
Chapter 2
Theory Framework: QCD

The theoretical framework of particle physics is called the Standard Model (SM).
The SM is a SU(3)⊗ SU(2)⊗ U(1) gauge theory, describing the strong (QCD), weak
and electromagnetic interactions respectively. It describes the interactions of the
fundamental components of matter, quarks, leptons and gauge bosons, according to
three of the four forces in nature. Measurements of the Standard Model parameters
have confirmed the theoretical predictions to increasing precision, but evidence that
new physics phenomena are needed to extend the knowledge of the fundamental
components of matter could be found at the LHC.

This chapter outlines the theoretical framework that underlies the measurement
described in this thesis, and the tools used to simulate hadron interactions for the
theoretical predictions used for comparison with the measurement. An overview of
the Standard Model in terms of the electroweak interactions is given in Sect. 2.1.
A brief description of the Quantum Chromodynamics concepts used in this thesis
follows in Sect. 2.2. Section 2.3 introduces the concept of jets as tools to obtain
predictable and measurable quantities and the motivations to measure the inclusive
jet cross section. Finally Sect. 2.4 outlines the theoretical and computational tools
used for the simulation of hadronic interactions.

2.1 Introduction to the Standard Model

The Standard Model is the theoretical framework that describes strong, weak and
electromagnetic interactions between fundamental particles (see [1–4] for a concise
introduction and further references). It is a non-abelian gauge theory: the transfor-
mations of the symmetry group do not commute in the case of the QCD and weak
groups. Gauge invariance, defined as the invariance of the theory under local trans-
formations, is a fundamental property of the theory. Gauge invariance defines the
particle content of the Standard Model (as shown in Fig. 2.1), as the quanta of the
gauge invariant fields are identified with the five gauge bosons. These are the photon,
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Fig. 2.1 The fundamental particles of the Standard model, sorted according to family, generation
and mass. Figure from [7]

the gluon, the W+/− and Z and they act as mediators of the forces. A consequence
of the non-abelian character of the theory is that the gauge bosons for the QCD and
weak forces enjoy self-interactions. In addition to the gauge bosons, the Standard
Model is composed of 12 fermions of spin 1/2, grouped in three lepton and three
quark families. These are considered point-like, as there is no evidence of any inter-
nal structure of leptons or quarks to date. The mass of the Standard Model particles
can be introduced using the Higgs mechanism [5, 6] through spontaneous symmetry
breaking that leads to the appearance of a new boson. The Higgs boson has not yet
been observed, and its discovery is sought by the general purpose experiments at the
Large Hadron Collider.

2.2 Key Concepts in Quantum Chromodynamics

Quantum chromodynamics is the theory of strong interactions. Its fundamental actors
are quarks and gluons, which are confined in the nucleon but act as free at sufficiently
small scales (and high energies). The latter behaviour is called asymptotic freedom.
The direct consequence of confinement is that free quarks and gluons are never
observed experimentally, and their final state is a collimated shower of hadrons.
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The development of QCD was posterior to that of QED: while the latter was
highly successful in the mid-Sixties, no information about the components of the
nucleons was available, and strong interactions were commonly described using
general principles and the exchange of mesons [8] although the basis for theories
that could eventually accommodate QCD had also been developed [9].

A framework called Eightfold Way [10] had been developed to organize subatomic
baryons and mesons into octets. Its connection to an underlying pointlike structure of
hadrons came after the so-called heroic age of deep inelastic scattering measurements
interpreted using the parton model [11]. These experiments and subsequent interpre-
tations showed that the probes scattered against pointlike, spin 1/2 constituents of the
nucleons that are the quarks (some relevant papers are collected in Ref. [12]). The
presence of spin 1 gluons was also inferred using kinematic considerations in terms
of the total momentum shared by the quarks. The QCD equivalent of the electromag-
netic charge for QCD is the colour charge: (anti)quarks can take three (anti)colours
(red, green and blue and their counterparts) while the eight interacting gluons exist
in a superposition of colour and anticolour states.

SU(3) QCD was established as a theoretical framework for strong interactions
only following the discovery of asymptotic freedom as a consequence of the theory’s
renormalisability [13]. These concepts will be explored further in the following
section. Only a brief overview of the concepts and formulas directly used in this
thesis is given, while more material is available in the references quoted.

