
Chapter 1
A Warming-Up Example

The purpose of this chapter is to present, in the simplest possible context, some
of the ideas that will appear recurrently in this book. We assume that the reader
is familiar with the basic theory of Markov chains (e.g. Chap. 7 of Breiman 1968
or Chap. 5 of Durrett 1996) and with the spectral theory of bounded symmetric
operators (Sect. 107 in Riesz and Sz.-Nagy 1990, Sect. XI.6 in Yosida 1995).

Consider a Markov chain {Xj : j ≥ 0} on a countable state space E, stationary
and ergodic with respect to a probability measure π . The problem is to find neces-
sary and sufficient conditions on a function V : E → R to guarantee a central limit
theorem for

1√
N

N−1∑

j=0

V (Xj ). (1.1)

We assume that Eπ [V ] = 0, where Eπ stands for the expectation with respect to
the probability measure π . The idea is to relate this question to the well-known
martingale central limit theorems.

Denote by P the transition probability of the Markov chain and fix a function
V in L2(π), the space of functions f : E → R square integrable with respect to π .
Assume the existence of a solution of the Poisson equation

V = (I − P)f (1.2)

for some function f in L2(π), where I stands for the identity. For j ≥ 1, let

Zj = f (Xj ) − (Pf )(Xj−1).

It is easy to check that M0 = 0, MN = ∑
1≤j≤N Zj , N ≥ 1, is a martingale with

respect to the filtration {Fj : j ≥ 0}, Fj = σ(X0, . . . ,Xj ), and that

N−1∑

j=0

V (Xj ) = MN − f (XN) + f (X0). (1.3)
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Since f is square integrable, the last two terms divided by N1/2 vanish as N ↑ ∞
and the central limit theorem for N−1/2 ∑

0≤j<N V (Xj ) follows from the central
limit theorem for the martingale MN .

If the Markov chain has good mixing properties which guarantee the convergence
of the series

∑
j≥0 P jV in L2(π), the Poisson equation (1.2) has a solution given by

f = ∑
j≥0 P jV . Unfortunately, as will be seen in this book, this is not the typical

situation. Nevertheless, the central limit theorem can be established with weaker
conditions, approximating V , in a proper norm, by functions in the range of I − P .

The optimal situation is achieved in the special case where the invariant state π

is reversible. It is shown in Theorem 1.10, the main result of this chapter, that in this
case the finiteness of the limit variance

σ 2(V ) = lim
N→∞

1

N
E

[(
N−1∑

j=0

V (Xj )

)2]
(1.4)

is a necessary and sufficient condition for a central limit theorem for (1.1). Non-
reversible chains require a deeper analysis, presented in the next chapter.

The material is organized as follows. In Sect. 1.1 we introduce some termi-
nology and prove a few elementary facts on Markov chains on countable state
spaces. In the second section, we prove a central limit theorem for the sequence
N−1/2 ∑

0≤j<N V (Xj ) assuming that the solution of the Poisson equation (1.2) be-

longs to L2(π). In Sect. 1.3 we prove a central limit theorem for a stationary and
ergodic sequence of random variables whose partial sums form a square integrable
martingale. In the fourth section we obtain necessary and sufficient conditions for
the limit variance (1.4) to be finite. This computation leads us to introduce some
Hilbert spaces associated to the transition probability of the Markov chain which
are examined in detail in Sect. 1.6. In Sect. 1.5 we prove a central limit theorem for
the sequence N−1/2 ∑

0≤j<N V (Xj ) showing that this sum can be approximated by
a martingale.

1.1 Ergodic Markov Chains

In this section, we present some elementary results on Markov chains. Fix a count-
able state space E and a transition probability function P : E × E → R:

P(x, y) ≥ 0, x, y ∈ E,
∑

y∈E

P (x, y) = 1, x ∈ E.

A sequence of random variables {Xj : j ≥ 0} defined on some probability space
(Ω,F ,P) and taking values in E is a time-homogeneous Markov chain on E if

P[Xj+1 = y|Xj , . . . ,X0] = P(Xj , y) (1.5)
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for all j ≥ 0, y in E. P(x, y) is called the probability of jump from x to y in one
step. Notice that it does not depend on time, which explains the terminology of a
time-homogeneous chain. The law of X0 is called the initial state of the chain.

Assume furthermore that on (Ω,F ) we are given a family of measures Pz,
z ∈ E, each satisfying (1.5) and such that Px[X0 = x] = 1. We call it a Markov
family that corresponds to the transition probabilities P(·, ·). For a given probabil-
ity measure μ on E, let Pμ = ∑

x∈E μ(x)Px . Observe that μ is the initial state of the
chain under Pμ. We shall denote by Eμ the expectation with respect to that measure
and by Ex the expectation with respect to Px .

The transition probability P can be considered as an operator on Cb(E), the
space of (continuous) bounded functions on E. In this case, for f in Cb(E),
Pf : E → E is defined by

(Pf )(x) =
∑

y∈E

P (x, y)f (y) = E
[
f (X1)|X0 = x

]
. (1.6)

We use the same notation P for the transition probability and for the operator on
Cb(E). In the countable case, we can think of Pf as the product of the square
matrix P with the column vector f .

Let μP be the state of the process at time 1 if the Markov chain starts from μ,
i.e., the distribution at time 1 of the process starting at time 0 from μ:

(μP )(x) = Pμ[X1 = x] =
∑

y∈E

μ(y)P (y, x).

In the countable case, we can think of μP as the product of the line vector μ with
the square matrix P .

For n ≥ 1, we denote by P n the n-fold composition of P with itself so that

P n(x, y) =
∑

x1,...,xn−1∈E

P (x, x1)P (x1, x2) · · ·P(xn−2, xn−1)P (xn−1, y)

for all x, y in E. In particular,

(
P nf

)
(x) = Ex

[
f (Xn)

]
,

(
μP n

)
(x) =

∑

y∈E

μ(y)Py[Xn = x]

for all bounded functions f and all probability measures μ. Hence, μP n stands for
the state of the process at time n if it starts from μ. By convention we let P 0 = I—
the identity operator.

A probability measure π is said to be stationary or invariant for the chain if πP =
π . This happens if and only if the sequence of random variables {Xj : j ≥ 0} is
stationary under Pπ . We do not assume the chain to be indecomposable. There might
exist, in particular, more than one invariant measure. Denote by Eπ the expectation
with respect to π , not to be confused with Eπ —the expectation with respect to Pπ .

We say that an invariant measure π is ergodic if any bounded function f sat-
isfying (I − P)f = 0 is π -almost everywhere constant. It can be shown, see e.g.
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the proof of Theorem 7.16 in Breiman (1968), that π is ergodic if and only if
the sequence of random variables {Xj : j ≥ 0} is ergodic when considered over
(Ω,F ,Pπ ).

We may extend the domain of definition of the operator P given in (1.6) to
L2(π), the space of π -square integrable functions. It is indeed clear, by Schwarz
inequality, that Pf defined by (1.6) belongs to L2(π) if f does since

∑

x∈E

π(x)
[
(Pf )(x)

]2 =
∑

x∈E

π(x)

{ ∑

y∈E

P (x, y)f (y)

}2

≤
∑

x∈E

π(x)
∑

y∈E

P (x, y)f (y)2 =
∑

y∈E

(πP )(y)f (y)2

=
∑

y∈E

π(y)f (y)2

because π is invariant. We have thus proved that P is a contraction in L2(π):

〈Pf,Pf 〉π ≤ 〈f,f 〉π , (1.7)

where 〈·,·〉π stands for the scalar product in L2(π). Let ‖ · ‖ be the norm associated
to the scalar product 〈·,·〉π .

1.2 Almost Sure Central Limit Theorem for Ergodic Markov
Chains

Consider a time-homogeneous irreducible (or indecomposable in the terminology of
Breiman 1968) Markov chain {Xj : j ≥ 0} on a countable state space E with tran-
sition probability function P : E × E → R+. Assume that there exists a stationary
probability measure, denoted by π . By (Breiman, 1968, Theorem 7.16), π is unique
and ergodic. In particular, for any bounded function g : E → R and any x in E,

lim
N→∞

1

N

N−1∑

j=0

(
P jg

)
(x) = Eπ [g].

Fix a function V : E → R in L2(π) which has mean zero with respect to π . In
this section, we prove a central limit theorem for the sequence N−1/2 ∑N−1

j=0 V (Xj )

assuming that the solution of the Poisson equation (1.2) belongs to L2(π). Under
this hypothesis we obtain a central limit theorem which holds π -a.s. with respect to
the initial state.

