Stochastic Approximation of Functions
and Applications

Stefan Heinrich

Abstract We survey recent results on the approximation of functions from Sobolev
spaces by stochastic linear algorithms based on function values. The error is
measured in various Sobolev norms, including positive and negative degree of
smoothness. We also prove some new, related results concerning integration over
Lipschitz domains, integration with variable weights, and study tractability of
generalized versions of indefinite integration and discrepancy.

1 Introduction and Preliminaries

In this paper we survey and discuss recent results from [5-8] and predecessors
thereof, from a unifying point of view of approximation of functions by linear
algorithms based on function values. The functions belong to a certain Sobolev
space and the error is measured in the norm of another Sobolev space. The emphasis
lies on stochastic approximation, but we also include the deterministic counterparts.
We discuss upper and lower bounds, hence the complexity of approximation, and
compare the deterministic and randomized setting. The algorithms that reach the
optimal rates are explained in detail.

The paper also contains a number of new results which are related to the known
ones surveyed here. This includes the optimal order of the error of randomized inte-
gration of functions from Sobolev classes over general bounded Lipschitz domains,
weighted integration with variable weights from Sobolev classes, approximation in
certain spaces of functions with dominating mixed derivatives, and a result on the
dimension-dependence (tractability) of generalized versions of indefinite integration
and discrepancy.
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Letd € N :={1,2,...}, Ny := N U {0}, let K stand for the field of reals R
or complex numbers C. We always consider K-valued functions and linear spaces
over K, with K being the same for all the spaces involved. For a Banach space X
the unit ball {x € X : |x| < 1} is denoted by #x and the dual space by X*.
Given another Banach space Y, the space of bounded linear operators from X to
Y is denoted by -Z (X, Y). Throughout the paper log means log,. Furthermore, we
often use the same symbol ¢, ¢y, ... for possibly different positive constants, also
when they appear in a sequence of relations.

Let (G,¥, ) be a measure space. For 1 < p < oo, let L,(G, u) be the space of
K-valued p-integrable functions, equipped with the usual norm

1/p
1/ G = ( /G |f(x)|f’du(x))

if p < oo, and
I/ Loc(G.) = esssupieglf(X)]-

Let Q C R? be a bounded Lipschitz domain, i.e., for d = 1 a finite union of
bounded open intervals with disjoint closure, and for d > 2 a bounded open set with
locally Lipschitz boundary. If p is the Lebesgue measure on Q, we write L ,(Q)
instead of L,(Q, ). Let C(Q) denote the space of continuous functions on the
closure O of Q, equipped with the supremum norm. For » € Nyand 1 < p < oo
we introduce the Sobolev space

Wy (Q)={f€Ly(Q): Df € L,(Q). |a| =},

wherea = (aq,...,qq) € Ng, || := Z(j:l a;,and D® f is the generalized partial

derivative. The norm on W/ (Q) is defined as

1/p

— P
1wy = | D2 1D F117 0,

|oe|<r

if p < oo, and
I flwz o) = max || DY f || Lo (0)-
la|<r

Observe that for r = 0, W (Q) is just L,(Q).

For basic notions concerning the randomized setting of information-based
complexity — the framework we use here — we refer to [4, 14,20]. The particular
notation applied here can be found in [6].

First we consider deterministic algorithms. Let G be a nonempty set, let % (G)
denote the linear space of all K-valued functions on G and let Y be a Banach space.
Given a nonempty subset F C .#(G), the class of linear deterministic algorithms
A%(F,Y) consists of all linear operators from .%(G) to Y of the form
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Af =) fxi)vi

i=1

with x; € Gandy; € Y.Let S : F — Y be any mapping. The error of 4 €
A%(F,Y) as an approximation of S is defined as

e(S, A, F.Y) = sup [|Sf — Afly
feF

and the deterministic z-th minimal error as

'S F.Y)= _inf  e(S.AF.Y)
Aec/del(F.Y)

Hence, no deterministic linear algorithm that uses at most n function values can
provide a smaller error than ¢%'(S, F,Y). The quantities e%'(S, F,Y) were also
called linear sampling numbers [15].

Next we introduce linear randomized sampling algorithms. This is a little more
technical since we want these algorithms to act also on spaces of equivalence classes
of functions, where function values itself may not be defined. Here we let, in
addition to the above, ¢ be a g-algebra of subsets of G, i a nonnegative, o-additive,
o-finite measure on (G,¥) with u(G) > 0. Let F € Ly(G, 1) be a nonempty
subset, where Lo(G, u) is the linear space of equivalence classes of ¢-measurable
functions on G, with the usual equivalence of being equal except on a set of
JA-measure zero.

For n € N we consider the following class of randomized linear algorithms from
F to Y. An element

Ae d™(F,Y)

is a tuple
A= ((£2,2.P),(Av)wen).

where (£2, X, P) is a probability space,
Ay € IONF(G),Y) (weR),

thus

Aof =) fin)Vio (@ € Q),

i=1
and the following two properties hold:

1. (Consistency) If fy and f| are representatives of the same class f € F, then

Ay fo = An fi (P — almost surely). (H
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2. (Measurability) For each f € F and each representative f; of f, the mapping
we€R— A, foeY is X-to-Borel measurable 2)

and essentially separably valued, i.e., there is a separable subspace Yy € Y such
that
Ay fo € Yo (P — almost surely). 3)

Let again S : F — Y be any mapping. The error of an algorithm 4 € &//*"(F,Y)
as an approximation to S on F is defined as

e(S, A, F.Y) =sup E|Sf — Ao fly.
SfEeF

The randomized n-th minimal error of S is defined as

e, (S, F.Y) = inf  e(S,A,F,Y).
A€/ (FY)

It follows that no randomized linear algorithm that uses at most n function values
can have a smaller error than e;*"(S, F,Y). Note that the definition involves the
first moment. This way lower bounds have the strongest form, because respective
bounds for higher moments follow by Hoélder’s inequality. Upper bounds for
concrete algorithms are stated in a form which includes possible estimates of higher
moments.

We need some notions and facts from probability theory in Banach spaces. Let
1 < p <2.Anoperator T € Z(X,Y) is said to be of type p if there is a constant
¢ > 0 such that for all n € N and all sequences (g;)/—, C X,

E H XH:S,'Tg,'
i=1

where (¢;) is a sequence of independent random variables on some probability space
(£2, 2, P) with P{e; = 1} = P{e; = —1} = 1/2. The type p constant 7,(T") of
the operator 7' is defined to be the smallest ¢ > 0 such that (4) holds. We put
7,(T) = oo if T is not of type p. Each operator is of type 1. A Banach space
X is of type p iff the identity operator of X is of type p. We write 7,(X) for the
type p constant of the identity operator of X. For 1 < p < oo the spaces £/, are
uniformly of type min(p, 2), meaning that there is a constant c¢(p) > 0 such that for
all n € N we have Tmin(p2)({},) < ¢(p). For p = oo there is a constant ¢(c0) > 0
such that 7, (¢%,) < c(co0)(logn + 1)'/2 for all n € N. We refer to [12], Chap. 9 for
definitions and basic facts on the type of Banach spaces, from which the operator
analogues easily follow.

We will use the following result, see [8], Lemma 3.2. (the Banach space case of
which with p; = p is contained in Proposition 9.11 of [12]).

