Chapter 4
Riemann-Liouville ¢g-Fractional Calculi

Abstract In this chapter we investigate g-analogues of the classical fractional
calculi. We study the g-Riemann-Liouville fractional integral operator introduced
by Al-Salam (Proc. Am. Math. Soc. 17, 616-621, 1966; Proc. Edinb. Math. Soc.
2(15), 135-140, 1966/1967) and by Agarwal (Proc. Camb. Phil. Soc. 66, 365—
370, 1969). We give rigorous proofs of existence of the fractional g-integral and
q-derivative. Therefore we establish a g-analogue of Abel’s integral equation and
its solutions.

4.1 Classical Fractional Calculi

In this section, we introduce some classical fractional calculi which we will
consider their g-analogues. We also state a set of relations and properties of these
fractional calculi for which we investigate their g-counterparts. First we denote by
/C™la,b], n € N, to the set of functions f which have continuous derivatives
up to order n — 1 on [a,b] with £~V € &/Cla,b], i.e. absolutely continuous
on [a, b]. Functions of 27 C[a, b] can be characterized via the following Taylor’s
formula taken from [175].

Lemma A. The set .</C ™ [a,b] consists of those, and only those, functions f,
which are represented in the form

n—1

1 .
0= Yawte—at o [0 owar

where ¢ € Lj(a,b) and the ¢ ’s are arbitrary constants. Moreover, ¢ (x) = f " (x)

®)(a
ae.,and ¢, = %,k =0,1,...,n—1.
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108 4 Riemann-Liouville g-Fractional Calculi

The first fractional integral operator we define in this section is that of Riemann
and Liouville. It is connected to Abel’s integral equation

ﬁ/:(x -0 'o(t)dt = f(x), x >a, a >0, f€Li(ab), 4.1)

cf. [269, P. 32], see also [213,227,262]. The following theorem, cf. [118,269], solves
Abel’s equation concretely.

Theorem 4.1. The Abel’s integral equation (4.1) with 0 < o < 1 has a unique
solution in Ly(a, b) if and only if the function fi_, defined by

Fioa(r) = / (x =) f(t) di

is absolutely continuous on [a,b] and fi—_y(a) = 0. If these later conditions are
fulfilled, then the unique solution ¢ is given explicitly by

1 d ([ L _d
¢(X) = ma/a (X—t) f(l) dl = dx fl_a(x), a.e. (42)

If f € @/Cla,b], then fi_y € o/CJa,b] and (4.2) becomes

f(a) 1)

F(l—a) x—a)“ (x—s)“

P(x) =

The following Cauchy formulae can be considered as the nth primitive of a function

f € Ll(a, b)

//1/1 fOdrdn.dvi = o 1)'/ (x =0 f(n)dr. (4.3)

Lb[:1...lef(t)dtdx1...dx,,_1 = 1)'/ (t—x)""Lf(t)dt, (4.4)

n € N. Since the right hand sides of (4.3) and (4.4) exist also for non integer values
of n, the Riemann-Liouville fractional integral can be considered as an extension
of (4.3) and (4.4) when we replace n by « € RT and n — 1! by I' (). Indeed, for
a € (0,00) and f € Li(a,b), the fractional Riemann-Liouville integral is defined
to be

19, fx) = ﬁ / =0 f ) d,

C (4.5)
- _ a1
o / (c — 0 £(0) dr,

I f(x):
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x € (a,b) with respect to x = a and x = b, respectively. In some literature,
they are called left-sided and right-sided Riemann—Liouville fractional integrals,
respectively. It is known, see e.g [211,227,235,269], that if f € Li(a,b), then
both of /7, f and I} f exist a.e. and they are L;(a, b)-functions. Moreover, for
f € Li(a,b), we have

dim 1% f(0) = lim L f(0) = f(x) ae. (4.6)

We now pass to the definition of the fractional derivative of arbitrary order. The
existence of the fractional derivative is connected to the solvability of the Abel’s
integral equation (4.1). For f € Lj(a,b), the left and right sided Riemann—
Liouville fractional derivatives of order o, &« € Rt are defined formally by

D, f(x) 1= DF I ) = 4 / -0 dr @)
at T et T I'(k—a)dx* J, ' ‘

and

Df_f(x) = (—l)kD"Ié‘_‘“f(x)

_ ( l)k k—a—1
- s / (t — ) £ (1) d,

(4.8)

x € (a,b), k = [a], respectively, [«] is the smallest integer greater than or equal
to . The fractional derivatives D%, f, Dy f existif f € Li(a,b) and I :;“ f,
1 ff__ “ f are of the class .7 C ®[a, b], see [269]. For example, the Riemann—Liouville
fractional derivatives of x¢, ¢ € R, is given by

T+ 1) X7 (>

DY, x¢ =
a+* I'lc—a+1) -

0). (4.9)

Of course if @ < 0, (4.9) gives the Riemann-Liouville fractional integral value
of x¢.

Now we state some properties of the Riemann-Liouville fractional calculus for
which we derive their g-analogues. We confine ourselves to the case of the left-sided
Riemann-Liouville fractional calculus since we shall study its basic analogue. Let
a, B € RT.If f € Li(a,b), then the semigroup property

I f ) = 1 1Y f () = 15 f (), (4.10)
holds for almost all x € [a, b]. If f(x) satisfies the conditions

feLiab) and I/7°f € 7CPla,b], k =[a],
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then )
Djj_’feLl(a,b), j=0,1,...k,

DI feACD(a,b), j=1,2,... . k—1.

Moreover, for functions satisfying the appropriate mentioned conditions

D7 17 f(x) = f(x), ae.
Dﬁf+lf+f(x) = If:xf(x), ae. if f=a=0,

D3+If+f(x) = Dj:_ﬂf(x), ae. ifa > =0.
In addition,

(x —a)*/

k
18D f(x) = fx) =) Dy me'

j=1
If f € Li(a,b) and D, " P f € &7C™[a,b], n = [B], then the equality

(x —a)*™/

DL 09 = DI 00 = 3 DI S

holds almost everywhere in (a, ) for any o > 0. Moreover, if
O<k—l<a<k a+pf <k and D" f e C™a,b],

then
) , n . ( _ a\ya—j
D DY, f(x) = DIfP f(x) - ; DI f (a+>px(1_a—i_j)v

holds almost everywhere in (a, b). Finally,

I8, DG, f(x) = f(x) and I¢, DL, f(x) = DIT" f(x),

A.11)

(4.12)
(4.13)
(4.14)

(4.15)

(4.16)

4.17)

whenever f € I, (Ly)and f € If+ (L1), respectively, cf. [269]. Here, by 1, (L1)
we denote the set of functions f represented by the left sided fractional integral of
order o (a > 0) of a summable function, i.e. f/ = I, ¢, ¢ € Li(a,b). For proofs

of these and other properties, see e.g. [85,235,269].

The other types of fractional derivatives we discuss here are those of Griinwald—
Letnikov and Caputo. It is known that the nth derivative of a function f defined on

(a, b) is given by
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m 26/ ) (4.18)
h—0

() =1 i

where
M f) = Y (’: ) fe—rh).
r=0

Starting from this formula, Griinwald [120] and Letnikov [180] developed an
approach to fractional differentiation for which the formal definition of the fractional
derivative D% f(x) is the limit

D, f(x) = lim - Z( 1)1< )f(x —jh), a e RT. (4.19)

Griinwald in [120] gave a formal proof while Letnikov in [180] gave a rigorous
proof of the fact that D™ coincides with the Riemann-Liouville fractional integral
operator when o > 0 and f is continuous on [a, b], cf. [178]. The following
theorem gives the conditions on which the Griinwald—Letnikov fractional derivative
is nothing but the Riemann-Liouville fractional derivative.