Theorem 1.1 Fix a function V : E → R in L2(π) which has mean zero with respect
to π . Assume that there exists a solution f in L2(π) of the Poisson equation (1.2).
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Then, for all x in E, as N ↑ ∞,

1√
N

N−1∑

j=0

V (Xj )

converges in Px distribution to a mean zero Gaussian random variable with variance
σ 2(V ) = Eπ [f 2] − Eπ [(Pf )2].

Proof Fix a mean zero function V in L2(π) and an initial state x in E. By assump-
tion, there exists a solution f in L2(π) of the Poisson equation (1.2). Consider the
sequence {Zj : j ≥ 1} of random variables defined by

Zj = f (Xj ) − Pf (Xj−1). (1.8)

The sequence {Zj : j ≥ 1} is adapted to the natural filtration of the Markov chain
Fj = σ(X0, . . . ,Xj ). Let M0 = 0, Mj = ∑

1≤k≤j Zk , j ≥ 1. A simple computation
shows that {Mj : j ≥ 0} is a martingale adapted to the filtration {Fj : j ≥ 0}.

Assume first that the solution f of the Poisson equation (1.2) is bounded. In this
case, the random variables {Zj : j ≥ 1} are bounded. Thus, for |θ | small enough, we
may define

Aj(θ) := logEx

[
exp{iθZj }|F(j−1)

]
. (1.9)

Fix θ in R. An elementary computation shows that for all N large enough,

Ex

[
exp

{
(iθ/

√
N)MN −

N∑

j=1

Aj(θ/
√

N)

}]
= 1.

It follows from a second order Taylor expansion that

N∑

j=1

Aj(θ/
√

N) = − θ2

2N

N∑

j=1

Ex

[
Z2

j |F(j−1)

] + 1√
N

RN,

for some random variable RN bounded above by a constant. Since

Ex

[
Z2

j |F(j−1)

] = (
Pf 2)(Xj−1) − (Pf )2(Xj−1),

by the ergodic theorem, as N ↑ ∞,
∑

1≤j≤N Aj (θ/
√

N) converges Px -a.s. to

−(θ2/2) Eπ [(Pf 2) − (Pf )2] = −(θ2/2)Eπ [f 2 − (Pf )2]. In particular,

lim
N→∞Ex

[
exp

{
(iθ/

√
N)MN

}] = e−θ2σ 2/2,

where σ 2 = Eπ [f 2 − (Pf )2]. The central limit theorem for (1/
√

N) ×∑
0≤j<N V (Xj ) follows from this result and identity (1.3).
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Assume now that f belongs to L2(π). Let {fn : n ≥ 1} be a sequence of
bounded functions which converge to f in L2(π). For a fixed n ≥ 1, let Z

(n)
j =

fn(Xj ) − Pfn(Xj−1), j ≥ 1, and let M
(n)
0 = 0, M

(n)
j = ∑

1≤k≤j Z
(n)
k be the mar-

tingale associated to the sequence {Z(n)
j : j ≥ 1}. By the first part of the proof, for

every n ≥ 1,

lim
N→∞Ex

[
exp

{
(iθ/

√
N)M

(n)
N

}] = e−θ2σ 2
n /2,

where σ 2
n = Eπ [f 2

n − (Pfn)
2].

Since Eπ [f 2
n − (Pfn)

2] converges to Eπ [f 2 − (Pf )2] as n ↑ ∞, to conclude the
proof of the theorem we need to show that

lim
n→∞ lim sup

N→∞
∣∣Ex

[
exp

{
(iθ/

√
N)M

(n)
N

}] −Ex

[
exp

{
(iθ/

√
N)MN

}]∣∣ = 0.

Since | exp{ix} − exp{iy}| ≤ |x − y|, the previous difference is absolutely bounded

θ√
N
Ex

[∣∣M(n)
N − MN

∣∣] ≤
{

θ2

N
Ex

[(
M

(n)
N − MN

)2]
}1/2

,

where we used Schwarz inequality in the last step. Recalling the representation of
the martingales MN , M

(n)
N in terms of the sequences {Zj : j ≥ 1}, {Z(n)

j : j ≥ 1}, by

orthogonality of these variables in L2(Px), the expression inside braces is equal to

θ2

N

N∑

j=1

Ex

[(
Z

(n)
j − Zj

)2]
.

Let Fn = fn − f so that Z
(n)
j − Zj = Fn(Xj ) − PFn(Xj−1). With this notation the

previous sum becomes

θ2

N

N∑

j=1

{(
P jF 2

n

)
(x) − [

P j−1(PFn)
2](x)

}
.

By the ergodic theorem this average converges to θ2Eπ [F 2
n − (PFn)

2]. This expres-
sion vanishes as n ↑ ∞ because Fn converges to 0 in L2(π). This proves the central
limit theorem for the martingale MN and the theorem in view of identity (1.3). �

In general there is no solution of the Poisson equation in L2(π), but one still ex-
pects a central limit theorem for N−1/2 ∑N−1

j=0 V (Xj ) if its variance remains finite.
We prove such a result in the following sections under the assumption of reversibil-
ity of the stationary measure π . The approach relies on a central limit theorem for
martingales presented below.
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1.3 Central Limit Theorem for Martingales

Fix a probability space (Ω,F ,P) and an increasing filtration {Fj : j ≥ 0}. Denote
by E the expectation with respect to the probability measure P. Let {Zj : j ≥ 1} be
a stationary and ergodic sequence of random variables adapted to the filtration {Fj }
and such that

E
[
Z2

1

]
< ∞, E[Zj+1|Fj ] = 0, j ≥ 0. (1.10)

The variables {Zj : j ≥ 1} are usually called martingale differences because the
process {Mj : j ≥ 0} defined as M0 := 0, Mj := ∑

1≤k≤j Zk , j ≥ 1, is a zero-mean,
square integrable martingale with respect to the filtration {Fj : j ≥ 0}.

Theorem 1.2 Let {Zj : j ≥ 1} be a sequence of stationary, ergodic random vari-
ables satisfying (1.10). Then, N−1/2 ∑

1≤j≤N Zj converges in distribution, as

N ↑ ∞, to a Gaussian law with zero mean and variance σ 2 = E[Z2
1].

Proof If one assumes that the martingale differences {Zj } are bounded, the proof is
elementary and follows from the ergodic assumption. Suppose therefore that |Z1| ≤
C0, P-a.s. for some finite constant C0.

We first build exponential martingales. Since {Zj } are martingale differences,
E[∑j+1≤k≤j+K Zk|Fj ] = 0 for all j ≥ 0, K ≥ 1. Therefore, since |eix − 1 − ix| ≤
x2/2, x ∈ R, subtracting E[iθ ∑

j+1≤k≤j+K Zk|Fj ] from the expression on the left-
hand side in the next formula we obtain that

∣∣∣∣∣E
[

exp

{
iθ

j+K∑

k=j+1

Zk

}∣∣∣Fj

]
− 1

∣∣∣∣∣ ≤ θ2

2
E

[(
j+K∑

k=j+1

Zk

)2∣∣∣Fj

]
.

Since the variables {Zj } are martingale differences, we may replace (
∑

k Zk)
2 by∑

k Z2
k in the above conditional expectation to obtain that this expression is bounded

above by (θC0)
2K/2. The left-hand side of the previous displayed equation is thus

bounded by 1/2 if |θ | ≤ 1/
√

KC0. We can therefore define for θ in this range and
for j ≥ 1 the compensator

Aj(θ) := logE

[
exp

{
iθ

jK∑

k=(j−1)K+1

Zk

}∣∣∣F(j−1)K

]
,

with the usual definition of logarithm log(1 + z) := z − z2/2 + z3/3 − · · · valid for
|z| < 1.

Fix 1 � K � N . This means that K increases to infinity after N . Let mj := MjK

for j ≥ 0. Clearly, for every admissible θ , exp{iθmj − ∑
1≤k≤j Ak(θ)} is a mean

one exponential martingale with respect to the filtration {FjK : j ≥ 0}.
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Assume without loss of generality that N = �K for some integer � and fix θ ∈R.
An elementary third order Taylor expansion shows that for N sufficiently large

�∑

j=1

Aj(θ/
√

N) = − θ2

2N

�∑

j=1

E

[
jK∑

k=(j−1)K+1

Z2
k

∣∣∣F(j−1)K

]
+ K2

√
N

RN,K

for some random variables RN,K that can be deterministically bounded indepen-
dently of N and K . Since {exp{iθmj − ∑

1≤k≤j Ak(θ)} : j ≥ 0} is a mean one
exponential martingale, for any θ in R and N sufficiently large we obtain

1 = E

[
exp

{
i(θ/

√
N)m� −

�∑

k=1

Ak(θ/
√

N)

}]

= E

[
exp

{
iθ√
N

MN + θ2

2N

�−1∑

j=0

E

[
(j+1)K∑

k=jK+1

Z2
k

∣∣∣FjK

]
− K2

√
N

RN,K

}]
.

