, and ¢ the perturbation energy. Let n denote the number of the electrons
partially filling the subshell. Each sum of the orbital angular momenta and spin
angular momenta of full electron subshells being zero, the orbital and spin angular
momenta of the atom are

L= > I, (2.59)
i

R 1,..., n

S = 5;. (2.60)

PAIZ’ being irrelevant to spins, Wg is a product of the functions of positions and
spins Cl)ﬁ(?], 2, ..., FN)IS, Ms).

I:IZ’ is invariant under the rotation—reflection operations (Note 1 of this section) and
{IL, My >} is the basis vectors of irreducible representation of rotation-reflection
group (A4.4.2). Therefore, under the |a, L, M; > representation of {®g} the per-
turbation secular equation

(o, L, M| Hylar, L', Myr) — e8(L, L')8(ML, M) =0
(or: quantum numbers other than L and M) (2.61)

is diagonalized (A4.7), and the eigenstates are {|o, L, M1, S, Ms) = |, L, M)|S,
M)} which have definite values of L and S. The energy being irrelevant to Mg and
M the degeneracy of each eigenenergy is (2L + 1) x (25 + 1).

Take atom Ti(3d24s2) as an example. Under the residual Coulomb interaction
the 45-fold degenerate configuration energy level splits to five energy levels of
3, 1D, 3P, IG, and 'S (Fig. 2.2, Note 2 of this section). Here S, P, D, F, and G
represent the orbital state of L = 0, 1, 2, 3, and 4, respectively, and the superscript
on the left is the multiplicity 25 + 1 of total spin. 25T! L represents a set of degen-
erate states called a term. °F and P have the largest value of S, among which 3F
has the largest value of L. So according to the Hund’s first and second rules (Note
3 of this section) 3F is the ground term. In general, the energy gaps of excited term
energy levels with the ground state term energy level are very large so that the excited
terms affect magnetic properties of atom little. Hereafter, the excited terms will be
neglected unless otherwise mentioned.
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configuration terms splitting in
magnetic field

©
>
2 multiplets
>
>
(0]
C
(0]
3
P M=2-1,---2
3
'_’)
e
°F

Fig. 2.2 Energy levels of the ground configuration, terms, multiplets, and the split of the ground
multiplet energy level in a magnetic field for atom Ti

2.2.2 Spin-Orbit Interaction and Multiplet

An electron in an atom circumrotates around the nucleus, thus the nucleus circumro-
tates relatively around the electron and produces a magnetic field. This magnetic field
interacts with the electron spin magnetic moment. This interaction belongs to a rel-
ativity effect and is called spin-orbit interaction. The spin-orbit interaction operator
could be obtained from the relativistic Dirac equation (1928) [1]. The Hamiltonian
of the electron in a single-electron atom in this equation is

. (p — eA)? eho-B
Hp = 3 +eV — 3
2m+ (E' —eV)/c 2m+ (E' —eV)/c
ieh

o T —evyapa L —eD +iG—ed) x5l 262

eV =u(r), (2.63)
> E. 7 1d 7
g B ldu)r (2.64)
r e dr r

where c is the speed of light in vacuum, m the electron rest mass, £ "= E —mc? the
eigenenergy not including the rest-mass energy mc?, A, B,V,and E the magnetic
vector potential, magnetic induction, electric potential, and electric field produced
by the nucleus. The spin-orbit interaction is the term in the right of (2.62) which
includes the product of & and ]A?, that is,

ieh
[2m + (E' —eV)/c2]2c?

Aps = E-(ip x &)
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o1 du(r)q

=500 §(r)?-§. ((E' — eV)/c2 <« 2m, (a3.3)) (2.65)
2m2c2r dr

The spin-orbit interactions in a multiple electron atom is

His = £00)li-s:. (2.66)

where £(r;) is given by the last relation of (2.65) but with Athe central field u(r;)
produced by both of the nucleus and the other electrons. Hy s for a term can be
formulated simply as

His = AL-S. (Note 4 of this section) (2.67)

A is called spin-orbit coupling constant.
The non-relativistic Hamiltonian for an atom including the spin-orbit interaction
is H = H] + H2 + HLS H 1s 1nvar1ant under the rotation-reflection operations

(Note 1 of this section). J = L + S is the total angular momentum of the atom.

The simultaneous eigenfunction |J, M) of J and JZ is a basis vector of the irre-
ducible representation of rotation-reflection group (A4.4.2). Therefore, under the
representation of |«, L, S, J, M) the secular equation

o, L, S, J,My|Hla, L, S, J ,My) —e8(J, J)8(My, My)| =0 (2.68)

is diagonalized (A4.7) and the eigenstate is lo, L, S, J, M;)(J =|L—S[,|L—S|+
I,..., L+ S). The perturbation energy of Hy g is

ers =Ma, L, S, J,My|L-Sla, L, S, J, My)

= %A[](] +1)—L(L+1)—-S8SS+ 1], (2.69)

which is independent of M; and is 2J + 1 fold degenerate. Under the spin-
orbit interaction the energy level of the term 2ST1L splits into energy levels of
(L3 J = |L =S|, |IL—S|+1,..., L +S5). Here 25! L represents the
set of the eigenstates {|o, L, S, J, Mj)}(M; = —J,—J + 1, ..., J) which is called
multiplet. If the partially filled subshell is filled less than half or more than half, A is
positive or negative (Note 5 of this section), and J of the ground multipletis |L — S|
or L + S. The last result is just the Hund’s third rule (Note 3 of this section). The
energy gap between the neighboring multiplets is

ers(a, L, S, J) —ers(a, L, S, J —1)=21J. (2.70)
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10 1
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Fig. 2.3 The observed multiplet energy levels of the R (rare-earth) ions in RCI,

Take atom Ti(3d?4s?) as an example. Under the spin-orbit interaction, the energy
level of the ground term 3F splits into the energy levels of °F5,3 F3, and 3F4 multiplets.
The 3d subshell is filled less than a half and hence *F; is the ground state (Fig. 2.2).

In most cases, the energy gaps between excited multiplet energy levels and the
ground multiplet energy level are still very large. Figure 2.3 demonstrates the multi-
plet energy levels of the rare-earth ions R observed in RCI, [2]. Take ion Nd*3 (4f3)
as an example. The energy gap between the first excited multiplet 1 /2 energy level
and the ground state 419 /2 energy level is about 2,100 em~! = 3000 K which is about
10-folds of thermal energy at R. T.. Except for the ions of small value of J for ground
multiplet, such as Eu (J = 0) and Sm (J = 5/2), the neglect of the excited multi-
plets does not affect the quality of the analysis of magnetic properties very much. In
the following, the excited multiplets will be neglected unless otherwise mentioned.

Note 1

ri and |F; — 7| are the lengths and L-S is a scalar product. Apparently all of them
are invariant under rotation-reflection operations.

Below it will be proven that > "¢ 82/da? also remains unchanged under the
rotation-reflection operations. Let the coordinate of a fixed in the space position
be 7(x, v, z) before a rotation-reflection operation. After the coordinate system
is rotation-reflection operated the position vector in the new coordinate system
becomes #'(x’,y', 7). (x’,y,7’) and (x, y, z) are linearly related and |F'| = |F|,
that is



50 2 Magnetism of Atoms

ax’ 9x’ ax’
’ 8x/ dy 0z

x / ’ X
ay" dy’ d
=y )=mm=Z2Z2L|(y). @2.71)
/ dx dy 0z Z
¢ 97’ 07 97
dx dy 0z
T
("/)T =y )="MT=(x y 2) Bi al % ,((r/)T : transpose of (1))
y oy
dz 0z 0z
(2.72)
=) ) =TT ) =0 ) =2 2.73)
From above equation we get
(M () =1=T) D", (2.74)
that is,
XV Zanra. s
ap’ o
> 3£ 3y =8By, By =x"y.7) (2.75)
~ o da
S Ziay 9 iaﬁ )T » 3 ov o
- a2 = 5 ady 5 oo ap - 0By do du
x' )’/,Z/ ’
ad
=2 5 2.76)
B
Note 2

h=h=I1=2L=|h—-bl,lh—hLl+1,...1+10=0,1,2,3,4;51 =55 =
s =1/2;and S = |s; — 521, |s1 —s2| + 1,...,51 + 52 = 0, 1. The atomic orbitals
Dy, (1,2) and @pyy, (2, 1) are

O, (1,2) = D CUL; mimiMp)@im (1) (2), @iy (D) = @30, (7))
my,mj

(2.77)
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D, (2,1) = D CUL; mmiML) @i, ()@ (1)

my,mj
= (=D7F D" CUL; mpmi ML) @ (D i, (2)
mp,m;
= (=D)LL, (1,2), (a427) (2.78)

where C(lIL; mlm;M 1) is the Clebsch—Gordan coefficient (A4.8.1). In the same
way
Xsmg(2,1) = (=D Xsmy(1,2). (2.79)

Since the wave function of the atom is antisymmetric, it holds

Drr, (1, 2)Xoumg (1,2) = —@pa, (2, DXspg (2, 1)
= (XS0 0 (2, DXsug (2, 1), (2.80)

thus L + S should be even integer. In brief summary, the possible values of the set
(L, S) are (0,0), (2,0), (4,0), (1,1), and (3,1). Therefore, the 45 degenerate configu-
ration energy level of Ti atom splits into five energy levels of 'S, 'D, 'G,3P, and 3F
terms.

Note 3

The Hund’s rules (~1927) are

(D The lowest energy term is that which has the largest S.

@ For terms that have the same S, the term with the largest L lies lowest in energy.

® If the partly filled subshell is exactly or more than half full, the level with the
largest J value has the lowest energy. If the partly filled subshell is less than half
full, the level with the smallest J value has the lowest energy.