) n
<Y gl )
i=l1
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Lemmal. Let 1 < p < 2, p < p; < oo. Then there is a constant
¢ =c(p, p1) >0 such that for all Banach spaces X,Y, each operator T €
ZL(X,Y) of type p, each n € N and each sequence of independent, mean zero
X -valued random variables (n;)!_, with E ||n;[|”* < oo (1 <i < n) the following

holds:
n ” 1/p1 n »/p /p
(EHZTU,- ) Sc'tp(T)(ZOEH’IiHm) ) :
i 1

i=l1 i

i=

2 Approximation of the Embedding J : W;(Q) — W/ (Q)
with s > 0

In this section we consider approximation of the embedding J : W (Q) — W/ (Q).
By the Sobolev embedding theorem, [1], Theorem 5.4, J is continuous if

1<g<o and =2 > (— - —)
<q = .
or

q = o0, 1< p<oo, and %>

&)

==

or

g=o00, pef{l,oo}, and — >

==

We shall study ed(J, %W;(Q), W3(Q)) and e, (J, %W;(Q), W3(Q)), so we want
to approximate functions from W, (Q) in the norm of W;(Q) by deterministic or
randomized linear sampling algorithms based on n function values.

We also need the so-called embedding condition, ensuring that W7 (Q) is
continuously embedded into C(Q) (meaning that each equivalence class contains
a continuous representative). This holds if and only if

p=1 and r/d >1
or (6)
l<p<oo and r/d>1/p,

see [1], Chap. 5. In these cases function values at points of Q are well-defined and
deterministic algorithms as introduced in Sect. 1 make sense.
In its full generality, the following was shown in [6], Theorems 3.1 and 4.2.

Theorem 1. Letr,s € Ny, 1 < p,q < oo, let Q be a bounded Lipschitz domain
and assume that (5) is satisfied. Then there are constants ci—¢ > 0 such that for all
n € N the following holds. In the deterministic setting, if the embedding condition
(6) is fulfilled, then

r—s

1_1 _r—s 1_1
cin d +(p q)+ < eset(J,%W[;(Q)’W;(Q)) < con d +(1’ q)+,
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and if the embedding condition is not fulfilled, then
¢3 < e(J. By i0) N C(0). W) (Q)) < cs.

In the randomized setting we have

r—s 1 1

—r=s g (1 _1 _r=sy (1_1
en” TG0 <" (J, Bwyo) Wi (Q)) <cen o

independently of the embedding condition.

To explain the occurring exponent in a few words: we can consider n=" /4 as a
‘reward’ for decay in smoothness by going from W/ (Q) to W/ (Q), while nl'/r=1/4
is the ‘price’ we have to pay for the improvement of summability from p to ¢q if
p <q.

In various particular aspects and special cases Theorem 1 has many authors.

1. Deterministic setting, the embedding condition (6) holds:
For simple domains as Q = (0, 1)¢ and s = 0, the bounds are classical approxi-
mation theory. For Q = (0,1)¢ and s > 0, see Vybiral [22]. The general case
of Lipschitz domains for s = 0 is due to Novak and Triebel [15]. The case of
Lipschitz domains for s > 0 was obtained in [6], solving Problem 18 posed by
Novak and Wozniakowski in [16].

2. Deterministic setting, the embedding condition (6) does not hold:
This means, function values are not well-defined, so, formally, deterministic
algorithms make no sense. However, we may just slightly restrict the class by
considering %W;(Q ync (Q) to make function values well-defined. Note that by

considering %’W[;(Q) N C(Q) we do not impose a C(Q) norm restriction, we
only demand that the function is continuous, but it can have an arbitrary large
C(Q) norm. Such functions are dense in Bw; () in the norm of W7 (Q) (see [1],
Theorem 3.18).

Although function values are now well-defined, the result above shows that
no deterministic algorithm can have an error converging to zero. This result was
already proved in [5] for the cube.

3. Randomized setting, the embedding condition (6) holds:
The upper bound follows from the deterministic setting. The lower bound was
shown by Wasilkowskiin [23] (p = g = 00), Novak [14] (1 < p < 00, ¢ = 0),
and Mathé [13] (1 < p,q < o0). It follows that in the case of the embedding
condition deterministic and stochastic algorithms have the same optimal rate,
that is, randomization does not provide a speedup.

4. Randomized setting, the embedding condition (6) does not hold:
This was shown in [6]. Comparing deterministic and randomized setting we see
that in this case randomization can give a speedup of up to n=# for any B with
0 < B < 1.1Indeed, for p = g = 1, s = 0, the maximal exponent of the speedup
is r/d, which can be arbitrarily close to 1.
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Let us describe the algorithm behind Theorem 1, following essentially the
exposition in [6]. Fix parameters p € Ny, p > r — 1, and 0 < § < 1, let
&, denote the space of polynomials on R? of degree not exceeding p, and let
P : ZRY) — Z(R?) be the d-fold tensor product of Lagrange interpolation
on [0, 1 — §] of degree p, hence

Pf=>" fO)V

Jj=1

with (y;)=, € [0,1 — §8]¢ and (V)= the respective Lagrange polynomials.
We have
Pg=g (g€ Zp. ©)

Let § = £(w) (w € ) be a uniformly distributed on [0, 1]¢ random variable
on a complete probability space (§2, ¥, P). For v € §2 define the operator P, :
Z([0,1]%) — .Z (R?) by setting for f € .Z([0,1]%)

(Puf)(x) =) f(y; +8E(@) ¥ (x — 86@)) (x €RY). ®)

=1

Note that if § = 0, then P, is deterministic, i.e., does not depend on w. It follows
from (7) that
P,g=¢g (g€ P we ). 9

We include Q into any axis-parallel cube Q,
Q C Q = X0 + [Ovb]ds

and partition O into closed subcubes of sidelength 52~ and of disjoint interior

odl

0= o
i=1

For [ € Ny we define the scaling operators E;;, R;; : .Z(RY) — Z(R?) for
f e Z(R?) and x € RY by

(Ei f)(x) = f(ui +b27'x)

and
(Rii f)(x) = (b2 (x — x1)),

where x;; denote the point in Q;; with minimal coordinates. Note that Ej; scales
functions with support in Q;; to functions with support in [0, 1]¢, and R;; is the
inverse of Ej;.
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Define
S={i1=i=2" 0,0}
the set if indices of cubes completely contained in Q, and
A=tk 1=k=2" 0unQ#0}

the set of indices of cubes intersecting Q. So we have

Uoicoc | o (10)

ics ke

Let B(x,p) denote the closed and B°(x, p) the open Euclidean ball of radius p
around x € R¢. Based on the geometry of the Lipschitz property of Q the following
was shown in [7], Lemma 3.1, see also [6], Lemma 3.2.

Lemma 2. There are constants a > b~/d and ly € Ny such that for all l > [

U O € U B(xi,a27").

ket €Y

Using this lemma one can construct a suitable partition of unity on Q. Let o € Ny,
o > s, and denote the space of functions possessing continuous, bounded partial
derivatives up to order o on R? by C?(R9). Let n € C?(R?) be such that supp (17) <
B°(0,2a/b),n > 0,and n > 0 on B(0,a/b). We can choose 7 to be a polynomial
on some ball around 0, for example

9a2 d o+1
2 : 3
) = (m—zx,-) it s 3

i=1

0 otherwise.

By Lemma 2, there exists a constant ¢ > 0 such that for [ > [

SRy ze  (xeQ).

JE€S
Define the functions n;; (i € .#;, 1 > ly) on Q by

v Rinx)
mi(x) = Zjej, R;; n_(x) (x € 0).