Theorem 4.2 ([235]). Assume that f € o/C™|a, b]. Then for everya, 0 < a < n,
the Riemann—Liouville fractional derivative D? f(t) exists and coincides with the
Griinwald-Letnikov derivative D% f(@), ie. if

Os<m—-1<as<m<n

then fora <t < b the following holds:

DY, f(t) = D, f(t) = Z f(1>(a+)([ —a)i™

(4.20)

_ ym—l—a r(m)
st [ e

Itis known that in applied problems, we require definitions of fractional problems
which allow the involvement of initial conditions with physical meanings, i.e.
conditions like

fP@Y) =b;, j=12,..k 4.21)

where the b;’s and k € N are given constants. The Riemann-Liouville approach
leads to initial conditions containing the limit values of the Riemann—Liouville
fractional derivatives at the lower end point ¢ = a, for example

lim D fW)=c;. j=12,... .k (4.22)
t—a
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where the ¢;’s and k € N are given constants and « is not an integer. It is
frequently stated that the physical meaning of initial conditions of the form (4.22)
is unclear or even non existent, see e.g. [269, P. 78]. The requirement for physical
interpretation of such initial conditions was most clearly formulated recently by
Diethelm et al. [83]. In [134], Heymans and Podlubny show that initial conditions
of the form (4.22) for Riemann-Liouville fractional differential equations may have
physical meanings, and that the corresponding quantities can be obtained from
measurements. However, the problem of interpretation of initial conditions of the
type (4.22) remains open. In [69,70], Caputo gave a solution for this problem when
he defined the fractional derivative of order «, ng‘ f(2), by the formula

DLW = s [ w2

—a)

n —1 < a < n,n € N. The Caputo approach leads to initial conditions of the form
(4.21) which are physically accepted. Recently, several initial value problems based
on the Caputo fractional operator have been studied, see e.g. [90,91,233,236]. The
relationship between the Caputo fractional derivative and the Riemann—-Liouville
fractional operator is given by

CDIf0) = L fO ).
If the function f(¢) has n + 1 continuous derivatives in [a, b], then cf. [235],

lim £DF f(1) = f™(1) for 1 € [a.b].

Another advantage of the Caputo fractional derivative is that ¢ D¢ = 0, where
¢ is a constant, while the Riemann—Liouville fractional derivative of a constant ¢ is
c c

D? = D"[" % — D'(x —a)"™% = —a),
at€ T Taarnl T Fai-a* @

where n = [a]. Since we will establish a method for using the g-Laplace transform
defined by Hahn in [123] to solve fractional g-difference equations, we state some
results concerning the Laplace transform before closing this section.

Let f € Li(0,b). If 1) f € </ C ™0, b] for any b > 0 such that 1'% f(x)
is of exponential order as x — oo. That is, there exist nonnegative constants K, T’
and py = 0, such that

[ f(x)] < KeP™  (x>T).

Then the Laplace transform of the Riemann-Liouville fractional derivative
D, f(x) exists, cf. [291], and satisfies the following identity
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LW @) = [ DL sy dr

n—1

= p"F(p)—)_ p*De f(07) (n=Tal),

k=0

for all p that satisfies Re(p) > py, cf. [269,291].

Similarly, the Laplace transform of the Caputo derivative ¢ D¥ f(x) exists if
f(x) € &ZC™|0,b] for every b > 0 and f(x) is of exponential order as x — oo.
In this case we can find nonnegative real number p( such that the Laplace transform
of the Caputo derivative satisfies the identity

2E D0 f)(p) = /0 '€ DE £(1) di

n—1
= pF(p)=Y_ p* 1 f®(0).

k=0

for all p satisfying Re p > Re(py). The Laplace transform method is usually used
for solving applied problems. So, it is clear that the Laplace transform of the Caputo
derivative allows utilization of initial values of classical integer-order derivative
with known physical interpretations, while the Laplace transform of the Riemann—
Liouville fractional derivative allows utilization of initial conditions of the form

D* f(t)|i=o = b; (=12,....[a]),

which may form problems without known physical interpretations.

4.2 Recent History of Fractional ¢-Calculus

Over the last decades, fractional calculus became an area of intense research and
developments. There are many surveys for the history of the fractional calculus,
see the survey of Butzer and Westphal [68], the survey of Machado et al. [197]
reported some of the major documents and events in the area of fractional calculus
that took place since 1974 up to 2010. They also introduced a poster [196] illustrates
the major contribution during the period 1966-2010. To the best of our knowledge,
the recent developments in the theory of fractional g-calculus is not well reported.
Therefore, we aim to cover in brief in this section the recent developments in the
theory of fractional g-calculus. A g-analogue of the Riemann—Liouville fractional
integral operator is introduced in [19] by Al-Salam through

xa—l X

Fq(a) 0

1 f(x) = (qt/x:q),_, f(1)dgt. (4.24)
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a & {—1,-2,...}. Al-Salam defined this g-analogue as an extension of the
following g-Cauchy formula who introduced in[18]

X pXp—1 X1
I, f(x) = / / / @) dytdyx, ... dgx,—,
xn—l X

(qt/x:q), , f(1)dgt.

(4.25)

T rm .,

For the convenience of the reader, we shall use the notation [/ f(x) instead of
Iy f(x). This basic analogue of Riemann-Liouville fractional integral is also given
independently by Agarwal, [17], who defined the g-fractional derivative to be

X
Iy (

a—1 X
Dy 1) = 172 ) = 7es [ (at/wia)_ s dye

Using the series representation of the g-integration (1.19), identity (4.24) reduces to

If0) =21 -q)* Y q" %f(xq”). (4.26)
n=0 »4/n

Al-Salam, [19], defined a fractional ¢-integral operator K, by

—La@—1) poo

—a q a—1 1—a
K ¢p(x) = ——— | 1 (x/t:q), ¢(tq ") dqyt,
1 L) J, ( Ja-t ! (4.27)
K2 (x) := ¢(x),
where & # —1,—2, ... as a generalization of the ¢g-Cauchy formula

K, "¢(x) = loo [:ol .../looqb(t) dytdgxi ...dgxn—

X

—5n(n—1) o)

g

= m ; t’l—l (x/t;q)n_l¢(tql—n) dqt,

which he introduced in [18] for a positive integer n. The fractional g-integral
operator K is a g-analogue of Liouville fractional integral, K%, defined by

“ _ L 90 ,
K*¢p(x) = @ /x (-0 dt (x> 0; Re(a) > 0). (4.28)

Al-Salam formally proved the following semigroup identity, cf. [19],

K{K]$(x) = K{ g (x),
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for all « and B. It is remarked by Ismail, cf. [143, P. 553] that

| sk = [T e rmdy @29

There is a slight error on (4.29) as we shall see in Theorem 5.14. Al-Salam and
Agarwal introduced their g-analogue with only zero as a lower point of the g-
integration. Recently, Rajovi¢ et al. [254, 255] allowed the lower point of the
g-integration in (4.24) to be nonzero and introduced the fractional definition:

Definition 4.2.1. The fractional g-integral is

1% () = / 1/ @amt £(0) dyt.

F()

and the fractional g-derivative is

o — plal ja=Tal
DY, f(x) = DI 1etel ).

Rajvoic¢ et al. [255] proved the following properties

Proposition 4.3. Let o, B € RT. The g-fractional integration has the following
semigroup property

18015 f(x) = I8H f(x).

Proposition 4.4. Fora € RT

Dy A f(x) = f(x).

