Chapter 2
Control of Inventories with Markov Demand

Alain Bensoussan

Abstract We consider inventory control problems in discrete time. The horizon
is infinite, and we consider discounted payoffs as well nondiscounted payoffs
(ergodic control). We may have backlog or not. We may have set-up costs or not.
In the traditional framework, the demand is modeled as a sequence of i.i.d. random
variables. The ordering strategy is given by a base stock policy or an s, S policy,
whether or not there is a set-up cost. We consider here the situation when the demand
is modeled by a Markov chain. We show how the base stock policy and the s, S
policy can be extended.

2.1 Introduction

We consider inventory control problems, with nonindependent demands. In real
problems, the successive demands are linked for a lot of reasons, and the assumption
of independence is too limited. The simplest way to model the linkage is to assume
that the demands form a Markov process as such or are derived from a Markov
process. Our objective is to show how the methods used in the case of independent
demands can be adapted to this situation. In a recent book by Beyer et al. [1]
a comprehensive presentation of these problems is given. We refer also to the
references of this book for the related literature [2, 3]. In this work, the authors
consider that the demand comes from an underlying state of demand, which is
modeled as a Markov chain with a finite number of states. The fact that the number
of states is finite simplifies mathematical arguments. We will here discuss the
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situation in which the demand itself is a Markov process. We will consider backlog
and non-backlog situations (but develop the no backlog case only) and set-up and
non-set-up situations. The model is on an infinite horizon, and we study discounted
as well as non-discounted (ergodic control) situations.

2.2 No Backlog and No Set-Up Cost

2.2.1 The Model

Let £2,o/, P be a probability space, on which is defined a Markov chain z,.
This Markov chain represents the demand. Its state space is R and its transition
probability is f(£|z). We shall assume that

f(¢|z) is uniformly continuous in both variables and bounded 2.1)

+o00
/ {f(l)dE < coz + 1 (2.2)
0

We can assume that z; = z, a fixed constant or more generally a random varible
with given probability distribution. We define the filtration

yn :U(le"' 7ZVI)

A control policy, denoted by V/, is a sequence of random variables v, such that v,
is .Z" measurable. When z; = z, then v, is deterministic. Also, we assume as usual
that v, > 0. We next define the inventory as the sequence

Y1 = n Ve —zm+)T, yi=x (2.3)

The process y, is adapted to the filtration .#". The joint process y,,z, is also a
Markov chain. We can write, for a test function ¢(x,z) (bounded continuous on
Rt x R*)

Elp(y2.22)Iy1 = x.z1 = z,vi =v] = Elp((x +v—2) 1. )|z = 1]

This defines a Markov chain to which is associated the operator

+o00

x—+v
P'o(x.2) = / 0(0.0) fZ)dE + /0 o Hv— L0 fEds  (2.4)

x+v
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We notice the property

@Y, (x, z) is uniformly continuous in v, x, z if
¢v(x,z) = ¢(x,z,v) is uniformly continuous and bounded in x, z, v

We next define the function
I(x,z,v) =cv+hx + pE[(x +v—22)"|z1 = 2]
which will model the one period cost. The cost function is then
o0
Je:(V)=EY " 1(yn.20.vn)
n=1

We are interested in the value function

u(x,z) = Hl}f Jr(V)

Set [,(x,z) = I(x,z,v). Note the inequalities
v+ hx <l,(x,z) <cv+ hx + p(coz+ c1)
and

cv<®",(x,z2) <cv+h(x+v)+ p(céz + coc1 + ¢1)

Consider then the function

wo(x,2) = D a" N (@) o (x, 2)

n=1

which corresponds to the payoff, when the control is identically 0.

Lemma 2.1. We assume that
ocy < 1

then the series wy(x,z) < oo and more precisely

hx PCoz pci
bl E +
o, 2) l—« l—coe (1—0a)(1—cor)

Proof. Tt is an immediate consequence of formulas (2.11) and (2.10).

We can now write the Bellman equation

u(x,z) = igg[l(x,z, V) + a®@'u(x, z)]

31

(2.5)
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(2.8)

2.9)

(2.10)

@2.11)

2.12)

(2.13)
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We state the following:

Theorem 2.1. We assume (2.1), (2.2), (2.6), (2.12). Then there exists one and only
one solution of equation (2.14), such that 0 < u < wy. It is continuous and
coincides with the value function (2.8). There exists an optimal feedback V(x, z)
and an optimal control policy V.

Proof. We use a standard monotonicity argument to prove that on the interval
(0,wy), the set of solutions of (2.14) is not empty. It has a minimum and a
maximum solution. The minimum solution is L.s.c. and the maximum solution is
u.s.c. The minimum solution coincides with the value function. There exists an
optimal feedback V(x,z)and an optimal control policy V. To prove uniqueness,
we have to prove that the minimum and maximum solution coincide. We begin by
proving a bound on ¥(x, z). It will be first convenient to mention a slightly better
estimate for wy. Indeed, we can write

pPCol pci

—co (1 —a)(l—coa) @.15)

wo(x.2) <h Y (@@’)"'x(x.2) + .