These functions satisfy

mi(x) =0 (xe€ Q\ B(x;,a2~'h)
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and

Yomixy=1  (x€Q).

ic.g

Now we define for / > [y and w € §2 the operator P,(’S)) cF(Q)—> C°(Q) by

PO = mi(RiPuEifllo  (f € F(Q)).

i€
Setting for! > [y, i € #,1 < j <k,andw € 2
Viijo = X1i + b2_[(y,~ + 6&(w)) (11)

and

Viijo(x) = ¥ (712! (x — xi1) — 88 (w)), (12)

we can finally write P[(S)) f as

PO f = Z Zf(ylijw)mi%ijw.

ies j=1

This completes the description of the algorithm leading to the upper bound in
Theorem 1.

The algorithm above uses the partition of unity for smoothing the local
approximations. In the case s = 0 the target space is L,(Q) and we do not
need smoothing. In view of the application to integration given in the next section,
we want to discuss this case in more detail and introduce a simpler algorithm. Using
Lemma 2, we choose for [ > [ any partition

i = i (13)
i€
with
i€ (i€, (14)
Qu € B(xi.a2™') (k € ). (15)
KNy =0 (,jeA,i#]). (16)

In other words, each cube Q;; which intersects Q is associated with some cube
Q); which is not far from Q;; and lies completely inside Q. The union of all cubes
associated with Qy; is denoted by

0= on (17)

ke,
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Now we proceed as follows. We apply approximating operators locally to the Qy;
with i € .# and use the result (which is a polynomial defined on all of R?) for all
the associated cubes Qy; with k € J#;, that is, for the region Qli. For [ > [y and
o € §2 we define Pl(,(lu) : F(Q) > Ly(Q) by

PO =3 xo,noRiPuEif  (f € F(Q)). (18)

i€

which we can write as

Pl f = SO f o) 16,00 Vijo- (19)

i€y j=1

is

with the y;;;, and vy, given by (11) and (12). Consistency (1) of (Pl(,io))weﬂ it

readily checked. As to measurability, note that we can represent
Yiijo(¥) = ¥ (072 (x = x11) — 8§ ()

M
= ajn(BE@))em (™2 (x — x11)) (20)

m=1

with suitable M € N and polynomials a;,,, ¢, (1 < j <k, 1 <m < M), from
which (2) and (3) directly follow. So we have

(P{)) e € ZE(WI(Q). Ly(Q)) with n; = «|.7]. 1)

The following result generalizes Proposition 1 of [5] by combining the approach
of Proposition 3.3 in [6] with that of Lemma 3.2 in [7]. It will be used for variance
reduction in Sect. 3.

Proposition 1. Letd e N, r € Ny, 1 < p,q < o0, let Q be a bounded Lipschitz
domain, and assume that (5) is satisfied with s = 0. Let (Pl(’i)))weg for 1 > Iy be
given by (19), with parameters p € Nyg, p > r — 1 and 0 < § < 1. Moreover, if the
embedding condition (6) does not hold, we assume § > 0. Then there is a constant
¢ > O such that for all | > Iy and | € W,(Q) the following hold.

If g < oo, then

1 —r max — B
@I f = P UG o)V < comrtFmeo=ta0dly £y 0, (22)
and if ¢ = oo, then

1 —rl+dl
esssup,eqllf = Py [ ) < €277 fllwg o). (23)
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Proof. We put B = B°(0,2a/b). By assumption, (5) holds for s = 0, so we have

I f L,y < cll fllwymy  (f € W,(B)). (24)

Assume g < oo. First we show that for /€ W] (B)

q 1/q -
(ENPo A1, ) = el g (25)

Indeed, by (8) we have

1/q
q
(EIP.£1%, )

1/
< |® (Zl L+ B @)V (- 8s(w>)||L,,<B>)q q
Z
= ilaa 1y + B 26)
Z
If § > 0, it follows from (24) that
gaﬁ (0 + BE @I = ; (5 [ 1o+ apaz)

= cllflle ) = cllfllwg.

which together with (26) gives (25). If § = 0, which, by assumption, is only
admitted if the embedding condition (6) holds, we have

D EIf(j + @)D =1 fODI <€l flle < el f lwgs),

J=1 Jj=1

which combined with (26) again implies (25). Using Theorem 3.1.1 of [2], it follows
that there is a constant ¢ > 0 such that for all /" € W (B)

inf || —glwrs <clflrps. 27
e, I/ —gllw; < clflrpn 27
where

1/p

|f|r.p,B = Z ||Daf||fp(3)

loe|=r
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if p < oo and
| flr.00.8 = Ilnlax D% f | Loo(B)-
o|=r

We get from (9), (24), (25), and (27)

1/
ENS = Pof )" = iof (BN =)= Polf =0l )

IA

inf || f —glwys) < c|flps- 28
¢ inf 1L/ = glwg) <l flrps (28)

Now let /€ W/ (Q) and let fe w, (R9) be an extension of f with
1L/ Ny ey < el f lwg o
(see [19]). Then (10), (13), (16), and (17) imply

1
Elf =P S, 00"

1/q
q
= EH > Xuno(f = RiPuEii f)
: Ly(Q)
€Y
1/q
— _ Ry T
= | BN ~RuPoEi 1] 500, (29)

€9

Furthermore, from (15) and (28),
E||f — Ry PoEsi £ a
(E1S = RiPoEW S 5 00)
< (E|f =R P E;f]* a
< (BN = RiPoEii f 1, g ary)

. B N 1/q
_ pdlan—di/q (]E |Es; f — Pa,Ezif”L(B))
< c27"MNE; fl,.p5. o

Using Holder’s inequality, we get for p < oo
1/q
274 Z |Elif|(}{,p,B
ies
1/p

< ¢ omax(1/p=1/q.0)dl | p—di Z IEzif|p B
< rp,
i€
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1/p
< —rl+max(1/p—1/q,0)d!] Z £\p
sc2 L a2

ie

<c 2—1‘l+max(1/p—1/q,0)dl |f|rp R

<c 2—rl+max(l/p—l/q,0)dl ||f||W[f(Q)~ (31)

The case p = oo follows in the same way with the respective changes. Joining
(29)—(31) proves (22). For ¢ = oo, relation (23) follows analogously, with the usual
modifications, replacing everywhere (E || - ||q)l/ ? by esssup, el - | ete. O

3 Integration Over Lipschitz Domains

Let Q be a bounded Lipschitz domain as in the previous section and let [ :
W, (Q) — K be the integration operator

If:/Qf(x)dx.

Theorem 2. Letr € Ny, d € N, 1 < p < oo, p = min(p, 2). Then there exist
constants ci—¢ > 0 such that in the deterministic setting, if the embedding condition
(6) holds, then

cn” < ed(], Bwy0).K) = con"4,

and if the embedding condition does not hold, then

c3 < esel(l,ggwpr(Q) n C(Q_),K) < ¢y.

In the randomized setting we have, independently of the embedding condition,

Csn—r/d—l+l/ﬁ < €,r1an(1,%w;(g),K) < c6n—r/d—l+l/ﬁ'

In the deterministic case with the embedding condition the upper bound is a direct
consequence of [15], see also [21], Theorem 5.4. It also follows from Proposition 1
by integrating the deterministic approximation for § = 0 (see (32) and (33) below,
where this appears as part of the variance reduction). The lower bound for general
Lipschitz domains is easily derived from that for the cube, which is well-known,
see [14]. The lower bound in the deterministic case without the embedding condition
follows from the proof of Theorem 5.2 in [7] (the upper bound is trivial, it is just the
boundedness of I).
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Let us turn to the randomized case. For the cube, this result is due to Novak for
those r, d, p for which W (Q) is embedded into L>(Q) (meaning that p > 2 or
(p <2Ar/d = 1/p—1/2)),see [14], Sect. 2.2.9. The remaining cases were
settled for the cube in [5]. As in the deterministic case, the lower bound for general
Lipschitz domains follows from the known one for the cube, see [14] and [4]. The
extension of the upper bound to general Lipschitz domains is new and we give a
proof here.