Note 4

1,2,....n A
> (L. M. S, Mg|l;-si|L. ML, S. Ms)
i
+1,0
=n D (=D)L, Mpllp1|L, ML)(S, M§I3_1]S, Ms) (A4.6, A4.8.3)
o
=n{l, ..., LI, .. L, LY(s, ..., s, SISlls, ..., 5, S)
+1,0
x D (=D*C(LIL; MLaM})C(S1S; Mg, —a, M), (a4.35)
o

2.81)



52 2 Magnetism of Atoms

(L, M}, S, M§|L-S|L, My, S, Ms)

+1,0
= > (=D)L, My |La|L, ML)(S. M§|S_4|S. Ms)

o
+1,0

= (LILILY(SISIS) D (=D*C(LIL; MLaM})C(S1S; Mg, —a. M).
’ (2.82)

Equations (2.81) and (2.82) have the same relations with respect to My, M}, M
and M g and hence (2.66) can be expressed as (2.67).

Note 5
ers = Mo, L, S, J, My|L-Sla, L, S, J, My) = ».M Mg

1,2,...n 1,2,....n
> EODiSu| e, L, S, MJ>= &) > muimg,
i i
(2.83)

:<(x,L,S,J,MJ

My = mi, Ms =" my, (2.84)
i i

where (&) is the average of £(r;). From (2.83) we get

A= X mmsg M Ms #0 2.85
_(‘g)TMS. (M Ms #0) (2.85)

The electron spins are strongly exchange coupled to align parallel (Sect.2.5.2).
Therefore, if the subshell is filled less than half, my; = 1/2, Mg = n/2 = S, or
mg = —1/2, Ms = —n/2 = =S and My, = 31> my;, thus

1 1,2,....n
a6 ()
A= (E>—L% == =20>0. (2.86)

If the subshell is filled more than half,

%{(21 +D)—[n—Ql+D]} = %[2(21 +1)—n]=S (or Mg = —S),

1,2,....21+1 QI+1D)+1,21+1)42,...,n

1,2,...,
" 1
> omimi=y| X omi- X om

l

Mg =
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| GIADFL2AD 42, i
=3 Z my = —EML

i
1,2,....n 1
(or Z mlimsizzML), (2.87)
13

thus UM
(=1/2)Mt —(&) _ —(&) -o. (2.88)

= <§>ML(21+ 1—n/2) 2Ql+1)—n_ 28

2.3 Intrinsic Magnetic Moment and Gyromagnetic Ratio of Atom

2.3.1 Magnetic Moment and Gyromagnetic Ratio
of an Electron Orbit

The orbital of an electron in an atom is <Pn1m1(7) = |n,l,m;) (2.17). The
z component of the orbital magnetic polarization moment is (Note 1 of this sec-
tion) .

py(my) = —mipug = —(n, L, m|hl:|n, 1, mp)y, (2.89)

where
g = polelh
B 2m

(J-m/A) (2.90)

is the Bohr magneton (up is often defined by |e|i/(2m) (J/T) such that all the mag-

netic polarization moments in this section are replaced by corresponding magnetic

moments such as (2.89) by pas(m;) = —m;up. This book adopts the up of (2.90)),

and

pJ(myp)
hm;

B
=B 2.91
- (2.91)

-
is the absolute value of the ratio of the orbital magnetic polarization moment to the

orbital angular momentum, which is called the gyromagnetic ratio of the electron
orbit.

2.3.2 Magnetic Moment and Gyromagnetic Ratio
of an Electron Spin

The z component of an electron spin magnetic polarization moment is

py(my) = —gemsup = —(s, mg|hS|s, ms)ys, (ge =2.00232~2) (2.92)
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where

=ﬁg=2m (2.93)

s =

py(my)
himg

is the absolute value of the ratio of the spin magnetic polarization moment to the spin
angular momentum, which is called the gyromagnetic ratio of an electron spin.

2.3.3 Intrinsic Magnetic Moment, g Factor, and Effective Magnetic
Moment of an Atom

The z component of the orbital magnetic polarization moment of an atom is
ps(Mp) = —=Mppug = —(L, M|hL|L, ML)y, (2.94)

The largest value of p;(M1) pj(—L) = Lug iscalled the intrinsic orbital magnetic
polarization moment or tersely orbital magnetic polarization moment of an atom.

A2
\/(L, MpIR?L |L, ML)y =~/ L(L+ Dus (2.95)

is called the effective orbital magnetic polarization moment of an atom.
The z component of the spin magnetic polarization moment of an atom is

pi(Ms) = —2Mspup = —(S, Mg|hS,|S, Ms)ys. (2.96)

The largest value of pj(Mg)ps(—S) = 2Sup is called the intrinsic spin magnetic
polarization moment or tersely spin magnetic polarization moment of an atom.

52
\/(S, Mg|h2S |S, Ms)ys = 2¢/S(S + s (2.97)

is called the effective spin magnetic polarization moment of an atom.
The z component of the magnetic polarization moment of an atom is

pr(My) = —(L,S, J, Mj|hi(L, +28,)|L, S, J, Mj)y
= —g/Myug =—(L,S,J, My|hJ,|L, S, J, My)y;, (2.98)

where

+JU+D+SG+U—L@+D
2J(J +1)

(Note 2 of this section)
(2.99)

gr=1

is called the Landé g factor (or tersely g factor), and
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Table 2.3 Ground electron configurations, ground multiplets, and the values of S, L, J, g7, g7/,
and g7+/J(J + 1) for three-valence rare-earth ions

Ton Configuration Multiplet S L J gJ g7J giNITT +1)
La 4f0 ISy 0 0 0 0 0 0
Ce 4f1 2Fs) 12 3 512 6/7 2.14 2.54
Pr 4f2 3Hy 1 5 4 4/5 3.20 3.58
Nd  4f3 o/ 32 6 9/2 8/1 3.27 3.62
Pm  4f* Sy 2 6 4 3/5 2.40 2.68
Sm  4f Hs)p 525 52 2/7 0.71 0.85
Eu 4£6 R, 3 3 0 0 0 0
Gd  4f 8372 7720 2 2 7 7.94
Tb 4f8 "Fe 3 3 6 32 9 9.72
Dy 49 ®His)n 52 5 152 43 10 10.65
Ho 4£10 STy 2 6 8 54 10 10.61
Er 411 *1is 2 326 152 6/5 9 9.58
Tm  4f12 3He 1 5 6 716 7 7.56
Yb 413 i 2 3 a2 8/7 4 4.54
Lu 414 Isy 0 0 0 0 0 0
pi(My) UB
| gy = (2.100)

is the absolute value of the ratio of the atomic magnetic polarization moment to the
angular momentum, which is called the gyromagnetic ratio of an atom.

The largest value of p;(Mj) pj(—J) = gjJup is called the intrinsic atomic
magnetic polarization moment or tersely atomic magnetic polarization moment.

2
Dieff = gj\/(J, MylJ |, Myyps =gsvVJ(J + Dup (2.101)

is called effective magnetic polarization moment of an atom.

Table 2.3 lists the ground electron configurations, ground multiplets, and the
values of S, L, J, g (g factor), g;J(magnetic polarization moment in g unit), and
g7 J(J + 1) (effective magnetic polarization moment in up unit) for three-valence
rare-earth ions.

Note 1
First consider a general case in which an electron is moving in an arbitrary

potential u. The orbital ¢ satisfies the Schrodinger equation

., 09 [
% _ (v . 2.102
ot ( m . TH)O (2.102)
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The conjugate complex of the equation is

dp* R,

—ih =|—-—=—V *. 2.103

o ( m . TH)® (2.103)

By subtracting the product of (2.102) and ep™ by the product of (2.103) and e, we

get the law of conservation of electric charge

ad ieh

—e— (@9 = —V:(pVp" —¢"Vg), (2.104)

ot 2m

in which the left is the diverging rate of the electric charge density and the right the
divergence of the electric current density j = (iehi/2m)(pVe* — ¢*Vo).

In this section ¢ = @y, () and

- eh - - - -
Jj= [(pnlml (V)V%sz (r) — %sz (V)V%lm, )]. (2.105)
2m ! !

The r and @ components of ; are zero. The ¢ component is

ieh 1 N aﬁo;lklm,(;) % - a(pnlml(;:)
jp = — _ — _ 3.20
Jo= s [wnlml O = am D55 (23.20)
ehm 1 R
= L |Gty (2. (2.17)~(2.18) (2.106)
m rsinf
oo T
py(my) = /Lo//ﬂ(r sin 0)2j¢rdt9dr = —miuB. ((1.21), (2.90))
00
(2.107)
Note 2

{I:il, I:o} and {fil, fo} are the first-rank irreducible tensors (A4.6), thereby
(J, M/|fa|J, M)y =CU1J,; M’J(xMJ)(J||f||J), (¢ ==£1,0) (2.108)
(L,S,J, MJIEQ|L, S, J, M’J) =CW{J1J; M/JaMJ)(J||f,||J), (a4.35) (2.109)
(Ls S» ]s Mj|i’d + 2§d|L9 Sv Jv M‘/]>

= (J, Mj|Jo|J, M}) + (L, S, J, My|L4|L, S, J, M)
= (J, MylgsJulJ, M), (2.110)
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where the proportional coefficient g; is irrelevant to M; and M’,. Equation (2.110)
(2.111)

shows that R
L+2
NN 22
JS=(@r—N1HJ, 2.112)
52 % a, 22 a2 EEN 22 3 2,
L =J-=-8"=J +S§ —-2J.S=J +8§ —2(g;—1DJ, 2113
22 22 ] A 32 a2 (2.113)
giJ =1J ~|—§(J +S — L),
~2 a2 22
(L,S,J,M;|J +S —LIL,S,J, My)
gsr=1+ )
2L,S,J,M;|J |L,S,J, M)
J(J +1 S(S+1)—L(L+1
:1+(+)+(+) (+)_ 2.114)
2J(J + 1)

2.4 Paramagnetism and Diamagnetism of Atom

2.4.1 Magnetic Moment Operator of an Atom in a Magnetic Field

In the magnetic field B= Be, the Hamiltonian of an atom is

1,...Z
e I o - R . . .
H = E [—[pl- — eA(r,-)]2 + 2uBS;i H ; + intra-atomic interactions,
2m
(2.115)

(Sect. 1.5, (2.92), (1.75))
(2.116)

- | 1 . .
B xr=—=Bye, + EBxey. (Note 1 of this section)

-

A@r) =
The terms including the magnetic field in the Hamiltonian is
(Note 2 of this section)

H 2
%(x? + y?)] ,
(2.117)

N =

1,...Z
> [uB(zﬂ- +25.)H +

i
and the projection of atomic magnetic polarization moment operator in the H direc-

tion and its eigenvalue are
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) 1,...Z
R > AL
br=—gm = —us(L +28) = —0H 37 (o + 7). (2.118)
i

(@, L,S,J,Mylpjle, L, S, J, My)

220702
27
e“O_JilH:Hﬂ>=3u%==ﬂy%%Wﬂ%e“”b

4m 3
(2.119)

=—g/Myup —

Suppose there are N atoms in a unit volume.

