Chapter 9
Asymptotic Analysis of Implied Volatility

The implied volatility was first introduced in the paper [LR76] of H.A. Latané
and R.J. Rendleman under the name “the implied standard deviation”. Latané and
Rendleman studied standard deviations of asset returns, which are implied in ac-
tual call option prices when investors price options according to the Black—Scholes
model. For a general model of call option prices, the implied volatility can be
obtained by inverting the Black—Scholes call pricing function with respect to the
volatility variable and composing the resulting inverse function with the original
call pricing function.

This chapter mainly concerns the asymptotics of the implied volatility at extreme
strikes. In Sect. 9.1, we define the implied volatility in general models of call op-
tion prices and discuss its elementary properties. Implied volatility models free of
static arbitrage are characterized in Sect. 9.2 (see Theorem 9.6). The rest of the
chapter is devoted to sharp asymptotic formulas with error estimates for the implied
volatility. We discuss asymptotic formulas of various orders, and show how certain
symmetries hidden in stochastic asset price models allow to analyze the asymptotic
behavior of the implied volatility for small strikes, by using information about its
behavior for large strikes. These symmetries become more explicit in the so-called
symmetric models, which are also discussed in the present chapter.

9.1 Implied Volatility in General Option Pricing Models

Fix K > 0 and T > 0. Then the function p(0) = Cps(T, K, o) is increasing on
(0, 00). This follows from the fact that the Greek vega is positive (see Sect. 8.4). If
0 < K < xpe'T, then the range of the function p coincides with the interval (xo —
Ke T, xo), while for x0¢’T > K, the range of p is the interval (0, xg).

Definition 9.1 Let C be a call pricing function. For (T, K) € (0, 00)2, the implied
volatility I (7, K) associated with C is the value of the volatility o in the Black—
Scholes model for which C(T, K) = Cgs(T, K, o). The implied volatility (T, K)
is defined only if such a number o exists and is unique.
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It follows from the discussion above that if 0 < K < xge’!, then the condi-
tion xo — Ke™"T < C(T, K) < xo is necessary for the existence of the implied
volatility / (7, K). Similarly, if x0¢'T < K, then [ (T, K) is defined if and only
if 0 < C(T, K) < xg. Note that the inequality C(T', K) < xo holds for all T > 0 and
K > 0. Moreover, if (T, K) € [0, 00)2, then

(xo— KT < (T, K).
In the next definitions, we introduce special classes of call pricing functions.

Definition 9.2 The class P F, consists of all call pricing functions C, for which
one of the following equivalent conditions holds:

1. C(T,K)>0forall T > 0and K > 0 with xo¢’T <K.

2. P(T,K)>e "TK —xpforall T > 0and K > 0 with xpe’T < K.

3. For every T > 0 and all a > 0 the random variable Xr is such that
P*[X7 <a] < 1.

Definition 9.3 The class P Fy consists of all call pricing functions C, for which one
of the following equivalent conditions holds:

1. P(T,K)>O0forall T >0and K >0 with K < xpe'”.

2. C(T,K)>xp—e"TK forall T > 0and K > 0 with K < xge’”.

3. For every T > 0 and all a > 0 the random variable Xr is such that
0<P*[Xr <a].

Remark 9.4 Suppose the maturity 7 > 0O is fixed, and consider the pricing function
C and the implied volatility / as functions of the strike price K. If C € P F, then
the implied volatility 7 (K) is defined for large values of K. This allows to study
the asymptotic behavior of the implied volatility as K — oo. Similarly, if C € P Fy,
then 7 (K) exists for small values of K . Finally, if C € P F, N P Fy, then the implied
volatility (T, K) exists forall 7 > 0 and K > 0.

9.2 Implied Volatility Surfaces and Static Arbitrage

Let I(T,K) with (T, K) € (0,00)? be a positive function of two variables, and
suppose we would like to model the implied volatility surface by this function. Then
the function C defined on [0, oo)2 by

- Cps(T, K, (T, K)), if (T, K) € (0,00)?,
C(T,K)=1 (xo— K)T, if T=0, K>0, ©.1)
X0, ifT>0, K=0,

where xq is the initial price of the asset in the Black—Scholes model, should be a
call pricing function. For the sake of simplicity, we will assume that r = 0. The next
definition concerns the implied volatility in a no-arbitrage environment.
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Definition 9.5 It is said that the function / modeling the implied volatility is free
of static arbitrage if the model of call prices given by the function C in (9.1) is free
of static arbitrage (see Definition 8.2).

Our next goal is to provide necessary and sufficient conditions for the absence of
static arbitrage in a given implied volatility model.