We prove below that

lim
K→∞ sup

�≥1
E

[∣∣∣∣∣ exp

{
θ2

2N

�−1∑

j=0

E

[
(j+1)K∑

k=jK+1

(
Z2

k − σ 2)
∣∣∣FjK

]}
− 1

∣∣∣∣∣

]
= 0. (1.11)

Therefore, since RN,K are uniformly bounded random variables, for every θ in R,

lim
N→∞E

[
exp

{
iθ√
N

MN + θ2σ 2

2

}]
= 1,

which proves the central limit theorem in the case of bounded martingale differ-
ences.

It remains to show that (1.11) is in force. The expression inside braces is bounded
by a finite constant which depends on C0 and θ . Since |ex − 1| ≤ |x|e|x|, x ∈R, the
expectation in (1.11) is less than or equal to

C1θ
2

�

�∑

j=1

E

[∣∣∣∣∣
1

K

(j+1)K∑

k=jK+1

(
Z2

k − σ 2)
∣∣∣∣∣

]

for some finite constant C1. Since {Zk} is a stationary sequence, this expression
does not depend on � and is equal to

C1θ
2
E

[∣∣∣∣∣
1

K

K∑

k=1

(
Z2

k − σ 2)
∣∣∣∣∣

]
. (1.12)

By the ergodic theorem (1.12) vanishes as K ↑ ∞.
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The general case can be deduced from the previous one by approximating the
martingale differences {Zj : j ≥ 0} by bounded martingales differences. The most
natural way consists in fixing a cut-off level κ ≥ 1 and to define

Z
(κ)
j := φκ(Zj ) −E

[
φκ(Zj )

∣∣Fj−1
]

for j ≥ 1. Here φκ : R → [−κ, κ] stands for a cut-off function which can be taken
as φκ(x) = x1{|x| ≤ κ} for instance.

Note that {Z(κ)
j : j ≥ 1} forms a sequence of bounded martingale differences.

Although {φκ(Zj )} inherits stationarity and ergodicity from the original sequence,

the random variables {Z(κ)
j : j ≥ 1} may lose these properties due to the presence of

the conditional expectation.
Let σ 2

κ := E[φκ(Z1)
2]. By the dominated convergence theorem, σ 2

κ converges to

σ 2 as κ ↑ ∞. Moreover, Z
(κ)
1 converges to Z1 in L2(P), as κ ↑ ∞, since

E
[(

Z1 − Z
(κ)
1

)2] ≤ E
[
Z2

11{|Z1| > κ}].
To derive this inequality we expanded the square and used the identity E[Z1|F0] =
0 which follows from the fact that {Zj } are martingale differences.

Let {M(κ)
j : j ≥ 0} be the martingale associated to the sequence {Z(κ)

j : j ≥ 1}:
M

(κ)
0 := 0, M

(κ)
N := ∑

1≤j≤N Z
(κ)
j , N ≥ 1. We show below that

lim
κ→∞ lim

N→∞
∣∣E

[
exp

{
(iθ/

√
N)M

(κ)
N

}] − e−θ2σ 2
κ /2

∣∣ = 0. (1.13)

This claim does not follow from the first part of the proof because the sequence
{Z(κ)

j : j ≥ 1} may be neither stationary nor ergodic.

On the other hand, we have seen above that exp{−θ2σ 2
κ /2} converges, as κ ↑ ∞,

to exp{−θ2σ 2/2}. Therefore, to conclude the proof of the theorem we need to show
that the difference

E
[
exp

{
(iθ/

√
N)MN

}] −E
[
exp

{
(iθ/

√
N)M

(κ)
N

}]

vanishes as N ↑ ∞ and then κ ↑ ∞.
Since |eix − eiy | ≤ |x − y| for x, y ∈ R, by Schwarz inequality, the previous

expression is absolutely bounded by

θ

{
1

N
E

[(
M

(κ)
N − MN

)2]
}1/2

.

Since the random variables {Zj −Z
(κ)
j : j ≥ 1} are orthogonal, the expression inside

braces is equal to the average of E[(Z(κ)
j −Zj )

2]. We estimated above a similar term

showing that it is less than or equal to E[Z2
11{|Z1| ≥ κ}]. Analogous arguments

apply here. This expectation vanishes as κ ↑ ∞, concluding the proof.
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We now turn to the claim (1.13). Recall the proof of the central limit theorem
for bounded martingale differences and observe that up to (1.11) we did not use the
stationarity or the ergodicity of the sequence. The term we need to estimate is the
exponential of

θ2

2N

�−1∑

j=0

E

[
(j+1)K∑

k=jK+1

(
Z

(κ)
k

)2
∣∣∣∣FjK

]

= θ2

2N

�−1∑

j=0

E

[
(j+1)K∑

k=jK+1

{
φκ(Zk)

2 −E
[
φκ(Zk)|Fk−1

]2}∣∣∣FjK

]
,

where the identity follows from the definition of the variables Z
(κ)
k . Notice that

the positive term E[φκ(Zk)|Fk−1]2 has a negative sign in front. In particular, its
exponential is bounded by one. On the other hand, since for each fixed κ , {φκ(Zk) :
j ≥ 1} is a stationary ergodic sequence, by (1.11) we may replace φκ(Zk)

2 by σ 2
κ in

the exponential.
It remains to estimate

E

[∣∣∣∣∣exp

{
−θ2

2N

�−1∑

j=0

E

[
(j+1)K∑

k=jK+1

E
[
φκ(Zk)

∣∣Fk−1
]2∣∣FjK

]}
− 1

∣∣∣∣∣

]
.

Since the expression inside the exponential is negative and since 1 − e−x ≤ x for
x ≥ 0, the previous expression is bounded above by

θ2

2N

N∑

k=1

E
[
E

[
φκ(Zk)

∣∣Fk−1
]2]

.

Since {Zk : k ≥ 1} is a martingale difference, we may subtract Zk in the conditional
expectation without affecting it. Applying Schwarz inequality we bound the previ-
ous expression by (θ2/2)E[Z2

11{|Z1| > κ}] which vanishes as κ ↑ ∞. This proves
(1.13) and concludes the proof of the theorem. �

In the proof of Theorem 1.2 all estimates were carried through in L1(P).
A straightforward adaptation of the arguments gives a conditional central limit the-
orem:

Theorem 1.3 Under the assumptions of Theorem 1.2, for every θ in R,

lim
N→∞E

[∣∣E
[
exp

{
iθ(MN/

√
N)

}∣∣F0
] − e−θ2σ 2/2

∣∣] = 0,

where σ 2 = E[Z2
1].
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Remark 1.4 Deeper analysis permits to prove convergence of the partial sums to a
Brownian motion with diffusion coefficient σ 2 = E[Z2

1]: For every T > 0,

ZN(t) = 1√
N

[Nt]∑

j=0

Zj + Nt − [Nt]√
N

Z[Nt]+1

converges to a Brownian motion in C([0, T ]), the space of continuous functions in
[0, T ]. In this formula, [a] stands for the integer part of a ∈ R: [a] = sup{n ∈ Z :
n ≤ a}. We refer to Theorem 2.29.

1.4 Time-Variance in Reversible Markov Chains

In this section, we examine the asymptotic behavior of the variance of

1√
N

N−1∑

j=0

V (Xj )

for square integrable functions V in the context of reversible Markov chains. Re-
versibility with respect to π means that P is a symmetric operator in L2(π):

〈Pf,g〉π = 〈f,Pg〉π
for all f , g in L2(π). It is easy to check that a probability measure π is reversible
if and only if it satisfies the detailed balance condition:

π(x)P (x, y) = π(y)P (y, x)

for all x, y in E, which means that

Pπ [Xn = x,Xn+1 = y] = Pπ [Xn = y,Xn+1 = x].
A reversible measure is necessarily invariant since

(πP )(x) =
∑

y∈E

π(y)P (y, x) =
∑

y∈E

π(x)P (x, y) = π(x).

