Chapter 2
Mathematical Formulas Involving the Different
Zeta Functions

In this chapter, a compendium of original formulas resulting from the zeta-
regularization techniques, developed by the author and collaborators is given. Al-
though some of the original derivations are reproduced, what follows is mainly
intended as a table for practical use by the reader—the full derivations and argu-
ments involved can be found in the accompanying bibliographical references. In
particular, useful expressions are provided for the analytic continuation of Rie-
mann, Hurwitz and Epstein zeta functions and generalizations of them, for their
asymptotic expansions (including those for derivatives of Hurwitz’s ¢), the zeta-
function regularization theorem—and its use for multiple zeta-functions with ar-
bitrary exponents—and, in another section, the first immediate applications of the
theorem. All this is followed by a very careful study of the analytic continuation
of multiple series which terms are combinations involving arbitrary coefficients and
exponents, a case that is very involved and has not been treated properly in the math-
ematical literature. Of course this case always involves the elusive term that shows
up in the correct application of the zeta-function regularization theorem. Some mis-
takes which regretfully appeared in a few formulas of the original papers have been
corrected.

2.1 A Simple Recurrence for the Higher Derivatives
of the Hurwitz Zeta Function

A recurrent formula which allows for the calculation of the asymptotic series ex-

pansion of any derivative, ¢ (m) (z,a) =0"¢(z,a)/07™, of the Hurwitz zeta function

¢(z,a) is here given. In particular, the first terms of the series corresponding to

¢”(—n,a) in inverse powers of a are written explicitly, for n = 0, 1, 2, 3. Knowl-

edge of these expressions is basic in the zeta-function regularization procedure.
Some time ago, an asymptotic expansion for the first derivative

g”(—n,a)zi;(z,a) , n=0,1,2,..., 2.1
a0z

=—n
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of the Hurwitz zeta function

(.a)=Y (n+a)”%, Rez>1,az0,-1,-2,... (2.2)
n=0

in inverse powers of a was derived [95] (see (2.8)), that has been found to be very
useful by a number of authors—as a convenient tool, e.g., for the computation of
effective actions in non-trivial backgrounds and also for the derivation of other in-
teresting zeta function relations (see, for example, Steiner [96], Rudaz [97], and
Ref. [51]). The simplicity and very quick convergence of the expressions we will
give below have been recognized to be their most remarkable characteristics. They
render them very useful for numerical applications [96], and for the subsequent
derivation of related expressions for other zeta [97] and theta [51] functions.

In this chapter we describe the use the procedure of Refs. [95, 98] in order to
obtain the asymptotic expansion corresponding to any derivative of the Hurwitz
zeta function (2.2)

am
¢"™(z,a) = az—mg(z,d)- (2.3)

The interest of such formulas has been manifest since some years ago, and actually
a couple of attempts had been made by some authors to solve the problem, but
they did not turn out to be completely successful. It is rather clear from the very
beginning that, for the general case (2.3), it is not possible to obtain an expression
so simple as the one derived in Ref. [95] for (2.1) (see (2.8) below).

We will not repeat here the detailed derivation of the asymptotic expansion corre-
sponding to (2.1), given in Ref. [95]. Starting from Hermite’s integral representation
of the Hurwitz zeta function ¢ (z, a) (in the future we will omit the subindex H, as
is normal practice)

a~? al=z 00 5 nN—z/2 . 1
l(z,a) = - + - +2 A (1> +a%) sin(ztan™' (t/a)) gt (2.4)
one easily gets
, a~? al=2 al=2
) =- tma-% 1na—
{'(z,a) > na p— na 12
© —. _ _ dt
+2/0 (t* +a?) 2 cos(ztan~"(t/a)) tan l(t/a)m
> /2 . _ dt
—/(; (t* +a?) 4 sin(z tan 1(t/a))ln(t2+a2)62m_1. (2.5)

We invite the reader to read Ref. [95] for more details of the mathematical proce-
dure employed, which is similar to the ordinary one derived from Watson’s lemma
and Laplace’s method [84, 99] and is therefore quite a conventional one for the
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obtaintion of asymptotic expansions. In particular, the functions appearing in the
integrands are replaced by their power series expansions near t =0, e.g.

00 i 2j+1
t 1)/ [ t\¥
tan_1<—)=Z(. ) <—> ,
a j:02]~|—1 a
oo i 27
(_1)]1 £\’
In(#2 2) =21 — - R
n( +a) na+Z ; P

j=0

(2.6)

and one then checks with the residuum terms that the series that are formed by
integrating term by term verify the condition of asymptoticity. Alternatively, another
procedure can be employed that leads to the same result, namely repeated integration
by parts.

In any way, the final result turns out to be the same [97] that one would obtain by
naive derivation term by term of the asymptotic series corresponding to the Hurwitz
zeta function (2.2)

1 -z 1 —z—1 1
{z+la)=-a*+-a " + -Xo(z,a),
z 2 z

[e,]

By
Eo(z,a)EZF(Z)ka ok, 2.7
k=2
C(z+k)
@rk=z(z+1D)---(z+k-1) e

Here (z); is Pochhammer’s symbol (the rising factorial function) and the By are
Bernoulli’s numbers. The asymptotic series corresponding to ¢’(z + 1, a) can be
expressed as

1 1 1
{'(z+1,a0) = —<— +lna>c(z +1,a) + 2—Za_z_1 + 221(2,0),

0o @ (2.8)
2i(z,a) = Z Z V(k_JJ) a— ik

Notice that this is not a trivial result since—as is well known—term by term deriva-
tion of an asymptotic series is controlled by a Tauberian theorem (and not by an
abelian one). These expansions are valid for large |a| and | Arga| < . In particular,
when z = —n, n € N, the above expressions reduce to [100]

q¢ —n,a)=—%Bn(a), (2.9)

where Bj,(a) is the Bernoulli polynomial of degree n, and to
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, 1( 1) 1,
(1 —n,a) = Ina — — |B,(a) — —a
n

1 n k—1 n (_1)]
_ B n—k
n "jz<'>k—j ’

k=2 =0 J
+ (=" — 1) i B a" %, (2.10)
ot k=D (k=)

respectively.