Theorem 9.6 Suppose the function I models the implied volatility. Suppose also
that for every T > 0 the function K — I(T, K) is twice differentiable on (0, 00).
Then I is free of static arbitrage if and only if the following conditions hold:

1. Forall (T, K) € (0, 50)2,

K\ oI \? L 1, 5o\
1——1g +TK* I —5 — -T?K*I
I 9K IK2 4 9K

I
+TKI-- 0. 9.2)

2. Forevery K > 0 the function T — JTI(T,K) is increasing on (0, 00).
3. Forevery T >0, limg_00d|(T,K,I(T,K)) =—00

Proof Tt s~ufﬁces to prove that the conditions in Theorem 8.3, formulated for the
function C given by (9.1), are equivalent to conditions 1-3 in Theorem 9.6.
Fix T > 0, and differentiate the function C on (0, co) with respect to K. This
gives
9C _ dCps
aK ~ oK
Differentiating again, we obtain

(T.K,I(T,K))+

dCgs a1
- (T K, I(T, K))aK

82C 82CBS 82CS 0

T.K,I(T,K))+2 T.K,I(T,K))—

aK2 aKZ( ( ))+ oK ( ( ))aK
9Cgs al 9Cps 921
T,K,I(T,K T,K,I(T,K))—
+ 5.7 ( ( ))(aK) + = (T K (T K))

Next, taking into account explicit formulas for the Greeks (see Sect. 8.4), we see that
for every T > 0 the convexity of the function K — C (T, K) on (0, 0c0) is equivalent
to the following inequality:

1 24,(T, K, I(T,K)) 9l
JTK2I KI 9K
\/_dl(T K, I(T,K)d(T, K, (T, K)) )2
I K

921
+ﬁa?20’ K >0. 9.3)
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It is not hard to see, using the definition of d1~and dy, that (9.3) is equivalent to (9.2).
Hence the convexity of the function K — C(0, K) on (0, c0) is equivalent to the
validity of (9.1).

We will next turn our attention to the convexity conditions for the function K
c (T, K) on [0, 00). Let us assume that condition 1 in Theorem 9.6 holds, and put
o(K) = c (T, K). Then the function ¢ is twice differentiable and convex on (0, c0).
Moreover, the function ¢’ is increasing on (0, 00), and it follows from (8.7) that for
al0<x <y<oo,

o(y) —o(x) -

¢'(x) < o (y). 04

Using the definition of the Black—Scholes call pricing function, we see that for
allT >0and K >0,

X0 di(T,K,I(T,K)) _ﬁ
p(K) = N e 2dy
K dr)(T,K,I(T,K)) 42
— E = e 2dy. 9.5)
It will be shown next that
]yglodl (T.K. (T, K)) =oc. 9.6)

Indeed, for small values of K we have

log + 1772
AT, K, D= —2K T2 o [r10e20 ©9.7)
JTI K

and (9.6) follows. Using (9.5), we obtain the following equality:

lim C(T, K) = xo. (9.8)
K—0

Therefore, the function K +— C (T, K) is continuous on [0, 00). Our next goal is
to prove the differentiability of this function from the right at K = 0. It follows
from (9.4) that there exists the limit M = limg ¢ ¢’(K). In addition, (9.4) and (9.8)
give

S) — (0 S) —
w00 _e®-x0

forall 0 < K < § < oo. Therefore M = ¢/, (0). Moreover, (9.5) and (9.7) imply

X0 © _ﬁ
9(K)=x0— K — ¢ T dy
27 Jay .k 1T, K))
K /°° 2
R — e 2 dy
271 Jdy (T K, 1(T,K))
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X0 ©

N2 Jd (T, K, I1(T,K))

‘2
=x0— K — e 7dy+o(K)

X0 /oo
e
2 ,/ZIOg%O

=x90— K +0(K)

y2
=x0— K — “Zdy+o(K)

as K — 0. Therefore, M = —1, and it follows that for every T > 0 the function
K C (T, K) is convex on [0, 0o) (use affine extrapolation).