We start by introducing a randomized algorithm. Similar to [5], we use an
approximation for variance reduction by separation of the main part, which we
combine here with stratified sampling. We use Pl(,(lu)1 for [ > Iy, see relations (11),
(12), and (19) for its definition, with [, the constant from Lemma 2. For the purpose
of the present proof we have changed the notation of the underlying probability
space to (£21, X1, P;). Again we assume § > 0 if the embedding condition (6) does
not hold. For f € .%#(Q) we have

IPI(,(lo)lf = Z Zf(ylijwl)/é o Yiijo, (X)dx

ies j=1
K
= > ijon f Glijon) (32)
ies j=1
with
Qjjw, = /~ Yiijo, (X)dx = Z Yiijo, (X)dx. (33)
0,;NQ ke QiNQ

Observe that for § > 0, this is a stochastic quadrature, with the only element of
randomness being &, while for § = 0 it is deterministic (compare (11) and (12)).

Now let {x = Cr(w2) (k € %) be independent, uniformly distributed on Qi
random variables over a complete probability space (£2;, X,, P;). Define a stratified
sampling algorithm Afa))z by setting for g € Z#(Q) and w, € £2,

AP ¢ =512 3" y0,n0 (G (@2)8 (G (@),
ke

where we recall that | Qx| = b?27¢! . Tt follows readily that (1)—(3) hold, so

(2)
(Al,a)z)a)z €82y

€ 7 (L,(0),K) with m; = ||

1

Moreover, for g € L1(Q)

EAD,g= [Q rouno(Wg)dx = /Q g(x)dx.

ke
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First we show an error estimate for A( ) . The case p < 2 seems to be new.
Moreover, in the case p > 2 we estlmate higher moments than the usual second
moment.

Lemma3. Let1 < p < o0, p1 < p, p1 < 0. Then there is a constant ¢ > 0 such
that forl > lpand g € L,(0Q)

1/p1 -
2 —(1—
(Ewltg— A2 gl) " = 27070 g ).

Proof. We can assume p < pj, the other cases follow from Holder’s inequality.

Setting for k € 7] dmdl
ek =b"2 XszﬂQ(gk)g(gk)v

we have
AD) g—Ig= Y (6 —E6). (34)
ke

From Lemma 1, taking into account that K is of type 2, hence also of type p, we get

1/p1
(E\ 3 6 —Eek))”)

ke
p/p e
< c( 3 (]El@k—]EHklpl) )
ke
1/p1
< cum‘”"”f’l( Y El6 —1E9k|”‘> : (35)
ke

Furthermore,

(]Elek _]Eeklpl)l/p] < 2(E|9k|]71)1/]71
1/p1
= 2(b?27)I=1/p (/ Ig(X)I”‘dX) - (30)
QunNQ

Combining (34)—(36) and using p; < p, we obtain

1/p1
2
( 412 ¢ — Igl”‘)

1/p1
< el |V bty = ( / |g<x)|mdx)
0

—(1=1/p)dl
< 27PN gl o).
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Now we put
(.Q,E’P) = (‘{217219]}»1) X (925229]?’2)

and define the final algorithm (A;,)wen for ® = (w1, w2) and f € F(Q) by
setting

Arof =TPL) £+ 47 (f =P 1) (37)

thus, we separated the main part Pl(,(lu)1 f, integrated it exactly and applied stratified

1

sampling to the remaining function f — P[( 1 f. Writing this in more detail, we

obtain “
Ao f =D iijor [ tijon)
ied j=1
+57271 3" youno @O (£80) = (P N(E@0).
ke
We have

(Pl @ =" 33 Fin o) X0, 00 G Vi jon (5)

i1€9 ki€ j=1

=Y fOum o) X0un0 C Vi) jor (G

Jj=1

for almost all w; € £2, where (k) is the unique i € % with k € ;.
Consequently,

Al f = Z Z (Zf()’njwl)/g o Yiijo (X)dx

ies ke \j=1

+ bdz_leQ,an(Ck)(f@k) =" FGrijo) Viijon (fk))),

Jj=1

with the yjij», and V0, given by (11) and (12) and equality holding P-almost
surely. We have

(A10) cq € ZWI(Q).K) with n =l 51|+ |4] <2, (38)

which can be checked in a similar way as (21), using (20).
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Proposition 2. Let 1 < p < o0, p1 < p, p1 < 0. Then there is a constant ¢ > 0
such that for | > Iy and f € W,(Q)

E|Lf = Ap [PV < 27 20D f Ly ),
Proof. We have
If = Ao f =10 = P ) = AL (f = P 1),
Using Fubini’s theorem, Lemma 3, and Proposition 1 for ¢ = p, we get for p < co
E|1f — Ao S
(7= ri ) - (=)l

(1—1/p)dl m | Vo
2= (=17 (IE Hf—P fH )
“! Lotz )

- (Elewz

IA

IA

(1=1/p)dI m .” r
-(-1/pdl (| H .y H 39
c ( o | f l,a)lf 1,0 (39)

IA

27UV £y ).

This also holds for p = oo, if we replace in (39) (]E o

esssup,, eq, [I.f — P,(ju)l Sl oo (0)> concluding the proof.

. » 1/p
o ) b
r-pl s v

|

Now the upper bound in the randomized case of Theorem 2 is a direct conse-
quence of Proposition 2 and (38).

4 Approximation of Embeddings into Spaces with Negative
Degree of Smoothness

Let r,s € No, 1 < p,g =< oo. Let g* be the dual index to ¢, given by
1/g + 1/q* = 1. Denote by W (Q) the closure in the norm of W (Q) of the set

of C*° functions whose support is contained in Q and let U : qu* (Q) — qu* Q)
be the identical embedding. We consider two embedding operators

JW(Q) = Wi (0)*
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given for f € W (Q) by

Jf)(g) = /Q Fgdx (g € W(Q))

and
J=U*T: WiQ) S Wi () > Wi(0). (40)

We note that by definition, see [1], Sect.3.11,for 1 < g <ocoands > 0
W (Q)* = W, (). (41)

Let us formulate conditions, under which J (and hence J ) is well-defined and
continuous. First let us state two auxiliary conditions.

r=0,p=1,1<gq < o0, (42)

s=0,qg=00,1<p <o0. 43)
Now J : W/ (Q) — W (Q)* is well-defined and continuous if

K 1
(42) holds and ; > 7
or
(43) holds and % > % (44)

or

(42) and (43) do not hold, and 3= > (l _ l) .
14 q +

This follows from the Sobolev embedding theorem (5), see also [7], Sect. 4.