2.2.1 Asymptotic Freedom and Confinement

Gluons in QCD are massless, therefore the theory contains divergences that manifest
themselves as infinite results in theoretical cross section calculations. A renormali-
sation procedure is necessary in order to allow the theory to give meaningful (non
infinite) results that can be compared to the experimental measurements. This is
achieved by effectively subtracting these infinities through counterterms embedded
in so-called bare parameters that are not measurable. The renormalisation procedure
introduces a correction to the ‘renormalised parameter’ depending on the renormal-
isation scale μR (that can be interpreted as the scale at which the subtraction is
made) and on the physical scale at which the measurement is made, taken as the
squared momentum transfer Q2 in the following. Imposing the independence of the
final result (all orders of perturbation theory) from the renormalisation scale allows
one to derive an explicit form for the renormalised parameter.1 As an example of a
renormalised parameter, the strong coupling constant is shown in Eq. 2.1:

αs(Q2) = αs
(
μ2

R

)

1 + αs
(
μ2

R

)
β0 ln

(
Q2/μ2

R

) . (2.1)

1 The dependence on μR is still present when truncating the theoretical calculation at a given order:
this introduces an uncertainty on the theory predictions.
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Fig. 2.2 2009 world average
of running coupling αs (from
[16])

The coupling constant, initially scale-invariant, becomes a function of the scale
of the process: the common terminology used is that the coupling constant runs with
energy. The theoretical and experimental results for the running coupling constant
αs as of 2009 are shown in Fig. 2.2. Contrary to QED, where the coupling constant
increases with the scale of the process (Q2 in Fig. 2.2), gluon self interactions lead
the β0 function to be negative. The coupling constant therefore is sizeable at low Q2

(leading to confined partons) and decreases as a function of Q2 (leading to asymptotic
freedom).

Asymptotic freedom and confinement are therefore deeply linked to the gauge
structure of QCD that leads to gluon self interactions. This was demonstrated by
Gross and Wilczek in 1973 [14, 15], and recognized with a Nobel prize in 2004.

Confinement and asymptotic freedom have relevant experimental consequences:
quarks and gluons require interactions with high energy probes to be ejected from the
nucleon, and they cannot be observed directly. What one detects instead of quarks
and gluons are collimated showers of particles. These particles are the product of
a series of steps, summarised as follows in the case of a hadronic collision event
following Ref. [17] and pictured in Fig. 2.3:

1. Two hadrons (that can be seen as ‘bags of partons’ as in the parton model) collide
with a large momentum transfer;

2. Two partons (called incoming partons) from the hadrons collide and produce the
hard process, leaving behind other partons (outgoing hadron remnants) and the
products of other secondary collisions (multiple interactions).

3. Since electromagnetic and color charges interact, the incoming and outgoing
partons can radiate (e.g. a quark can radiate a gluon). These processes can be
described using perturbative QCD as outlined in Sect. 2.2.2.

4. When partons are sufficiently ‘far’ from each other, the coupling becomes strong
and confinement plays a part. Being a non-perturbative process, the behaviour
of the color force in this situation cannot be described using first principles in
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Fig. 2.3 Schematic repre-
sentation of a parton–parton
collision, leading to a 2→2
scattering event (from [18])

QCD. A simplified picture models the color force as that in a string with a linearly
rising potential as charges become separated. The two extremities of the string
are the opposite color charges. If the string is extended too much, it will break
and create two additional color charges at the endpoints. If two opposite color
charges are found close to each other, they will recombine and create a hadron
that is observed in the final state. The creation of hadrons as a consequence of
confinement is called hadronisation.

The products of the collision that are not directly identified with the hard products
of the collision (hadron remnants, products of multiple parton interactions, radiation)
are conventionally defined as underlying event. Further details on the simulation of
these processes are given in Sect. 2.4.2.

2.2.2 Renormalisation, Scale Violations and Parton Distribution
Functions

Asymptotic freedom allows QCD to be described using point-like constituents at suf-
ficiently large energies. The first evidence of this behaviour was given by the SLAC-
MIT experiments and interpreted by Feynman and Field using the so-called parton
model [11]. On the other hand, the momentum scale introduced by renormalisation
needed to be accommodated: the improved parton model was developed [19, 20].
Starting from these ideas, the perturbative evolution of the quark and gluon behav-
iour can be predicted separately from the soft, non-perturbative physics, allowing for
theoretical calculation of QCD processes.

