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Abstract We survey recent results on the approximation of functions from Sobolev
spaces by stochastic linear algorithms based on function values. The error is
measured in various Sobolev norms, including positive and negative degree of
smoothness. We also prove some new, related results concerning integration over
Lipschitz domains, integration with variable weights, and study tractability of
generalized versions of indefinite integration and discrepancy.

1 Introduction and Preliminaries

In this paper we survey and discuss recent results from [5–8] and predecessors
thereof, from a unifying point of view of approximation of functions by linear
algorithms based on function values. The functions belong to a certain Sobolev
space and the error is measured in the norm of another Sobolev space. The emphasis
lies on stochastic approximation, but we also include the deterministic counterparts.
We discuss upper and lower bounds, hence the complexity of approximation, and
compare the deterministic and randomized setting. The algorithms that reach the
optimal rates are explained in detail.

The paper also contains a number of new results which are related to the known
ones surveyed here. This includes the optimal order of the error of randomized inte-
gration of functions from Sobolev classes over general bounded Lipschitz domains,
weighted integration with variable weights from Sobolev classes, approximation in
certain spaces of functions with dominating mixed derivatives, and a result on the
dimension-dependence (tractability) of generalized versions of indefinite integration
and discrepancy.
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Let d 2 N WD f1; 2; : : : g, N0 WD N [ f0g, let K stand for the field of reals R

or complex numbers C. We always consider K-valued functions and linear spaces
over K, with K being the same for all the spaces involved. For a Banach space X
the unit ball fx 2 X W kxk � 1g is denoted by BX and the dual space by X�.
Given another Banach space Y , the space of bounded linear operators from X to
Y is denoted by L .X; Y /. Throughout the paper log means log2. Furthermore, we
often use the same symbol c; c1; : : : for possibly different positive constants, also
when they appear in a sequence of relations.

Let .G;G ; �/ be a measure space. For 1 � p � 1, let Lp.G;�/ be the space of
K-valued p-integrable functions, equipped with the usual norm

kf kLp.G;�/ D
�Z

G

jf .x/jpd�.x/
�1=p

if p < 1, and
kf kL1.G;�/ D ess supx2Gjf .x/j:

Let Q � R
d be a bounded Lipschitz domain, i.e., for d D 1 a finite union of

bounded open intervals with disjoint closure, and for d � 2 a bounded open set with
locally Lipschitz boundary. If � is the Lebesgue measure on Q, we write Lp.Q/
instead of Lp.Q;�/. Let C. NQ/ denote the space of continuous functions on the
closure NQ of Q, equipped with the supremum norm. For r 2 N0 and 1 � p � 1
we introduce the Sobolev space

W r
p .Q/ D ff 2 Lp.Q/ W D˛f 2 Lp.Q/; j˛j � rg;

where ˛ D .˛1; : : : ; ˛d / 2 N
d
0 , j˛j WD Pd

jD1 ˛j , andD˛f is the generalized partial
derivative. The norm on W r

p .Q/ is defined as

kf kW r
p .Q/

D
0
@X

j˛j�r
kD˛f kpLp.Q/

1
A
1=p

if p < 1, and
kf kW r

1
.Q/ D max

j˛j�r
kD˛f kL1.Q/:

Observe that for r D 0, W 0
p .Q/ is just Lp.Q/.

For basic notions concerning the randomized setting of information-based
complexity – the framework we use here – we refer to [4, 14, 20]. The particular
notation applied here can be found in [6].

First we consider deterministic algorithms. Let G be a nonempty set, let F .G/

denote the linear space of all K-valued functions on G and let Y be a Banach space.
Given a nonempty subset F � F .G/, the class of linear deterministic algorithms
A det
n .F; Y / consists of all linear operators from F .G/ to Y of the form
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Af D
nX
iD1

f .xi / i

with xi 2 G and  i 2 Y . Let S W F ! Y be any mapping. The error of A 2
A det
n .F; Y / as an approximation of S is defined as

e.S;A; F; Y / D sup
f 2F

kSf � Af kY

and the deterministic n-th minimal error as

edet
n .S; F; Y / D inf

A2A det
n .F;Y /

e.S;A; F; Y /:

Hence, no deterministic linear algorithm that uses at most n function values can
provide a smaller error than edet

n .S; F; Y /. The quantities edet
n .S; F; Y / were also

called linear sampling numbers [15].
Next we introduce linear randomized sampling algorithms. This is a little more

technical since we want these algorithms to act also on spaces of equivalence classes
of functions, where function values itself may not be defined. Here we let, in
addition to the above, G be a �-algebra of subsets ofG, � a nonnegative,�-additive,
�-finite measure on .G;G / with �.G/ > 0. Let F � L0.G;�/ be a nonempty
subset, where L0.G;�/ is the linear space of equivalence classes of G -measurable
functions on G, with the usual equivalence of being equal except on a set of
�-measure zero.

For n 2 N we consider the following class of randomized linear algorithms from
F to Y . An element

A 2 A ran
n .F; Y /

is a tuple
A D ..˝;˙;P/; .A!/!2˝/;

where .˝;˙;P/ is a probability space,

A! 2 A det
n .F .G/; Y / .! 2 ˝/;

thus

A!f D
nX
iD1

f .xi!/ i! .! 2 ˝/;

and the following two properties hold:

1. (Consistency) If f0 and f1 are representatives of the same class f 2 F , then

A!f0 D A!f1 .P � almost surely/: (1)
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2. (Measurability) For each f 2 F and each representative f0 of f , the mapping

! 2 ˝ ! A!f0 2 Y is ˙-to-Borel measurable (2)

and essentially separably valued, i.e., there is a separable subspace Y0 � Y such
that

A!f0 2 Y0 .P � almost surely/: (3)

Let again S W F ! Y be any mapping. The error of an algorithm A 2 A ran
n .F; Y /

as an approximation to S on F is defined as

e.S;A; F; Y / D sup
f 2F

E kSf � A!f kY :

The randomized n-th minimal error of S is defined as

eran
n .S; F; Y / D inf

A2A ran
n .F;Y /

e.S;A; F; Y /:

It follows that no randomized linear algorithm that uses at most n function values
can have a smaller error than eran

n .S; F; Y /. Note that the definition involves the
first moment. This way lower bounds have the strongest form, because respective
bounds for higher moments follow by Hölder’s inequality. Upper bounds for
concrete algorithms are stated in a form which includes possible estimates of higher
moments.

We need some notions and facts from probability theory in Banach spaces. Let
1 � p � 2. An operator T 2 L .X; Y / is said to be of type p if there is a constant
c > 0 such that for all n 2 N and all sequences .gi /niD1 � X ,

E

���
nX
iD1

"iTgi

���p � cp
nX
iD1

kgikp; (4)

where ."i / is a sequence of independent random variables on some probability space
.˝;˙;P/ with Pf"i D 1g D Pf"i D �1g D 1=2. The type p constant �p.T / of
the operator T is defined to be the smallest c > 0 such that (4) holds. We put
�p.T / D 1 if T is not of type p. Each operator is of type 1. A Banach space
X is of type p iff the identity operator of X is of type p. We write �p.X/ for the
type p constant of the identity operator of X . For 1 � p < 1 the spaces `np are
uniformly of type min.p; 2/, meaning that there is a constant c.p/ > 0 such that for
all n 2 N we have �min.p;2/.`

n
p/ � c.p/. For p D 1 there is a constant c.1/ > 0

such that �2.`n1/ � c.1/.lognC 1/1=2 for all n 2 N. We refer to [12], Chap. 9 for
definitions and basic facts on the type of Banach spaces, from which the operator
analogues easily follow.

We will use the following result, see [8], Lemma 3.2. (the Banach space case of
which with p1 D p is contained in Proposition 9.11 of [12]).
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Lemma 1. Let 1 � p � 2, p � p1 < 1. Then there is a constant
c D c.p; p1/ > 0 such that for all Banach spaces X; Y , each operator T 2
L .X; Y / of type p, each n 2 N and each sequence of independent, mean zero
X -valued random variables .�i /niD1 with E k�ikp1 < 1 .1 � i � n/ the following
holds:  

E

���
nX
iD1

T �i

���p1
!1=p1

� c�p.T /

 
nX
iD1

�
E k�ikp1

�p=p1!1=p
:

2 Approximation of the Embedding J W W r
p .Q/ ! W s

q .Q/

with s � 0

In this section we consider approximation of the embedding J W W r
p .Q/ ! W s

q .Q/.
By the Sobolev embedding theorem, [1], Theorem 5.4, J is continuous if

1 � q < 1 and r�s
d

�
�
1
p

� 1
q

�
C

or
q D 1; 1 < p < 1; and r�s

d
> 1

p

or
q D 1; p 2 f1;1g; and r�s

d
� 1

p
:

9>>>>>>=
>>>>>>;

(5)

We shall study edet
n .J;BW r

p .Q/
;W s

p .Q// and eran
n .J;BW r

p .Q/
;W s

p .Q//, so we want
to approximate functions from W r

p .Q/ in the norm of W s
q .Q/ by deterministic or

randomized linear sampling algorithms based on n function values.
We also need the so-called embedding condition, ensuring that W r

p .Q/ is
continuously embedded into C. NQ/ (meaning that each equivalence class contains
a continuous representative). This holds if and only if

p D 1 and r=d � 1

or
1 < p � 1 and r=d > 1=p;

9=
; (6)

see [1], Chap. 5. In these cases function values at points of Q are well-defined and
deterministic algorithms as introduced in Sect. 1 make sense.

