Chapter 2
With Additive Gain Variations

Keywords Continuous-time TS fuzzy systems * Discrete-time T-S fuzzy systems -
Additive gain variations * Hy filter + Linear matrix inequalities (LMIs)

2.1 Problem Formulation

In this chapter, the additive gain variations will be considered which are indepen-
dent on filter gain matrices [4]. A block diagram for representation of the additive
uncertainty is given in Fig.2.1.

In this case, we consider the following non-fragile fuzzy filter to estimate z(z):

RJ :if & (¢) is Myj and ... £,(t) is M;,
then Xp(t) = (Afpj + AAF;j(t))xp(t) + (Bpj + ABFpj(1)y (1), (2.1
2r(t) = (Cpj + ACEj(t)xp(t) + (Dpj + ADpj(t))y(1),

where xp (1) € %" and zp (t) € %9 are the state and output of the filter, respectively.
AF]' € %nxn’ BFj € %”Xf, CFj € %qxn’ and DF]' € %qxf forj = 1, 2, vy T
are to be determined filter gain matrices. AAf;(t) € Z"*", ABpj(t) € a"</
ACFj(t) € #1", and ADF;(t) € Z1*1 are uncertainties defined as follows:

AAFj(t) = HojAA(t)Esj, ABfpj(t) = HpjAp(t)Ep;j,
ACpj(t) = HcjAc(t)Ecj, ADFj(t) = HpjAp(t)Ep;,

for j =1,2,...,r, where Hyj, Eqj, o0 = A, B, C, D are constant matrices with
appropriate dimensions and A, (¢), « = A, B, C, D are uncertain matrices satisfying
Al AL < 1.
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Fig. 2.1 Additive uncertainty

The defuzzified output of (2.1) can be inferred by

Xp(t) = (Ap(h) + AAFp(h)xp(t) + (Br(h) + ABr(h))y(1), 2.2)
zr(t) = (Cp(h) + ACp(h)xp(t) + (Dp(h) + ADp(h))y(1), '

where
Ap(h) =D hjEO)Ar;, Br(h)= > hjEWt)Brj,
j=l j=1

Cr(h) =D hjE®)Crj, Dr(h)= D hjEn)Dr;,

j=1 j=1

AAp(h) =D hjEM)AARj (1), ABp(h) = > hj(E(1) ABF; (1),

j=1 j=1

ACF(h) = hj(E)ACEj(t). ADp(h) = > hjE()ADF;(1).

j=1 j=1

Combining (1.6) and (2.2) leads to the following filtering error system:

I = Ay ) + Blyw), 23
e(®) = CWY @) + DUw(), ‘
where
[T T’
v = [x"O 0] L e =20 =2 0),
Ay = i A(h) 0
~ LBr()C ) + ABF(IC(h) Ap(h) + AAF(h) |
s = | B(h)
500 = b, 40 4 ABr D00 )

C(h) = [L(h) = DF()C(h) — ADp(h)C(h) — Cr(h) — ACE(h)],
D(h) = —Dr(h)D(h) — ADp(h)D(h).
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2.2 Non-Fragile H, Filter Design

In the section, we will present sufficient conditions for designing a non-fragile Hyo
filter in the form of (2.2), that is, to determine the filter matrices in (2.2) such that
the filtering error system (2.3) is asymptotically stable with H, performance y .

2.2.1 Continuous-Time Case

Theorem 2.1 Consider the filtering error system (2.3). For a given scalar y > 0, if
there exist matrices P\, P, P3, G, M1;j, Ma;j, M3;j, Gij, Gaij, rj, Brj, Crj,

and Drj, scalars €;j and o;j, for i, j = 1,2, ..., r such that following inequalities
hold: »
1 *
|:P2 P3:| > 0, 2.4)
r O11ii * * * % * *
O21ii ik x k% *
03150 O30 O33ii *  * % *
Oarii Oazii Oa3ii Onaii * % *
Os1ii Os2ii Os3ii Osaii 055 % *
HEP, HEPs 0 0 0 —gil =
Hip,HIPs 0 0 0 0 —gl
€., HLP; 0 0 0 0 0
Hip, H;P; 0 0 0 0 0
Or01ii Gh1o2ii Brozii 0 0 0O 0
0 0 0 0 0 0 0
0 0 0 0 O 0 0
0 0 0 0 0 0 0
L O 0 0 0 O 0 0
* * * * * * *x ]
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
R oE om0, =12, (2)5)
—&iil % * * * * *
0 —gil % * * * *
0 0 —21 * * * *
0 0 —Hgl ol * * *
0 0 -—-Hl 0 —oil x  x
0 0 —-H) 0 0 -—o4l =
0 0 —-HL o 0 0 —oyl |
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[O11ij  * * * * % *
O21ij  Onij * * * % *
03155 Oxij 0335 * ok ok *
Os1ij  Oaij  O43ij Osaij * % *
Os1ij  Os2j  0s53ij Os4ij O55 % *
HY P, HL.Ps0 0 0 —gjl x
H,.P, HA»P30 0 0 0 —&iil
H;].PQ Hg;P3 0 0 0 O 0
HI.P, H{.P30 0 0 0 0
Or01ij 6102ij O103; 0 0 O 0
0 0 0 0O 0 0 0
0 0 0 0O 0 0 0
0 0 0 0O 0 0 0
L0 0 0 0O 0 0 0
* * * * * * * N
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
—&ijl * * * * * * <0,
0 —&ijl * * * * *
0 0 =21 x * * *
0 0 — éj —oiil * * *
0 0 _HC' 0 —O’ij] * *
0 0 _HDi 0 0 —O','./'I *
o o -#HLO 0 0 —aoij1
Lj=12,...,r, i<], (2.6)
where

O11ij = M1ij(Ai + Aj) + BriCi + BriCj + (A + Aj)TMlTij + C[T%;j
+C] Bhieij (CTEf; EpiCi + CTEEniC)
+ 0y (CTED; EiCi + CTE EniC))

Or1ij = Maij(Ai + Aj) + BrjCi + BriCj + i, + ;.

02ij = Fj + MFTj + ori + A+ eij (EfT;jEAj + ELEAi)
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+ o) (Engc,- + EgiEC,-),
031ij = M3ij(A; + Aj) + (B; + B))" M, + D] %1,
+ D! Bl (DiTEZ;jEBjC,' + D]TE;EB,-C,)
+ o) (DiTEngD,-C,- + DjTEgiED,-Cj) ,
032ij = (B; + Bj)" M};; + DI B[, + DI %],
033ij = M3;;(B; + Bj) + (B; + Bj)Tng - 2971,
eij (DI Ef;Es;Di + D] Ef EniD; )
+ o) (DiTElT)J.EDjDi + DJTE;Sl.EDl-Dj) ,
Onij = P — Mﬂ; +Glij(Ai + Aj) + BriCi + BriCj,
Ouij = Py — MzT,»j + i + ari,
Ou3ij = —M3;; + Guij(Bi + Bj) + Br;Di + BriD;,
Ousij = —Grij — GIT,-]-,
051 = P» — G + Goij(A; + Aj) + Br;Ci + BriCj,
Os2i; = Py — G + ol + i,
0s3ij = G2ij(Bi + Bj) + Br;Di + HBriDj,
O54ij = —Gaij — G,
f5s=—G -G,
O1ij = Li — DrjCi + Lj — ZriCj,
O102ij = —CFj — CFi,
O103ij = —ZFrjDi — Dri Dj,

fori, j =1,2,...,r, then the prescribed H, performance y > 0 is guaranteed.
The matrices for an H filter in the form of (2.2) are given by