The differential cross section for lepton–hadron (lh) inelastic scattering (as in
the SLAC experiments) can be parameterised starting from that of elastic scatter-
ing of fundamental particles. Equation 2.2 makes use of structure functions F that
encapsulate the lack of knowledge on the nucleon behaviour, the kinematics of the
scattering (in terms of the momentum transfer Q2 and of the functions f (y) and
g(y) that depend on the kinematics of the scattering). It also introduces the variable
x that (at leading order) represents the fraction of hadron momentum taken by the
struck quark:
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d2σ(lh)

dxd Q2 = 1

Q4 ( f (y)x F1(x, Q2) + g(y)F2(x, Q2)) (2.2)

In comparison with the formula of the cross section for incoherent scattering,
where each quark composing the hadron can be struck independently from the others,
one finds that:

1. the structure function F2 can be identified with the sum of the products of the
quark charge squared e2

i and momentum distribution xqi (x) for all the quarks
in the hadron. The qi (x) functions can be interpreted (at leading order of per-
turbation theory) as the probability densities of finding a quark with flavour i
carrying a fraction x of the hadron momentum. The momentum distribution for
a given quark or gluon is also called parton distribution function, or PDF.

Flh
2 =

Nq∑

i

e2
i xqi (x) (2.3)

The independence of the structure function from momentum transfer Q2 at fixed
values of x is known as Bjorken scaling.

2. the two structure functions are not independent if quarks have spin 1/2 (Callan-
Gross equation).

The experimental verification of both approximate Bjorken scaling and the Callan-
Gross relation in the measurement of the structure functions performed at SLAC
shows that quarks in hadrons can be treated as quasi-free spin 1/2 particles. This
forms the basis of the quark parton model. Other structure functions, defined as
combinations of the quark PDFs, have been derived and measured in data (for a
review, see Chap. 5 of Ref. [21]).

When integrating F2 over all possible momentum fractions, only about half of
the total hadron momentum is carried by quarks. Probability conservation requires
that the area of the total momentum distributions in the proton is equal to unity
(this requirement is also called momentum sum rule). This calls for the presence of
gluons, later observed at the PETRA collider [22]. Gluons are responsible for quark
interactions, since they are the carriers of strong force.

Conventionally, partons composing a hadron are divided between gluons, valence
quarks and sea quarks. Valence quarks are responsible for the hadron’s quantum
numbers, while sea quarks are quark/antiquark pairs that can be generated thanks to
quantum fluctuations.

Interactions among the partons lead to deviation from the naive parton model in
terms of scaling violations, as shown in Fig. 2.4 where experimental points at the
same value of x do depend on Q2. Intuitively, an increase in Q2 can be seen as an
increase in the resolving power of the probe: if the internal structure of the hadron can
be probed at smaller distances, then the number of partons ‘seen’ increases given that
gluons can produce quark/antiquark pairs and quarks or antiquarks can radiate gluons.
The DGLAP formalism [24] models these interactions through splitting functions
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Fig. 2.4 Measurement of the structure function F2 from the HERA experiments (Figure from [23])

and uses them to evolve perturbatively the renormalised parton densities that contain
the Q2 dependence. Given that quarks and gluons interact, the DGLAP equations
that describe the change in quark, antiquark and gluon densities with Q2 are coupled.
The DGLAP formalism only gives information on the evolution of the PDF, not on
their shape, which is derived using a combination of the experimental data on the
structure functions and an initial analytical form, as discussed in the next section.

2.2.2.1 PDF Parameterisations

Structure functions such as F2, introduced in the previous section, can be measured
experimentally. Parton distribution functions are not observable, but instead they are
extracted using combinations of measurements for independent structure functions.
Sum rules that constrain groups of PDF (e.g. on the consistency of the quantum
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numbers of the hadron) can also be used to infer information on parton distribution
functions. Details on the extraction of PDF parameters are given in Chap. 8.