Al-Salam [19] and Agarwal [17] defined a two parameter g-fractional opera-
tor by
Ty(e)

a # —1,-2,.... This is a q-analogue of the Erdélyi and Sneddon fractional
operator, cf. [93,96],

K¢ (x) := (x/t;q)a_lt_”_1¢(tql_°‘)dqt, (4.30)

K™ (x) = ” (t =)t (1) du. 4.31)

X
(@)

By means of (1.20), (4.30) can be written as

" e o (@ q)k i
KM¢p(x)=(1-q)* Y ¢""——"¢(xqg*").
! kz:% (q: D



116 4 Riemann-Liouville g-Fractional Calculi

Al-Salam derived formally the following semigroup identity for 7, @ and 8 in RT.
) +a.B — o+p
KUK f(x) = KT f(x).

Al-Salam did not consider the problem of the existence of K ™, Kfy’aqb. In [112],
Galue generalizes the Erdélyi—Kober fractional g-integral operator of arbitrary order
« introduced by Agarwal in [17] as follows

Bx—Fm

Iy(n)

Re(B) > 0, Re(n) > 0, n e C.

17" f(x) =

X
(ar”/xP5q) PV f () dyt,

Then, he investigated various rules of composition for the above-defined operator.
Recently, Purohit and Yadav in [250] introduced two new fractional g-integral
operators by

xBlgnetp)
Iy()

X/ (qt/X;q)a—18" %[2‘?1( P g7:q%q.9)]
0
X f(t)dyt,

RS

(4.32)

q—n<a+ﬁ>—”‘°++”—zﬂ
Iy(a)

/ (xX/t;:q)art P e 5 [2¢>1( “tP g7 4% q.q)]

x f(tqg'™) dyt

K f(x) =

(4.33)

where o« > 0, B is a real number, 7 is a nonnegative real number, and ¢ is the g-
translation operator defined in (1.15). The series representations of the operators in
(4.32) and (4.33) are

I;“ﬂ”’f(x) — x—ﬂq—n(a+ﬂ)(1 —q)"x

n a+p. -1.
Z(:)q,, (q ,(Z);,;()qn 1q)n Z r (g” o ,q)kf(xq )
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and

K;Lﬂ.n - x ﬂq—n(a+ﬂ)—"(”+”—ﬂ(1 —q)*%

n _
2 @ ) (g ) @k ,q)k ek
,;) ! (@ @n Z (q:9) Fog= 7).

It is straightforward to see that Purohit and Yadav integral operators can be regarded
as extensions of Riemann—Liouville, Weyl and Kober fractional g-integral operators
with the following fractional relations

a0 _ ga
I‘I - I‘I ’
K{z{x,O,n — q—oc(a-l-l)/ZKl;y,a’

a—o) o
K¢ K.

Purohit and Yadav derived the fractional g-integration by parts formula:

| AR g dyx = g [ g1 ) dyx. 434
0 0

for « > 0, B is real, and 7 is a nonnegative integer, provided that both of the ¢-
integrals in (4.34) exist. The operators (4.32) and (4.33) are g-extensions of the
operators

—Olﬂ

= T

/(x—t)”‘ LE (a+ﬂ —n;a, 1——)f(z)dt (4.35)

TP f = %/x (x =0 FR (ot + B, —na,l— j—c) S@)dz,

where , I is the Gaussian hypergeometric functions defined by

2Fi(a,bie,x) = Z%%

n=0

4.2.1 The Time Scale Fractional q-Calculus

The time scale fractional calculus was introduced by Hilger and Aulbad in [46, 135]
then developed by Bohner and Petrson in [59-61]. It merges the theory of difference
equations and the theory of differential equations into one theory. A time scale
means a closed subset of the real line. A merger of the Riemann—Liouville fractional
g-calculus and Riemann—Liouville fractional g-calculus on time scale was initiated
in the paper of Atici and Eloe in [44, 2007]. They use the time scale calculus
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notations to develop Hahn g-Laplace transform operator, 4, Ly, on the time scale
T :={q" : n € No} U {0} and define a fractional g-difference equation on T and
finally apply the g-transform method to find solutions. A development for the
Caputo fractional g-derivative in the time scale fractional calculus can be found
in [2].

4.3 q-Abel Integral Equation

In this section, we define a g-analogue of Abel’s integral equation. So we need the
g-analogues of the classical classes Li(a, b) and <7 C[a, b] introduced in Sect. 1.2.
In Sect. 2.2, we introduced a g-analogue of the class of integrable functions. Now,
we introduce a g-analogue of &7 C [0, a] and we denote it by .7 C,[0, a].

Definition 4.3.1. A function f defined on [0, @] is called g-absolutely continuous
if f is g-regular at zero, and there exists K > 0 such that

D O1fg?) = ftgtH| < K forall 1 € (ga.al. (4.36)
j=0

If (4.36) holds then it can be extended throughout (0, a]. To see this, it suffices
to investigate the case when x € (0,a]. Indeed, if x € (0,a] then there exists
t € (qa,a] and k € N such that x = ¢g*. Then

o0

2| r6ah) = feegh] = 30| tg) = fag’ )
j=0

j=k
<Y |fq?) = flg'™)| < 0.
j=0

We shall use &7 C, [0, a] to denote the class of g-absolutely continuous functions on
[0, a].

Theorem 4.5. Let [ be a function defined on [0,a]. Then, the function
f e Cyl0,al if and only if there exists a constant ¢ and a function ¢ in .,S”ql [0,a]
such that

fedCl0,a] <= f(x) =c+ /quﬁ(u) dqu  forall x € [0,al. (4.37)

Moreover, the constant ¢ and the function ¢ are uniquely determined via ¢ = f(0)
and

¢(x) =D, f(x) forall x € (0,a].
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Proof. Assume that [ € o/ C,4[0, a]. Consequently, from the fundamental theorem
of g-calculus, Theorem 1.10, we obtain

£() = £(0) + /0 D, f()dyt. x € [0.a]

proving necessity. Assume that f is given by (4.37) for ¢ € fql [0, a]. Then for
x € [0, a], we have

lim f(xq") = lim (c +x(1 —q)Zq%(qu)) =c.

k=n
Therefore, the function f is g-regular at zero. Applying Theorem 1.10 again, we

obtain D, f(x) = ¢(x), x € (0,a]. Hence, D, f(x) € fql [0, a]. This directly leads
to (4.36), proving sufficiency. The uniqueness of ¢ and ¢ holds by construction. O

Definition 4.3.2. Let <7 C;") [0,a], n € N, be the space of all functions f defined
on [0,a] such that f, D, f, ..., D}~" f are g-regular at zero and D}~' f(x) €
o/ Cy[0, a].

When n = 1, we simply write .7 C,[0, a] for Q/Cq(l)[o, al.

Theorem 4.6. A function f : [0,a] — C lies in JZ/Cq(n)[O, a) if and only if there
exists a function ¢ € qu [0, a] such that

X" 1 X
f(x) = chx + s (qt/x:q), (1) d,t, (4.38)
where kf( )
Dq 0
xG(O,a], nGN, Ckzm,

and ¢(x) = Dy f(x) for all x # 0.

Proof. First, we prove sufficiency. Assume that f has the form (4.38). Then, the
q-derivative of order j for x # 0 is

n—1
S =) al—¢HU =g (=g 7TH—g) X
k=j
X" j—1
o [ @0
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where j = 0,1,...,n — 1. We can prove by induction that
D] f(0) = ¢, 9, (j=01,....n—1).
(1-q)
Since
qu o0
/0 @/50" Dy 0 dyt | = |3 2g™ (1= 9) (@™ a1 (™)
r=0

<> xq" (1= q)lp(xq")|

r=m

and ¢ € .qu [0, a], then

lim D] f(xq"™) = ]((q q); =D)f0) (j=0.1....n—1).

