Chapter 2
Auxiliary Properties of Evolution Inclusions
Solutions for Earth Data Processing

A great number of collectives of mathematicians, mechanicians, geophysicists
(mainly theorists), engineers goes in for qualitative investigation of nonlinear math-
ematical models of evolution processes and fields of different nature, in particular,
problems deal with the dynamics of solutions of non-stationary problems. Far from
complete list of results concern the given direction is in works [4,5,7,9-17, 19].
The last results deal with the studying of multivalued, in general case, dynamics
of solutions of mathematical models with nonlinear, nonsmooth, nonmonotonic
interaction functions as a rule are based on the theory of global and trajectory
attractors for m-semiflows of solutions [4,21,24,37]. At that, properties for solutions
of considered evolution problem concern with dissipativity of system and closedness
(in certain sense) of resolving operator [4, 10, 11,21, 24,32,36,37]. Note that such
properties of solutions for each equation are usually checked separately. At that
we succeed to consider problems with linear main part of differential operator
appeared in problem [4, 10, 11, 32, 37]. On the other hand, energetic extensions
and Nemytskii operators for differential operators appeared in generalized settings
of different problems of mathematical physics, problems on a manifold with
boundary and without boundary, problems with delay, stochastic partial differential
equations, problems with degenerates, as a rule have (as corresponding choice of the
phase space) common properties concern growth conditions (usually no more that
polynomial), sign conditions, pseudomonotony [14,16,19,22,25,41,42]. In general
case as such restrictions for determinative parameters of a problem we succeed to
prove only the existence of weak solutions of differential-operator inclusion, but not
always this proof is constructive [14,16,19,22,25,41,42]. Hence, the problem of the
existence of trajectory and global attractors and investigation of their structure for
weak solutions of differential-operator equations in infinite-dimensional spaces with
interaction functions of pseudomonotone type is actual one. Here we consider some
additional properties of solutions for the first and second order autonomous evolu-
tion inclusions with pointwice pseudomonotone multivalued maps. This properties
are connected with dissipation and closuredness of graph for resolving operator. The
results of this chapter are borrowed from [6, 8, 13, 15, 18,21,23,24,28,29,40,43].
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2.1 Preliminaries

At first let us consider constructions, presented in [41,42].

At an analysis and control of different geophysical and socio-economical
processes it is often appears such problem: at a mathematical modelling of effects
related to friction and viscosity, quantum effects, a description of different nature
waves the existing “gap” between rather high degree of the mathematical theory
of analysis and control for non-linear processes and fields and practice of its using
in applied scientific investigations make us require rather stringent conditions for
interaction functions. These conditions related to linearity, monotony, smoothness,
continuity and can substantially have an influence on the adequacy of mathematical
model. Let us consider for example some diffusion process. Its mathematical model
has the next form:

ye—Ay+ f(y)=g(t,x) in 2x(;T),
=0, 2.1)

y|r=T =)o,

here n > 2, £2 C R”" is a bounded domain with a rather smooth boundary, —oco <
T<T < +o00,g:2x(t;T) > R, yo: £ — R are rather regular functions,
f : R — Risan interaction function, y : £2 x (t; T) — R is an unknown function.
It is well known that if f is a rather smooth function and satisfies for example the
next condition of no more than polynomial growth:

IBp>1, Fe>0: [f(s)<c(+]|s]”") VseR, (2.2)

then problem (2.1) has a unique rather regular solution. Let us consider the case
when f is continuous and initial data and external forces are nonregular (for
example yo € L,(£2), g € Ly(82 x (r;T))). Then, as a rule, we consider the
generalized setting of problem (2.1):

Yy @)+ A(y@®)) + B(y(t)) = g(t) forae. te(z;7T), 2.3)

y(T) = o, '
here A : Vi — V{* is an energetic extension of operator “—A”, B : V, — V' is
the Nemytskii operator for F, V; = H| (£2) is a real Sobolev space, V> = L ,(£2),
V¥ = HY(£2), V} = Ly(£2), q is the conjugated index, y’ is a derivative of an
element y € Lo(t,T; V1) N L,(tr,T;V>) and it is considered in the sense of the
space 7*([t: T, V¥ + V55).

A solution of problem (2.3) in the class W = {y € Ly(t,T;Vi) N
Ly(t,T; Vz)iy’ € Ly(t,T;V*) + Ly(r,T; Vy)} refers to be the generalized
solution of problem (2.1).

To prove the existence of solutions for problem (2.1) as a rule we need to add
supplementary “signed condition” for an interaction function f, for example,
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Fig. 2.1 The monotone
multivalued map

Ja,8>0: f(s)s>als|P —B VseR. 2.4

But we do not succeed in proving the uniqueness of the solution of such problem
in the general case. Note that technical condition (2.4) provides a dissipation too.
We remark also that different conditions for parameters of problem (2.1) provide
corresponding conditions for generated mappings A and B.

Problem (2.3) is usually investigated in more general case:

YA y) =g (2.5)
y(©) = yo,

here o7 : X — X* is the Nemytskii operator for 4 + B,
A (y)() = A(y(1)) + B(y(1)) forae. 1€ (r:T). y€X,

X = Lyt.T: V)N Ly(r.T:Va),  X* = Ly(r. T: V) + Ly(z. T: V).

Solutions of problem (2.5) are also searched in the class W = {y € X‘y’ € X*}.

In cases when the continuity of the interaction function f have an influence on
the adequacy of mathematical model fundamentally then problem (2.1) is reduced
to such problem (Fig.2.1):

yi—Ay+ F(y)3g(x.t) in Q=8x(:7T),
Y|ag = 0. (2.6)
y|r=T = Yo,

here
F(s) =[f(s). f®)],  f(s) = tli:mf(t), fs) = Ef(l), s €R,
[a,b] = {aa + (1 —Ol)b|0l € [0, 1]},

—00 <a<b < +oo.
A solution of such differential-operator inclusion

Y +4(y) > g, @7
y(T) = yo,
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is usually thought to be the generalized solution of problem (2.6). Here </ :
XZX*,

o (u) ={pe X*|p(t) € A(u(t)) + B(u(t)), forae.t € (r;T)}, u € X,

A : Vi — V/* is the energetic extension of “ — A” in H} (), B : Vo — C,(V,*) is
the Nemytskii operator for F:

B(v) = {z € V;'|z(x) € F(v(x)) forae. x € 2}, ve V.

Taking into account all variety of classes of mathematical models for different
nature geophysical processes and fields we propose rather general approach to
investigation of them in this book. Further we will study classes of mathematical
models in terms of general properties of generated mappings like .o7.

Let us consider some denotations and results, that we will use in this book. Let
X be a Banach space, X* be its topologically adjoint,

()y: X*xX —>R

be the canonical duality between X and X *, 2% “bea family of all subsets of the
space X*,letA: X — 2X" be the multivalued map,

graphd = {(§:y) € X" x X [§ € A(»)},

DomA = {y € X |A(y) # 0}.

The multivalued map A is called strict if DomA = X. Together with every
multivalued map A we consider its upper

[A(). €]+ = sup (d,§)x
deA(y)

and lower

(40081 = inf (d.£)

support functions, where y, £ € X. Let also

AW+ = sup |ldlx«. [AW)I-= inf [d|x«, [9]+=9]-=0.
deA(y) deA(y)

For arbitrary sets C, D € 2% we set

dist(C, D) = supding le—d|y«, du(C,D) = max{dist(C,D),dist(D,C)}.
eeC d€

Then, obviously,

AW+ = du(A(y).0) = dist(A(y). 0),  [[A(y)]- = dist(0, A(y)).
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Together with the operator A : X — 2% " let us consider the following maps

sk * sk
cod: X -2 and ToAd:X — 2%,

defined by relations

(coA)(y) = co(A(y)) and (30 A(y)) =50 (A(y))

*
respectively, where co (A(y)) is the weak star closure of the convex hull co(A(y))
for the set A(y) in the space X *. Besides for every G C X

(c04)(G) = | J(cod)(y), (@4)(G) = | @ A)().

yeG yeG

Further we will denote the strong, weak and weak star convergence by —, 1), Sor
—, —, — respectively. As C, (X ™) we consider the family of all nonempty convex
closed bounded subsets from X *.

Proposition 2.1. /41, Proposition 1.2.1] Let A,B,C : XZX*. Then for all
y,v,v1, 2 € X the following statements take place:

1. The functional X > u — [A(Y), u]+ is convex, positively homogeneous and
lower semicontinuous;
2. [A(y).vi + vl = [AD) i+ + [A(), v+,
[A(Y).vi +val- = [A(y). vi]- + [A(p). v2]-,
[A(Y).vi +valy = [A(D).vil+ + [A(). va]-
[A(y).vi +val- < [A(). vily + [A(Y). vl
3. [A() + B(y).vl+ = [A(y).v]+ + [B(y). v]+,
[A(y) + B(y),v]- = [A(»),v]- + [B(y), V]
4. [AW) vl = AW 1+ [vllx,
[AG). v = 1A I-Ivilx;

5140 s = 140, JOA D) - = 1AW~
A ], = [m(ym} TAG) . = [m(ym} :

+ —
6. [A(y) = B+ = [ A+ = I1BODH- 1,
14() = B = [AD)- = 1 BO)+

decA(y) <« VoeX [Ay) oly = (d.w)x;

8 du(A(y). B(y)) = [IIAW) I+ = I1BO)I+I.

du(A(y), B(y) = [l A+ = 1BO) I +1,
where dy is Hausdorff metric;

9. dist(A(y) + B(y). C(y)) = dist(A(y). C(y)) + dist(B(y).0),
dist(C(y). A(y) + B(y)) = dist(C(y). A(y)) + dist(0. B(y)).
du(A(y) + B(y).C(y)) = du(A(y). C(y)) + du(B(y).0);

N
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Fig. 2.2 The “—"-coercive y
multivalued ma
ultivalu p yeA(x)

10. Forany D C X* and bounded E € C,(X™)
*
dist(D, E) = dist(co D, E).

*
Proposition 2.2. [41, Proposition 1.2.2] The inclusion d €co A(y) holds true if
and only if one of the following relations takes place (Fig. 2.2):

either [A(y),v]+ > (d,v)x VveX,
or [A(y),v]- <{d,v)x VvelX.

Proposition 2.3. [41, Proposition 1.2.3] Let D C X and a(-,-) : D x X — R.
For each y € D the functional X > w +— a(y,w) is positively homogeneous,
convex and lower semicontinuous if and only if there exists the multivalued map
A X — 2X" such that D(A) = D and

a(y.w) =[A(y),wl+  Vy € D(A4), weX.

Proposition 2.4. [41, Proposition 1.2.4] The functional || - ||+ : C,(X*) — R4
satisfies the following properties:

L{0}=4 & |A]+=0,
2. A+ = lell[All+, Vo €R, AeC(X),
3. 1A+ Bll+ = [[All+ + I1Bll+ VA, B € C(X™).

Proposition 2.5. [41, Proposition 1.2.5] The functional | - |- : C,(X*) — R4
satisfies the following properties:

1.0cA & |A|-=0
2. |aAll- = |e||A]-, VYa eR, A€ Cy(X7"),
3. A+ B|- < |lAll- + |Bl- VA, B e C(X¥).

Let us remark that any multivalued map 4 : X — 2% " naturally generates upper
and, accordingly, lower form:

[A(y). @]+ = sup (d.w)y, [A(y),w]- = inf (d.w)y, y,w€X.
deA(y) deA(y)
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Thus, together with the classical coercivity condition for operator A:

(A(»). y)x

— 400, as [¥llx — +oo,
Iyllx

which ensures the important a priori estimations, arises +-coercivity (and, accord-
ingly, —-coercivity):

[A(V), Y]+

— +00, as [¥llx — +oo.
Ivllx

+-coercivity is much weaker condition than —-coercivity.

2.2 Pointwise Pseudomonotone Maps

In this section we consider Nemytskii operator properties for classes of pseu-
domonotone multivalued maps, considered in [20] (see paper and references
therein). This properties we obtain, analyzing Theorem proofs from [20]. At that we
consider weaker properties for operators connected with measurability and obtain
stronger results, that we use in further sections.

For evolution triple (V, H, V*),! p > 1 we consider a multivalued (in the general
case) map A : V7 V*. We suppose

(A1) v — A(v) is a pseudomonotone map such that

(a) A(u) € Cy(V*) Yu € V, ie. the set A(u) is a nonempty, closed and
convexone forallu € V;
(b) If u; — uweaklyin V and d; € A(u;) is such that

Tim . R <
jBToo(d]’M’ u)y <0,

then
lim (d;,u; —w)y > [A),u —w]- Yo € V.
Jj—>+o0
(A2) E|C1 >0: 1
[A@)|l+ <11+ llully) Yue V;

IThat is, V is a real reflexive separable Banach space embedded into a real Hilbert space H
continuously and densely, H is identified with its conjugated space H™, V* is a dual space to
V. So, we have such chain of continuous and dense embeddings: V C H = H™* C V™ (see, for
example, [42]).
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Fig. 2.3 The “4"-coercive
multivalued map, but not
“—"-coercive

yed(x) 1V

(A3) 3(‘2,6‘3 >0:
[AG).ul- = erllull) — s Yu e V.

We consider a reflexive separable Banach space V, such that V; C V with dense
and continuous embedding. Therefore, we have the chain of continuous and dense
embeddings (Fig.2.3):

Ve CVCH=H"CV*CV}\,

where V.* is dual space to V. Letus set: S = [t,T], —oco <t < T < 4+00,g > 1:
1 1

_+_ = 17

P g

X =L,(S:V), X* = L,(S:V*), Xo = L,(S:V,). X = L,(S: V).

W={yeX|yeX* Wo={yeX|y eX}}

Lemma 2.1. Under above conditions for any y € X

Ay) ={g e X*| g(t) € A(y(t)) forae. t € S} # 0.
Moreover,
30, >0 JJAQ)+ =a(+IylI5 ") Vy € X; (2.8)

3C. C3 > 0 [A(y).y]- = Goy|} — C5 ¥y € X. (2.9)

Proof. Let y € X. Then there exists a sequence of “step functions” [16, Chap.IV]
{¥n}n>1 C X such that

y, — yin X, (2.10)
forae.t €S y,(t) —> y(t) in V, n - +oo. (2.11)

We remark that
yu(t) = ag, forae. t € Ag,,
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wheren > 1,k =1,...,m,, m, € N, Ay, is measurable set, Ay, N 4;, = 0,
k#], UAkn—S akneV
Let for n>1,k=1,....,m, dc, € A(ax,) be an arbitrary. For any n > 1

we consider a “step functlon” d, € X* such that d,(t) = di,, forae.t € A,
k=1,m,.

Thus Vn > 1 forae.t € S d,(t) € A(y,(¢)). In virtue of Condition (A42)
and (2.10) we obtain that up to a subsequence {d,, }k>1 C {dn}»>1 forsomed € X*
the next convergence is fulfilled:

dy, — d weakly in X*, k — 4o0. (2.12)

To finish the proof of Lemma 2.1 it is sufficiently to show that d € /f(y).
From (2.11) and Condition (A2) it follows that for a.e. t € S

(d, (), yu(t) — y())y = 0, n > +o0. (2.13)

As V is separable Banach space then there exists a countable dense system of
vectors {v;};>1 C V.
We finish the proof into several steps.

Step 1.  In virtue of the pseudomonotony of A4, from (2.11), (2.13) it follows that

forae.t €S Vj>1 lim (d,(t), y.(t) —w;)v

n—+00

= lim (d,(1),y(t) —w;)y = [A(y(1)), y(t) — w;]-. (2.14)

n—-+o00o

Step 2. Due to Conditions (A2) and (A3) it follows that Vn, j > 1, fora.e.s € S
(dn(8), yu(8) = @)y = 2l ya @] = es = (L + [y @15 D lleoj v

Now using Young’s inequality, we can obtain

P
-1
eI s v < callya I + ¢, lloj el g 7 .

Letting

71’

Cq4,j = C1||w] v + 62 “wl ”P

clpp_lq%p +c3 >0,
we finally get

Vn,j >1, forae.t €S (d,(s), ya(s) —w;)v > —ca ;. (2.15)
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Step 3. From (2.10) and (2.12) we have that V¢, € S, 1 < 12,

19}

/(dnk(S),ynk(S) —wj)yds — /(d(S),y(S) —wj)yds. (2.16)

n

Step4. In virtue of (2.10), (2.12), (2.15), (2.16) and Fatou’s lemma V; > 1,
VteS,Vh>0:t+h €S, weobtain

t+h t+h
[ @136 = jhvds = tim [ 1,606 05} vds

t

t+h
> lim [(dn (8), yn (8) —wj)v+ca jlds—cs jh
k—+o00 ’
t+h
> / B [y (5): o (5) — ) )v+eslds—cah
k——+o00
t+h
- / Hm (dy (5). (s) — ;) vds.
k—+o00

t

Because of Vo € L(S)

h

%/qo(s +)ds — @(-)in L{(S), h \ 0,
0

we have:

forae. t €5, Vj > 1 (dt).y() =)y = Tim (d (). y(t) —w;)v

k—+o00

> [A(y(©), y(1) — w;]-.

Step 5. In virtue of {y(f) —w;};> isdensein V fora.e.t € S we finally obtain

that d(t) € A(y(¢)) forae.t € S, ie.d € A(y).
The proof of (2.8), (2.9) is trivial [20].

Lemma 2.2. Under the above listed conditions, if y, — y weakly in W,
{dptns1 C X* :dy(t) € A(yu(2)) fora.e.t € S,¥n > 1, and

m (dmyn_y)X 50,

n—-+00
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Fig. 2.4 The weakly

—”-coercive multivalued
map

we have

,dim_ (dn (@), yu (1) — y(1))v]dr = 0. (2.17)
N

Proof. We define /[(y) ={ge X" |gt) e A(y(t)) forae.t € S}, y € X. From
Lemma 2.1 the set /[(y) is nonempty. It is clear that /f(y) is a closed and convex
set, i.e. A(y) : X — C,(X*) (Fig.2.4).

Lety, — yin W,,d, € /[(y,,) Vn > 1, and we suppose that

im (dy,y, — y)x <0. (2.18)

n—-+o00

First we prove (2.17). We note that there is a set of measure zero, ¥; C S such that
fort ¢ X, we have that

d,(t) € A(y,(¢)) for all n > 1.

Similarly to [20, p. 7] we verify the following claim.
Claim: Let y, — y weakly in W, and let ¢ ¢ ¥;. Then

lim (d, (1), ya(t) — y(1))v = 0.

n—+00

Proof of the claim. Fixt ¢ X and suppose to the contrary that

lim (du(2), ya(t) — y())y <0. (2.19)

n——+o00o

Then up to a subsequence {d,, , Yn, }k>1 C {dy, Yu}n>1 We have

(dnk([)s Ynk(t) —y@®))y = lim (d,(t), y.(t) — y(®))y <O0. (2.20)

lim
k—+o00 n—+00

Therefore, for all rather large k, Conditions (A2) and (A3) implies

2 llyme O] = e3 < 1A@w O+ 1y O lly < ex(X+ [y OIF DIy @)l
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which implies {||y,,(1)|lv}x>1 and consequently {||dy, (¢)|lv+*}r>1 are bounded
sequences. {||d,, (¢)||v*}k>1 is bounded one independently on 7y in virtue of the
assumption that A : V — C,(V*) is bounded map and we just showed that
Nyu @O1lv k=1 is bounded sequence. In virtue of the continuity of embedding
Wy C C(S;V})) we obtain that y,, (1) — y(¢) weakly in V* and in virtue of
boundedness of {y,, ()}«>1 in V' we finally have

vVt € S\X| yu, (t) = y(t) weaklyin V, k — +o0. (2.21)
The pseudomonotony condition for A4, (2.19)—(2.21) implies that

lim (dy (1), ya (1) — y(O))v = [A(y(@)), y(1) — y ()]~

n—-+00

=0> lim (d, (1), y.(t) = y(®))y.

n—+00

We obtain a contradiction.

The claim is proved.

Now we continue the proof of the lemma. It follows from the claim that for a.e.
t € S, in fact forany ¢ ¢ X, we have

lim (d,(t), ya(t) — y(t))y = 0. (2.22)

n——+o00o

@ 9

Now also from the “~”-coercivity condition, (43), if w € X

(dn (1), yu (1) = (D)) = 2|y @I = c3 = (1 + [y 1) D) @)y
forae. t € S\ 2.

Usingp—1= §, the right side of the above inequality equals to

P
llyn Iy =3 =l O lo@lly = cillo@lly.