One essential ingredient for the extraction of parton distribution functions is the
parameterisation of the PDFs at a starting scale. Since such a parameterisation is not
predictable from first principles in QCD, simple considerations on the behaviour of
the functions and assumptions on their shapes need to be introduced. For nucleons,
the valence quark PDFs should be allowed to peak around 1/3 (in the assumption that
the three valence quarks will share equal fractions of the hadron momentum), with
an additional smearing due to the intrinsic parton momentum and the presence of sea
quarks. One also expects that sea quarks will grow for lower values of x because of the
divergent nature of QCD radiation and because gluons branch into qq̄ pairs. Valence
quarks will not have this behaviour because gluon interactions will not change the
quark flavour. Furthermore, the parameterisations must respect the kinematic of the
x variable: 0 < x < 1. This leads to the following basic parameterisations for the
PDFs:

xV (x) = Ax B(1 − x)C (2.4)

The behaviour at high x can also be predicted using what is called the spectator
model [25], while the power-law behaviour for x →0 can be predicted using Regge
trajectories [26].

The exact starting scale parameterisations used by the different groups
that extract parton distribution functions vary, and those used for this thesis are
detailed in Chap. 8.

2.2.3 QCD Factorisation

One of the reasons of the success of QCD as a predictive theory is that the short-
distance component of the scattering process described by perturbative QCD can be
separated from the non-perturbative long-distance component: this result is known
as the factorisation theorem [27]. Factorisation implies that perturbation theory can
be used to calculate the hard scattering cross section, while universal functions such
as the PDFs can be included a posteriori to obtain the full theoretical prediction. This
is shown in Eq. 2.5 using the quantities in Fig. 2.5 for a hard hadronic process:

dσhard(pA, pB, Q2) =
∑

ab

∫
dxadxb fa/A

(
xa, μ2

F

)
fb/B

(
xb, μ

2
F

)

× dσ̂ab→cd

(
αs

(
μ2

R

)
, Q2/μ2

R

)
. (2.5)

fa/A and fb/B are the parton momentum densities for the two interacting partons a, b
with respect to hadrons A, B. Since factorisation is a byproduct of a procedure that
absorbs singularities into physical quantities in the same fashion as renormalisation,

http://dx.doi.org/10.1007/978-3-642-30538-2_8
http://dx.doi.org/10.1007/978-3-642-30538-2_8
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Fig. 2.5 Schematic illustra-
tion of hard hadronic process
(Figure from [21])

a new scale μ2
F is introduced. When truncating calculations at a given order, the

uncertainties due to the choice of scale need to be calculated in order to account for
higher order terms.

Factorisation is related to the connection of inclusive hadronic observables to
the underlying kinematics of the hard scattering of quarks and gluons, even when
the final signature is influenced by parton distribution functions, fragmentation and
hadronisation.

Factorisation and the comparison of experimental data from different processes
indicate that the parton distribution functions are universal (i.e. they do not depend
on the physics process). They can be derived from different physics processes and
then used to derive full theoretical predictions independently from the calculation
of the hard scattering cross section. The universality of parton distribution functions
is confirmed by the comparison of the extraction of the structure functions from
different processes as mentioned in Sect. 2.2.2.

2.3 Infrared Safety in Inclusive Processes: Jets

QCD cross sections diverge when calculating processes that involve the radiation of
infinitely soft particles (infrared divergencies) and when radiation happens at small
angle (collinear divergences). However, infrared divergences cancel by virtue of
the Kinoshita–Lee–Nauenberg theorem [28, 29]. The practical consequence of this
theorem is that observables that are inclusive enough to be insensitive to processes
that distinguish between different numbers of partons are infrared safe and are not
affected by infrared divergences. This is mirrored by the behaviour of experimental
measurements: detectors have a finite spatial resolution and will not be able to resolve
the products of separate partons.

If the objects that represent partons in the final state have a well defined behav-
iour both in theory and experiments, then the parton kinematics will be reflected in
the kinematic of the final state object. This is where the definition of jets becomes
indispensable for QCD measurements. A jet can be naïvely seen as a group of colli-
mated particles generated by the hadronisation of a parton in the scattering process,
as shown schematically in Fig. 2.6.
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Fig. 2.6 Development of a
jet: collimated particles from
the hadronisation of quarks
and gluons deposit energy in
the ATLAS calorimeters, as
described in Chap. 3