Now, starting again from Hermite’s integral representation (2.4) and repeating,
for ¢”, the same procedure used for ¢’, in particular, the replacements (2.6) or in-
tegration by parts (quite involved), we arrive to the following expression for the
second derivative

1
"2+ 1,a0) = —2(2 +lna>§’(2 +La)

Ina 2 1
— 27+ln a {(z—l—l,a)—l—gEz(z,a), (2.11)

(za) = ZB"Z Zhv((;)_hh) e

Jj=

This is, term by term, the same result that one would have obtained by naive deriva-
tion of the preceding asymptotic series. Actually, the alternative procedure (namely
that of partial integration)—which was already discussed in [95]—proves to be here
the most convenient one in order to exhibit the asymptotic character of the series
(2.11).

With some additional effort, the following operational recurrence can be found,
in general [98]

m

ad
—<¢(z+1,a)
az™"

——[(i+l )m—(i)m+ﬂ<i+l )m_l] (z+1,a)
= a2 na Py i na (2 ,a
+ %Em(zs a), (2.12)

being

00 k—1 1 J1i—1 1 Jm—1—1 (Z)
Zm(Z,a)EZBka_. Yo Y e ek
k=2 ‘2

— | —
iSok—nin—no = Jm!CGm=1 = Jm)
(2.13)
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for large |a| and | Arga| < w. Using the operational iteration (2.12), the follow-
ing general recurrence is obtained, which yields the asymptotic expansion for any
derivative of the Hurwitz zeta function in terms of the asymptotic expansion corre-
sponding to the derivatives of lower order:

m .
(Mt Lay==-Y (’") (i +1na) 0 ar ™D @4 L)+ LB a).
o N z z
(2.14)
¥m(z, a) being given by (2.13).
If we restrict ourselves to the particular values z = —n, n € N, we obtain the
more simple expression

(1 —nay=Y" <m> (1 - lna> I/~ tac™ D1 —n,a)— 12,,,(—n, a),
n

j=1 M
(2.15)
where now
jee} 1 Jji—1 1 Hm Y (_1)/ -
T (—n, a)—ZBkZ > ()" 216
— j1_0 ] 12_0]1_]2 =0 " Jm—=1— Jm

being w,, = min(n, j,—1 — 1).

(2.12) to (2.16) constitute the main results of this section. Even if they do not
provide a general explicit asymptotic expression for any derivative of the Hurwtiz
zeta function but any of such asymptotic series can immediately be found by solv-
ing the very simple recurrences (2.14) or (2.15), starting from (2.7) and (2.9), and
(2.8) and (2.10), respectively. These expressions are very appropriate for numerical
and analytical explicit calculations, in connection with the computational software
packets commonly available.

To prove this statement, let us obtain the asymptotic series for the second deriva-
tive, at non-positive integer values of z. It is given by

2 21 B 1 n—1
" —n,a) = <_n_2 + % —lnza)ﬂ - <— —lna> a

n n n

1 2/1
— —Y(—n,a) — —(— — lna)Zl(—n,a), 2.17)
n n\n

where Bj,(a) is the Bernoulli polynomial of degree n, and

(= na)—ZBka Z()( 1) nfk

hO

S P

k=n+1 ]0




28 2 Mathematical Formulas Involving the Different Zeta Functions

k—1
1
1)"n! § B § "k (2.18
B o (e Ty R et Ry

and

% (—n.a) = ZBkZ(]> (—1)] nfk

= —J
+(=D)"n! i B a" k. (2.19)
ot k=D k=)

It is also clear enough that these expressions for the asymptotic series are well suited
for practical purposes. We have used Mathematica in a conventional workstation in
order to obtain a number of leading terms of the above series, for different values of
n. This can be done in less than a minute. Below there is a list of the first few results
obtained (we will not bother the reader with the full sample):

1 -1
¢"(0,a) = —a(ln*a — 2Ina + 1) + 51nza - %lna

-3
a Ina 1 5(Ina 4
— (= -c)-a?=- — 2.20
+ 60(3 2) “ (630 1209>+ (2:20)
” a’ 2 a. 2 [
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a=2 a4
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¢ (—Z,a)_—ﬁ(9ln a—6lna+2)+71n a—g(ln a—lna)
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60\ 3 "2) 3780 ¢
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1300 2 ’ '

(6lna —5)+---, 2.21)

and

4
¢"(=3,a) = — 2 (81n%a — 4Ina + 1) + —ln a+ 31n a+2Ina
P

+1 ln2a+lllna+1
60\ 2 6

n a=? (Ina + 1 a*Ina + (2.23)
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Actually, one reaches values of n as high as n = 20 very quickly, what proves that
the above recurrent expressions, (2.13) to (2.16), are in fact very efficient for practi-
cal applications.