Now using Young’s inequality, we can obtain a constant c(c;, ;) depending on
c1, ¢ such that

)a )
cllynOly lo@lly < 7||yn(f)||§ + lw®Il - e(e1, e2).
Letting ¢4 = max{c; + ‘7}; c(er, ) + %} it follows that

(du(0), yu(t) — 0(@))y = —cs(1 + [0(@)||}) forae. 1 € S. (2.23)



2.2 Pointwise Pseudomonotone Maps 49

Letting @ = y, we can use Fatou’s lemma and we obtain

T
lim [ [(du(0). yu (@) = y(O)y + ca(l + [y @) [I})]d1t

n—-+o00

T T

z/ lim [{d,(t), ya(1)—y(@))v + ca(1+]ly @) I])]d1 zm/(1+||y(t)ll‘&)dt-

n—+o00
0

Therefore,

0> m (dn,)’n—)’)xi h_m (dn(t)7yn(t)_y(t)>th

n—>+00 n—+o0

= lim (dyyn— ¥)x z/ lim (dy (1), yu(t) — y(0))ydt = O,

n—>+00 n——+00

showing that
lim (dy, yn —y)x = 0. (2.24)

n—+00

From (2.23),

V=1Vt ¢ 510 < (d,(t), ya(t) = y(0)y = ea(1+ [ly@)]7),

where a= = max{0, —a}, for a € R. Thanks to (2.22) we know that for a.e.

t, {d,(t), y,(t) — y(@))y > —¢ for all rather large n. Therefore, for such n,

(dn(t)vyn(t) - y(t»l_/ =< g if (dn(t)vyn(t) - y(t»V < 0 and (dn(t)a yn(t) -

y(®)y = 0, if (dy(),y.(t) — y(t))y > 0. Therefore, 1ir_|I_1 (du(t), yu(t) —
n—>-1+00

¥(1))}, = 0 and we can apply the dominated convergence theorem and conclude that

lim [ (dy (1), ya (1) — y(0))y = /ngrf (dn(2), yn (@) — y(0))ydt =0

n——+o00 00

N S

from (2.22). Now by (2.24) and the above equation we have

lim_ [ {dy (), yu (1) = y () dt

n——+o00o

T
lim | [(da(t), yu(t) — y(@))v + (du(t), ya(t) — y(1)),]dt

n—+00
0

= lim (d,,y,—y)x =0.

n—-+00
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Therefore,
(dn(t), yo(t) — y(t))vldt = 0.

lim |
n—+00
S

The lemma is proved.

Lemma 2.3. Under the conditions of Lemma 2.2 we additionally have that up to a
subsequence { Yy, , dn, Yk>=1 C {Yn,dn}n>1 forae.t € S y, (t) — y(t) weakly in
V,and (d,, (t), yun, () — y(@))v = 0, k — +o0.

Proof. Let y, — y weakly in Wy, {dn}u>1 C XJ :d,(t) € A(y,(t)) forae.t € S
Vn > 1 and

lim (dn), yn —y)x <0.

n—-+o00

In virtue of Lemma 2.2 we obtain

lim / (), yu() — y(O))vldt = 0. (2.25)
S

Due to the continuous embedding W, C C(S:; V.*) we have
vVt €S y,(t) = y(t) weakly in V.5, n — +o0. (2.26)
From (2.25) it follows that 3{d,,, , yu, }k>1 C {dn. Yn}n>1 such that
forae.t € S (dy, (t), yn, ) —y(t))y = 0, k = +o0.

Let ¥y C S be a set of measure zero such that for t ¢ X d,,, yn, (t), y(¢) are
well-defined Vk > 1 d,, (t) € A(y,,(t)) Yk > 1 and

(dn (1), yu, (1) = y(O))y — 0, k — o0.
In virtue of Conditions (A1) and (A3) we obtain
Vig D k=1 dim (el O - e —a + O HIyoly) <0.
k—>+o00
Thus Vi ¢ X,
im [y, (OI) < cler, e e3, p)(1+ [y @7
k—-+o0

Therefore, due to (2.26) we obtain that for a.e. t € S y,, (1) — y(¢) weakly in V,
k — 4o0.

Lemma24. Letp > 1, A:V — C,(V*) satisfies Conditions (A1), (A2) and
(A3). Then A : X — C,(X™*), A(y) = {g € X*|g(t) € A(y(t)) forae. t € S},
y € X, is pseudomonotone on W .
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Proof. Lety, — y weakly in Wy, d, € A(y,) Vn > 1and Kll (dn, yn—y)x=<0.
n—>1+0oo

We need to show that for all w € X there exists g(w) € A (y) such that

lim (d,,y, —w)x > (g(w),y —w)x.

n—>+o00
Suppose on the contrary that for some w € X

im (d,, y, — w)x < [A(Y),y — o]-. (2.27)

n—+00

On the other hand in virtue of Lemmas 2.2 and 2.3 we have that 3{d,,,. Y, }x>1 C
{dn ,» Vn }nzl SuCh that

lim (dy,y, —w)x = lim (dy., Vs —®)x (2.28)
n—>+o00 k—+o00
forae. t € S (dy, (), Y, (t) — y())y — 0, k — 400, (2.29)
fora.e. t € S y,, (t) = y(t) weakly in V, k — +o0, (2.30)
[ 13m0 = 5Ot — 0.k — o0, @31)
s
dn, — d weakly in X™*, k — +oo0. (2.32)

As V is separable Banach space then there exists a countable dense system of
vectors {v;};>1 C V.
We finish the proof into several steps.

Step 1.  In virtue of the pseudomonotony of A4, from (2.29), (2.30) it follows that

forae.t € S Vj>1 lim (d, (¢),yn () —w;)y = [A(y()), y () — w;]-,

k—-+o0
(2.33)
where lim (dy,, (1), yn, (1) —w;)y = Lm (d,, (1), y(t) — w;)y.
k—+o00 k—+o00

Step 2. Due to Conditions (A2) and (A3) it follows that Vk, j > 1, fora.e.s € S

(g (5), Y () = @)y = &2l y O] = €3 = er@+ [yu DIT Dl v

Now using Young’s inequality, we can obtain

P —
—1 - -1 =z
llyaOIV ojllv < c2llyn@Iy + 6" lloojlivel p™ g7

Letting

=t =z
caj =cillojllv +¢" lojllel p~'q7 + e3> 0,
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we finally get
Vk,j > 1, forae.t €S (dy (s), yu, () — @)y > —ca ;. (2.34)
Step 3. From (2.31) and (2.32) we have that V¢, € S, t; < 1,

/ (o (), Y (5) — )y ds — / (d(s). 7(5) — ;) vds. (2.35)

Step 4. In virtue of (2.31), (2.29), (2.35) and Fatou’s lemma Vj > 1, V¢ € S,
Vh>0:t+h €S, we obtain

t+h

/ (d(s). y(s) — ;) vds

t

t+h
= lim [{dn (8), yni (8) — @) )v + cajlds —ca jh
k—+o00 p
t+h
> / B [(dny (5). Y (5) — @5}y + o/ 1ds — cash
k——+o00
t+h
— [ tim ()36 - 0)vds, (2.36)
k——+o00

t

Because of Vo € L(S)

h
%/(p(s +)ds — ¢(-)in L1(S), h \ 0,
0

we have:

forae. 1 € Sv ijl, (d(t)sy(t) _a)j>V = h_m (dnk(t),J/(t) _wj>V >
k—-+o00
> [A(y (@), y (@) — wj]-.
Step 5. Invirtue of {y(#) —w;};>1 isdensein V fora.e.t € S we finally obtain

thatd(t) € A(y(t)) forae.t € S,ie.d € /f(y) and due to (2.31), (2.32), (2.28)
we have
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lim (dy, yp —w)x = {d.y —w)x > [A). y — o],

n—+00

that contradicts to (2.27).
Lemma 2.4 is proved.

2.3 Auxiliary Properties of Solutions for the First Order
Evolution Inclusions with Uniformly Coercive Mappings

Let us consider the additional properties for the first order autonomous evolution
inclusions.

2.3.1 The Setting of the Problem

For evolution triple (V; H; V*), multi-valued (in the general case) map A : VI V*
and exciting force f € V* we consider a problem of investigation of dynamics for
all weak solutions defined for # > 0 of non-linear autonomous differential-operator
inclusion

Y+ A@) > f. (2.37)
as t — 400 in the phase space H. Parameters of this problem satisfy the next
properties:

H) p=2, feVh

(H;) The embedding V' into H is compact one;

(A)) 3¢ > 0:Yue V,Vd € A@w) |d]ly= < c(1+ Ju]2);
(A2) Ja,B>0:YueV,Vd € Aw) (d,u)y > alul} —B;
(A3) A:VZV*is(generalized) pseudomonotone, i.e.

(a) Forevery u € V the set A(u) is a nonempty, convex and weakly compact
onein V*;

(b) Ifu, - uweaklyinV,d, € A(u,) Yn > 1 and 11141_1 (dy,up —u)y <0
n—>+0oo
then Vo € V 3d(w) € A(u):

lim (dy,up —w)y = (d(@),u—o)y.
n—+00

Here (-,-)y : V* x V — Ris a pairing in V* x V coincidenton H x V
with the inner product (-, -) in the Hilbert space H .

Remark 2.1. From properties (A;)—(A3) it follows that the map A is u.s.c. from
every finite-dimensional subspace V into V* equipped with the weak topology.
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As aweak solution of evolution inclusion (2.37) on the interval [z, T'] we consider
an element u of the space L ,(t, T; V) such that for some d € L,(t,T; V™)

d(t) € A(y(t)) for almost each (a.e.) 7 € (z,T), (2.38)

T T T
- [€w.aanar+ [@areoa = [(reanda vie e Tiv).
' ! ! (2.39)

where g > 1:%4— =1.

1
q
2.3.2 Preliminaries

For fixed t < T let us consider

XI,T = LP(Ty Ty V)s XI*,T = Ll](ts T, V*)s WI,T = {M € anT | M/ € X:T}’

o XerSXp, der(y) ={d € X7 |d(t) € A(y(1)) forae.t € (v, T)},
for € X[y, for(@) = fforae.t € (7, T),

where ' is a derivative of an element u € X, 7 in the sense of the space of
distributions Z([t, T]; V*) (see, for example, [42]). Note that the space W, r is a
reflexive Banach space with the graph norm of a derivative (see, for example [42]):

lullw,r = lullx.r + Iu'llxx, . weWer. (2.40)

From Sect.2.2, (Aj)=(Aj3) it follows that <7 Xt,T::X:T satisfies
properties:
(B1) 3Cy > 0: [[d|lxx, < Ci(1 + YlI5.,) Yy € Xor, Vd € o1(y);
(B2) 3C5,C3>0:{d, y)x,, = Collyll}., —C3Vy € Xor, Vd € o 7(y);
B3) oy X172 X :T is (generalized) pseudomonotone on W, r operator, i.e.

(a) For every y € X.r the set o7 r(y) is a nonempty, convex and weakly
compact one in X [;

(b) o 7 is u.s.c. from every finite dimensional subspace X7 into X:T
endowed with the weak topology;

(c) If y, —» y weakly in Wy r, d, € o47(y,) Yn > 1,d, — d weakly in
X} and

E (dns Yn _y>Xr,7- <0

n—-+o00

thend € oer(y) Hm (du. yu)x.r ={d.y)xer-

Here (-, )x,, : Xr*.,T x X;r — R is a pairing in Xr*.,T x X r coincident on
Ly(z,T; H) x X, r with the inner productin L,(z, T; H), i.e.
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T
Yue Ly(t,T;H), Vve Xor (u.v)x,, = /(u(t), v(t))dt.

Note also (see [16, Theorem IV.1.17, c. 177]) that the embedding W.r C
C([r, T]; H) is continuous and dense, moreover,

T

Vi€ Wer @) = @@ @) = [ [Wovoy + 0 @.u0)y Jar

T

(2.41)
From the definition of a derivative in the sense of Z([t, T]; V*) and equality
(2.39) it directly follows such statement:

Lemma 2.5. Each weak solution u € X, r of differential-operator inclusion (2.37)
on the interval [t, T| belongs to the space Wy p. Moreover,

u + e (u) 3 for. (2.42)

Vice versa, if u € Wy r satisfies (2.42) then u is a weak solution of (2.37) on [t, T'].

Properties (B;)—(B3), (H;), [42] provide the existence of a weak solution of
Cauchy problem (2.37) with initial data

y(T) =y (2.43)

on the interval [z, T'] for an arbitrary y, € H. Therefore, the next result takes place:

Lemma 2.6. YVt < T,y, € H Cauchy problem (2.37), (2.43) has a weak solution
on the interval [t, T]. Moreover, each weak solution u € X, of Cauchy problem
(2.37), (2.43) on the interval [t, T] belongs to W, C C([t, T]; H) and satisfies
(2.42).

Remark 2.2. Since W, r C C([z, T]; H), for each weak solution of problem (2.37),
in view of Lemma 2.5, initial data (2.43) has sense.

For fixed T < T we denote
Der(ur) = {u(-) | uis a weak solution of (2.37) on [z, T'], u(r) = u.}, u, € H.

From Lemma 2.6 it follows that 2, 7(u;) # @ and Z;7(u,) C Wer V1 < T,
u, € H.

We complete this section checking that the translation and concatenation of weak
solutions is a weak solution too.

Lemma27. If t < T, u; € H, u(-) € Z.7(u,), then v(-) = u(- + s) €
Dr—sr—sWw) Vs . Ift <t <T,u, € H,u(-) € Dyt (u;) and v(:) € 1 (u(t)), then
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| u(s), s €[r.1],
) =1 ws) s € [ T]

belongs to P, 1 (u:).

Proof. The proof follows from the definition of solution (2.39), Lemma 2.5 and
fromz € Wyr assoonasv € W, u € W,p and v(¢t) = u(t). Proving the last
statement we can use the definition of a derivative in the sense Z([t, T']; V*), (2.41)
and [16, Chap.IV] on the density of C'([t1,1]; V) in W, ,, for 1) < 1.

2.3.3 Supplementary Properties of Solutions

The proof of the existence of compact global and trajectory attractors for evolutional
inclusions and, in particular, equations of type (2.37) as a rule is based on properties
of a family of weak solutions (2.37), related to the absorbing of the generated m-
semiflow of solutions and its asymptotic compactness (see, for example, works [21,
24,36,37] and references there). The next lemma on a priory estimates for solutions
and Theorem 2.1 on dependence of solutions on initial data are “key players” when
investigating the dynamics for solutions of problem (2.37) as t — +o0.

Lemma 2.8. There exist c4,c5,cq,c7 > 0 such that for any finite interval of time
[z, T every weak solution u of problem (2.37) on [t, T] satisfies estimates: Nt > s,
t,s €t,T]

lu()ll7; + s / lu@)hdE < lu@s)% +cs (1+ 1) ¢ —5),  (2.44)

lu@17 < lu() e + e (L+ 1 f17+) - (2.45)

Proof. The proof naturally follows from conditions for the parameters of problem
(2.37) and Gronwall lemma.

Theorem 2.1. Let v < T, {u,}u>1 be an arbitrary sequence of weak solutions of
(2.37) on [t, T] such that u,(t) — n weakly in H. Then there exist {uy, }r>1 C
{untn>1 and u(-) € P r(n) such that

Vee (0,T — 1) teglfzg” ltn, (1) —u()||g — 0, k — +o0. (2.46)

Proof. Suppose that conditions of Theorem 2.1 are satisfied. Then in view of
Lemma 2.5 for any n > 1 u,() € Wyr C C([r,T]; H). Moreover, from
Lemma 2.8, property (A;) and relation (2.42) we have that

Vn>1 3d, € dyr(u,): u,t)+d,(t)= fforae.te(r,T), (2.47)

3C>0: Vnz1 luglxe, +d ks, + lunlleqerim+1dall s, < C. (2.48)
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Hence, due to the continuous embedding W;r C C([r,T]; H) [16, Chap.IV],
properties (Hz) (B;), the compactness of the embedding W+ C L,(t,T; H)
(see [22, Chap. 1]), and the reflexivity of the space W, r with the graph norm of
a derivative (2.40), we obtain that up to a subsequence {u,, , dy, }k>1 C {tn, dp}n>1
for some u € Wy r,d € X[ the next convergence take place:

u,, — uweakly in X, r,

/ / . *
u,, — wweakly in X7 7,

dy, — dweakly in X'/,
uy, — uweakly in C([tr, T]; H),
u,, — uin Lo(t, T; H),
Up, (1) — u(t)in H forae.t € (v,T), k — +o0. (2.49)

Let us complete the proof of this theorem in a few “steps”.

Step 1.  Prove that
Vte (t.T] up(t) = u(t) in H, k — +o0. (2.50)
From Lemma 2.8 it follows that Vk > 1Vt > s, ¢,5 € [1,T]
it O — s 1£ 171 < Mt (N7 — es(L+ [1f 7). 251
Moreover, from (2.49) we have that for a.e. s € (¢, T) forae.t € (s, T)
@) — s+ L£ 1707 < lu)IIF —es(L+ 11 £ 17)s.
Sinceu € Wyr C C([r,T); H), then Vt > s t,s € [7,T]
(@) IIF = es(U+11LF 170t < lu)IF — s+ [1Lf 17)s. (2.52)
Therefore, functions
Ji(t) = lun, (O — es(L+ 1 £ 7)1, (2.53)

J(@©) = lu@I —es( + 11131, (2.54)

are continuous and monotone nonincreasing one on [z, 7.
Moreover, since u,, (t) — u(t) in H fora.e. t € (z,T), then

Ji(t) = J(t), k - +oo forae. t € (r,7). (2.55)
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Show that o
lim Ji(t) < J(1) Vie (7,T). (2.56)
k—4o00

From (2.55) it follows that

Vt € (r,T],Ye > 03t € (z,¢) : |J(f) — J(t)| < eand klirf J(0)=J (7).
— 400

Hence, Vk > 1
Je() =IO =T (@) = JO =T @) = J(O] + |J (@) = J@)] < & + | T (=T (D)].

Therefore, o
Vt e (t,T], Ve>0 lim Ji(t) < J(t) +e.
k—>+o00

Hence (2.56) and, in particular, the inequality

im [, (N7 < lu@)] Vi€ (. T]
k—+o00

are true. From weak convergence uy, (¢) to u(¢) in H as k — 400 Vt € [t,T],
inequality (2.56) and [16, Chap.I] we obtain (2.50).
Step 2.  Show that
W' = for—d. (2.57)

In view of Lemma 2.5 for any k > 1, § € C;°([r, T]; V) we have

- (S/’unk)XI.T + (dnkvg)Xf.r = (fur.§). (2.58)

Passing to the limit as k — +o0 in the last relation we obtain

VEe G ([ TIV) —(E u)x.p +(d.E)xor = (frr . §).
Therefore, using properties of the Bochner integral, we obtain Vo € C5°([r, T'])
YheV

T

T
- / u(s)g'(s)ds.h | = - / (o u(s)) e/ (s)ds

T

T T

- [ (f — d(s). hyvo(s)ds = < / o (s) — d(s)]o(s)ds. h>

T T 174

From the definition of a derivative of an element u € X7 in the sense of
2*([z, T]; V'*) it directly follows relation (2.57).
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Step 3.  Fix an arbitrary ¢ € (0, 7 — ) and show that
d(t) € A(u(t)) forae.t € (t +¢,T), (2.59)

using the pseudomonotony of o7 4.7 on Wy, 7.

Consider restrictions iy, (+), dy, (-), u(-), d(-) to the interval [t +¢, T']. To simplify
the consideration we denote them by the same symbols: u,, (-), dy, (), u(-) and
d(-) respectively. From convergence (2.49), (2.50) we have that

uy, — uweaklyin Wi, 7,

dy, — d weakly in XT*+£’T,

Viel[t+eT] up(t) = u(t)in H, k - 4o0. (2.60)
Show that )
kBToo(d""’u"" —u)x, 4. =0. (2.61)
Indeed,

T
Vk > 1 / (dy (5)- 1ty (5) — u(s)), ds
+e

T

T

T
= / (/s un, (s) —u(s)) ds — / (1, (5), 1ty (5) — u(s)),, ds. (2.62)
+e

T+e T
From (2.60) it follows that

T

/ (/s un, (s) —u(s))ds — 0, k — +o0. (2.63)
T+e

From (2.41) and (2.60) we obtain that

T
/ (I/l:,lk (S)v M(S) - unk (S))Vds
+e
T

1
— [ 6 = 5 i (O = D (2 4 2) .64

T+e¢

T

T
1
= [ W)y = 5 (WO = (e +e)) =0, & >+
T+e
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Fig. 2.5 The weakly
“+”-coercive, but not weakly
“—"_coercive multivalued

yedx) ¥

map

Pass to the limit as k — +o¢ in (2.62). From (2.63) and (2.64) we obtain (2.61).
So, due to (2.47), (2.60), (2.61) and in view of the pseudomonotony of o7, 4. r
on W, 4.1 we obtain (2.59).

Step 4. From the arbitrariness of ¢ € (0,7 — t), convergence (2.49), relation
(2.59) and the definition of .o7; 7 it follows that u(:) € Z. r(n).

Step 5. Let us prove (2.46). By contradiction suppose the existence of ¢ > 0,
L > 0 and subsequence {ug; } j>1 C {un, }k>1 such that

Vizl max () = u)n = () ) = L.

Without loss of generality we suggest that 1; — fy € [t +¢,T], j — +4o0.
Therefore, by virtue of the continuity of u : [t, T] — H, we have

lim g, (1) — u(to)|z = L. (2.65)

Jj—>+o0
On the other hand we prove that
ug; (t;) — u(to) in H, j — +o0. (2.66)
Step 5.1.  Firstly let us show that
ug; (t;) — u(fo) weakly in H,  j — +o0. (2.67)

For a fixed & € V from (2.49) it follows that the sequence of real functions
(ttn, (-), ) : [t,T] — R is uniformly bounded and equicontinuous. Taking into
account inequality (2.48) and the density of embedding V' C H we obtain that
up, (t) = u(t) weakly in H uniformly on [z, T'], k — 4o00. So, we obtain (2.67)
(Fig.2.5).

Step 5.2.  Let us prove that

im g () < [luGeo) ]2 (2.68)
Jj—>+o0

We consider continuous nonincreasing functions Jj i J,j > 1,defined in (2.53),
(2.54). Let us fix an arbitrary &; > 0. From (2.55) and from the continuity of J
it follows that
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3r € (z,1) : lim Ji, (f) = J(@) and |J () — J(t0)| < 1.
j—o>+too

Then for rather large j > 1
Ji; (t)) = J(to) < |Jx; @) = J(O] + [J (@) — J(to)| < |Jx; (@) = J(D)] + &1

Therefore, lim Ji; ;) < J(to) + &;. From the arbitrariness of &; > 0 and
Jj—>+oo

from t; — 1y, j — +00, we obtain (2.68).