Hence, the functions D; f,j=0,1,...,n—1, are g-regular at zero. Clearly,
DI f(x) = ¢p(x) € £/[0.4],

proving sufficiency. As for necessity, we use mathematical induction. The case
n =1 is proved in Theorem 4.5. Now, assume that (4.38) holds at n = m. Let
f(x) € .;szq(mH)[O,a]. That is, f...., Dy’ f are g-regular at zero and D}’ /' €
2/ C4[0,a]. Hence, D, [ € &/ Cq(m) [0, a]. Then, from the induction hypothesis we

have
m—1 ml X

D, f(x) = Zc,x +r(m)

(qt/x:q), ¢t dst. (439
where x € (0,a],

 DJD,f©) Dy f(0)
TGy LG+

and ¢(x) = D f(x)

for all x # 0. Now, replacing x by ¢ and ¢ with « in (4.39); integrating from O to x
and applying Lemma 1.20 yield

m k
=3 DO

m+1
k=0 Fq(k"‘f'l) F(m—}—l)/ qt/x CI Dq f(t)dqt,

which completes the proof. O
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As in the case of the Riemann—Liouville fractional derivative, the existence of the
fractional ¢g-Riemann-Liouville derivative holds only for a more restrictive class of
functions. For this reason, we study a g-analogue of Abel’s integral equation.

Theorem 4.7. The q-Abel integral equation

xa—l X

Fq(a)

(q1/x:q)a—1 ¢ () dyt = f(x) (0O<a <1, x€(0,a]) (4.40)

has a unique solution ¢ (x) € fql [0, a] if and only if
1,7 f(x) € #Cy[0.a] and 1,7 f(0) = 0. (4.41)
Moreover, the unique solution ¢ (x) is given by

d(x) = Dq,xlql_af(x)- (4.42)

Proof. First of all, we prove that the g-Abel integral equation cannot have more
than one .qu [0, a]-solution. Assume that (4.40) has a solution ¢ € .qu [0, a]. Hence,
replacing x with ¢ and ¢ with u in (4.40), multiplying both sides of the equation by
x™¢ (qt /x; q)_a, and then integrating from O to x, we obtain

X ¢ x . ta—l . ) )
Fq(a)/o (‘”/x’q)—afo’ (qu/1:q),_,9 () dyudyt

— X /0 (qt/x:9)_, f () dyt.

But from (1.66),

Ii;(a) /0 (qt/x;‘I)_a/ 1 Nqu/t:q),  ¢w)dyudyt

. —a, a)
= F(a) / d(t)dgt.

Consequently,
Lip(x) = 1,7 f(x). (4.43)

Therefore, any 92”,11 [0, a]-solution of (4.40) must satisfy the relation (4.43). Suppose

that ¢ and v are two 92”(11 [0, a]-solutions of (4.40). From relation (4.43) and the
linearity of g-integration, we obtain

I, (¢ —¥)(x) = /0 (@) =y () dst =0 forall x € (0,qa].
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Hence, from the fundamental theorem of g-calculus, Theorem 1.10, we obtain
¢ = ¢ on (0,a]. That is, we have at most one solution in .,?j{l [0,a]. Now we
prove necessity. Assume that (4.40) has a solution ¢ € .,2{11 [0, a]. Then, ¢ satisfies
(4.43). Applying D, = D, \ to (4.43), we obtain (4.42). By Theorem 4.5 and (4.42),
Iql_“f € @/ Cy[0,a] and Iql_“f(O) =0.

Conversely, assume that f satisfies (4.41) and ¢(x) := Dy ./ ql_“ f(x). Then

¢ € 92”,11 (0, a). We prove that ¢ is a solution of (4.40). Indeed, let g be the function
defined by

xoc—l x

Iy(@) Jo

glx) = (qt/x:q),_ @) dyt forall x € (0.al. (4.44)

It suffices to show that g(x) = f(x), x € (0, a]. From the necessity part, ¢ should
have the form (4.42) with g instead of f. Thus,

P(x) = Dy I} f(x) = Dy I} g(x)

R [ @rxia)_ g dn

for all x € (0, a]. The linearity of the g-integration implies
Dyx(I,7(f —¢)(x)) =0 forall x € (0,al. (4.45)
Therefore, the function
c(x):=1,7%(f —g)(x) forall x € (0,a], (4.46)

is a g-periodic function, i.e. ¢(x) = c(gx). The function Iql_”‘g(x) € 4/ Cy[0, al
because it satisfies (4.43) with g(x) on the right hand side. Moreover, 1 ql ~g(0) =0.
Thus,

1,7(f — 8)(x) € FC,[0,a].

Accordingly, Iql_”‘(f — g) is g-regular at zero with Iql_“ (f — g)(O) = 0.
Consequently, c¢(x) = 0. That is,

x_a X
m/() (qt/x,q)_a(f(t) —g(1))dyt =0 forall x € (0,a].

The previous equation is in the form (4.40). By the uniqueness of its solutions, we
obtain f(x) = g(x), forall x € (0,4q]. O

Notice that in the previous proof, we have used the fact that the only g-regular
q-periodic functions are the constants. Indeed, if ¢ has these two properties, then

c(x) =c(gx) =...c(¢"x) — c(0) asn —> oo.
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We would like to mention also that another proof of sufficiency could be derived by
direct computations using a technique similar to that applied in proving necessity.
The following two examples confirm the validity of the theorem.

Example 4.3.1. Consider the g-Abel integral equation

a—1 X

al (q1/x: a1 d(dyt =x (O <a<1 xe(.a)). (447)
0

Fq(a)

An easy computation gives that

x2—o¢

1—a _
Iy f@%‘ga—m'

Then, Iql_“f(O) = 0 and Iql_“f(x) € @/ Cy[0,a]. Consequently, (4.47) has a

unique solution given by
l—a

x
ry,2—aw)

Substitute with ¢(¢) on the left hand side of (4.47) and make the substitution
t/x = u, we obtain

P(x) =

xa—l X . B .
Fq(a)/o (qt/x,Q)a—l¢(t)dqt = W/ (qt/x q)a 1t dt

qu; q) e— w'*d dyu

rmwa m/(

= —Fq(a)rq(z ) q(C{ 2— (X) = X.

Example 4.3.2. Let N € Ny. Consider the g-Abel integral equation

X —1 X
a /0 (41/%: Qo $ (1) dyt = (x: ) (4.48)

0<a<l1, and x € (0,qa].

Since
N TNT .. .
10 = gy = Y07 | ] g,
=0 J g
then

qj(j—l)/2

jHl—a
LN —j+1)I,(—a+2)

N
L7 f(x) = Ty(N + 1)) (1)
=0
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Hence, 17 £(0) = 0 and it is a g-absolutely continuous function. Therefore, (4.48)
has a unique solution give by

qj(j—l)/Z
X
IN—j+ DI, —a+1)

j—a

N
$(x) =Ty(N+1)) (-1)
j=0

Substituting with ¢ (¢) into the left hand side of (4.48), we obtain

xa—l

Iy()

/O (q1/x:q)a—1 ¢(1) dyt

- XN:( ) U0/
= -1 - -
I = I,N—j+DI,(j—a+1)

/0 (@)% Dt dyt

LN+ D K q’V7"/2 :

" Thw &V Tworenngoarn @l TerD
J N

=> (-1 [j } /U2 = f(x).
j=0 q

As in Theorem 4.1, the solution ¢ of g-Abel’s equation (4.40) should be the
fractional ¢g-derivative of order « of f. Starting from this observation, we define the
basic fractional derivative as follows:

Definition 4.3.3. Let f be a function defined on [0, a]. For @ > 0 the fractional
q-derivative of order « is defined to be

DY f(x):=¢(x) =DiIy ™ f(x) (k=Ta]), (4.49)
provided that
f(x) € Z/[0.a] and I;7*f(x) € #CM[0.al. (4.50)
For example,
o« - I3B)  poe .
DixPT! = mxﬁ "' (B>0; « €R). 4.51)