2.2 The Zeta-Function Regularization Theorem

As advanced before, the zeta-function regularization procedure is a quite useful reg-
ularization tool in quantum field theory. A keystone of the method is the zeta func-
tion regularization theorem. In this section, the theorem will be illustrated while
addressing the practical question of the regularization of multi-series of the general

type

S [ar+eD™ 4 tany +en)™ +e] . @24)

ni,...nN
with ay,...,ay,o1,...,an >0, c1, ..., cy arbitrary reals and ¢ > 0. When ¢; =
-+ =cpn =0 the term with n| = --- = ny = 0 must be suppressed from the sum
(which is then usually denoted by ). Only the most simple cases have been prop-
erly studied in the literature (e.g., aj =---=ay, c; =---=cy =0 or £1/2,
ar=---=ay =1,2, c=0, etc.). The zeta function regularization theorem in its

most general form leads to an asymptotic expansion valid for arbitrary a’s and o’s,
which is very convenient for numerical computations. In particular, useful expres-
sions can be derived from it for the analytical continuation of Riemann, Hurwitz and
Epstein zeta functions and their generalizations (see Chap. 4), and for their asymp-
totic expansions—including those of derivatives and integrals. Physical applications
of the zeta-regularization procedure include the proper definition of the vacuum en-
ergy, the Casimir effect, spontaneous compactification in quantum gravity, stability
analysis of strings and membranes, etc., and embrace also very recent experiments
of solid state and condensed matter physics employing liquid helium (those will be
described in the following chapters).

The method of zeta-function regularization has a rather long history. There are
precedents in the use of Riemann and Epstein zeta functions as summation (i.e., reg-
ularization) procedures in the late sixties [44, 45, 47]. However, the zeta-function
regularization method as such was introduced in the middle seventies [23, 24, 39—
41]. The paper by Hawking [24] (of 1977) is generally considered as the first sys-
tematic description of the zeta function procedure as a useful technique in physics
for providing the finite values corresponding to path integrals over fields in curved
backgrounds and for the evaluation of determinants of quadratic differential opera-
tors (see, however, the other references mentioned, in which the method had already
been applied before). The calculation of determinants of differential operators is a
basic, multipurpose need in theoretical physics and in several branches of mathe-
matics (such as analysis and number theory).

In the last 15 years the zeta-regularization procedure has been used more and
more by the leading physicists and mathematicians and we can nowadays say that it
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is a basic procedure of quantum field theory. At the beginning the method was rather
simple minded, but nowadays it comprises a whole set of different techniques, of
increasing difficulty, to treat the several degrees of complexity of the physical (and
corresponding mathematical) problems to be solved.

The list of people who have been dealing with zeta functions at one instance or
other would be just non-ending. Maybe Al Actor is one of the persons that have de-
voted more years to this subject (at least among those of the mathematical-physicists
squad). According to Actor himself [53], a milestone in the field of regularization
of discrete sums of the general form (2.24) has been the proof of the so-called zeta-
function regularization theorem. In its final formulation, it is the result of hard work
of A.A. Actor, H.A. Weldon, A. Romeo, and the author [48, 101, 102]. The uses and
applications of the theorem in its most general form [48]—for discrete series of the
type (2.24)—are very far reaching. In particular it leads to asymptotic expansions,
valid for arbitrary a’s and «’s, of the multi-series of this general kind, which are
well suited for numerical computations. These expansions are unchallenged in its
usefulness for such purposes. They will be presented later in this chapter.

The zeta function regularization theorem provides a method for the computa-
tion of expressions like (2.24)—and even more involved ones—valid for Re(s) big
enough, in terms of their analytic (usually meromorphic) continuation to other val-
ues of s. In the zeta-function procedure they are given as combinations of the ordi-
nary Riemann and Hurwitz zeta-functions.

A very simple case corresponds to the Hamiltonian zeta-function ¢(s) =
> E°, with E; eigenvalues of H [103, 104]. For a system of N non-interacting
harmonic oscillators, one has «j =1, j =1,2,..., N, and the a; are the corre-
sponding eigenfrequencies w;. Another interesting case is partial toroidal compact-
ification (spacetime T? x R‘”l). Then aj =2 and, usually, ¢; =0, £1/2. One is
thus led to the Epstein zeta-functions [105-107]

00 /
Zv@ = Y. (ni+-+nd)7
Nlyeeny ny=—o00
, (2.25)
00 1 2 1 29 —s
e = ) mAs )+t (vt 5
N 2 2
Nl,.eny ny=—0oo
(remember that the prime means omission of the term ny = --- = ny = 0). Other

powers «; appear when one deals with the spherical compactification (spacetime
SP x R9*1) and with more involved ones arising, e.g., in superstring theory and
their membrane and p-brane generalizations [10, 11, 13, 14]. Hence, the general
expression (2.24). The only precedents in the literature (to our knowledge) of this
kind of evaluations have been restricted to few special cases other than a; = --- =
ay and ¢y = --- = cy = 0. Very famous is the expression due to Hardy [17], a
particular case of our final formula.
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2.2.1 The Theorem (Special Form)

An interesting result concerning the interchange of the order of summation of the
infinite series appearing in zeta-function regularization is due to Weldon [102]. His
investigation originated in some difficulties which appeared in a paper by Actor
[101] when he tried to obtain the value of the thermodynamical potential corre-
sponding to a relativistic Bose gas by using the zeta-function regularization proce-
dure. Unfortunately, Weldon’s proof had its own limitations, and the statements in
[102] concerning the extent of its validity were actually not right. This is quite easy
to check in some particular cases, and was stressed in [108].

Let us briefly summarize the nice proof due to Weldon of the validity of the zeta-
function regularization procedure [102] and point out its shortcomings. Using the
same notation as in [102], let us consider the four series

e m+1 X
Z 1) Zm f(a), (2.26)
o0 1 o
Sp=Y_ —1 > méf ), (2.27)
m=1 a=0
(— 1)m+1 0 “a

SaF = Z Z( D“m* f (@), (2.28)
m=1
o0 1 o0

Sap=)_ —=5 ) (='m"f(@), (2.29)
m=1 a=0

where f(a) > 0 for positive integer a. They are assumed to be convergent, as they
stand. The idea of the zeta-function regularization procedure begins with the inter-
change of the order of the summation of the two infinite series involved in each
case.