In its full generality, the following was shown in [6], Theorems 3.1 and 4.2.

Theorem 1. Let r; s 2 N0, 1 � p; q � 1, let Q be a bounded Lipschitz domain
and assume that (5) is satisfied. Then there are constants c1�6 > 0 such that for all
n 2 N the following holds. In the deterministic setting, if the embedding condition
(6) is fulfilled, then

c1n
� r�s

d C
�
1
p � 1

q

�
C � edet

n .J;BW r
p .Q/

;W s
q .Q// � c2n

� r�s
d C

�
1
p� 1

q

�
C ;
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and if the embedding condition is not fulfilled, then

c3 � edet
n .J;BW r

p .Q/
\ C. NQ/;W s

q .Q// � c4:

In the randomized setting we have

c5n
� r�s

d C
�
1
p� 1

q

�
C � eran

n .J;BW r
p .Q/

;W s
q .Q// � c6n

� r�s
d C

�
1
p � 1

q

�
C ;

independently of the embedding condition.

To explain the occurring exponent in a few words: we can consider n�.r�s/=d as a
‘reward’ for decay in smoothness by going fromW r

p .Q/ to W s
q .Q/, while n1=p�1=q

is the ‘price’ we have to pay for the improvement of summability from p to q if
p < q.

In various particular aspects and special cases Theorem 1 has many authors.

1. Deterministic setting, the embedding condition (6) holds:
For simple domains as QD .0; 1/d and sD 0, the bounds are classical approxi-
mation theory. For Q D .0; 1/d and s > 0, see Vybı́ral [22]. The general case
of Lipschitz domains for s D 0 is due to Novak and Triebel [15]. The case of
Lipschitz domains for s > 0 was obtained in [6], solving Problem 18 posed by
Novak and Woźniakowski in [16].

2. Deterministic setting, the embedding condition (6) does not hold:
This means, function values are not well-defined, so, formally, deterministic
algorithms make no sense. However, we may just slightly restrict the class by
considering BW r

p .Q/
\C. NQ/ to make function values well-defined. Note that by

considering BW r
p .Q/

\ C. NQ/ we do not impose a C. NQ/ norm restriction, we
only demand that the function is continuous, but it can have an arbitrary large
C. NQ/ norm. Such functions are dense in BW r

p .Q/
in the norm ofW r

p .Q/ (see [1],
Theorem 3.18).

Although function values are now well-defined, the result above shows that
no deterministic algorithm can have an error converging to zero. This result was
already proved in [5] for the cube.

3. Randomized setting, the embedding condition (6) holds:
The upper bound follows from the deterministic setting. The lower bound was
shown by Wasilkowski in [23] (p D q D 1), Novak [14] (1 � p � 1; q D 1),
and Mathé [13] (1 � p; q � 1). It follows that in the case of the embedding
condition deterministic and stochastic algorithms have the same optimal rate,
that is, randomization does not provide a speedup.

4. Randomized setting, the embedding condition (6) does not hold:
This was shown in [6]. Comparing deterministic and randomized setting we see
that in this case randomization can give a speedup of up to n�ˇ for any ˇ with
0 < ˇ < 1. Indeed, for p D q D 1, s D 0, the maximal exponent of the speedup
is r=d , which can be arbitrarily close to 1.
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Let us describe the algorithm behind Theorem 1, following essentially the
exposition in [6]. Fix parameters � 2 N0, � � r � 1, and 0 � ı < 1, let
P� denote the space of polynomials on R

d of degree not exceeding �, and let
P W F .Rd / ! F .Rd / be the d -fold tensor product of Lagrange interpolation
on Œ0; 1 � ı� of degree �, hence

Pf D
�X

jD1
f .yj / j ;

with .yj /�jD1 2 Œ0; 1 � ı�d and . j /�jD1 the respective Lagrange polynomials.
We have

Pg D g .g 2 P�/: (7)

Let 	 D 	.!/ .! 2 ˝/ be a uniformly distributed on Œ0; 1�d random variable
on a complete probability space .˝;˙;P/. For ! 2 ˝ define the operator P! W
F .Œ0; 1�d / ! F .Rd / by setting for f 2 F .Œ0; 1�d /

.P!f / .x/ D
�X

jD1
f .yj C ı	.!//  j .x � ı	.!// .x 2 R

d /: (8)

Note that if ı D 0, then P! is deterministic, i.e., does not depend on !. It follows
from (7) that

P!g D g .g 2 P�; ! 2 ˝/: (9)

We includeQ into any axis-parallel cube QQ,

Q � QQ D x0 C Œ0; b�d ;

and partition QQ into closed subcubes of sidelength b2�l and of disjoint interior

QQ D
2dl[
iD1

Qli :

For l 2 N0 we define the scaling operators Eli ; Rli W F .Rd / ! F .Rd / for
f 2 F .Rd / and x 2 R

d by

.Elif /.x/ D f .xli C b2�lx/

and
.Rlif /.x/ D f .b�12l .x � xli //;

where xli denote the point in Qli with minimal coordinates. Note that Eli scales
functions with support in Qli to functions with support in Œ0; 1�d , and Rli is the
inverse of Eli .
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Define

Il D fi W 1 � i � 2dl ; Qli � Qg;

the set if indices of cubes completely contained in Q, and

Kl D fk W 1 � k � 2dl ; Qlk \Q ¤ ;g;
the set of indices of cubes intersectingQ. So we have

[
i2Il

Qli � Q �
[
k2Kl

Qlk: (10)

Let B.x; �/ denote the closed and B0.x; �/ the open Euclidean ball of radius �
around x 2 R

d . Based on the geometry of the Lipschitz property ofQ the following
was shown in [7], Lemma 3.1, see also [6], Lemma 3.2.

Lemma 2. There are constants a > b
p
d and l0 2 N0 such that for all l � l0

[
k2Kl

Qlk �
[
i2Il

B.xli ; a2
�l /:

Using this lemma one can construct a suitable partition of unity on Q. Let � 2 N0,
� � s, and denote the space of functions possessing continuous, bounded partial
derivatives up to order � onRd byC�.Rd /. Let � 2 C�.Rd / be such that supp .�/ �
B0.0; 2a=b/, � � 0, and � > 0 on B.0; a=b/. We can choose � to be a polynomial
on some ball around 0, for example

�.x/ D

8̂̂
<
ˆ̂:

 
9a2

4b2
�

dX
iD1

x2i

!�C1
if jxj � 3a

2b

0 otherwise.

By Lemma 2, there exists a constant c > 0 such that for l � l0

X
j2Il

Rlj �.x/ � c .x 2 Q/:

Define the functions �li (i 2 Il , l � l0) on Q by

�li .x/ D Rli�.x/P
j2Il

Rlj �.x/
.x 2 Q/:

These functions satisfy

�li .x/ D 0 .x 2 Q n B.xli ; a2�lC1//
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and X
i2Il

�li .x/ D 1 .x 2 Q/:

Now we define for l � l0 and ! 2 ˝ the operator P .0/

l;! W F .Q/ ! C�.Q/ by

P
.0/

l;! f D
X
i2Il

�li .RliP!Elif /jQ .f 2 F .Q//:

Setting for l � l0, i 2 Il , 1 � j � �, and ! 2 ˝

ylij! D xli C b 2�l .yj C ı	.!// (11)

and
 lij!.x/ D  j .b

�12l .x � xli / � ı	.!//; (12)

we can finally write P .0/

l;! f as

P
.0/

l;! f D
X
i2Il

�X
jD1

f .ylij!/�li lij!:

This completes the description of the algorithm leading to the upper bound in
Theorem 1.

The algorithm above uses the partition of unity for smoothing the local
approximations. In the case s D 0 the target space is Lq.Q/ and we do not
need smoothing. In view of the application to integration given in the next section,
we want to discuss this case in more detail and introduce a simpler algorithm. Using
Lemma 2, we choose for l � l0 any partition

Kl D
[
i2Il

Kli (13)

with

i 2 Kli .i 2 Il /; (14)

Qlk � B.xli ; a2
�l / .k 2 Kli /; (15)

Kli \ Klj D ; .i; j 2 Il ; i ¤ j /: (16)

In other words, each cube Qlk which intersects Q is associated with some cube
Qli which is not far fromQlk and lies completely inside Q. The union of all cubes
associated with Qli is denoted by

QQli D
[
k2Kli

Qlk: (17)
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Now we proceed as follows. We apply approximating operators locally to theQli

with i 2 Il and use the result (which is a polynomial defined on all of Rd ) for all
the associated cubes Qlk with k 2 Kli , that is, for the region QQli . For l � l0 and
! 2 ˝ we define P .1/

l;! W F .Q/ ! Lq.Q/ by

P
.1/

l;! f D
X
i2Il


 QQli\QRliP!Elif .f 2 F .Q//; (18)

which we can write as

P
.1/

l;! f D
X
i2Il

�X
jD1

f .ylij!/
 QQli\Q lij!; (19)

with the ylij! and  lij! given by (11) and (12). Consistency (1) of
�
P
.1/

l;!