Api =G ', Bri=G 'Bri, Cri=%ri, Dri= . (2.7)
Proof Consider the following Lyapunov function:
V@) =y Py, P>0. (2.8)
Then, the time derivative of V (¥ (¢)) is

V@) =4 )Py @) + v () Py ). (2.9)
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From (2.3), we have

V) + el (Der) — y*wT (1)yw(r)
= (AW () + Byw) Py ) + ¢ () P(A(h) Y (1) + B(w(1))
+ (CY (&) + Dyw) (C()Y (1) + Dyw(t)) — y*wT (Hw(r)

T T
- [%)} ([A(h)ém)]T [ﬂ + [ﬂ LA B ()]

+[C() DM [C(h)D(h)] + [8 —J(/)ZID m((rt))}

T ro.r T
- [Kfj;] (ZZhi@(r))hj(é(t)) (45 [’g] + [’g] Ay

i=1 j=1
Pp1" TP 0 0
+AA5(;)[O} +|:0:|AA,-j(t)+|:O_y21:|)

T
+ (Z hi (D)) (E(1))(Cij + Ac,»,-m))

i=1 j=1

x (Z D hiEW)hjED)(Cij + AC;; 0»)) [lﬂv((f))}

i=1 j=1

T r r T
= [ﬁg;] (ZZhi(s(r» h,-(é(r))(AZ, [g} + [’g} Ay

i=1 j=1

Pt TP 0 0
+AAiTj(t)[0} +|:Oi|AAij(t)+|:O_y21i|)

+ TS hiE @) EhEhEW))

i=1 j=1 f=1s=1I

X (Cij + ACij ()T (Cps + ACfs(f))) [w(t):|

w(t)

T({r r !
_ wm (z;hi@(r))m@@) (Ain [ﬂ ’ [ﬂ o

i=1j

T
ro [P Pl ., 0 0
+AA,-,~(:)[O} +[O}AA,]0)+[O_V21D

+ é ST RGO EO) g EO)hED))
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X ((Cij + ACij(t) + Cji + AC;; ()T
X (Cfs + Acfs(t) + Csf + Acsf(t))
+ (Cps + AC (1) 4+ Csp 4+ ACy ()T

x (Cij + ACij (1) + Cji + AC./,'(I)))) [38))} ’

where

o[ A o B
Y7 | BFjCi Afj Br;D; |’
0 0 0
AA;i(t) =
i) [HBjAB(l)EBjCi HpjAp(t)Eaj HBjAB(t)EBjD,]
Cij =I[L; — DfjC; —Crj — Dp;Di],

AC;j(t) = [-HpjAp(t)Ep;jC; — HcjAc(t)Ecj — HpjAp(t)Ep;D;].

Using Lemma 1.2 with ¢ = 1, we have
Vi ®) + e’ er) — y*wh (w(t)

T ror
< [%)] (3> ;&)

i=1 j=1

Pl TP T rp 0 0
x(A{,[O] +|:O]A —l—AAT(t)[ } +[O}AAij(z)+[O_y2

+ % DD DD GO EO)hf(E@)h (1))

i=1 j=1 f=1s=1
x ((Cij + ACij(t) + Cji + AC;i ()T (Cij + ACij(t) + Cji + ACji (1))

23

/)

+ (Cps + AC 5 (1) + Cyp + ACy (1) (Cpy + AC (1) + Cyp + ACsf(t))))

y(1)
) [wm}

N [WEQ] (Zzh (E@)h; @)

i=1 j=I

pl’ T rp 0 0
(T [ o [T [EJswan o 3]

+(Cij + Cji + ACi; (1) + ACji(f))T

1
x 7 (Cij +Cji + ACy; (1) + AC.ii(f))) ) w((tt))}
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_ [‘”(”]T(ihz(g@)
S Llvn ] \ &

T T
ST P P, - [P j2 ) 0 0
x(Aii[Oj| +[O}A”+AA”(t)[O} +[O}AA”(I)+[O_)/21:|

1
+ (Cii +Cii + AC; (1) + ACii(t))TZ(Cii + Cii + ACji(t) + ACii(f)))

+ DD hiEE)hE®)

i=1i<j

T T
T |P P - T P P N 0 O
x(AijI:Oj| +[0}A,,+AAU(;)[O] +[O]AAL,(t)+|:0_y21
1
+ (Cij + Cji + ACGij (1) + ACji(t))TZ(Cij + Cji + AGij(t) + ACji (1))
T T
r [P P, r. [P P ) 0 0
ean [2] [0 e angio [ 2]+ [P anwo+[9_%,
+(Cji + Cij + ACji (1) + AC;; ()T

WX (Cii + Cii + ACH() + AC 1) ) ) | Y © (2.10)
7\ G ij ji ij w(t) | .

Then, V(¥ (1)) + eT (1)e(t) — y2w! (t)w(r) < O for any [z((;))] #£ 0 if the

following inequalities are satisfied:
Pl TP
(Aii + A" [ 0 ] + [ 0 ] (Aii + Aif)
T
P P 0 0
+ (AA; () + AA; ()T |: 0 :| + |: 0 :| (AA;i (1) + AA;i (1) +2 |:O —y21:|
1
+ (Cii + Cii + ACii (1) + Acii([))TE(Cii + Cii + AG;i (1) + ACi;i(1)) <0,

i=1,2,...,r,
2.11)

and
TP1" TP TP7"
(Aij+Aji) |:0j| +|:0i|(A,'j+Aj,')+(AA,'j(l)+AAj,'(Z)) |:O]

P 0 0
+ [0} (AA;j (1) + AAji (1) +2 [O _yzl}
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1
+(Cij +Cji + AC;; (1) + chi(t))TE(Cij +Cji + AC;j (1) + ACji (1)) <0,

Lj=12,...,r, i<].
(2.12)

Define

EpiC; 0 Ep;D;
voo_[o 0 0 07 , | 0 Ey 0
AU | Hpj Haj Hpi Hai |© " = | EpiC; 0 EpDj |’
0

0 Ea
AA@) = diag{Ap(1), Aa(1), Ap(0), Aa (D)),
Xcij =[—Hpj —Hcj —Hpi — Hcil,
EpjC; 0 Ep;D;
Yeij = a&yﬁ?Eﬁq
0 Eci 0
AC (1) = diag{Ap(1), Ac(t), Ap(1), Ac(1)}, (2.13)

fori,j=1,2,...,r.
Then, we have

T
P P
(Aii + Ai)" + (Aii + Aii)
0 0
Pt TP 0 0
+ (DAL (D) + AA; (D) [ 0 ] + [ 0 ] (AAii (D) + AAi (1) +2 [0 _Vz,]
1
+ (Cii + Ci; + AC;; (1) + ACii(t))TE(Cii + Cii + AC;i (1) + AC; (1))
T
P P
= (Aii + Ai)" + (Aii + Aii)
0 0
P . . rl" 0 0
+ [ 0 } Xait AA(OY pii + YA AL (DX i [ 0 } +2 [0 —yzl}
. 1 .
+(Cii +Ci; + XCiiAC(t)YCii)TE(Cii + Cii + Xcii Ac(DXcii),
i=1,2,....r (2.14)

and

T
(Aij + AT [g] + [g] (Aij+Aj)
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P1" [P 0 0
+(AAij(l)+AAji(t))T|:Oi| —|—|:0i|(AA,'j(l‘)+AAji(l))+2|:0_yzl]

1
+(Cij+Cji+ACij(t)+ACji(t))T§(Cij+Cji+ACij(t)+ACji(t))
T
P P
Z(Aij+Aji)T|:0:| +[0:|(Aij+Aji)
P - - rl" 0 0
+|:0:|XAijAA(t)YAij+YLJ~A£(I)XXU|:0:| +2[0—y21:|
- 1 -
+(Cij+Cji+XCijAc(l)YCij)T§(Cij+Cji+XCijAc(t)YCij),
i j=1,2,...,r i<j, (2.15)

with AT(1)Aa(t) < Tand AL()Ac(r) < 1.