Theorem 1 Let f(a) be defined in the complex a-plane, satisfying:

1. The function f(a) is regular for Rea > 0.
2. Either
(a) in the case of (2.26) and (2.27), am® f (a) — 0, as |a| = oo, for Rea >0
and fixed m;
(b) in the case of (2.28) and (2.29), am“f(a)e’”“ma‘ — 0, as |a| — oo, for
Rea > 0 and fixed m.

Then it turns out that, in the fermionic cases, (2.26) and (2.28), one can naively
interchange the order of the summations, to get

o]

Sr=Y ns+1-a)f@, Sar=» (-D*nGs+1-a)f(a), (230)

a=0 a=0
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while in the bosonic cases, (2.27) and (2.29), one obtains the additional contribu-
tions

Sp=) ¢(s+1—a)f(a)—metglrs)f(s), s¢N,

a=0
o (2.31)
Sg=) ¢t(s+1-a)f(a) +yf(s)—f(s). seN,
pon
and
Sip = Z(—l)“;(s +1—a)f(a) —mesc(ms) f(s), s&N,
a=0

(2.32)

Sap =Y (DG +1—a)f@+ D [yf) = )] seN,
a=0
a#s

respectively. Here {(s) and n(s) are the Riemann ordinary and alternating zeta
functions:

o
o(s) = Zm_s, Res > 1,
m=1

o
n(s) =Y (=1""'m™, Res>0, 2.33)
m=1

n(s) = (1-2"%)¢(s),

y is Euler-Mascheroni’s constant, and f'(s) means derivative of f with respecttos.

The proof of the preceding theorem proceeds by integration in the complex a-
plane. One writes (2.26) to (2.29) under the form of contour integrals

3 [ee} (_l)erl da u
Sr= n; sl fc 5; ™M fa)col(ra), (2.34)
— 1 da
S8 = n;l et P, g™ S (@ cot(ra), (2.35)
_ (=)™ rda
Sar = mgl o fc 5 M fl@)ese(ra), (2.36)

N -—m a)csc(ma 2.37
AB 1 K3 1 C 2. k

1
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Fig. 1 The closed contour C
(that one should always
follow counterclockwise, i.e.,
with the positive orientation)
consists of the straight line
Rea =ap, 0 < ap < 1, and of
the semicircumference ‘at
infinity’ on its right, K

where C is the closed contour defined by the straight line Rea = —ap—for fixed
ap such that 0 < ap < 1—and by the semicircumference at infinity on the right (see
Fig. 1). The contribution from the semicircumference is zero in every case, due to
the asymptotic behavior of f(a) and, as long as Res > —1, integration extended
to the line Rea = —ag can be interchanged with the remaining summation over m.
The final step is to close the contour C again with the semicircumference at infinity.
In the cases (2.35) and (2.37) there appears an additional contribution from the pole
of the zeta function ¢(s + 1 — a) at a = s. On the contrary, in the cases (2.34) and
(2.36) the alternating zeta function n(s 4+ 1 — a) has no pole in the region enclosed
by C. All the steps in this procedure are quite simple and one obtains (2.30) to
(2.32).

However it was further explicitly stated by Weldon in [102] that the results for
the alternating fermionic and for the alternating bosonic cases, S4r and Sap, re-
spectively, could be naively extended to the following types of series

™) 0 (_1)m+1 0 N
SaF = Z s+ Z(—l)“m “fla),
= N =0 (2.38)
=1
Sap = 2 ot 2D @,
m=1 a=0

with N any positive integer. By going through the same proof once more, he just
obtained a trivial modification of the above results. That this generalization of (2.30)
and (2.32) and for any positive integer N is in error is easy to check. In particular,
it was noticed by Actor in [108]. As a clear example, let us study the simplest case
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after the (only correct) one N = 1 (explicitly considered in [102]), i.e. N =2. Let

ad 2 ac - m2a
S = Z e = Z — Z(_n“ —~ , (2.39)
m=1 m=1 a=0 S==

where the last operation consists in doing the analytic continuation of the resulting
series to s = —1. The function f(a) is here f(a) = ﬁ and all the hypotheses
of the theorem are fulfilled. Use of Weldon’s formula gives

= (=D o Fese=DH) 1w
S_; ——t(=20) Ta-h - S+ (2.40)

which is false, though numerically almost undetectable, because

-1 -1
S§=0.3863186, ﬁT =0.3862269, A= ﬁz

—5=-9.17x107°.

(2.41)
Goingonto N =2,3,4,...,itis not difficult to see that, if N is constrained to be a
positive integer, Weldon’s formula is true only for N =1 ((2.30) and (2.32)).

As the author managed to demonstrate in [48], the step which fails to be correct in
Weldon’s proof for general N is the last one, namely, even if the asymptotic behavior
(2b) of the function f(a) allows us to suppress the contribution from the curved
contour in the second step, this will be no longer true when we try to close again
the circuit C in the last step. There is in fact a contribution coming from the integral
of ¢(s + 1 — Na) f (a) over the semicircumference at infinity (due to the asymptotic
behavior of the zeta-function). And this is so whatever it be the value we choose for
s. The study of the asymptotic behavior of ¢ (s + 1 — Na) immediately distinguishes
the case N <1 from N > 1. It is, however, misleading in some sense, because the
fact that the zeta-function diverges for N > 1 does not necessarily mean that the
contour actually provides a non-zero contribution invalidating Weldon’s proof (that
had been conjectured by Actor, at a first instance). Things must be done with great
care due to the presence of highly oscillating factors.