�
!2˝ is

readily checked. As to measurability, note that we can represent

 lij!.x/ D  j .b
�12l .x � xli /� ı	.!//

D
MX
mD1

ajm.ı	.!//'m.b
�12l .x � xli // (20)

with suitable M 2 N and polynomials ajm; 'm .1 � j � �; 1 � m � M/, from
which (2) and (3) directly follow. So we have

�
P
.1/

l;!

�
!2˝ 2 A ran

nl
.W r

p .Q/;Lq.Q// with nl D �jIl j: (21)

The following result generalizes Proposition 1 of [5] by combining the approach
of Proposition 3.3 in [6] with that of Lemma 3.2 in [7]. It will be used for variance
reduction in Sect. 3.

Proposition 1. Let d 2 N; r 2 N0, 1 � p; q � 1, let Q be a bounded Lipschitz
domain, and assume that (5) is satisfied with s D 0. Let .P .1/

l;! /!2˝ for l � l0 be
given by (19), with parameters � 2 N0, � � r � 1 and 0 � ı < 1. Moreover, if the
embedding condition (6) does not hold, we assume ı > 0. Then there is a constant
c > 0 such that for all l � l0 and f 2 W r

p .Q/ the following hold.
If q < 1, then

.E kf � P .1/

l;! f kqLq.Q//1=q � c 2�rlCmax.1=p�1=q;0/d lkf kW r
p .Q/

; (22)

and if q D 1, then

ess sup!2˝kf � P .1/

l;! f kL1.Q/ � c 2�rlCdl=pkf kW r
p .Q/

: (23)
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Proof. We put B D B0.0; 2a=b/. By assumption, (5) holds for s D 0, so we have

kf kLq.B/ � ckf kW r
p .B/

.f 2 W r
p .B//: (24)

Assume q < 1. First we show that for f 2 W r
p .B/

�
E kP!f kqLq.B/

�1=q � ckf kW r
p .B/

: (25)

Indeed, by (8) we have

�
E kP!f kqLq.B/

�1=q

�
0
@E

 
�X

jD1
jf .yj C ı	.!//jk j . � � ı	.!//kLq.B/

!q1
A
1=q

� c

�X
jD1

.E jf .yj C ı	.!//jq/1=q: (26)

If ı > 0, it follows from (24) that

�X
jD1

.E jf .yj C ı	.!//jq/1=q D
�X

jD1

�
ı�d

Z
Œ0;ı�d

jf .yj C z/jqd z

�1=q

� ckf kLq.B/ � ckf kW r
p .B/

;

which together with (26) gives (25). If ı D 0, which, by assumption, is only
admitted if the embedding condition (6) holds, we have

�X
jD1

.E jf .yj C ı	.!//jq/1=q D
�X

jD1
jf .yj /j � �kf kC. NB/ � ckf kW r

p .B/
;

which combined with (26) again implies (25). Using Theorem 3.1.1 of [2], it follows
that there is a constant c > 0 such that for all f 2 W r

p .B/

inf
g2P�

kf � gkW r
p .B/

� cjf jr;p;B ; (27)

where

jf jr;p;B D
0
@X

j˛jDr
kD˛f kpLp.B/

1
A
1=p
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if p < 1 and
jf jr;1;B D max

j˛jDr
kD˛f kL1.B/:

We get from (9), (24), (25), and (27)

.E kf � P!f kqLq.B//1=q D inf
g2P�

�
E k.f � g/ � P!.f � g/kqLq.B/

�1=q

� c inf
g2P�

kf � gkW r
p .B/

� cjf jr;p;B : (28)

Now let f 2 W r
p .Q/ and let Qf 2 W r

p .R
d / be an extension of f with

k Qf kW r
p .R

d / � ckf kW r
p .Q/

(see [19]). Then (10), (13), (16), and (17) imply

.E kf � P
.1/

l;! f kqLq.Q//1=q

D
0
@E ��� X

i2Il


 QQli\Q.f � RliP!Elif /
���q
Lq.Q/

1
A
1=q

D
0
@X
i2Il

E kf � RliP!Elif kq
Lq. QQli\Q/

1
A
1=q

: (29)

Furthermore, from (15) and (28),

�
E kf �RliP!Elif kq

Lq. QQli\Q/
�1=q

�
�
E k Qf �RliP!Eli Qf kq

Lq.B.xli ;a2�l //

�1=q

D bd=q2�dl=q
�
E kEli Qf � P!Eli Qf kqLq.B/

�1=q

� c 2�dl=qjEli Qf jr;p;B : (30)

Using Hölder’s inequality, we get for p < 1
0
@2�dl X

i2Il

jEli Qf jqr;p;B

1
A
1=q

� c 2max.1=p�1=q;0/d l
0
@2�dl X

i2Il

jEli Qf jpr;p;B

1
A
1=p
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� c 2�rlCmax.1=p�1=q;0/d l
0
@X
i2Il

j Qf jp
r;p;B.xli ;a2�l /

1
A
1=p

� c 2�rlCmax.1=p�1=q;0/d l j Qf jr;p;Rd
� c 2�rlCmax.1=p�1=q;0/d lkf kW r

p .Q/
: (31)

The case p D 1 follows in the same way with the respective changes. Joining
(29)–(31) proves (22). For q D 1, relation (23) follows analogously, with the usual
modifications, replacing everywhere .E k � kq/1=q by ess sup!2˝k � k etc. ut

3 Integration Over Lipschitz Domains

Let Q be a bounded Lipschitz domain as in the previous section and let I W
W r
p .Q/ ! K be the integration operator

If D
Z
Q

f .x/dx:

Theorem 2. Let r 2 N0, d 2 N, 1 � p � 1, Np D min.p; 2/. Then there exist
constants c1�6 > 0 such that in the deterministic setting, if the embedding condition
(6) holds, then

c1n
�r=d � edet

n .I;BW r
p .Q/

;K/ � c2n
�r=d ;

and if the embedding condition does not hold, then

c3 � edet
n .I;BW r

p .Q/
\ C. NQ/;K/ � c4:

In the randomized setting we have, independently of the embedding condition,

c5n
�r=d�1C1= Np � eran

n .I;BW r
p .Q/

;K/ � c6n
�r=d�1C1= Np:

In the deterministic case with the embedding condition the upper bound is a direct
consequence of [15], see also [21], Theorem 5.4. It also follows from Proposition 1
by integrating the deterministic approximation for ı D 0 (see (32) and (33) below,
where this appears as part of the variance reduction). The lower bound for general
Lipschitz domains is easily derived from that for the cube, which is well-known,
see [14]. The lower bound in the deterministic case without the embedding condition
follows from the proof of Theorem 5.2 in [7] (the upper bound is trivial, it is just the
boundedness of I ).
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Let us turn to the randomized case. For the cube, this result is due to Novak for
those r; d; p for which W r

p .Q/ is embedded into L2.Q/ (meaning that p � 2 or
(p < 2 ^ r=d � 1=p � 1=2)), see [14], Sect. 2.2.9. The remaining cases were
settled for the cube in [5]. As in the deterministic case, the lower bound for general
Lipschitz domains follows from the known one for the cube, see [14] and [4]. The
extension of the upper bound to general Lipschitz domains is new and we give a
proof here.

We start by introducing a randomized algorithm. Similar to [5], we use an
approximation for variance reduction by separation of the main part, which we
combine here with stratified sampling. We use P .1/

l;!1
for l � l0, see relations (11),

(12), and (19) for its definition, with l0 the constant from Lemma 2. For the purpose
of the present proof we have changed the notation of the underlying probability
space to .˝1;˙1;P1/. Again we assume ı > 0 if the embedding condition (6) does
not hold. For f 2 F .Q/ we have

IP
.1/

l;!1
f D

X
i2Il

�X
jD1

f .ylij!1 /

Z
QQli\Q

 lij!1 .x/dx

D
X
i2Il

�X
jD1

˛lij!1f .ylij!1/ (32)

with

˛lij!1 D
Z

QQli\Q
 lij!1 .x/dx D

X
k2Kli

Z
Qlk\Q

 lij!1 .x/dx: (33)

Observe that for ı > 0, this is a stochastic quadrature, with the only element of
randomness being 	, while for ı D 0 it is deterministic (compare (11) and (12)).