Next we want to give some motivation why to consider spaces with negative
degree of smoothness W, (Q). The space W, (Q) plays a central role in the theory
of elliptic partial differential equations, in connection with the weak form. Let m €
N and consider the bilinear form a on Wz’" (Q), defined by

av)= Y | awp(x)D*u(x)DPv(x)dx (u.ve Wy"(Q)),

lel. | Bl<m
where aqp € C (Q). We assume that a is Wzm(Q)-elliptic, meaning that

lau,v)| < crllullwyo)lvilwe o)

2
a(u,u) > CZ”M”Wzm(Q)
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foru,v € WZ’"(Q). The weak elliptic problem associated with a is the following.
Given f € W,;™(Q), find u € W)"(Q) such that for all v € W;"(Q)

a(u,v) = f(v). (45)

By ellipticity, the problem has a unique solution Sy f € Wz’" (Q), and
So: W "(Q) — W3"(Q)

is an isomorphism. For r € Ny we seek to solve the weak problem for f € W, (Q).
The solution operator, that is, the operator, which maps the problem instance f €
W, (Q) to the solution u of (45) is

S = So : WE(Q) > Wi(0) 2> W), (46)
Since S is an isomorphism, we immediately derive from (46) the connection to
approximation of J:

Corollary 1. Let m € N. Then there are constants ci—4 > 0 such that

ciey(J . Bwy o), Ws " (Q)) < es (S, Buy (o). W3 (Q))
< ce%(J, Bwy0), Wy "(Q))

and

3™, By o), Ws " (Q)) < e (S, By (o), W3 (Q))
< c4e™(J, Bwy ), W, "(Q))-

We also consider approximation in the more general space W\ (Q)*, because by
(40) upper bounds are stronger, while the lower bound methods from [7] work
equally for both cases Wq“'* (Q)* and W (Q)".

Moreover, let us also point out an interesting connection to a problem of weighted
integration, not with a fixed weight, but simultaneous integration over Sobolev
classes of weights. We discuss this only briefly, leaving the detailed exploration
open to future research.

First we consider the deterministic case. Let A € .;zfnde‘(Wp’ (0), Wq“* (0)"),

Af =) fv,

i=1

with x; € Q and ¥; € qu*(Q)* (i =1,...,n). We have
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e(J, A, Bw; o) Wy=(0)")

= sup  |Jf = Afllwe 0
fEK@W[;(Q)

wp a7 =3 s
i=1

T€Byr o) H W ()"

= sup sup
T€Bw;0)WePus, ()

/Q FEmE@dx - FO) )|

i=1

This way we approximate the weighted integral |, 0 f(x)w(x)dx by a quadrature

Yo' (Wi,w) f(x;). The quadrature weights depend on the integration weight
w only through n linear functionals, and the error is taken uniformly over the
integrands f and weights w.

In the randomized case we let A € «7,*(W/(Q), qu* (0)*),

A=((2,2.P),(A0)wecs).

Auf =) fCio)Vin (@€ ),

i=1

with x;, € Q and ¥, , € qu*(Q)* (i=1,...,n, o € 2). Then we have
e(J, A, Bw; o) W=(0)")

= sup E|Jf —Awf”Wq“*(Q)*
T€2wi0)

sup E H Jf — Zn: S Xiw)Viw

s *
F€Bus 0 = Wi ()

sup E  sup
T€Bwp0) WP 0

/Q SO =3 f10) W)

i=1

Thus, similar to the deterministic case, we approximate |, 0 f(x)w(x)dx by a
quadrature, this time a stochastic one, and the quadrature weights depend on the
integration weight w through n random linear functionals. Moreover, observe that
the error criterion is different from the usual one in the randomized setting, namely,
it is uniform over the class of weights.

After these motivations let us state the main results on approximation. In the
deterministic case, we have the following.
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Theorem 3. Letr,s € Ny, 1 < p,q < oo and assume that (44) holds. Then there
are constants ci—4 > 0 such that for all n € N with n > 2, if the embedding
condition (6) holds, then

e < en(J. Bwy o) Wi (0)%)
< ey'(J, Bwy(0), Wy (@)") < can™ (logn)"™,

where
C(r4+s 1 1) r )
yi = min —(=-2) .2). @7)
( d (P q) + d
1 S22 1<gq<
l - = =1, oo,
v = d =gt 1 (48)
0 otherwise,

and if the embedding condition (6) does not hold, we have

c3 < eg(J, Bwyo) N C(Q), W (Q)")
< ey'(J, Bwr o) N C(Q), Wi(Q)") < ca.

The case of the embedding condition is essentially due to Vybiral [22], based on
results of Novak and Triebel [15], with the exception of the case s/d = 1/p —1/q
with 1 < p < g < oo, which was shown in [7]. The result of Theorem 3, for the
case that the embedding condition does not hold, was proved in [7].

To state the next result put p = min(p, 2),

it 0>1
if 0=7andp<qg<o0
—1/pif f=tand p<qg =00
if 0d=tand p=¢g =00 (49)
if 6=tandp >gq

if 6 <t and min(p,q) < oo

<
o~
|
> O = NN = O

if 0 <tandp=gqg=o0.

The main approximation result in the randomized case is



116 S. Heinrich

Theorem 4. Letr,s € Ny, 1 < p,q < oo and assume that (44) holds. Then there
are constants ¢y, ¢y > 0 such that for alln € Nwithn > 2

cin™” < e™(J. Bwyo) Wi (Q)%)
< ey"(J, Bwy0): Wp=(Q)") < con™"(logn)™,

where
,(r—}-s (1 1) r_’_1 1) (50)
Y2 = min =) =+1-=).
d P q/4 d 12
V)i > 0,
by = I 72 (51)
0 lf )/2:()5

and v} is given by (49).

This result is proved in [7]. Together with the randomized case of Theorem 1
it solved a problem posed by Novak and WoZniakowski, see [16], Sect.4.3.3,
Problem 25. Even the case p = g = 2, O = (0, 1) of Theorem 4 was new. The
algorithm realizing the optimal rate is discussed in the next section.

For the weak elliptic problem we conclude (see also [7], Corollary 7.1 for a
slightly more general statement)

Corollary 2. Letr € Ny, m € N. Then there are constants ci—¢ > 0 such that for
alln € Nwithn > 2, if the embedding condition (6) holds,

Cll’l_ﬁ < eset(SeH, %WZV(Q), Wzm(Q)) < c2n_5,
if the embedding condition (6) does not hold,

c3 < edet(sel Bwy (0) Wy (Q)) < ca,

and, independently of the embedding condition,

m 1

csn—ﬁ—min(d,z) < e;'lan(Sell7ggw{(Q)7 Wzm(Q)) < Cén_ﬁ—miﬂ(%’%)(logn)m

with
. m __ 1
V3 = 1 lf a2
0 otherwise.

For the problem of integration with variable weights we obtain

Corollary 3. Letr,s € Ny, 1 < p,q < oo and assume that (44) and the embedding
condition (6) hold. Then there are constants cy,cy > 0 such that for alln € N with
n>?2
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Cln—)’l
n
< inf sup / Sx)w(x)dx — Z S (Wi w)
(xi i) fel%wpr(g),wEK@W;*(Q) 0 i=1

< cn " (logn)",

where y1 and vy are given by (47) and (48), and the infimum is taken over all families
(x)1=izn C Q. (Yi)i<iza C Wi (Q)™.

Corollary 4. Letr,s € Ny, 1 < p,q < oo and assume that (44) holds. Then there
are constants ¢y, ¢y > 0 such that for alln € Nwithn > 2

Cln_y2

< inf sup E  sup
(Xiw:Viw) fe%’W[;(Q) WGA%WJ*(Q)

/Q FEWEx =3 F () Wi w)
i=1

< con " (logn)*?,

where y, and v, are given by (50) and (51), and the infimum is taken over all families
(Xiw)iziznwee C Q and (Yiw)iziznwee C Wi (Q)* satisfying conditions
(1)—(3).