Theorem 4.7 guarantees that Dy f(x) € 92”,11 [0, a], provided (4.50) is fulfilled.
The following lemma gives the relationship between the fractional g-derivative
of order « and Iq_"‘, a > 0.
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Lemma4.8. Let f € .,S”ql [0,a] and ¢ > 0, k = [«], be such that I;‘_o‘f €
7 CP0,a). Then

—ozl X

DyI) =1 W) = s |

(qt/x:q)_,_, f(t)dyt for x € (0.al.
Proof. From (4.49), we have

Dg f(x) = Dy~ f(x)

Xkt x (4.52)
= D} (m i (qt/x;q)k_a_lf(t)dqt).
Set ke
h(t, x) = m(qf/x:@k_a_lf(f)-
Hence,
h(xq".xq¢’) =0 (r=0,1,....j—1; j=12,...k).
Applying Lemma 1.12 to (4.52), we obtain
x yk—a—1
Dy = [ D gy @/ a) o F O
e -
e (qt/x:q)_,_, f(©)dgt = 1. f(x)
O

4.4 Some Properties of ¢g-Riemann-Liouville Fractional
Integral Operator

In this section, we derive basic properties of the Riemann—Liouville fractional g-
integral operator in certain function spaces.

Lemma4.9. Leta € RY and f : (0,a] — C be a function. If f € ,Z{l [0, a] then
17 f € .,S”ql [0, a] and
‘ T, ( +1)

Proof. Let f be a function defined on (0, @] such that f € .qu [0, a]. Then from
(4.24) we get for x € (ga, al

117 = 1 (4.53)
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/Oxu;‘f(r)qu— F(a)/ ot

/0 (qu/t:4),_, fu) dyu

< r(a) /0~ t”‘-l/o (qu/t;q)a—1|f(“)|dqudq[

q
— x05+1(1_q)2 — na > n+m m+1 n+m
=T L & mZOq q), i1 f(xg"+™)]

(4.54)

oa+1 1_ 2 00 00

:% qnazq kn+1 a 1|f(xq )|
q =0

_MZ | f(x )|Z(1 )na(k,,_H )
) et L0 =0 9.

But from (1.61) we obtain

k
Y (=" (@ "), = By(La) ("),

n=0

Since (¢**':¢)e < 1 forall k € Ny, then

/0 12 £(1)] dyt < By(1,a)x" qu(l — ) f(xg")]

= B [ 170l (459
< Farn
Hence I/ f € ipql [0, a] and (4.53) is proved. O

We shall also need the following lemma:
Lemma 4.10. Letry e R, y < 1, andlet g € C,[0,a]. Then
(1) 13g € Cy[0,a] and

o Fq(l_)/)

1] <a’———— |zl -
c, Il4+a-vy) G

| ee

(2) If we additionally assume that y < a, then 15'g € C[0, a],

(4.56)
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Proof. To prove that I7g € C,[0,a], it is equivalent to prove x”[*g € C[0,a].
Since x¥ g(x) € C[0, a], there exits M > 0 such that

M = max [x"g(x)|.
0<x=<a

Hence,

M

‘x”f?g(x)‘ @

ot [ b

M x
=yq()/<q5q>a wds—F()B(al ).

Hence lim,—,ox?I/g(x) = 0 and we can assume the continuity of the function
x"17g atzero by assuming that its value at zero is zero. Now we prove the continuity
of the function x” /g (x) at any xo # 0. Since x”g(x) € C[0,a], it is uniformly
continuous on [0, a]. Hence, Ve > 0 there exists § > 0 such that for all x, y € [0, a]

Ix =yl <8 — |x"g(x) —y'g(y)| <e.
Assume that |x — xo| < § and we may assume that xo — § > 0. Consequently,
0 7é (XO _87x0 +8)'
Now
k k
X —xo| <8 — |xq" —x0q"| <8
— |x(d")" g(xq") — (x0q*)7 g(x0q")| < e,

for all k& € Ny. Consequently,

) k(1—y) () ey « Ky . (qa+1 7 oo
SR R gy g (g — (g Y g (eog)| < L
=0 (q: 9k @7 2o

That is,

‘ T g (x) g(xo) a_H 7 q)oo
X g(x —x} I“ X0 ‘ —’e
’ (@7 @)oo

Hence, x”™*Ig(x) € C[0,a]. Consequently,
X' g(x) = x*x""17g(x) € C[0,qa].

Thatis, I;g € C,[0,qa].
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Now we prove Inequality (4.56). Indeed,

|-

I”‘gH = max
Cy 0<x=<a

x”lq”‘g(x)‘
xy+a 1

Iy(@)

O<x<u

[ s dye
y+oc 1

Iy(a)

IA

(4.57)

/ @t/ Dart™ dyt].
0

Igle, max

Since 0 < y < 1, the g-integration on the most right side of (4.57) converges.
Moreover, it can be calculated by making the substitution ¢ = x£. This gives

X 1
[ @trxiarune din =5 [N g =B @1 ).
0 0
(4.58)
Substituting (4.58) into (4.57), we get the required inequality. The proof of (2)
follows by using (1) and noting that

I7g(x) =x*"7"1]g(x) forall x € [0,a],

and the product of continuous functions is continuous. O
Lemma 4.11. Leta >0,y < land g € C,[0,a]. Then

(i) If y <o, thenlim,_o+17g(x) = 0.

(ii) If o =y, then

lim x"g(x) =c¢ ifandonlyif lim IJg(x)=cly(1—a). (4.59)
x—>0+ x—0t

Proof. Since

x¥Y

/(qr/x Dot (1) = &) dyt + ¢ By 1~ 7)

I7g(x) = @

F()

and

1=
an Y max |t7g(1) —c|,
I}(a) 0<r=<x

/ (1) st~ (7 g(1) — ) dyt| <

1}(“)

we obtain from the continuity of the function ¢” g at zero that

VL0+F( )/ (qt/x;q@)a—1t"7 (f(t) = £(0)) dyt = 0.
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Hence

x*r 0 y <a
hm I“ xX)=c¢ hrn —B,(a,1—y) = ’ ’
lim, I7g(x) s Ty Dot D=1er(-a)y =

Now we prove the sufficient condition in (4.59). Therefore, we assume that

xglg)lJr I7g(x) =dI;(1 —a),

where d is a constant. Since I (1 — o) can be represented as

> (1—a)k (g% 9k
(1=q)" ) q" ™" ———,
];) (q: 9k

then

q*: 9

. ((xg")“g(xq*) — d). (4.60)

o0
Ig(x)—cTy(1—a) = (1—¢)" quu_a)
k=0

Since lim,_, o+ x*g(x) = c. Let € > 0. Then there exists § > 0 such that
|(x¢")g(x¢") —d| <M forall x e (-5,5).
Consequently,

k(1—a) (4% D
(RO

(1—¢g)

(0" g () —d| < Cq*7, €= M,
(4% @)oo

Hence, the series on the right hand side of (4.60) is uniformly convergent to zero
on (—§,8), and we can calculate the limit as x — 01 on (4.60) term by term. This
gives c —d = 0. That is, d = ¢, completing the proof of (ii) and the lemma. O

In the following two lemmas, we study the limits lim,_ ;- /, f(x) and hm+
oa—>0
15 f(x).