Now let �k D �k.!2/ .k 2 Kl / be independent, uniformly distributed on Qlk

random variables over a complete probability space .˝2;˙2;P2/. Define a stratified
sampling algorithm A

.2/

l;!2
by setting for g 2 F .Q/ and !2 2 ˝2

A
.2/

l;!2
g D bd2�dl X

k2Kl


Qlk\Q.�k.!2//g.�k.!2//;

where we recall that jQlkj D bd2�dl . It follows readily that (1)–(3) hold, so

�
A
.2/

l;!2

�
!22˝2 2 A ran

ml
.Lp.Q/;K/ with ml D jKl j:

Moreover, for g 2 L1.Q/

EA
.2/

l;!2
g D

X
k2Kl

Z
Qlk


Qlk\Q.x/g.x/dx D
Z
Q

g.x/dx:



Stochastic Approximation of Functions and Applications 109

First we show an error estimate for A.2/l;!2 . The case p < 2 seems to be new.
Moreover, in the case p > 2 we estimate higher moments than the usual second
moment.

Lemma 3. Let 1 � p � 1, p1 � p, p1 < 1. Then there is a constant c > 0 such
that for l � l0 and g 2 Lp.Q/

�
E !2 jIg � A

.2/

l;!2
gjp1

�1=p1 � c2�.1�1= Np/dlkgkLp.Q/:

Proof. We can assume Np � p1, the other cases follow from Hölder’s inequality.
Setting for k 2 Kl

�k D bd2�dl
Qlk\Q.�k/g.�k/;

we have
A
.2/

l;!2
g � Ig D

X
k2Kl

.�k � E �k/: (34)

From Lemma 1, taking into account that K is of type 2, hence also of type Np, we get 
E

ˇ̌
ˇ X
k2Kl

.�k � E �k/
ˇ̌
ˇp1
!1=p1

� c

 X
k2Kl

�
E j�k � E �kjp1

� Np=p1
!1= Np

� cjKl j1= Np�1=p1
 X
k2Kl

E j�k � E �kjp1
!1=p1

: (35)

Furthermore,

.E j�k � E �kjp1/1=p1 � 2.E j�kjp1/1=p1

D 2.bd2�dl /1�1=p1
�Z

Qlk\Q
jg.x/jp1dx

�1=p1
: (36)

Combining (34)–(36) and using p1 � p, we obtain 
E jA.2/l;!2g � Igjp1

!1=p1

� cjKl j1= Np�1=p1 .bd2�dl /1�1=p1
 Z

Q

jg.x/jp1dx
!1=p1

� c2�.1�1= Np/dlkgkLp.Q/:

ut
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Now we put

.˝;˙;P/ D .˝1;˙1;P1/ � .˝2;˙2;P2/

and define the final algorithm .Al;!/!2˝ for ! D .!1; !2/ and f 2 F .Q/ by
setting

Al;!f D IP
.1/

l;!1
f C A

.2/

l;!2
.f � P .1/

l;!1
f /; (37)

thus, we separated the main part P .1/

l;!1
f , integrated it exactly and applied stratified

sampling to the remaining function f � P
.1/

l;!1
f . Writing this in more detail, we

obtain

Al;!f D
X
i2Il

�X
jD1

˛lij!1f .ylij!1 /

C bd2�dl X
k2Kl


Qlk\Q .�k/
�
f .�k/ � .P .1/

l;!1
f /.�k/

�
:

We have

.P
.1/

l;!1
f /.�k/ D

X
i12Il

X
k12Kli1

�X
jD1

f .yli1j!1/
Qlk1
\Q.�k/ li1j!1.�k/

D
�X

jD1
f .yl
.k/j!1/
Qlk\Q.�k/ l
.k/j!1.�k/

for almost all !1 2 ˝1, where 
.k/ is the unique i 2 Il with k 2 Kli .
Consequently,

Al;!f D
X
i2Il

X
k2Kli

 
�X

jD1
f .ylij!1 /

Z
Qlk\Q

 lij!1 .x/dx

C bd2�dl
Qlk\Q.�k/
�
f .�k/�

�X
jD1

f .ylij!1/ lij!1 .�k/
�!
;

with the ylij!1 and  lij!1 given by (11) and (12) and equality holding P-almost
surely. We have

�
Al;!

�
!2˝ 2 A ran

nl
.W r

p .Q/;K/ with nl D �jIl j C jKl j � c2dl ; (38)

which can be checked in a similar way as (21), using (20).
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Proposition 2. Let 1 � p � 1, p1 � p, p1 < 1. Then there is a constant c > 0

such that for l � l0 and f 2 Wp.Q/

.E jIf � Al;!f jp1/1=p1 � c2�rl�.1�1= Np/dlkf kW r
p .Q/

:

Proof. We have

If � Al;!f D I.f � P
.1/

l;!1
f /� A

.2/

l;!2
.f � P .1/

l;!1
f /:

Using Fubini’s theorem, Lemma 3, and Proposition 1 for q D p, we get for p < 1

.E jIf � Al;!f jp1/1=p1

D
�
E !1E !2

ˇ̌̌
I
�
f � P

.1/

l;!1
f
�

� A
.2/

l;!2

�
f � P

.1/

l;!1
f
�ˇ̌̌p1�1=p1

� c2�.1�1= Np/dl
�
E !1

���f � P .1/

l;!1
f
���p1
Lp.Q/

�1=p1

� c2�.1�1= Np/dl
�
E !1

���f � P .1/

l;!1
f
���p
Lp.Q/

�1=p
(39)

� c2�.1�1= Np/dl�rlkf kW r
p .Q/

:

This also holds for p D 1, if we replace in (39)

�
E !1

���f � P .1/

l;!1
f
���p
Lp.Q/

�1=p
by

ess sup!12˝1kf � P
.1/

l;!1
f kL1.Q/, concluding the proof.

ut
Now the upper bound in the randomized case of Theorem 2 is a direct conse-

quence of Proposition 2 and (38).

4 Approximation of Embeddings into Spaces with Negative
Degree of Smoothness

Let r; s 2 N0, 1 � p; q � 1. Let q� be the dual index to q, given by
1=q C 1=q� D 1. Denote by QW s

q�.Q/ the closure in the norm of W s
q�.Q/ of the set

of C1 functions whose support is contained in Q and let U W QW s
q�.Q/ ! W s

q�.Q/

be the identical embedding. We consider two embedding operators

J W W r
p .Q/ ! W s

q�.Q/
�
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given for f 2 W r
p .Q/ by

.Jf /.g/ D
Z
Q

f .x/g.x/dx .g 2 W s
q�.Q//

and
QJ D U �J W W r

p .Q/
J�! W s

q�.Q/
� U�

��! QW s
q�.Q/

�: (40)

We note that by definition, see [1], Sect. 3.11, for 1 < q � 1 and s > 0

QW s
q�.Q/

� D W �s
q .Q/: (41)

Let us formulate conditions, under which J (and hence QJ ) is well-defined and
continuous. First let us state two auxiliary conditions.

r D 0; p D 1; 1 < q < 1; (42)

s D 0; q D 1; 1 < p < 1: (43)

Now J W W r
p .Q/ ! W s

q�.Q/
� is well-defined and continuous if

(42) holds and s
d
> 1

q�
;

or
(43) holds and r

d
> 1

p
;

or

(42) and (43) do not hold, and rCs
d

�
�
1
p

� 1
q

�
C :

9>>>>>>=
>>>>>>;

(44)

This follows from the Sobolev embedding theorem (5), see also [7], Sect. 4.
Next we want to give some motivation why to consider spaces with negative

degree of smoothnessW �s
q .Q/. The spaceW �s

2 .Q/ plays a central role in the theory
of elliptic partial differential equations, in connection with the weak form. Let m 2
N and consider the bilinear form a on QW m

2 .Q/, defined by

a.u; v/ D
X

j˛j;jˇj�m

Z
Q

a˛ˇ.x/D
˛u.x/Dˇv.x/dx .u; v 2 QW m

2 .Q//;

where a˛ˇ 2 C. NQ/. We assume that a is QW m
2 .Q/-elliptic, meaning that

ja.u; v/j � c1kukW m
2 .Q/

kvkW m
2 .Q/

a.u; u/ � c2kuk2W m
2 .Q/
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for u; v 2 QW m
2 .Q/. The weak elliptic problem associated with a is the following.

Given f 2 W �m
2 .Q/, find u 2 QW m

2 .Q/ such that for all v 2 QW m
2 .Q/

a.u; v/ D f .v/: (45)

By ellipticity, the problem has a unique solution S0f 2 QW m
2 .Q/, and

S0 W W �m
2 .Q/ ! QW m

2 .Q/

is an isomorphism. For r 2 N0 we seek to solve the weak problem for f 2 W r
2 .Q/.

The solution operator, that is, the operator, which maps the problem instance f 2
W r
2 .Q/ to the solution u of (45) is

S ell D S0 QJ W W r
2 .Q/

QJ�! W �m
2 .Q/

S0�! QW m
2 .Q/: (46)

Since S0 is an isomorphism, we immediately derive from (46) the connection to
approximation of QJ :

Corollary 1. Let m 2 N. Then there are constants c1�4 > 0 such that

c1e
det
n .

QJ ;BW r
2 .Q/

;W �m
2 .Q// � edet

n .S
ell;BW r

2 .Q/
; QW m

2 .Q//

� c2e
det
n .

QJ ;BW r
2 .Q/

;W �m
2 .Q//

and

c3e
ran
n .