2.4.2 Paramagnetism of Atom

The first term in the last expression of (2.119) is the eigenvalue of the z component
of the magnetic polarization moment operator of the atom. The magnetization is

—J =T+, MyusH
N ZMJ —gyMjup exp <——gj kﬁB ) NgyJus

M = —J=J+1,.,0 M, g H By (x),
Ho 2y, T exp (_ ST ) Ho
(2.120)
JusH
x= 8ITHBT (2.121)
kgT
2J +1 2J +1 1
B;(x) = + cth + x) = —cth—. (2.122)
2J 2J 2J  2J
Bj(x) is called Brillouin function. Such magnetic property of M > 0 is called
paramagnetism.
Ifx <1,
By =S ! (2.123)
xX)=-——, .
/ 37
Ng2J(J + g
— M H, (2.124)
3ok T
and hence
_¢ (2.125)
X = T .

_ Ng3IU + D

C = (2.126)
3uoks
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Equation (2.125) is called the Curie law and C the Curie constant. The value of C can
be obtained from the slope of the straightline 1/ (7) of experiment, and the effective
magnetic polarization moment of the atom g;+/J(J + 1) can be obtained from
(2.126) by using the experimental value of C.

2.4.3 Diamagnetism of Atom

The last terms in the last expressions of (2.118) and (2.119) are negative,
that is, the magnetization of negative susceptibility is oriented opposite to the mag-
netic field direction. Such magnetic property is called diamagnetism.

The term of (2.118) can also be deduced by using the following semiclassical
model. An electron circumrotating with velocity v on a circular orbit of radius r
has an orbital angular momentum Al = mF x ¥ and orbital magnetic polarization
moment L
L L S TR ) (2.127)
2rr rv 2m

ps=rolS = po

The absolute value of the ratio of p; to hl is |poe/2m| = y; in coincidence with
(2.91). According to the equation of motion for an angular momentum, the deriva-
tive of the angular momentum A/ with respect to time equals to the torque exerted

on the magnetic moment by the applied magnetic field p; x H = —yhl x H,
that is, .
d [ x i (2.128)
_— = — X . .
ar Vi

Let/ = fo exp(iwt). The x and y components of (2.128) are
iwl, +yHIly =0, (2.129)
—vHI +iwl, = 0. (2.130)
The solution of (2.129) and (2.130) are (Sect. 3.6.7.3)
w=yH, (2.131)
ly = —ily, (2.132)
that is, [ makes a precession about the H direction along the right-hand direction
with angular speed y; H (Fig. 2.4). Such precession is called Larmor precession. The

precession increases the angular momentum and magnetic polarization moment in
the field direction by

Al = mor? = my, (x2 T y2) H, (2.133)
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Fig. 2.4 Larmor precession 1

and

oe? (¥ +57)

H. ((2.90)—(2.91)) (2.134)
4m

Apy = —nAl = —

The sum of A p; over the electrons of an atom is just the last term in the right of
(2.118).
The diamagnetic susceptibility is

21 2,2

e Ze“(r
x=-NEST 62 g2 _ _yHezedr (2.135)

m

(r?) being little affected by temperature,  is essentially independent of temperature.

Note 1

Ay (o = x, y, z) satisfying the relations of

0A;, 0A, 0A, 0A;
-——=0, By,=

ay 9z 0z ax

_0A,  0Ax

T 9x ay

B, =

B, (1.11) (2.136)



2.5 Exchange Interaction in He Atom 61

. dA A A
VA= 24+ 2Y4 "2_9 (1.14) (2.137)
ox ay 0z

can be expressed as

X,¥,2
Ag =D CupB, (2.138)
B

in which Cyg satisfies the conditions

C.y =Cyg, Cy; =Cy, Cyy—Cyy=B, (2.136)

(2.139)
Cix +Cyy +C;; =0. (2.137)
There are many ways to select the values of Cyg. This section takes Cy, = —Cyy =
B/2, and the others zero.
Note 2
Let ¢ be an arbitrary function of 7.
V.-(Ap)=A-Vo+ (V-A)p=A- Vo, ((a3.16),(1.14)) (2.140)
p-Ap = —ihV-(Ap) = —ihA-Vo = A-po, (2.141)
thus L R
p-A=Ap, (2.142)
e n o= - e - a epoH A P
—s-(pA+Ap =——Ap=-— (=ypx +xpy) = psl-H.
2m m 2m

((2.116),(2.90)) (2.143)

2.5 Exchange Interaction in He Atom

2.5.1 Exchange Hamiltonian

By taking into account only the Coulomb interactions, the Hamiltonian of the two
electron system of He atom is

H(F1, 72) = h(F1) + h(Fy) 4 g(F1, 72), (2.144)
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22
. 54 o Z 2
=P Z2¢ 5y (2.10)
2m dmegr
2
g(r,r) = . (2.12)
471807‘12

Since the Hamiltonian is irrelevant to spin, the eigenstate of the system W is the
product of the functions of the position vectors and that of spins, which is exchange
antisymmetric:

V(ry, 01,72, 00) = ®(F1, 1) X(01, 02) = =W (F2, 02, F1, 01). (2.145)

Thereby
q>S(7] k] ;:2)Xa(o'l ) 02)5
V(ry, 01,72, 00) = { or (2.146)
@, (F1, 72)Xs(01, 02).

The subscripts a and s denote that the function is exchange symmetric and antisym-
metric, respectively. X, and X are the spin eigenstates of total spin quantum number
S = 0 and =1 for the two electron system, and are

1

Xa=Xa(§=0,Ms=0) = X+ (MWx—2) = x+ @) x- (D]

NG
=1[§=0,Ms=0), (2.147)
Xs(1, D) = x4+ Mx+(2) =[1,1), (2.148)
1
Xs(1,0) = E[X+(1)X—(2) + x+@)x-(DH] =11,0), (2.149)
X(1, —=1) = x—(D)x_(2) = |1, —1). (2.150)

Let ¢, (¥) and &, denote the orbital eigenfunction and eigenenergy of Het! ion,
then

(A1) + h() e (F9p(F2) = (60 + £p)9a (P15 (F2)
= [h(F) + h(F2)lpa (F2)ep (1)
= (e + 88)0a(P2)0p (F1). (2.151)
Take g (71, 7») perturbation. By approximating the total orbital state of He by the

linear combination of ¢, (F1)@g(r2) and ¢, (F2)ep(F1) (@ # B), we get the orbital
states and eigenenrgies
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- o 1 - - - -
D(r1,2) = —=lea (r))ep(r2) + @a (r2)ep(ri)l, (2.152)
V2
E(S=0)=¢4+65+ K+ Ja, (2.153)
- - 1 - - - -
@ (r1,r2) = —=l@a (r)ep(r2) — @u (r2)ep(rl, (2.154)
V2
E(S=1)=¢4+6s+ K — Ja, (2.155)
e’ 2 N2 =2
K= / n | (rD) |7l (r2)|"dvidug, (2.156)
TTEQT12
62 N N N N
Ja E/ Po F)QE (F2)@a (F2) @p (F1)dv1dva. (2.157)
4meorin

Here K and J4 are the Coulomb interaction energy and exchange integral between
the two electrons. The eigenenergy is related with S but not with M. Since

(5.5, S, Mg|(s1 +52)%|s. s, S, M)

A2
= (s,s, S, Mg|S |s,s, S, Mg)
= 25(s + 1) + (s, 5, S, Ms|251-52]s, 5, S, Ms) = S(S + 1), (2.158)

(5,5, S, Ms|251-52]s, s, S, Mg) = S(S + 1) — 2s(s + 1)

_é’ S=1
= [ f ES 0; (2.159)
2 =

equations (2.153) and (2.155) can be expressed in a unified form of
1 3 4
E=¢y+eg+K— EJA —{(s,s,8, Mg|2Ja81-S2]s, 5, S, Mg). (2.160)

From the above equation we get the expression of the exchange Hamiltonian (also
called Heisenberg Hamiltonian) as

Hox = —2J451-52. (2.161)

By extending this result to the atom in which n electrons partially fill an electron
subshell, the exchange Hamiltoanian in general case is expressed as
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1 1,..., nyi#j
Heo = =3 Z 2J 485 . (2.162)
i,J

2.5.2 Positiveness of Exchange Integral of Form (2.157)

Assume that the electric charge of density

p*(F) = egy (Fop(F) (2.163)

is distributed in the space. ¢, () and o (¥) are arbitrary functions localized within a
limited space. The relations between p* (¥) and the electric potential V () produced
by the former are

0 _

= V2V, ((1.33),(1.35) (2.164)