Let us restrict the argument to the case f(a) = ﬁ This is enough for many
applications and the generalization to other situations proceeds by analogy. In this
case, the fact that the poles of I' are the non-positive integers and a suitable ap-
plication of the zeta function reflection formula allow us to write the additional
contribution as a contour integral over a curved path in the complex left half-plane.
Besides, by using the relation

o0
r(%);(@:/ dt1¥*718,(t), Rez >0, (2.42)
0
where

o0
Sa() =Y e, (2.43)
m=1
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and owing to the behavior of the complex function I"(z) which has simple poles at
z=—-nforn=0,1,2,..., with residues

(="
Res,——, I'(z) = e (2.44)
and with the aid of
I'oI'd —z) =mcsc(mrz), (2.45)
we can write
()
SAB_Z — Z( r( 5 @<k (2.46)
m=1
as
(@) _ m e
S§9 = Z — f ST (@), (2.47)
where now the contour C consists of the line Rea = ag, with ag fixed, 0 <ag < 1,
and of the semicircumference at infinity on the left. For s = —1,
o0
S =—1)= Z Z( 1)“ Z =S, (1). (2.48)
m=1a=0 m=1

Finally, after correctly making the last step in the above proof, we end up with

o
(=14 1 s s
s9=3 - {(s—i—l—aa)—i—;f‘(—E)—Ag%, —¢N, (2.49)

a=0

o0 e
(=D s Y r'e+10
s = s +1 —aa)+(—1)a[ . s
; al FE+1D " al2E +1)
a#s/a

— A} —eN, (2.50)

where Afgz)s is the contribution of the curved part K of the contour C—which con-
sists now of the line Rea = ay, for fixed ag such that 0 < ag < 1 and by the semi-
circumference at infinity on the left (see Fig. 2)

Ay E/ 44 511+ aa)T (). 2.51)
K 2mi

This contribution is non-zero for any value of s. We can check that it actually
provides the term missing from (2.40). Before proceeding with the actual calculation
of (2.51), one can, as an illustrating exercise, close back the contour on the right
instead of on the left, and see that the same series is obtained (a desired identity!).
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Fig. 2 The closed contour C
(also counterclockwise)
consists of the straight line
Rea =ap, 0 < ag < 1, and of
the semicircumference ‘at
infinity’ on its left

Coming back to (2.51) and doing the same for s = —1 and o« = 2, we must use
first the reflection formula for the zeta function

( )z(z)—nZ 1/2F<1 >;(1— 2), (2.52)

AR (s =—1) _/ zid—aﬁfooo dt1797128y (n2) = —/mSa(n?),  (2.53)

what yields

that is

52(1)=—%+?+ﬁ52(n2). (2.54)

This result happens to be just a particular case of Jacobi’s theta function identity

1
03(z, 1) = 1127 /70, ( —) (2.55)

l‘L"C

03 being the elliptic function

o0
b3z, )= Y TR L, TeR™. (2.56)

n=—oo

Notice that Sy (1) = %[9(0, t) — 1]. (2.53) is an exact expression. Once more, we
observe that the contribution of the contour provides, in fact, the missing term.

Let us now again consider (2.44) for general ¢ and, s = —1. (2.42) and (2.43)
read, in this case,

()¢ (az) = / oodz 718, (1), (2.57)
0
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S« () being the function given in (2.48). No simple reflection formula like (2.52)
exists for o # 2 . We have, instead,

2l —az) . [(moaz
¢(az) = WS“(T)C(I — az), (2.58)
and we get
> > (=1 1. /1
Se =S.(1) = Ze—m :Z o {(—aa)+&F<&> — Ay, (2.59)
m=1 a=0
being the contribution of the contour
da
Ay = / —¢(aa)T (a). (2.60)
K 2mi

Putting everything together, we have proven the following

Theorem 2 (Zeta function regularization theorem, particular case) Under the hy-
pothesis (1), (2a) and (2b) above, we have that:

1. For —o0 < a < 2, the contribution of the semicircumference at infinity is zero,
ie.

Ay =0, a<2. 2.61)

2. For a =2, the contribution of the semicircumference at infinity is given by
Ay =—/7$H(n?). (2.62)

The result for ¢ < 1 was known already and constitutes Weldon’s proof of zeta-
function regularization. The result for « = 2 is due to the author. It shows very
clearly that, on the contrary, the statements in [102] about the validity of the proof
for any positive integer « were false, the reason being that the semicircumference at
infinity does not yield a zero contribution. It was precisely the last step of the proof
in [102] that was wrong. The fact that the numerical value of A, is so small (it can
be thought of as an infinitesimal correction, see (2.62)) as compared with the rest of
the terms in (2.49) and (2.50) gives sense to the whole procedure of zeta-function
regularization.

However, this is strictly true only for small «. For large o, A, ceases to be an
infinitesimal contribution. Actually, in the case considered,

Ay =0, a<?2;
Ay = 9.17 x 107; Aq = 0.04; Ag = 0.07; (2.63)
Ay — 0.13, o — oo,

which represent, respectively, contributions of the 0%, 0.02%, 11%, 19%, and 36%
to the final value of Sy (1). A more precise statement on this point—together with a
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substantial extension of the theorem to general situations—will be given in the next
chapter.

2.3 Immediate Application of the Theorem

The most interesting and simple of the new cases is when 0 < ¢ < 1, e.g.

o0
Se=85P(-1) =Y e, (2.64)
m=0

It can be expressed in terms of Hurwitz zeta-functions, as

_ m
S, = Z ( ) (=2m,c) + ? + /7 cos(2me)S(m?), (2.65)
m=0 .
where S() =) """, e~ For ¢ # 0, 1/2, this series is asymptotic.