Given 1 < p < oo andr € Ny, let us put ¢ = p and choose any s € N satisfying

) o1 1
d P
hence (44) holds, y; = (’1—', v =0,y = (’1—' and v, = 0. Now setting w(x) = 1,

we recover from Corollaries 3 and 4 the upper bounds of Theorem 2. However, the
resulting algorithm (see the next section) is more complicated than the one presented
in Sect. 3.

5 Approximation of J : W, (Q) — W/.(Q)* -
The Algorithm

In this section we want to explain some ideas of the construction of the algorithm
from [7] which gives the upper bound in Theorem 4. If (44) holds, then, as shown
in [7], proof of Proposition 4.1, we can find a number 1 < u < oo such that both
embeddings

1 W(Q) = Li(Q)
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and

J2,0 : qu*(Q) - Lu*(Q)
are continuous. Let

Vi: Lq(Q) - Lq*(Q)*

be the embedding given by

(Vuf.8) =(1.8) (f € Ly(Q). g € Ly=(Q)), (52)

which, in fact, is just the identity operator on L,(Q) for 1 < g < oo and the
canonical embedding of L1(Q) into L (Q)* = L1(Q)** for ¢ = 1. Hence with

Jr = T30Vt L(Q) — W (Q)7, (53)

the embedding J can be factorized as

T W) L(0) S wi(0),

For the approximation of J; we use the algorithm from Proposition 1, see below.
The key part of the approximation of J is that of J,. We use the duality (53). Let
us note the following to explain the next steps. We want to approximate J5",V; by
operators based on function values. We know how to do this for J; o (Proposition 1),
but this does not help for the dual JJ;, because then the delta functionals would
appear at the wrong end. Moreover, we need deterministic error estimates to pass
them to the dual. Thus, we start with a deterministic linear approximation of J; .

Letg; (j = 1,...,k) be any orthonormal in L, ([0, 1]¢) basis of the space Z,
of polynomials of degree at most p and let P : L;([0, 1]¢) — &, be defined by

Pg=) (g.9)¢; (geLi(0.1]).
j=1

For [ > [y, with [y the constant from Lemma 2, we define, similarly to (18), an
operator Py : W/.(Q) — Ly~ (Q) by setting for g € W, (Q)

Pig = ) xounoRii PEuig
i€

=572 3" 3" 38 x0u Rii®)) xounoRiie;-

ied ket j=1

Then the dual operator

Prf=b72" 3" 3" S (fxounoRi®i) x o, Riig)

ied ke j=1
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approximates J;. The next idea would be to use simultaneous Monte Carlo
integration for the approximation of the weighted integrals ( f, x 0,,no Rii ;). This,
however, does not give the optimal rate. So we resort to a multilevel splitting. We
fix L € Ny, L > [y, and write P, as

L
P = Z(Pz = Piy), Py—1 :=0.
1=l

We can represent (see [7], proof of the first part of Lemma 3.3, for details)

K
(Pr—P)g = ) D (g i) xoxno Rixe;, (54)
kex j=1

where the hyi; are defined in the following way. For [ > [y and k € 7 let 1(l, k)
be the unique index i € .#; with Q;; C Qy;, see (13)—(17) for the definitions. Let
aykjm be given by

K
XouRiwne = Z Arkjm X 0 Rik@m.

m=1

which is a correct definition since (Rjx¢ j)’;=1 is a basis of the polynomials
Py(Qix)on Qyi. Forthe case | = [p wesetfork € g, m=1,...,«

K
__ 1,—dA~dly . .
higkm = D™ 27 X 01 10 Rio ok Y Hiokjm® -
j=1

Furthermore, for/ > Iy + 1 and k € J let v(l, k) be the unique i € ¥ _; with
Ok C Q1. Let Biijm € K be such that

K

XszRl—l,v(I,k)(Pj = Z,BlkijQ”(le(Pm.

m=1
Weputfor! >lp+ 1,ke g, m=1,...,«

K
hikm = 572 101,00 Riui) Y ikjm®;
j=1

K
=727 y0, i Ri—twaio) Z Bikjm®; -
j=1
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Passing to the dual, we get from (54)

(P —P)* f = Z Z(ﬁ XounoRikw;)hik;. (55)

ke j=1

Now fix any numbers N; € N (I = [y, ..., L) andlet (Sl")lLiXi,i=l be independent
uniformly distributed on [0, 1] random variables on some complete probability
space (§2,, X»,P,). Put

i = xi + b27'E;,

where we recall that x; is the point in Q;; with minimal coordinates, so (sgk,-)f\l .

are independent, uniformly distributed on Q;; random variables. We approximate
the scalar products in (55) by the standard Monte Carlo method

(fs xounoRike;)

N
~ N7NOuw! Y f i) (Rixw) Eni)

i=1
N, 5

= N2 N G + b2 ) ).
i=1

Here f is defined by

fx)if xeQ (56)

f(’“)z{o it xe0\0,

where

0= on.

ket

This leads to the following approximations. For f € L,(Q), w, € £2,,

(P = Po)*f ~ A2 f

Lan
Kk N .
= b2 NI YT NN o + 5278 (@) 05 (8 (@) by (5T)
ke j=1i=1
and, summing over the levels,
Lf ~ PL*f

Kk N

L
~AD =Y 2T UINTE Y NS fak + 527 ) @5 (B -

I=lp ket j=1i=1
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We are ready to define the final algorithm (A, )w,es, for the approximation of
J:W(Q) = Wi(Q)* For Ly € Ny, Ly > I let (1111’,&)1)&)1&91 be the algorithm

defined in (19) with (£2,, X}, P;) the associated probability space. We put
(820, X0, Po) = (£21, X1, P1) X (§22, X2, )

and use PL(II) «, for the approximation of J; — which is a way of variance reduction

similar to that in the integration algorithm (37) in Sect. 3. Then Agz) is applied to the
difference f — PL(ll%wlf. Hence we set for wy = (w1, @) and f € W/ (Q)

1 1
Awy [ = le),wlf_'_Aiozz)(f_le),wlf)‘

We refer to [7] for the appropriate choice of the parameters and the error analysis
giving the upper estimate of Theorem 4.

6 Indefinite Integration and Approximation in Spaces
of Functions with Dominating Mixed Derivatives

This chapter is based on [8], where indefinite integration was studied. Here,
however, we mainly explore the connection to approximation in certain Sobolev
spaces of functions with dominating mixed derivatives, which has not been consid-
ered in [8].

In this section we put

Q=101
Letl <p<oo,1=(1,1,...,1) € N? and define

i) = {f € #(@): 3g e L,(0). f0 = [

[x

gt (xe 0)f.
]

where for x = (x,....,xq) we put [x,1] = [x;,1] x ... x [xg,1]. The space
&1 . . .
W, (Q) is equipped with the norm

1 g0y = 10" fllL,c00 = lIglL 0

So Wpl (Q) is a space of functions with dominating mixed smoothness and boundary
conditions (these functions vanish for all x € Q with at least one coordinate equal
to 1). Let WPI(Q) be the closure in WPI(Q) of the set of infinitely differentiable
functions with support in the interior of Q. Let

Uy WHQ) » W)
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be the identical embedding. We define for 1 < p < oo
—1 _ w1
W, (Q) =W, (0)".
Similarly to Sect. 4, our goal is to study stochastic approximation of

J:Ly(Q) > W(Q)*
and ~ -
J=UST 1 Ly(Q) > Wi(Q)* (58)
for1 < p,q < oo, where J is defined by

(Jf)(g) = /Q fOgdx (f € Ly(Q). g € Wh(Q). (59

It is easily verified that J and J are continuous injections. We shall relate the
embedding J to indefinite integration, investigated in [8]. For this purpose we
introduce the operator S : L,(Q) — L,(Q) of indefinite integration by setting
for f € L,(Q)and x = (x1,...,xq) € O

(Sf)(x) = / f(z)dz:/OXI.../OXd F(tr. ... ta)dt.