0

46) =/Mdv/. (1.37) (2.165)
dmeg|r — |

Inserting (2.163)—(2.165) into (2.157) we get

2
e N > N -
Iy = / e ge s Prdudy

dmeolr — 7|
k7 =/
= / LTOPE) G = —ag / VE@ V2V (F)dv
dreg|r — /|
o0
= —807{ V*(?)VV(F)-d§+so/|VV(7)|2dv (a3.28)
* o0
=0 / IVV (#)[*dv > 0, (2.166)
[o/e]

that is the exchange integral of the form of (2.157) is permanently positive regard-
less of that the electrons belong to the same atom or different atoms. J4 of
(2.157) belonging to this kind of integral, the exchange interactions within an atom
align the electron spins as parallel as possible. This result can explain the Hund’s
first rule that the ground term of an atom has the largest value of spin quantum num-
ber S. Thus, the 3d transition atom of Mn(3d>4s?), Fe(3d%4s?), Co(3d”4s?), and
Ni(3d84sz), for instance, has the spin magnetic moments of 5ug, 4up, 3us, and
2ug, respectively.
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2.6 Exchange Interaction in H, Molecule

2.6.1 Eigenstates and Eigenenergies of the Two Electron
System of H;

By taking into account only the Coulomb interactions, the Hamiltonian of the two
electron system is

22 a2 )

PO pL+p e 1 1 1 1 1
H“l"’?):ﬁunso( _________

= ha(F1) 4 hp(F2) + §(F1, 72) = ha(P2) + hp(F1) + §(Fa, 1), (2.167)

a2

N P 6‘2
he(Fi) = —— — , (i=1,2; a=a,b) (2.168)
2m  Amegrig
U e (1 1 1 o
8ri,rj) = 4 — ) (G, ))=(01,2),2,1)) (2.169)
ey \rij  Tib  Tja

where the subscripts a and b denote the nuclei and r;4 the distance of the i th electron
from the nucleus «. Let ¢, and ¢ represent the ground orbital and eigenenergy of the
electron in the isolated H atom of nucleus «, then

o (F) o (F) = e (7). (2.170)

When the two H atoms are distant apart, there are two ground orbital states of the
two electron system:

D (71, 72) = @a(F1)p(P2). (2.171)
D (72, 1) = @a(F2)p (F1). (2.172)
which satisfy the Schrodinger equations
[ha(F1) + hp(F)1® (1. ) = 26D (71, 7o), (2.173)
[ha(F2) + hp PP (2, Fi) = 26D (72, F1). (2.174)

Take g(r;, 7j) or g(rj, ;) as perturbation when the two H atoms approach, and
solve the orbital eigenfunction

C19(r1,12) + C2®(r2, 1) (2.175)

and eigenenergy 2¢ + A from the Schrodinger equation



66 2 Magnetism of Atoms

Ci[H — e + M (F, Fa) + Co[H — (26 4+ A)] @ (72, 71)
= C1[8(F1,72) — AI®(F1, F2) + C2g(Fa, F1) — Al® (72, 71) = 0. (2.176)

Let
K = (®(F1, ) |8(F1, PP (F1, F2)) = (D (Fa, F1)|&(F2, F1) P (P2, F1))

e? (1 1 1 R .
:/ (r_ - = —) 0a P11 05 (72) [2dv dus, (2.177)

12 I2a b

Sab E/(pj(?)go;,(f)dv, (2.179)

and suppose |Sqp|? < 1.
Left multiplying ®* (7, 7,) and ®* (7, 71), respectively, on the last relation of
(2.176) and then integrating them we get

Cil(®(F1, 2|8 (F1, )| @ (F1, F2)) — A]
+ Co[( D (F1, F2) |8 (P2, PP (P2, F1)) — A(D(F1, F2) | P (P2, F1))]
=Ci(K—=A)+Ca(Jg — A|Sab|2) =Ci(K—-A)+CJs =0, (2.180)

Cil{®(F2, P& (F1, )| P (F1, F2)) — A(DP(Fa, F1) | D (F1, 72))]
+ C2l{ @ (P2, FDIE (P2, F D (P2, T1)) — A]
=C1(Ja — AlSap?) + C2(K — A) = C1Js + C2(K — A) = 0. (2.181)

The two solutions of simultaneous (2.180) and (2.181) are

AS=0)=K + Ju, (2.182)

oL 1 oL oL
Dy(r1,1r2) ~ ﬁ[q)(”l, 1) + ®(r2, )], (2.183)
AS=1)=K — Ja, (2.184)

Lo 1 .. .
D, (r1, 1) & —=[P@r1,r2) — P(r2, 11)]. (2.185)

V2
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Fig. 2.5 A versus rgp

®d, is exchange symmetric and @, is antisymmetric. Since the Hamiltonian (2.167) is
irrelevant to spin, the spin-orbit eigenfunctions are the products of the above orbital
functions and the spin functions, and are antisymmetric, that is

Uy = Oy (71, 72)Xa(o1, 02), (2.186)

W, = @, (71, F2)Xs(o1, 02). ((2.147)—(2.150)) (2.187)

2.6.2 Exchange Interaction in H,

The relations between the perturbation energy and the total spin quantum number
in (2.182) and (2.184) are completely the same with those in (2.153 and (2.155).
Therefore, the perturbation energies A(S = 0) and A(S = 1) can be expressed in
the unified form of

1 N
AZK_EJA_(Sa Ms|2J451-52|S, Ms) (2.188)
as that in (2.160). The exchange Hamiltonian is
Hox = —2J451-52 (2.189)

as (2.161) for He atom. The difference is that there are two extra two terms in the J4
of (2.178) for Hy molecule then that of (2.157) for He atom. If J4 > O the energy
of the § = 1 state is smaller than that of S = 0 state and hence the parallel coupled
spin state is stable. If J4 < 0, the § = O state is stable. Hy molecule belongs to the
latter case. Figure 2.5 demonstrates A as a function of 5. It shows that when § = 0
there appears a minimum of A < 0 at a certain value of r,, thus forming a stable
H; molecule. Figure 2.6 demonstrates the electron density distribution on a section
plane passing through the two nuclei. The electrons itinerate in the whole molecule.
When S = 1 the two electrons of same spin repulse each other caused by the Pauli’s
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S=1 =0

Fig. 2.6 Electron density distribution for state S = 1 and 0

exclusion principle and have a tendency to localize in each atom H. When S = 0,
there is no such repulsion and the degree of itineration is higher.

2.7 Hyperfine Interactions in Atom

2.7.1 Spin, Magnetic Moment, and Quadrupole of Nucleus

A nucleus mainly constitutes of positrons and neutrons. The masses of positron and
neutron are mp, = 1836.153m and m, = 1838.684 m, where m is the electron
rest mass. A nucleus is denoted by the nuclear symbol %‘X or X, where Z is the
atomic number which is the number of the positrons, X is the element symbol such
as Fe, and A the mass number which is the sum of the number of positrons and
neutrons. The spin quantum number, magnetic polarization moment, and electric
charge of a positron, neutron, and nucleus are

1

Ip=75. psp=279284734 ux, |el, (2.190)
1
I, = 3 Pim= —-1.9128 pun, O, (2.191)
I, pjNn=gnIpn, Zlel, (2.192)
respectively, where
h 1

n = Holelh (2.193)

2m, | 1836.1531°

is the nuclear magneton. / is zero if both of Z and number of the neutrons A-Z are
even, a half-integer if Z is even and A—Z is odd, and an integer if both of Z and A-Z
are odd. The values of p N are three orders smaller than that of electron and can be
neglected compared to the latter, but the magnetic moment plays a very important
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Table 2.4 Values of I, gn, gn/, and Qf for''H, > Fe, and %3Nd [3]

Nucleus 1 gN an/ Q1/(10_28m2) State
'H 12 5.585,691,2 2.792,847,34 0 Ground
5TEe 172 0.188,8 0.090,44 0 Ground

32 —0.103,3 —0.154,9 0.21 First excited
143Nd 712 —0.304 —1.063 —0.48 Ground

role as a detector of the hyperfine magnetic field which is proportional to the magnetic
moment of the atom in solids (Sect. 3.9).
If the weak interaction is neglected, the nuclear wavefunction ¥y, @)
|, I, M; > (7: logogram of all position vectors of positrons; M;: the magnetic
quantum number; «: the quantum numbers other than 7 and Mj) has a definite
parity:
Varm, 7) = £Warm, (7)., (2.194)

and hence the dipole moment of the positrons (e, I, M| Z;Z 7p lee, I, My) is zero.
Here 7, is the position vector of the p™ positron.

For most of nuclei, the space distribution of the positrons has the symmetry of
rotational ellipsoid. The quadrupole Q; characterizing the extent of deviation of the
positron distribution from spherical symmetry is defined and is

1,...,.Z
0 = <a, 1.1 z (312 - r[%) a1, 1> (zp: z component of 7))
P
1,...,.Z
= <a,1 112> rUsGp/rp)| e 1,1> (2.24, Table 2.1)
P
.2 1,...Z
= (1,131}~ 1 |1, 1>< Z r§> U |T) (A4.9.2)
p
1,..,Z
=1(21—1)< > r§>(1||U2||1), (2.195)
P
.. 1.,
where ( Z rp) is the average of Z r . le|]Qy is called electric-quadrupole.

Table 2.4 demonstrates the values of 1, gN gnI, and Q; for some nuclei.
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2.7.2 Hyperfine Interactions

So far a nucleus has been considered to interact with the electrons as a point electric
charge (2.10). The interaction of the finite volume nucleus which has a magnetic
moment is a bit different from the above interaction, but the difference is far smaller
than the latter and spin-orbit interaction and is called hyperfine interaction. Some of
the interaction belong to the relativity effects and the hyperfine interactions will be
discussed on the basis of the Hamiltonian of Dirac equation [1]

N (IA? —ezg)2 eho-B
Hp = +eV —
2m + (E' —eV)/c? 2m + (E' —eV)/c?

n ieh
[2m + (E' — eV)/c?]3c?