1. Particular case ¢ = 1: we recover the known equality (a special case of Jacobi’s
one)

Sy = ﬁz_ Ly JrS(7?). (2.66)

2. For ¢ =1/2 we have ¢{(—2m,1/2) =0, m =0, 1,2, ..., and the result

ge){p[_<m+%>2] Ll \/_iexp —m*m?) (2.67)

permits us to obtain the value of the series with 10710

terms

accuracy, with just two

iexp[—<m+l>2:| v — JTe ™ +0(10719). (2.68)

m=0 2

3. For ¢ = 0 we obtain the previous result (2.54)
o0
1
Y e = 5+ g +J/mS(7?). (2.69)
m=0

4. For ¢ = 1/4, we have

oo 2 X 1ym
ZQXP[_(’”+ %) }N g iy ni‘) ;<_2m, i) (2.70)
m=0 m=0 ’
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The series is now asymptotic. It stabilizes between the 8th and the 12th summand
and provides its best value (with ~ 107 accuracy) when we add the 10 first terms
(optimal truncation of the asymptotic series).

5. Forc=1/3and c=1/6,

= 1V VT e (=D 1
Sew|-(meg;) |~ 5 DS g)

+(—1)/§ > exp(—m*n?), j=1,2. 271)

m=1
6. Some more relations are
o0

Z exp[—(m + c)2] ~JT+ Zﬁcos(ch)S(nz),
m=—0o0

o
Z mexp[—(m + ¢)*]
m=0

[e.e]

1 (=D"
~3 +mZ:0 ——[c(=2m—1,0 —ct(=2m, 0]

(2.72)

— gc + ﬁ[n sin(2rc) — ccos(2nc)]S(n2),

Z exp[—a(m + c)2]

m=0

o (=D, 1 [z, [7 7
~ Z a’t(—2m,c)+ - ./ —+ ., — cos(2nc)S<—2>.
o ™ 2V a a a

We get the general expression (of Epstein—Hurwitz type with N = 2)

o0

Ex(siai,azci,c)~ Y (a4 ) +arna+c2)?] ™

ni,np=0
_ 4 o (=D)"T (s +m) (ar\"
T I(s) mZ=O m! <a2>

< ¢(=2m, c1)¢(2s +2m, c7)

—S I/ZF
+ ai(””) S 2)§(2s Ly

2 o T(s)
S s L s 1
cosQmer)a; * tay tt

"T(s)
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o0 o0 _l
’ Z Z "S1 2("2+02)_s+%K [27T,/—n1(n2+02)1|
a

ni=1ny=0

(2.73)

K, being the modified Bessel function of the second kind. It constitutes the general
analytic continuation formula for two-dimensional series. In particular, for s =0,

1 1
E>(0;a1,a2;c1,02) = (Cl - 5) <62 - §>, (2.74)

fors =—1,

Ey(—1;a1,a2; c1,¢2)

1 1
= az<§ - Cl)é(—l ) +ap <§ - Cz)é“(—Z, c1)

! ! ! 1 1 2.75
: 5(6‘1 - E) (Cz - 5)[61161( —c)+ma(l—c)], (275

and for s =2,

E>(2;a1,a2;c1,¢2)

~— Z( 1)”’<m+1)( )

2 m=0

«/—

-2
4 P eoerey) T COS(27TC1) Z{(n +C2) 2|:eXp<27T (I’l +C2)> _ 1i|
ayar V
_3 —1
+ |:(n +e)2 + /a—lw} [exp(Zn /a—z(n —i—cz)) — 1:| }
ar 21 ap

(2.76)
The general expression for arbitrary N turns out to be

En(s;ay,...,an;c1,...,CN)

1 =nm
NF(s)mZ o ——aj " (=2m,cy)

T(s+m)Ey_1(s +m;az,...,aN;C2,...,CN)

+ T (s — )E 1 n 7w cos(2mcy)
- “ils—=s;a,...,an;c2,...,C _
Wa Is) NV 2 N- 2 N a T(s)
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Z Z / drt°~ 3/zexp|:———tZ:a](n]—i—cj):| (2.77)

ni=lny,...,ny=0

A word about the notation. In this section we have tried to be consistent with the
sign ~ to denote ‘asymptotic expansion’. Usually, however, the equality sign is
also employed (as for ordinary Taylor series). Normally this does not turn out to be
a problem since—at least in the situations to be considered here—the asymptotic
(resp. convergent) character of the series on the r.h.s. is not difficult to recognize.

2.4 Expressions for Multi-series on Combinations Involving
Arbitrary Constants and Exponents

We shall now make use of the zeta function regularization theorem in order to obtain
expressions for the most general multi-series of the type presented in the introduc-
tion, which would be impossible to derive by other means (at least with comparable
easiness and universality). The same notation which has commonly been used in
other references of the author will be employed here, e.g.,

My (s;a;o;¢) = My(s;ai,...,an; 1, ..., AN; Cl, ..., CN)
o
= > [aii+e) +-+aymy+en)®™ +c]
Niyeeny ny=
(2.78)
and for the generalized Epstein-like case:
Ej(s;a;¢) =My(s;ar,...,an;2,...,2;¢1,...,CN)
o
= > Jam+c)’+ +avmy+en)? +c]” (279
Nlyenny ny=0

Consider the case of M5. We need the result of the regularization theorem as applied
to the double series

3
3

Sa(t,s)

a€R, (2.80)
n=1 k=0

which converges for Re(s) > 0 large enough. We can write

dk
Sa(t,s) = an 2m *n= T (k), (2.81)
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where the contour C consists of the straight line Re(k) = kg, with kg fixed, 0 < kg <
1, and of the semicircumference at infinity on the left of this line (see Fig. 2). The
regularization theorem tells us in this case that [109, 110]