Using Lemmas 1.2 and 1.4, (2.11) and (2.12) hold if the following inequalities
(2.16) and (2.17) hold:

T
(Asi + A" [ﬂ + [ﬂ (Asi + Aii)

T
[P r [P r 0 0
+&;; |:0i|XAiiXA,'i|:O:| +8iiYAiiYAii+2|:0_y21
T —1 T\ T
+ (Cis + G (21 = 0" XeaX i) (Cit + Cin) + 0¥l Yeus <0,
i=1,2,....rn (216)

and
rl" P
(Aij+Aji)T|:0:| +[0:|(Aij+Aji)

T
-1 P p 0 0
T -1 T -1 T
+ (Cz] +le) (21 _O'ij XCinCij) (Clj +C]l) +GinCinCij < 0’
Lj=12,...,r, i<j.  (217)

Using Lemma 1.5 to (2.16) and (2.17), respectively, then (2.16) and (2.17) can be
verified by

Bii *

T s
P <0, i=12,...,r, (2.18)
[ ] — M +Gii(Aii + Aij) —Gii = Gf;

0
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and
Bij *
P ! T T | < 0,
o | —MitGii(Aij+Aj) —Gij — Gy
Li=1,2,...,n i<], (2.19)
where

0 0
Bi =2 [O _yz,] + (Aii + Ai) " ME + My (Aii + Ai)

T
1| P P
+eg [O ] Xaii X jii [O} + &0 Y A Y aii

-1
+(Cii + Cip)T (21 - GileCingii) (Cii + Cip) + 01 Y3 Y,

0 0
Bij =2 [0 _y2,] + (Aij + A" MY+ M (A + Aj)

P P’
+8i;1|:0j|XAin£ij|:0i| +8inZinAij
T -1 7 \7! r
+ (Cij + Cji) (21—0,»]- XcinCi,-) (Cij + Cji) +0ij¥c;; Yeij-

By using the Schur complement to (2.18) and (2.19), respectively, we have

8ii * ¥ * :
P’
[0] - MJ+Gi(Aii + Ai) —Gi =Gl %
r <0,
XL [ g } 0 —gil ox ok
Cii +Ci; 0 0 2 =
I 0 0 0 Xy —oil |
i=1,2,...n (220
and
~ 5, % * * .
p7
[O] =M +Gij(Aij + Aji) =Gij — Gl « * *
T
» <0,
e
Cij+Cji 0 o
I 0 0 0 X( —oil |

Lj=1,2,....r i<}j, (2.21)
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where

0 —y21

T T
+ &Y Yaii 0¥ Yeii,

0 O
Sii =2 [ } + (Aii + AT M, + Mii (Aii + Aii)

0

T T
+&ijYaijYaij +0ij¥ci¥eij-

0 0
8ij = 2[ —yzl} + (Aij + A" MY+ Mij(Aij + Aji)

Now, we assume that matrices P, M;;, G;;, M;j, and G;; are of the following
form:

Py % My G Myi; G
P = |:P2 P3:| >0, Mjj=| Myi G|, Mjj=| My G |,
Ms;; O Ms3i; 0
_|6Gui G _|Gu; G
Gii = [qu G}, Gi; = [Gw ol (2.22)

VWith &r; = GAfi, Br; = GBri, ¢ri = Cr;, and Yr; = DF;, we can obtain
(2.5) and (2.6) from (2.20) to (2.22).
If (2.4)—(2.6) are satisfied, we have V (¥ (1)) + e (t)e(t) — y*wT (t)w(t) < 0 for

any [w(t) ] # 0, which implies that

w(t)
V(i (00)) — V(¥ (0)) +/eT(t)e(t)dt — yz/wT(t)w(t)dt <0.
0 0

With zero initial condition ¥(0) = 0 and V(y¥(c0)) > 0, we obtain
JoZ el (e(t)dr < y? [ wT (1)w(r)dt for any nonzero w(t) € L[0, 00). Thus, the
proof is completed. U

Remark 2.1 Compared with [1], Theorem 2.1 gives two new improvements as fol-
lows:

1. The LMI conditions in Theorem 2.1 contain less designed variables. This is

because the equation [ ](; i| [A(h)B(h)]in Theorem 2.1 is equivalent to[ P H; :| %

0 H
[A(h) B
0
Theorem 2.1.
2. The matrix dimensions in Theorem 2.1 are largely reduced. In more detail, the
matrix dimension of X 4;; in (2.13) is smaller than .7#};; in [1]. So are the other
matrices.

(()h) i| in [1]. It implies that the designed variables H; and H; vanish in
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In the following, we apply Lemmas 1.10 and 1.11, respectively, by combining
Theorem 2.1 to design the non-fragile Hy, filter in the form (2.2). The resulting
design conditions are given by the two following Theorems.

Theorem 2.2 Consider the filtering error system (2.3). For a given scalar y > 0,
if there exist matrices Py, P, P3, G, My;j, Ma;j, M3;j, G1ij, Gaij, JZ{FJ', ﬂpj, Cfpj,
and 91:.,‘, scalars g;j and ojj, for i, j = 1,2,...,r such that (2.4), (2.5), and the
following inequality hold:

[ 1 * * % ok ko ok ok ok ok %k
V214 V22ij * * % ok ok ok ok k%
V314 V304 V33ij % % * ok ok x k%
Da1ij Da2ij Vasij Daaij * * % %k k%
195111 1952:1 Us3ij Usaij Us5 % % % % %

T T
pIr 1)HT P e 1)H P30 0 0 —& % *x *x x =«
pIr 1)HT P I I)H?}P3 0 0 0 0 —& % =% %
-HTP2 IHTP3 0 0 0 0 0 0 0 —¢&
IHTPZ IHTP3 0O 0 0 0 0 0 0 0 —¢
%Hsz éHTpg 0 0 000O0O0TO0O
Twlp,  IHIPS 0 0 0 000000
1714111 19142,/ Pa3;5 0 0 0 0 0 O O O
D151 V1526 tisz; 0 0 0 0 0 0 O O
0 0 0 0O 0 0 0 0 0 0 O
0 0 0 0O 0 0 0 0 0 0 O
0 0 0 0O 0 0 0 0 0 0 O
0 0 0 O 0 0 0 0 0 0 O
0 0 0 0o 0 0 0 0 0 0 O
0 0 0 0O 0 0 0 0 0 0 O
0 0 0 0O 0 0 0 0 0 0 O
| 0 0 0 O 0 0 0 0 0 0 O
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* % * * x ok k% ok ok ok %
® % * * ® ok ok ok ok ok k%
% * * * ok ok ok ok ok k%
®* % * * * ok ok ok ok ok k%
* % * * * ok k% ko ok k%
* % * * x ok ok ok ok ok k%
® % * * ® ok ok ok ok ok k%
% * * * ok ok ok ok ok k%
* % * * * ok ok ok ok ok k%
* % * * * ok k% ok ok k%
* % * * * ok k% ok ok k%
—& % * * x ok ok ok ok ok k%
0 —e¢ * * * % ok ok % x ok x | <0
0 0 -1 * * ok ok ok ok ok ok ok
0 0 0 -1 x * *x * *x * *x %
0 0 —ﬁH;i 0 —o *x *x * * * *x
0 0 _ﬁHcTi 0 0 —0 % x * * * %
0 0 ——@Hl} 0 0 0 —0o % % % *x x%
0 0 _mHa 0 0 0 0 —0o *x * * =x
00 0 —3HL 00 0 0 —0 % % x
0 0 0 —3HL 00 0 0 0 —o % %
00 0 —%Hg,. 0000 0 0 -0 *
0 0 0 —sHL, 0 0 0 0 0 0 0 —o |
=12, 0],
(2.23)

where ¢ = ¢gjjl, 0 = 0;;1 and,

1 1
V11ij =M (m(z‘\i +A) + E(Ai + Aj))