[0.x]

Clearly, S is continuous for all 1 < p,q < co. To establish the connection to J we
also introduce a related operator Sy : L,(Q) — L4(Q) by

(Sof)x) = [ _ f(o)dr.

[x.1]

For f,g € L,(Q) we have
(Sf.8) = (f. S0g). (60)
Furthermore, the operator S is an isometric isomorphism from L, (Q) to W(}* (9)

(meaning that Sy maps L,+(Q) onto qu*(Q) with preservation of the norm).
Hence, the dual operator

Sy WL(Q)* = Ly (0)*

and its inverse -
(S Lye(Q)* — Wh(0)*
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are isometric isomorphisms, as well. Next we show that J can be represented as

S Vq * (S~ 21 *
J 1 Lp(Q) > Lg(Q) — Ly (Q)" ——> W (Q)7, (61)

where V, is the canonical embedding, see (52). Indeed, let f € L ,(Q), g € qu* Q).
Then, using (60) and (52),

((S) ™'V, Sf.8) = (VySf.S5'8) = (S£.85 ' 8) = (f.9).

from which (61) follows. Since (Sg‘)_l is an isometric isomorphism and, for
1 <g < o0, V, is the identity of L,(Q), we conclude in this case

e (). B0 W) (0)") = €™ (S, BL,0). Lq(Q)). (62)

This relation also holds for ¢ = 1, because then V] is an isometric embedding of
Ly(Q) into L;(Q)** such that the range V1(L(Q)) admits a projection of norm
1 from L{(Q)**, see, e.g., [11], Par. 17, Theorem 3 (in combination with Par. 3,

Theorem 7 and Par. 15, Theorem 3). Taking into account (58) and ||U,|| = 1, it
follows from (62) that
e (T, BLy0) WA (Q)) < e™(J. BL,0) W (D)) (63)

det

The respective counterparts of (62) and (63) for the deterministic minimal error ey

also hold. We are ready to apply the following result from [8].

Theorem 5. Letd € N, 1 < p < oo and p = min(p, 2). Then there are constants
c1, ¢y > 0 such that

Cln—l-l—l/ﬁ < e’rlan(S,gng(Q)’Loo(Q)) < Czl’l_l—H/ﬁ.

Using this theorem, we can derive the respective results for the embedding operators
J and J as well as an easy generalization of Theorem 5 itself.

Corollary 5. Letd € N, 1 < p,q < oo and p = min(p,2). Then there are
constants c¢1—4 > 0 such that

cin™ TP < (S, By 0y, Le(Q)) < con™ TP (64)
C3n—1+l/ﬁ < e;an(j’%Lp(Q)’ qu*(Q)*)
< (I, Br0). W (0)) < can™H1/7, (65)

Proof. The upper bound in (64) follows from Theorem 5 and the continuity of the
embedding Loo(Q) — L4(Q). The upper bound of (65) is a consequence of (62),
(63), and the upper bound of (64).
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The lower bound of (65) is shown by a reduction to integration. Let ¢ be a
C°-function with support in Q satisfying ¥ > 0 and ¢ # 0. Define S
L,(0)—Kas

&fzéfmwmw (f € L,(0)).

By (59),
(Jfy)=Sif,

thus }
e (S1, B0 K) < 1V l1 g 8T B0 W (0)),
q

while it is well-known that
e, (S1, BL,0),K) > en~ VP,

see [14]. Finally, the lower bound of (64) follows from (62), (63), and the lower
bound of (65). O

Let us mention that in the deterministic case there is no convergence to zero of
the minimal error. This is easily shown by reduction to integration, in the same way
as in the proof of Corollary 5. Thus, we have

Corollary 6. Letd € N, 1 < p,q < oco. Then there are constants ci—y > 0 such
that

c < e,fet(S,%Lp(Q), Ly(Q)) =

c3 < e8N(J Bu0). W (0)") < e8(J, By, 0). W (0)*) < cu.

So far the constants in the estimates could depend in an arbitrary way on
the dimension. Now we take a closer look at the upper bounds with the goal
of establishing polynomial dependence of the constants on the dimension, hence
tractability, see [16, 17] for this notion and the theory thereof. We restrict our
considerations to the case ¢ = o0, since in this case the problems S and J are
normalized, meaning that

IS : Ly(Q) = Loo(Q)] = IV : Ly(Q) = W(0)*|
= |IJ : L,(Q) = WG (Q)] = 1,

so tractability with respect to the absolute and relative error criterion (see [16, 17])
coincide.

Most tractability results were established for weighted problems, that is, with
a decreasing dependence on subsequent dimensions. Here we show tractability for
certain unweighted embedding operators. We again use the connection to indefinite
integration (62) and a respective result from [8]. For this sake we introduce the
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simple sampling algorithm. Let (§;)7_, be independent, uniformly distributed on Q
random variables on a complete probability space (§2, X, P). We approximate the
indefinite integration operator S by

<w%n=4xmmvmm

%MwﬂMZ%ZmM@@U@@)&EQwH&

i=1
thus

1 n
Sf~ Anof = -3 FE g i

i=1
We note that this algorithm satisfies consistency (1), but does not possess the
measurability properties (2) and (3). However, for each f € L,(Q) the mapping

weR—>|Sf—AnofllLe0

is X'-measurable, see [8] for these facts and also for another algorithm with the same
approximation properties, but fulfilling (1)—(3).

The following was shown in [8]. A proof of a generalization of (66) is given in
Sect.7.

Theorem 6. Let 1 < p < o0, 1 < p; < 00, p1 < p, and p = min(p, 2). Then
there is a constant ¢ > 0 such that foralld,n € N, Q = [0,1]¢, f € L,(0),

/p

1 - -
(]E ISf — A,,,wfn{‘oo@) < cd VP 1L o 66)

and moreover,
e™N(S, B, 0), Loo(Q)) < cd' ™/ Pp~ 141D, (67)

Let us define a related algorithm on L ,(Q) with values in WIT(Q)* by setting
for f € L,(Q)andw € £2

AN f =3 FE @)

i=1

with the &; as above and §, € WII(Q)* given for x € Q by

(g.8,) = g(x) (g€ W (Q).

A corresponding algorithm /ﬁlzo with values in WII(Q)* = WOEI(Q) is defined by
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AV f=Ur AN £ =3 fE ()b ). (68)

i=1

with &, standing for &, interpreted as a functional on the subspace WII(Q). We use
Theorem 6 to derive the following error estimates for the algorithms A,(ll) and /I,(ll).

Proposition 3. Let1 < p <00, 1 < p; <00, p1 < p, and p = min(p, 2). Then
there is a constant ¢ > 0 such that forall d,n € N, Q = [0,1]¢, f € L,(Q),

1/p 1/p
(1) p1 (l) g
E(W S = A0 ,)  <E(F=af I ,.) 69

<cd"VPnT YR £l o) (70)
and moreover,
er™(J, P01 W (Q)) < e(J. B0 W' (Q)%)
E Cdl_l/ﬁl’l_H_l/ﬁ- (71)

Proof. Inequality (69) follows from (58) and (68). To show (70), we first note that
forg € W1 (Q) and x € Q we have

(& (S ™ xper) = (S0 xpeq)) = (So(Sg ' @) (x)
= g(x) = (g,6,),

thus
(S ™ Apeq) = - (72)
Consequently, using (61) (noting that V, is the identity of Lo (Q)), (72), and (66)

of Theorem 6, we get for f € L,(Q)
1/p1
E (|17 = A0 1 g)e)

1/p1
(|- Zf(&) . HW (Q)*)

N

1/p1
(SHISf - Zf(’;'z)(so) X[EII]HW(Q)*)

|
=
—

1/p1
Sf— Z SED X ) H (Q))

|
=
—
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=E (”Sf - An,wailoo(Q))l/pl < cd""VPpT1HB

Finally, (71) follows from (67), (62), and (63). O

The results in this section are very specific, leaving much room for further
investigations, e.g., of smoothness different from 1, of other source spaces than
L,(Q), and of more general domains Q. In the latter direction a generalization
of the first part of Theorem 6 is given in the next section.