Step 5.3. Convergence (2.66) directly follows from (2.67), (2.68) and [16,
Chap.I].

Step 5.4. To finish the proof of the theorem we remark that (2.66) contradicts
(2.65). Therefore, (2.46) is true.

Corollary 2.1. Let t < T, {u,}n>1 be an arbitrary sequence of weak solutions of
(2.37) on [z, T] such that u,(t) — nin H, n — +o00. Then there exists u(-) €
De1(n) and {un, Yik>1 C {ntnz>1 such that u,, — win C([t,T]: H), k — +o0.

Proof. The proof is similar to the proof of Theorem 2.1. The main difference is
in the checking of the inequality jlinoo Jk; (tj) < J(t), when ty = 7, t; — 1,
J — 400, {tj}j>=1 C [r,T] (see Step 5.2 from the proof of Theorem 2.1). In this
case Vj > 1 Ji, (t;)—J(v) < Ji; (x) — J (). Since u,(t) — u(r) in H,n — +o0,
then Ji,; () — J(t), j — +o0. Therefore, AH Ji; (t) = J(1o).

j—>+too

2.4 Asymptotic Behavior of the First Order Evolution
Inclusions

We note that problem (2.37) arises in many important models for distributed
parameter control problems and that large class of identification problems enter our
formulation. Let us indicate a problem which is one of motivations for the study of
the autonomous evolution inclusion (2.37) [26]. In a subset £2 of R?, we consider
the nonstationary heat conduction equation

ad
B—Jt)—Ay:fin.Qx(O,—i—oo)
with initial conditions and suitable boundary ones. Here y = y(x, ) represents the
temperature at the point x € §2 and time ¢ > 0. It is supposed that f = f + f
where £ is given and £ is a known function of the temperature of the form

—f(x,1) € 9j(x, y(x,1)) ae. (x,1) € 2 x (0, +00).
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Here dj (x, £) denotes generalized gradient of Clarke with respect to the last variable
of a function j : £2 x R — R which is assumed to be locally Lipschitz in &. The
multivalued function dj(x,-) : R — 2R is generally nonmonotone and it includes
the vertical jumps. In a physicist’s language it means that the law is characterized
by the generalized gradient of a nonsmooth potential ;.

The variational formulation of the above problem leads to the inclusion (6.5)
with, for example, H = L,(2), V = H'(2), A = —A + 9j and it is met, for
example, in nonmonotone nonconvex interior semipermeability problems.

We remark that monotone semipermeability problems, leading to variation
inequalities, have been studied in [15] under the assumption that j(x,?) is a
proper, lower semicontinuous, convex function which means that dj (x, -) is maximal
monotone in R?.

Following the upper presented results under similar conditions to [15,26,30] we
can state not only the existence of solutions for autonomous evolution objects but
also investigate the dynamic of all weak solutions as # — 4-0o. We can also consider
other examples from [15, 26, 30].

2.4.1 Existence of the Global Attractor

First we consider constructions presented in [24]. Denote the set of all nonempty
(nonempty bounded) subsets of H by P(H ) (#(H )). We recall that the multivalued
map G : R x H — P(H) is said to be a m-semiflow if:

(a) G(0,-) = Id (the identity map),

(b) G(t +s,x) C G(t,G(s,x)) Vx € H,t,s € Ry;
m-semiflow is a strict one if G(t + 5, x) = G(t,G(s,x)) Vx € H,t,s € R;.

From Lemmas 2.7 and 2.8 it follows that any weak solution can be extended to a
global one defined on [0, +00). For an arbitrary yy € H let Z(yo) be the set of all
weak solutions (defined on [0, 400)) of problem (6.5) with initial data y(0) = y.

We define the m-semiflow G as G (¢, yo) = {y() | y() € Z(y0)}-

Lemma 2.9. G is the strict m-semiflow.

Proof. Let y € G(t + s,y0). Then y = u(t + s), where u(:) € Z(yp). From
Lemma 2.7 it follows that v(:) = u(s + ) € Z(u(s)). Hence y = v(t) €
G(t,u(s)) C G(¢,G(s, y0)).

Vice versa, if y € G(¢, G(s, y0)), then Ju(-) € D(yo) v(:) € D(u(s)): y = v(t).
Define the map

@, geos)
€)= v(E —5), & €[s.t +s].

From Lemma 2.7 it follows that z(-) € Z(yo). Hence y = z(t + 5) € G(t + s, yo).
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We recall that the set <7 is said to be a global attractor G, if:

1. & is negatively semiinvariant (i.e. & C G(¢t, /) YVt > 0);
2. ¢/ is attracting, that is,
dist(G(t,B), /) - 0, t—> 4+oco0 VB e B(H), (2.69)

where dist(C, D) = sup dinlf) llc —d| g is the Hausdorff semidistance;
ceCc d&

3. For any closed set Y C H satisfying (2.69), we have o/ C Y (minimality). The

global attractor is said to be invariant if o7 = G(t,o/) Yt > 0. We prove the

existence of the global attractor.

Theorem 2.2. The m-semiflow G has the invariant compact in the phase space H
global attractor o/ .

Proof. From Lemma 2.8 it follows that

IR.GE>0: Vyoe H oy e Z2(n). 120 [yl < lyolle ™ + R.
(2.70)
Therefore the ball By = {u € H | |lullp < +/ R+ 1} is the absorbing set, i.e.
VB € Z(H)3T(B) > 0: YVt > T(B) G(t, B) C By. In particular, from (2.70) it
follows that the set U;>0G(¢, B) is bounded one in H VB € #A(H).

Note also that from Theorem 2.1 it follows that the map G(¢,-) : H — A(H)
takes compact values and it is compact for # > 0 in that sense that it maps bounded
sets into precompact one.

Show that the map uy — G(t, up) is upper semicontinuous [2, Definition 1.4.1,
p- 38]. In order to do that it is sufficient to show [3, p. 45], that Vuy € H, Ve > 0
A6 (ug, €) > 0: Yu € Bs(ug) G(t,u) C B.(G(t,up)) = {z € H | dist(z, G(t, up)) <
e}. If itis not true then there existug € H,& > 0, {8, }n>1 C (0, +00), {up}u>1 C H
such that Vn > 1 u, € Bs, (uo), G(t,u,) ¢ Be(G(t,up)) and §, — 0, n —
4o00. Then Vn > 1 Jv,(-) € P(u,): vy(t) ¢ B:(G(t,up)). Since u, — uy in
H, n — 400, then from Theorem 2.1 it follows that v,(t) — v(t) € G(t, up)
in H, n — o0, for some v(-) € Z(up). We obtain contradiction with Vrn > 1
[va (@) =v(O)la = e

Thus the existence of the global attractor with required properties directly follows
from results from Chap. 1.

2.4.2 Existence of the Trajectory Attractor

Let us consider the family ¢y = U, ey Z(yo) of all weak solutions of inclusion
(6.5) defined on the semi-infinite interval [0, 400). Note that %4 is translation
invariant one, i.e. Yu(-) € 4, Yh > 0 uy(-) € 4, where u;(s) = u(h + s),
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s > 0. We set the translation semigroup {T (h)}n>0, T (W)u(-) = wup(-), h > 0,
ue t/45/4_ on <1/+.

We shall construct the attractor of the translation semigroup {7'(%)},>¢ acting on
H4.On %, we consider a topology induced from the Fréchet space C/°°(R; H).
Note that

ful) = fOinClRy: H) < YM > 01Ty f,(-)
— Iy f() in C([0, M]; H),

where [Ty is the restriction operator to the interval [0, M] [37, p. 18]. We denote
the restriction operator to the semi-infinite interval [0, +00) by 1.

We recall that the a &2 C C(Ry; H) N Loo(Ry; H) is said to be attracting
for the trajectory space .4 of inclusion (6.5) in the topology of C'°¢(R; H) if for
any bounded in Loo(Ry; H) set B C #4 and any number M > 0 the following
relation holds:

diStC([O,M];H)(HM T(l)gg, Iy 9) -0, t— 4o0. 2.71)

A set % C 5 is said to be trajectory attractor in the trajectory space 74
with respect to the topology of C loc (Ry; H) (see, for example, [37, Definition 1.2,
p.- 197]) if

(i) % is a compact set in C'°“(R4; H) and bounded in Lo (R4 ; H);
(ii) Z is strictly invariant with respect to {7 (h)}x>0, i.e. T(h)% = % Yh > 0;
(ili) % is an attracting set in the trajectory space .#; in the topology C'°“(R4; H).

Let us consider inclusions (6.5) on the entire time axis. Similarly to the space
C'¢(Ry; H) the space C'°¢(R; H) is equipped with the topology of local uniform
convergence on each interval [-M, M] C R (see, for example, [37, p. 198]). A
function u € C'°“(R; H) N Loo(R; H) is called a complete trajectory of inclusion

6.5) if YVh € R Tiu,(-) € 4 [37, p. 198]. Let # be a family all complete
trajectories of inclusion (6.5). Note that

VheR, Yu() € # () € X. (2.72)

Lemma 2.10. The set # is nonempty, compact in C'°°(R; H) and bounded in
Loo(R; H). Moreover,

Vy() e, VieR y(t) e, (2.73)

where f is the global attractor from Theorem 2.2.
Proof.

Step 1. Letus show that # # @. Note that in view of [22, Theorem 3.1.1, p. 329]
and conditions (A)-(A3), (H;), it follows that 3v € V: A(v) = f. We set
u(t) =vVt € R. Then,u € & # 0.
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Step 2. Let us prove (2.73). Forany y € 2 3d > 0: ||y(¢)||w < d YVt € R. We
set B = User{y(?)} € A(H). Note that Vt € R, Vt € Ry y(1) = y,—(¢t) €
G(t,y.—(0)) C G(¢, B). From Theorem 2.2 and from (2.69) it follows that
Ve > 03T > 0: Vr € Rdist(y(r), &) < dist(G(T, B), &) < e. Hence taking
into account the compactness of <7 in H, for any u(-) € %, T € R it follows
that u(r) € <7.

Step 3. The boundedness of Z in Lo (Ry; H) it follows from (2.73) and from
the boundedness of .7 in H.

Step 4. Let us check the compactness of .#" in C/°°(R; H). In order to do that it
is sufficient to check the precompactness and completeness.

Step 4.1.  Let us check the precompactness of .# in C'°¢(R; H). If it is not true
then in view of (2.72), IM > 0: I1) % is not precompact in C([0, M]; H).
Hence there exists a sequence {v,},>1 C [Ip ¢, that has not a convergent in
C([0, M]; H) subsequence. On the other hand v, = IIyu,, where u, € %,
v (0) = u,(0) € o/, n > 1. Since </ is compact in H (see Theorem 2.2), then
in view of Corollary 2.1, I{v,, }k>1 C {vuln>1, In € H, () € Zom(n):
Vv (0) — nin H, v,, — vin C([0,T];H), k — +oo. We obtained
contradiction.

Step 4.2.  Let us check the completeness of .#" in C'°°(R; H). Let {v,},>1 C %,
S Cl”"(R; H):v, > vin C’”"(R; H), n — +o00. From the boundedness of
Jin Loo(R; H) it follows that v € Lo (R; H). From Corollary 2.1 we have that
VM > 0 the restriction v(-) to the interval [—-M, M] belongs to sy (V(—T)).
Therefore, v(-) is complete trajectory of inclusion (6.5). Thus, v € %".

Lemma 2.11. Let of be a global attractor from Theorem 2.2. Then
Vyoeo/ 3Ay()ex : y(0)=yo. (2.74)

Proof. Let yo € <7, u(:) € 2(y9). From (6.17), (2.69) we have that V¢ € R4
y(t) € &. From Theorem 2.2 it follows that G(1, «/) = 7. Therefore,

Vneo 3J5ed, Ip() € Zoa(§): @p(l) = .
For any 7 € R we set

u(t), t e Ry,
y(t) =
(Py(—k+l)(t +k),t e[—k,—k +1), k eN.

Note that y € C“(R; H), y(t) € o/ ¥t € R (consequently y € Lo (R; H)) and
in view of Lemma 2.7, y € JZ". At that y(0) = yy.

Theorem 2.3. Let &7 be a global attractor from Theorem 2.2. Then there exists the
trajectory attractor & C K4 in the space 5. At that the next formula holds:

P =T, 4 =M. {y e |yt) e ViRl (2.75)
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Proof. From Lemma 2.10 and the continuity of operator [Ty : C!°“(R;H) —
C'¢(Ry: H) it follows that the set IT4.# is nonempty, compact in C/°¢(Ry; H)
and bounded one in L. (Ry; H). Moreover, the second equality in (2.75) holds.
The strict invariance of I11 % follows from the autonomy of inclusion (6.5).

Let us prove that [T, % is the attracting set for the trajectory space ~#4 in the
topology C'*“(Ry: H). Let B C .#4 be a bounded set in Loo(Ry: H), M > 0.
Let us check (2.71). If it is not true then there exist sequences f, — +o00, v,(-) € B
such that

Vn >1 distc([ho];H)(HMvn (ty + ), [y %) > e. (2.76)

On the other hand, from the boundedness B in Lo (R4; H) it follows that 3R > 0:
V() € B,Vt € Ry |v@®)|lg < R. Hence, AN > 1: Vn > N v,(t,) €
G(ts,v4(0)) C G(1,G(ty = 1,v,(0))) C G(1, Bg), where Bg = {u € H | |[u|ly <
R}. Therefore, taking into account (2.69) and the compactness of the map G(1,-) :
H — 2%(H) (see the proof of Theorem 2.2) we have that 3{v,, (#,,)}x>1 C
nt) =1, Iz € &2 vy (ty,) — zin H, k — +oo. Further, Vk > 1 we set
@k (t) = vy, (ty, +1), ¢ € [0, M]. Note that Vk > 1 ¢k (:) € Dom (Va, (tn,))- Then
from Corollary 2.1 there exists a subsequence {¢; }j>1 C {@}x>1 and an element
@(-) € Zo.m(2):

ok, > @ inC(0,M];H), j— +oo. 2.77)

At that, taking into account the invariance of .2/ (see Theorem 2.2), Vt € [0, M]
@(t) € o/. In consequence of Lemma 2.11 there exist y(-),v(-) € £ y(0) = z,
v(0) = ¢(M). For any ¢ € R we set

y(@), t <0,
V(1) = | @), 1 €[0,M],
v(it—M),t > M.

In view of Lemma 2.7 ¥ (-) € £ . Therefore, from (2.76) we have:

Vik > 1 |[Hyvu (ta, + ) — Oy Ollcqomimy = llox — ¢llcqo.mmy = &

and we obtain the contradiction with (2.77).
Thus, the set & constructed in (2.75) is the trajectory attractor in the trajectory
space %, with respect to the topology of C'*¢(Ry; H).

2.4.3 Comments

From results of Sects. 2.4.1 and 2.4.2 it follows that the m-semiflow G, constructed
on all weak solutions of (6.5), has the compact invariant global attractor <. For all
weak solutions of (6.5), defined on semi-infinite interval [0, +00), there exists the
trajectory attractor &. At that

A =20)={0) | yed}, ZP=I0,
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where 7 is the family of all complete trajectories of differential-operator inclusion
(6.5)in C'“(R; H) N Loo(R; H). Therefore, the equality of global attractors in the
sense of [24, Definition 6, p. 88] as well as [37, Definition 2.2, c. 201] is proved.
Questions concerned with connectedness of constructed attractors in the general
case are opened. Note that approaches proposed in works [24, 37] are based on
properties of solutions for evolutional objects. The approach considered in this work
is based on properties of an interaction function A from (6.5) and properties of phase
spaces.

2.4.4 Conclusion

We investigated the dynamics as ¢ — oo of all global weak solutions defined
on [0, 400) for a class of autonomous differential-operator inclusions with pseu-
domonotone nonlinear dependence between determinative parameters of a problem.
We proved the existence of the global compact and compact trajectory attractors,
investigated their structure and checked the equality of global attractors in the sense
of Definition 6 from [24] as well as in the sense of Definition 2.2 from [37]. Obtained
results allows us to study the dynamics of solutions of new classes of evolution
equations of nonlinear mathematical models of geophysical and socioeconomical
processes and fields with interaction function of pseudomonotone type satisfying
the condition of “no more than polynomial growth” and standard sign condition.

2.5 Auxiliary Properties of Solutions for the Second Order
Evolution Inclusions and Hemivariational Inequalities
for Viscoelastic Processes

Let the next conditions are fulfilled (see Example 1):

(Hy) V, Z, H are Hilbert spaces; H* = H and we have such chain of dense and
compact embeddings:

VcZcH=H*CZ*CV*

(Hy) foeV™

(A1) 3¢ >0:VYueV,Vd € Ao(u) ||d|lv* < c( + |lullv);

(A2) 3o, B >0:YueV,Vd € Ay(u) (d,u)y > a|ul? — B;

(A3) Ay = Ay + Ay, where A} : V. — V™ is linear, selfconjugated, positive
operator, A, : V' V* satisfies such conditions:

(a) There exists such Hilbert space Z, that the embedding V' C Z is dense
and compact one and the embedding Z C H is dense and continuous
one;
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(b) For any u € Z the set A,(u) is nonempty, convex and weakly compact
onein Z*;

(c) Ar: Z _’Z * is a bounded map, i.e. A, converts bounded sets from Z into
bounded sets in the space Z*;

(d) Ay:ZZZ*isademiclosed map,i.e.ifu, — uin Z, d, — d weakly in
Z*,n — 4o0,and d, € Ay(u,) Vn > 1thend € Ay(u);

(B1) By :V — V*is alinear selfconjugated operator;

(By) Jy > 0: (Bou,u)y > y|ull5.
Here (-,-)y : V* x V — R is the duality in V* x V, coinciding on H x V'
with the inner product (-, -) in Hilbert space H.

Note that from (A;)—(A3), [25, 42] it follows that the map A, satisfies such
condition:
(A3) Ao : VZV* is (generalized) A¢-pseudomonotone, i.e.

(a) For any u € V the set Ag(u) is nonempty, convex and weakly compact one in
V*;
(b) If u, — u weakly in V, n — 400, d, € Ao(u,) Yn > 1 and lim (d,, u, —
n—>oo
u)y <0then Vo € V 3d(w) € Ay(u) :

li_m (dl‘la Uy _w>V = (d(w)7“_w>V;
n—>+00

(c) The map Ay is upper semicontinuous one that acts from an arbitrary finite-
dimensional subspace of V into V*, endowed with weak topology.

Thus, we investigate the dynamic of all weak solutions of the second order
nonlinear autonomous differential-operator inclusion

Y (&) + Ao(y'(¢)) + Bo(y(1)) > fy, forae.r>0 (2.78)

ast — +oo, which are defined as ¢ > 0, where parameters of the problem satisfy
conditions (H1), (Hz), (A1)—(A3), (B1)~(B2).

As a weak solution of the evolution inclusion (2.78) on the interval [z, 7] we
consider such pair of elements (u(-), u'(-))T € Lo(z, T: V x V), that for some d(-) €
Ly(t, T;V?*)

d(t) € Ao(u/(t)) for almostevery (a.e.) ¢ € (z,T),
T

T
_ / €O (0)d1 + / (d(0).(0) vt

T

T T
/ (Bou(t). £(1))vdi = / fol@)y VEeCR(nTLV).,  (279)



2.5 Auxiliary Properties of Solutions for the Second Order Evolution Inclusions 69

Fig. 2.6 Clarkes y
subdlﬁerentlable nonconvex y=|x|-I]
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where 1’ is the derivative of the element u(-) in the sense of the space of distributions
2*([t, TI; V™).

As a generalized solution of the problem (3)—(7) we consider the weak solution
of the corresponding problem (2.78). This definition is coordinated with Definition 3
from [25].

We have to note that abstract theorems on existence of solutions for such
problems as the problem (2.78) and the optimal control problems for weaker
conditions for parameters of problems are considered in works [25,38,39,41,42].
Here we consider Problem 2 from [25], for which we can (as follows from results
of the given paper) have not only the abstract result on existence of weak solution
but we can investigate the behaviour of all weak solutions as t — +o0 in the phase
space V x H and study the structure of the global and trajectory attractors. Underline
that results concerning multivalued dynamic of displacements and velocities can be
applied to hemivariational inequalities with multidimensional superpotential laws
(Fig.2.6).

2.5.1 Preliminary Results

Further, without loss the generality, on the space V' we consider the equivalent norm
lully = +/(Bou,u)y, u € V. The given norm is generated by the inner product
(u,v)y = (Bou,v)y, u,v € V. For fixed t < T let us consider

Xer = Lay(x, T:V), X'p=Ly(t.T; V"), Wer={ueX.rlueX]},
Acr : Xer S X, dher(y) =1{d € X[ p|d(t) € Ao(y(?)) forae. t € (¢, T)},
Ber: Xer — X[p. Bur(y)(t) = Bo(y(2)) forae. t € (¢, 7T),
for € X po fur@) = foforae. r € (r,7).
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Note, that the space W, r is the Hilbert space with the graph norm of the derivative
(cf. [41,42)):
lully = Ml , + 1015, w e Wer. (2.80)

From [25, Lemma 7, p. 516], (A), (A,), (A3)’ it follows that <7, 7 : XerZ X[
satisfies the next conditions:

(V) 3C1 > 0: [ldllxs, < Ci(L+ [¥llx.,) Yy € Xer, Vd € rr();

(N2) 3C5,C3 > 0:{d, y)x,; = Collylly,, — C3 Vy € Xor, Vd € i 1(y);
(N3) or: XerZS :T is (generalized) w) -pseudomonotone on W, 7, i.e.