n=1

and (2.13) was simply derived from (2.15) by using ®°x(x,z) < x. Next, from
(2.14), considering u, the minimum solution, we can state that

u(x,z) > h Z(a@o)"_lx(x.z)

n=1
which follows from /(x, z, v) > hx and
@'¢(x,z) = ®°(x,z), Vv > 0, V¢ increasing in x (2.16)

Therefore, we can write

o0
I(x.z.v) + @®@'u(x.2) = v+ h Y (a®)" ' x(x.2)

n=1

Therefore, in minimizing in v, we can bound from above the range of v. More
precisely, we get

pcoz pPci
c(l—co) (1 —a)(1—cor)

V(x,2) < (2.17)

We consider the optimal trajectory ,,z, obtained from the optimal feedback
namely

1= + _Zn+l)+v Vn = V(Pns 20)
with y; = x,z; = z. It can be shown that the maximum solution will coincide with
the minimum solution, if we can check that V' satisfies the property
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a"Eu(Pp41,2041) — 0, asn — oo

It is sufficient to replace u by wy and by estimate (2.13), it is sufficient to show
that
od"EVyy1, o"Ezy41 — 0, asn — o0 (2.18)

However, by standard Markov arguments, o«" Ez,+1 < (aco)"z. From the
Assumption (2.12), the second part of (2.18) follows immediately. We next use

PCoZn pci
c(1—=coa) c(1—0a)(l—cor)

Therefore,
peyz pey
c(l—=cox) (1 —a)(l—cor)

E.),}ﬂ+l =< E.);n +
and we deduce the estimate

pzco  l—¢p npc
c(l—acy) 1—cp (1l —a)(l—cor)

E)A}n+1 <x+

Using again the Assumption (2.12), we deduce the first part of (2.18). This
completes the proof. O

2.2.2 Base-Stock Policy

We want now to check that the optimal feedback ¥(x, z) can be obtained by a base
stock policy, with a base stock depending on the value of z. We have

Theorem 2.2. We make the assumptions of Theorem 2.1 and p > c. We assume
also

f(x]z2) = ap(M) >0, Vx,z< M (2.19)
Then the function u(x, z) is convex and C 'in the argument x. Moreover the optimal

feedback is given by

Si)—x ifx <S()

0 ifx>S(@ (2:20)

v(x,z) =

The function S(z) is uniformly continuous and the derivative in x, u'(x,z) is
uniformly continuous.

Proof. We consider the increasing process

Upt1(x,2) = igg[l(x,z, V) + a®u,(x,7)], up(x) =0
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which we write also as

Up+1(x,2) = (h—c)x‘i‘yi]g{c’l‘i‘PE[(ﬂ—Zz)_|Zl =z+aEu,(n—22) ", 22)|z1 = 2]}

and we are going to show recursively that the sequence u,(x, z) is convex and C'
in x. Define

Gy(x,2) = cx + pE[(x —22) |21 = 2] + ¢E[un ((x — 22) T, 22)|z1 = 2]

then the function G, (x,z) attains its minimum in S,(z), which can be uniquely
defined by taking the smallest minimum. We prove by induction that u,(x,z),
G, (x,z) are convex and C'in x. Moreover

G(x,2) = ¢ — pF(x|2) + ¢E[u,(x — 22, 22) iz, |21 = 2]

We see that G/, (0, z) = ¢ — p and we can check that

1 —ao”"

G| (+00,2) = ¢ + ha
-«

Therefore, there exists a point S,(z) such that G/ (S,(z),z) =0. Note that
S,(z) >0, since G/ (0,z) = ¢ — p < 0. We have

(h—c)x + G,(S,(2),2) if x < S,,(2)

un_H(X,Z): (h—C))C‘f‘Gn(va) if x ZSn(Z)

It follows that the limit u(x, z) is convex in x. Clearly u(x,z) — +o00, as x —
+00. Also

G(x,2) =cx + pE[(x —2) |z = 2l + aE[u((x — 22) ", 22)|z1 = 2]

is convex and — 400 as x — +00. So the minimum is attained in S(z), which can
be defined in a unique way, by taking the smallest minimum.

Since h—c < ul,(x,z) < ——, we can assert that u(x, z) is Lipschitz continuous
o

in x. The same is true for G(x,_z). But
G'(x,2) =c— pF(x|z) + aE[W(x —22.22)Lispy]z1 = 2] > c—pasx — 0
therefore also S(z) > 0. Then, from convexity

(h—c)x + G(S(z),2) if x < 8(z)

u(x,z) = (h—c)x + G(x,2) ifx>S()
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Next, from
¢ = pF(Sh()2) + ¢E[u,(S,(2) — 22, 22) 5,950t =2 =0
we deduce, using the estimate on ), and the property

oz + €1

Su(2)

F(Sy(2)z) <

e (coz + e)(p + alh — )
coz+c))(p +an—c
Su(z) < 2.21
@ = c+oalh—c) 221)
The same estimate holds for S(z). It is easy to check that S, (z) — S(z), and S(2)
is the smallest minimum of G (x, z) in x. Furthermore, from the continuity properties
of G(x, z) in both arguments, we can check that S(z) is a continuous function. The
feedback V(x, z) defined by (2.20) is also continuous in both arguments. Define