E- [p—eA+i(p—eA)xa], (2.62)

eV =u(r), (2.63)
. E7 1du(r) 7
pobr_ ldur (2.64)
r e dr r
- PN
A= . (149 (2.196)
473
R E 1 3 Y .—v - N
H=2 — (PyNr)r PN | (1.46) (2.197)
wo  Ampe | 1 3

2.7.3 Hyperfine Magnetic Interaction

Hyperfine magnetic interaction Him includes the terms in the right of (2.62) pro-
portional to p;y of the nucleus and also to p and s = o /2 of the electron, that
is

2¢2hE,

H 2m + (E' — u(r))/c22c2r

Ul

Ay = ——p-A +2up FAXS. (2198

The first and second terms in the right of above equation are the same with corre-
sponding terms of the non-relativistic Hamiltonian Equation (2.115). The third term
is of relativistic effect called Fermi contact term or tersely called contact term.

Him being proportional to fi JN» it can be expressed as a potential energy of ;) JN

in the hyperfine magnetic field Him produced by the electron:

ﬁhm = _;jN'ghm- (2.199)
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First consider the hyperfine magnetic field of the first and second terms in the
right of Equation (2.198). They can be reformulated as

e » - e » [%]N X ;" N —,bLBl
B A=——p. = — —_ 2.200
m? m? anrs PN 27 por3 ( )
5 = 5 —MKB 3@'7)7 ?
2 H=— - —=, 2.201
UBS PN e |: 3 r3:| ( )
so their hyperfine magnetic fields are
s g |
H=_MB° (2.202)
27 o 13
N _ 3 i\..—> - fad
— [ﬂ - s3] (2.203)
27T Lo r r

These fields are produced by non-s electrons. For an s electron / is zero and hence the
average of H 1 is zero. The space distribution of the s electron cloud being spherically

symmetric, the average of H s 1s also zero (Note 1 of this section).
Now analyze the last term in the right of (2.198). By exploiting the relation of

o3 r2 _ 7( 5 7)
B 4m3p1N ((2.196),(a3.3)—(a3.4))

FAXS=S5TFX
473

1 5 GHF
— - — 2.204
4z PN |:r r3 :| ( )
we get the contact term Hr and its hyperfine magnetic field H F as
o 2¢2hE, -~ =2 3
Hp = r-AXxs
[2m + (E' — u(r))/c??c?r
_ —eus E, 5 SOGHE| L » B
" Ammug [1 + (E' — eV)/2mc?)2c? PNt |02 A4 | T PN
(2.205)
A 1 E 5 ’—\.—» -
Hp = — 28 ’ |5 - (s ?r . (2.206)
4 mecpg [1+ (E' — u(r))/2mce?]= | r r
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Since . . .
35 5 oo 2%
12 — (s ?r = —Sz, (Note 2 of this section) (2.207)
r r r
and
—e E, d 1
2mc2 [1 + (E' — u(r))/2mc? 2

2.208
T 11 E —utryyame =10 (2208
has the characteristics of Dirac § (Note 3 of this section), (2.206) simplifies to

UB 25

H —.
F 27 1o ") 3r2

(2.209)
The hyperfine magnetic field of the contact term produced by the electron of orbital
state |n, [, my) is

/ﬁF|¢nlml(7)|272 Sin@drd9d¢ = —/ 1B

2 .
S i 5(S(r)leﬁ,(r)sdr
nw
= ‘an | @nimy (0) 5. (R%,(0) =

Qnim; (0)1) (2.210)

Since R,;(0) is nonzero only for / = 0 (2.26), only s electrons contribute to the
contact term.
The total hyperfine magnetic field is the sum of (2.202), (2.203), and (2.209)
s us | 1 3GHF S
Hm=—-———"|5+————=
hm 2o | 13 rd

2 N
+ 5320005 (2.211)

2.7.4 Electric-Quadrupole Interaction

Let V(rp) denote the Coulomb potential produced by the electrons outside the
nucleus. The Coulomb interactions of the nucleus with the electrons are

.....

,,,,,

1xyz
+5 Z 5295 3;8 apBp (2.212)
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The first term in the last expression is the Coulomb potential of the point charge
nucleus which does not belong to the hyperfine interaction. The electric moment of
the nucleus being zero, the second term is zero. The third term

,,,,, Z x,y,2

5 |e| 32V
Hy = Z Z VapapBp Vop = mk) (2.213)
P

is called the electric-quadrupole interaction.

2.7.5 Hyperfine Coulomb Interaction of the Nucleus
with an Overlapping Electron Cloud

Consider the nucleus to be approximately a sphere of radius N, and the orbital of the
electron within the nucleus ¢, (0). The Coulomb interaction energy with respect
to that of the electric point charged nucleus is

r
. ~Ze 5 3ze? 55
Hy =e - —1 47012 Pty () Pdr = =1 @uim, (0)*ry. (2.214)
dmegr N 10¢gg
0

®nim, (0) being nonzero only for s electrons, this interaction is produced by an s
electron.

2.7.6 Total Hyperfine Interaction

Total hyperfine interaction of an atom is

Hyt = D [Hum (i) + Hy(i) + Heo ()] (2.215)

i

Note 1

Let e, and ¢, denote the unit vectors in the § direction and normal to § in the plane
formed by 7 and 5 and 6 the angle between 7 and 5. 7 = r (¢, cos + &, sin6).

T N N
3G7 3
/ |:_(s Sr)r S3i| rsin0do
,

0
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s
% / [3cosB (e, cosh + e, sinf) — é,]sinHdH
,
0

A . 1 T .
_ % [[— cos® 0 + cos 015e. + [5 sin’ 9i| ﬂ] =0. (2.216)
r 0
Note 2
By exploiting the relations of
GyGy = —6y6y =16;, 646, = —6,6y = i0y,
6.6y = —0x0;, =i6y, (2.2) (2.217)
we get
1 X,¥,2 Xy,yzZ,2x r2
5 -2 202
GP? =g | 205+ 2 Gpoy toyoppy | =, 22D
B By
(2.218)
s GopF
S, mg P s, Ny
N
= <S, mg }"_2 — m S, Mg (8.436)
|28 1,
=(s,m 3,2 S, My ). s = E,ms,ms = +s (2.219)
Note 3
Dirac delta 6(x) is a function which satisfies the relations of 6(x # 0) = O,

8(0) = 0o, and [ §(x)dv = 1.

When r is not very small (> 1073 nm), (E' — u(r))/2mc2 in the denominator of
the first expression can be neglected. e E, in the numerator is the finite force acting
on the electron and its integral is the energy of the electron of 10 ~ 103eV order
which can be neglected compared with 2mc? ~ 10%V of the denominator,

o0
u(r)
<<
2mc?

frdr ~

r>10—3nm
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and hence £ (r) can be considered zero. When r approaches zero, E, o 1/r?, u(r) o
1/r,and f(r) — oo.

o0 1 00
/f(r)dr — [1 T u(r))/2mc2i|0 =1. (2.220)
0

Appendix 4: Selections from Group Theory

A4.1 Group

A4.1.1 Group

Ifasetofnelements {A, B, C, ...} G satisfies following four conditions, G is called
group of order n.

(D G is closed under a binary operation, that is, the combination of any two elements
AB is also an element in G;
(@ There exists an identity element E such that EA = AFE for all A;

©
A(BC) = (AB)C; (ad.1)

@ Foreach element A there is aninvertelement A~ suchthat AA~! = A~1A = E.

An example: A series of integer {n} with plus—minus operations is a group of
infinite order.

A4.1.2 Symmetry Group

A symmetry operation is an operation which transforms the system into a state
indistinguishable from the starting state.
The group consisted of symmetry operation elements is called symmetry group.

A4.1.3 Rotation—Reflection Group

If a system is spherically symmetric, the operations of any angle rotation about
any axis passing through the center of symmetry, reflection over any plane passing
through the center, and combination of above operations do not change the system.
The group consisting of these operations is called rotation—reflection group.
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(a S (b) ()

Fig. a4.1 Symmetrical points of O, (a), D4y (b) and D34 (c)

A4.1.4 Point Group

If a system is a crystal, the operations of rotation about some major crystal axes by
certain angles, reflections over certain crystal planes, inversion with respect to the
center, and the combinations of the above operations do not change the system. The
group consisting of these operations is called point group.

Examples:

(D A crystal of cubic symmetry does not change under the operations of rotation
about any fourfold rotation axis (100) by integral multiple of 2 /4, rotation
about any threefold rotation axis (111) by integral multiple of 27 /3, inversion
with respect to the center, reflection on {110} plane. and the combinations of
above operations. There are 48 such symmetry operations which constitute Oy,
group (sometimes tersely called Op,).

@ If a O;, symmetrical cubic crystal is elongated or compressed along the [001]
axis, only 16 operations among the 48 operations of Oy, satisfy the new symmetry
which has only one fourfold rotation symmetry axis [001] (O, has three axes of
[100], [010], and [001]). The 16 operations constitute Dy4;, group.

® If an Oy symmetrical cubic crystal is elongated or contracted along the [111]
axis, only 12 symmetrical operations among the 48 operations of Oy, satisfy
the new symmetry which has only one threefold rotation symmetry axis [111]
(Oy, has four axes of [111],[111],[111] and [111]). These 12 operations
constitute D3y group.

Figure a4.1 demonstrates the symmetrical points of Oy, Dasj, and D34 obtained
through symmetrical operations on a point of general position.

A4.1.5 Subgroup

If a part of the elements of group G constitute another group Q under the same binary
operation, Q is called subgroup of group G.
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Examples: Any point group is a subgroup of rotation-reflection group. Dy4;, and
D34 are subgroups of Op.