QJ ;BW r
2 .Q/

;W �m
2 .Q// � eran

n .S
ell;BW r

2 .Q/
; QW m

2 .Q//

� c4e
ran
n .

QJ ;BW r
2 .Q/

;W �m
2 .Q//:

We also consider approximation in the more general space W s
q�.Q/

�, because by
(40) upper bounds are stronger, while the lower bound methods from [7] work
equally for both cases QW s

q�.Q/
� and W s

q�.Q/
�.

Moreover, let us also point out an interesting connection to a problem of weighted
integration, not with a fixed weight, but simultaneous integration over Sobolev
classes of weights. We discuss this only briefly, leaving the detailed exploration
open to future research.

First we consider the deterministic case. Let A 2 A det
n .W r

p .Q/;W
s
q�.Q/

�/,

Af D
nX
iD1

f .xi / i ;

with xi 2 Q and  i 2 W s
q�.Q/

� .i D 1; : : : ; n/. We have
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e.J;A;BW r
p .Q/

;W s
q�.Q/

�/

D sup
f 2BW rp .Q/

kJf �Af kW s
q�
.Q/�

D sup
f 2BW rp .Q/

���Jf �
nX
iD1

f .xi / i

���
W s
q�
.Q/�

D sup
f 2BW rp .Q/

sup
w2BW s

q�
.Q/

ˇ̌
ˇ̌
ˇ
Z
Q

f .x/w.x/dx �
nX
iD1

f .xi /. i ;w/

ˇ̌
ˇ̌
ˇ:

This way we approximate the weighted integral
R
Q
f .x/w.x/dx by a quadraturePn

iD1 . i ;w/f .xi /. The quadrature weights depend on the integration weight
w only through n linear functionals, and the error is taken uniformly over the
integrands f and weights w.

In the randomized case we let A 2 A ran
n .W r

p .Q/;W
s
q�.Q/

�/,

A D ..˝;˙;P/; .A!/!2˝/;

A!f D
nX
iD1

f .xi;!/ i;! .! 2 ˝/;

with xi;! 2 Q and  i;! 2 W s
q�.Q/

� .i D 1; : : : ; n; ! 2 ˝/. Then we have

e.J;A;BW r
p .Q/

;W s
q�.Q/

�/

D sup
f 2BW rp .Q/

E kJf � A!f kW s
q�
.Q/�

D sup
f 2BW rp .Q/

E

���Jf �
nX
iD1

f .xi;!/ i;!

���
W s
q�
.Q/�

D sup
f 2BW rp .Q/

E sup
w2BW s

q�
.Q/

ˇ̌
ˇ̌̌Z
Q

f .x/w.x/dx �
nX
iD1

f .xi;!/. i;!;w/

ˇ̌
ˇ̌̌
:

Thus, similar to the deterministic case, we approximate
R
Q
f .x/w.x/dx by a

quadrature, this time a stochastic one, and the quadrature weights depend on the
integration weight w through n random linear functionals. Moreover, observe that
the error criterion is different from the usual one in the randomized setting, namely,
it is uniform over the class of weights.

After these motivations let us state the main results on approximation. In the
deterministic case, we have the following.
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Theorem 3. Let r; s 2 N0, 1 � p; q � 1 and assume that (44) holds. Then there
are constants c1�4 > 0 such that for all n 2 N with n � 2, if the embedding
condition (6) holds, then

c1n
��1 � edet

n .
QJ ;BW r

p .Q/
; QW s

q�.Q/
�/

� edet
n .J;BW r

p .Q/
;W s

q�.Q/
�/ � c2n

��1 .logn/�1 ;

where

�1 D min

�
r C s

d
�
�
1

p
� 1

q

�
C
;
r

d

�
; (47)

�1 D
8<
:
1 if

s

d
D 1

q� ; p D 1; 1 < q < 1;

0 otherwise,
(48)

and if the embedding condition (6) does not hold, we have

c3 � edet
n .

QJ ;BW r
p .Q/

\ C. NQ/; QW s
q�.Q/

�/

� edet
n .J;BW r

p .Q/
\ C. NQ/;W s

q�.Q/
�/ � c4:

The case of the embedding condition is essentially due to Vybı́ral [22], based on
results of Novak and Triebel [15], with the exception of the case s=d D 1=p � 1=q
with 1 � p < q � 1, which was shown in [7]. The result of Theorem 3, for the
case that the embedding condition does not hold, was proved in [7].

To state the next result put Np D min.p; 2/,

� D s

d
�
�
1

p
� 1

q

�
C
; � D 1 � 1

Np ;

�0
2 D

8̂
ˆ̂̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂̂
ˆ̂̂:

0 if � > �

1 if � D � and p � q < 1
2 � 1= Np if � D � and p < q D 1
2 if � D � and p D q D 1
1 if � D � and p > q

0 if � < � and min.p; q/ < 1
� if � < � and p D q D 1:

(49)

The main approximation result in the randomized case is
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Theorem 4. Let r; s 2 N0, 1 � p; q � 1 and assume that (44) holds. Then there
are constants c1; c2 > 0 such that for all n 2 N with n � 2

c1n
��2 � eran

n .
QJ ;BW r

p .Q/
; QW s

q�.Q/
�/

� eran
n .J;BW r

p .Q/
;W s

q�.Q/
�/ � c2n

��2 .logn/�2 ;

where

�2 D min

�
r C s

d
�
�
1

p
� 1

q

�
C
;
r

d
C 1 � 1

Np
�
; (50)

�2 D
(
�0
2 if �2 > 0;

0 if �2 D 0;
(51)

and �0
2 is given by (49).

This result is proved in [7]. Together with the randomized case of Theorem 1
it solved a problem posed by Novak and Woźniakowski, see [16], Sect. 4.3.3,
Problem 25. Even the case p D q D 2, Q D .0; 1/ of Theorem 4 was new. The
algorithm realizing the optimal rate is discussed in the next section.

For the weak elliptic problem we conclude (see also [7], Corollary 7.1 for a
slightly more general statement)

Corollary 2. Let r 2 N0, m 2 N. Then there are constants c1�6 > 0 such that for
all n 2 N with n � 2, if the embedding condition (6) holds,

c1n
� r
d � edet

n .S
ell;BW r

2 .Q/
; QW m

2 .Q// � c2n
� r
d ;

if the embedding condition (6) does not hold,

c3 � edet
n .S

ell;BW r
2 .Q/

; QW m
2 .Q// � c4;

and, independently of the embedding condition,

c5n
� r
d �min.md ;

1
2 / � eran

n .S
ell;BW r

2 .Q/
; QW m

2 .Q// � c6n
� r
d �min.md ;

1
2 /.logn/�3

with

�3 D
(
1 if m

d
D 1

2
;

0 otherwise:

For the problem of integration with variable weights we obtain

Corollary 3. Let r; s 2 N0, 1 � p; q � 1 and assume that (44) and the embedding
condition (6) hold. Then there are constants c1; c2 > 0 such that for all n 2 N with
n � 2
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c1n
��1

� inf
.xi ; i /

sup
f 2BW rp .Q/

;w2BW s
q�

.Q/

ˇ̌
ˇ̌
ˇ
Z
Q

f .x/w.x/dx �
nX
iD1

f .xi /. i ;w/

ˇ̌
ˇ̌
ˇ

� c2n
��1 .logn/�1 ;

where �1 and �1 are given by (47) and (48), and the infimum is taken over all families
.xi /1�i�n � Q, . i /1�i�n � W s

q�.Q/
�.

Corollary 4. Let r; s 2 N0, 1 � p; q � 1 and assume that (44) holds. Then there
are constants c1; c2 > 0 such that for all n 2 N with n � 2

c1n
��2

� inf
.xi;! ; i;!/

sup
f 2BW rp .Q/

E sup
w2BW s

q�
.Q/

ˇ̌
ˇ̌̌Z
Q

f .x/w.x/dx �
nX
iD1

f .xi;!/. i;!;w/

ˇ̌
ˇ̌̌

� c2n
��2 .logn/�2 ;

where �2 and �2 are given by (50) and (51), and the infimum is taken over all families
.xi;!/1�i�n;!2˝ � Q and . i;!/1�i�n;!2˝ � W s

q�.Q/
� satisfying conditions

(1)–(3).

Given 1 � p � 1 and r 2 N0, let us put q D p and choose any s 2 N satisfying

s

d
> 1 � 1

Np ;

hence (44) holds, �1 D r
d

, �1 D 0, �2 D r
d

and �2 D 0. Now setting w.x/ 	 1,
we recover from Corollaries 3 and 4 the upper bounds of Theorem 2. However, the
resulting algorithm (see the next section) is more complicated than the one presented
in Sect. 3.