2 (—nk 1 s s
Sa(t.s) =y Cs+1—ak)+—T(== )" = Ay(t,5), = ¢N,
P k! o o o
(2.82)
where A, (¢, s) is the contribution of the curved part K of the contour C:
dk X
Ag(t,s)= | —¢(s+1+ak)l (k). (2.83)
K 27i

With this, we obtain

—s 00 m
oL a (=D"I'(s +m) (a;
MC sa, o = 2 —
2(538;; ) l"(s)";) m! a

L (—aim, )M (s 4 m; 15 aa; ¢2)

- 1/en (s — L)
azs 1 aj T c/ay
+—=T— )| —= —M —1/ag; 1; ag;
o (a1)<a1> I'(s) G fers Lz c2)

ay® (ay da
L (2 s+ 1+ ma,
* F(s)(cn) /1;27”'{“4_ Fenac)

MY (s +a; 1 ag; )T (@T (s +a), (2.84)

and also

_s 00

. —-D™r m
M (s;ar;a1;¢1) = If(s) Z ) m(!s+m) <ac—l> ¢(—aym, cy)

m=0

¢ (1N c\/MT6 -5
+a_1r<a_1)<5> ()

¢S [ e\ Ve a
F(S)<a) /KE{(s—l—1+ala,01)r(a)r(s+a)~

(2.85)

It is not difficult to build, from these two expressions, a recurrence leading to the
calculation of My, from the knowledge of M§,_,, and starting with the formula
for M{. At each step, this involves a complex integration over a curved contour at
infinity, a term which is in general very small compared with the rest.

As the full calculation is rather involved and lengthy, let us here—for the benefit
of the reader—just show in detail the first two steps leading to the formula which
corresponds to the case when the ¢’s are zero. We shall accumulate the contributions
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coming from the series commutation into a single (small) term that we will call
simply A. So this part will not be really taken care of in the course of the calculation,
owing to its smallness (see the relevant numerics in the next chapter). The starting
point is again the use of the Mellin transform on the power terms of the series
considered
o
- - o ~ —S
Ms(s;a;a;¢=0)= Z (a1n]" 4+ aany?® + azn3’) ", (2.86)

ni,na,n3=1

followed by an expansion on the n-terms in the integrand exponent. We thus get

o0

Z (am‘fl + azngz + a3ng3)

ny,ny,n3=I1

-

{ Zj§:<>“—¢<awo

no,n3=1k =

(o)
.A dr 1= expl 1 (ban%? + byn)]

PA/a) o [ (e
T D de '~V exp[—1(byns? + b3n$’) |}, (2.87)
o] bl np,n3=1 0

where bj =aj /a3, j =1, 2. By proceeding again in the same way with the n;-terms
of the exponents, we obtain

o0
—5
Z (aln‘i‘l +azng2 +a3ng3)
ny,ny,n3=l1

k

ki bz
a F(s){z Z (- 1)k1+k2k1| % '5( arky)¢ (—azks)

n3=1ky,kp=

o0
s+ki+ka—1 4,93
./o dtt exp(—tn3?)

' Y
(/](/)lall) Z Z( 1)k2 2 g—( asz)/ dttb+k2 (1/a1)— 1€Xp( tl’l33)

n3=1 ko=

L P/e) e
/1/32 Z Z( 1)k1—g( aky) | " =) Vexp(—1n$?)

n3=1k =

+F(1/Oll) F(I/QZ) Z/ dit’~ (1/ap)—(1/a)— 1exp( tn )} (288)

1 1
albl/al azbZ/az P
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Performing now the series commutation and resumming the corresponding zeta
functions, we finally get the asymptotic series:

kz
ki+k 2
a3F(s) k% b 2/c'/c'r(”k””‘”
- E(—ark) (—aak2) ¢ (a3(s + ki + k2))
(1 e by
% 2 (DTG + ke — e (—arka)¢ (as(s + k2 = 1/an))
197 =0
ra B!
aib/f}‘jﬁ Z( Dl 1F(s+k1—1/a2);< kg (@3(s + ki — 1/a2))

I'(1/e) r'(1/(12)
1/ s bl/ozz

T(s — 1oy — 1/a2)¢ (a3(s — 1/ay — 1/062))} +A

aib,
(2.89)

By repeating this analysis, after N steps we easily obtain the general formula (for
the ¢ =0, c =0 case, withb; =aj/ay, j=1,...,N — 1)

Nlyenny ny=1
1/O‘tr ( 1 )
ayT(s o
( ) p=0Cn_1,pr=1 ir b
N—p—1 N—p—1
o0 P P 1 P (_bj[)k”
Z s+ kfl_z_ l—[ kil
a

kjyseenskjy_p =0 I=1 r=1""/ I=1 g

N—-p—1
. ;(_ajlkj[)g (aN |:S +
I

P
kj, _Za_»]) + Agg, (2.90)

=1 r=1

where 1 <ij <---<i, <N—-1,1<j1 <- ~<jN_,,_1§N—1,beingi1,...,ip,
Jis -+, JN—p—1 @ permutation of 1,2, . — 1. The sum on Cy_1,;, means sum
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over the (N_l) choices of the indices iy, ..., ip among the 1,2,..., N — 1, and the
term A gr includes all the A corrections which appear at each step of the recurrence.