X(xv Z) = M/(.X, Z) —h +c

as an element of B (space of measurable bounded functions on R x R™T), then y
is the unique solution in B of the equation

x(x.2) = g(x+9(x,2), ) +E[y(x+9(x. 2)—22. 22) Litix 9ot = 2 X,z € RT
(2.22)
where

gx.2) =c+ah—c)—(p+ah—c))F(x|z)

Since the function g(x + ¥(x,z),z) is continuous in the pair x, z, the solution
x(x,z) is also continuous. Let us check that S(z) is uniformly continuous. Let us
first check that

(G'(x1.2)=G'(x2.2)) (x1—x2) = (p—a(c—h))(F(x1]2)—F (x2]2)) (x1—x2) (2.23)
Assume to fix the ideas that x; > x,. We have

(G'(x1,2) — G'(x2.2))(x1 — x2) = p(F(x1|2) — F(x2]2))(x; — x2)+

aE[(u (x1 — 22,22) — ' (x2 — 22, 22)) (X1 — x2) 1o |21 = 2]+
+(XE [M/(xl — 22, Zz)lxz<zz<x1 (xl - x2)|21 = Z]

The second term is positive, from the convexity of u. Using the left estimate on v’
for the last term, we deduce (2.23). We then obtain

(S() = SEN(G'(S(2). ) = G'(S().2) =

S(2)
(p—alc=h)(Sk) —SE)) [/S( , (f(El2) + f(EIZ’))dE]
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If z,7 < m, then from (2.21) we can find M,, > m such that S(z), S(z') < M,,.
From the Assumption (2.19), we deduce

(8(2) =SNG (S(2).2)—G'(S(2),2)) = 2ao(My)(p—a(c—h))(S(z) — S(2))?
Next we have
G'(x.7)—G'(x.2) = /O (p 4 au'(x =&, 0)(f(¢l) = f&l2)d¢

hence
|G'(x,7) = G(x,2)| < xC Osup | f¢lZ) = f(&l2)]

<{<x

Applying this estimate with x = S(z) and x = S(7) and combining estimates,
we obtain easily that S(z) is uniformly continuous. It follows that the feedback
v(x,z) is uniformly continuous. Then from (2.22), we obtain that y(x,z) is
uniformly continuous. The proof has been completed. O

Remark 2.1. We have y(x,z) =0,Vx < §(z), and
x(x.2) = g(x,2) + aE[(x —22.22)Lispy |21 = 2], Vx > S(2) (2.24)

Also
0=2g(S(2),2) +aE[x(S(2) — 22, 22)1s50)>0 |21 = 7] (2.25)

So S(z) is not the solution of g(S(z),z) = 0. If we consider the function
G*(x,2) = (p+ah—c)E[(x =)z =2 — (p —)x + pE[nlu =1

then the solution of g(S,z) = 0 is denoted by S*(z) and minimizes G*(x, 7). We
have G(x,z) > G*(x,z).

2.2.3 Ergodic Theory

We turn now to the case when o — 1. We write u, (x, z) to satisfy

(h—c)x +¢Sa(x) + pE[(Sa(2) —22) " |21 = 2]+

g (x,2) = aEug((Sa(2) —22) T, 22)|z1 = 7] if x < Su(2)
hx + pE[(x — )" |z1 = 2] + aE[ua((x —22) T 22)[z21 = 2] if x > Sa(2)
(2.26)

We shall make the assumptions
¢ =0 (2.27)
inf  f({lz) = y(a) > 0,Va
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f(&]z) is ergodic (2.28)

[ 1/ €) — FEIDIAE < Slz—7| (2.29)

sup F(x|z) = 8o(x) < 1,Vx

We denote by @ (z) the invariant probability density corresponding to the Markov
chain f(¢|z). We state

Theorem 2.3. We assume (2.1), (2.2) with ¢co = 0, (2.6) with p > ¢ and (2.27)-
(2.29). Then, for a subsequence (still denoted ) converging to 1, we have, for any
compact K of R

sup [Sy(z) — S@@)| < €(@,K), €(o,K)—0, asa 11 (2.30)
z€K
sup  Jua(x,2) — 2 —u(x,2)| — 0,YM, N 2.31)
-«
xX<M
Z<N

with p, — p and

(h—c)x +¢S@E) + pE[(S@) —22) " |z1 = 2]+

u(x.z) +p = Eu((Sz) —22)T.22)lz1 = 1] ifx <8k
hx + pE[(x —22) 7|zt =2+ Elu((x —22) ", 2)|1 = 2] if x > 5(3)32)
Q.

The function u(x, z) satisfies the growth condition

c
sup |u(§,2)| < Co+ Tlx(x) (2.33)
£<x 0

Z

It is C'in x and Lipschitz continuous in z. The following estimates hold:

sup ux(§,2)] < % (2.34)
E <x - O(X)
Z
lu(x,z) —u(x,2)| < [Co(mo) + M]5|z -7 (2.35)
1-—- 50()6)

(I=80(x)) sup [urx(§.2)] = C, (1=80(x)) sup |ux:(§.2)] = C,a.e. (2.36)
§=x f=x

< Z
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Given S(z), the pair u(x,z),p satisfying the above conditions and
Ju(0,2)w (2)dz = 0 is uniquely defined. Also

u(x,z2) +p = 325[1()6, Zv) + Du(x,7)] (2.37)

Proof. We begin with (2.30). We first note that, thanks to ¢y = 0, we have

clp+h)

Sa(Z) = min(h,c) =

o (2.38)

We pursue the estimates obtained in Theorem 2.2. We have first
(S (D) =Sa ()G (Sa(2), ) =Gy, (Sa (), 2)) = 2min(h, )y (o) (S (2) = Su(2))?