7 A Generalization of Indefinite Integration and Tractability
of Discrepancy

Let (G,¥) be a measurable space, that is, G is a nonempty set and ¢ a o-algebra
of subsets of G. Let ¥ C ¢ be a family of measurable subsets of G. Recall that the
Vapnik-éervonenkis dimension v(%’) is defined to be the smallest m € Ny such that
for each set B € G with m + 1 elements the following holds

HBNC:Ce%} <2mt,

if there is such an m, and v(%’) = oo, if there is none. If v(¥) < oo, the family ¥
is called a Vapnik-Cervonenkis class. Let p be a probability measure on (G, ¥) and
define the following generalization of the indefinite integration operator

S¢ : Ly(G. 1) = Loo(€)

by setting for f € L ,(G,u)andC € ¢

(S¢£)(C) = /C FO)du).

Note that here we have again weighted integration. This time the weight is fixed, but
we seek to approximate simultaneously over a family of integration domains.

We shall study randomized approximation of S¢ for Vapnik-Cervonenkis
classes % For this purpose we define the analogue of the simple sampling algorithm.
Let (&;)/_, be independent random variables on some probability space (£2, X, P)
with values in G and distribution p. For f € L;(G, ), C € €, and w € £2 put

(Ao ) = 3 e (& (@) fE @)
i=1

This algorithm satisfies consistency (1), but may fail the measurability properties
(2) and (3), even for countable %’. We refer to [8], Sect. 6.3 for an argument which is
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easily seen to cover also the present situation. On the other hand, it is easy to verify
that for countable 4" we have again the following weaker measurability property.
Foreach f € L,(0)

”S%”f - An,wf ”(oo(%”)

is X'-measurable.

The next result generalizes Theorem 6. We adopt the proof of [8], Lemma 3.3 to
this general setting. How to pass to the uncountable class involved in Theorem 6 is
discussed below.

Theorem 7. Let 1 < p < o0, 1 < p; <00, p1 < p, and p = min(p,?2). Then
there is a constant ¢ > 0 such that the following holds. For any (G, ¥, ) and
(67—, as above, any countable family ¢ €4 and any f € L,(G, 1)

1/p1 e _
(B1S6f ~ Anaf ) < @) o™ MU fll . (T3)

Proof. We fix f € L,(G, ). Let 6y C € be any finite nonempty subset and let ¢,
be the algebra of subsets of G generated by 4. Let # (G, %) denote the Banach
space of signed measures on ¥, equipped with the total variation norm. Introduce
an operator J¢ : (G, %) — Lo (%)) defined by

Jau = ((C))ces:

According to a result of Pisier [18], Theorem 1 and Remark 6, there is a constant
¢ > 0 depending only on p such that the type p constant of J,, recall the definition
(4), satisfies

15(Jg) < cv(%0)' TP < ev(@)' VP, (74)

Define independent, zero mean, .# (G, %)-valued random variables (n;)’_, as
follows. For B € ¥, we set

ni(B) = /}; f@ydu(t) — xp (&) f(&).

We have

1/p1

/p1 1
Elliom)" = (E( [ oo +1re)")
=211z, ©6w- (75)

Next we apply Lemma 1. We assume that p; > p, the other case then follows from
Hoélder’s inequality. Using (74) and (75), we get
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Pl) 1/p1

[ 1O =3 re@ 1@

i=1

E max
Ce%y

n » 1/]71
=7 (B X ]
! ( ; R PR

n

N/
B p/p1
< CTﬁ(J%”o)n 1 (Z (]E ||771 ||5/1/(G,g0)) )

i=1

< (@) PP f L6 0

from which (73) follows by Fatou’s lemma. |

For G = [0, 1]¢, ¢ the o-algebra of Lebesgue measurable sets, i the Lebesgue
measure, and

€ =% ={[0,x]:x €[0,1]Y NnQ%},

where Q denotes the set of rationals, we have v(¥©) = d, see, e.g., [3],
Corollary 9.2.15. Moreover, for f € L([0,1]¢) and t,,...,t, € [0, 1]¢

1 n
/[(),x] J®dt = n Z Ko (&) f ()

sup
x€[0,1]4 NQ4 i=1
1 n
= sup f@dt — ="y ) f(@)|. (76)
x€[0,1]4 |/[0,x] n i=1
This is an immediate consequence of ‘right’-continuity
lim_ xo,1(t) = yp(®) (¢ €[0.1]%). (77)

y—=>x,y=x

Now Theorem 6 follows from Theorem 7.
Given a point set {¢,...,2,} C [0, l]d, the star discrepancy is defined as

1 n
di(t,....t) = sup [[[0.0)] == x|
xE[O.l]d n i=1

The main result of [9] established tractability of the star-discrepancy, meaning
an estimate which has a negative power in n and a constant which depends
polynomially on d:

Theorem 8. There is a constant ¢ > 0 such that for all d,n € N there exist
...ty €[0,1]7 with

di(tr,... ty) < cdPn1/2,
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It turns out that we can recover this result — even in a much more general form — as
a direct consequence of Theorem 7. For this purpose, let us introduce the following
generalization of the star-discrepancy. Let (G, ¥, u) be a probability space, ¢ C ¢
any subfamily, let / € L;(G, ) be a function (not an equivalence class) and set for
{ti,....t,} CG

[ 1O =13 e,

i=1

d;f”"f(tl, coo,ly) = sup
Ce?

So this discrepancy measures how well the quasi-Monte Carlo method defined by
the point set {1, ..., ?,} approximates the integral of a function f with respect to a
distribution w, uniformly over all sets C of a given family 4. From Theorem 7 we
obtain

Corollary 7. Let 1 < p < oo and p = min(p,2). Then there is a constant
¢ > 0 such that for for any probability space (G,9, 1), countable ¢ < ¢, and
any function f € L,(G, ) there exist ty, ..., t, € G with

d5m T (. ty) < (@) TP Y F L G-

If we choose f = 1 and write dog** instead of deg ™", we have

n

1
w(C) == xel)

i=1

d;f”‘(tl, ey ly) = sup
cew

Corollary 7 with p = oo implies

Corollary 8. There is a constant ¢ > 0 such that for any probability space
(G,¥9, ) and countable € C 4 there exist ty, ..., t, € G with

d2M(1, ... 1)) < (@) a2,

Note that this result was also obtained in [9], Theorem 4, by slightly different
tools. Theorem 8 follows from Corollary 8 by taking G = [0, 1]¢, i the Lebesgue
measure, and

¢ =¢" ={0,x):x €[0,1]Y NQ7}.

Then we have again v(%") = d and the analogue of (76) holds, which follows
from ‘left’-continuity in place of (77).

In this section we only considered upper bounds. For results on d-dependent
lower bounds we refer to [8—10].
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