5 Approximation of J W W r
p .Q/ ! W s

q�
.Q/� –

The Algorithm

In this section we want to explain some ideas of the construction of the algorithm
from [7] which gives the upper bound in Theorem 4. If (44) holds, then, as shown
in [7], proof of Proposition 4.1, we can find a number 1 � u � 1 such that both
embeddings

J1 W W r
p .Q/ ! Lu.Q/
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and
J2;0 W W s

q�.Q/ ! Lu�.Q/

are continuous. Let
Vu W Lq.Q/ ! Lq�.Q/�

be the embedding given by

.Vuf; g/ D .f; g/ .f 2 Lq.Q/; g 2 Lq�.Q//; (52)

which, in fact, is just the identity operator on Lq.Q/ for 1 < q � 1 and the
canonical embedding of L1.Q/ into L1.Q/� D L1.Q/

�� for q D 1. Hence with

J2 D J �
2;0Vu W Lu.Q/ ! W s

q�.Q/
�; (53)

the embedding J can be factorized as

J W W r
p .Q/

J1�! Lu.Q/
J2�! W s

q�.Q/
�:

For the approximation of J1 we use the algorithm from Proposition 1, see below.
The key part of the approximation of J is that of J2. We use the duality (53). Let
us note the following to explain the next steps. We want to approximate J �

2;0Vq by
operators based on function values. We know how to do this for J2;0 (Proposition 1),
but this does not help for the dual J �

2;0, because then the delta functionals would
appear at the wrong end. Moreover, we need deterministic error estimates to pass
them to the dual. Thus, we start with a deterministic linear approximation of J2;0.

Let 'j .j D 1; : : : ; �/ be any orthonormal in L2.Œ0; 1�d / basis of the space P�

of polynomials of degree at most � and let P W L1.Œ0; 1�d / ! P� be defined by

Pg D
�X

jD1
.g; 'j /'j .g 2 L1.Œ0; 1�d //:

For l � l0, with l0 the constant from Lemma 2, we define, similarly to (18), an
operator Pl W W s

q�.Q/ ! Lu� .Q/ by setting for g 2 W s
q�.Q/

Plg D
X
i2Il


 QQli\QRliPElig

D b�d2dl
X
i2Il

X
k2Kli

�X
jD1

.g; 
Qli
Rli'j / 
Qlk\QRli'j :

Then the dual operator

P �
l f D b�d2dl

X
i2Il

X
k2Kli

�X
jD1

.f; 
Qlk\QRli'j /
Qli
Rli'j
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approximates J �
2;0. The next idea would be to use simultaneous Monte Carlo

integration for the approximation of the weighted integrals .f; 
Qlk\QRli'j /. This,
however, does not give the optimal rate. So we resort to a multilevel splitting. We
fix L 2 N0, L � l0, and write PL as

PL D
LX
lDl0

.Pl � Pl�1/; Pl0�1 WD 0:

We can represent (see [7], proof of the first part of Lemma 3.3, for details)

.Pl � Pl�1/g D
X
k2Kl

�X
jD1

.g; hlkj / 
Qlk\QRlk'j ; (54)

where the hlkj are defined in the following way. For l � l0 and k 2 Kl let 
.l; k/
be the unique index i 2 Il with Qlk � QQli , see (13)–(17) for the definitions. Let
˛lkjm be given by


Qlk
Rl;
.l;k/'j D

�X
mD1

˛lkjm
Qlk
Rlk'm;

which is a correct definition since .Rlk'j /
�
jD1 is a basis of the polynomials

P�.Qlk/ on Qlk. For the case l D l0 we set for k 2 Kl0 , m D 1; : : : ; �

hl0km D b�d2dl0
Ql0;
.l0;k/
Rl0;
.l0;k/

�X
jD1

˛l0kjm'j :

Furthermore, for l � l0 C 1 and k 2 Kl let �.l; k/ be the unique i 2 Il�1 with
Qlk � QQl�1;i . Let ˇlkjm 2 K be such that


Qlk
Rl�1;�.l;k/'j D

�X
mD1

ˇlkjm
Qlk
Rlk'm:

We put for l � l0 C 1, k 2 Kl , m D 1; : : : ; �

hlkm D b�d2dl
Ql;
.l;k/
Rl;
.l;k/

�X
jD1

˛lkjm'j

�b�d2d.l�1/
Ql�1;�.l;k/
Rl�1;�.l;k/

�X
jD1

ˇlkjm'j :
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Passing to the dual, we get from (54)

.Pl � Pl�1/�f D
X
k2Kl

�X
jD1

.f; 
Qlk\QRlk'j /hlkj : (55)

Now fix any numbersNl 2 N .l D l0; : : : ; L/ and let .	li /
L;Nl
lDl0;iD1 be independent

uniformly distributed on Œ0; 1�d random variables on some complete probability
space .˝2;˙2;P2/. Put

	lki D xlk C b2�l 	li ;

where we recall that xlk is the point in Qlk with minimal coordinates, so .	lki /
Nl
iD1

are independent, uniformly distributed on Qlk random variables. We approximate
the scalar products in (55) by the standard Monte Carlo method

.f; 
Qlk\QRlk'j /


 N�1
l jQlkj

NlX
iD1

Qf .	lki / .Rlk'j /.	lki /

D N�1
l bd2�dl

NlX
iD1

Qf .xlk C b2�l 	li /'j .	li /:

Here Qf is defined by

Qf .x/ D
	
f .x/ if x 2 Q
0 if x 2 Ql nQ; (56)

where
Ql D

[
k2Kl

Qlk:

This leads to the following approximations. For f 2 Lu.Q/, !2 2 ˝2,

.Pl � Pl�1/�f 
 A
.2/

l;!2
f

D bd2�dlN�1
l

X
k2Kl

�X
jD1

NlX
iD1

Qf �xlk C b2�l 	li .!2/
�
'j
�
	li .!2/

�
hlkj ; (57)

and, summing over the levels,

J2f 
 P �
Lf


 A.2/!2 f D bd
LX
lDl0

2�dlN�1
l

X
k2Kl

�X
jD1

NlX
iD1

Qf .xlk C b2�l 	li / 'j .	li /hlkj :
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We are ready to define the final algorithm .A!0/!02˝0 for the approximation of
J W W r

p .Q/ ! W s
q�.Q/

�. For L1 2 N0, L1 � l0 let
�
P
.1/
L1;!1

�
!12˝1 be the algorithm

defined in (19) with .˝1;˙1;P1/ the associated probability space. We put

.˝0;˙0;P0/ D .˝1;˙1;P1/ � .˝2;˙2;P2/

and use P .1/
L1;!1

for the approximation of J1 – which is a way of variance reduction

similar to that in the integration algorithm (37) in Sect. 3. ThenA.2/!2 is applied to the
difference f � P .1/

L1;!1
f . Hence we set for !0 D .!1; !2/ and f 2 W r

p .Q/

A!0f D P
.1/
L1;!1

f C A.2/!2 .f � P
.1/
L1;!1

f /:

We refer to [7] for the appropriate choice of the parameters and the error analysis
giving the upper estimate of Theorem 4.

6 Indefinite Integration and Approximation in Spaces
of Functions with Dominating Mixed Derivatives

This chapter is based on [8], where indefinite integration was studied. Here,
however, we mainly explore the connection to approximation in certain Sobolev
spaces of functions with dominating mixed derivatives, which has not been consid-
ered in [8].

In this section we put
Q D Œ0; 1�d :

Let 1 � p � 1, N1 D .1; 1; : : : ; 1/ 2 N
d , and define

OW N1
p .Q/ D

n
f 2 F .Q/ W 9g 2 Lp.Q/; f .x/ D

Z
Œx;N1�

g.t/dt .x 2 Q/
o
;

where for x D .x1; : : : ; ; xd / we put Œx; N1� D Œx1; 1� � : : : � Œxd ; 1�. The space
OW N1
p .Q/ is equipped with the norm

kf k OW N1
p .Q/

D kD N1f kLp.Q/ D kgkLp.Q/:

So OW N1
p .Q/ is a space of functions with dominating mixed smoothness and boundary

conditions (these functions vanish for all x 2 Q with at least one coordinate equal
to 1). Let QW N1

p .Q/ be the closure in OW N1
p .Q/ of the set of infinitely differentiable

functions with support in the interior of Q. Let

Up W QW N1
p .Q/ ! OW N1

p .Q/
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be the identical embedding. We define for 1 < p � 1

W �N1
p .Q/ D QW N1

p� .Q/
�:

Similarly to Sect. 4, our goal is to study stochastic approximation of

J W Lp.Q/ ! OW N1
q�.Q/

�

and
QJ D U �

q�J W Lp.Q/ ! QW N1
q�.Q/

� (58)

for 1 � p; q � 1, where J is defined by

.Jf /.g/ D
Z
Q

f .x/g.x/dx
�
f 2 Lp.Q/; g 2 OW N1

q�.Q/
�
: (59)

It is easily verified that J and QJ are continuous injections. We shall relate the
embedding J to indefinite integration, investigated in [8]. For this purpose we
introduce the operator S W Lp.Q/ ! Lq.Q/ of indefinite integration by setting
for f 2 Lp.Q/ and x D .x1; : : : ; xd / 2 Q

.Sf /.x/ D
Z
Œ0;x�

f .t/dt D
Z x1

0

: : :

Z xd

0

f .t1; : : : ; td /dt:

Clearly, S is continuous for all 1 � p; q � 1. To establish the connection to J we
also introduce a related operator S0 W Lp.Q/ ! Lq.Q/ by

.S0f /.x/ D
Z
Œx;N1�

f .t/dt:

For f; g 2 L1.Q/ we have
.Sf; g/ D .f; S0g/: (60)

Furthermore, the operator S0 is an isometric isomorphism from Lq� .Q/ to OW N1
q�.Q/

(meaning that S0 maps Lq�.Q/ onto OW N1
q�.Q/ with preservation of the norm).