Proceeding in the same way when we are confronted with the general case ¢ #
0 and ¢ # 0, the recurrence can be solved explicitly also, the result being ([109],
corrected)

o]

M]CV(SH_I’;&;E)z Z (aln71+"'+aNn7VN+c)

—S

—_3 N-—1 I/Ol”

'r(s)Z 2 H a, (1)

p=0Cn—_1,pr=1

o N—-p—1 1
r ki — _
Z (S+ Z Ji Zai )
Kjyseskjy_ =0 =1 =1 %ir
N—p 1 k:
(=bj)bi
1_[ ¢é—( O j ]zfcjz)

N—p-1 p
M"/“N(aN<s+ kj, — i);1;ow>+AER, (2.91)
(notice that a small mistake in (3.22) and (3.23) of Ref. [109] has been corrected).
Going down to the particular case when the o; = 2 (2.79) things become much
more concrete. As mentioned before, then the expression giving our additional cor-
rections to the series commutation reduces to a theta function identity [109], with
the result

Zexp[—a(m+c)2] Z(’;) a"t(=2m,c) + = \/j

2
+ \/i Cos(2nc)S(jT—2>, (2.92)
a a

1 (=™
ES(s;d;0) = Z( ) alc(—2m, e)T (s +m)

and this yields the recurrence

!
F(s)m:O m!
“E§_((s+m;ay,...,aN;ca, ..., CN)
1 [ T(@—-1/2) .
+§ /ZWEILV—l(S_1/2;0‘2"""1N;C2""’CN)
2 N
+ il Cos(27'rc1)a1 s/2=1/4

I'(s)
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N —s/2+1/4
Z Z ni 1/2|:C+Zaj(nj+cj)2:|

ni=lny,...nNy= j=2
2mny al
Ke—ip| =—= |+ ) ajnj+cp?), (2.93)
s /(\/a Jg JULj J

where K, is the modified Bessel function of the second kind. The recurrence starts
with

= S (=DM (s + m
E{(s;ar;cy) ~ E(S) Z (DTG + m) (%) ’(—=2m,cy)
m=0

m!
1/2— 1
n cl/2=s k2 Ls—3) n 27’ cos(2re)a =5/2=1/4 —s/2+1/4
2 ai T(s) [(s) !

00
. Z ni_l/sz_1/2<27'm1 li ) (2.94)

n1:1
Then

E5(s; a1, az; c1,¢2)

4 $ (—1)"T'(s +m) <ﬂ) t(—2m,c1)
an

1
I'(s) = m!
1/2—s
a 7 I'(s — )
E{® 1 2 E{ (s —1/2;1;
s +my L e) + > o T (s—1/ 2)
—s/2-1/4,, —s/2+1/4
F( )
— — 2+1/4
ny 12 az(n2+6‘2)2+6’]_s/ Y
ni=1n,=0

27n
Ks_12 (fll\/az(nz +e)?te ) (2.95)

and so on. Expressions for the special case ¢ = 0 are given in Ref. [109] (see also
the preceding section and equations below).

The very particular case, a; =---=ay =1,c1=---=cy=1and o] =
ay = 2, simplifies considerably. For ¢ = 0, we get

(=N i(N-1
EN(s) = —x— SN r()Z( 1)( i )F(2s—1)§(s—§>+AER, (2.96)
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and, for ¢ #0,

Ec(s)—( DY I Z( 1)/ Nrels -2 )eels -2 +A
N V=T T(s) 4 2)71 2 ER:
(2.97)

The poles of this last function arise from those of E{(s — j/2), which are obtained
for the values of s such that s — j/2 =1/2,—1/2,—-3/2,.... They are poles of
orderoneats =N/2,(N—-1)/2,N/2—1,...,exceptfors =0, —1,—2,..., since
then the function is finite (owing to the I'(s) in the denominator). These poles are
directly removed by zeta-function regularization.

In the particular case c; = - -+ = ¢y =0, we have

EN(s;ai,...,aN)
o0

> (ant+eFaynd +c)

1 _. 7 (s—1/2) .
=—§EN_1(s;a2,.. aN)+2 aIWEN_I(s—l/Z;ag,...,aN)

—S

o k)2 )

s k
T8 2 . 2 s—k—1
o™ Zk'(16 L ]:[ @s-1P-@j-1% Y n

—(s+k)/2
-(a2n§+'-~+a;\/n%\,+cz) (s+k)/

2 2 2 2 1/2]
cexXp| ———=nil\axn5 +---+anyny +c¢ . (2.98)
p[ /—al ( 2 N )

The recurrence starts from expression

«/_E I'(s — 1/2)C72s+1

Bl D ===+ "7"13

27Tsc—s+l/2 o o

—-1/2

T Y w2 p@ane). (2.99)
I'(s) =

We get, for ¢ # 0,
— 5 1
v (s Ef <s -

EE(S) __EL( )+T r'(s) 3

1 T(s—3 1
550 = i) - S Do )+

>~I—AER,

E{(s =1+ Agg,
(2.100)
and similar expressions for ¢ = 0. This case can be obtained from the former by

analytically continuing in the parameter c. Agg is again the well-known term com-
ing from (additional) series commutation. Actually, for numerical evaluations we do

4(S 1)
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not need to consider exponentially small terms in the asymptotic expansions above,

which give a very good and quick approximation.
To finish, another couple of particularly useful expressions are

> () (2)

ni,npy=I1

1 /1 1 t3) (a1 a
_24(a1 +a2) 872 (ag—i_a%)
3/2
T al _3
— 27— J(1+0O(10 , 2.101
o=l Gy () D
and (this one obtained after additional regularization)

ad ni 2 np 2
S ORER
ai ap

ni,ny=1

=& - T + (g[S - 2 Yfexp(-2man 1+ 0(107)]

A7\ a dray

(2.102)

In both cases we have assumed (this is, of course, no restriction) that a» < a;.
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