A4.2 Vector Space and Operators (Matrices)

A4.2.1 Vector Space

A set of linearly independent n functions {y;} (i = 1,2,...,n) constitutes
n-dimensional vector (function) space L,. Any vector |«) in this space is a lin-
ear combination of {;} which can be considered a column vector. The row vector

(a| in the dual space is the conjugate transpose (adjoint) of |«). Inner product («|8)
satisfies the relation

(@|B) = (Bla)*. (a4.2)
A4.2.2 Hermitian Adjoint
Hermitian adjoint QF of operator <2 is defined by the relation
(QFalB) = (@IQB) = Qup. (a4.3)

It holds
+

Qf, =Q oF =G (ad.4)

The matrix of operator €2 in the vector space L, is

Qi = <1pi|§2|1p,->.(s2) is often represented by Q. Equation (a4.4) shows that
Hermitian adjoint matrix (Q+) is the conjugate transpose of (£2).

A4.2.3 Unitary Operator (Matrix)

The operator (matrix) which satisfies the relation

Qt=Q! (ad.5)

is called unitary operator (matrix). It satisfies the relation
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(Qa|2B) = (@|B). (a4.6)

Any operator (matrix) of rotation—reflection group and point group is unitary.

A4.2.4 Hermitian Operator (Matrix)
The operator (matrix) which satisfies the relation
Qt=Q (a4.7)
is called Hermitian operator (matrix). It satisfies the relation
Qup = Qza. (a4.8)

Arbitrary operator representing physical property is Hermitian.
The operation

~

A'BA=C (a4.9)

is called similarity transformation of B by A

An Hermitian matrix  can be diagonalized by an appropriate unitary matrix U
through similarity transformation U-'QU.

A necessary and enough condition for that two Hermitian matrices € and Q,
can be diagonalized by a unitary matrix is they are commutable:

Qi1 = 08 (a4.10)

A4.3 Representation of Group

A4.3.1 Representation of Group

Consider a vector space L, constituted of functions {¢;} (i = 1,2, ..., n). If the
function ¥/ (R) obtained through operation P (R) of arbitrary element R of group G
on any V; is a linear combination of {1}, that is

1,2,....n

PR =¥{(R)= D ¥;D(R)ji, (a4.11)
j

L, is called closed under group G.

The n order matrices {(D(A)), (D(B)), ...}, noted by (D), are called representa-
tion of group G in the vector space L. In many cases (D(R)) is also tersely denoted
by (D) .; is called a basis vector (or basis function) of representation (D).
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A4.3.2 Unitary Representation

If Pin(ad.11)isa unitary operator, (D) is unitary and is called unitary representation.
The transformation of (a4.11) is called unitary transformation of the basis vector.

A4.3.3 Equivalent and Inequivalent Representations

If arepresentation (D) of group G is similarity transformed by a non-singular matrix
(determinant #~ 0) (S):
(D) =)' (D) (), (a4.12)

(D’ ) is also arepresentation of G. (D’) and (D) are called equivalent representations.
If two representations cannot be transformed each other by a similarity transforma-
tion, the two are called inequivalent representations.

A4.4 Reduction of Representation

A4.4.1 Reduction of Representation

Suppose there are two vector spaces L,, and L, which are closed under group G.
The dimension m of L, is smaller than the dimension n of L,, and all vectors
in L,, are included in L,. Then L, is called reducible under G, and L,, is called
invariant subspace of L,. The unitary representation (D) of G in L,, can be similarity
transformed to a new representation consisting of the super matrices

_ (v 0
(D)—( 0 (Dz)), (ad.13)

where (Dp) and (D;) are matrices of order m and n — m. The set of the basis vectors
of (D7) and (D>) constitutes invariant subspace L, and L,,_,,, respectively. Each of
(D1) and (D) is a unitary representation of group G. The transformation is called
the reduction of (D) into direct sum of (D) and (D;) which is expressed as

(D) = (D1) ® (D2) . (a4.14)

A4.4.2 Irreducible Representation

If after reduction we get (D) = (D) @ (D>) - - - & (Dy) where k is the largest value
of possible reduction, that is, (D;) (i = 1,2, ..., k) cannot be reduced further any
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Table ad4.1 Reduction of D' for O, reduction of the irreducible representations of Oj, for D3y
and Dyy,, and basis vectors of irreducible representations of Oy, produced by {Y,,, } of D!

D! Reduction of D! for 0y, and basis Reduction of irreducible = Reduction of irreducible
vectors of irreducible representations of O, for representations of Oy, for
representations of Oy, D3y Dy,

Dl Tlu Ylla A2u + Eu A2u + Eu

Yo,
Yi-i
D2 E; Yo, E, Aig + Byg
(112)!2(Yay + Y22)
Ty Yooi, Ag + Eg By, + Eg
—Yai,
(122 (Yo — Ya2)

D3 Ay (I2)Y2(Y3 — Y3_2) Ay By

Tiw —(1/8)Y2(/5Y3-3 +/3Y31), Aoy + Ey Ay + E,
Y30,
—(1/8)2(\/5Y33 + /3Y3-1)

T —(1/8)'2(/3Y3 +/5Y3-1), A +E, By + E,

—(1/8)Y2(/5Y3 + /3Y3-2),
—(1/8)2(/3Y3-3 — /5Y31)

more, (D;) is called an irreducible representation. The vector space of (D) completely
reduces to k invariant subspaces. 2

The simultaneous eigenstate of angular momentum operatorsj and fz lj,mj)
of definite j is a basis vector of 2 j + 1-dimensional irreducible representation D of
rotation—reflection group.

A4.4.3 Reduction of Irreducible Representation of Group for Subgroup

Among the irreducible representations {(D(R))} of a group, the representations for
a subgroup (D(Rs)) ({Rs}: set of elements of the subgroup) may be reducible:

(D(Ry)) = n1 (D1(Rs)) ®ny(D2(Rg)) & .... (n;:integer) (a4.15)

Table a4.1 demonstrates reduction of the irreducible representation D' of rotation—
reflection group for its subgroup Oy, the reduction of the irreducible representations
of Oy, group for its subgroup D34 and Dyy,, respectively, and the basis vectors of the
irreducible representation of subgroup Oj produced by the basis vectors {Y;,} of
D'

Irreducible representations A, E, and T are one-, two-, and three-dimensional. The
subscript g and u represent that the basis vector is symmetrical and antisymmetrical
with respect to the inversion operation.
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A4.5 Direct Product of Two Representations

A4.5.1 Representation of Direct Product of Two Representations

Take two-dimensional representation (D) = Dii Drz and three-dimensional
D2y Do
Wi Wi Wis
representation (W) = | Wa; Wiy Was | as an example. Define the direct product
W31 W3, W33
of them by
D1y (W) D12 (W)
D)® (W)=
()& W) (021 (W) Do (W)

D11Wy1y D1yWio D1yWis DipWip DipWia DipWis
D11 W1 D11Wap D11 Wasz D12 Wap DipWay Dip Was
D11 W31 D11 W3y D11 W33 Di1oWap D1oWsp Do Was
Dy 1 Wit DoyWia D21 Wiz Dy Wiy DooWio Dy Wis
Dy 1Way Da1Wan Dot Waz Do Way DpaWan Dy Was
D21 W31 D21 W3p Doy Wiz Do W3ap Dy Wiy Dy Wiz
(a4.16)

Suppose {wli} and {w,{ } are the set of basis vectors of irreducible representations

(D) and (D7), respectively. v/} ¥ is a basis vector of the direct product represen-
tation (D) ® (D) and transforms under the (D) = (D') ® (D’) representation
(a4.11).

A4.5.2 Reduction of Representation of Direct Product of Irreducible
Representations of Rotation-Reflect Group

The representation of direct product of irreducible representations DX and DS of
rotation—reflect group completely reduces by

DL @ DS = DIL=SI @ pIL=SIH1.. . g pL+S. (a4.17)

A4.6 Irreducible Tensor

If a set of functions or operators {Q?} k = —pu,—pn + 1,..., ) transforms
under the 2 4+ 1-dimensional irreducible representation D of rotation—reflection
group by
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Plorp = Z Q“DE., (P: rotation—reflection operator) (a4.18)
T

the set of { Q,‘f} (k =—p,—pm+1, ..., w)is called irreducible tensor of rank u, and
O is called a component of the tensor.

The set of the spherical harmonics {Y},,,} (and {U,ﬁu} (2.24) of definite / is an
irreducible tensor of rank [. The set of the three angular momentum operators

A 1
I =EF—F=
/ V2

which has the same form with the set of {Uil, Uol} is a first-rank irreducible tensor.

v, Jo=Jj. (233) (a4.19)

A4.7 Orthogonal Theorem of the Basis Vectors of Irreducible
Unitary Representation and Corresponding Matrix Element
Theorems

Assume that (Dl") is a /;-dimensional irreducible unitary representation of group G
and !, is an orthonormalized m'™ row basis vectors of (D'). Define that (D") and
(D'7) are inequivalent if i # j. It holds

@

1,00

Wil = 5. D3y D (LI, (@.20)

o

@ If operator § is invariant under the operation of group G, S ¥l is also the n™ row
basis vector of (D’l‘ ), and hence

1.0

o 1 .
(WY1 S1t) =5(i,j)5(m,n)lf Z (Vg S|V (a4.21)

o

oIt Q,’f is a component of an irreducible tensor of rank w, fo 1//,{, is a basis vector
of representation (D*) ® (le). If (D) ® (Dl/') does not include (Dli),

(WL 108 i) = 0. (a4.20) (a4.22)
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A4.8 Clebsch-Gordan and Racah Coefficients and Coupling
of Irreducible Tensors