In this section, we prove that the following limit exists:

σ 2(V ) = lim
N→∞Eπ

[(
1√
N

N−1∑

j=0

V (Xj )

)2]
,

where we admit +∞ as a possible value, and we find necessary and sufficient con-
ditions for σ 2(V ) to be finite. We also introduce Hilbert spaces associated to the
transition operator P which will play a central role in the following chapters.
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Fix an invariant probability measure π and a function V in L2(π). An elementary
computation gives that

Eπ

[(
1√
N

N−1∑

j=0

V (Xj )

)2]
= 1

N

N−1∑

j,k=0

Eπ

[
V (Xj )V (Xk)

]

= 1

N

N−1∑

j=0

Eπ

[
V (Xj )

2] + 2

N

∑

j<k

Eπ

[
V (Xj )V (Xk)

]
.

Since π is a stationary measure, Eπ [V (Xj )
2] = 〈V,V 〉π and, for j < k,

Eπ [V (Xj )V (Xk)] = 〈V,P k−jV 〉π so that the second term is equal to

2

N

∑

j<k

〈
V,P k−jV

〉
π

= 2
N−1∑

i=1

[
1 − (i/N)

]〈
V,P iV

〉
π
.

In conclusion,

Eπ

[(
1√
N

N−1∑

j=0

V (Xj )

)2]
= 〈V,V 〉π + 2

N−1∑

i=1

[
1 − (i/N)

]〈
V,P iV

〉
π
.

To estimate the second expression we rely on the spectral decomposition of the
operator P . Since P is symmetric in L2(π), all its eigenvalues are real and P admits
a spectral decomposition:

P =
∫

R

ϕ dEϕ.

By (1.7), P is a contraction, its spectrum is contained in [−1,1] so that

P =
∫ 1

−1
ϕ dEϕ.

Notice that 1 is an eigenvalue associated to the constants because P 1 = 1 if 1 is the
constant function equal to 1.

The spectral decomposition of P permits to represent the scalar product
〈P kV,V 〉π in terms of the spectral measure of V :

〈
V,P kV

〉
π

=
〈
V,

∫ 1

−1
ϕk dEϕV

〉

π

=
∫ 1

−1
ϕk d〈V,EϕV 〉π .

Denote the spectral measure d〈V,EϕV 〉π of V by μV (dϕ) and notice that μV is a
finite measure on [−1,1] with total mass equal to 〈V,V 〉π . With this notation,

Eπ

[(
1√
N

N−1∑

j=0

V (Xj )

)2]
= 〈V,V 〉π + 2

∫ 1

−1

N−1∑

i=1

[
1 − (i/N)

]
ϕi μV (dϕ).
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The second term on the right-hand side can be rewritten as

2
∫ 1

−1

∑

i≥1

[
1 − (i/N)

]+
ϕiμV (dϕ),

where a+ stands for the positive part of a. For −1 ≤ ϕ ≤ 0, an elementary compu-
tation shows that

∑
i≥1[1 − (i/N)]+ϕi is absolutely bounded by a finite constant

and that it converges to ϕ/(1 − ϕ), as N ↑ ∞. On the other hand, for 0 ≤ ϕ ≤ 1,∑
i≥1[1 − (i/N)]+ϕi increases to ϕ/(1 − ϕ). Therefore, by the monotone and by

the dominated convergence theorem, the previous integral converges to

2
∫ 1

−1

ϕ

1 − ϕ
μV (dϕ).

We have thus proved the following result.

Lemma 1.5 For any function V in L2(π),

σ 2(V ) < ∞ if and only if
∫ 1

−1

1

1 − ϕ
μV (dϕ) < ∞. (1.14)

In this case,

σ 2(V ) =
∫ 1

−1

1 + ϕ

1 − ϕ
μV (dϕ). (1.15)

Note that in this computation we did not use the fact that V has mean zero.
However, σ 2(V ) = ∞ if Eπ [V ] 
= 0 since for such functions the spectral measure
gives a positive weight to 1: μV ({1}) > 0.

The previous computation leads to the following Hilbert space. Since P is an
operator bounded by 1, I − P is non-negative so that

〈f,g〉1 = 〈
f, (I − P)g

〉
π

defines a semi-definite scalar product in L2(π). It is semi-definite because 〈1,1〉1 =
0. Denote by H1 the Hilbert space induced by L2(π) endowed with the scalar prod-
uct 〈·,·〉1. Let ‖ · ‖1 be the norm associated to this scalar product. The Hilbert space
H1 is examined in detail in Sect. 1.6.

For λ > 0, consider the resolvent equation

λfλ + (I − P)fλ = V. (1.16)

In contrast with the Poisson equation, the resolvent equation always has a solution
fλ in L2(π) because (1 + λ)I − P is invertible for all λ > 0. It is given explicitly
by fλ = (1 + λ)−1 ∑

j≥0(1 + λ)−jP jV .

The proof of the central limit theorem for N−1/2 ∑
0≤j<N V (Xj ) relies on the

following two estimates on the solution of the resolvent equation.
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Lemma 1.6 Let fλ be the solution of the resolvent equation (1.16) for some zero-
mean function V with finite time-variance σ 2(V ). Then,

lim
λ→0

λ〈fλ,fλ〉π = 0.

Proof Since fλ is the solution of the resolvent equation (1.16),

λ〈fλ,fλ〉π = λEπ

[{[
(1 + λ)I − P

]−1
V

}2] =
∫ 1

−1

λ

(1 + λ − ϕ)2
μV (dϕ).

Since λ/(1 + λ − ϕ)2 ≤ (1 − ϕ)−1 and since μV (dϕ) integrates (1 − ϕ)−1, by the
dominated convergence theorem, the previous integral vanishes as λ ↓ 0. �

Lemma 1.7 Let fλ be the solution of the resolvent equation (1.16) for some zero-
mean function V with finite time-variance σ 2(V ). The sequence fλ is a Cauchy
sequence in H1: for every ε > 0, there exists λ0 > 0 such that for any λ1, λ2 < λ0

〈
fλ1 − fλ2 , (I − P)(fλ1 − fλ2)

〉
π

< ε.

Proof Since fλ is the solution of the resolvent equation,
〈
fλ1 − fλ2, (I − P)(fλ1 − fλ2)

〉
π

=
∫ 1

−1
(1 − ϕ)

{
1

1 + λ2 − ϕ
− 1

1 + λ1 − ϕ

}2

μV (dϕ)

=
∫ 1

−1

(1 − ϕ)(λ2 − λ1)
2

[1 + λ1 − ϕ]2[1 + λ2 − ϕ]2
μV (dϕ).

Since the integrand is bounded above by (1 − ϕ)−1 and since the spectral measure
of V integrates (1 − ϕ)−1, the integral converges to 0 as λ1, λ2 ↓ 0. �

A similar computation to the one presented in the previous proof shows that

σ 2(V ) = lim
λ→0

〈
fλ,

(
I − P 2)fλ

〉
π
. (1.17)

Indeed, since fλ solves the resolvent equation, by the spectral representation of the
operator P ,

〈
fλ,

(
I − P 2)fλ

〉
π

=
∫ 1

−1

(1 − ϕ2)

(1 + λ − ϕ)2
μV (dϕ).

Since the integrand is bounded above by (1 − ϕ)−1, by the dominated convergence
theorem, as λ ↓ 0, the previous expression converges to

∫ 1

−1

1 + ϕ

1 − ϕ
μV (dϕ),

which is equal to σ 2(V ) in view of (1.15).
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1.5 Central Limit Theorem for Reversible Markov Chains

In this section, we prove a central limit theorem for additive functionals of re-
versible Markov chains. Fix a zero-mean function V in L2(π). We have seen in
the beginning of this chapter that a central limit theorem for the additive functional
N−1/2 ∑

0≤j<N V (Xj ) follows easily from a central limit theorem for martingales

if V belongs to the range of I − P , i.e., if there is a solution in L2(π) of the Pois-
son equation (I − P)f = V . This assumption is too strong and should be relaxed.
A natural condition to impose on V is to require that its time-variance σ 2(V ) is fi-
nite. In this case we may try to repeat the approach presented in the beginning of the
chapter replacing the solution of the Poisson equation (I − P)f = V , which may
not exist, by the solution fλ of the resolvent equation λfλ + (I − P)fλ = V which
always exists.

Fix therefore a zero-mean function V and assume that its variance σ 2(V ) is finite.
Let fλ be the solution of the resolvent equation (1.16). For N ≥ 1,

N−1∑

j=0

V (Xj ) = λ

N−1∑

j=0

fλ(Xj ) +
N−1∑

j=0

{
fλ(Xj ) − (Pfλ)(Xj )

}

= Mλ
N + fλ(X0) − fλ(XN) + λ

N−1∑

j=0

fλ(Xj ), (1.18)

where {Mλ
N : N ≥ 0} is the martingale with respect to the filtration {Fj : j ≥ 0},

Fj = σ(X0, . . . ,Xj ), defined by Mλ
0 := 0,

Mλ
N :=

N∑

j=1

Zλ
j ,

for Zλ
j = fλ(Xj ) − (Pfλ)(Xj−1) for j ≥ 1.