+

1
200 — 1) (%Fici + BriCi) + 5(‘@ch1 +%F1CJ)

1 1 T ,
+ (m(m +A) + (A + AJ-)) M
1 ;o1 )
+ m(%FiCi + BriCi)' + E(QFjCi + BriC))
+ &ij (CiTEgiEBiCi +CTEL EpiCi + CiTEngBjC,‘ + C]‘TE;EB;‘C,-)
+ 0ij (C,TEgiEDiCi + CiTEIT)l-EDiCi + CiTEzT)jEDjCi + CjTEzT)iEDiCj) 7

1
D21ij =Mij ( (Ai + A + (A + Aj))

1
2(r — 1)

+

1
-1 (ZriCi + BriCi) + 5(93ch1' + #riCj)
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V2ij =

V315 =

V30ij =

33

D414

Da2ij

V43ij

V44i

=P —MlTl-j +G1,'j (

T T
=Py — My; +

=—Guj— G,

1 1
— (pi + )T+ = (i + )T,
+2(r_1)( Fi + DFi) +2( F]+ Fi)

1 1
—— (i + AFi —(Frj + ri
2(F—1)( Fi + Fl)+2( Fj—‘f_ Fl)

1 1
i + e+ (A + )T
+ 2(r— l)( Fi + Fz) + 2( Fj + Fz)
+ &ij (ELEAi +ELEpi + EngAj + ELEAi)
+oij (EgiECi +E{Eci + EGEc) + EgiECi) :
1 1

Msij (72(7 - (Ai +A) + E(Ai + Aj))

1 1 ro
+ W(Bi-i‘Bi)*l—E(Bi-i-Bj) My

1 1

+ m(%ﬂl)i + Bri D))" + E(%Fjl)i + Bri D))"
&ij (DiTEgiEB[C,' + DI-TEgl-EB,'C,‘ + D[TEIY;J-EBJ'C,' + D/TEgl-EB[Cj)

+ oij (D[TEEI-EDI'C,' + DiTEgiEDiCi + Dl-TEngDjC,‘ + D;E{)iED,'Cj) s

1 1 T
(2(}” 1 (B; + B;) + E(B,’ + Bj)) M2ij

+

1
D (ZriDi + ZriDp)" + 5 (Zr;Di+ BriD))",

1 1
M3 (m(Bi + Bi) + E(Bi + Bj))

(e m+ tmr ) ML -y
2 — 1y PO R ) Y

sy (D,.TE;.EBiD,» + DI ELEgiDi + DY EL Eg; D + DJ-TEgiEBiDj)

+ 03 (DiTEgiED,-D,- + DI Eb.EpiDi + DI Eb Ep;Di + D]TE,E,.ED,»Dj) ,

1 1
m(Ai + A;) + E(Al' + Aj))

1
+ (ZBFiCi + BrFriCi) + 5(%chi + #FriCj),

2(r — 1)

1 1
—— (i + AFi —(Ap; + i),
2(r—1)( Fi + Ft)+2( Fi + )

1 1
— M3 +Gujj (m(& +Bi)+ S (Bi + B,-))

1 1
+ m(%’mDi + PBrFiD;) + 5(93FjDi + ZriDj),

lij>
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, 1 1
Usiij =P2 — G + Gajj 720_1)(145-1—145)-1—5(145 +Aj)

1 1
+ m(%m‘ci + BriCi) + 5(%chi + #FriCj),

1
Os2ij =Py — G + (i + FFi) + E(WF,/ + Fi),

2r — 1)
1 1
Us3ij =Gaij (m(& +Bi)+ S (Bi + Bj))

! 1
+ 55— (#riDi+ D) + 5 (B Dy + B D)),
Os4ij = — Goij — G,

9ss=—G -G,

1
V1414 BN (Li = ZriCi + Li — ZFiCi),

V142ij :ﬁ(_%ﬁ — 6Fi)s

V143 :ﬁ(_@ﬂDi — PriDi),

?151ij Zﬁ(ld —9riCi +Lj— ZF;Cj),
V1526 =ﬁ(—<€lﬁ — 6Fi),

V1534 =m(—-@FjDi — 9riDj),

fori,j = 1,2,...,r,0i # J, then the prescribed Hx, performance y > 0 is
guaranteed. And the matrices for an Hy filter in the form of (2.2) are given
by (2.7).

Proof Consider the following two inequalities:

T T
T|P P B T P P - 0 O
Aii|:():| +|:0]A11+AAii(t)|:0] +|:O]AAl’(t)+|:0—y21:|

1
+ (Cii + Cii + AC;; (1) + Acii(t))TZ(Cii + Cii + AC;; (1) + AC;; (1)) < 0,
i=1.2,....r (224

and

1 [P TP s [P TP 0 0
r—l(Aii[O] +|:O:|Aii+AAii(t)|:0] +[O]AAii(t)+[0_y21]

1
+ (Cii + Cii + AC;i (1) + ACii(t))TZ(Cii + Cii + ACji (1) + ACii(f)))
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1 .TP7" [P s [P TP 0 0
+§(A,-j[o] +[O]A,]+AAU-(¢)[O] o |40+ g 2y
1
+(Cij + Cji + ACij (1) + ACji(t))TZ(Cij +Cji + ACij(1) + ACji(1))
T T
r|P P . T P P - 0 0
+Aji[0} +|:0:|AJ,+AAji(t)|:O:| +[O]AA,,(r)+[0_y21
1
+ (Cji +Cij + ACji(t) + AC,’j(t))TZ(Cji + Cij + ACji (1) + ACij(t))) <0,

i j=1,2,....r, i#j. (225

From the proof of Theorem 2.1 we know that the inequality (2.24) is verified if
(2.5) holds.
The left part of (2.25) is equivalent to

0 0 1 1 rrpl”
rrTl [0 _yzl} + (m(z“u + A+ E(Aij +Aji)) [O}
+|:0i|(2(r_1)( ll+ 11)+§( 1]+ jl))
! AA;i(t AA;(t ! AA;i(t AAji(t N

+(m( i (1) + Il())+§( tj()+ jl())) 0

P 1 1
+ [O} (—Z(r — ])(AAii(f) + AA;i (1) + E(AAij(t) + AAji(f)))
+ ﬁ(cii + Cii + ACii (1) + ACii (1)) (Cii + Cii + ACii (1) + ACii (1))

1
+ 4 (Cij + Cji + AC; (1) + AC;i: ()T (Cij + Cji + ACy (1) + ACji (1))