(a) For any y € X, the set @7 r(y) is a nonempty, convex and weakly
compact one in X ;

(b) .7 is the upper semicontinuous map as the map that acts from an
arbitrary finite dimensional subspace from X 7 into X, endowed by
the weak topology; '

(¢) If y, —> y weakly in W, r,d, € o, 7(y,) Vn > 1,d, — d weakly in
X}, and

lim (dn, yn = Y)x.7 <0

n—>+00
thend € o r(y)and lim (d,,ya)x.; = (d,y)x, .
n—-4o0

Here (-, -)x,, : X7 x Xy 7 — Ris the pairing in X}, x X, r coinciding on
Ly(z,T; H) x X, with the inner productin Ly(z,T; H), i.e.

T
Yue L,(t,T;H), Vve Xor {(u,v)x,, = /(u(t),v(t))dt.

Note also (cf. [16, Theorem IV.1.17, P. 177]), that the embedding W;r C
C([z, T]; H) is continuous and dense one, moreover

T

Yu,ve Wer  w(T),v(T))—(u(z),v()) = /[(u’(t),v(t»v + (v/(t),u(t»v]dt-

T

(2.81)
From the definition of derivative in the sense of Z([t, T]; V*) and the equality
(2.79) it directly follows such statement:

Lemma 2.12. Each weak solution (y(-),y'(-))" of the problem (2.78) on the
interval [t, T| belongs to the space C([t, T]; V) x Wy r. Moreover

V' + o7 (Y) + Ber(y) 3 for. (2.82)

Vice versa, if y(-) € C([t,T;V), y'(:) € Wor and y(-) satisfies (2.82), then
), Y'O))T is a weak solution of (2.78) on [t, T].
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A weak solution of the problem (2.78) with initial data

y(r)=a, y'(r)=>b (2.83)

on the interval [z, T'] exists for any @ € V, b € H. It follows from [25, Theorem 11,
p- 523]. Thus, the next lemma holds true.

Lemma 2.13. Foranyt < T,a € V, b € H the Cauchy problem (2.78), (2.83)
has a weak solution (y,y")T € X, x X,.r. Moreover, each weak solution (y, y")"
of the Cauchy problem (2.78), (2.83) on the interval [t, T| belongs to the space
C([z,T); V) x Wy r and y satisfies (2.82).

Remark 2.3. Since W, C C([r, T]; H), initial data (2.83) have sense.

Let us consider the next denotations: £ =V x H, Vo, = (a, b)T eE

. NT 5 .
Der(¢r) = { (y() ) (y.y")" is a weak solution of (2.78) on [r. T]. |

YO ) ly@ =a, y(r)=>b

From Lemma 2.13 it follows that Z;r(p;) C C([t,T];V) x Wer C
C([v. T E).

Let us complete the given subsection by checking that translation and concate-
nation of weak solutions is a weak solution too.

Lemma2.14. If t1<T, . € E, ¢(-) € Z;.7(¢:), then Y (-) =@(- + 5) € D7
() Vs. Ift<t<T, o, € E, () € Dos(¢.) and ¥ (-) € Dy 17(¢:), then

(o). s e fnil
Y=y s eln.T)

belongs to D1 (¢-).

Proof. The first part of the statement of this lemma follows from the autonomy of
the inclusion (2.78). The proof of the second part follows from the definition of the
solution of (2.79), Lemma 2.12 and from that fact that z € W, r as soonasv € W,,,
u € W,pand v(t) = u(t), where

v(s), s € [1,1],

X =0 wis). s € [t T]

For the proof of the last we can use the definition of the derivative in the sense
2([t, T]; V*) and the formula (2.81).

2.5.2 Auxiliary Properties of the Resolving Operator

As arule the proof of the existence of the compact global and trajectory attractors for
evolution inclusions and, in particular, inclusions like (2.78) is based on properties
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of family of weak solutions of the problem (2.78) connected to absorbtion of the
generated m-semiflow, closedness of its graph and its asymptotic compactness (cf.
[21,24,36,37] and references therein). The next lemma on a priory estimates and
Theorem 2.4 on dependence of solutions on initial data play the key part when
investigating the dynamic of solutions of the problem (2.78) as t — +o0.

Lemma 2.15. There exists constants cy,ca,c3,¢q4 > 0 such that for any finite
interval [v, T] and for each weak solution (y, y")T of the problem (2.78) on [z, T
the next estimates holds true: Nt > s, t,s € [t,T]

I OF; + IO +a [ 1€l dé (.84

<O + 13 + cat = )AL= + 1),

1Y O+ 1y Ol < erly" I + 1y ©1)e™ ™ +es (L4 £17+). (2.85)
Proof. The inequality (2.84) obviously follows from Lemma 2.12 and Condition
(A2).

Let us prove now (2.85). We fix an arbitrary finite interval [z, 7] and an arbitrary
weak solution (y, y’)” of the problem (2.78) on [z, T]. Note that y € C([z,T]; V),
y' € Wyr.Foranyt € [t, T] let us set

Y@ = 3Ol + S O1 + 60/, y@).

2/\1(1

where ¢ = 5790,

> 0, A; > 0 such that the next inequality takes place:

Mllullfy < lluly, VueV. (2.86)
Firstly we check the next inequality

dyY (1) _
dt  —

—o1Y(t) +op forae.t e (z,7T), (2.87)

where o) = miT% > 0,00 =B +2ec? + || flI}+ (55 + 26) > 0.

From Conditions (A1), (A;) and the definition of a weak solution of the problem
(2.78) on [z, T'] we have:

dY ()
dt

(@), ¥ () + (Boy(0), ')y + (" (1), (1) + e[y )1

—ally' Ol = ellyOIF + el y' Ol + 1Lf v+l O llv
+ ellyOllv(c + 1 £ llve) +eclly’ Ollv Iy @llv + B. (2.88)

IA
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Note that
l & ’ 2 1 2
YOI yOly = SIVYOR + SOl
2 2
ol + 170 < POV 4y < RO ) py

aly' O | 115+
o+

1A=y Olly = 3
o

Applying considered inequalities to the right part of (2.88), by the help of (2.86) we
obtain:

dY(t)
dt

——(Ily O + 1y OlF) + B+ 26> + [ £+ (% + 2s) . (2.89)

Note that

1O (0).y(0)] = 2J_ + Iy OI17). (2.90)

Therefore, from inequalities (2.89), (2.90) we have (2.87).
From (2.87) and Gronwall-Bellman lemma we obtain

Vi<s<t<T Y()<VY(s)e = + (1 + 1L 115+)-

Thus, in view of (2.90), the next inequality takes place:

Vel T] YOI + Iy©l}

\/_+8
J_

Note that v/A; > &, in view of & < ¢ and 21> — 21 + 5 > 0 VA € R, in particular
for A = /Aic.

If we set ¢c; =

((Ily Gz + Iy )7 )e 0= + (1 +IAI5 *))-

«/7+s
Vhi—¢

>0, = ay, c3 = 2 .¢; > 0, we obtain the necessary
23]
inequality.

Theorem 2.4. Let © < T, {(un,u,)"}u>1 be an arbitrary sequence of weak
solutions of (2.78) on [t, T] such that u,(v) — u, weakly in V, u,(v) — u

weakly in H. Then there exist {(an%k)T}kzl C {(un,u) Y51 and (u,u)" €
Do ((ur, ul)T) such that
Vee (0,T —7) max_|u, (1) —u' )|z — 0, k — +o0, (2.91)

t€[t+e,T]

up, (t) = u(t) weakly in V, uniformly on [t,T], k — +o0. (2.92)
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If supplementary (u,(t),u,(v))T = (u;, )T in E, n— + oo, then (uy, (), up,
)T = @), ()T inC([r, T]: E), k — +o0.

Proof. Under conditions of the theorem in view of Lemma 2.12, for any n > 1
@n = (uy,u,)T € C([z, T]; E). Moreover, from Lemma 2.13, 2.15 we obtain that

VYn>113d, € szf,r(u,/l) :
w/(t) + dy(t) + Bouy(t) = f forae.t € (¢, T); (2.93)

3C >0: Vn>1 |u,|x,, + ||”Z”X1*.r

+ ||”;1||C([r.,T];H) + ||dn||xjjT + llunlleqe vy < C. (2.94)

t
Note that Vn > 1 V1 € [t,T] uy(t) = vu(t) + ry, where v, (1) = [u,(s)ds,

(tep, 1t )T = Q. At that

Vi =1, Yi,s € [0, T] [va(t) = va(s)lly < Clt = s, v, (0) =0. (295

Therefore, from (2.93)—(2.95), continuity of the embedding W;r C C([r,T]; H),
compactness of the embedding W;r C L,(t,T; H), reflexivity of spaces W. r,
X. 7, X}, we have that up to a subsequence {u,,, d, }x>1 C {Un, dy}n>1 for some
ue C(t. T V), u' € Wyr.,d € X, the next convergences take place:

Vo, = vin C([t, T]; V), up, (t) — u(t) weaklyin V' Vt € [z, T],

/ / : 1 " H *
u, — u weakly in X7, uw,, — u” weakly in X7,
/

n — 4 weakly in C([z, T]; H),
uy,, —u'in Lo(v,T; H), u,, (1) — u'(¢) in H forae. t € (7,T), k — +oo,

nk
(2.96)
where v(-) = u(-) — u,. Let us complete the proof of the theorem in several steps.

dy, — d weakly in X:T, u

Step 1. Show that
W = Jor —d — Brr(u). 2.97)

Indeed, Vk > 1, V¢ € Cg°([r, T]; V)

(¢, ”;k)Xf_r + (dnk’ g)Xf.T + (B‘L'.,T(v"k)’ g)Xf.T
T

4 / (Bottng o £ vdt = (for Oy

T

(2.98)
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Further, let us pass in (2.98) to the limit as k — +00. We obtain:

Ve G ([e. TLV) = () xr +(d.E)x.y
T

- (Bor (). O,y + / (Bottr, £yt = (fors E)x..,-

Thus, using properties of Bochner’s integral, Vo € C°([t, T]) YVheV

T T

— /u’(s)<p’(s)ds,h = —/(h,u/(s))pr/(S)dS

T H T
T

= /(f —d(s) — Bov(s) — Boug, h) go(s)ds

T

T

= </[ft.,T(S)_d(s)_Br,T(“)(S)](p(s)dsv h>

T Vv

Finally, the relation (2.97) follows from the definition of derivative of an element
u' in the sense 2*([t, T]; V*).
Step 2. From (2.96) it follows that 3{¢; } ;> C (7, T) :

g 0+, j — +oo, Vj=1lu, (t+¢;) = u(t+¢;)in H, k — +oo.
(2.99)
Let us fix an arbitrary ¢ € {¢,};>; and show that

d(t) € Ag(/ (1)) forae. t € (t +¢,T), (2.100)

using pseudomonotony of .7, 4.7 on W4, 7.

Let us consider restrictions uy, (+), dy, (), u(:), d(-) on the interval [t 4 ¢, T']. For
the simplicity of suggestions we denote these restrictions by the same symbols:
U, (*), dy, (+), u(-), d(-) correspondingly. From (2.96) it follows that

u,, — u' weakly in Wyior, dy, — d weaklyin X\, 7, k — +o0. (2.101)

Show that
<0 (2.102)

T / /
hm (dnk, M”k —u )Xr+s.T =

k—4o00
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Indeed,

T
Vk > 1 / (Ao (5), 14, (5) — 1 (5)) v ds
+e

T

T

T
- [ o, (5) — i (5))vds + / (Wl (5). 1 (5) — il (5))v s
+e

T+e

T

T
+ / (BOM‘L',nk9 “/(S) - M;k (S)>Vds
+e

T

T
+ /(Bovnk,u’(s) — iy, (5))vds
T+e
=Ly + Ly + Lx+ Lag. (2.103)

From (2.101) it follows that
Ly —>0, k— +oo. (2.104)

In consequence of (2.81), (2.96) and (2.99) we obtain that

T

T
/ / 1
k21 Dy = / (i, (), () vl = 5 (i, (D = e, (7 + &) 1),
+e
T

— 1
lim Iy < / (W (s),u'())vds — = (' (D)3 — W' (x + &) [17) = 0.
k—+o0 2
T+e
(2.105)
In view of (2.95), (2.96) and properties of Bochner’s integral we have that Vk >

1

I35 = (Bottrp , v(T) —v(t + &) — vy (T) + vy, (t + 8))y — 0, k - 4o00.

(2.106)
T
xl = | [ (Bov(s)./) =i, s
+e :
+||B0||$(V;V*)||Vnk — v||c([r,T];V) -2C - (T — 7T — 8)5 — 0, k — +o0.
(2.107)

Thus, if we pass in (2.103) to the upper limit as k — +o00, in view of (2.104)—
(2.107), we obtain (2.102).
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Further, due to (2.93), (2.101), (2.102) and pseudomonotony of @7 .7 on
W, 4.1 we obtain (2.100).

Step 3. From (2.99), an arbitrariness of ¢ € {g;};>1, the relation (2.100) and
definition of <7 7 (') we obtain that (u, u")" € D, 7 ((u,,u)").

Step4. From (2.96) it directly follows (2.92).

Step 5.  Let us check (2.91) using the method by contradiction. We suggest that
Je > 0,3L > 0, El{”kj}jzl C {u,,k}kzl :

¥i 2 max @) = Ol = g, 0) ()l = L.

Without loss of the generality we can guess that t; — #o € [¢,T], j — +4o0.
Therefore, in view of continuity of u’ : [t, T] — H,

im lu (7;) —u'(to) | = L. (2.108)

J—>+oo
On the other hand we show that

u;(/, () — u'(ty) in H, j — +o0. (2.109)

Step 5.1.  Firstly we prove that
ufcj (tj) = u'(t9) weakly in H, j — +o0. (2.110)
For a fixed h € V from (2.96) it follows that the sequence of real functions
(u,, (-),h) : [r, T] — R is uniformly bounded and equipotentionally continuous
one. Taking into account (2.96) and density of the embedding V' C H we obtain
that u,, (t) — u'(t) weakly in H uniformly on [z, T], k — +o0, whence it

follows (2.110).
Step 5.2.  Let us prove that

EE / /
T, ) < o) @.111)
Note that in view of (2.93) and Condition (A4,) we obtain that

Vj = forae € (2 T) 5Ol 01 + 2(Botcs, v, (0}
+||vk, O
.

2
(””k (t)||H + [, ON2) < B+ ||f|(|x £ _
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Similarly,

d _
forae. t € (r,T) E(”M/(Z)”%{ + 2(Bour,v(t))y + [v®)I[}) < B.

Thus, real functions {J; : [t,7] — R|j > 0},
Jit) = ||’4;;/. O + v, O + 2(Bottes; . vi; () — Bt. (2.112)

Jo@) = [l O + VO + 2(Bous, v(0))y — Bt, t € [t T],  (2.113)

are steadily nonincreasing, continuous and in view of (2.96),
forae. t € (r,T) J;(t) = Jo(t), j — +o0. (2.114)
Let us fix an arbitrary ¢; > 0. From (2.114) and continuity of Jj it follows that
3t € (v.t0) : Jj(1) = Jo(t), j — 400 and |Jo(1) — Jo(to)| < &1.

Then for rather big j > 1 Jj (lj) — Jo(ty) < JJ(ZT) — Jo(f) + |J()(l-) — Jo(t)| <
|J;(t) — Jo(t)| + 1. From the arbitrariness of &; > 0 we have E_{l Ji(tj) <
J—>T00

Jo(ty). Hence, taking into account (2.96), we obtain (2.111).
Step 5.3.  Equation (2.109) directly follows from (2.110), (2.111) and [16].
Step 5.4.  For the completeness of the proof of (2.91) note that (2.109) contradicts
with (2.108). Therefore, the validity of (2.91) is checked.
Step 6. Supplementary we suggest that
(U (D), ()" — (up, )" in E, k — +o0. (2.115)
Step 6.1. From (2.115) and (2.96) it directly follows that
uy, > uin C([t, T, V), k — +o0. (2.116)
Step 6.2.  For the completeness of this proof it remains to check that

u,, —u' in C([z,T]; H). (2.117)

Let us check (2.117) using the method by contradiction. We suggest that 3L; >
0, Hug; }j>1 C {utn Ja=1

Viz 1w, —dleqrsm = lug, (t;) —u'(t)lln = L. (2.118)

Repeating upper considered suggestions from Step 5 of the proof, taking into
account (2.91), without loss of the generality, we can guess that
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1 — T, u;/_(tj) — /(1) weakly in H, j — +00;

lim g, )~/ @ln = L (2.119)

Jj—>+o0

Let us consider a sequence of steadily non-decreasing continuous functions

{Jj}j>o0. defined in (2.112), (2.113). Since Vj > 1 J;(t;) — Jo(r) < J;(z) —

Jo(7), then in view of (2.96) we obtain that @ Ji(t;) < Jo(r) and,
J—>T00

therefore, @ ||u§(/_(tj)|| u < ||/ (z)||n. The last inequality together with
j—>+o0

(2.119) contradicts with (2.118). The theorem is proved.

2.6 Auxiliary Properties of Solutions for the Second Order
Evolution Inclusions and Hemivariational Inequalities
for Piezoelectric Fields

Now we consider a mathematical model which describes the contact between
a piezoelectric body and a foundation (see Example 2). For evolution triple
(V; H; V™), linear operators R : H — H, G : V — V™ and locally Lipschitz
functional J/ : H — R we consider a problem of investigation of dynamics
for all weak solutions defined for ¢ > 0 of non-linear second order autonomous
differential-operator inclusion:

W'(t) + Ru'(t) + Gu(t) + 0J(u(t)) 30 ae. t>0. (2.120)

We need the following hypotheses:.

H(R) R: H — H is alinear symmetric such that 3y > 0 : (Rv,v)y = y||v||%{
Vve H;

H(G) G : V — V*is linear, symmetric and 3cg > 0 : (Gv,v)y > cg|v|%
YveV;

H(J) J : H — Ris a function such that

(i) J(-) is locally Lipschitz and regular [12], i.e.

e For any x,v € H, the usual one-sided directional derivative J'(x;v) =
lim LEFW=I) ayists
t\O0 ! ’
e Forallx,ve H,J (x;v)=J°(x;v), where J°(x;v)= E\ M,
y—=>x,1\0
(i) Je; > 0: [0J W)+ < i (1 + |vllw) Vv e H;
(iii) Jcp > 0:

[DJ (), V- > =A|v% —c2 VveH,
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where 0J(v) = {p € H|(p,w)y < J°(v;w) Yw € H} denotes the Clarke
subdifferential of J(-) at a point v € H (see [12] for details), A € (0,1,),
A > 0:cg|vlln = MG Vv e Vs

(Ho) V is a Hilbert space.

The phase space for Problem (2.120) we define Hilbert space £ =V x H.
Let—oo <7 < T < +o00.

Definition 2.1. The function (u(:), #'(-))T € Loo(t, T; E) is called a weak solution
for (2.120) on (z,T), if there exists d € L,(t,T; H), d(t) € dJ(u(t)) for a.e.
t € (r,T),suchthat Viy € V,Vn e C°(z, T)

T

T
_ / WO ) ()di+ / [ (0) W) + W) W)+ (d(0) ) ] n(0)di = 0,

T

We consider a class of functions WTT = C([t, T]; E). Further y, ¢y, ¢2, A, A| we
recall parameters of Problem (2.120). The main purpose of this work is to investigate
the long-time behavior (as ¢t — +00) of all weak solutions for the problem (2.120).

To simplify our conclusions from Conditions H(G), H(R) we suppose that

w.v)y = (Gu,v)y, IV} = (Gu.v)y, cg =1, yw.v)g = (Ru,v)u. ylvIy

= (Rv,v)y Yu,ve V. (2.121)

Lebourgues mean value theorem [12, Chap. 2] provides the existence of constants
c3,c4 > 0and u € (0,4):

@ = e+ ). Jw = Sl —er VueH.  @122)

Lemma 2.16. Let J : H — R be a locally Lipschitz and regular functional, y €
CY([t,T); H). Then fora.e.t € (t,T) EI%(J o)) = (p,y'(t)) Vp € dJ(y(2)).
Moreover; %(J oy)() e Li(r,T).

Proof. Since y € C'([tr,T]; H) then y is strictly differentiable at the point #, for
any ty € (r,T). Hence, taking into account the regularity of J and [12, Theorem
2.3.10], we obtain that the functional J o y is regular one at ty € (z,T) and d(J o
¥)(to) = {(p,y'(t0))| p € 3J(y(ty))}. On the other hand, since y € C([z,T]; H),
J : H — Riis locally Lipschitz then J o y : [t, T] — R is globally Lipschitz and

therefore it is absolutely continuous. Hence for a.e. t € (7, 7T) 3%, %

€ Lifr.T)and [ &(J o DEE = (J 03)(t) — (J oy)(s) Ve <5 <t <T. Atthat

taking into account the regularity of J oy, note that (Joy)°(ty,v) = (Joy) (to,v) =

W -v forae. tp € (tr,T), Vv € R. This implies that for a.e. 1y € (7, 7T)

A(J 0 y)(ty) = {W}
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A weak solution of the problem (2.120) with initial data
u(r) =a, u()=>b (2.123)

on the interval [z, T'] exists foranya € V,b € H.It follows from [23, Theorem 1.4].
Thus, the next lemma holds true (see [33, Lemma 4.1, p. 78] and [33, Lemma 3.1,

p. 711).