Lemma 1.8 For each N ≥ 1, as λ ↓ 0, Mλ
N converges in L2(Pπ ) to some variable

MN . The limit process {Mj, j ≥ 0} is a martingale with respect to the filtration
{Fj } and

N−1∑

j=0

V (Xj ) = MN + RN

for some process RN in L2(Pπ ).

Proof Since N is fixed, to prove the convergence of the martingale Mλ
N , we just

need to show that each term Zλ
j = fλ(Xj )− (Pfλ)(Xj−1) converges in L2(Pπ ). We
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will prove that this sequence is Cauchy. For 0 < λ1 < λ2, since P is a symmetric
operator and π is a stationary measure,

Eπ

[(
fλ2(Xj+1) − fλ1(Xj+1) − (Pfλ2)(Xj ) + (Pfλ1)(Xj )

)2]

= Eπ

[
(fλ2 − fλ1)

2] − Eπ

[
(Pfλ2 − Pfλ1)

2]

= 〈
fλ2 − fλ1,

(
I − P 2)fλ2 − fλ1

〉
π
.

Since I + P ≤ 2I and I − P ≥ 0, we have I − P 2 = (I − P)(I + P) ≤ 2(I − P).
Therefore, the above quantity is bounded by

2
〈
fλ2 − fλ1 , (I − P)(fλ2 − fλ1)

〉
π
,

which vanishes as λ1, λ2 ↓ 0, by virtue of Lemma 1.7. We have thus proved that
the martingale Mλ

N is a Cauchy sequence in L2(Pπ ) as λ ↓ 0. It converges, in par-
ticular, to some process MN , which is a square-integrable martingale because the
convergence takes place in L2(Pπ ).

To conclude the proof of the lemma it remains to recall the decomposition of∑
0≤j<N V (Xj ) given in (1.18). Since the left-hand side does not depend on λ and

since we just proved the convergence of the first term on the right-hand side, the
second must also converge to some limit that we denote by RN . �

Lemma 1.9 Recall the decomposition of
∑

0≤j<N V (Xj ) obtained in the previous

lemma. N−1/2RN converges to 0 in L2(Pπ ) as N ↑ ∞.

Proof It follows from the decomposition given in (1.18) and the one presented in
Lemma 1.8 that

RN = Mλ
N − MN + fλ(X0) − fλ(XN) + λ

N−1∑

j=0

fλ(Xj )

for all λ > 0. Choose λ = N−1. We claim that each term on the right-hand side
divided by

√
N vanishes in L2(Pπ ). By Schwarz inequality and by the invariance

of π ,

1

N
Eπ

[(
λ

N−1∑

j=0

fλ(Xj )

)2]
≤ 1

N
Eπ

[
f 2

λ

] = λ〈fλ,fλ〉π

because λ = N−1. We proved in Lemma 1.6 that this expression vanishes as λ ↓ 0.
By similar reasons, N−1/2fλ(XN) and N−1/2fλ(X0) vanish in L2(Pπ ) as N ↑ ∞.

It remains to consider the martingale part. By orthogonality of the increments of
the martingales and by stationarity

N−1
Eπ

[(
Mλ

N − MN

)2] = 1

N

N−1∑

j=0

Eπ

[(
Zλ

j − Zj

)2] = Eπ

[(
Zλ

1 − Z1
)2]

.
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We proved in Lemma 1.8 that this expression vanishes as N ↑ ∞, which concludes
the proof of the lemma. �

We are now in a position to state the main result of this chapter.

Theorem 1.10 Consider a Markov chain {Xj , j ≥ 0} on a countable state space E,
ergodic and reversible with respect to some invariant state π . Let V : E → R be a
zero-mean function in L2(π) with finite time-variance σ 2(V ) < ∞. Then, under Pπ ,

1√
N

N−1∑

j=0

V (Xj )

converges in distribution to a zero-mean Gaussian law with variance σ 2(V ).

Proof By Lemma 1.8, each variable Zλ
j converges in L2(Pπ ), as λ ↓ 0. Denote

by Zj its limit. We claim that the sequence {Zj : j ≥ 1} satisfies the assumptions
of Theorem 1.2 with respect to the filtration Fj = σ(X0, . . . ,Xj ), j ≥ 0, and the
probability measure Pπ .

The sequence {Zj } inherits the stationary from {Zλ
j } as well as the measurability

with respect to the filtration {Fj }. Since Zλ
j converges to Zj in L2(Pπ ) and since

{Zλ
j } are martingale differences with respect to the filtration {Fj },

Eπ

[
Z2

1

]
< ∞ and Eπ [Zj+1|Fj ] = 0, j ≥ 0.

To show that the sequence {Zj } is ergodic, let ν be the probability measure on E×E

defined by ν(x, y) := π(x)P (x, y). For λ > 0, let Ψλ : E × E → R be defined by
Ψλ(x, y) := fλ(y) − Pfλ(x). Note that Zλ

k = Ψλ(Xk,Xk−1). Moreover,

‖Ψλ‖2
ν = 1

2

〈
fλ,

(
I − P 2)fλ

〉
π

≤ ‖fλ‖2
1.

In particular, by the proof of Lemma 1.8, Ψλ is a Cauchy sequence in L2(ν). Denote
by Ψ its limit. Since Zλ

k = Ψλ(Xk,Xk−1), Zk = Ψ (Xk,Xk−1) for k ≥ 1. This shows
that the sequence {Zk} is ergodic.

We just showed that all assumptions of Theorem 1.2 are in force. Thus,
N−1/2MN converges in distribution to a zero-mean Gaussian variable with vari-
ance

σ 2 = Eπ

[
Z2

1

] = lim
λ→0

Eπ

[(
Zλ

1

)2] = lim
λ→0

〈
fλ,

(
I − P 2)fλ

〉
π
.

By (1.17), this expression is equal to σ 2(V ).
By Lemma 1.9, N−1/2RN converges to 0 in L2(Pπ ). Therefore, in view of the

decomposition presented in Lemma 1.8, N−1/2 ∑
0≤j<N V (Xj ) converges in dis-

tribution to a zero-mean Gaussian variable with variance σ 2(V ). �
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The computations performed in Sect. 1.4 show that not only does the sequence
N−1/2 ∑N−1

j=0 V (Xj ) converge in distribution to a Gaussian law, but also the vari-
ance of this sequence converges to the variance of the limiting distribution.

Remark 1.11 Under the assumptions of Theorem 1.10, the variance of the sequence
N−1/2 ∑N−1

j=0 V (Xj ) converges to σ 2(V ).

There are several concepts of convergence. In Sect. 1.2, the central limit theorem
holds with respect to all measures Px . In other words, with respect to π -almost all
starting points. In Theorem 1.3 we presented a central limit theorem for martingales
which holds in probability with respect to the initial data. This result provides the
following statement for Markov chains.

Remark 1.12 Under the assumptions of Theorem 1.10, for every bounded continu-
ous function f :R→ R,

lim
N→∞

∑

x∈E

π(x)

∣∣∣∣∣Ex

[
f

(
1√
N

N−1∑

j=0

V (Xj )

)]
−

∫
f (u)Φσ 2(V )(u) du

∣∣∣∣∣ = 0,

where Φσ 2 is the density of the mean zero Gaussian distribution with variance σ 2.

A central limit theorem, almost sure with respect to the initial state, follows from
this result in the countable case. This is a special feature of the discrete setting. In
general we will have to content ourselves with a central limit theorem in probability
as stated above. This result is weaker than the almost sure result, known in the
literature as a quenched statement, but stronger than the annealed result stated in
Theorem 1.10.

Remark 1.13 The Markov chain may have different ergodic measures π . In this case
the central limit theorem is valid for each ergodic measure, but in general the asymp-
totic variance will depend on the particular ergodic measure: σ 2(V ) = σ 2(V ,π).
This is the case of the exclusion processes which will be examined in detail in the
following chapters.

Remark 1.14 A slightly deeper analysis permits to prove convergence of the partial
sums to a Brownian motion with diffusion coefficient given by (1.15): For every
T > 0,

1√
N

[Nt]∑

j=0

V (Xj ) + Nt − [Nt]√
N

V (X[Nt]+1)

converges to a Brownian motion in C([0, T ]) (cf. Theorem 2.32).