(2.26)
Considering the definition in (2.22), we have
1
2(,. . 1) (AAii(t) + AAl‘i(t)) + E(AAl](t) + AA]l(t))
! - 1 -
= 50 1) XA AaOFaii + 5 Xaij Aa(OY i)
1 1 AA(I) 0 YAii
=[2G - p X i : 227
[E(r 1M 2 A”} [ 0 Aa(t) || Yaij (2.27)

and
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-0 (Cii + Cii + ACii (1) + AC;i (1)) (Cii + Cii + ACii (1) + AC;; (1))
1
+ Z(Cij + Cji + ACij(1) + AC;i ()T (Cij + Cji + ACij(1) + ACi (1))

T
(Cii + Cip) + (AC;; (1) + ACii(f)))

1
VA1)
(Cii +Cii) +

1
B (m>

1
m(ﬂcii(ﬂ + AC;; (t)))

| T
(Cij + Cji) + 5(ACij(t) + ACji(l)))

T
(Cii +Cii) + (AC;; (1) + ACii(l)))

(5
X (%(Cij +Cji)+ %(Acij(t) + AC.,','(I)))
( 1
VA =1)

1 T
(Cij +Cji) + E(ACij(t) + ACji(t))) :|

1 . .
70 Co + G+ i (ACu(0) + A (1)
1(Cij + €+ 1ACH ) + AC;(0)

(eTE e Z(Aclj(t)—i-AC,,(I))

W) (Cll + sz) + W) (Acll(t) + ACll (t)) ) (228)
3(Cij + Cji)

|
1
:([M)(Cii+cﬁ>}+ [W)mcumwc”(r))})

I_I

F(ACij (1) + ACji (1))

1 iy iy
T (ACH (O + ACu ()
HAC O+ 4,

\/‘T) XciiAc(O)Ycii
XCleC(t)YClj

Xci O Ac@t) 0 i||:Y ui|
D o ci 2.29
[ 0 %Xcl;,} [ 0 Ac@) ][ Ycij 229
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Then, (2.26) can be written as follows:

r [o o 1 1 TrpaT
F—1 |:0 —y21}+(—2( — )(Aii"‘Aii)‘f‘—(A,'j-i-Aj,')) [O]
+ }(20 (Aii + Aii) + 5 (Alj—i—Aj,))

T r T T
Yaii AA(I) 0 1 l - P
YAU] [ 0 AA(t)} |:2(r—1)XA” 2XA’J} [0}
_1 1, Aat) 0 Yaii
i Mzo—l) i 2“’“ 0 AAo)HYA,J
W)( ll+Cll) +
2(C1]+C]l
X[Acm 0 HYD
Ac(t) | | Yeij
ii 0
| [ [
3 Xcij
AC(t) 0 Ycii . _ . .
X|: 0 A~C(f)1| |:YC1,/:|)7 Lj=L2....r i#] (2.30)

Using Lemmas 1.2 and 1.4, it is to see that (2.25) is guaranteed if the following
inequality is satisfied:

r 0 0 1 1 Trpi”
r—l|:O—y2[:|+(2(r_1)(Aii+Aii)+§(Aij+Aji)) |:Oi|

P 1 1
1o m(Aii+Aii)+§(Aij+Aj,»)

TPy s 1Tt o, TTET
ey [0][2(r—1)XA” 2XA”][2(r—1)XA” 2% | o
LT s

ij Yaij Yaij 2(C11+C],)

T
(1ot | X O = Xeir O
0 §XCij 0 EXCU

T
W)(Cll_‘_cll) +0_”|:YCiii| |:YCii] <0
2(Cl,—i—C],) Y Yeij Ycij ’

Lj=12,....r, i#]. (2.31)

+

+

W) Xei 0 ]
Iy ..
24Cij

4(r

«/“(T)( i + Cll)
z(clj + C/l)

-1
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Using Lemma 1.5 and the Schur complement, (2.31) can be verified by

Aij * *
A2ij _Gij_GiTj *
L [P
I l)XAzz|:()j| 0 —&ijl  * * * * *
T
P
éxgij[()} 0 0 —¢jl * * * *
W(C”+Cl’) 0 0 0 —1I * * *
(C,]—f-le) 0 0 0 0 —1 * *
1 T
1T
L 0 0 0 0 0 XCU 0 -0l |
<0, i,j=1,2,...,r, i#],
(2.32)
where

r To 0 1 1 Lo
Mij =7 0—y2r |t m(Aii+Aii)+§(Aij+Aji) M;;
1 1
+ M;; (ﬁ(Aii +Ai) + S (Aij + Aji))
T
| Yaii Y pii | Yeii Ycii
I [YAU} [YAJ T [YCU} [YCU]
o 1 1
)\Zijz 0 _Mij+Gij 2( )( 11+A11)+2(A11+A]z)

Then, by choosing the matrices defined in (2.22), we obtain the inequality (2.23).
Considering Lemma 1.10 with (2.24) and (2.25), we obtain

DD hiE)hjE@)

i=1 j=1

p1" [P P1" P 0 0
(LT [0 2] 42w -2

1
+ (Cij + Cji + AC,']'(Z‘) + chi(t))TZ(Cij + Cji + AC,‘]‘ (t) + ACj,'(t))) <0
(2.33)
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From the proof of Theorem 2.1, with the support of (2.33), it can be verified that
V@) + el (0)e(r) — y2wT ()w(r) < 0 for any [v‘i((;))} £0.
The proof is completed.

Theorem 2.3 Consider the filtering error system (2.3). For a given scalar y >0,
if there exist matrices P, P, P3, G, My, My;, Mz, G,
G2ij, Tji, JZfFj, %Fj: %Fj, and @Fj’ scalars Sij and Ul-j,for i,j = 1, 2, R
such that (2.4) and the following inequalities hold:

[ 011 —Yii — Yii x ko ko ok % *
021 Orii  *  x k *
031 O3ii 33 *  x  x *
O41ii Ou2ii  Oa3ii Osaii *  * *
O51ii O52ii  Os3ii Os4ii Os55 * *
H}_g,'PZ Hgipg 0 0 0 —gil *
Hj. P Hi.Py 0 0 0 0 —gl
H}. P HizP; 0 0 0 0 0
HI.P H;p; 0 0 0 0 0
O101ii Or02ii 610zii 0 0 0 0
0 0 0 0 O 0 0
0 0 0 0 O 0 0
0 0 0 0O 0 o0 0
L 0 0 0 0O 0 o0 0
* * * * * * * ]
* * * * * * *
k k * *k k *k %
* * * * % *k %
* * % * k % %
* * % % % % k
k * % * % * %
—¢&iil % * * * * * <0,
0 —&il x * * * *
0 0o =21 * * * *
0 0 —Hgl. —ojil  * * *
0 0 Hgi 0 —O'l','I * *
0 0 Hg[ 0 0 —0’,'1'] *
0 0 —-HIL 0 0 0 =—o;l_

i=12,...,r (2.34)



38

2 With Additive Gain Variations

_Qllij _ sz _ ’Y‘]{ * * * ok * *
021ij 022i * k% * *
0314 036 O33ij * x  * *
O41ij Oa2ij Oa3ij Oaaij *  * *
O51i; Os2ij Os3ij Os4ij Os5  * *

Héj P, Héj Py 0 0 0 —&jil =
H,.P, H;. P3 0 0 0 0 —ejl
Hg, Py H;{ P; 0 0 O 0 0
HI.P Hips 0 0 0 0 O
O101ij 0102ij G03ij 0 0 O 0
0 0 0 0 0 O 0
0 0 0 0 0 O 0
0 0 0 0 0 O 0
0 0 0 0 0 O 0
* * * * * * * ]
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
—gijil  * * * * * * <0,
0 —&j;l = * * * *
0 0 -2 =« * * *
0 0 —Hg/. —oiil  * * *
0 0 _Hcfj 0 —oil = *
0 0 —p; 0 0 —(I,'jI *
0 0 —-HL 0 0 0 -—o;I]
Lhj=12,...,r, i <], (2.35)
T11 N 3
Tgl Tzz L. X
L . <0, (2.36)
Trl Tr2 cee Trr

then the prescribed Hy, performance y > 0 is guaranteed. The matrices for an Hy

filter in the form of (2.2) are given by (2.7).