The next step in the proof deals with condition 3 in Theorem 9.6. Our goal is to
show that

lim di(T,K,I(T,K))=—00 < lim C(T,K)=0. (9.9)
K—o0 K—o0

We will first prove the following equality:

lim d(T,K,I(T,K)) =—o0. (9.10)
K—oo

Suppose da2(T, K, I (T, K)) does not tend to —oo as K — oco. Then there exists

a sequence K, 1 oo such that
dr (T, Ky, I(T,Kp)) y2
/ e 2Tdy>c>0

—00

for all n > 1. It follows from (9.5) that G(T, K,) <0 for n > ng, which is impossi-
ble. Therefore, (9.10) holds.
It will be shown next that we always have

d)(T,K,I(T,K)) 32
K/ e Tdy—0 ©.11)

—00
as K — oo. Reasoning as in (9.7), we see that for large values of K,
2 K
d(T,K, )" >2log —. (9.12)
X0

Using formula (8.25), we obtain

F(K)~

{ (T, K, I(T, K))Z}
expy — )
|dy(T, K, I(T, K))| 2

as K — oo, where F denotes the function on the left-hand side of (9.11). It follows
from (9.10) and (9.12) that (9.11) holds. Now it is clear that (9.5) implies the equiv-
alence in (9.9). Note that the condition on the right-hand side of (9.9) also holds for
T = 0. This follows from the definition of the function C.
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Next, we turn our attention to condition 2 in Theorem 9.6. It is not hard to see
that this condition is equivalent to the following:

1 ol
LT s0 10 9.13)
2T oT
On the other hand,
aC  3Cgs dCBs a1
—_— T,K,I T, K9I PR
aT ~— T ( )+ do ( )BT

and using the formulas for the Greeks in Sect. 8.4, we obtain

aC 1 d\(T,K,I(T, K))? 1 ol
R I Caaad

Now (9.13) implies that condition 2 in Theorem 9.6 is equivalent to the following
condition. For all K > 0, the function 7 + C (T, K) is non-decreasing on (0, co).
For K = 0, the same conclusion follows from the definition of the function C.
In addition, the function 7" +— c (T, K) is also non-decreasing on [0, co). Indeed,
for any volatility parameter o in the Black—Scholes model, we have (xg — K)T <
Cps(T,K,0), T >0, K > 0. Therefore, C(0, K) < C(T, K).

Let us denote by ur the second distributional derivative of the function K +—
c (T, K), and suppose that the conditions in the formulation of Theorem 9.6 hold
for the function C. Recall that ¢+ (0) = xo, <pg_ (0) = —1, and limg . o0 @(K) = 0.
The function ¢’ is non-decreasing (see (9.4)) and integrable on [0, 00). Therefore,
¢’ is non-positive. Our next goal is to prove that

lim K|¢'(K)|=0. (9.14)
K—o0

Using (9.4), we see that K |¢'(2K)| < ¢(K) —(2K), and it is clear that the previous
estimate implies (9.14). Next, taking into account (9.14), we obtain

pr(10,00)) = lim ¢'(K) — ¢ (0)=1.

Moreover, the integration by parts formula for Stieltjes integrals implies the follow-
ing equality:

/ xdur(x) =¢.(0) — lim ¢(K)+ lim K¢'(K) = xo.
[0,00) K—o00 K—o00

It follows that condition 2 in Theorem 8.3 is valid for the function C , provided
that the conditions in the formulation of Theorem 9.6 hold. Finally, it is not hard
to see, taking into account what was said above and applying Theorem 8.3, that
Theorem 9.6 holds. O
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9.3 Asymptotic Behavior of Implied Volatility Near Infinity

In this section, we find sharp asymptotic formulas for the implied volatility K +—>
I (K) associated with a general call pricing function C. It is assumed that the ma-
turity T is fixed and the implied volatility is considered as a function of the strike
price. We also assume that C € P F,. This guarantees the existence of the implied
volatility for large values of the strike price.

The next theorem provides an asymptotic formula for the implied volatility asso-
ciated with a general call pricing function.

Theorem 9.7 Let C € PFo,. Then

1
I(K)zﬁ\/ﬂogl(—i—ﬂog — loglog

C(K) C(K)

— —— [2log —— —loglog ——
T\ k) T % k)

_1
+0<<log C(lK)) 2) (9.15)

Theorem 9.7 and the mean value theorem imply the following statement:

as K — oo.

Corollary 9.8 For any call pricing function C € P Fy,

1 1
— Nog ——
JT C(K) \/ o8 C(KJ

1
1 T2 1
+ 0 ((log C(K)) ’ loglog C(K)) (9.16)

I(K) = ﬁ[\/logl(+log

as K — oo.
Proof of Theorem 9.7 The next lemma will be needed in the proof of Theorem 9.7.

Lemma 9.9 Ler C be a call pricing function, and fix a positive continuous increas-
ing function r, satisfying ¥ (K) — oo as K — 00o. Suppose ¢ is a positive function
such that ¢ (K) — oo as K — oo and

C(K)~

2
V) {_¢<K> } ©.17)

¢(K) 2
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Then the following asymptotic formula holds:

M) (9.18)

1 K
I1(K)=— 2log —— K)2 —o(K O
o ﬁ(/ 08 perT T O 0 )>+ <¢(K>

as K — oo.
Remark 9.10 1t is easy to see that if (9.17) holds, then C € P Fw.