Lemma 2.17. Foranyt < T,a € V, b € H the Cauchy problem (2.120), (2.123)
has a weak solution (y,y")T € Loo(t, T; E). Moreover, each weak solution (y, y')"
of the Cauchy problem (2.120), (2.123) on the interval [t, T] belongs to the space
C([t, TLE)and y" € Ly(z, T; V™).

Let us consider the next denotations: V¢, =(a,b)’ € E we consider
Der(pr) = { (), ' ()T | (u,u')7 is a weak solution of (2.120) on [z, T], u(t) =
a,u'(t) = b }. From Lemma 2.17 it follows that 7, r(¢,) C C([t,T]; E) = WT.
Let us complete the given subsection by checking that translation and concatenation
of weak solutions is a weak solution too.

Lemma2.18. If t < T, ¢, € E, () € D.1(p:), then ¥ () = ¢(- + 5) €
.@T—s,T—S((pf) Vs. If‘L’ <t <T, ¢ € E, 90() (S] .@t,t((pt) and Ir//() (S .@t,T((p‘L')y

~{(s), s €[n.1],
then 6(s) = W(s), s €t.T]

Proof. The proof is trivial.
Let ¢ = (a,b)” € E and

belongs to D (¢:).

1
V(p) = Ellfpllé + J(a). (2.124)

Lemma2.19. Lett < T, ¢, € E, 9(-) = (), V' ()T € Dor(¢.). Then ¥ o
¢ : [t,T] — R is absolutely continuous and for a.e. t € (t,T) %"//((p(t)) =
Iy Ol

Proof. Let —o0 < 7 < T < 400, ¢(-) = (¥(-),¥'(-))T € W be an arbitrary
weak solution of (2.120) on (7, 7). As 0J(y(-)) C La(zr,T; H) then from [33,
Lemma 4.1, p. 78] and [33, Lemma 3.1, p. 71] we get that the function t —
y" (O3 + |ly(2)]|3 is absolutely continuous and for a.e. 7 € (z,T)

| =

[y O + 1y®15] = 0" @)+ Gy@). y' ) u = —yIly Ol

—(d(®).y' (t)u- (2.125)

N =
QU

t

where d(t) € 0J(y(t)) forae.t € (t,T) and d(-) € L,(t,T; H). As y(-) €
C'([t,T); H) and J : H — R is regular and locally Lipschitz, due to Lemma 2.16
we obtain that fora.e. t € (7, T) EI%(J o y)(t). Moreover, %(J oy)() e Li(t,T)
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and for a.e. t € (7,T), Vp € 0J(¥(t)) %(J oy)() = (p,y'(t)) . In particular,
forae.t € (¢, 7T) %(J o y)(t) = (d(t), y'(t))g. Taking into account (2.125) we
finally obtain the necessary statement.

The lemma is proved.

Lemma 2.20. Let T > 0. Then any weak solution of Problem (2.120) on [0, T] can
be extended to a global one defined on [0, +00).

Proof. The statement of this lemma follows from Lemmas 2.17-2.19, Conditions
(2.121), (2.122) and from the next estimates: Vt < T, Vo, € E, Yo(-) =

OO € Turlp), Vi € [6.T] 265 + (14 2) Iy @I + 1Y @I,
27 (p(0) 2 2/ (9(0) = YOI + Iy O +276:0) = (1= £) Iy O} +

1y" O = 2¢a.
The lemma is proved.

A%

For an arbitrary ¢y € E let Z(¢o) be the set of all weak solutions (defined on
[0, 400)) of problem (2.120) with initial data ¢(0) = ¢o. We remark that from the
proof of Lemma 2.20 we obtain the next corollary.

Corollary 2.2. Forany ¢y € E and ¢ € 2(¢o) the next inequality is fulfilled:

AL+ 2c;

2(c3 + ey
Al— [

Vvt > 0. (2.126)
A=

le@II% < lp(0) I +
From Corollary 2.2 and Conditions H(R), H(G), H(J), (Hp) in a standard way
we obtain such proposition.

Theorem 2.5. Let © < T, {¢u(-)}n>1 C W[ be an arbitrary sequence of weak
solutions of (2.120) on [z, T] such that ¢,(t) — @, weakly in E, n — 400, and
let {ty}n>1 C [t,T] be a sequence such that t, — to, n — —o00. Then there exist
© € D, 1(@;) such that up to a subsequence ¢, (t,) — ¢(to) weakly in E, n — +o0.

Proof. We prove this theorem in several steps.
Step 1. Let 7 < T, {@u() = (un(-), 1, (-))}n>1 C W] be an arbitrary sequence of
weak solutions of (2.120) on [z, T'] and {#,, },>1 C [z, T]:
on(t) > @, weakly in E, t, > ty, n — +oo. (2.127)

In virtue of Corollary 2.2 we have that {¢, () },>1 is bounded on W C
Loo (7, T; E). Therefore up to a subsequence {@n, ()}k>1 C {@n()}n>1 We
have:
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u,, — u weakly starin Lo (7, T;V),

”:u — u’ weakly star in Loo(7,T; H),

u,’{k — u” weakly starin Loo(z,T; V™),
dy, — d weakly starin Loo(7,T; H),

Uy, = uin Lo(t,T; H), (2.128)
Uy, (t) = u(t) in H forae.t € [t,T],

u, (1) — u'(¢) in V* forae. t € (¢, T),

R”;k — Ru’ weakly in L,(z,T; H),

Gu,, — Gu weakly in Lo(t, T; V™), k — 400,

where Vn > 1d, € Ly(t,T; H),

u)(t)+ Ru (1) +d, (1) +Gu,(t) = F, d,(t)€dj(u, (1)) forae. t € (z,T).
(2.129)

Step 2. As dj is demiclosed is a standard way we get that d(-) € 9j(u(-)), ¢ =
(w,u') € D 1(pr) C WTT.

Step 3. For a fixed h € V from (2.128) it follows that the sequence of real
functions (u, (-), ), (uy,, (-),h) : [t,T] — R is uniformly bounded and
equipotentionally continuous one. Taking into account (2.128), (2.126) and
density of the embedding V' C H we obtain that u;, () — u'(ty) weakly
in H and u,, (,,) — u(ty) weakly in V, k — +o00, whence it follows that
the first part of this theorem is fulfilled.

The theorem is proved.

Theorem 2.6. Let © < T, {@y(-)}n>1 C W be an arbitrary sequence of weak
solutions of (2.120) on [t, T] such that ¢,(t) — @, strongly in E, n — +00, then
up to a subsequence ¢, (-) — ¢(-) in C([t,T]; E), n — +o0.

Proof. Lett < T, {gu(-) = (un(-),u,(-))" },>1 C W] be an arbitrary sequence of
weak solutions of (2.120) on [z, 7] and {t,},>1 C [t, T]:
¢n(t) = @, strongly in E, n — +o0. (2.130)

From Theorem 2.5 we have that there exist ¢ € Z;r(¢.) such that up to a
subsequence {@,, () k=1 C {@u()}n=1, @ () = @(-) weakly in E uniformly on
[z, T], k = +o0. Let us prove that

On, = @in W,k — +oo. (2.131)

By contradiction suppose the existence of L > 0 and subsequence {¢,};>1 C
{@n }k=1 such that Vj = 1 max low; (1) — el = llox,; (1;) —e)lle = L.

Without loss of generality we suggest thatt; — #, € [r,T], j — +oo. Therefore,
by virtue of the continuity of ¢ : [z, T] — E, we have

lim gk, (;) — @(to)|E = L. (2.132)

j—=>+oo
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On the other hand we prove that
@k, (tj) = ¢(to) in E, j — +o00. (2.133)
Firstly we remark that
@k; (1;) = @(to) weakly in E, j — +00 (2.134)
(see Theorem 2.5 for details). Secondly let us prove that

dim ex, @)E < o)l e (2.135)
j—+oo

Since J is sequentially weakly continuous, ¥ is sequentially weakly lower
semicontinuous on £. Hence, we obtain

lj

fo
Vo) = tim V@), [IWOIds < tin [ g 6l

Jj—>+oo j—=>+oo
T

(2.136)
and hence

) 1
Vo) +y [ WOlds = tim (7@ -+ [ g, 6)lds
T ]_>+00 T

(2.137)

Since by the energy equation both sides of (2.137) equal ¥ (¢(7)) (see Lemma 2.19),

it follows from (2.136) that ¥ (g, (¢;)) — ¥ (¢(to)), j — —+oo and (2.135).

Convergence (2.133) directly follows from (2.134), (2.135) and [16, Chap.I].

To finish the proof of the theorem we remark that (2.133) contradicts (2.132).
Therefore, (2.131) is true.
The theorem is proved.

We define the m-semiflow ¢ as ¥ (t,&) = {£(t) | £(-) € 2(&)},t = 0. Denote
the set of all nonempty (nonempty bounded) subsets of £ by P(E) (B(E)). We
remark that the multivalued map & : Ry x E — P(E) is strict m-semiflow, i.e.
(see Lemma 2.18) 4(0,-) = Id (the identity map), 4(t + s,x) = 4(t,9(s, x))
Vx € E,t,s € Ry. Further ¢ € ¢ will mean that ¢ € 2(&) for some & € E.

Definition 2.2. The m-semiflow ¢ is called asymptotically compact, if for any
sequence ¢; € ¢ with ¢;(0) bounded, and for any sequence {; — 400, the
sequence @;(f;) has a convergent subsequence.

Theorem 2.7. The m-semiflow & is asymptotically compact.

Proof. Let§&, € Y(t,,vy), va € B € B(E),n > 1,t, — +00,n — +o00. Let us
check the precompactness of {&,},>1 in E. In order to do that without loss of the
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generality it is sufficiently to extract a convergent in E subsequence from {£,},>.
From Corollary 2.2 we obtain that there exist such {&,, },>1 and £ € E that§,, — &
weakly in E, ||&,, ||r = a = ||€]|g, Kk = +o0. Show that a < ||§||g. Let us fix an
arbitrary 7 > 0. Then for rather big k > 1 9 (¢,,,,vn,) C 9(To. 9 (ty, — To,vn,))-

Hence &,, € 9(Tv, By, ), where B, € G (ty, — To, vy, ) and sup || By, || < +00 (see
k=1

Corollary 2.2). From Theorem 2.5 for some {&, B, } j>1 C {g,,k, B Sk=1, By € E
we obtain:

S € g(T(),,BTO), ,Bkj — IBT() weakly in E, j — +oo. (2.138)

From the definition of ¢ we set: Vj > 1 &, = (y; (To),y; (To)7, Bk;

070, 350N, & = (o(To). y(To)”. Bry, = (30(0). y;(0)", where ¢; =
37 ¥ € CUO. Tl E). !/ € La(0. Ty V). d; € Loo(0. To: H),

VIO +RY; (1) +Gy (1) +d; (1) =0, d;(t) €3J(y; (1)) forae. 1€ (0.Tp).

Let for each 7 € [0, To] 1(¢; (1) := 5llo; % + J(; () + 50} @), y,; ().
Then, in virtue of Lemma 2.16, [33, Lemma 4.1,p. 78] and [33, Lemma 3.1,p. 71],
MG — _y1(p;(t)) + y#(p; (1)), for ace. 1 € (0, Ty), where H(¢; (1)) =
T () = 3(d; (1), y; (1)) )

From (2.126), (2.138) we have 3R > 0 : Vj > 0 V¢ € [0, To] ||y}(t)||%, +

ly;(®)]|? < R?. Moreover,

yj — yo weakly in L,(0, To; V), y} — y{ weakly in L,(0, To; H),

yj = yoin L2(0, To; H), d; — d weakly in L,(0, To; H),

y}’ — yo weakly in L,(0, To; V*), YVt € [0, Ty]  y;(t) = yo(t) in H, j — +o0.
(2.139)

t
Forany j > Oand? € [0, To) I(¢; (1)) = 1(¢;(0)e '+ [ (¢, (s))e " "ds, in
0

To
particular I(¢;(Ty)) = 1(¢;(0)e "o+ [ 7 (¢;(s))e ? 707 ds. From (2.139) and
0
To To
Lemma 2.16 we have [ (¢, (s))e " 0™ds — [ A (po(s))e " 0ds, j —
0 0
J— _ To
+00. Therefore, lim 1(p;(To))< Lim 1(p;(0))e™"To+ [ #(po(s))e " To=)
J—>+oo J—>+o0 0

ds = T+ | T 1,00 = 1) | e < Tt + 7™,

where Qfloes not depend on 7y > 0. On the other hand, from (2.139) we
have jgffoo I(p;(To)) > %jgffoo lo; (TolE+ J(o(To)) + % (v(To). yo(To)).

Therefore we obtain: 1a < 1|[§]|% + ce ™™ ¥Ty > 0. Thus, a < ||§|¢.
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The Theorem is proved.

Let us consider the family JZ, = U, .cgZ(yo) of all weak solutions of the
inclusion (2.120), defined on [0, +00). Note that JZ, is translation invariant one,
ie. Yu(:) € 4, Vh = 0 uy(-) € 4, where up(s) = u(h +s), s > 0. On #4 we
set the translation semigroup {T (h)}n>0, T (W)u(-) = up(-), h > 0,u € . In view
of the translation invariance of .#5 we conclude that T'(h). 2, C #4 as h > 0.

On %, we consider a topology induced from the Fréchet space C'“(Ry: E).
Note that

fu()=>f()in C“Ry; E) <= VM > 01Ty f,(-) — My f(-) in C([0, M]; E),

where [Ty is the restriction operator to the interval [0, M] [37, p. 179]. We denote
the restriction operator to [0, +-00) by 1.

Let us consider the autonomous inclusion (2.120) on the entire time axis.
Similarly to the space C'°(Ry: E) the space C'°(R; E) is endowed with the
topology of local uniform convergence on each interval [-M, M] C R (cf. [37,
p. 180]). A function u € C'*“(R; E) N Lo (R; E) is said to be a complete trajectory
of the inclusion (2.120), if Vi € R ITyuy(-) € 4 [37, p. 180]. Let JZ be a family
of all complete trajectories of the inclusion (2.120). Note that Vi € R, Yu(-) € &
up(-) € . We say that the complete trajectory ¢ € ¢ is stationary if ¢(t) = z for
all # € R for some z € E. Following [4, p.486] we denote the set of rest points of ¢
by Z(%). We remark that Z(4) = {(0,u) |u € V, G(u) + 3J(u) 3 0}.

From Conditions H(G) and H(J) it follows that

Lemma 2.21. The set Z(¥) is bounded in E.

From Lemma 2.19 the existence of Lyapunov function (see [4, p. 486]) for ¢ is
follows.

Lemma 2.22. A functional ¥V : E — R, defined by (2.124), is a Lyapunov function
for¥.

2.7 Asymptotic Behavior of the Second-Order Evolution
Inclusions

Here, we consider at first long-time behavior for state functions of viscoelastic fields
that can be described with the second-order evolution inclusion. We can obtain the
similar results for piezoelectric fields, analyzing the respective proofs. Therefore, we
have a chain of results for global and trajectory attractors, presented in this section.

At first, we remark that the existence of the global attractor for Second-
Order Evolution Inclusions and Hemivariational Inequalities considered in Sect. 2.6
(piezoelectric fields) directly follows from Lemmas 2.17, 2.18, 2.21, and 2.22;
Theorems 2.5-2.7; and [5, Theorem 2.7].
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Theorem 2.8. The m-semiflow &4 has the invariant compact in the phase space E
global attractor <. For each W € &, the limit sets

a(y) ={ze E| Y (t;) — z for some sequence t; — —oo},

oY) ={z € E| ¥ (t;) — z for some sequence t; — +00}

are connected subsets of Z(G) on which V is constant. If Z(G) is totally
disconnected (in particular, if Z(G) is countable), the limits

= lim ¥(@), z4 = lm ()
t—>—00 t—>+00

exist and 7—, 74+ are rest points; furthermore, ¢(t) tends to a rest point ast — 400
forevery ¢ € .

2.7.1 Existence of the Global Attractor

First, we consider constructions presented in [4,24]. Denote the set of all nonempty
(nonempty bounded) subsets of E by P(E) (B(E)). We recall that the multivalued
map G : R x E — P(E) is said to be a m-semiflow if:

(a) G(0,-) = Id (the identity map).

(b) G(t +s,x) C G(t,G(s,x)) Vx € E,t,s € Ry,
m-semiflow is a strict one if G(t + 5, x) = G(t,G(s,x)) Vx € E,t,s € Ry.

From Lemmas 2.13 and 2.15, it follows that any weak solution can be extended to
a global one defined on [0, +00). For an arbitrary & = (a,b)” € E, let 2(&)
consists of pairs of functions (u(-), #(-))7, defined on [0, +-00), where (u(-), u/(-))”
is a weak solution (defined on [0, +00)) of the problem (2.78) with initial data
u(0) = a, u'(0) = b.

We define the semiflow G as G(t,&) = {£(t) | () € Z(&)}-
Lemma 2.23. G is the strict m-semiflow.
Proof. Let £ € G(t + s,&). Then &€ = (¢t + s), where ¥ (-) € Z(&). From
Lemma 2.14, it follows that ¢(-) = ¥ (s + ) € Z(¥(s)). Hence, £ = ¢(t) €
G(1.y(s)) C G(,G(s, &)

Vice versa, if § € G(t, G(s,&)), then Iy (-) € D(&), ¢(-) € D(V(s)): & = ().
Define the map

(@), fe[0.s],
9L —5). L€ [s.t +5].

From Lemma 2.14, it follows that ¢ (-) € Z(&). Hence, &£ = ¢ (¢ +5) € G(t +5, &)).

P() =

We recall that the set .o is said to be a global attractor G, if
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1. o is negatively semiinvariant (i.e., & C G(¢, /) Vt > 0).
2. o/ is attracting set, that is,

dist(G(t, B), /) —> 0, t — +oo VB € B(E), (2.140)

where dist(C, D) = sup dinlf) llc —d| g is the Hausdorff semidistance.
cec d&
3. For any closed set Y C H, satisfying (2.140), we have ./ C Y (minimality).
The global attractor is said to be invariant, if o = G(t, </) Vt > 0.
Note that from the definition of the global attractor, it follows that it is unique.
We prove the existence of the invariant compact global attractor.

Theorem 2.9. The m-semiflow G has the invariant compact in the phase space E
global attractor o7 .

Proof. From Lemma 2.15, it follows that IR, &,,3 >0:

_ 5 2
V& € E. YE() € D(50). Y1 =0 [EONF < BlEolFe™ + R? (2.141)

Thus, the ball By = {u € E | ||u||g < R} is the absorbing set, that is, VB € B(E)
AT (B) > 0: YVt > T(B) G(¢t,B) C By. In particular, from (2.141), it follows
that the set U;>0G(¢, B) is bounded one in £ VB € B(E). Note also that from
Theorem 2.4, it follows that the map G(¢,) : E — B(E) takes compact values.

The upper semicontinuity of the map uy — G(¢,up) (cf. [2, Definition 1.4.1,
p. 38]) follows from that fact that the given map is compact-valued one and
Theorem 2.4 (cf. [18]). In order to do that, it is sufficient to show [3, p. 45] that
VE € E, Ve > 035(.6) > 0: VE € By(k) G(t.E) C B.(G(t, k) =
{z € E | dist(z,G(t,&)) < e}. If it is not true, then there exist & € E,
e > 0, {8u}u>=1 C (0,400), {£:}u>1 C E such that Vn > 1§, € Bs, (&),
G(t,&) ¢ B.(G(t,&)) and 6, — 0, n — +4o00. Then Vn > 1 3¢,(-) € 2(&,):
L. (1) ¢ B:(G(t,&)). Since &, — & in E, n — 400, then from Theorem 2.4, it
follows that &, (1) — ¢(t) € G(t,&) in E, n — +o0, for some ¢(-) € 2(&). We
obtain a contradiction with Vn > 1 ||,(t) — {(¢)| g > &.

Now, we check the upper asymptotic semicompactness of the m-semiflow G. Let
& € G(ty,v,), vy, € B € B(E),n > 1,t, > +00,n — +o00. Let us check the
precompactness of {£,},>1 in E. In order to do that without loss of the generality, it
is sufficiently to extract a convergent in £ subsequence from {&,},>1.

From Lemma 2.15 and Theorem 2.4, we obtain that there exist such {&,, }x> and
& € E that

&, > Eweaklyin E, ||&,|lg > a > |[§|lg. k — +oo. (2.142)

Show that
a < |[§]&. (2.143)
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Let us fix an arbitrary Ty > /A1, where A; > 0 is the constant from (2.86). Then
for rather big k > 1 G(t,,,vn,) C G(To, G(tn, — To.vn,)) C G(Tp, By). Hence,
€. € G(To, Buy ), where B, € G(ty, — To,vn,) and ||Bx; || < R Vj > 1. From
Lemma 2.15, Theorem 2.4, and (2.142) for some {&,, Bi;}j=1 C {&nps By k=1
Br, € E, we obtain: Vj > 1

£ € G(To, Bry).  PBr;, — Br, weaklyin E,  j — +o0. (2.144)

From the definition of G, we obtain that V; > 1

b = (y{‘(To))’ e, = (y{(O))’ ‘ (J’(/)(To))’ By = (y(/)m))’
y;j(To) y;(0) ¥o(To) ¥0(0)
where y; € C([0, To]; V): y} € Wo.r, and
Vi +d;+ Bory; =0, d; € Aor,(y;) = forys J =0 (2.145)
Let us fix an arbitrary ¢ € (0, \/)k_l). From (2.141), we have:
Vj =0, Vi el0.To] [y, + Iy Ol < R*(B+1/2) = R, (2.146)
From the proof of Theorem 2.4, we obtain that

3C >0 Nyilxor + 1l +1dillx;, <€ Vi=0;

yj = ¥oin C([e, Tol; H),

yj = yo weakly in Wo z,.,

¥ = yhin Ly (0. To: H), (2.147)
dj — do weakly in X7, ,

vi = voin C([0, To]; V), Jj — +oo,

Vj =0, Vrel0.To] v;@t)=y;{)—y;(0).