Lemma 4.12. Let « > 0 and f be a function defined on [0,a], a > 0. If f is
Riemann integrable on [0, x], then

linll_ 17 f(x) =1°f(x) (x€(0,a]; «>0).
q—
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Proof. Let x € (0, a] be fixed. From (1.59) and (1.12), we obtain for0 < ¢ < x

: a—1 . — 1; a—1 (qt/X;q)oo
ql_l)nll_ X (qt/'x’ q)a—l - q1_1>nll— x (qott/x; q)oo

¢ a—1
= xo! (1 — —) =(x—1)*"!
X

uniformly for 0 < ¢ < x. Hence, given € > 0 there exists § > 0 such that for all
t e {qu, k € N}, we have

|x* (gt /x:q),_ — (x —1)*7"| <€/2

whenever 0 < 1 — ¢ < §. That is,

10 = s [ =0 o) < 525 ol
Since
10 - 17w < 120 - s [ =0 0 d
2@ Jy
i [ a0 0 de = s
then the lemma follows if f is Riemann integrable on [0, x]. 0

Lemma 4.13. Letv > O andlet f € H,(0,a]. Then fora > 0

o

I8 f(x) = ———f(0) + F(x).

Iy(a+1)
where
F(x) — 0(xa+V)'
Proof.
I f(x) = F(a)/ (q1/%:Q)amr (1) dyt

o

e +1)f()+r()

/ @1/ s (£ (1) — F(0)) dyt.
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Set

Py i= s [ @m0 - ron
Since f € H,[0, a], there exists ¢ > 0 such that

| f(t) — f(0)] < ct’ forall t €]0,al.

Therefore,
r,(v+1)
F(x t/x;q)a—1t" d t=cx +Vq—,
R Y e
proving the lemma. O

Lemma 4.14. Let f € .£[0,a]. Then

lim 77 f(x) = f(x) forall x € (0,qa].
a—0t

Proof. Let x € (0, a] be fixed. From (4.26), we have

o . o 2 @D
Jim 17 f(x) = lim x*(1—q) Z% G T @D

Since
(q S q)n

(q:@)n

from Weierstrass M-test, the series in (4.61) is uniformly convergent for o € (0, 1).
Thus,

———1f(xq") < q"|f(xq")]  (neNo, ae(0.1]),

lim Zq D f(xg) = 0,

a—0+

Hence,

f(xq")

o0
o — o - ¢ "
Jm Ig ) = lim x*(1—q) "1—1’%1+nz=;)q (@:q)n

S ().

From now on, we use the notation / qo f(x) = f(x).
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4.5 g-Riemann-Liouville Fractional Calculus

In this section, we investigate the main properties of the Riemann-Liouville
fractional ¢g-integral and g-derivative. The property

IP15 () = [J1] f(x) = I P f(x) - (e p=0) (4.62)
is a g-analogue of the semigroup property (4.10). It is established by Agarwal
in [17]. For the convenience of the reader, we prove (4.62) in the following lemma.
Lemma 4.15. If f € qu [0, a] then the semi group property (4.62) holds.

Proof. Using (4.26) we obtain

18I0 f () = x TP (1 — )t Y gh0+h ((qq-;;))kk S g (E]q qq))m 7).

m=0

Making the substitution n = k + m we obtain

1P f(x) = xT(1 —q)”ﬁZq"“*ﬁ)—((qq_;;)): > oq" "((qq qq))"_k f(xq").
5 ek n—k

(4.63)
Since f € 92”,11 [0, a], the double series (4.63) is absolutely convergent. Then, we can
interchange the order of summations to obtain

0 ~ 5 @Dk (4P )k
11" =P A=) " q" f(xq" v '
¢ Ug f() =271 —q) ;q flxq )kgq @D @Dk

It is straight forward to see that

(qﬂ;Q)n—k _ () q(l_ﬁ)k.
@ Dn—r (@7 Fiq)k

Consequently,

B +8 +8 = (qP:q)n _ —n—B
L) f(x) = x TP = )Py g" f(xq™) G "4 " q.q).

n=0 »4/n
(4.64)
Applying (1.11) we obtain
—n o —n— (ql—n—ﬂ O[’q)n no (qa+ﬂ,61)n
201(¢7".q%q" " P1q.q) = = (4.65)

— 5 4 - T 7. N
(@' q)n @)
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Substituting (4.65) into (4.64), we obtain the series representation of 7, +h f(x) and
(4.62) follows. O

Similar to property (4.12), we have the following:
Lemma 4.16. If f € [0, a] then
DyIf f(x) = f(x) (a>0:x€(0.a]). (4.66)

Proof. It is obvious that if « = n, n € N, then DgI7 f(x) = f(x). For a non
integer and positive o, n — 1 < o < n, n € N, we apply the semi group identity
(4.62), to obtain

D,‘;‘I;‘f(x) = D;’I;_“I;‘f(x)
=Dyl f(x) = f(x),
for all x € (0,a]. O
The converse of (4.66), which is a g-analogue of (4.15), is the following:
Lemma 4.17. Leta € R* andn := [a]. If
feZ0.d] suchthat 1]7°f € &/C/"[0,d],

then

o o _ _ ¢ a—j + xa—j
I8D2 f(x) = f(x) ;Dq 7 £ )—Fq(a_j T © (0.a].  (4.67)

Proof. Set
h(t,x) :=x%(qt/x;q)y Dy f(t), x€(0,a], 0<i<ux.
Hence, ii(x,gx) = 0 for all x € (0, a]. Accordingly, applying Lemma 1.12 yields

xa—l X

19Dy f(x) = r@ (qt/x:q),_, D f(t) dyt

xa X o
= Dq,x (m/(; (qt/x,q)aDq f(t) dqt) (468)

xa g nyrn—o
:Dq’x (m/(; (ql/x,q)aDqu f(l)dql)
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Now, applying the g-integration by parts (1.28) n times on the last g-integral of
(4.68), we obtain

Fq(“;—:l) Iy (qt/x'q) DY f (1) dyt

Xx¢ —+1 xe—n n—o
=—2j=D f(0+)r @ jj++2) + Fq(a PER) Jo (at/x:q),_ WA S0 dyt
x® 1
= _Z] 1 f(0+)p(a jj+2) + I; n_HI; ozf(x).
(4.69)
Applying the semigroup identity (4.62) on (4.69) yields
t ), D5 f(t)dyt =
o | e, pirod,
" . (ol (4.70)
I, f(x)— DY f0T) —mF—.
/(%) ; O Ty

Computing the g-derivative of both sides of (4.70) for x € (0, a] and combining the
result with (4.68) we end with (4.67). O

From (4.67), the equality
15D f(x) = f(x) forall x €(0,q]
holds if and only if
DI fO0T) =0 (j=12.....n).
In the following four lemmas, we discuss the results of combining g-fractional
integral and derivative of not necessarily equal orders. These results are g-analogues

of relations (4.13), (4.14), (4.16), (4.17), and (4.11).

Lemma 4.18. If f € £/(0,a] then
DUIff(x) =1/~ f(x) (B=a=0:xe(0.a]. 4.71)
If in addition Dy —# f(x) exists in (0, a] then
DU f(x) =Dy P f(x) (a>p=0). 4.72)
Proof. First, assume that 8 = «. Then, f = « + (8 — «) and from (4.62) we obtain

D1P f(x) = DYISI) ™ f(x) = 1) f(x).
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Now let 8 < o, m := [a] and n := [o« — B]. Then n < m. Using (4.49) and (4.62),
we get
B - —arp - —n pn—a+p
DyI) f(x) = D117 f(x) = Dy' 1" 177 f(x)
=Dy}~ f(x) = DI f(x).