We know that u, (x,z) is C!in x. Then, from (2.26), we have (denoting u/,(x, z) =
u), (x,2)

w(x,2) =h—c if x < Su(2)

=h—pF(x|z) + aEu,(x — 22, 22)Lysp|z1 = 2], if x > Sp(2)

from which we can assert that

max(h,
sup. (i (£.9)| < T _g, (p)) (2.39)
E<x ot
Z
Therefore,
max(h, p)

1GL(54(2).2) — GL(Sa(2). 9 = (p + ) / &) — fElolde

1 — sup, F(mylz)
max(h, p)

16 (Sul@). D) = Ga(Sal@). D = (P =0

) [ 176l rlag
Collecting results we obtain the estimate

max(h, p)
1 — 8o(mo)

15202 = Sa @) = e )

[ FER) — fEldE (2.40)

and from the first Assumption (2.29), we finally obtain
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max(h, p)

_ ’ 1—50(1’)’!0) L
|S0(2) — Sa(2)] < —mm(h’c)y(mo)&z 7| (2.41)

Therefore, the sequence S,(z) is uniformly Lipschitz continuous. It is standard
that one can extract a subsequence, which converges in the space of continuous
functions on compact sets, for any compact set K, towards a function S(z).
Therefore, (2.30) is satisfied.

Define yq(x,z) = ul,(x,2) —h + c. We have

Xe(X,2) = gu(x,2) + (2.42)
+aE[fo(x —22,22) szt = 2], X > Sa(2) (2.43)
= 07 X E SO((Z)
with B
go(x,2) =(c+ah—c)—(p+alh—c))F(x|z) (2.44)

As it has been done for u, (x, z), we can state

sup  [xa(£,2)] < %h’(f)) (2.45)
0<é<x e
Z

If we consider ¥ (x,z) = yx,(x,z) = ul,(x, z), then using the fact that y,(0,z) =0,
we see that

Va(x.2) = (p+alh —c)) f(x|z) + (2.46)
+ aE[Yo(x —22.22)isp|z =2, x> Sa(2)
Ye(x,2) =0, x < Su(2)

The function v, (x, z) is not continuous, however it is measurable and bounded. We

have N
h—c)" +
sup Ve (§,2)] = ( 1)_8 (’;)”f” (2.47)
0<&<x ol
z
where || f|| = sup, . f(x|z). We next obtain an estimate on yq(x,z) — Yo (x,2).

Assume first x > S, (z), x > Sy (Z'). Then, from (2.42), we have
Ho (X, 2) — xa(x, Z/) = guo(x,2) — ga(x,z/) +

ta [0 el — L Ol — FEINdE
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From estimate (2.45) and the first Assumption (2.29), we deduce

max(h, 17)) Sz — 7|
1 —6o(x)

X > Se(2), x > Sy ()

a9 — ta(r.2)] < (p L -0t +

Assume now to fix ideas that S, (') > x > S,(z). Then y,(x,7) = 0 and
0= gu(S¢(2),2) + aE [Xa (Se(2) — 22, ZZ)ISO,(Z)>12|ZI = Z]
Therefore,

Xa(X,2) = fa(x,2) = ga(x,2) — ga(Sa(2), 2) + CE[Ya (X — 22, 22)Lisy 21 = 2] —
— aE[xa(Sa(2) — 22, 22) 15, ()5 121 = 2]
= (p +alh—c)(F(x|z) — F(S«(2)|2)) +
+ aE[xo (X — 22, 22) Lissys5,00) |21 = 2] +
+ aE[(Xa (X — 22, 22) = Ya(Se(2) — 22, 22)) s, 00> |21 = 2]

It follows

max(h, p)  (h—c)T™+p
1 —8o(x) 1 —8o(x)

a6, D)= sta (5 2)] < [p -0+ }nfu(x—sa(z))

Finally, we can state the estimate

C(mo)

TO(X)(SIZ — 2 I (248)

|xa(x.2) = Ya(x,2)| <

where C(mg) depends only on constants and on m. Therefore, considering the
gradient of y, in both variables, we have obtained the estimate

C
[Dyo(x,2)] < T 5@ (2.49)

From this estimate, we can assert that, for a subsequence (still denoted «),

sup | xe(x,2) — x(x,z)] > 0,as ¢« - 0,VM, N (2.50)
xX<M
Z<N
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Therefore, also

sup B [xa(x —22,22)Lisz, — E[Y(x — 22, 22) Lisgy|z1 = 2| <

xX<M
z
max(h,
sup | E[xe(x —22,22)Lass, — E[x(x =22, 22) Lispy |21 = z]|+(1—a)M
1 —380(M)
x<M
Z
and

sup |E[xo(x —22,22)las, — E[x(x — 22, 22) Laspn]z1 = 2J| <

X <M
z
max(h, p) ¢
sup | xa(x,2) — x(x.2)] +2T(M)Nl
xX<M 0
Z<N

from which we deduce easily that

sup [aE[xe(x —22,22) sz — E[Y(Xx —22,22)1is|z1 = 2| = 0, VM
xX<M
Z

From (2.42), it follows that
x(x,2) = g(x,2) + E[x(x — 22, 22) L]zt = 2], Yx > S(2)

where B
gx,2)=h—(p+h—c)F(x|z) (2.51)