Let us consider the next denotations:

1 .
Vi) = 5 [y O + 17501 |+ 05 0. y,0). 1 €0.Tl. j = 0.
Then Vj > 0 and for a.e. t € (0, Tpy)

dY;(t)

12 = 22,0 4 26150y — (0. 3 0)v = ld; (0.3, )

+26(y (1), y; (1))
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Hence,
d et / 2 2e¢t / 2¢et
o [Y)(0)e*' ] = 2¢]| ¥} (Ol e*" —(d; (1), ¥ (O)ve
—e(d;(1), y; (1)) ye*
+262(y (1), y; (1))
Thus,Vj >0
To
Y;(To) = Y;(0)e T 4 28/ (R3] (0)|13, e~ T gy
0
To
_/(dj(f)sy;(f))ve_zg(r‘)_t)dl
0
Ty
—€ / (dj(0).y;(1))ye T dy (2.148)
0

Ty
+2¢? / Vi), yj(0))e >0 dy,
0

From (2.147), forevery j > 1 and for a.e. ¢ € (0, Tj), we obtain:
Ty Ty

26 / 1 O e T 0dr — 26 [ IO e @ 0ds,  j — +oo.
0 0

(2.149)
In view of (2.145),Vj > 0 and a.e. t € (0, Tp)

1d
(5.3, O = =32 [1v O + 1} O]
1d
= —5 7 [0 O +2(Boy; ).y, )y + 175015 ].

Taking into account (2.147), we have:

Ty

Ty
Jim [ (@055 0war = [0l

&



2.7 Asymptotic Behavior of the Second-Order Evolution Inclusions 91

Further, following [20, pp. 7-10], from Sect. 2.2 and (2.147), we obtain that

To
lim / 1(d;(0). ¥ (6) = y()wlde =0,
Jj—=>+oo
and due to (2.147),
To Ty
/ (d; (1), ¥, (O)ve T dr — [ (do(0). Yo ))yve X 0d1, j > too.

(2.150)
From Condition (A;) and (2.146), we obtain:

&
Vj>0 /(dj(t),y}(t))ve_ZE(TO_t)dt <c(l + R)Re™2T0=9¢  (2.151)
0

From Condition (A3), we have that
Vji=03g € L0, T: Z*) = d;() = A1y () + 2, ().

Taking into account Condition (A3), (2.149), and [41,42], we obtain that y; — yo
in L,(0, To; Z), z; — 20 weakly in L»(0, To; Z*), j — +o00. Therefore,

Ty Ty

/(Zj(t)v yj@))ze_zg(n)_t)dt - /(ZO(Z)s yO(t»Ze_zg(TO_t)dts ./ — +00,
0 0
To Ty d
—/(Aly;-(f),J’j(f))ve_zg(To_t)df = —/e_ZS(TO_I)E(Al)’j(I),Yj(f))vdt
0 0
= —(41;(T0), y; (To))v + (A417;(0), y;(0)) e T
To
426 [ (1,05, Ohve s
0

< Aty (R*e™ T + R?).
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Thus,

To
T (2 [ ()00, Ohve s

Jj—>+o0
0
Ty

—8/(610(0,J/O(f))ve_zg(n’_t)dt + | A1 Ly (RPe ™10 + 2 R?)e.

0
(2.152)
In virtue of (2.90) and (2.146),
0
22| [ 000> ar| < ke, 2.153)
1
0

Finally, from (2.90) and (2.148)—(2.152), we obtain:

_— g
im Y (Ty) < R*(1+ _) e~ 2¢To

j oo i(To) = ( N

+ Yo(To)+ || At | vy (R*e T + 2R?)e

- - & -
+ 2¢(1 4+ R)Re 209 4 —_R2,
VAL

Thus, Ve € (0, VA1), YTy > VA,

1= ) =R (1+ =)+ 3 ||s|| |+ —
? VA VA VI
+ | AillLvsve (R*e™*T0 + 2R%)e

+ 2¢(1 + R)Re 079 g 4 R?.

1

Rushing Ty — +o0 in the last inequality, we obtain: Ve € (0, v/A1)

& - 2¢ -
1 ——— +4)4 o R + ——=R* (2154
( ﬂ_) _||s||E( m) s SCALY

Passing to the limit (as ¢ — 0+4) in the inequality (2.154), we obtain (2.143). From
(2.142) to (2.143), it follows that §,, — §in E, k — +o0.

Thus, the existence of the global attractor with required properties directly
follows from results from Chap. 1.
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2.7.2 Existence of the Trajectory Attractor

Let us consider the family 7 = U, c£ Z()0) of all weak solutions of the inclusion
(2.78), defined on [0, +00). Note that £ is translation invariant one, that is,
Yu() € #y,Yh > 0u,(-) € A4, where up(s) = u(h + s), s > 0. On %, we set
the translation semigroup {T (h)}n>0, T (W)u(-) = up(-), h > 0, u € 4. In view of
the translation invariance of 2, , we conclude that T'(h). %, C 4 ash > 0.

We shall construct the attractor of the translation semigroup {7 (/) } >0, acting on
Hy.On 4, we consider a topology induced from the Fréchet space C'“ (R4 : E).
Note that

Fi(O)=fO)in C“(Ry: E) <= YM > 01Ty f,,(-) — Iy f(-) in C([0, M]; E),

where IT); is the restriction operator to the interval [0, M| [37, p. 179]. We denote
the restriction operator to [0, +00) by 1+ .

We recall that the set 2 C C'°°(R4; E)N Loo(Ry; E) is said to be an attracting
one for the trajectory space %, of the inclusion (8) in the topology of C'*“(R4: E),
if for any bounded (in Lo (R4; E)) set # C 4 and an arbitrary number M > 0,
the next relation

diStC([O’M];E)(HM T(t)%, Iy 9) -0, —> 4o (2.155)

holds true.
Aset % C ¥ issaid to be trajectory attractor in the trajectory space %4 with
respect to the topology of C/¢(Ry; E) (cf. [37, Definition 1.2, p. 179)), if:

(i) % is a compact set in C'°°(R4; E) and bounded one in Lo (R4 ; E).
(ii) 7 is strictly invariant with respect to {7 (h) }s>0, thatis, T(h)% = % Yh > 0.
(ili) % is an attracting set in the trajectory space %, in the topology C'“(Ry: E).

Note that from the definition of the trajectory attractor, it follows that it is unique.

Let us consider the inclusion (8) on the entire time axis. Similarly to the space
C'¢(R4; E), the space C'*°(R; E) is endowed with the topology of local uniform
convergence on each interval [-M, M] C R (cf. [37, p. 180]). A function u €
C'“(R; E) N Loo(R; E) is said to be a complete trajectory of the inclusion (8), if
Vh € R ITiuy(-) € #4 [37, p. 180]. Let % be a family of all complete trajectories
of the inclusion (8). Note that

Vh eR, Yu() e # u(-) e x. (2.156)

The existence of the trajectory attractor and its structure properties follow from
such theorem.

Theorem 2.10. Let o7 be a global attractor from Theorem 2.9. Then there exists
the trajectory attractor & C Jy in the space K. At that, the next formula takes
place

P =T, 4 =M. {ye#|yt) e ViRl (2.157)



94 2 Auxiliary Properties of Evolution Inclusions Solutions for Earth Data Processing

Proof. The proof repeats the proof of corresponding statement from work [18] and,
it is based on results of Theorems 2.4, 2.9.
First, we prove some auxiliary lemmas.

Lemma 2.24. The set ¥ is nonempty, compact in C'°°(R; E), and bounded one
in Loo(R; E). Moreover,

VE()e A, VteR &) ed, (2.158)
where <f is the global attractor from Theorem 2.9.
Proof.

Step 1. Let us show that Z° # . Note that in view of conditions (By), (B,),
(H,), it follows that 3v € V: By(v) = fo. We set u(t) = v V¢t € R. Then
w, T e H £ 0.

Step 2. Letus prove (2.158). Forany y € % 3d > 0: ||y (?)||r < d VYVt € R. We
set B = U,er{y(t)} € B(E). Note that Vt € R, Vt € Ry y(1) = y.—(t) €
G(t,y,—(0)) C G(¢t, B). From Theorem 2.9 and from (2.140), it follows that
Ve > 03T > 0: Vr € Rdist(y(7), &) < dist(G(T, B), &) < . Hence, taking
into account the compactness of .7 in E, for any u(-) € J#, t € R, it follows
that u(t) € .

Step 3. The boundedness of J# in Ly (R4; E) follows from (2.158) and the
boundedness of <7 in E.

Step 4. Let us check the compactness of % in C'¢(R; E). In order to do that, it
is sufficient to check the precompactness and completeness.

Step 4.1.  Let us check the precompactness of .#" in C/°°(R; E). If it is not true,
then in view of (2.156),3M > 0: [Ty, % is not precompact set in C ([0, M ]; E).
Hence, there exists a sequence {v,},>1 C IIy.# that has not a convergent
subsequence in C([0, M ]; E'). On the other hand, v, = [Ty u,, where u, € &,
vy (0) = u,(0) € o/, n > 1. Since &/ is compact set in E (see Theorem 2.9),
then in view of Theorem 2.4, 3{vy, }k>1 C (Vutu>1, An € E, W(:) € Dom(n):
v, (0) — nin E, v,, — vin C([0,T];E), k — 4o00. We obtained a
contradiction.

Step 4.2.  Let us check the completeness of % in C!°°(R; E). Let {v,},>1 C &,
ve CY[R;E):v, - vin C'(R; E), n — +00. From the boundedness of %~
in Loo(R; E), it follows that v € Lo (R; E). From Theorem 2.9, we have that
VM > 0 the restriction v(-) to the interval [-M, M| belongs to Z_p; ps (v(=T)).
Therefore, v(-) is the complete trajectory of the inclusion (8). Thus, v € %".

Lemma 2.25. Let <7 be a global attractor from Theorem 2.9. Then
Vyoeo/ 3FAy()ex : y(0)=yo. (2.159)

Proof. Let yy € o7, u(-) € 2(y). From (2.85) and (2.140), we obtain that V7 € R4
y(t) € &. From Theorem 2.9, it follows that G(1, &7) = 7. Therefore,

Vnew 3Jged, Igy() € Z0a(§): (1) =1.
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For any ¢ € R, we set

(Z) _ “(t)v re R+,
Y Oykin(t + k).t €[~k.—k +1), k eN.

Note that y € C’”"(R; E), y(t) € o Vt € R (hence, y € Loo(R; E)), and in view
of Lemma 2.14, y € JZ. At that, y(0) = yo.

Let us continue the proof of the theorem. From Lemma 2.24 and the continuity
of the operator [T, : C!“(R; E) — C'"“(Ry; E), it follows that the set IT.#
is nonempty, compact in C'°“(R, ; E) and bounded one in Lo (R ; E). Moreover,
the second equality in (2.157) holds true. The strict invariance of I1.¢" follows
from the autonomy of the inclusion (8).

Let us prove that 1. is the attracting set for the trajectory space %4 in the
topology of C'*“(Ry; E). Let B C _#4 be a bounded set in Loo(Ry; E), M > 0.
Letus check (2.155). If it is not true, then there exist sequences ¢, — +00,v,(-) € B
such that

Vn >1 diStC([O,T];E) (ITpvn(ty + ), HM%) > & (2.160)

On the other hand, from the boundedness of B in Ly (Ry4; E), it follows that
IR > 0: Vv(-) € B, Vit € Ry |v()|g = R. Thus, IN > 1: Vn > N v, () €
G(tn,va(0)) € G(1,G(t, —1,v,(0))) C G(1, Bg), where Bg = {u € E|||ulr <
R}. Hence, taking into account (2.140) and the asymptotic semicompactness of
m-semiflow G (see the proof of Theorem 2.9), we obtain that 3{v,, (fs,)}k>1 C
nt) =1, I3z € vy (t,,) — zin E, k — +oo. Further, Yk > 1, we set
@r(t) = vp, (to, + 1), t € [0, M]. Note that Yk > 1 @i (-) € Zo.m (Vi (¢4, ). Then
from Theorem 2.4, there exists a subsequence {¢x; }j>1 C {@k}x>1 and an element
o(-) € Zo.m(2):

o, > ¢inC(0,M]; E), j — +oo. (2.161)

At that, taking into account the invariance of </ (see Theorem 2.9), V¢ € [0, M]
@(t) € /. In consequence of Lemma 2.25, there exist y(-),v(-) € £ y(0) = z,
v(0) = ¢(M). For any ¢ € R, we set

y(t), t <0,
V() = | (1), t €0, M],
vit—M),t> M.

In view of Lemma 2.14, ¥ (-) € 2. Therefore, from (2.160), we obtain:
Yk =1 | yv (e, +°) = Duy Ollcqomiey = ek — ellcqonme) = &,

that contradicts with (2.161).
Thus, the set & constructed in (2.157) is the trajectory attractor in the trajectory
space % with respect to the topology of C'*“(Ry; E).
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2.7.3 Auxiliary Properties of the Global and Trajectory
Attractors

Let o7 be a global attractor from Theorem 2.9 and & be a trajectory attractor from
Theorem 2.10.

2/ is a compact in the space E (2.162)
2 is a compact in the space C'°(R; E) (2.163)

Moreover,
P =My =M{yeX|yt)eod vVt eR}, (2.164)

where % is the family of all complete trajectories of the inclusion (8) and Iy is
the restriction operator on R4. Note that from Lemma 2.24, it follows that 2~ # @;

¢ is a compact in the space Cloc (R; E); (2.165)
VE()e # Vit eRE®R) € (2.166)
Vyoe & Vtpe R3Ay(:) € Z : y(t) = yo. (2.167)

2.7.3.1 “Translation Compactness” of the Trajectory Attractor
Forany y € JZ, let us set
H(y) = cleioe gy +5)|s € R} C C(R;E) N Loo(R; E).

Such family is said to be a hull of function y(-) in & = C'*“(R; E).

Definition 2.3. The function y(-) € Z is said to be translation compact (tr.-c.) in
Z if the hull 27 (y) is compact in &.

Similar constructions for the set of functional parameters that are responsible for
nonautonomy of evolution equation are considered, for example, in [9, p. 917].

Definition 2.4. The family %7 € Z is said to be translation compact, if 7 (%) =
clg{y(-+ )| y(-) € %,s € R} is a compact in &.

From autonomy of system (8), applying the Arzela-Ascoli compactness criterion
(see the proof of Proposition 6.1 from [9]), we obtain the translation compactness
criterion for the family % :

(a) Theset{y(¢)|t € R, y € %} is acompactin E.
(b) There exists a positive function a(s) — 04 (s — 0+) such that

ly(t) —y()lle Sa(lti —t]) Yy € % Vi, t, e R

From the autonomy of problem (8) and (2.165), it follows that
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Corollary 2.3. 7 is translation-compact set in =.
Similarly, if we set £, = C°°(R4; E) we obtain

Corollary 2.4. & is translation-compact set in 5 .

2.7.3.2 Stability

Definition 2.5. [4, p. 487] The subset o7 C E is Lyapunov stable if for given ¢ > 0,
there exists such § > O thatif D C E with dist(D, 2/) < §, thendist(T(¢)D, «7) <
gforallt > 0.

We recall that (see [4, p.481])

T()D = {p@)] ¢() € Z(¢0), @0 € D}.
Note also that
G(t,z) =Tt){z} Vt=>0, VzeE.

From [4, p. 487], it follows that a subset .2/ is Lyapunov stable if and only if the
given {¢; ()} ;>1 is a sequence of weak solutions (defined on [0, +-00)) of problem
(8) with dist(¢; (0), &) — 0, j = 400 and ¢; > 0 we have dist(¢; (¢;), &) — 0,
Jj — +oo.

Definition 2.6. [4, p. 487] The subset .27 is uniformly asymptotically stable if .o/ is
Lyapunov stable and it is locally attracting (see [4, p. 482]).

Note that an attracting set is locally attracting one.
Corollary 2.5. o is uniformly asymptotically stable.

Proof. The proof follows from the definition of G, [4, Theorem 6.1], properties of
solutions from Lemma 2.13, Theorem 2.4, and from the autonomy of problem (8).

Similar results are true for sets & and %" in corresponding extended phase spaces.

2.7.3.3 Connectedness

Definition 2.7. [4, p. 485] M-semiflow G has Kneser’s property, if G(¢,z) is
connected foreachz € E£,t > 0.

Corollary 2.6. If G has Kneser’s property, then <f is connected.

Proof. The proof follows from [4, Corollary 4.3], Lemma 2.13, and from the
connectedness of the phase space E.

Note that the connectedness of G can be checked by different way (see, e.g.,
[34-36]). In order to do that, as a rule, it is required an auxiliary regularity of
interaction functions. In the general case, Kneser’s property for problem (8) can
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be checked using the method of proof from [36, Theorem 5], where we can consider
Yosida approximation instead the proposed approximation.

Corollary 2.7. If G has Kneser’s property, then # C C!°“(R; E) is connected
and P C C'°“(Ry: E) is connected.

Proof. The proof is follows from (2.164) to (2.167) and from Corollary 2.6.

2.7.3.4 Behavior of Solutions on the Global Attractor

We say that the complete trajectory ¢ € % is stationary if ¢(¢) = zforallz € R
forsomez € E.

Following [4, p. 486], we denote the set of rest points of G by Z(G).

Note that

Z(G) = {(z.0)| z€ By ' (f — A0(0))}.

Thus, Z(G) is a convex, nonempty, weakly compactin V' x V' set.
For investigating of trajectory behavior of solutions on the attractor .7, it is
necessary to consider similar definitions to [4, p. 486]:

Definition 2.8. A functional ¥ : & — R is a Lyapunov function for G on &/
provided

(i) ¥ is continuous.
(i) 7 (¢(t)) < ¥ (¢(s)) whenever ¢ € # andt > s > 0.
(iii) If (¢ (t)) = constant for some ¥ € % and all t € R.

Then, ¥ is stationary.
As a consequence of Theorem in the presence of a Lyapunov function, the
behavior of such complete orbits can be characterized.

Theorem 2.11. Suppose that there exists a Lyapunov function ¥ for G on </ . Then
for each W € J, the limit sets

a(y) ={ze E| Y(t;) — z for some sequence t;j — —oo},

oY) ={z€ E| y(t;) — z for some sequence t; — 400}
are connected subsets of Z(G) on which 'V is constant.

Proof. The proof follows from the proof of [4, Theorem 5.1], asymptotic compact-
ness of G and from properties of solutions of problem (8).

2.7.3.5 The Estimate of the Fractal Dimension

As a rule, the finite dimension of the global attractor demands an auxiliary
differentiability in some sense by initial data from the m-semiflow G that for one’s
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turn involves an auxiliary regularity of interaction functions (in the case of problem
(3)-(7), it involves an auxiliary regularity of functional j).

Let us show that, generally speaking, for problem (3)—(7), the fractal dimension
of the attractor </ can be equal to 4oc0. In order to show that, we consider a
particular case of problem (3)—(7). Let N = 2, 2 = (0,1) x (0,7), [ =
{Gex2)| X1 =1,x € (0,m)}, I'p = 92\ 1.

First, we consider the auxiliary problem

Ay =0in £,
y=0on Ip, (2.168)
35 € [~1.1] on I¢c.
For eachn € N, let us set
1 _
Yn(x1,%2) = —————sinh(n - x1) - sin(n - x2), (x1,x2) € £2.
n - cosh(n)

Then Ve € [-1,1] Vn € N ¢ - y,(-) is a solution of (2.168).
Note that Vn # m

Yns Ym)La2) = 0,

_ _ -2
7 l—e ™ —dpe >Ol*

4nd L4 et 420

2
V=1 yalli,e) = PER
where a* does not depend on 72 € N.
In this case, if we set

Ol_*
() = ——5 (), n>1,
ynllL,2) - n?

we obtain that the set
o0 o0
K ={y€Ly2)] y(x1.x2) = Y _oxz(x1.x2). (x1.X2) € 2, Y |eue| = 1}
k=1 k=1

consists of solutions of problem (2.168).

For N > 1, we set ey = 0‘3* , M(ey) is a minimal quantity of balls with

radius ey, by the help of which we can cover K. Then

and L
Vd >0 Tim M(ey)eh = +oo.
N—>+o00
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Therefore, the fractal dimension of the set K in the space L,(£2) as well as in the
space H'(£2) is equal to +o0.

Thus, the fractal dimension of the global attractor &7 O Z(G) D Kx K x{0}x{0}
in the space E for the m-semiflow constructed on solutions of problem (3)—(7) in
the case when N = 2,

Bo((y1.32)") = (—Ay1, —Ay),

R, I'p, I'c as in (2.168), dj(x,0) = [—1,1]? is equal to +o0c. Thus, we can see
that the dimension of the attractor in the given case sufficiently depends on the
differentiability of the functional j(x, u) for u = 0.

2.8 Applications

As applications, we can consider new classes of problems with degenerations, prob-
lems on a manifold, problems with delay, stochastic partial differential equations,
etc., [2-5,7,9-39, 41, 42] with differential operators of pseudomonotone type as
corresponding choice of the phase space. Let us consider some particular classes of
examples, when we can obtain stronger results for resolving operator.