The concept of jets was introduced even before QCD was formalised (see for
example Ref. [30]). A rigorous definition of jets for use as a connection between
perturbative QCD and observable hadronic final state was introduced by Sternman
and Weinberg [31]. Given that thanks to momentum conservation two partons with
sufficiently high transverse momenta will be produced back to back, one can define
a jet cross section by including all partons and their radiation if they are found in two
cones of opening angle δ. These cones will only leave out a finite amount of energy
ε. The definition of boundaries for the integration in terms of δ and ε allows for a
finite cross section. A similar algorithm can also be used when dealing with the two
collimated sprays of particles produced by the hadronisation of the partons. Different
infrared and collinear safe algorithms have since been introduced, but what remains
of this interpretation is the requirement of using the same jet finding algorithm in
theory and experiment to be able to compare theoretical prediction to data. More
details on the definition of jets and the algorithms used for jet finding are given in
Chap. 4.

2.3.1 Inclusive Jet Production

The inclusive jet cross section is a standard tool to test perturbative QCD at hadron
colliders, spanning over numerous orders of magnitude in terms of the jet transverse
momentum. The experimental measurement does not present particular difficulties
in terms of background subtraction given that jets are the predominant hard process
produced in the hadron–hadron collisions.

http://dx.doi.org/10.1007/978-3-642-30538-2_3
http://dx.doi.org/10.1007/978-3-642-30538-2_4
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Jets are dominantly produced through scattering of two partons (gluon–gluon,
quark–gluon or quark–antiquark) leading to two partons in the final state.

As mentioned in Sect. 2.2, asymptotic freedom and factorisation allow the calcu-
lation of theoretical predictions for QCD processes using perturbation theory. The
difficulty of theoretical calculations increases with the order of perturbation, corre-
sponding to the number of partons involved. At leading order only two initial and
final state partons are involved. For each increasing order of perturbation theory, one
parton needs to be added to the 2→2 process, either as a ‘leg’ or as a ‘loop’, and the
diagrams will interfere in the calculation. The theoretical prediction for the inclusive
jet cross section is known at next to leading order (NLO) in perturbation theory.

2.3.2 Motivations to Measure the Inclusive Jet Cross Section

Jets are a necessary ingredient for many analyses at a hadron collider. Measuring
the inclusive cross section requires a detailed understanding of jets and the related
systematic uncertainties. Since the theory/data comparison for the inclusive jet cross
section in measurements prior to the one detailed in this thesis showed excellent
agreement, as in Refs. [32] and [33], an early data/theory comparison can be per-
formed in a kinematic region where agreement has been previously found to ensure
that jets in ATLAS are well understood.

Furthermore, a measurement of the jet cross section with the data collected by
the ATLAS detector in the first year of operation of the Large Hadron Collider
spans kinematic regions that were previously unexplored, and it can be used as a
more stringent test of perturbative QCD over phase space. If the experimental and
theoretical uncertainties are small enough and well understood, the measurement can
also be used to constrain the parton distribution functions exploiting the extended
kinematic range, especially the gluon distribution at values of x up to 0.2.

This topic will be developed further in Chap. 8.

2.4 Theoretical Tools

A theoretical prediction is fully comparable to data when corrections are applied to the
calculation to simulate additional orders in perturbation theory and non perturbative
effects, and after all detector-specific effects have been removed from the experi-
mental measurement. The tools used to calculate the NLO theoretical prediction, for
the extraction of jet calibration parameters and for the theory/data comparison of the
measurement of the inclusive jet cross section detailed in this thesis are listed in the
following paragraphs.

http://dx.doi.org/10.1007/978-3-642-30538-2_8
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2.4.1 NLO Calculation Software and Convolution with PDFs

The next to leading order calculation for the hard process is performed using the
NLOJET++ 4.1.2 [34] software. This result needs to be convoluted with the par-
ton distribution functions at given renormalisation and factorisation scales: this is
achieved with the APPLGrid software [35]. APPLGrid allows for a posteriori inclu-
sion of PDF and process scales, so that the time-consuming calculation of the next to
leading order coefficients only need to be evaluated once. This is particularly useful
when systematic uncertainties derived from variations of the PDFs, scales and strong
coupling constant need to be estimated.

2.4.2 Parton Shower Monte Carlo Generators

Monte Carlo event generators such as PYTHIA [36] and ALPGEN [37] are
employed to simulate inclusive QCD jet events from proton–proton collisions when
the information on the particles entering the detector after hadronisation is needed.