Remark 1.15 Existence of a solution of the Poisson equation (1.2) in L2(Pπ ) cor-
responds to the condition (I − P)−1V ∈ L2(π). In terms of the spectral measure of
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V , this is equivalent to requiring that

∫ 1

−1

1

(1 − ϕ)2
μV (dϕ) < ∞,

a stronger assumption than the hypothesis that V has a finite time-variance since in
this case we only require (1.14).

1.6 The Space of Finite Time-Variance Functions

In this section, we examine the subspace of L2(π) of functions with finite time-
variance. Assume without loss of generality that the set E is connected in the sense
that for any x, y in E, there exists a path from x to y. Here and below, a path from x

to y is a finite sequence {x0, . . . , xn} such that x0 = x, xn = y, P(xi, xi+1) > 0 for
0 ≤ i < n. It follows from the connectivity and the reversibility that π(x) > 0 for all
x in E.

1.6.1 The Space HHH 1

A. An Explicit Formula for ‖ · ‖1 Recall from Sect. 1.4 the definition of the
semi-scalar product 〈·,·〉1. Fix a function f in L2(π). A simple computation shows
that

〈
f, (I − P)f

〉
π

=
∑

x,y∈E

π(x)P (x, y)f (x)
[
f (x) − f (y)

]
.

We have seen that π(x)P (x, y) = π(y)P (y, x) because the process is reversible.
We may therefore rewrite the previous expression as

(1/2)
∑

x,y∈E

π(x)P (x, y)f (x)
[
f (x) − f (y)

]

+ (1/2)
∑

x,y∈E

π(y)P (y, x)f (x)
[
f (x) − f (y)

]
.

Renaming x and y in the second sum and adding the two sums, we conclude that

〈
f, (I − P)f

〉
π

= (1/2)
∑

x,y∈E

π(x)P (x, y)
[
f (x) − f (y)

]2
. (1.19)

B. The Space DDD Denote the right-hand side of (1.19) by ‖f ‖2
1, which is well

defined for any function f : E → R. Let D̃ be the space of functions f : E → R

such that ‖f ‖1 < ∞:

D̃ = {
f : E → R : ‖f ‖1 < ∞}

.
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It follows from (1.19) that ‖ · ‖1 is a semi-norm. Its kernel corresponds to the
constant functions: Suppose that ‖f ‖1 = 0 for some function f : E →R. By (1.19),
f (y) = f (x) if P(x, y) > 0. By the connectivity of E, f is constant.

Define the equivalence relation ∼ in D̃ by stating that f ∼ g if ‖f − g‖1 = 0,
i.e., if f − g is constant. Denote by D the equivalence classes of D̃: D = D̃|∼.

The space D is complete. Consider a Cauchy sequence {fn : n ≥ 1} in D. For any
x, y such that P(x, y) > 0, fn(y)−fn(x) is a Cauchy sequence and thus converges.
Since E is connected, fn(y) − fn(x) converges for all x, y in E. Fix a site x∗ in E

and consider the function f : E → R defined by f (x∗) = 0,

f (y) = lim
n→∞fn(y) − fn

(
x∗).

It is not difficult to show that f belongs to D and that fn converges to f in D.
Since the norm ‖ · ‖1 satisfies the parallelogram identity, by Sect. 87 in Riesz

and Sz.-Nagy (1990), D is a Hilbert space with the scalar product 〈·,·〉1 defined by
〈f,g〉1 = (1/4){‖f + g‖2

1 − ‖f − g‖2
1}. From (1.19) we have that

〈g,f 〉1 = (1/2)
∑

x,y∈E

π(x)P (x, y)
[
f (x) − f (y)

][
g(x) − g(y)

]
(1.20)

for any function f , g in D.

C. The Space HHH 1 Since (a−b)2 ≤ 2a2 +2b2, it follows from (1.19) that ‖f ‖2
1 ≤

2‖f ‖2 for any function f in L2(π). Thus L2(π) is contained in D. Denote by H1
the subspace of D generated by the functions in L2(π) so that

L2(π) ⊂ H1 ⊂ D.

D. Exact Forms Let B (for bonds) be the set of pairs (x, y) in E × E

such that π(x)P (x, y) > 0. Let ν be the measure on B defined by ν(x, y) =
(1/2)π(x)P (x, y) and denote by ‖ · ‖ν the norm of L2(ν). A function D in L2(ν)

is called an exact form if for all x in E and all finite paths {x0, x1, . . . , xn} from x

to x,

n−1∑

i=0

D(xi, xi+1) = 0. (1.21)

Let F be the subspace of exact forms in L2(ν). Note that F is closed.
Fix an exact form D, a vertex x∗ in E and a constant c in R, since we assumed

E to be connected, we may define a function fD,c,x∗ = fD : E → R by

fD(y) = c +
n−1∑

i=0

D(xi, xi+1),

where {x0, . . . , xn} is a path from x∗ to y. The value of fD at y does not depend on
the specific path because D is an exact form. It is, of course, not difficult to conceive
examples where fD does not belong to L2(π).
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Reciprocally, given a function f in L2(π), define Df : B →R by

Df (x, y) = f (y) − f (x).

It is easy to check that Df fulfills (1.21) and that Df belongs to L2(ν), by (1.19).
Let F0 be the subspace of L2(ν) generated by exact forms associated to functions
in L2(π): F0 = {Df ∈ L2(ν) : f ∈ L2(π)}. We have just shown that F0 ⊂ F.

The space F represents the set of functions f : E → R with derivative Df in
L2(ν) and F0 the subspace of functions f in L2(π) with derivative Df in L2(ν).
The space H1 may be identified with F0, the closure of F0 in L2(ν), since, by (1.19),
the application which maps f to Df is an isometry: ‖f ‖1 = ‖Df ‖ν .

E. Liouville D-property A Markov chain is said to have the Liouville D-property
if all solutions f : E → R of the Liouville problem

{
(I − P)f = 0,

‖f ‖1 < ∞,
(1.22)

are constant. Notice that (I − P)f is well defined because ‖f ‖1 is finite.
A Markov chain has the Liouville D-property if and only if F0 coincides with F.

To prove this statement, assume that F0 
= F. In this case, there exists a non-zero D

in F which is orthogonal to F0. Let f : E → R be such that D = Df . To show that
f is a solution of the Liouville problem (1.22), fix x0 in E and let δx0 ∈ L2(π) be
the indicator function of the singleton {x0}. By orthogonality, by the explicit form
of the scalar product in L2(ν) and by the computations presented at the beginning
of this section,

0 = 〈Df ,Dδx0
〉ν = π(x0)

∑

y∈E

P (x0, y)
{
f (x0) − f (y)

}
,

where 〈·,·〉ν stands for the inner product in L2(ν). The right-hand side is equal to
π(x0)[(I − P)f ](x0). The connectivity of the set E gives that π(x0) > 0. Since the
identity holds for every x0, (I − P)f = 0. Thus, f is a non-constant solution of the
Liouville problem (1.22).

The same arguments show that any non-constant solution f of the Liouville prob-
lem (1.22) provides a non-zero derivative Df in F orthogonal to F0.

A Markov chain reversible with respect to a probability measure π has the Liou-
ville D-property. Assume that f is a solution of (1.22) so that (I −P)f = 0. For A >

0 denote by φA : R → [−A,A] the cut-off function φA(x) = max{−A,min{x,A}}.
Since (I − P)f = 0, φA(f ) is bounded and Df belongs to L2(ν),
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0 = 〈
φA(f ), (I − P)f

〉
π

= (1/2)
∑

x,y∈E

π(x)P (x, y)
[
f (x) − f (y)

][
φA(f )(x) − φA(f )(y)

]
.

Each term on the right-hand side is positive. Thus for any pair (x, y) such that
P(x, y) > 0, [f (x) − f (y)][φA(f )(x) − φA(f )(y)] = 0 for all A > 0. Letting
A ↑ ∞ we conclude that f (y) = f (x). The connectivity of E guarantees that f

is constant, proving the claim.
The next example shows that the Liouville D-property may hold even when π is

not a probability measure or when the process is transient.

F. Symmetric Random Walks on ZZZ
ddd Finite range symmetric random walks on

Z
d have the Liouville D-property.

Denote by π the counting measure on Z
d and consider a symmetric random walk

on Z
d . Denote by {ej : 1 ≤ j ≤ d} the canonical basis of Rd and assume, without

loss of generality, that P(0,±ej ) = 1/2d .
Assume that f : Zd → R is a solution of the Liouville problem (1.22). Hence,∑
1≤j≤d

∑
x∈Zd [f (x +ej )−f (x)]2 < ∞ and 0 = (I −P)f = −(1/2d)�f , where

� stands for the discrete Laplacian. Let D be the exact form associated to f and
let Dj(x) = D(x,x + ej ), 1 ≤ j ≤ d . Dj belongs to �2(Zd), the space of square
summable series.