Also y(x,z) = 0, if x < S(z). Moreover from
0= gua(Sa(2).2) + AE[Ya(Sa(2) — 22, 22) L5, (00> |21 = 2]
and
lwEXa(Sa(2) = 22, 22)1s, (0050121 = 2] = E[X(Sa(2) — 22, 22) 15,500 121 = 2]| =
sup  |aE[xa(x — 22, 22)Lissy — E[x(x — 22, 22) Lisy |21 = 7]

X = my
z
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|E[x(Sa(2) — 22, 22) 15,5121 = 2] — E[x(S(2) — 22, 22)1s(0)>0]21 = 2] <

((h=o* + ISl 3 2max(h, p)
1— 80()’)1()) ISa(Z) S(Z)I * 11— 80(’”0)

|F(Se(2)|z) — F(S(2)]2)]

we obtain easily

0=2g(5@,2) + E[x((S@) —2)". 2)|a =1
and the function y(x, z) is continuous in x. Let us next set

Fa(z) = M&(Os Z)
Guo(2) = E[(Se(z) —22) 7|21 = 7]

then from the first equation (2.26) one can check

(@) = ¢Sa(@) + pGal2) + 0Eua(Sa(x) —22) T, 22) |21 = 7]
=¥, (2) + ¢E[l(22)|z1 = 7]

with
(Se(@—22) T
Uy(z) = ¢Sa(2) + pGulz) + @ [/0 (h—c+ xa(§,22))dé|z1 = z}

and
max(h, p)

0<W¥() =< [max(h’c) T 50m0)

:|mO+PC1

This estimate also holds for the limit

(S@-2)T
V() =cS@) + pG@) + E [/O (h—c+ x 22)dE|lz = z:|

with
G(2) = E[(S(z) —2) |z =2]

Define
0= /lI/(z)w(z)dz

Consider now the equation

F@ +p=E+ EMG) = 2. /r@w@mzo
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From ergodic theory, we can assert that

3_
sup |I"(z)| < sup |¥(2) — plﬁ

where 0 < § < 1 depends only on the Markov chain. Similarly, if we set

Pa
l—«

pa = / VQw@dz  [a@) =) -

we can write y y
I(2) + po = Yo(2) + aE [Ty (22)|z1 = 7]

we can also assert that

- -
sup | Ty (2)| < sup | ¥ (2) — el : _g
=2 [(max(h,c) + %)mo + PCli| f:ﬁ

Moreover

Fy(@) = Tu(@) = Yu(2) — Yu(@) + a/ L[l = f&l)dE
Using properties (2.41), (2.45) and the Assumption (2.29), we can check that
W (2) — W ()| < C(mo)d|z— 7|

and thus also ~ ~
[T (2) — I(2)| < Ci(mo)dlz— 7|

Therefore, the functions Iy (z) are uniformly Lipschitz continuous and bounded.
It follows that for a subsequence we obtain

P

sup |Iy(z) — — F(z)‘ -0, VM (2.52)
0<z<N l -«
Therefore, also
sup |ualx,7) — 2 — u(x,z)‘ —0,Vx,YM, N (2.53)
l—«a
0<x<M

0<z=N
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with N
u(x,z) =(h—c)x + +/ x(&,2)dE+ I'(2) (2.54)
0

We deduce
u(x,z) =(h—c)x +I'z),Vx < S(z) (2.55)

From (2.52), (2.53) it is clear that
I'(z) = u(0,z) (2.56)

However

S@—=)t

Eu((S@—2)1. )zt =2 = Eu(0.22)|zy = J+E [/0 (h—c+ x( 22))dE|z = z}

hence
(@) =—-p+cS@+pG@ + Eu(S@ —2) . 2la =1

and thus the first relation (2.32) is proven. Consider now the situation with x > S(z).
Define the function

i(x,2) = hx + pE[(x —2) |z = 7 + E[u((x —22) T, 22)|z1 = 7]
We obtain

,}/(x’z) = h— pF(x|Z) —+ E[u’(x — 22, 22)1x>zz|zl = Z]
=h—c+ y(x,2, x=>S(@2)

Also

u(S(2),z) = hS(@) + pE[(S(@) —22) |z =2 + I'(2)
=u(Sx),2)+p

From these two relations we get it(x, z) = u(x,z)+p, Vx > S(z). This concludes
the second part of (2.32). Note also that

Ua (¥, 2) —ua(x,2) = Iu(2) — (@) + /Ox(xa(S,Z) — Xa(§,2)d§

Using already proven estimates we obtain

C(mo)x

ol

|te, (3, 2) — e (x,2)] < [Co(mo) +
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The limit u(x, z) satisfies all estimates (2.34), (2.36). To prove (2.37), we first check
that
Uy (x,2) < 1(x,2,v) + aEua((x +v—2)".22)|z1 = 2], VX, z, v