O

Lemma 4.19. Let [ € 9211 [0, a] such that I;_ﬂf € szCq(n)[O, al, where g > 0
andn := [B]. Then for any x = 0

xe—J
14DF f(x) = —“+ﬂf(x)—ZDﬂ T £(0 +)m for x € (0,a).
j=1

(4.73)

Proof. Since e ( 5 has zeros at the negative integers, identity (4.73) holds for any

B > 0 when o = 0. Therefore, we assume that ¢ > 0. We distinguish between two
cases. First, if « = § then from (4.62) and (4.67) we obtain

1908 f(v) = 17 (110 f(v)

n

—-J
— jo—B _ B=i £(o0+
L\ f@) ,ZlD SO % (ﬂ .y
T B foty_ X
= 1277 f(x) ZD TFON)~ YOI

j=1
forall x € (0,a]. If B > « then from (4.71) and (4.67), we get

12DF f(x) = DI~ (1 D £(x))

n

— pnb—« _ B=i fot
Dy~ | £ ,-ZlD FOH) = (ﬂ )

x4«

— DB« p= + I
=Dy f(x) - ZD O Ty

j=

for all x € (0, al. O
Lemma 4.20. Let § > 0 and n := [B]. Assume that

feZ0.a] and 1)7F f(x) € #C{"[0.a].
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Then
—a—j

DeDP DytP DETfFO0T) —————
§ DS () = DI f(x) = ]ZI /0 )F( v

forall x € (0, a], provided that DZH} f(x) exists for any a > 0.
Proof. Let x € (0,a]. From (4.67) and (4.72), we conclude that

B — +B18 b
Dy Dy f(x) = Dy""1; Dy f(x)

n .

= D(t;ﬂ‘i f(x)_ZDﬁ 70 +)m
j=1

= Dy f) = Y. DI F0%) 7

ot (a j+1

O

Remark 4.5.1. Similar to (4.20), if o, p > 0, 1= € &/C{?[0.a] and D™ f(x)
exists, where k := [o/] then

k —B—i
B no _ B+a _ oa—i +
DYDY f(x) = DI f(x) ;D f( )—F( T
forall x € (0,a]. If
DI fO0Y)y=0 (j=12.....n)

and '
DT fO0T)=0 (j=12.....k),

then we have the simplified relation
anB — nBpe — natp
DyDy; = D,D; = D;™".
Lemma 4.21. Let f be such that
feZ/0.a) and I;7f e 7CH[0.al, (4.74)
where o > 0 and k := [a]. Then

DI f(x) € Z/[0.a] (j=0.1.2,....k—1). (4.75)
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Moreover, ' A
DI f(x) e #CP0.a] (j=1.2.....k—1). (4.76)

Proof. The proof of (4.75) follows immediately from (4.74) and Lemma 4.9. As for
(4.76), we apply Lemma 4.18 to obtain

Dy fx) = Dy T f(x)
=D\ Iy f(x) e #CY[0,a] for j=1.2,... k-1

O

Similar to property (4.20), we have the following representation of the g-fractional
derivative.

Lemma 4.22. Leta > 0,k := [a]. If f € /CX[0.a] then

k—1 j
N _ Dé f(0+) iy xk—a—l x . ‘
Dy f(x) = ;0 et it T hE—w fy @ Dean PO dyt,
4.77)
forall x € (0,a]. Furthermore, Dy f(0%) = 0ifand only if
DJf(0T)=0 (j=0.1,....k—1).
Proof. Since f € of Cq(k) [0, @], then from Theorem 4.6 we obtain
DJ f(0+) xk=1 X .
= t/x; D t)d,t
f(x) = Z G an” T Em ), @i d,
for all x € (0, a]. Consequently,
D] f(0)
f(x) = Z fo + 1yD} f(x) forall x € (0.a]. (4.78)

= I,(j+1
Applying the operator Dy’ to both sides of (4.78) and using (4.71) yield
k—1

D) f(ot)
Dy 1) = 3 e L8 4 Dt Dl
j=0"1

(0 ) j—a —a
ZF(J—aH) 1D ()
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k—1

D] f(0+) ) yh—a—1 x
T t/x; D f(1)dyt,
ZF(]—O{+1)X +Fq(k—a)/0 (q /x q)k—a—l qf() q
which is (4.77). The rest of the proof arises from (4.77). |

4.6 A Complex Variable Approach for Riemann-Liouville
Fractional ¢g-Derivative

In this section, we represent Jackson g-derivative of order n and Riemann—Liouville
fractional g-derivative of order « in terms of complex integration. The complex
approach for Jackson g-derivative is already known. See for example [148, 149].

Theorem 4.23. Let I' be a simple closed positively oriented contour such that the
zero point lies inside I'. If f () is analytic in some simply connected domain D
containing I and z is any nonzero point lies inside I" then

D fg = 1D f® g, 479)

i Jr §-2)E—q2)...(E—q"2)

Proof. Since 0, z lie inside I, the set of points {zqk, k e NO} lies inside I". Hence,
from the Cauchy’s integral formula, see for example [268, P. 143], we obtain

1 f(?;‘)
f(q )_E P E—gF

SdE (ke No). (4.80)

Substituting with the value of f(g*z) from (4.80) into (1.25), we obtain

d§

Dl f(x)=(-1)"z"(1—¢q)" y 1< [" Lk ket 1 f(E)
" 2] /

2mi Jr £ —qFz

_ =D z7"(1—g)™" z":( l)k[ _nk+k(k+l)/ f() Z( )r dE,

2w

where we expand 1/(1 — (¢¥z/£)) and use that |z| < |£|. Hence, by changing the
order of summations and applying the formula

“ m k
Yt [ ], 40 = @am.
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—ntr+1

withm =nanda = ¢q , we obtain

(—1)"z—"(1—q)—"izr SE) o,

2w r %'r-i-l (

DIf(2) = q)n dE

r=0

_ED A=) [ O | S —ntr, (g)
== [FS[;@ o (2) | e

Z(q‘”’“,q)n (—) Z(q‘”’“,q)n (g) : (4.81)

Making the substitution k = r — n, we obtain

But

o

k+n
Z(q‘”““,q)n() Z(qk“,q)n(g) :

r=0

Since ( ) ( . )
K+, Dtk _ (o @Dk
G " = @0 (g5 9)n TR

from the g-binomial theorem we obtain

S 2\ _ z\" (@""'2/E 9w
;(q ’q)"(é‘) _(q’q)"(é‘) (/€ Qoo
(4.82)

_ (5) G
3 (Z/S;q)n-l-l.

Substituting (4.81) into (4.82), we obtain (4.79). O

Observe that the denominator of the integrand of (4.79) can be replaced by
E"t1(z/€: q)n+1. If we replace n by a non integer «, the function £2*! no longer has
apole at £ = 0 but a branch point. So, for n € N we define I, to be a simple closed
positively oriented contour like the one in Fig. 4.1. We assume that the inner contour
is a circle of radius €, and we denote it by ¢,. We choose €, so that €, # |z|¢* for
all k € N. This leads to the following theorem

Theorem 4.24. Let R > 0 and h(§) be an analytic function in |z| < R. Let G
be a branch domain of the logarithmic function and f(&§) = &°h(§), a > —1,
£ € 2 :=DrNG.Then foreachz € §2

) . /&)
DY f(z) = nlglgofrn e

where I, C 2 is the contour in Fig.4.1.
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Fig. 4.1 Contour

integration I
£ " Branch cut of the

logarithmic function

N

1/

Proof. Since z s an interior point of I, and the set of points {zqk, k=0,1,..., n}
lies inside I3,, from the Cauchy’s residue theorem we obtain

_ IO ey ) an e gk
J, e 5 2 Res(fiar); ax =24,

f &)
£ (/& q)at1

PR (/R 7) VY (7R y) 198

Res(f:ar) = gliglk@ — a)

—h (4: Di(q: @)oo
Hence,
Lo+ 1) G L @
d§ = (1~ - . (4.83
2mi n §TNZ/E Qat f=0-9 ,;q (q:9)k f(zq"). (4.83)

Since f € fql (G), the convergence of the finite sums in the previous equation as
n — oo is confirmed. Therefore, from (4.26) by letting n — oo in (4.83) we get

Dy f(2). O

In the following lemma, we need to integrate the function f(£)/£% " (z/&: q)a+1
on the branch cut of &% or equivalently the logarithmic function. We apply the
celebrated technique of integrating functions with branch cuts along their branch
cuts. See for example [268]. Briefly, the value of the function on each side of the cut
being determined by continuity from that side.
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Fig. 4.2 Contour Branch cut of the logarithic
integration C function

Lemma 4.25. Let f, §2, and a be as in Theorem 4.24. Then

v [ SE
Dy 1@ = /c ET (e art

where C is a positively oriented contour in Fig. 4.2.