Denote by D̂j : (−π,π]d → R the Fourier transform of Dj :

D̂j (θ) =
∑

x∈Zd

eix·θDj (x),

where · stands for the usual scalar product in R
d . Since D is an exact form, by (1.21),

Dj(x) + Dk(x + ej ) = Dk(x) + Dj(x + ek). Thus, D̂j (θ)(1 − e−iθk ) = D̂k(θ)(1 −
e−iθj ). In particular, D̂j (θ) = (1 − e−iθj )b(θ) for some function b : (−π,π]d →R.

It follows from the identity �f = 0 that
∑

1≤j≤d D̂j (θ)(1−eiθj ) = 0. Therefore,
0 = b(θ)

∑
1≤j≤d(1 − cos θj ). Since the latter function is strictly positive for θ 
= 0,

b(θ) = 0. This proves that Dj vanishes and therefore the claim.

1.6.2 The Space HHH −1

For a function f in L2(π), let

‖f ‖2−1 = sup
g∈L2(π)

{
2〈f,g〉π − 〈g,g〉1

}
. (1.23)

It is easy to check that this variational formula defines a semi-norm.
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A. HHH −1−1−1 ⊂ L⊂ L⊂ L 222(π) Fix a function f in L2(π). Since ‖g‖2
1 ≤ 2‖g‖2, it follows

from the variational formula (1.23) that 2‖f ‖2−1 ≥ ‖f ‖2. In particular, ‖ · ‖−1 is a
norm in L2(π). Observe also that ‖1‖−1 = ∞. Indeed, if we take g = a1, a > 0,
in the definition of the norm ‖ · ‖−1, we get that ‖1‖−1 ≥ a because 〈1,1〉1 = 0.
Letting a ↑ ∞, we conclude.

B. The HHH −1−1−1 Space Denote by H−1 the set of functions in L2(π) with finite
‖ · ‖−1 norm: H−1 = {h ∈ L2(π),‖h‖−1 < ∞}. The set H−1 endowed with the
norm ‖ · ‖−1 is complete.

Consider a Cauchy sequence {fn : n ≥ 1} in H−1. By A above, {fn : n ≥ 1} is a
Cauchy sequence in L2(π). Denote by f its limit in L2(π).

The function f belongs to H−1. Let C0 := supn≥1 ‖fn‖2−1, which is finite be-
cause {fn : n ≥ 1} is a Cauchy sequence. Assume by contradiction that ‖f ‖−1 = ∞.
Then, by definition of the H−1 norm, there exists g in L2(π) such that 2〈f,g〉π −
‖g‖2

1 ≥ C0 + 2. Since fn converges to f in L2(π), 2〈f − fn, g〉π is absolutely
bounded by 1 for n large enough. Therefore, ‖fn‖2−1 ≥ 2〈fn, g〉π − ‖g‖2

1 ≥ C0 + 1,
contradicting the definition of C0.

The sequence {fn} converges to f in H−1. Fix ε > 0. Since {fn} is a Cauchy
sequence in H−1, there exists n0 ≥ 1 such that ‖fm − fn‖2−1 ≤ ε for n,m ≥ n0. Fix
n ≥ n0. There exists g in L2(π) such that ‖fn − f ‖2−1 ≤ 2〈fn − f,g〉π − ‖g‖2

1 + ε.
Introducing fm in the linear term, the right-hand side of the previous inequality
becomes

2〈fn − fm,g〉π − ‖g‖2
1 + 2〈fm − f,g〉π + ε.

The first two terms are bounded by ‖fn−fm‖2−1, which is smaller than ε for m ≥ n0.
Thus, ‖fn − f ‖2−1 ≤ 2ε + 2〈fm − f,g〉π for m large enough. Since g depends on
fn but not on fm, the last term vanishes as m ↑ ∞ because fm converges to f in
L2(π). This concludes the proof.

C. The Parallelogram Identity The norm ‖·‖−1 satisfies the parallelogram iden-
tity:

‖f + g‖2−1 + ‖f − g‖2−1 = 2‖f ‖2−1 + 2‖g‖2−1

for all f , g in H−1. This follows from the parallelogram identity for the H1 norm.
By Sect. 87 in Riesz and Sz.-Nagy (1990), H−1 is thus a Hilbert space with scalar
product 〈·, ·〉−1 given by polarization:

〈f,g〉−1 = 1

4

{‖f + g‖2−1 − ‖f − g‖2−1

}
.

Hence, H−1 is a Hilbert space contained in L2(π) which itself is contained in H1:

H−1 ⊂ L2(π) ⊂ H1.
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D. Representation of Elements of HHH −1−1−1 Any function g in H−1 can be repre-
sented as (I − P)G for some function G in H1 and ‖g‖−1 = ‖G‖1.

Fix a function f in D so that (I −P)f is well defined. Schwarz inequality shows
that (I − P)f belongs to L2(π). In particular, (I − P)f belongs to L2(π) for any
f in H1.

Fix a function g in H−1 ⊂ L2(π). Since g belongs to H−1, the linear functional
Lg : L2(π) → R defined by Lg(f ) = 〈g,f 〉π is bounded in H1. By Riesz repre-
sentation theorem, there exists G in H1 such that 〈g,f 〉π = 〈G,f 〉1 for all f in
L2(π) and ‖g‖−1 = ‖G‖1.

It follows from the explicit formula (1.20) for the scalar product in H1 and an el-
ementary computation, similar to the one performed at the beginning of this section,
that

〈G,f 〉1 = −
∑

x,y∈E

π(x)P (x, y)f (x)
{
G(y) − G(x)

} = 〈
f, (I − P)G

〉
π

for any function f in L2(π) and any G in H1. Therefore, the last identity shows
that 〈f, (I − P)G〉π = 〈f,g〉π for any f in L2(π). Recall that we proved in the
beginning of section D that (I − P)G belongs to L2(π). It thus follows from the
previous identity that g = (I − P)G.

The above computation shows that the map (I −P) : H1 → H−1 is an isometry:
‖(I − P)f ‖−1 = ‖f ‖1. We showed in the first part of the proof that this map is
surjective. Thus, formally (I − P)H1 = H−1.

E. Schwarz Inequality For every f in H−1 and g in L2(π),

〈f,g〉2
π ≤ 〈f,f 〉−1〈g,g〉1· (1.24)

Indeed, by (1.23), for every a in R, 2a〈f,g〉π − a2〈g,g〉1 ≤ 〈f,f 〉−1. Maximizing
over a we obtain the result.

F. Alternative Formula for the H−1H−1H−1 Norm

Lemma 1.16 A function V in L2(π) belongs to H−1 if and only if there exists a
finite constant C such that 〈V,g〉2

π ≤ C〈g,g〉1 for every g in L2(π). Moreover,

‖V ‖2−1 = inf

{
C > 0 : 〈V,g〉2

π

〈g,g〉1
≤ C for all g ∈ L2(π); 〈g,g〉1 
= 0

}
. (1.25)

Proof Assume the existence of a finite constant C such that

〈V,g〉2
π ≤ C〈g,g〉1

for every g in L2(π). By (1.23), 〈V,V 〉−1 is bounded above by supa>0{2
√

Ca −
a2} = C. This proves that V belongs to H−1 and that 〈V,V 〉−1 ≤ A, if A stands for
the infimum on the right-hand side of (1.25). Assume now that V belongs to H−1.
By (1.24), for any function f in L2(π), 〈f,V 〉2

π ≤ 〈V,V 〉−1〈f,f 〉1, proving the
reverse assertion and that A ≤ 〈V,V 〉−1. �
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G. Alternative Characterization of HHH −1−1−1 Since I − P is a positive, bounded,
self-adjoint operator, we may define the operator

√
I − P . The next lemma provides

a characterization of the space H−1 in terms of this operator.

Lemma 1.17 A function V in L2(π) belongs to H−1 if and only if there exists f in
L2(π) such that V = √

I − Pf . In this case, 〈V,V 〉−1 = 〈f,f 〉π .

Proof Assume first that V = √
I − Pf for some f in L2(π). Fix g in L2(π).

By the symmetry of P and by Schwarz inequality, 〈V,g〉2
π = 〈√I − Pf,g〉2

π =
〈f,

√
I − Pg〉2

π ≤ 〈f,f 〉π 〈g, (I − P)g〉π = 〈f,f 〉π 〈g,g〉1. In particular, by
Lemma 1.16, V belongs to H−1 and 〈V,V 〉−1 ≤ 〈f,f 〉π .