Hence, the dual operator

S�
0 W OW N1

q�.Q/
� ! Lq� .Q/�

and its inverse
.S�
0 /

�1 W Lq�.Q/� ! OW N1
q�.Q/

�
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are isometric isomorphisms, as well. Next we show that J can be represented as

J W Lp.Q/ S�! Lq.Q/
Vq�! Lq�.Q/�

.S�

0 /
�1

����! OW N1
q�.Q/

�; (61)

where Vq is the canonical embedding, see (52). Indeed, let f 2Lp.Q/, g 2 OW N1
q�.Q/.

Then, using (60) and (52),

..S�
0 /

�1VqSf; g/ D .VqSf; S
�1
0 g/ D .Sf; S�1

0 g/ D .f; g/;

from which (61) follows. Since .S�
0 /

�1 is an isometric isomorphism and, for
1<q� 1, Vq is the identity of Lq.Q/, we conclude in this case

eran
n .J; BLp.Q/;

OW N1
q�.Q/

�/ D eran
n .S;BLp.Q/; Lq.Q//: (62)

This relation also holds for q D 1, because then V1 is an isometric embedding of
L1.Q/ into L1.Q/�� such that the range V1.L1.Q// admits a projection of norm
1 from L1.Q/

��, see, e.g., [11], Par. 17, Theorem 3 (in combination with Par. 3,
Theorem 7 and Par. 15, Theorem 3). Taking into account (58) and kUqk D 1, it
follows from (62) that

eran
n .

QJ ; BLp.Q/;
QW N1
q�.Q/

�/ � eran
n .J; BLp.Q/;

OW N1
q�.Q/

�/: (63)

The respective counterparts of (62) and (63) for the deterministic minimal error edet
n

also hold. We are ready to apply the following result from [8].

Theorem 5. Let d 2 N, 1 � p � 1 and Np D min.p; 2/. Then there are constants
c1; c2 > 0 such that

c1n
�1C1= Np � eran

n .S;BLp.Q/; L1.Q// � c2n
�1C1= Np:

Using this theorem, we can derive the respective results for the embedding operators
J and QJ as well as an easy generalization of Theorem 5 itself.

Corollary 5. Let d 2 N, 1 � p; q � 1 and Np D min.p; 2/. Then there are
constants c1�4 > 0 such that

c1n
�1C1= Np � eran

n .S;BLp.Q/; Lq.Q// � c2n
�1C1= Np (64)

c3n
�1C1= Np � eran

n .
QJ ;BLp.Q/;

QW N1
q�.Q/

�/

� eran
n .J;BLp.Q/;

OW N1
q�.Q/

�/ � c4n
�1C1= Np: (65)

Proof. The upper bound in (64) follows from Theorem 5 and the continuity of the
embedding L1.Q/ ! Lq.Q/. The upper bound of (65) is a consequence of (62),
(63), and the upper bound of (64).
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The lower bound of (65) is shown by a reduction to integration. Let  be a
C1-function with support in Q satisfying  � 0 and  6	 0. Define S1 W
Lp.Q/!K as

S1f D
Z
Q

f .x/ .x/dx .f 2 Lp.Q//:

By (59),
. QJf; / D S1f;

thus
eran
n .S1;BLp.Q/;K/ � k k QW N1

q�
.Q/
eran
n .

QJ ;BLp.Q/;
QW N1
q�.Q/

�/;

while it is well-known that

eran
n .S1;BLp.Q/;K/ � cn�1C1= Np;

see [14]. Finally, the lower bound of (64) follows from (62), (63), and the lower
bound of (65). ut

Let us mention that in the deterministic case there is no convergence to zero of
the minimal error. This is easily shown by reduction to integration, in the same way
as in the proof of Corollary 5. Thus, we have

Corollary 6. Let d 2 N, 1 � p; q � 1. Then there are constants c1�4 > 0 such
that

c1 � edet
n .S;BLp.Q/; Lq.Q// � c2

c3 � edet
n .

QJ ;BLp.Q/;
QW N1
q�.Q/

�/ � edet
n .J;BLp.Q/;

OW N1
q�.Q/

�/ � c4:

So far the constants in the estimates could depend in an arbitrary way on
the dimension. Now we take a closer look at the upper bounds with the goal
of establishing polynomial dependence of the constants on the dimension, hence
tractability, see [16, 17] for this notion and the theory thereof. We restrict our
considerations to the case q D 1, since in this case the problems S and J are
normalized, meaning that

kS W Lp.Q/ ! L1.Q/k D kJ W Lp.Q/ ! OW N1
1 .Q/

�k
D k QJ W Lp.Q/ ! W �N11 .Q/k D 1;

so tractability with respect to the absolute and relative error criterion (see [16, 17])
coincide.

Most tractability results were established for weighted problems, that is, with
a decreasing dependence on subsequent dimensions. Here we show tractability for
certain unweighted embedding operators. We again use the connection to indefinite
integration (62) and a respective result from [8]. For this sake we introduce the



Stochastic Approximation of Functions and Applications 125

simple sampling algorithm. Let .	i /niD1 be independent, uniformly distributed onQ
random variables on a complete probability space .˝;˙;P/. We approximate the
indefinite integration operator S by

.Sf /.x/ D
Z
Q


Œ0;x�.t/f .t/dt


 .An;!f /.x/ D 1

n

nX
iD1


Œ0;x�.	i .!// f .	i .!// .x 2 Q;! 2 ˝/;

thus

Sf 
 An;!f D 1

n

nX
iD1

f .	i /
Œ	i ;N1�:

We note that this algorithm satisfies consistency (1), but does not possess the
measurability properties (2) and (3). However, for each f 2 Lp.Q/ the mapping

! 2 ˝ ! kSf � An;!f kL1.Q/

is˙-measurable, see [8] for these facts and also for another algorithm with the same
approximation properties, but fulfilling (1)–(3).

The following was shown in [8]. A proof of a generalization of (66) is given in
Sect. 7.

Theorem 6. Let 1 � p � 1, 1 � p1 < 1, p1 � p, and Np D min.p; 2/. Then
there is a constant c > 0 such that for all d; n 2 N, Q D Œ0; 1�d , f 2 Lp.Q/,

�
E kSf � An;!f kp1L1.Q/

�1=p1 � cd1�1= Npn�1C1= Npkf kLp.Q/; (66)

and moreover,

eran
n .S;BLp.Q/; L1.Q// � cd1�1= Npn�1C1= Np: (67)

Let us define a related algorithm on Lp.Q/ with values in OW N1
1 .Q/

� by setting
for f 2 Lp.Q/ and ! 2 ˝

A.1/n;!f D
nX
iD1

f .	i .!//ı	i .!/

with the 	i as above and ıx 2 OW N1
1 .Q/

� given for x 2 Q by

.g; ıx/ D g.x/ .g 2 OW N1
1 .Q//:

A corresponding algorithm QA.1/n;! with values in QW N1
1 .Q/

� D W �N11 .Q/ is defined by
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QA.1/n;!f D U �
1 A

.1/
n;!f D

nX
iD1

f .	i .!// Qı	i .!/; (68)

with Qıx standing for ıx, interpreted as a functional on the subspace QW N1
1 .Q/. We use

Theorem 6 to derive the following error estimates for the algorithms A.1/n and QA.1/n .

Proposition 3. Let 1 � p � 1, 1 � p1 < 1, p1 � p, and Np D min.p; 2/. Then
there is a constant c > 0 such that for all d; n 2 N, Q D Œ0; 1�d , f 2 Lp.Q/,

E

�
k QJf � QA.1/n;!f kp1

W�N1
1 .Q/

�1=p1 � E

�
kJf �A.1/n;!f kp1OW N1

1 .Q/
�

�1=p1
(69)

� cd1�1= Npn�1C1= Npkf kLp.Q/; (70)

and moreover,

eran
n .

QJ ;BLp.Q/;W
�N11 .Q// � eran

n .J;BLp.Q/;
OW N1
1 .Q/

�/

� cd1�1= Npn�1C1= Np: (71)

Proof. Inequality (69) follows from (58) and (68). To show (70), we first note that
for g 2 OW N1

q�.Q/ and x 2 Q we have

.g; .S�
0 /

�1
Œx;N1�/ D .S�1
0 g; 
Œx;N1�/ D .S0.S

�1
0 g//.x/

D g.x/ D .g; ıx/;

thus
.S�
0 /

�1
Œx;N1� D ıx: (72)

Consequently, using (61) (noting that V1 is the identity of L1.Q/), (72), and (66)
of Theorem 6, we get for f 2 Lp.Q/

E

���Jf �A.1/n;!f
��p1OW N1

1 .Q/
�

�1=p1

D E

 ���Jf �
nX
iD1

f .	i /ı	i

���p1OW N1
1 .Q/

�

!1=p1

D E

 ���.S�
0 /

�1Sf �
nX
iD1

f .	i / .S
�
0 /

�1
Œ	i ;N1�
���p1OW N1

1 .Q/
�

!1=p1

D E

 ���Sf �
nX
iD1

f .	i /
Œ	i ;N1�
���p1
L1.Q/

!1=p1
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D E

���Sf � An;!f
��p1
L1.Q/

�1=p1 � cd1�1= Npn�1C1= Np:

Finally, (71) follows from (67), (62), and (63). ut
The results in this section are very specific, leaving much room for further
investigations, e.g., of smoothness different from N1, of other source spaces than
Lp.Q/, and of more general domains Q. In the latter direction a generalization
of the first part of Theorem 6 is given in the next section.