Proof. From Fig. 4.3, it is obvious that

J FE e [Z/ , /c +, ]saﬂ(?/(?q)aﬂ I

f()
£ (/& q)at1

i = 1,2, its integration is zero on R;, i = 1, 2. Hence, using

Since the function is analytic in the region bounded by R;,

1
§H (/8 @at

M(e,: f) max

2w e, — 0

/ A¢3)
., ETN@/E Qan dE

as n — 00, we obtain

G G
5 /, (/5 ay1 dE /c A e Dt

and the lemma follows. O
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Fig. 4.3 The contour I, can Branch cut of the
be represented as the sum of logorithmic function
the contours C,, C and the

contours Ry, R,

N
N

Theorem 4.26. Let « € R and G be an open simply connected domain of the
complex plane containing the origin. Let f,, n € N, be a family of complex functions
defined on G, except may be at the origin. If forz € G \ {0}

(1) Dj fy exists for eachz € G,

(2) X d" fa(zq™)] < oo,

then - -
Dy Y fud) =) Dy ful).
n=0

n=0

Proof. Set F(z) := Y ;2 fu(z). Forz € G

_ R )
DiF)=z%1—¢q)™™ ) ¢"—=F(zq")
I mZ=O (@:@m

e “Zq CBSTIE S

@ =

But from the absolute convergence of the series ), , ¢" f.(zq™), we can inter-
change the order of summations to obtain

DiFE) =Y 0 q)ﬂ'Zq 4D )
n=0

=Y D ().

n=0
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4.7 The Law of Exponents

We have previously mentioned that Agarwal in [17] proved the semigroup property
(4.62), which is

1 (18 £@) = 1% £y = 17 (12 £ ) (@, B> 0).

Sometimes this rule is called the law of exponents. This rule may not be generalized
when o and / or B are negative real numbers. As an example, take « = —1/2 and
B =—3/2and f(x) = x'/?. Then,

Iq—l/2f(x) — D;ﬂf(x) = Fq(3/2)
172 f(x) = D f(x) =0

Therefore,
DDy ) = s
while
D,*D]"” f(x) =0.
That is,

3/2 /2,172 1/2 3/2,.1/2
DD,/ "x""* # D,/"D;"x"/~.
In the following theorem, we state precise conditions under which the law of
exponents holds for arbitrary fractional operator.

Theorem 4.27. Let ), o2 and B be positive real numbers and let G be an open,
simply connected domain of the complex plane containing the origin. If f(z) =
1 Y2 yan?" is defined on G, except may be at the origin then

DD f(2) = DD f(2),

forallz € G\ {0} if

(a) oy < B and ay is arbitrary.
(b) oy > B, ay is arbitrary, and ay, = 0 fork = 0,1,...,m — 1, where m is the
smallest integer greater than or equal to .

Proof. The proof is similar to the proof of [213, Theorem 3] and is omitted. O
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4.8 Miscellaneous Examples

It is known that

Dl/2 exp(x) = \/%_x + exp(x) erf(v/x), (4.84)

1/2 4 exp(x) = exp(x) erf(y/x). (4.85)
The following theorem gives g-analogues of (4.84) and (4.85).

Theorem 4.28. For |x| < =g We have

1
D,Pey(x(1—q)) = Ty et - Erf(v/X; /q),  (4.86)

1,%e,(x(1 = q)) = e, (x(1 — q)) Erf(v/x: /7).

(4.87)
For x € C, we have
12 B B 1 E,(x(1 — q)) erf(y/x; /q)
DPE,(x(1=q)/ V) = NI + K07 , (4.88)
1
I, Ey(x /g1 —q)) = Koy e =a) erf(v/x: /). (4.89)

Proof. First, we prove the identities in (4.86) and (4.87). From the series represen-
tation of the function e,, we obtain

[e.]

n—1/2
DYe,(x(1—g) =Y
J a1 =4) 2T, +1/2)
(4.90)
1 n+1/2

1"(1/2)[ Zl"(n+3/2)
On the other hand,

Erf(v/X: /q)eg(x(1 —q))

_ (1— Z( 1yrgn /2 xR i x"
T (1/2) L+ D= g7 & T, + 1)
(1 _ q) n+1/2

n q*
- Fq(l/z)zr(l’l-i-l) Z( l)k[ ] ‘](2 1_gk+12

qk+l/2
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Since

k £ q* _ @ D@Dk gk
Z( D [ ] q() —gt12 T 1—¢q ‘/ZZ (@ @)z @ 7

1

_ _q1/22¢1 (ql/z’q—n;q3/2;q’qn+l)

1 (4:9)n
L=q'"2(@*:q)n’

where we used (1.11). Hence,

1— q i (1 _q)nxn+1/2

Erf(v/X; /@) (x(1 —g)) 1= ¢ 2T,(1/2) @ q)
n=0 ’ "

(4.91)
e xnt1/2

HZ:;) I,(n+3/2)

Combining (4.90) and (4.91) yield (4.86). The proof of (4.87) follows from (4.91)
and the fact that
e xht1/2

1/2 _ - -
1,/7eq(x(1—q)) ’;Fq(n+3/2)'

As for the identities in (4.88) and (4.89), one can verify that

1

1/2 — — 1 —1/2 k2/2 Xk
D Ey(r(1 =)/ Vi) = s 4 > T

k=0

while

) k3
E,(x(1 —q))erf(/x; /q) = K,(1/2) Z k /Zm (4.93)

Substituting (4.93) into (4.92), we obtain (4.88). The proof of (4.89) follows from
(4.93) and

1

+3

LPE((xq(1 —q)) = Z kz/zm
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Corollary 4.29.
D, (eq(x(1 = @) EBrf(v/x: /q)
1, (e (x(1 = )) Exf(v/x: /q)
Dy? (Eq(x(1 = q)) erf(V/X: \/q)
17 (Eg(x(1 — q)) erf(v/x: /)

) = eq(x(1—q)).
) = (eg(x(1—q)) = 1).

) = K,(1/2) Eo(Jq(1 = g)x).

) = VaK,(1/2) (Eg(x(1 = 9)/ V@) — 1).

The following result is a g-analogue for the one proved in [178, P. 261].
Theorem 4.30. For |x| < T

Ya(a,x) = Iy(a)eq(—x (1 — q))I;Eq(qux(l —q)). (4.94)
Fy(a,x) = Ty(@E (¢ x(1 = @) Ife,(q™ x(1 = ). (4.95)
Proof. First, we prove the first identity. A direct computation shows

k+a

p _ ak (5) ___*~
1{E.(q“x(1 —q)) = Zq q()r(k+a+1)

Hence,

eq(=x(1 —q)) 1/ Eq(q*x(1 = q))
1 o n+a

X
e — _1 n__ -~ —n’ : a+1; , n4+a .
T@+ D) n§=0( ) Fq(n+1)z¢1(q 9“7 59,9"7)

Using (1.11) we obtain

Yq(a, x)
q(a)

eq(—x(1— @) Eg(¢"x(1—q)) =
and (4.94) follows. The proof of (4.95) follows from
Tya+ DEy (g " 'x(1=g) e (g™ x(1 —q))
0 n+a
_ —1)" @_* g a+l; q).
;)( 1 e @ e )

Then using (1.10), we obtain (4.95). |
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