Proof From (2.10), we can know that V (y(r)) + e (t)e(r) — y>wT (t)w(r) < 0 for

any [X((;)) ] £ 0if (2.37) holds.
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r
2
PWHEG)
i=1

T T
r|P P B T P P - 0 O
X(Aii[o] +|:O]Al'+AAii(t)|:0] +|:O]AAI,(I)+|:O_VQI:|

1
+ (Cij + Cii + ACji (1) + Acii(t))TZ(Cii + Cii + AC;i (1) + ACii(t)))

+ 3> hiE@)h;(EW))

i=1i<j

(] o[ anto 7 <7 w3
+(Cij +Cji + AC;j (1) + ACji(l))T:—t

x (Cij + Cji + ACi; (1) + ACji(f)))

(LY e ani [T [ 3 3]
+ (Cji + Cij + ACji (1) + ACij(t))Ti

% (Cji + Cij + AC;i(t) + ACi; (1)) ) <0. 2.37)
Define

T T
P P P P 0 0
mj:AlTj[o] +[O]A,-j+AA,.Tj(z)[O] +|:O]AAij(t)+|:O_y21:|

1
+ (Cij + Cji + ACij (1) + AC./,'(I))TZ
x (Cij + Cji + AC;j(t) + ACj; (1)).

By Lemma 1.11, (2.37) holds if the following conditions are fulfilled:

N <Y, i=1,2,...,m, (2.38)
M+ N S i+, i j=1,2,.r Q<] (2.39)
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Tll * ... 0%
11 Vop ... *

.. . < 0. (2.40)
DS 2% I

Obviously, those LMI properties in the proof of Theorem 2.1 can also be used for
inequalities (2.38) and (2.39). Thus, conditions (2.34)—(2.36) are obtained. O

Remark 2.2 Because there are uncertainties in the designed filter, the final LMI
conditions are not in the form (2.33) or (2.37). Chang and Yang [1] had verified that
the relaxed properties of Lemmas 1.10 and 1.11 cannot be efficiently embodied in
Theorems 2.2 and 2.3.

2.2.2 Discrete-Time Case

For the discrete-time case, the filtering error system (2.3) becomes as

Yk +1) = Ay (k) + B(hyw(k),

) ) 2.41
e(k) = C(h)y k) + D(h)w(k). 241

Theorem 2.4 Consider the filtering error system (2.41). For a given scalar y > 0,
if there exist matrices Py, Py, P3, G1ij, G, G3ij, ZFj, Brj, €rj, and Drj, scalars

oaij, and ocij, fori, j = 1,2, ..., r such that (2.4) and the following inequalities
hold:
M 8110 * % * * * * %
—2P; 822ii  * * * * * *
&1 0 8330 % * * * *
da1ii 042ii S43ii  Odaii * * * *
ds51ii 052ii O53ii  Os4ii Js5 * * *
S61ii 62ii Se3ii O 0 =21 * *
0 0 0 HLGTHLGT 0 —ouil =
0 0 0 H)G' H!.G' 0 0 —oaiil
0 0 0 H)G"HLGT 0 0 0
0 0 0 HILGTHIGT 0 0 0
0 0 0 0 0 —H) 0 0
0 0 0 0 0 -Hl 0 0
0 0 0 0 0 —H) 0 0
L 0 0 0 0 0 -—HL 0 0




41

2.2 Non-Fragile Hy, Filter Design

on (242)

i=12,..

<0,

(2.43)

<0,

—oaiil

0

i <],

T
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where

8111] = —2P +(TAl'J'CiTElT;jEBjC,' -I-UAUC]TE;EB,'C/
+Uc,'jClTE£jEDjC,' —}-Ucl'jCjTEgiED,'Cj,

dij = —2P; + GAijE/ijAj + oaij ENEai + UCijEZ:jECj +oci EL Eci,

3315 = GA,‘jDiTElT;jEBjCi +0AiijTElT;iEBiCj
+OCile-TEZ;J-EDjCi +0'CijD;E£,'EDiCj»

3331 = GAile'TEngBjDi + GAiijTEgiEBiDj
—I—Uc,'jDiTEngDjDi +0'CiijTE£,-EDiDj — 2)/21,

8410 = G1ijA; + BriCi + G1ijAj + BFriCj,

Sarij = rj + i,

843ij = G1ijBi + #rjDi + G1ijBj + PBriDj,

Sa4ij =2 (—Glij —- Gl + P1) )

ds51ij = G3ijA; + BrjCi + G3ijA; + BriCj,

852ij = AFj + i,

8s3ij = G3ijBi + BrjDi + G3ijBj + BriDj,

8s4ij = 2(=Gij — GT + P,

855 =2(—G — G + P3),

Se1ij = Li — ZrjCi + Lj — DriCj,

862ij = — Crj — Cri,

863ij = — PrjDi — DriDj,

fori,j =1,2,...,r, then the prescribed Hy, performance y > 0 is guaranteed.

The matrices for an Hx filter in the form of (2.2) are given by (2.7).

Proof

Consider the following Lyapunov function

V) =yl (k)yPy k), P >0.

From (2.41), we have

V(W k+1) — V() + e’ (kek) — y*w’ (yw(k)

|

v (k)

T
\wm} (LAa Bn]" PLAG) B ] +ICh DuI"IEMR) D)

—-P 0 ¥ (k)
* [ 0 —VZID [WM
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~ [“’(")T (erih'(s(k»h(s(k))(m + A4 P
- W(k) l J L tj

i=1 j=1

x DD hiER)R(EW))(Aij + AAjj)

i=1 j=1

+ DD hiEkRDRjEKR)(Cij + ACiHT

i=1 j=1

X > S i ER)hEERN(Cj + ACy) - [g’ ;;,} ) [K((’,j))}

i=1 j=1

T l r r r r
[K((’,j))} <§Z ST S hiEU0)h ) ha(E Ry (5 (K)

i=1 j=ld=1s=1
X ((Ajj + AA;j (k) + Aji + AAji (k)T
x P2PI(Agy + Adgs (k) + Asa + AAsa(K))
+ (Ads + AAds (k) + Aga + AAsa (k)T
x P%P%(Aij + AAij(k) + Aji + AAGi(K)
+ 2 2 Z Z Zh (ER))h j (& (k)ha (& () (§(K)

i=1 j=1d=1s=1
x ((Cij + ACij(k) + Cji + AC;i (k)T (Cay + ACus (k) + Cyq + ACsq(k))
+ (Cas + ACu5 (k) + Csa + ACsq (k)" (Cij + AC;j (k) + Cji + ACj; (K)))

P 0 Y (k)
0 y2r wk) |’
where

[BFJC AFj BFJ :|

0 0
AA k 9
i (k) = [HB,AB(k)EB,C Haj Aa(K)Eaj Hp; Ap(k) Eg; D ]
Cl] Lz_DF]Cz _CF] _DF]D]
ACij(k) = [-HpjAp(k)Ep;C; — HcjAc(k)Ec; — HpjAp(k)Ep;D;].
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Using Lemma 1.2 with ¢ = 1, we have