7 A Generalization of Indefinite Integration and Tractability
of Discrepancy

Let .G;G / be a measurable space, that is, G is a nonempty set and G a �-algebra
of subsets of G. Let C � G be a family of measurable subsets of G. Recall that the
Vapnik-Červonenkis dimension v.C / is defined to be the smallest m 2 N0 such that
for each set B � G with mC 1 elements the following holds

jfB \ C W C 2 C gj < 2mC1;

if there is such an m, and v.C / D 1, if there is none. If v.C / < 1, the family C
is called a Vapnik-Červonenkis class. Let � be a probability measure on .G;G / and
define the following generalization of the indefinite integration operator

SC W Lp.G;�/ ! `1.C /

by setting for f 2 Lp.G;�/ and C 2 C

.SCf /.C / D
Z
C

f .t/d�.t/:

Note that here we have again weighted integration. This time the weight is fixed, but
we seek to approximate simultaneously over a family of integration domains.

We shall study randomized approximation of SC for Vapnik-Červonenkis
classes C . For this purpose we define the analogue of the simple sampling algorithm.
Let .	i /niD1 be independent random variables on some probability space .˝;˙;P/
with values in G and distribution �. For f 2 L1.G;�/, C 2 C , and ! 2 ˝ put

.An;!f /.C / D 1

n

nX
iD1


C .	i .!// f .	i .!//:

This algorithm satisfies consistency (1), but may fail the measurability properties
(2) and (3), even for countable C . We refer to [8], Sect. 6.3 for an argument which is
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easily seen to cover also the present situation. On the other hand, it is easy to verify
that for countable C we have again the following weaker measurability property.
For each f 2 Lp.Q/

kSCf �An;!f k`1.C /

is ˙-measurable.
The next result generalizes Theorem 6. We adopt the proof of [8], Lemma 3.3 to

this general setting. How to pass to the uncountable class involved in Theorem 6 is
discussed below.

Theorem 7. Let 1 � p � 1, 1 � p1 < 1, p1 � p, and Np D min.p; 2/. Then
there is a constant c > 0 such that the following holds. For any .G;G ; �/ and
.	i /

n
iD1 as above, any countable family C � G and any f 2 Lp.G;�/
�
E kSCf �An;!f kp1`1.C /

�1=p1 � cv.C /1�1= Npn�1C1= Npkf kLp.G;�/: (73)

Proof. We fix f 2 Lp.G;�/. Let C0 � C be any finite nonempty subset and let G0
be the algebra of subsets of G generated by C0. Let M .G;G0/ denote the Banach
space of signed measures on G0, equipped with the total variation norm. Introduce
an operator JC W M .G;G0/ ! `1.C0/ defined by

JC0� D .�.C //C2C0 :

According to a result of Pisier [18], Theorem 1 and Remark 6, there is a constant
c > 0 depending only on Np such that the type Np constant of JC0 , recall the definition
(4), satisfies

� Np.JC0 / � cv.C0/
1�1= Np � cv.C /1�1= Np: (74)

Define independent, zero mean, M .G;G0/-valued random variables .�i /niD1 as
follows. For B 2 G0 we set

�i .B/ D
Z
B

f .t/d�.t/ � 
B.	i /f .	i /:

We have

�
E k�ikp1M .G;G0/

�1=p1 �
�
E

� Z
G

jf .t/jd�.t/C jf .	i /j
�p1�1=p1

� 2kf kLp1 .G;�/: (75)

Next we apply Lemma 1. We assume that p1 � Np, the other case then follows from
Hölder’s inequality. Using (74) and (75), we get
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E max

C2C0

ˇ̌
ˇ̌
ˇ
Z
C

f .t/d�.t/ � 1

n

nX
iD1


C .	i /f .	i /

ˇ̌
ˇ̌
ˇ
p1
!1=p1

D n�1
 
E

���
nX
iD1

JC0�i

���p1
`1.C0/

!1=p1

� c� Np.JC0 /n
�1
 

nX
iD1

�
E k�ikp1M .G;G0/

� Np=p1
!1= Np

� cv.C /1�1= Npn�1C1= Npkf kLp.G;�/;

from which (73) follows by Fatou’s lemma. ut
For G D Œ0; 1�d , G the �-algebra of Lebesgue measurable sets, � the Lebesgue
measure, and

C D C .0/ D fŒ0; x� W x 2 Œ0; 1�d \ Q
d g;

where Q denotes the set of rationals, we have v.C .0// D d , see, e.g., [3],
Corollary 9.2.15. Moreover, for f 2 L1.Œ0; 1�d / and t1; : : : ; tn 2 Œ0; 1�d

sup
x2Œ0;1�d\Qd

ˇ̌̌
ˇ̌
Z
Œ0;x�

f .t/dt � 1

n

nX
iD1


Œ0;x�.ti /f .ti /

ˇ̌̌
ˇ̌

D sup
x2Œ0;1�d

ˇ̌
ˇ̌̌Z
Œ0;x�

f .t/dt � 1

n

nX
iD1


Œ0;x�.ti /f .ti /

ˇ̌
ˇ̌̌
: (76)

This is an immediate consequence of ‘right’-continuity

lim
y!x; y�x 
Œ0;y�.t/ D 
Œ0;x�.t/ .t 2 Œ0; 1�d /: (77)

Now Theorem 6 follows from Theorem 7.
Given a point set ft1; : : : ; tng � Œ0; 1�d , the star discrepancy is defined as

d�1.t1; : : : ; tn/ D sup
x2Œ0;1�d

ˇ̌
ˇ̌̌jŒ0; x/j � 1

n

nX
iD1


Œ0;x/.ti /

ˇ̌
ˇ̌̌
:

The main result of [9] established tractability of the star-discrepancy, meaning
an estimate which has a negative power in n and a constant which depends
polynomially on d :

Theorem 8. There is a constant c > 0 such that for all d; n 2 N there exist
t1; : : : ; tn 2 Œ0; 1�d with

d�1.t1; : : : ; tn/ � cd1=2n�1=2:
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It turns out that we can recover this result – even in a much more general form – as
a direct consequence of Theorem 7. For this purpose, let us introduce the following
generalization of the star-discrepancy. Let .G;G ; �/ be a probability space, C � G
any subfamily, let f 2 L1.G;�/ be a function (not an equivalence class) and set for
ft1; : : : ; tng � G

d C ;�;f1 .t1; : : : ; tn/ D sup
C2C

ˇ̌̌
ˇ̌
Z
C

f .t/d�.t/ � 1

n

nX
iD1

f .ti /
C .ti /

ˇ̌̌
ˇ̌ :

So this discrepancy measures how well the quasi-Monte Carlo method defined by
the point set ft1; : : : ; tng approximates the integral of a function f with respect to a
distribution �, uniformly over all sets C of a given family C . From Theorem 7 we
obtain

Corollary 7. Let 1 < p � 1 and Np D min.p; 2/. Then there is a constant
c > 0 such that for for any probability space .G;G ; �/, countable C � G , and
any function f 2 Lp.G;�/ there exist t1; : : : ; tn 2 G with

d C ;�;f1 .t1; : : : ; tn/ � cv.C /1�1= Npn�1C1= Npkf kLp.G;�/:

If we choose f 	 1 and write d C ;�1 instead of d C ;�;11 , we have

d C ;�1 .t1; : : : ; tn/ D sup
C2C

ˇ̌̌
ˇ̌�.C /� 1

n

nX
iD1


C .ti /

ˇ̌̌
ˇ̌ :

Corollary 7 with p D 1 implies

Corollary 8. There is a constant c > 0 such that for any probability space
.G;G ; �/ and countable C � G there exist t1; : : : ; tn 2 G with

d C ;�1 .t1; : : : ; tn/ � cv.C /1=2n�1=2:

Note that this result was also obtained in [9], Theorem 4, by slightly different
tools. Theorem 8 follows from Corollary 8 by taking G D Œ0; 1�d , � the Lebesgue
measure, and

C D C .1/ D fŒ0; x/ W x 2 Œ0; 1�d \ Q
d g:

Then we have again v.C .1// D d and the analogue of (76) holds, which follows
from ‘left’-continuity in place of (77).

In this section we only considered upper bounds. For results on d -dependent
lower bounds we refer to [8–10].
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