Therefore, it easily follows that
u(x,2) + p <Il(x,z,v) + E[u((x +v—22)". 20)|z1 = 2. Vx,2,v
However (2.37) can be read as
u(x.2) +p = 1(x,2.9(x,2) + Efu((x + ¥(x.2) —22) . 22)|z1 = 2]. V.2

where
S(z) —xifx < S(z)

A

Combining we get equation (2.37). Let us prove uniqueness, for S(z) given. We first
prove that y(x, z) is uniquely defined. To prove this it is sufficient to prove that if

x(x,2) = E[x(x — 22, 22)1y>00]z1 = 2], VX > S(2)
=0, Vx < S(2)

and

(1=30(x)) sup  [x(§,2)] < o0
0<&<x

Z

then y(x,z) =0. This is clear. The function ¥ (z) is thus uniquely defined. It fol-
lows that the pair p, I'(z) =u(0, z) is also uniquely defined, with the condition
[ I'(z)w(z)dz=0. Therefore, u(x,z) is also uniquely defined. The proof of the
theorem has been completed. O

Example 2.1. Consider the situation of independent demands, then f(x|z) = f(x).
In that case w(x) = f(x). Then S(z) = S, and

p=(p+h—c)(S—=D)" —(p—c)S+pD

We see also that ¥ (z) = p, and thus I"(z) = 0. O
Consider next the situation

f(x]z) = AMz)exp—A(2)x

with the assumption 0 < A9 < A(z) < A;. We also assume that A(z) is Lipschitz
continuous. Then all assumptions of Theorem 2.3 are satisfied. O
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We turn to the interpretation of the number p. Consider the feedback v(x, z)
associated with the base stock S(z). Define the controlled process

ﬁn+l = (yAn + ¥y _Zn+l)+v Uy = ‘A)(yAnvZn)

with y; = x, z; = z. We define the policy V= (V1,+++ . Vy, -+ ). We consider the
averaged cost

n
Y ELGF.z.9))
A j=1
Jr.(V) =

n

Similarly, for any policy V' = (vi,---, v, --+) we define the averaged cost

Y El().zj.v))

Jj=1

Je (V) = "

with
Vb1 = O+ —za)T, yi=x =2
We state

Proposition 2.1. We have the property
p= lim J' (V) (2.57)
n—>o0 ’
Furthermore, consider the set of policies
U =V | |u(ynzn)| < Cx}

then we have

p= inf lim J? (V) (2.58)

Ve¥ n—>oo -~

Proof. We first notice that
Pn < max(x, mo)

Therefore, from estimate (2.33), we get

N C| max(x, m
UGy 20)] < Cp 4 —CLmax(x. mo)

1 — So(max(x, myp))
Therefore, |4 belongs to % . From (2.37), we can write

U(Vnszn) + 0 = 1Pns20. V) + E[u(Fnt1.2u+1) | Pns 2]
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Taking the expectation and adding up we obtain

Eu(Pnt1,2n+1) — u(x,2)

p=J!.(V)+ o

and thus the property (2.57) follows immediately. Similarly, for any policy we can

write
Eu(ynt1.2n+1) — u(x,2)

n

Therefore, if V € %, we have p < J! (V). This implies (2.58). The proof has been
completed. O

p=J.(V)+

Remark 2.2. 'We cannot state that the process J,, z, is ergodic. Consequently, we
cannot give an interpretation of the function u(x, z) itself.

2.3 No Backlog and Set-Up Cost

2.3.1 Model

We now study the situation of set-up cost, and we consider the no shortage model.
We have to study the Bellman equation

u(x,z) = ing[Klwo +1(x,z,v) + @ u(x,z)] (2.59)
v
where
D'p(x.2) = Elp((x +v—2)".22)|z1 = 2] (2.60)
and
f(¢|z) is uniformly continuous in both variables and bounded (2.61)
+o00
| erenas <zt a 2.6
0
I(x,z,v) =cv+hx + pE[(x +v—22)" |21 = 7] (2.63)

We look for solutions of (2.59) in the interval [0, wo(x, z)] with

wo(x,z) = lo(x,2) + aE[wo(x — 22, 22)|21 = 7] (2.64)
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In Lemma 2.1, we have proven the estimate

hx PCoz pe
,7) < + 2.65
wo(x,2) = l—« l—coe (1—0a)(1—co) ( )
with the assumption
coa < 1 (2.66)
As usual we consider the payoff function
o0
Je:(V)=EY " '[KLy20+ (Va2 va)] (2.67)
n=1
with V = (v1,--+, vy, ) adapted process with positive values and
Yor1 = n+va—zr)t i =x (2.68)
We define the value function
u(x,z) = irl}f (V) (2.69)

We state

Theorem 2.4. We assume (2.60)—(2.63), (2.66). The value function defined in
(2.69) is the unique Ls.c. solution of the Bellman equation (2.59) in the interval
[0, wo. There exists an optimal feedback v(x, 7).

2.3.2 s(z), S(z) Policy

We now prove the following result.

Theorem 2.5. We make the assumptions of Theorem 2.4 and p >c. Then the
function u(x,z) is K-convex and continuous. It tends to +o0o as x — 4o0.
Considering the numbers s(z), S(z) associated to u(x,z), the optimal feedback is
given by

S(z) —x if x <s(2)

0 if x>0 (2.70)

v(x,z) =
The functions s(z) S(z) are continuous.