A4.8.1 Clebsch-Gordan Coefficient

If ; = fl + fz, the simultaneous eigenfuction |j, m) of j and jz has the following

relations with the products of simultaneous eigenfunctions | j, m1) of ]1 and ] 1z and

| j2, m2) of jz and fo;:

ljom) = 1jt. ja. jom) = > Cjvjajs mimam)|ji.mi)lja. ma),  (a4.23)

mip,m2

i, my > ja,ma >= D" C(jijoj; mimam)|ju, ja, j,m). (a4.24)
J

C(j1j2j; mimom) is called Clebsch-Gordan coefficient. It is a real function of
the quantum numbers in the parenthesis. If m| + mo # m, C(j1 j2j; mimaom) = 0,
so C(j1j2j; mimom) in many cases are also formulated as C (jy j2j; m1, m — my)
by omitting m. They are orthonormal:

Z C(jijajs mimam)C(ji joj's mimam’) = 8(j, j)8(m, m"), (a4.25)

mi,m2

ZC(jljzj;ml,m —m)C(j1jaj; my,m —m}) =8(my, m)), (a4.26)
J

and has some symmetrical relations such as

C (1 joj; mimam) = (=)' V271 C (o ji j; mamym). (a4.27)

A4.8.2 Construction of an Irreducible Tensor from Two Irreducible Tensors

A linear combination of the product YA‘A],;II (Al)f“ﬂfé (A3) of the components of irre-

ducible tensors {fﬂfl} (Ap)}and {YA"AI,“é (A»)} generates irreducible tensor {YA"A% (Aq, Ap)}
(A; represents the space of the variable (A4.8.3)) as below:

Tii(Ar, A)) = > C(LiLyL; My, My, M) Ty (AT, (Ag)
My, M>
=D C(LiLyL; My, M — M) Ty (ADTyf , (A2). (ad.28)
M
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A4.8.3 Scalar Product of Two Irreducible Tensors

The scalar product of irreducible tensors f"Ll(Al)(E {fﬁfll‘ (A1)}) and Th (Ap) is
defined by and equals to

TE (AN TH (Ay) = D (DM T (ADTE (A2)
M
= (=D 2L +1T0(A1, A)). (a4.29)

If L} = 1,itequals to the scalar product of two vectors. Examples: If {]A"Al,, (A} =
(Lo, Lx1) and (T (A2)} = (S0, 841), T1(AN-T(Ay) = LS. If {T}(A)} =
(Tl (A)) = (UY = 2. rUL, = F@ £iy)/vV2). T1(A)-F1(Ay) = 77 = 2.

A4.8.4 Racah Coefficient

Consider the addition of three angular momenta

A

J=i1¥ir+Js (a4.30)

22 R
One kind of representation in which j and j, are diagonal can be obtained by

first coupling fl and ;’2 into intermediate angular momentum j12 = fl + jz and

A A A A A
> > > > >

then coupling it with f3 into ; In this case the six operators ji, j;, j3, j12,J »
and j. can be diagonalized simultaneously. Another kind of representation is first

couple fz and f3 into f23 = fz + f3 and then couple f23 with fl into ] In this case
2

32 82 a2 a2 o

Ji>J2sJ3:J23,J » and fz can be diagonalized simultaneously. The simultaneous
eigenfunction of ; and fz obtained by the above two couplings are

|j3, j12, j.m) = Z C(j3jiaj; mamiam)|j3, m3)|ji, j2, j12, mi2), (a4.31)

m3,mji2

s jss jom) = D C(jrjaas mimazm)|ji,m)|jo. ja. joz.maz).  (a4.32)

mip,m23

The states |j3, ji12, j, m) and |j1, j23, j, m) are related with each other through
the unitary transformation

3, J12s jom) = D" Riyjiy it jozs o m). (a4.33)

J23
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W(j1j2jj3: J12J23) = , Rimin , (ad.34)
VCjin+D2jn+1D

is called Racah coefficient. It is a function of the six quantum numbers of the angular
momenta in the parenthesis of the left of above equation.

A4.9 Matrix Element Theorems of Irreducible Tensor

A4.9.1 Matrix Element Theorems of Irreducible Tensor

Suppose TAf, is a component of an irreducible tensor.

@
(' m\ T j,m)y = CGLj s mMm')(j IT*|| ). (a4.35)

(j’ ||f"L lj) is a function of j’, L, and j and does not depend on the magnetic
quantum numbers m, M, and m’. Such kind of function characterized by the pair
of symbol || is called reduced matrix element.

@ RPN (¢ ANE
Gom/ | Th 1 m) = U’m'j,’;’jil))”’m. (a4.36)
© . R .
Gom 1 G-TYHjomy = Gom L m) GG -THHSG ). (a4.37)
@

Gis g Jom | TEOD-TE@) 1, jou jom)
= C(j0;"s mom")(j{ j5 i ITE(1)-TH @)1 j1 o)
=80m'.m)8(j". N ITE Q- T @) jr 2
=8(m',m)8(j', (=D 2TIW (i jaji jbi JL)

< J@it+ D@ DGHITE O BITE @), @438)

where] = j1 +]2 ] = ]1 +]2, T (1), jl,and ]1 belong to the same space

(such as position space), and TL(2), ]2, and ]2 to the same space (such as spin
space).

®

Gty b W\ T (D i1y jas j,om)
= C(jLj"s mMm")(ji j3i I T j1j2J)
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Table a4.2 U}, and Oy, forl =1,2,3[4]

I1,my U, Oty (X = J(J + 1))

1,0 cos 6 fz

1, %1 ;@ sin 6 exp(+ig) :F\/gfi

2,0 1Bcos?6 - 1) 1672 -x)

2, +1 /3 cos 6 sin 6 exp(ig) SN A

2,42 J3 sin? 6 exp(£2ig) NEY::

3,0 1(5c0s* 6 — 3cos6) J5J2 = 3(X — D]

3,41 /3 (5 cos? 6 — 1) sin6 exp(xig) :F\/> (572 - x - 1) Je
e (5]

3,42 @ cos 0 sin’ 6 exp(£2i¢) \/E V(IR + I3 )

3,3 F./ % sin’ 0 exp(£i3¢) F/R3

= C(jLj’; mMm')(—1)2+E=h=]'

x (/3. 21 Qi+ D@j+ DW G AL GINT ). (a4.39)

A4.9.2 Racah Operator Equivalent and Stevens Coefficient

(J, MU, (D1, M) = (], My Oy | 1, M)IIUIT),  (224)  (a4.40)

A

where éln,l is the operator consisting of the angular momentum operators J,
(¢ = z,+, (2.33)), which is called Racah operator equivalent. The relations of
Oy, with J, are listed in Table a4.2.

For the case of |J, M) is a state of the ground term |3d", L, My ) for a 3d ion or
the state of the ground multiplet |4d", L, S, J, M) for a 4f ion,

O =n(J U T (a4.41)

is called /™ order Stevens coefficient. The values of « J = 6, for trivalent 4f ions are

listed in Table 5.2.
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Appendix 5: Second Quantized Representation of Operators

AS5.1 Occupation Number Representation and Creation,
Annihilation, and Number Operators

Let {¢, = |a)} (@a=0a1,00,...,0, ..., B1,B2, - s Byee s V1sV2s ooy ¥y ..) TED-
resent a complete orthonormal set of single-electron functions. The wave function
of N electrons occupying the states of «, B, ..., y, ... is formulated by the Slater
determinant

Vo (1) Yp(l) - Y, (1) -
\IJ(1,2,...,N)=W Vo) YpG) -~ Yy @) |- (a5.1)
Ya(N) Wﬁ(N) wy(N)

The state can also be formulated by the following occupation number represen-
tation

U=la,pB,...,¥,...)
0, 0, eeeee, 1,0, 0, e0e,1,0, 0, eee, 1, eee)
=7 ¢ VRO 1?3 3 (a5.2)

lap, op, eeee, o, B, fr,0060, B, Y,V ,000e y eee)

Here the ket vector|a, 8, ..., y,...) is the state that the o, 8, ..., y, ... single-
electron states which appear within the |) are occupied while the other states that do
not appear are void as shown explicitly by the arrows in the last expression. Let

;ag&;.-.n (a5.3)

where
| >= 10,0, ---) (a5.4)

represents the state in which all {1, = |a)} states are void. Equation (a5.3) shows
that &j is the operator which creates an electron in the « state, so it is called creation
operator. ¥ being antisymmetrical it holds

lo, By ooy ¥y o) = =180, ooy v, L), (a5.5)

ie.,
Sy tagagloy. ) =0. (a5.6)

thus,
agay +agal =0, (a5.7)
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aral =o. (a5.8)
atatly, ) =la,a,y, ) =0 (a5.9)

expresses the Pauli exclusion principle.
The bra vector and counterparts of the creation operators in (a5.3) are

(¥, Bral = (-|ayagaq. (a5.10)
From the analyses similar to (a5.5)—(a5.8) we get
agdp + apay =0, (a5.11)
aqly = 0. (a5.12)
From the normal condition of
(s Bl By o) = (o, Blaady B, ) = (- BIB, ) (a5.13)

we get
auaf 1B, ) = agla, B, ) = |B, ). (a5.14)

Equation (a5.14) shows that the action of a, on a ket vector is to eliminate an
electron in the « state, so it is called annihilation operator. The actions of &&“ and ag
on arbitrary state are

Ez;|1,2,...,a—l,na,a—i—l,m)
(ny = 1 or O represents « state is occupied or void)
=la,1,2,...,0—1,n4, 0+ 1,-)
=(=D*""1,2, e —1,a,a + 1, )8(ng, 0), (a5.15)

agll,2,...,a—1,ng,a+1,-)
= (=D aglng, 1,2, 0 — Lo+ 1,-)
=(=D*N1,2,...,a—1,a+1,-)8ng 1. (a5.16)

It is easily deduced from the above relations that
arag +aga; = 8(a, B), (Sect.2.1.1) (a5.17)
atay = fig. (a5.18)

N is the number operator of the « state eigenvalue of which is ny.
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AS5.2 Second Quantized Representation of One-Particle
Hamiltonian
The values of matrix elements (¥’| H 1/¥) of one-particle Hamiltonian
1,...N
Hi(1,2,....N)= > h() (a5.19)
calculated by using ordinary representation are as follows.
QIfY =
1,...N
(\L"Hl'\y): Z (,7/ 7777 ﬁﬂa|h(l)|aﬂﬂ57yv>
1/f+(1) 1/f,g (D) i) -
+ UG -
= N' W @) w,g @) -y 0) h(l)
1W(N) 1/f+(N) 1/f+(N)
%(1) 1/fﬁ(1) 1/fy(l)
X Iﬁa(l) V() - Yy (@) - dvldUZ'“dUi“'dUN
Va(N) Yp(N) - %(N)
D(,ﬂ,",]/,"
Z By (a5.20)
0
By E/l/f;(i)iz(i)wv(i)dv,- =< plhlv). (a5.21)

@ If one-electron state of W’ is different from that of W,

1,---,N
(WHIW) = D (o y)s o Boalh@)le, B, y, ) (v1 #¥)
w+<1) wﬁ (M) =yl -

=%/ JO V@ 0 i)

VE ) YFN) YN -
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X Yo (@) Yp@@) - Yy (@) - |dvidvp--dvj--doy = hyry.