V(W k+ 1) — V() + el (kek) — y*w (yw(k)

T
5[1’183] ( S S S b0 € ) ha (€ () (£ )

i=1 j=ld=I1s=1
X ((Aij + AA;j(K) + Aji + AAji (k)T P(Aij + AAij (k) + Aji + AAji (k)

+ (Ads + AAgs (k) + Asa + AAa (k)T P(Ags + AAgs (k) + Aga + AAsa (k)
+ (Cij + AC;j (k) + Cji + AC;i (k) (Cij + AC;; (k) + Cji + ACji (k)
+ (Cas + ACus (k) + Cyq + ACsq (k)T (Cus + ACqus (k) + Csq + ACsq (k)

-[5A]) )]

[w((zf)) } (ZZh ER)h;(EK))

i=1 j=1
P

X ((Aij + AA;; (k) + Aj; + AAji(k))TZ(Aij + AA;j(k)+ Aji + AAj; (k)
+ (Cij + ACij (k) + Cj; + ACji(k))T%(Cij + AC;j(k) + Cj; + ACj; (k)

P 0 Y (k)
S0 y%r w(k)

Y (k)
[W(k)} (Zh (k)

P
X ((Aii + AA;i (k) + A + AAii(k))TZ(Aii + AA;i (k) + Aii + AA;; (k)

1
+ (Cii + ACji (k) + Cii + ACii(k))TZ(Cii + AC;i (k) + Ci; + AC;i (k)

B [5 yg1:|) + 3> hiE ) (ER)

i=li<j

P
X ((Aij + AA; (k) + Aj; + AAji(k))TE(Aij + AAjj(k) + Aji + AAji (k)

1
+ (Cij + ACij (k) + Cj; + chi(k))TE(Cij + AC;j(k) + Cji + ACj; (k)

oA ]
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Thus, V(i (k + 1) = V(i k) + e (Ketk) — y*wl (kywk) < 0 for any

v (k) .
|:w(k)] # 0if

_ P _
(Ajj + Aji + XAiiAA(k)YAii)TE(Aii + A + Xaii AAK) Y 4ii)

_ 1 _
+(Cii +Cii + XCiiAC(k)YCii)TE(Cii + Cii + Xcii AC(k)Ycii)

P 0 .
_2[0y21]<07 1_1’27"'9r’ (2.44)
and
_ o P _
(Aij + Aji + Xaij AAK)Y 4ij) E(Aij + Aji + Xaij AAK) Y i)
_ 1 _
+(Cij + Cji + Xa,»AC(k)Ya,-)TE(C,-,- +Cji + Xcij AC(K) Ycij)
P 0 .. . .
_2[0y21}<09 151_1725""’.7 l<la (2.45)
where
EBjCi 0 EBjD,'
.. [0 0 0 0 yo | 0 Ea 0
A= Hpj Haj Hp; Hp; |’ Alj = EpiC; 0 EgDj |’
0 E 4 0

AA(k) = diag{Ap(k), Aa(k), Ap(k), Aa(k)},
Xcij =[—Hpj — Hcj — Hp; — Hcl,
Ep;Ci 0 Ep;D;

Yoo — 0 Egj 0
Cii = EpiC; 0 EpiDj |’
0 Eci 0

AC(k) = diag{Ap(k), Ac(k), Ap(k), Ac(k)}.

fori,j=1,2,...,r.
Using Lemma 1.4, we have
_ o P _
(Aji + Aji + Xaii AAK)Y 4ii) E(Aii + Aii + Xpii AA(K)Y 4ii)
+ (Cii + Cii + Xcii AC(K)Yein)T

1 - P 0
X E(Cii+Cii+XCiiAC(k)YCii)_2[0 y21i|
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T -1 -1 7\ T
< (Aii +Ay) (ZP - O'AiiXAiiXA,‘,‘) (Aji + Ajj) +04ii Y g Yaii

-1
+(Cii + G (21 — oG XeaXEy)  (Cir + Ci)

P 0

+0AiiYCTiiYCi,-—2|:0y21], i=1,2,...,r (2.46)

and
. ;P _
(Ajj + Aji + Xaij AAK)Y aij) 7 (Aij +Aji + XaijAAK)Y aij)
_ 1 _
+(Cij +Cji + XCijAC(k)YCij)TE(Cij + Cji + Xcij AC(K)Ycij)
P 0
_2[0 721]
AT (2P ot oxT Y (A A vl oy,
S(Al] + Aji) (2P _UAinAz]XA,'j) (Az] +A]l)+GAl]YA[jYAl]
o enT iy T N e o T oy
+(Cl] +le) ZI_UCinCszij (Cz] +C]l)+UCz]YC,'jYClj

P 0 .. . .
_2|:Oy21]’ Lj=12,....,r, i<]j. (2.47)

The conditions (2.44) and (2.45) hold if the following conditions are satisfied:
T —1 —1 T \7! T
(Aii + Aip) (2P — UA,',-XAiiXA,'j) (Aii + Aii) +0aii Y45 Y aii

—1
(i + i) (2 = oghXeiXEy) (G + Cin

PO ,
+ocii Y Yeii —2[0 y21:| <0, i=12,...,r (2.48)

and
—1
(Aij + AT (2P71 — GA_i}XAinfTW) (Aij +Aj) + UAinATinAij

-1
+(Cij +Ci)" (21 - Uc_i}XCingij) (Cij + Cji)

0

7’21:|<0’ i, j=12,....r, i<]. (2.49)

P
+UCinginCij —2[0
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Then, by Lemma 1.1 to (2.48) and (2.49), we have

0
v

P
_2[0

and

-

P

0y

T T
+oaii¥y;; Yaii Y ocii¥o; Yeii

Aji + Ajj
Cii +Cij

0
0

A,’j + Aji
Cij + Cji
0
0

<0,

ij=12...

0
21] +oaij YA Yaij +ociiY i Yeij

* * *
) 2t B *
0 =21 *
Xgu 2 OAii
0 Xy O
i=1,2,...,r,
* *
) L
0 =21
T
XAij 2 —0
0 XCij
ST 1< .

47

*
* <0,
*
*
—ociil
(2.50)
k *k
k *k
* %
Aijl *
0 —ocijl
2.51)

Pre- and post-multiplying (2.50) diag{/, G;;, I, I, I} and its transpose, respec-
tively, (2.50) is equivalent to the following matrix inequality:

T
Yaii +ocii¥eiiYcii

—2[g ygl] +oaiiY iy
Gii(Aii + Aii)
Cii + Cii
0
0

* *
—2G;P7'GL
0 —21
T T
XAiiGii (;
0 XCii
, 1.

<0, i=12,...

*

*
*

0

—opiil

*

*
*
*

—ociil

(2.52)

Pre- and post-multiplying (2.51) diag{/, G;;, I, I, I} and its transpose, respec-
tively, (2.51) is equivalent to the following matrix inequality:

|

P
0

0
s

] +UAin},'j

Gij(Aij + Aji)

T
Yaij +ocij¥e;iYcij

Cij +Cj;

0
0

<0,

ij=12...

*

*

—2G; PTGl «

>

0
T T
XijGij

0

i<j.