These generators simulate the entire QCD event, using various models to simu-
late the non-perturbative steps mentioned in Sect. 2.2.1. No full calculation beyond
leading order is employed in the generators that are normally used, although the
ALPGEN generator is able to provide matrix elements for up to 6 additional partons
as ‘legs’ of the diagram. After the hard scattering (2 → 2, or 2 → n) is simulated
starting from the matrix element calculation that includes the convolution with a PDF
of choice, subsequent radiation is simulated using a series of probabilities for partons
to split. This approach is called parton shower, and it needs to be matched to the
matrix element calculation to avoid double counting of radiation generated by both
the hard scattering and by the parton shower. The splittings are iterated until a cut-
off scale is reached (usually 1 GeV), and at that point hadronisation will start. These
generators will have specific models (or employ external plug-ins) for hadronisation
and multiple parton interactions, whose parameters can be tuned using specific data.

The Monte Carlo generators used in the inclusive jet analysis are listed below,
together with their main characteristics and choices of PDF and tunes.

PYTHIA simulates non-diffractive proton-proton collisions using a 2 → 2
matrix element at leading-order of the strong coupling to model the
hard subprocess, and use parton showers to model additional radiation
in the leading-logarithmic approximation using pT -ordering [38]. The
hadronisation model used is an evolution of the string model described
in Sect. 2.2.1 (Lund string model [39]). Multiple parton interactions are
also simulated within PYTHIA [38]. The PDF used for the PYTHIA sam-
ples is the modified leading order set MRST LO* [40]. Modified leading
order PDFs can be used in combination with a leading order generator to
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obtain a result qualitatively similar to what one would obtain with a next
to leading order calculation.2

ALPGEN is a leading order matrix-element generator for hard multi-parton
processes in hadronic collisions [37]. It is interfaced to the HER-
WIG generator to produce angular-ordered parton showers in leading-
logarithmic approximation [41]. Parton showers are matched to the
matrix element with the MLM matching scheme [42]. The hadroniza-
tion is simulated in HERWIG [41] using the cluster model [43] where
gluons split in qq̄ pairs that are subsequently regrouped into colorless
clusters to produce hadrons. Multiple parton interactions are mod-
elled using JIMMY [44]. The PDF used for the ALPGEN samples is
CTEQ6L1 [45].

HERWIG++ [46] is a multipurpose event generator built on the experience of HER-
WIG. It simulates the full hadronic interaction in a similar fashion as
PYTHIA, but using angular ordering in the generation of the parton
shower and specific hadronisation and multiparton interactions mod-
els [47]. The MRST LO* PDF set is used in combination with the
HERWIG++ generator.

The parameters used for tuning the underlying event models in the PYTHIA and
HERWIG event generators have been derived from minimum bias measurement in
ATLAS data [48, 49] and are denoted as ATLAS MC10 tune.

2.4.2.1 Nominal Monte Carlo Sample

The baseline Monte Carlo sample used in this analysis for the calibration and deriva-
tion of the jet energy scale and its uncertainty is generated with PYTHIA and will
be referred to as nominal sample in the following. The full sample3 is composed
of 12.6 million simulated PYTHIA QCD jet events. Due to the steeply falling jet
cross section, the samples have been generated in 9 bins of transverse momentum of
the outgoing partons in the 2 → 2 hard scattering process ( p̂T ), covering the range
8 GeV–3.5 TeV. Each sub-sample is weighted according to its cross section to form
the final event sample. The sample used for the theory/data comparisons and for the
derivation of the non perturbative corrections that need to be applied to the NLO
calculation includes the nominal PYTHIA sample, complemented by a minimum
bias sample of approximately 20 million events for jets with p̂T below 8 GeV. Events
with p̂T below 17 GeV are taken from the minimum bias sample, while events above
this threshold are taken from the nominal sample mentioned above.

The PYTHIA QCD jet sample has been validated with data collected by the
ATLAS detector at

√
s = 900 GeV and

√
s = 7 TeV [50–57]. Jets measured in

ATLAS are reasonably well described by the Monte Carlo simulation, before and
after their calibration, as shown in Fig. 2.7.

2 This statement is currently being tested in a number of measurements at LHC energies.
3 The calibration has been derived on a smaller sample of 3.6 million events.
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