2.8.1 Climate Energy Balance Model

We now consider a climate energy balance model (see Example 4). The problem is
the following:

o u

= — 55 T Bu€ 0S(x)Bu) + h(x), (t,x)€Ryx(=11),
uy(—=1,t) = u,(1,¢) =0, t € Ry, :
u(x,0) = uo(x), x e (=1L1),

where B and Q are positive constants, S, 7 € Loo(—1,1),up € Ly(—1,1),and 8 is
a maximal monotone graph in R2, which is bounded, that is, there exist m, M € R
such that

m<z<M, forallze B(s),s €R. (2.170)

We also assume that
0<S)<Skx)<S;, aexe(-1,1). (2.171)

The unknown u(¢, x) represents the averaged temperature of the Earth surface,
O is the so-called solar constant, which is the average (over a year and over the
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surface of the Earth) value of the incoming solar radiative flux, and the function
S(x) is the insolation function given by the distribution of incident solar radiation
at the top of the atmosphere. When the averaging time is of the order of 1 year
or longer, the function S(x) satisfies (2.171); for shorter periods, we must assume
that So = 0. The term B represents the so-called co-albedo function, which can be
possibly discontinuous. It represents the ratio between the absorbed solar energy and
the incident solar energy at the point x on the Earth surface. Obviously, B(u(x,t))
depends on the nature of the Earth surface. For instance, it is well known that on ice
sheets, B(u(x, t)) is much smaller than on the ocean surface because the white color
of the ice sheets reflects a large portion of the incident solar energy, whereas the
ocean, due to its dark color and high heat capacity, is able to absorb a larger amount
of the incident solar energy. We point out that this model is the particular case of the
first-order evolution inclusion, considered in Sects. 2.3 and 2.4. All results from this
subsection are fulfilled for state function of this problem.

2.8.2 Application for General Classes High-Order
Nonlinear PDEs

Consider an example of the class of nonlinear boundary-value problems for which
we can investigate the dynamics of solutions as ¢ — +o00o. Note that in discussion,
we do not claim generality.

Letn >2,m>1,p>2,1<q < 2,%+$ =1, £2 C R" be a bounded domain
with rather smooth boundary I” = 0£2. We denote a number of differentiations by
x of order < m — 1 (correspondingly of order = m) by N (correspondingly by N,).
Let Ay (x, n; £) be a family of real functions (|| < m), defined in £2 x RM x R
and satisfying the next properties:

(C) Forae. x € £ the function (1, £) — A, (x, 1, £) is continuous one in RM x
R,

(C2) Y(n,€) € RM x RM the function x — A (x, 1, §) is measurable one in £2.

(C3) Existsuch¢; > 0and ky € Ly(£2) that fora.e. x € £2,V(n, &) € RV x RV

|Aa(e. .8 < clln”™ + 15177 + ki ().
(C4) Existsuch ¢, > 0and k, € L(£2) that forae. x € 2, V(1. £) € RV x RV

Y Au(x. 0,9k = eE]P —ka(x),

loe|=m

(Cs) Forae. x € £2,Vn € RV, VE £* € RV, £ # £*, the inequality

D (Al 1. 6) = Au(x,0,E9))(E —£3) > 0

loe|=m

takes place.
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Consider such denotations: D¥u = {DPu,|B| = k}, u = {u, Du,..., D" 'u}
(see [22, c. 194]).

For an arbitrary fixed interior force f € L,(£2), we investigate the dynamics of
all weak (generalized) solutions defined on [0, +00) of such problem:

ay(a);’t) + 3 (1D (Ag(x. 8y (x.1), D" y(x.1))) = f(x) on 2 x (0, +00),
la|l<m
2.172)
D%y(x,t) =0on I x (0,4+00), |a|]<m—1. (2.173)
ast — +oo.

Consider such denotations (see for detail [22, c. 195]): H = L,(£2), V =
W7 (£2) is a real Sobolev space,

a(u.w) = Y [ Ag(x.8u(x), D"u(x)) Dw(x)dx. wu.w € V.

|04|§mg

Note that Condition (H;) takes place in view of Sobolev theorem on compactness
of embedding. Taking into account Conditions (C;)—(Cs) and [22, p. 192-199], the
operator A : V. — V*, defined by the formula (A(u), w)y = a(u, ) Yu,w € V,
satisfies Conditions (A|)—(A3). Hence, we can pass from problem (2.172)—(2.173)
to corresponding problem in “generalized” setting (6.5). Note that

Aw) = Y (=D D (Ay(x.8u. D™u))  VYu € C2(2).

la]<m

Therefore, all statements from previous subsections, in particular, Theorems 2.1-
2.3 and Lemmas 2.5-2.11, are fulfilled for weak (generalized) solutions of problem
(2.172)—(2.173).

Remark 2.4. As applications, we can also consider new classes of problems with
degenerations, problems on a manifold, problems with delay, stochastic partial
differential equations, etc. [10, 14, 22, 32], with differential operators of pseu-
domonotone type as corresponding choice of the phase space.

2.8.3 Application for Chemotaxis Processes

Let us consider the problem from Example 5. This problem connected with the
movement of biological cells or organisms in response to chemical gradients. If
properly interpreting the derivative and correspondingly choosing phase spaces,
all models can be reduced to the first-order autonomous evolution equation. For
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example, let us consider a particular case and examine asymptotical behavior of
solutions. We consider the problem that described by the following initial-boundary
problem for a quasi-linear parabolic system of equations

)

a—’(;:bAcr—cp—}—du in £ x(0,00),

d b

Z_%_0 on 902 x(0,00), (2.174)
on on

u(x,0) = uo(x), p(x,0) = po(x) in $£2.

Here, u(x,t) and p(x, t) denote the population density of biological individuals and
the concentration of chemical substance at a position x € 2 C R? and a time
t € [0, 00), respectively. The mobility of individuals consists of two effects: one is
random walking and the other is the directed movement in a sense that they have
a tendency to move toward higher concentration of the chemical substance. This is
called chemotaxis in biology [1,7,13,27]. a > 0 and b > 0 are the diffusion rates of
u and p, respectively. ¢ > 0 and d > 0 are the degradation and production rates of
p, respectively. y(p) is the sensitivity function due to chemotaxis. It is a real smooth
function of p € [0, o) with uniformly bounded derivatives up to the third-order

i

d
EXp)

sup e

p=0

<oo for i=1,2,3. (2.175)

f(u) is a growth term of u. It is a real smooth function of u € [0, c0) such that
f(0) =0and

f(u) = (—pu+v)u for sufficiently large u (2.176)

with o > 0and —oo < v < o0o. Let f(u) = fi(u)u, then fi(u) is a smooth function
of u € [0, 00) such that f(u) = —pu + v for sufficiently large u.

For the abstract setting of the problem, we set the product space H = L,(£2) x
H'(£2), and consider (2.174) as an initial value problem of an evolution equation

dU

— 4+ AU = F(U), 0<t < oo,

dt (2.177)
U(0) = Uy

in H. Here, A and F(U) are defined by

A:(Al 0) with  2(A) = H3(2) x H3 (),
0 A,

where Ay = —aA + 1and A, = —bA + ¢, and
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The set of initial values is set by

KZ%(?)EM“DXHHWQYWZOJ%Z%
0

. uo \ . .
where 0 < gy < % is some fixed exponent and Uy = ( O) isin K.
Po

In [29], it is proved that there exists a unique global solution U = (u)
P

to (2.177) and that the solution is continuous with respect to the initial value.
Therefore, a continuous semigroup {S(¢)};>0 can be defined on K by S(#)Uy =
U(t). Fort > 0, S(z) maps K into K N 7.

Proposition 2.6. [29] There exists a universal constant C > 0 such that the

u
(ﬂemem+
Lo

following statement holds for each bounded ball B, =

loo I r1+e0 < r} , there exists a time t, > 0 depending on B, such that

sup sup |[|S@)Uoll goxys < C.

1>ty UyEB,

The set B = {(u) € HX(2) x H*(2); llullg> + llpllgz < C¢ N K, where
P

C is the constant appearing in Proposition 2.6, is a compact absorbing set for
({S(®)}:>0, K). Hence, by virtue of [33, Chap. 1, Theorem 1.1], there exists a global
attractor &7 C K, o7 being a compact and connected subset of K.
We set -
2 = U S(t)# (closure in the topology of K)
>t

using a time f4 such that S(1)%# C % for every t > tp. We note that 2 is a
compact set of K with the relation &/ C 2~ C & and is absorbing and positively
invariant for {S(¢)};>o.

Definition 2.9. A subset .# C 2 is called the exponential attractor for
(SO }is0. X)) it () & C M C X, (i) A is a compact subset of H and is
a positively invariant set for S(¢), (iii) .# has finite fractal dimension dr (.#'), and
V) (S X, #) < coexp(—cyt) fort > 0 with some constants cg, ¢; > 0, where

]’l(B(),Bl) = Ssup inf ||U — V”H
UeB, VeB;

denotes the Hausdorf pseudodistance of two sets By and B;.
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Now, it is sufficiently to apply the next theorem to the dynamical system
{S(O}i=0. Z).

Theorem 2.12. [29] Let F(U) satisfy the Lipschitz condition
|F(U) = F(V)|lg < C|AV2U =V)||lg, UVeZ (2.178)

and let the mapping G(t, Uy) = S(t)Up from [0, T|x Z into X~ satisfy the Lipschitz
condition

1G(, Uo) = G(s. Vo)llu = Crilt —s|+ |[Uo—Vollu},  t,s €[0.T].Up. Vo€ Z
(2.179)
foreach T > 0.
Then there exists an exponential attractor A for ({S(t)}i>0, Z).

Thus, we arrive at the main result. This result is borrowed from [29].

Theorem 2.13. There exists an exponential attractor .# of the dynamical system
({S(®)}i=0. Z) in H.

Remark 2.5. For simplicity, we have assumed the condition (2.176) on f(u). But
this is not essential; indeed, the theorem can be proved under the conditions that

=1 @" + Du < f) < (—p'u+vu, u=0,
"+ Du< f@wu < (—put+vHu, u=>0
with some constants ', v, " > 0 and some positive integer m.
Remark 2.6. If the stronger decay condition

fw) = —;uf +vu® + Au for sufficiently large u (2.180)

with £ > 0 and —o0 < v,A < 00, is assumed instead of (2.176), then y(p) is
allowed only to satisfy

dy
'd_pf(’o)

<" +1), p>0 for i=1273 (2.181)

with some constant y, and some positive integer m. For example, a sensitivity
function y(p) = xop” can be taken.

2.8.4 Applications for Damped Viscoelastic Fields with Short
Memory

We consider a linear viscoelastic body occupying the bounded domain £ in RV
(N = 2,3) in a strainless state which is acted upon by volume forces and surface
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tractions and which may come in contact with a foundation on the part /¢ of the
boundary 052 (see Example 1). The boundary 92 of the set §2 is supposed to be a
regular one, and point data of x € §2 is considered in some fixed Cartesian system
of coordinates. We assume that the body is endowed with short memory, that is, the
state of the stress at the instant # depends only on the strain at the instant ¢ and at the
immediately preceding instants. In this case, the equation of state has the next form:

0 .
0 (1) = bjjnrern(u) + aijnk 581&1(”), i,j=1,...,N, (2.182)
where u : £2 x (0, +00) — RY denotes the displacement field, 0 = o(u) is
the stress tensor, and ¢ = e(u) is the strain tensor, ey (u) = %(uk,h + upi)-

The viscosity coefficients a;;,x and the elasticity coefficients b;j;i satisfy the well-
known symmetry and ellipticity conditions. The dynamic behavior of the body is
described by the equilibrium equation:

32
0ij.j (u) + fi= mui in £ x(0,400), (2.183)

where f = { f,-}f\'=1 € Ly(£2;RY) denotes the density of body force. We suppose
that the boundary 952 is divided into three parts: I'p, Iy, and I'¢. Exactly, let I'p,
Iy, and I'c be disjoint sets and 92 = TpUTy UTc. We assume that ['c C 982 is
an open subset with positive surface measure (cf. [30, p. 196]). The displacements

u; =0 on I'p x (0, +00), (2.184)
are prescribed on I'p, and surface tractions
S; = ojjn; = F, (F; = F,(x)) on I'y X (0, +00). (2.185)
are prescribed on I'y, where F = {F;}_, € L,(I'y;R") denotes the vector of
surface traction, S = {S;}/', is the stress vector on I'y, and n = {n;}"_, is the
outward unit normal to 952.

On [¢, we specify nonmonotone multivalued boundary “reaction-velocity”
conditions:

—Sedj (x, %) on I'c x (0, 4+00), (2.186)

where j : I'c x RV — R satisfies the next conditions:

1. j(-, ) is a measurable function for each £ € RN and j(-,0) € L{(Ic).
2. j(x,-)is alocally Lipschitz function for each x € I¢.

3.3¢ > 0: |Inllgy < (1 + ||Ellgy) VX € Tc, VE € RN,V € 0j(x,§),
where for x € I¢,
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3 (x,£) = {n e RY | (n,v)py < jOx,&v) Vv e RY}

is the generalized gradient of the functional j(x,-) at point £ € RY and

i(x, &+ 1v) — j(x,
jo(x,&v) = lim Je Etv) = jx. 8
C—E.1N\0 t
is the generalized upper derivative of j(x,-) at point § € R" and the direction
veRV.

Note that all nonconvex superpotential graphs from, in particular, the functions j,
defined as a minimum and as a maximum of quadratic convex functions, satisfy the
upper considered conditions on I¢.

For the variational formulation of the problem (2.182)—(2.186), we set: H =
Ly(2;RY), Z = HY(2;RY),V = {v € H'(2;RY) : v; = 0 on I'p}, where
§€(3:1).LetVu,ve Vv

(fo.v)v = | fividx + | Fivido(x),
Iy

I'y

a(u,v) = / aijees (Weg (V)dx,

2

b(u,v) = /bijhkgij(”)gij(v)dx’
2

7 1 Z — Ly(02;R"Y) be a trace operator and 7* : L,(02;RY) — Z* be a
conjugate operator,

Pu) = [uwrodow. ce z.ue La2iRY)
AR
Let us consider a locally Lipschitz functional J : L,(I'c;R") — R,
J(2) = /j(x,z(x))dcr(x), z€ Lr(I¢; RY).
I'c
Then the interaction functions A, A,, and B can be defined by the next relations:

VzeZ Axz) =7 0J(y2).
Yu,veV (A, vy =au,v), (Bou,v)y = bu,v), Ao(u) = Aju+ Ax(u).
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If we supplementary have & > ¢ B2(17|?, where B is the embedding constant of V
into Z, a is the constant from the ellipticity condition for a;;, or

Vxelc, VE€RY, Vnedj(x,&) (n.&)ry =0,

then from [25], it follows that the next condition hold true:

(Hy) V, Z, H are Hilbert spaces; H* = H and we have such chain of dense and
compact embeddings:

VcZcH=H*CZ*CV*.

(H2) foe V™.

(A1) 3¢ >0:VueV,Vd € Ao(u) ||d|lv+ <c( + |lullv).

(A2) 3, >0:YueV,Vd € Ao(u) (d,u)y > a|ul? — B.

(A3) Ao = Ay + Ay, where A} : V. — V™ is linear, selfconjugated, positive
operator and A, : V7 V* satisfies such conditions:

(a) There exists such Hilbert space Z that the embedding V' C Z is dense
and compact one and the embedding Z C H is dense and continuous
one.

(b) Forany u € Z, the set A,(u) is nonempty, convex, and weakly compact
onein Z*.

(¢c) Ay :Z=Z* is abounded map, that is, A, converts bounded sets from Z
into bounded sets in the space Z*.

(d) Ay : ZZ Z* is a demiclosed map, that is, if u, — uin Z, d, — d
weakly in Z*, n — +o00,and d,, € Ay(u,) Vi > 1,thend € A, (u).

(B1) Bo:V — V*isalinear selfconjugated operator.

(B>) 3y > 0: (Bou,u)y > y|ul}.
Here, (-,-)y : V* x V — Ris the duality in V* x V, coinciding on H x V
with the inner product (-, -) in Hilbert space H.

Note that from (A;)—(A3) and results of this chapter, it follows that the map Ao
satisfies such condition:
(A3) Ao : V7 V* is (generalized) Ao-pseudomonotone, that is:

(a) Forany u € V, the set Ap(u) is nonempty, convex, and weakly compact one in
V*.
(b) If u, — u weakly in V, n — 400, d, € Ao(u,) Yn > 1 and 1?m (d,,
n—oo
u, —u)y <0,then Vo € V Ad(w) € Ay(u) :

lim (d,,u, —w)y > (d(w),u—w)y.
n—4oo

(c) The map Ay is upper semicontinuous one that acts from an arbitrary finite-
dimensional subspace of V into V*, endowed with weak topology.
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Thus, in the next chapter, we investigate the dynamic of all weak solutions of the
second-order nonlinear autonomous differential-operator inclusion

y'(1) + Ao (Y’ (1)) + Bo(¥(1)) 2 fo. (2.187)

ast — +oo, which are defined as ¢ > 0, where parameters of the problem satisfy
conditions (H,), (H;), (A1)—(A3) and (B;)—(B>).

As a weak solution of the evolution inclusion (2.187) on the interval [z, T], we
consider such pair of elements (u(-), u'(-))” € Ly(z, T;V x V) that for some d(-) €
Ly(t, T;V?*)

d(t) € Ag(/(¢)) for almost every (a.e.) t € (7,T),
T T

T
_ / O ()d1+ / (). vdi+ / (Bou(t). £()yvdi  (2.188)

T T

T

- / o t@)y VEe CR(nTLV),

T

where 1’ is the derivative of the element u(-) in the sense of the space of distributions
2*([t, T; V¥).

As a generalized solution of the problem (2.182)—(2.186), we consider the weak
solution of the corresponding problem (2.187). All results from Sects. 2.5 and 2.7
for state functions of this problem are fulfilled.

Corollary 2.8. The m-semiflow G constructed on all generalized solutions of
(2.182)—(2.186) has the compact invariant global attractor <. For all generalized
solutions (2.182)—(2.186), defined on [0, 4+00), there exists the trajectory attrac-
tor P. At that,

A =20)={0) | yed}, ZP=I0,

where & is the family of all complete trajectories of corresponding differential-
operator inclusion in C'°(R; E) N Loo(R; E). Moreover, global attractors are
equal in the sense of [24, Definition 6, p. 88] as well as in the sense of [37,
Definition 2.2, p. 182].

Thus, all statements of previous sections hold true for all generalized solutions
of problem (2.182)—(2.186). In particular, all displacements and velocities are
“attracted” as ¢t — oo to all complete (defined on the entire time axis), globally
bounded trajectories of corresponding “generalized” problem, which belongs to
compact sets in corresponding phase and extended phase spaces. Questions concern-
ing the connection and dimension of constructed attractors in the general case are
opened. Note that approaches proposed in works [24,37] are based on properties of
solutions of evolution objects. Our approaches are based on properties of interaction
function A from inclusion and properties of phase spaces.
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2.8.5 Applications for Nonsmooth Autonomous Piezoelectric
Fields

We consider a mathematical model which describes the contact between a piezo-
electric body and a foundation (see Example 2). The physical setting is formulated
as in [23]. We consider a plane electro-elastic material which in its unreformed state
occupies an open bounded subset £2 of R?, d = 2. We agree to keep this notation
since the mathematical results hold for d > 2. The boundary I" of the piezoelectric
body 2 is assumed to be Lipschitz continuous. We consider two partitions of I
A first partition is given by two disjoint measurable parts I'p and [y such that
m(I'p) > 0, and a second one consists of two disjoint measurable parts I}, and
I, such that m(I,) > 0. We suppose that the body is clamped on I'p, so the
displacement field vanishes there. Moreover, a surface tractions of density g act
on [y, and the electric potential vanishes on I7,.

The body §2 is lying on another medium (the so-called support) which introduce
frictional effects. The interaction between the body and the support is described,
due to the adhesion or skin friction, by a nonmonotone possibly multivalued law
between the bonding forces and the corresponding displacements. In order to
formulate the skin effects, we suppose that the body forces of density f consist of
two parts: f; which is prescribed external loading and f; which is the reaction of
constrains introducing the skin effects, thatis, f = f; + f». Here, f; is a possibly
multivalued function of the displacement u. We consider the reaction-displacement
law of the form

—f2(x) € 9j(x,u(x,1)) in £2,

where j : 2 x R> — R is locally Lipschitz function in its last variable and 9]
represents the Clarcke subdifferential.

The governing equations of piezoelectricity consist (see Example 2) of the equa-
tion of motion, equilibrium equation, constitutive relations, strain-displacement, and
electric field-potential relations. We suppose that the accelerations in the system are
not negligible, and therefore, the process is dynamic.

The equation of motion for the stress field and the equilibrium equation for the
electric displacement field are, respectively, given by

pu" —Dive = pf —yu' in 2 x (0, +-00),
divD =0 in £2 x (0, +00),

where p is the constant mass density (normalized as p = 1), y € Ls(£2),
y(x) > yo > 0 for ae. x € £ is a nonnegative function characterizing the
viscosity (damping) of the medium, and o : §£2 x (0, +00) — Sy, 0 = (0j}),
and D : 2 - R4, D = (D), i,j = 1,...,d represent the stress tensor
and the electric displacement field, respectively. Here, S; is the linear space of
second-order symmetric tensors on R¢ with the inner product and the corresponding
normo : t = ) 0j7)ij, ||r||§d = 1 : 1, respectively. Recall also that Div
ij
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is the divergence operator for tensor valued functions given by Dive = (oj; ;)
and div stands for the divergence operator for vector-valued functions, that is,
divD = (D,',i).