—21
0

T
XCij

*

*
*

—oaijl

0

*

*
*
*

—ocijl

(2.53)
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The inequality —(M — N)TM~'(M — N) < 0 implies that —NTM~IN <
—N — NT + M, then (2.52) and (2.53) hold if

P 0
- [ 0 }/21] +onii¥ ;i Yaii + ocii Yy Yeii * * * *
Gii(Aii + Aii) 2(=G;; —GE+P) * % %
Cii + Ci; 0 21  * *
0 X4:Gli 0 —oaiil %
0 0 Xl 0 —ociil
<0, i=12,...,1
(2.54)
and
(2 * * * *
Gij(Aij + Aji) 2(—Gij — GiTj +P) x % «
Cij + Cji 0 21 « « | <o
0 xT GT 0 —oail x (2.55)
Aijij - Aij
0 0 Xeij 0 —ocijl

ij=1,2,....r i<]j
PO

0 y2I
Now, we assume that matrices P, G;;, and G;; are of the following form:

P:[Pl *]>o, G,»l-z[Gl”G] G,-,-:[GWG] (2.56)

hold, where ¢ = —2 |: + 0 Aij Yz;ij Yaij +ocij Ygij Ycij.

Py P3 G3i G G3ij G

From (2.54) to (2.56), we obtain (2.42) and (2.43) with o/r;=GAp;,
Brj=GBrj, €r; = Crj, and Zp; = Dp;.
Then, we have V(¥ (k + 1)) — V(¥ (k) + e (k)e(k) — y*wT (k)w(k) < 0 for

¥ (k) S
any [w ) # 0, which implies that

V(i (00)) = V() + D e (k)ek) — y*> D wh (kyw(k) < 0.

k=0 k=0

With zero initial condition ¥(0) = 0 and V(¥ (c0)) > 0, we obtain
SR pel (kek) < y? 32, wl (kyw(k) forany nonzerow (k) € [>[0, 00). Thus, the
proofis complete. (]

Remark 2.3 In contrast to the our existing results [2], Theorem 2.4 contributes in
two aspects:

1. From the proof of Theorem 2.4, we can see that product terms
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DD hiER)hER)Aij+AANTP DD hi(E(k)hj(EK) (Aij+AA;})

i=1j=1 i=1 j=1

and

r

D hiEU)RER)(Cij+ ACHT DD hi€ k) (E(R)(Cij + ACi))

i=1 j=I i=1 j=I

are processed separately. This implies that the scalar &;; in [2] are not shared,
which brings more relaxed design conditions.
2. The dimension of the matrix consisting of X 4;; and X¢;; in Theorem 2.4 is

smaller than %;i ' in [2].

2.3 Numerical Example

A discrete-time TS fuzzy plant model with the following two fuzzy rules is consid-
ered [5]:

R :if x; (k) is M1y,
then x(k + 1) = Ax (k) + Biw(k),
y(k) = Crx(k) + Dyw(k),
z(k) = L1x(k),
R? :if x; (k) is M2,
then x(k + 1) = Arx(k) + Bow(k),
y(k) = Cox (k) + Daw(k),
z(k) = Lax(k), (2.57)

where

—0.4200 —0.0700 —-0.3600 O

B = |:—O.10001|’ By — |: 0.0100 :|’

Al = [ 1.0500 0.3500 i|7 Ay = [ 0.7920 —0.4320i|,

—0.0040 —0.1000
Cy =[1.7100 2.8500], C, = [—1.9000 2.2800],
Dy =0.005, D, = 0.005,
Ly =[0.8100 0.2700], Lo = [0.4000 1.2000].
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Fig. 2.2 State response 1.5 r
of x (k) — =%, (K
A X0 |,
0.5f
0 = =
‘ ,
v
-0.5
1 . . . .
0 20 40 60 80 100

The membership functions s (k) and A, (k) are given, respectively, by

sin(x; (k))
x1 (k)

hyi(k) :[
1

and

‘ for x1 (k) 0,
for x; (k) =0,

ha(k) = 1 — hy(k).

We give the known parameters in (2.2) as

0.05
Ha = [0.162

E41 =10.150.2],

| |

E4s2 =10.250.1],

0.264
0.123

Ik

0.354 0.2
Hp1 = [0.132] Hp2 = [0.4]’
Ep; =045, Ep, =0.15,
Hey =035, Hea = 045,
Ec1 =1[0.230.35], Ecy=[0.20.4],
Hpy =0.5, Hpy =03,
Ep1 =01, Ep,=03.

By using the Matlab LMI Control Toolbox [3] to solve (2.4), (2.42), and (2.43)

in Theorem 2.4, we obtain the minimum Hyo

0.0908 0.1431

—_ 103
1 =107 x [0.2226 —0.3601

performance yin is 0.7996 and

| on=[52]

0.0021
—0.0024
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Fig. 2.3 State response 0.2

of 2 (B ' ' I
0.1 |

20 40 60 80

100

Fig. 2.4 Response of z(k) 0.4

and z (k) — —z(k)

0.2

-0.21

-0.4 : : : :
0 20 40 60 80

€r1 =1—-0.0312 0.0342], Zr; = 0.1905,

ofer — | 70-0055 —0.01087 [ 0.0073
F2=10.0041 0.0093 [ 27| -0.0007 |

€r2 =[—0.0041 0.0124], ZFr2 = 0.0516,

G — 0.1190 0.1459
~10.2745 0.4476 |-

100

Substituting @r1, Br1, €r1, Dr1, Dr2, Brar, €r2, ZYr2, and G into (2.7),

the filter matrices can be given as follows:
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Fig. 2.5 Error response 0.8
of e(k)
0.6f
0.4f

0.2
o, —

20 40 60 80 100

A _ [0-0006 0.0089 B _ | 0.091
FI=10.0001 —0.0063 | “F1 =] —0.0661 |°

Cr1 =1[-0.0312 0.0342], Dp; = 0.1905,

A _ [ 02306 —0.4675 B, _ | 02544
F2=1 0.1505 03074 | 2= | -0.1576 |’

Cry =[—0.0041 0.0124], Dpfr = 0.0516.

The external disturbance w(k) is defined as w(k) = 2 + k'3) "Lk =1,2,...
and the initial conditions are chosen as x(0) = [0.8 — 117, x(0) = [0 0]”. By
considering A, = e 005k o — A, B, C, D, the simulation results of the state
responses of the plant and filter are shown in Figs.2.2 and 2.3, respectively. The
simulation results of z(k) and zp(k) are given in Fig.2.4. Figure 2.5 shows the
response of the filtering error e(k).

The ratio of y (k) = \/ Yicoel (kek) < y2 > 72wl (k)yw(k) can show the
influence of the disturbance w(k) on the filter error e(k), and the plot of the ratio is
shown in Fig. 2.6. It can be seen that the ratio tends to a constant value 0.6145, which
is less than the prescribed value, i.e., 0.7996.

From Figs.2.2, 2.3, 2.4, 2.5, and 2.6, we can easily find that when the fuzzy
filter has additive gain variations, the proposed designed filter is performed well for
guaranteeing the Hy, performance of the filtering error system.
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Fig. 2.6 The value of y 1

0.8

o] —

0.41

0.21

0 20 40 60 80 100

2.4 Conclusion

The non-fragile filtering problem for T-S fuzzy systems has been studied, where the
filters are assumed to have additive gain variations. The LMI technique has been used
to design the non-fragile filters such that filtering error systems are asymptotically
stable with prescribed Hy, performances. Some slack matrix variables have been
introduced to facilitate the design procedure of the non-fragile filters. A numerical
example has been given to show the merits of the proposed approaches.
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