Proof. We consider the increasing sequence

1 (x.2) = nf{K L bevthxtpE[(x+tv=2)"lar = d+eEu (Hv—2)T . 2)|a =}
- (2.71)
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with uo(x,z) = 0. Define

Gu(x,2) = ex + pE[(x —22) |z = + eE[un(x =) ", 22)[ = 2] 272)
We can write

Unt1(x,2) = (h —c)x + %Ejfc[Kanx + Gu(n,2)] (2.73)

We are going to show, by induction, that both u,(x, z), G, (x, z) are K—convex
in x, continuous, and — 400 as x — +oo, for n > 1. The properties are clear for
n = 1. We assume they are verified for n, we prove them for n + 1. Since G, (x, z)
is K—convex in x, continuous, and — 400 as x — 400, we can define s,(z),
Sy (2) with

G, (S,(2),2) = iri;f G,(n,z2) (2.74)
5(2) = 0 if G,(0,2) < K + inf, G, (1, 2)
" Gy (s,(2),2) = K +inf, G,(1,2) if G,(0,2) > K + inf, G, (1, 2)
(2.75)

As usual we take the smallest minimum to define S,(z)in a unique way. Since
G, (n,z) is continuous, it is easy to check that S, (z) is continuous. Also s,(z) is
continuous. We can write

Un+1(x,2) = (h —c)x + G (max(x, 5,(2)). 2)

which shows immediately that i, 4+ (x, z) is K-convex and continuous. Furthermore
Up+1(x,7) = +00, as x — +00. We then have
Guy1(x.2) = cx 4+ pE[(x —22) o =2+ a(h — ) E[(x —22) |21 = 2] +
+ aE[G,(max(x — 22, 5, (22)). 22)|z1 = 2]
It is the sum of a convex function and a K-convex function, hence K —convex.
It is continuous and — 400 as x — 4o00. So the recurrence is proven. If we write

(formally)
u(x,2) =h—c+ yu(x,2)

then one has the recurrence

Yn1(x,2) =0 if  x <s5,(2)

= pu(x,2) +aE[x,(x — 22, 22)|z1 = 7]

with B
wx,z) =c+ah—c)—(p+alh—c))F(x|z) (2.76)
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The function y,+1(x, z) is discontinuous in s, (z). However one has the bound

— » h_ .
(p=c) < qnt1(x,2) < ctalh=c) a.e.
1-— l—«a

Therefore, the limit u(x, z) is K-convex and satisfies
M/(X,Z) = h —c+ X(-xa Z)
with

_ h—
(p=c) < x(x,2) < crofh =9 el Udd) a.e.
l—«a l—«a

Hence u(x, z) is continuous in x and — 400 as x — —+o00. Therefore, one
defines uniquely s(z), S(z) where S(z) minimizes in x the function

G(x,2) =cx + pE[(x —2) |z = 2l + aE[u((x — 22) ", 22)|z1 = 2]

From this formula and the Lipschitz continuity of u in x, using the Assumption
(2.61) one can see that G(x, z) is continuous in both arguments. Hence S(z) and
s(z) are continuous. The proof has been completed. O

2.3.3 Ergodic Theory

We now study the behavior of u(x, z) as ¢ — +00. We denote it by u, (x, z) and we
write the relations

uy(x,7) = (h — c)x + Gy (max(x, 54(2)), 2) (2.77)

Go(x,2) = ga(x,2) + ¢E[Go(max((x — 22) ", 5¢(22)). 22) |21 = 7] (2.78)
with

ga(x.2) = cx + pE[(x — )l = d +a(h = )E[(x —22) T a1 =2 (2.79)

We will use an approach different from that of the base stock case, since we cannot
prove uniform Lipschitz properties for the function s,(z). The present method will
use less assumptions. We shall assume ¢y = 0 and

7, isergodic (2.80)

We denote by @ (z) the invariant measure. We also assume

/ /@€l — FEIIdE < 8~ 7). 2.81)
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/CIf(é“IZ)—f@IZ’)Idé“ < 8lz—7|

sup F(x|z) = 8o(x) < 1,Vx (2.82)
Z

sup F(x|z) = 0as x — +oo (2.83)
Z

We begin with
Lemma 2.2. [fs(z) > O, then
p+ath—c)
Siz) < —E
@ = c+oalh—c) l2l2]

Proof. If s(z) > 0 then we have
u(0,2) = K + G(S(z).2)

Set
Pr=@-22)" % =90nn)
then
G(S(2).2) =cS(@) + pE[(S) —22) |21 = 2] + aEu(P2, 22)|z1 = 2]
Also we can write

u(y2,22) = (h—c)y» + Kls,o0 + G(P2 + 92, 22)

=hys+ Kl;,o0 + cVy + pE[(D2 + V2 —23) " |22] + ¢ E[u((P2 + V2 — ). 13)|2]

Therefore, we can write
u(0,2) = K +¢S(2) + pE[(S(2) — 22)" |21 = 2]+
+aE[hy, + K1;og+ Va4 p(P2 4+ V2 —23)" + +au((P2 + 12 —z)". )|z =7

(2.84)
We next have

u(0,z) < G(0,z2)
= E[PZZ —+ au(O, Z2)|Zl = Z]