Va(N) Yg(N) - ¥y (N) -

(a5.22)
@® If two or more electron states of ¥’ are different from those of W,
(V| H W) = 0. (a5.23)
The operator in second quantization form is given by
[:Il Zzhuvazaw (l‘l/v V=01,02,...,0,... 9ﬂ13 ,32, e ﬁs
L,V
Y T T VR (a5.24)

By substituting this operator for operator of (a5.19) and the occupation represen-
tations for the Slater determinants W’ and W, the same values of the matrix elements
of (a5.20), (a5.22), and(a5.23) can be obtained much easily as below.

@
<...,y,...,ﬂ,oe Zhuv&;{&v ot,,B,...,y,...>
7Ry
0(,/3,“ Vs
:<...,y,...,ﬂ,ot Zhuufz:&u a,,B,...,y,...>: Z Ry
12 "
(a5.25)
@
<...,y’,...,,3,a Zhuv&:&v a,,B,...,y,...>:hV/y, (yr #y)
U,V
(a5.26)
®

a,,B,...,y,...,S,...>=0.

(a5.27)

<...,5’,...,y/,...,ﬂ,ot

A+A
E hMUaMaU
L,V

' #Fy #5£8)
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AS5.3 Second Quantized Representation of Two-Particle
Hamiltonian

The values of matrix elements (¥’| I—?ﬂ\l’) of two-particle Hamiltonian

| 1,....N; j#i
= Z 83, j) (a5.28)
L]

calculated by using ordinary representation are as follows.

DIV = v,

) 1 1,..., N; j#i
(V| Hy | W) =<-.-,a,--.,y,...,ﬂ,oqE > 2, j)|a,,3,...,y,...,8,--->
ij
Vi) 1//3(1) () Y (1) -

1 ' . .
=2—N,N(N—1)/ Vi) w,g @) Y @)y )

¢+(N)1/fﬁ(N) SYFN) (N)
1/fa(1) Iﬂﬁ(l) =y (D) (1)

x §(1,2) %(l) Vp(i) -y (@) o s - dv]dUZ"’dUi"’dUN

%(N) Yp(N) - Yy (N) - 1/f,;(N)

> By, 8,
_ 2 u v . Y (D) (1)
- Z Z / ‘ vir@ v @ B2y v |
> o, By,
=3 z Z (guvvu — &uvpv + oy — Gupwp)
1 a’ﬂ’..’y’..’ ,",/J.;é\)
= 5 Z (guwu - g;wp.v)a (a5.29)
L,V
8uvys E/¢,f(1)1/fu+(2)§(1,2)1ﬂy(2)1ﬁa(1)dv1dvz- (a5.30)

@ If one-electron state of W’ is different from that of W,

1 1,...,N;j#i
<'"7 )//’-.-,,B,Ol E Z é(lv]) O[HB7"" ys> (y/#)/)

i,j
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AN #(V’ 7) + +
_ l/fy/(l) Y, (], ‘Wy(l) V(1)
B / ‘ @ v @ F P @ v | 1
1 Ol,ﬂ,“, ,,#(V )V)
- E Z (gym“y —&y'uyn + Suy'yn — g/lj///,Ly)~ (a5.31)
m

@ If two electron states of W’ are different from those of W,

11,.4.,N;J5£l
<...,8/,...,y/,...,ﬂ,a D S TC ) | -0 A PRI N

2 £
iJj

V' #Fy#8+£8)

v (D) wa, (1)
1

= _(gy’S/Sy — 8y'sys + 85y'ys — gs/y/ay)- (a5.32)
2

Vi@ U @) ) vy |1
:

vy (2) ¥5(2)

A(l,Z)‘

@ If more than two electron states of W’ are different from those of ¥,
(W'|Hp| W) = 0. (a5.33)

The operator in second quantization form is given by

R 1 e
szz Z gwy,gal'faja},ag.
Hov,y,8
(m,v,y, 8 =ar, 0,0, B1, B2, ..., By V1, V2, = Vs =) (a5.34)

The same results of the last formulations in (a5.29), (a5.31)—(a5.33) can be obtained
much easily by use of this operator as below.

@

1 At At A
<...,8,...,y,...,ﬁ,o¢ 3 Z gwy(;a:ajayag ot,ﬁ,...,y,...,&,...>

Hyv,y,8
>uoa, By,
=3 Z z (ngVM — v + vy — upvp)

1 a,ﬁrw%'w&“» #v
= 5 Z (g,uvvu - g;w;w)y (a5.35)
L,V
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@

1 T
<...,8,...,y’,...,,3,ot 3 Z Suvas ;:ajaya(; a,,B,...,y,...,(S,...>

Hv,y,8
V' #v)
1 B8, E (YY)
= 2 Z (&y'uny — &'uyn + 8uy'yu — 8uy'uy)s (a5.36)
"

8 ! B 1 atata,as| o, p )
N BN RN 22X 3 g,wmau p dyas s Py Ve 0,
WV, Y8

V' #y#8#3)

1
= E(gy’s’éy — &y'siys + 8sy'ys — 88y'sy)s (a5.37)

@

1 adada A
5 Z gﬂykﬁa;ajayaa Ot,ﬂ,...,)/,...,é,...>:0.

W0, Y58

B#EB#Y #v#8#8) (a5.38)

<...,8/,...,y/,...,/3/,ot

AS5.4 Relations Between Creation and Annihilation Operators of
Spin-Down and Spin-Up Electrons with Spin Operators

The following equivalent relations hold between the creation and annihilation oper-
ators of spin-up and down {aJ, a1} and the spin operators {5+, §,}.

ata- =34, (¢ =35 %ify (2.33) (a5.39)
atay =5_, (a5.40)
ata, —a*a_ =iy —h_ =28, (a5.41)

In fact, representing x4 = ((])) s X— = ((1)) ((2.5) and (2.6)) and (8) by
[1,0), 10, 1)and |0, 0) = 0, respectively, and by using the relations of §. = §;+i§, =
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01y . A n 00 A (1 0
(00),s_ =5y —1isy = (1 O),andsZ =3 (0 _1) ((2.27), (2.2)) we get

§411,0) =0,0), atfa_|1,0>=[0,0); (a5.42)
§410,1) =[1,0), afa_10,1) =|1,0); (a5.43)
5-11,0 >=10,1), a*a;|1,0) =10, 1); (a5.44)
$.10,1) =10,0), ata,|o,1) =10, 0); (a5.45)
25,|1,0) =|1,0), (afay —a*a_)|1,0)=|1,0); (a5.46)
25,10,1) =—[0, 1), (afas —a*a-)l0,1) =—0, 1). (a5.47)
Appendix 6: Perturbation Theory
Suppose the solution of the Schrédinger equation
Holy >= ¢ly) (a6.1)
is known. {|j)} (j:Arabic, = 1,2, ..., n) and &g are the ground eigenstates and

eigenenergy, and {|u)}, (u: Greek) and {g,,} are the excited eigenstates and eigenen-

ergies.
H'(« Hy) is the perturbation. The Schrédinger equation

(Ho + H)|Y') = e|yr)

will be solved approximately as below. Inserting

W) =D ajli) + D auln)
"

J

into (a6.2) we get

(Ho— &) > ajlj) + (Ho — &) > aulu) = —H'|y).
J n

Left multiplying (v| on (a6.4) we get

(wIH'|Y)

£—&,

v =

(26.2)

(a6.3)

(a6.4)



2.7 Hyperfine Interactions in Atom
wIH'|j) (vIH'|p)
= —aj+ —a
2t
J P
v|H'|j v|H' H'|j
=Z[<| |J>+Z(| o) pIH'Lj)
E—&y

F (e —ev)(e—¢gp)

(e —ep)(e —&y)

+Z (LA ) (e H' [v) (0] H'| ) i ] a).

Left multiplying (/| on (a6.4) we get

> (0 — )8, paj=— > (A |j)a; — D (IH |w)ay
J

J n

_ /) w
= Z[<I|H|1>+Z .

— &y

WA )l HY ) 0 A1) |
+Z C—sG—sey o

that is A
D> Wl Hetelj) — £8(1, j)laj =0,

J

urzdmymy:dn,

(U Her ) = 08, ) + UIH1) + > ——
—cu

o
+Z (L|H'|p){u|H'|v)(v|H'| ])

(e —ep)e —&y)

v

95

(26.5)

(a6.6)

(26.7)

(26.8)

The solution of (a6.2) can be obtained by solving the perturbation secular equation

(1 Het j) — £8(L, J) ,j=1,2,...,n)
(Hee|1) —e (1 Herl2) - (1|Hefeln)

_| @Axll)  @Ax2)—e - . N

(n| Hege| 1) . « (n|Heftln) — ¢

(26.9)
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