Assume now that V belongs to H−1. We want to show the existence of f in
L2(π) such that V = √

I − Pf . The natural candidate is of course

f = {I − P }−1/2V,

but
√

I − P is not invertible and {I − P }−1/2V is not defined. To circumvent this
problem, we introduce a sequence of approximating functions by setting fλ = {(1+
λ)I − P }−1/2V for λ ↓ 0. The idea is to prove that fλ converges, as λ ↓ 0, to some
function f which solves the equation V = √

I − Pf .
We first prove that the sequence fλ is bounded in L2(π) and admits therefore a

weakly converging subsequence. Fix g in L2(π). By definition of fλ,

〈g,fλ〉2
π = 〈

g,
{
(1 + λ)I − P

}−1/2
V

〉2
π

= 〈{
(1 + λ)I − P

}−1/2
g,V

〉2
π
.

Since V belongs to H−1, by (1.24), the previous expression is bounded above by

〈V,V 〉−1
〈{

(1 + λ)I − P
}−1/2

g, (I − P)
{
(1 + λ)I − P

}−1/2
g
〉
π
.

Since I − P ≤ (1 + λ)I − P , the last term is less than or equal to 〈{(1 + λ)I −
P }−1/2g, [(1 + λ)I − P ]{(1 + λ)I − P }−1/2g〉π = 〈g,g〉π . We have thus obtained
that for all functions g in L2(π),

〈g,fλ〉2
π ≤ 〈V,V 〉−1〈g,g〉π ,

which proves that {fλ,0 < λ ≤ 1} is a bounded sequence in L2(π) such that
〈fλ,fλ〉π ≤ 〈V,V 〉−1.

Denote by f a weak limit point and assume, without loss of generality, that fλ

converges weakly to f in L2(π). First of all, by the weak lower semi-continuity of
norms,

〈f,f 〉π ≤ 〈V,V 〉−1 (1.26)

because mass can only be lost. We claim also that V = √
I − Pf . To prove this

identity, we only need to show that 〈V,g〉π = 〈√I − Pf,g〉π for all g in L2(π) or,
equivalently, that 〈V,g〉π = 〈f,

√
I − Pg〉π . Since f is the weak limit of fλ,

〈f,
√

I − Pg〉π = lim
λ→0

〈fλ,
√

I − Pg〉π
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= lim
λ→0

〈{
(1 + λ)I − P

}−1/2
V,

√
I − Pg

〉
π

= lim
λ→0

〈
V,

{
(1 + λ)I − P

}−1/2√
I − Pg

〉
π
.

The last scalar product is equal to

〈V,g〉π + 〈
V,

{
(1 + λ)I − P

}−1/2√
I − Pg − g

〉
π
.

To conclude the proof we need to show that the second term vanishes as λ ↓ 0. By
Schwarz inequality, the square of the second term is bounded above by 〈V,V 〉π
times

〈[{
(1 + λ)I − P

}−1/2√
I − P − I

]
g,

[{
(1 + λ)I − P

}−1/2√
I − P − I

]
g
〉
π
.

By the spectral decomposition of P , this scalar product is equal to

∫ 1

−1

( √
1 − ϕ√

1 + λ − ϕ
− 1

)2

μg(dϕ).

The integrand is bounded and converges to 0 as λ ↓ 0. In particular, by the domi-
nated convergence theorem, the previous integral vanishes in the limit, which proves
that V = √

I − Pf .
Up to this point, we have shown that a function V in L2(π) belongs to H−1 if and

only if there exists f in L2(π) such that V = √
I − Pf . We have also seen at the

beginning of the proof that in the case of such a representation, 〈V,V 〉−1 ≤ 〈f,f 〉π .
It remains to recall (1.26) to conclude the proof of the lemma. �

It follows from the previous lemma that

〈V,V 〉−1 = 〈{I − P }−1/2V, {I − P }−1/2V
〉
π

so that

〈V,V 〉−1 =
∫ 1

−1

1

1 − ϕ
μV (dϕ).

In particular, for the variance σ 2(V ) defined in (1.15) to be finite it is necessary and
sufficient that V belongs to H−1.

1.7 Comments and References

Central Limit Theorems for martingales can be found in many textbooks, Billingsley
(1995); Durrett (1996); Ethier and Kurtz (1986); Varadhan (2001), for instance. We
refer to Whitt (2007) for a recent account.
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To our knowledge, the first central limit theorem for Markov chains goes back
to Doeblin (1938) who reduced the problem to the case of independent identically
distributed random variables. We refer to Nagaev (1957) for a proof along the line
of Doeblin’s idea. Gordin (1969) and Gordin and Lifšic (1978) showed that

1√
N

N−1∑

j=0

V (Xj ) (1.27)

converges to a mean zero Gaussian random variable if V belongs to the range of
the operator I − P in L2(π). Lawler (1982) proved an invariance principle for a
Markov chain in random environment.

Kozlov (1985) and Kipnis and Varadhan (1986) proposed independently a gen-
eral method to prove central limit theorems for additive functionals of Markov
chains from martingale central limit theorems. The approach presented here follows
Kipnis and Varadhan (1986). This seminal paper has been the starting point of much
research on asymptotic normality of additive functionals of ergodic Markov chains
which is reviewed in the following chapters. De Masi et al. (1989) and Goldstein
(1995) considered anti-symmetric additive functionals of reversible Markov chains.

Maxwell and Woodroofe (2000) proved that the sequence (1.27) is asymptot-
ically normal for stationary ergodic Markov chains {Xj : j ≥ 0} provided V has
mean zero with respect to the stationary measure π and

∑

n≥1

n−3/2

∥∥∥∥∥

n−1∑

j=0

P jV

∥∥∥∥∥ < ∞.

Quenched Invariance Principles Derriennic and Lin (2001a, 2003) presented
an alternative proof of the previous result which requires slightly stronger assump-
tions but which holds for Markov chains starting from a fixed point. An almost sure
invariance principle is also proved in Rassoul-Agha and Seppäläinen (2008) based
on a bound on the moment of the resolvent.

Conditional Invariance Principles Wu and Woodroofe (2004) and Zhao and
Woodroofe (2008b) obtained necessary and sufficient conditions for conditional
asymptotic normality. Ouchti and Volný (2008) presented an example of a Markov
chain which satisfies central limit theorem in probability, as stated in Remark 1.12,
but which does not satisfy a quenched central limit theorem. Relying on a maximal
inequality for stationary sequences of random variables, Peligrad and Utev (2005)
proved a conditional invariance principle for (1.27). Let us mention also that the law
of the iterated logarithm is deduced in Zhao and Woodroofe (2008a).

Positively and Negatively Dependent Random Variables A function
f : Rd → R is said to be increasing if f (x1, . . . , xd) ≤ f (y1, . . . , yd) whenever
xi ≤ yi , 1 ≤ i ≤ d . A random vector {X1, . . . ,Xd} is said to satisfy the FKG in-
equalities if for any increasing functions f , g such that E[f (X1, . . . ,Xd)2] < ∞,
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E[g(X1, . . . ,Xd)2] < ∞, Cov(f (X1, . . . ,Xd), g(X1, . . . ,Xd)) ≥ 0. A sequence of
random variables is said to satisfy the FKG inequalities if every finite subset satisfies
them.

Newman (1980) and Newman and Wright (1981) proved an invariance principle
for a sequence of stationary random variables with finite second moments, satisfying
the FKG inequalities, and such that

∑
k Cov(X0,Xk) is finite. The central limit

theorem is generalized in Newman (1983) to sequences of functions, not necessarily
monotone, of variables satisfying the FKG inequalities. Newman (1984) presents a
review of these results as well as a survey of results which give independence as a
consequence of zero covariance for associated random variables.

We mention also Newman and Wright (1982) where some well-known martin-
gales inequalities are extended to dependent random variables satisfying FKG in-
equalities.

Time-Variance We obtained in (1.15) an explicit formula for the asymptotic vari-
ance and observed in Remark 1.11 that the time-variance converges. Häggström and
Rosenthal (2007) compare three different expressions for the asymptotic variance in
the central limit theorem for Markov chains in a more general context than ours.

Exact Forms Exact forms on graphs and their connection to Markov chains and
to the D-Liouville property are discussed in Soardi (1994).

Poisson Equation We have seen in this chapter the close connexion between
solutions of the Poisson equation and the central limit theorem. We proved, in fact,
a central limit theorem under the condition that (I − P)1/2f = V has a solution f

in L2(π). Derriennic and Lin (2001b) examines the fractional Poisson equation

(I − P)αf = V,

for 0 < α < 1.
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