The stress-charge form of piezoelectric constitutive relations describes the
behavior of the material and are the following:

o =de(u)— PE(p) in 2 x (0, +00) (converse effect),
D = Pe(u) + BE(¢) in 2 x (0, +00) (direct effect),

where o : £2 x S; — S; is a linear elasticity operator with the elasticity tensor
a = (ajr), P : 2 x Sq — RY is a linear piezoelectric operator represented by
the piezoelectric coefficients p = (pijx), i, j,k = 1,...d (third order tensor field),
2T . Q2 xRy — Sy is its transpose represented by p’ = (1751() = (pxij), and
% : 2 xR? - R? is a linear electric permittivity operator with the dielectric
constants B = (B;;) (second order tensor field). The decoupled state (purely
elastic and purely electric deformations) can be obtained by setting the piezoelectric
coefficients p;;jx = 0. The elasticity coefficients a(x) = (a;jxi(x)), i, ).k, [ =
1,...d (fourth-order tensor field) are functions of position in a nonhomogeneous
material. We use here notation p” to denote the transpose of the tensor p given
pr-v=r1:plvfort € S;andv € R?.

The elastic strain-displacement and electric field-potential relations are given by

e(u) = %(w + (Vu)T) in £ x (0, +00),
E(m) = -V in £,

where e(u) = (g;;(u)) and E(p) = (E;(p)) denote the linear strain tensor and
the electric vector field, respectively. Here, u : £2 x (0, +o00) — R, u = (u;),
i =1,...,d and ¢ : 2 — R are the displacement vector field and the electric
potential (scalar field), respectively.

Denoting by u( and u;, the initial displacement and initial velocity, respectively,
the classical formulation of the mechanical model can be stated as follows: find a
displacement field u : £2 x (0, +00) — R? and an electric potential ¢ : 2 — R?
such that

U’ —Dive = fi + fo —yu' in 2 x (0, +00) (2.189)
divD =0 in £2 x (0, +00) (2.190)

o= deu)+ PV in 2 x (0, +00), (2.191)
D = Pe(u) — BVg in 2 x (0, 4+00), (2.192)
u=0on Iy x (0, +00) (2.193)

on =g on I'p x(0,400) (2.194)

@ =0on I, x (0,400) (2.195)
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D-n=0on I} x(0,+00) (2.196)
— fo(x) € dj(x,u(x,t)) in £2 x (0, +00) (2.197)
u(0) = ug, u'(0) = uy in £2, (2.198)

where n denotes the outward unit normal to I". Because of the Clarke subdifferential
in (2.197), the problem will be formulated as a hemivariational inequality and then
it will be embedded into a more general class of second-order evolution inclusions.
Due to the multivalued term in the problem, the uniqueness of weak solutions is not
expected.

Let j : £ x R — R be defined as a minimum of two convex functions, that
is, j(x,s) = h(x)min{ji(s), jo(s)} for x € 2 and s € R, where i € Lo (£2),
j1(s) = as* and jo(s) = 4(s* + 1) witha > 0. Then

as if s € (—oo,—1) U (1, +00)
2as ifs e (—1,1)

[@,2a] ifs=1

[-2a,—a] if s = —1.

dj(x,s) = h(x) x

The model example can be modified to obtain nonmonotone zigzag relations which
describe the adhesive contact laws for a granular material and a reinforced concrete,
for example, the stick-slip law and the fiber bundle model law.

Another example which satisfies H(j) is a superpotential of d.c. (difference of
convex functions) type, that is, j(s) = ji(s) — j2(s), where ji, j» : R — R are
convex functions.

We now turn to the variational formulation of the problem (2.189)—(2.198). We
introduce the spaces for the displacement and electric potential:

V={eH (2:R):v=00nTIp}, (2.199)

®={pecH (Q):9p=00nT,}

which are closed subspaces of H'(£2;R?) and H'(£2), respectively. Let H =

Ly($2:RY) and s# = L,(£2:S;) be Hilbert spaces equipped with the inner

products (u,v)y = [u-vdx, (0,7)» = [0 : tdx. Then the spaces (V, H, V*)
2 2

form an evolution triple of spaces. On V', we consider the inner product and the
corresponding norm given by (i, v)y = (e(u), e(v)) e, |vlv = lle(v)| s for u,v €
V. From the Korn inequality [[v||;1(q.re) < Clle(v)|l# forv € V with C > 0, it
follows that || - || 1 (g.rey and || - ||y are equivalent norms on V. Thus, (V. || - [|v) is
a Hilbert space. On @, we consider the inner product (¢, ¥)e = (¢, V) 1o for
¢, ¥ € ®@. Then, (D, | - ||¢) is also a Hilbert space.

Assuming sufficient regularity of the functions involved in the problem (2.189)—
(2.198), multiplying (2.189) by v € V' and using integration by parts, we have
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(" (0).v) + (o (u). () —/Gn vd I (x) = (fi(t) + f2(0).v) = {yu' (1), v)

r

fora.e. r > 0. Since, by (2.194), we have [on -vdI" = [ g(t)-vdI and (2.197)
r Iy
implies
— [ 0 vedx = [ S ateneos.
2 2

we obtain

(@ (0).v) + {yu' (0).v) + (o (). e () oe + /jo(x,u(x,t):V(X))dx = (F.v)
2

(2.200)
where

(F,v) = (fl,v)—i-/g-vdl" for vev.
I'n

Let ¥ € @. From (2.190), again by using integration by parts and the condition
(2.196), we have
—(D,Vy)u = 0. (2.201)

Now inserting (2.191) into (2.200) and (2.192) into (2.201), we obtain the following
variational formulation: for —co < v < T < +o0, findu € C([r,T];V) N
C'([t,T)];V) and ¢ € Lo(r,T;H) such that u” € “//*9, where 7% =
Ly(z,T; V*) and

(" (), v) + (yu'(t).v) + (o). () e + (P V. e(v) e+

+fj0(X,M;v)dx > (F,v) ae.t, forallveV
$2 (2.202)
(BV Vg = (Pe(u),Vy)y ae.t, forall y € ®

u(0) = up, t'(0) = uy.

We need the following hypotheses for the constitutive tensors.

H(a): The elasticity tensor field a = (a;ji;) satisfies a;jx; € Loo(£2), ajjr1 =
aklmkl = ajikl, Aijkl = aijik and a;5(X) T T > ot T, fora.e x € 2 and all
7 = (1) € Sq witha > 0.

H(p): The piezoelectric tensor field p = (p;;x) satisfies p;jx = pirj € Loo(82).

H(p): The dielectric tensor field B = (B;;) satisfies B;; = Bji € Loo(£2) and
Bij (x)E&; = mgl§[2, forae. x € 2andall § = (&) € R? with mp0.

We define the following bilinear formsa : V xV — R, b : V x & — R,
bT :d xV —Randc: ® x ®d — Rby
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duy Iv;
a(u,v) :/aukl(x) ukldx for u,vev,
X 0x;
2
u; 0@
b(u, ) :/szk(-x) a—dx for ueV, e,
J Xk
dp du;
b (¢, u) :/pkij(X)—qudx for ped®, uelV,
Oxy 0x;
Q2

dp d
cle.¥) = /,311() 4 de for ¢,y € ®.

Then we have

a(u,v) = (Ae(u),e(v)) foru,velV,
b(u,¢) = (Pe(u),Vo)y forueV, g €@,
b (p.u) = (PVgp, )y forped ueV,
c(p.¥) = (BVp.Vi)u forg. ¢ c @,

where the elasticity operator &7 : 2 x S; — Sy is given by &7/ (x,¢) = a(x)e,
a(x) = (aijri(x)), the piezoelectric operator & : £2 x S; — R? is given by
P(x,e) = p(x)e, p(x) = (pijr(x)), the transpose to P, 2T : 2 x RP — S, is
given by WT(x,g) = pT(x)S, pT(x) = (pgk(x)) = (pkij), and the electric
permittivity operator % : 2 x R? — R? is defined by ZA(x,£) = B(x)E,
B(x) = (Bijx)-

Using the above notation, the problem (2.202) is formulated as follows: find u €
C([t.T};V)NCY([r,T); V) and ¢ € Ly(z,T; H) such that u” € ¥, 7+ and

(" (0),v) + (yu (1).v) + a(u(t).v) + b" (p(1). v)+

+/j0(x,t,u;v)dx > (F,v) ae.t, forallveV
(2.203)

c(g(t), ) =b(u(t),y) ae.t, forally € @
u(0) = ug, u'(0) = u.

The problem (2.203) is a system coupled with the hemivariational inequality for the
displacement and a time-dependent stationary equation for the electric potential. We
need now some auxiliary results and notation.

We remark that under hypotheses H(p) and H(f), for any z € V, there exists a
unique element ¢, € @ such that

c(p;, W) =b(z, ) forall €@

and the map C : V — @ given by Cz = ¢, is linear and continuous.
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As a corollary, we obtain the following result: if H(p), H(B) hold and u € ¥,
where ¥ = L,(t, T; V), then the problem

find ¢ € Ly(z,T; @) such that
c(p(t),¥) = b(u(t),y) forae.te (r,T), foral v € @

admits a unique solution ¢ € Lo(t, T; @) and ||¢||1,¢.7;0) < cllull,, with ¢ > 0.
For ae. t € (t,T), we have ¢(t) = Cu(t), where the operator C is defined in
Lemma 3.1 of [23].

Next, since for every ¢ € @, the linear form v — bT(<p, v) is continuous on V,
so there exists a unique element B € V* such that b7 (¢,v) = (B@,v)y*xy for
allve Vand B € Z(®,V*). We observe that

b (p.v) = (PV@,e(v)) s = /QTW ce(v)dx (2.204)
2
= / Pe(v)-Vodx = (Pe(v),Vo)gy =b(v,p) forallveV, and g € ®.
2

Analogously, we introduce the operator A € Z(V, V*) such that a(u,v) = (Au,v)
forallu,v e V.

We are now in a position to reformulate the system (2.203). Since for a fixed
u € ¥, the second equation in (2.203) is uniquely solvable (cf. Corollary 1 in [23]),
we have

bT(p(t),v) = (Bo(t),v) = (BCu(t),v) forallveV andae.t e (7,T).

Thus, the problem (2.203) takes the form: find u € C([¢, T]; V) N C'([z. T]; V)
such that u” € 7%, and

(U"(t) + Ru'(t) + Gu(t),v) + [ jo(x,u;v)dx > (F,v)
2

ae. t, forall velV (2.205)

u(0) = up, u'(0) = uy,

where R : H — V*and G : V — V* are given by Rv = yv forv € H and
Gv = Av + BCv forv € V, respectively.

The existence of solutions to the hemivariational inequality (2.205) will be a
consequence of a more general result provided in [23]. We remark that operators
R and G satisfy such properties: if y € Loo(£2), y = yo > 0, then the operator
R : H — H defined by Rv = yv is linear continuous symmetric and coercive.
Under the hypotheses H(a), H(p), and H(f), the operator G : V — V* defined
by G = A + BC is linear, bounded, symmetric, and coercive.

Finally, we obtain the following second-order evolution inclusion: find u €
C([t.T]: V)N C'([r.T]; V) such that u” € ¥% and
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u”(t) + Ru’(l)/—i— Gu(t) + dJ(t,u(t)) 2 F(t) ae. te(0,7) (2.206)
u(0) = uy, u'(0) = uy.

We need the following hypotheses:

H(R) R : H— H is alinear symmetric such that 3y >0 : (Rv,v)y = y|v[|%
Vve H.
H(G) G : V — V* is linear and symmetric and 3cg >0 : (Gv,v)y > cg|v||3
YvelV.
H(J) J : H — Ris a function such that:
(1) T)IS locally Lipschitz and regular one [12].
(i) Je1 > 0: [[0JW)[l+ = cr(1 + [Iv[lw) Vv e H.
(iii) dcy > O:

[0J(v),v]- > —=A|v||3 —c2 VveH,

where dJ(v) = {p € H|(p,w)g < J°(v;w) Vw € H} denotes the Clarke
subdifferential of J(-) at a point v € H (see [12] for details), A € (0,4;), A; > 0:
calVIfy = MVl Vv e V.

(Hy) V is a Hilbert space.

We remark that Condition H (j)(@ii) is technical condition provides only dis-
sipation of multivalued (in general case) dynamical system constructed on all
weak solutions of Problem (2.189). This condition is not connected with the
nonsmoothness of ;.

In [23], it is proved that if hypotheses H(R), H(G), H(J), and (Hy) hold, then
the problem (2.206) has a solution. Due to the previous results, we can investigate
a long-time behavior of all weak solutions of the problem (2.206) under similar
but some stronger (providing a dissipation) conditions. In particular, we study the
structure of the global and trajectory attractors.

References

. Adler J (1966) Chemotaxis in bacteria. Science 153:708-716
. Aubin JP, Frankowska H (1990) Set-valued analysis. Birkhauser, Boston
. Aubin JP, Sellina A (1984) Set-valued analysis and viability theory. Springer, Berlin
. Ball JM (1997) Continuity properties and global attractors of generalized semiflows and the
Navier-Stokes equations. J Nonlinear Sci. doi:10.1007/s003329900037
. Ball JM (2004) Global attaractors for damped semilinear wave equations. DCDS 10:31-52
. Balibrea F, Caraballo T, Kloeden PE, Valero J (2010) Recent developments in dynamical
systems: three perspectives. Int J Bifurcation Chaos. doi:10.1142/S0218127410027246
7. Berg HC, Turner L (1990) Chemotaxis in bacteria in glass capillary. Biophys J 58:919-930
8. Budyko MI (1969) The effects of solar radiation variations on the climate of the Earth. Tellus
21:611-619
9. Chepyzhov VYV, Vishik MI (1997) Evolution equations and their trajectory attractors. J Math
Pures Appl. doi:10.1016/S0021-7824(97)89978-3
10. Chepyzhov VYV, Vishik MI (2010) Trajectory attractor for reaction-diffusion system with diffu-
sion coefficient vanishing in time. Discrete Contin Dyn Syst. doi:10.3934/dcds.2010.27.1493

AW =

N W



References 117

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27

29.

30.

31.

32.
33.

34.

35.

36.

37.

Chueshov ID (1993) Global attractors for non-linear problems of mathematical physics. Russ
Math Surv. doi:10.1070/RM1993v048n03ABEH001033

Clarke FH (1983) Optimization and nonsmooth analysis. Wiley Interscience, New York
Dalquist FW, Lovely P, Koshland DE (1991) Quantitative analysis of bacterial migration in
chemotaxis. Nature New Biol. 236:120-123

Dubinskii  YuA (1991) High order nonlinear parabolic equations. J Math Sci.
doi:10.1007/BF01097353

Duvaut G, Lions JL (1972) Les Inequations en Mecanique et en Physique. Dunod, Paris
Gajewski H, Groger K, Zacharias K (1974) Nichtlineare operatorgleichungen und operatordif-
ferentialgleichungen. Akademie, Berlin

Goeleven D, Miettinen M, Panagiotopoulos PD (1999) Dynamic hemivariational inequalities
and their applications. J Optim Theor Appl. doi:10.1023/A:1021783924105

Kasyanov PO (2011) Multivalued dynamics of solutions of an autonomous differential-
operator inclusion with pseudomonotone nonlinearity. Cybernet Syst Anal 47(5):800-811. doi:
10.1007/s10559-011-9359-6

Kasyanov PO, Mel'nik VS, Toscano S (2010) Solutions of Cauchy and periodic prob-
lems for evolution inclusions with multi-valued w;,-pseudomonotone maps. J Differ Equat.
doi:10.1016/j.jde.2010.05.008

Kuttler K (2000) Non-degenerate implicit evolution inclusions. Electron J Differ Equat 34:
1-20

Ladyzhenskaya OA (1961) Mathematical problems of the dynamics of viscous incompressible
fluids [in Russian]. Fizmatgiz, Moscow

Lions JL (1969) Quelques methodes de resolution des problemes aux limites non lineaires.
Dunod Gauthier-Villars, Paris

Liu Z, Migorski S (2008) Noncoercive damping in dynamic hemivariational inequal-
ity with application to problem of piezoelectricity. Discrete Contin Dyn Syst Ser B.
doi:10.3934/dcdsb.2008.9.129

Melnik VS, Valero J (1998) On attractors of multivalued semi-flows and differential inclusions.
Set-Valued Anal. doi:10.1023/A:1008608431399

Migdrski S (2005) Boundary hemivariational inequalities of hyperbolic type and applications.
J Global Optim. doi:10.1007/s10898-004-7021-9

Migdrski S, Ochal A (2000) Optimal control of parabolic hemivariational inequalities. ] Global
Optim. doi:10.1023/A:1026555014562

. Murray JD (1989) Mathematical biology. Springer, Berlin
28.

Naniewicz Z, Panagiotopoulos PD (1995) Mathematical theory of hemivariational inequalities
and applications. Marcel Dekker, New York

Osaki K, Tsujikawa T, Yagi A, Mimura M (2002) Exponential attractor for chemotaxis-growth
system of equations. Nonlinear Anal 51:119-144

Panagiotopoulos PD (1985) Inequality problems in mechanics and applications. Convex and
nonconvex energy functions. Birkhauser, Basel

Panagiotopoulos PD (1995) Hemivariational inequalities and Fan-variational inequalities. New
applications and results. Atti Sem Mat Fis Univ Modena XLIII:159-191

Sell GR, You Yu (2002) Dynamics of evolutionary equations. Springer, New York

Temam R (1988) Infinite-dimensional dynamical systems in mechanics and physics. Springer,
New York

Tolstonogov AA (1992) Solutions of evolution inclusions I. Siberian Math J. doi:
10.1007/BF00970899

Tolstonogov AA, Umanskii Yal (1992) On solutions of evolution inclusions. II. Siberian Math
J. doi:10.1007/BF00971135

Valero J, Kapustyan AV (2006) On the connectedness and asymptotic behaviour of solutions
of reaction diffusion systems. J Math Anal Appl. doi:10.1016/j.jmaa.2005.10.042

Vishik M, Chepyzhov VV (2002) Trajectory and global attractors of three-dimensional Navier-
Stokes systems. Math Notes. doi:10.1023/A:1014190629738



118 2 Auxiliary Properties of Evolution Inclusions Solutions for Earth Data Processing

38. Zadoyanchuk NV, Kas’yanov PO (2009) Faedo-Galerkin method for second-order evolution
inclusions with W)-pseudomonotone mappings. Ukrainian Math J. doi:10.1007/s11253-009-
0207-z

39. Zadoyanchuk NV, Kasyanov PO (2010) Analysis and control of second-order differential-
operator inclusions with +-coercive damping. Cyberne Syst Anal. doi:10.1007/s10559-010-
9208-z

40. Zadoyanchuk NV, Kasyanov PO (2012) Dynamics of solutions for the class of second order
autonomous evolution inclusions. Cybernet Syst Anal 48(3):344-366

41. Zgurovsky MZ, Mel’nik VS, Kasyanov PO (2010) Evolution inclusions and variation inequal-
ities for Earth data processing I. Springer, Heidelberg. doi:10.1007/978-3-642-13837-9

42. Zgurovsky MZ, Mel’nik VS, Kasyanov PO (2010) Evolution inclusions and variation inequal-
ities for Earth data processing II. Springer, Heidelberg. doi:10.1007/978-3-642-13878-2

43. Zgurovsky MZ, Kasyanov PO, Zadoianchuk NV (Zadoyanchuk). Long-time behavior of solu-
tions for quasilinear hyperbolic hemivariational inequalities with application to piezoelectricity
problem. Applied Nathematics Letters. http://dx.doi.org/10.1016/j.am1.2012.01.016. Accessed
31 Jan 2012



2 Springer
http://www.springer.com/978-3-642-28511-0

Evolution Inclusions and Variation Inequalities for Earth
Data Processing Il

Long-Time Behavior of Evolution Inclusions Solutions in
Earth Data Analysis

Zgurovsky, M.; Kasyanov, P.; Kapustyan, 0.\, Valero, |.;
Zadoianchul, N,

2012, XL, 330 p., Hardcowver

ISBM: 978-3-642-28511-0



	2 Auxiliary Properties of Evolution Inclusions Solutions for Earth Data Processing
	2.1 Preliminaries
	2.2 Pointwise Pseudomonotone Maps
	2.3 Auxiliary Properties of Solutions for the First Order Evolution
	2.3.1 The Setting of the Problem
	2.3.2 Preliminaries
	2.3.3 Supplementary Properties of Solutions

	2.4 Asymptotic Behavior of the First Order Evolution Inclusions
	2.4.1 Existence of the Global Attractor
	2.4.2 Existence of the Trajectory Attractor
	2.4.3 Comments
	2.4.4 Conclusion

	2.5 Auxiliary Properties of Solutions for the Second Order Evolution Inclusions
	2.5.1 Preliminary Results
	2.5.2 Auxiliary Properties of the Resolving Operator

	2.6 Auxiliary Properties of Solutions for the Second Order Evolution Inclusions
	2.7 Asymptotic Behavior of the Second-Order EvolutionInclusions
	2.7.1 Existence of the Global Attractor
	2.7.2 Existence of the Trajectory Attractor
	2.7.3 Auxiliary Properties of the Global and TrajectoryAttractors
	2.7.3.1 ``Translation Compactness'' of the Trajectory Attractor
	2.7.3.2 Stability
	2.7.3.3 Connectedness
	2.7.3.4 Behavior of Solutions on the Global Attractor
	2.7.3.5 The Estimate of the Fractal Dimension


	2.8 Applications
	2.8.1 Climate Energy Balance Model
	2.8.2 Application for General Classes High-Order Nonlinear PDEs
	2.8.3 Application for Chemotaxis Processes
	2.8.4 Applications for Damped Viscoelastic Fields with Short Memory
	2.8.5 Applications for Nonsmooth Autonomous Piezoelectric Fields

	References