Furthermore
u(0,22) < K + G($2 + 72, 22)
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Replacing G and combining the two inequalities we get

u(0,2) < pE[n|z1 = 2] + oK +
+ O[E[C();Z + ‘72) + P()?z + Py — ) + O{M(();z + Py — Z3)+,Z3)|Zl = Z]

Comparing with (2.84) we obtain easily the desired inequality. O
We deduce from the lemma that, whenever ¢y = 0

p+(h-of

min(c, h) “l (2.85)

sqa(2) <

We now state

Theorem 2.6. We assume (2.61), (2.62), with ¢o = 0, (2.80)—(2.82). Then there
exists a number p, such that, for a subsequence, still denoted o — 1

sup  Jua(x,2) — 1‘1—““ —u(x,7)| = 0,¥YM (2.86)
x<M
Z

and py — p. The function u(x, z) is Lipschitz continuous, K -convex and satisfies

Clx

A =Co+ ——— 2.87
.9 < Cot =5 2.87)

C C]X
X ) 5 T o Z ) f C o _ a.e. 2.88
|ux (x,2)] 1= 8o(x) lu.(x,2)] o+ 1= 60(x) a.e ( )

The pair u(x, z), p is the solution of

u(x,z) +p= ig£[K1v>o + I(x,z,v) + @"u(x, z)] (2.89)

Proof. We set
Xa(X.2) = u(x,2) —h+c

then we can write
Xa (x,2) = 1x>sa(z){:ua (X, Z) + aE [Xa (X — 22, Zz)lx—z2>0|21 = Z] (2.90)
with

Pa(x.2) = g, (x,2)
=cH+ah—c)—(p+ah—c)F(x|z)
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The function y,(x, z) is not continuous, but satisfies

sup  [xa(§,2)| < %h’(f)) (2.91)
0<é<x e
Z

Let us next define I (z) = uq (0, z). We have

I,(2) = Go(54(2), 2)
¢50(2) + PE[(s4(2) —22) |21 = 2] + ¢Eua((50(2) — 22) V. 22) |21 = 2]

(Sa(D)—22) T

8a(80(2),2) + aE [/0 Xa(§,22)dE|z = z] + oLy (22)]z1 = 7]

Therefore, we can write
Iy(2) = Ye(2) + aE[Iy(22)|z1 = 7] (2.92)
with

(a(@)—22)"
Vo (2) = 8a(5(2).2) + aE [/0 Yo (. 22)dE|z = z]

Thanks to Lemma 2.2, we have estimate (2.85), so s,(z) < mj. Using estimate
(2.91), we see that [, (z)| < C. Let us then define

Poa = /‘I’a(z)w(z)dz

and [, (2) = Iy(z) — 1p_a From ergodic theory, we can assert that
—a

. 3
sup )] < sup W42 = pul = <
Z Z

and we can state the estimate

Cx

Pu
o bl - T SC T o S <
ua(x.2) = 0 I = CF 50

Define iy (x,z) = uy(x,2) — I,O_a We write equation (2.59) as
—o

U (X,2) + po = igg[Klpo +1(x,z,v) + @ iy (x, 2)] (2.93)
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From Lemma 2.2 we can assert that the optimal feedback satisfies x + vy (x,z) <
max(x, mo). Therefore, we can replace (2.93) by

g (x,2) + pg = inf )[Klwo +I(x,z,v) + @ uy(x, 7)]

x—+v<max(x,mq
= inf Ly(x,z,v)

0<v<max(x,mg)—x

Next

Lo(x,2,v) = La(x,2,v) = /[p(x Fv=0" +aitg(x +v=0) . OIfCl) — fCI)dE
For v < max(x, mo) — x we can write

C max(x, mg)

~ o\t <
O L e N e e

sz

=Cl+ i

Using the Assumption (2.81) we get easily

- - C
|ua(x,z) _ua(-x,Z/)| =< (Cl + Tzox(x)) 8|Z_Z/|

From the estimates obtained we can assert that i, (x, z) has a converging subse-
quence (still denoted &) in the sense

sup | (x,z) —u(x,z)] > 0,as ¢ — 0 (2.94)
xX<M
z< N

Since p, is bounded, we can always assume that p, — p. Denote
L(x,z,v) = K1,o0+ [(x,z,v) + @"u(x, 2)
then
Ly(x,z,v) — L(x,z,v) = a®"(tgy —u)(x,2) — (1 — )@’ u(x, z)

For v < max(x, mg) — x, we have assuming M > my

cM

Q'u(x,2)| <C+ ——-+
up |@u(x. 9| = C + g

xX<M
z
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We also have

sup  |DV(ity —u)(x,2)| < sup |y —u|(x,z) sup F(N, )+
x<M xX<M ¢
z z

+ sup iy —ul(x,2)
x<M
Z< N

Using the Assumption (2.83) and (2.94), letting first « — 1, then N — oo, we
deduce

sup |Lo(x,z,v) — L(x,2,v)] > 0, asa — 1
xX<M
v < max(x, mp) — X
z

Therefore we deduce easily (2.86) and also that the pair u(x,z),p satisfies
(2.89). Estimates (2.87), (2.88) follow immediately from the corresponding ones
on ity (x, 7). The K—convexity of u follows from the K—convexity of i,. The proof
has been completed. O
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