Proof of Lemma 9.9 Let us compare the implied volatility / with a function T such
that

0<1(K)<I(K), K>Ko. (9.19)

Our goal is to prove that
I(K):T(K)—l—O<C(K)exp{%d1(l{, I~(K))2}> (9.20)

as K — oo, where d| (K, o) is defined in (8.19).
It is not hard to see that the function p given by

(K) L g X
= — 0g ————
o NG v

satisfies the equalities
dl(K,,o(K)):O (9.21)
and
d>(K, p(K)) =T p(K). (9.22)
Plugging (9.21) and (9.22) into the Black—Scholes formula (formula (8.22)), we
obtain
X0 o 1 00 2
Cps(K,p(K))=— —Ke™ "M —— exp{
( ) 2 V27 JyTpk) 2 2
as K — oo. Next, taking into account (9.23) and the fact that
Ces(K,I(K))=C(K)—0
as K — oo, we see that Cgs (K, I (K)) < Cgs(K, p(K)) forall K > Ky. Therefore,
I(K) < p(K), K >Kj. (9.24)

Here we use the fact that for every fixed K > 0 and T > 0 the vega is a strictly
increasing function of 0.
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It is easy to see that for sufficiently large values of K, the function
o+ di(K,0) (9.25)
increases. It follows from (9.21) and (9.24) that
di(K,1(K)) <0, K=>Kj. (9.26)

Moreover, using the explicit expression for the vega (see Sect. 8.4) and the mean
value theorem, we get

Cps(K, [(K)) — Cps(K, I(K))

_ VT ~ di (K, »)
= (I(K)—I(K))exp{—T}, K > Ki, 9.27)

where 7([() < A < I(K). Since the function in (9.25) increases and (9.26) holds,
di(K,I(K)) <di(K,») <d\(K,I(K)) <0, K >Kj. (9.28)

Now, using (9.27) and (9.28), we establish the validity of formula (9.20).
Let us continue the proof of Lemma 9.9. Suppose [ is a function satisfying the
equality

di(K,I[(K))=-¢(K), K > K. (9.29)

Such a function exists, since for large values of K the function o — d;(K, o) in-
creases from —oo to oo. It follows from (9.29) and from the definition of d; that

- 1 K
—_ 2
T(K) = \/_(\/zm v + ¢(K) ¢>(K)>. (9.30)

Our next goal is to use formula (9.20) with T defined in (9.30). However, we
have to first prove inequality (9.19). Using (8.22), (8.25), and (9.29), we see that
there exist constants ¢; > 0 and ¢ > 0 such that

Ces(K, 1(K)) — Cps(K, I(K))
=C(K) — Cps(K, I(K))

>c1‘”(K)exp{_"’(K)2}_cz (. {_dl(K,T(K»Z}
T 9(K) 2 d\ (K, [(K)) 2

¥ (K) { ¢>(K>2} 1 { ¢ (K)?
expy — - exXpy—————
¢(K) 2 ¢ (K) 2

Since ¥ (K) — oo as K — oo and (9.31) holds, we get

Ces(K, 1(K)) > Cps(K, I(K))
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for sufficiently large values of K. Using the fact that the vega is an increasing func-
tion of o, we obtain inequality (9.19). Now it is clear that (9.18) follows from (9.17),
(9.20), and (9.29).

The proof of Lemma 9.9 is thus completed. U

Let us return to the proof of Theorem 9.7. Let i be a positive increasing function
such that ¥ (K) — oo as K — 0o. We also assume that the function ¢ (K) tends to
infinity slower than the function K + loglog ﬁ Put

1

1 1 2
¢ (K) = I:Zlog% —loglog K +210g1ﬁ(K)i| .
Then we have
¢(K)~ [2log CK)

as K — oo. It follows that

¢ (K)?
2

wK)exp{— }¢<K>‘ ~ C(K)

as K — oo. Using formula (9.18), we obtain

I(K)—L< 21 L+ (K)?— (K))
_\/T ngOerT ¢ ¢

1 _1
+0 ((log C(K)) ' 1//(1()) (9.32)

as K — o0o. Now, it is not hard to see that (9.15) can be derived from (9.32), the
mean value theorem, and Lemma 3.1.
This completes the proof of Theorem 9.7. 0

9.4 Corollaries

Our objective in this section is to replace the function C in formula (9.15) by another
function C.

Corollary 9.11 Let C € P Foo, and suppose Cisa positive function such that
C(K)y~C(K)as K — oo. Then

1 1 1
I(K)=—_[2logK +2log =—— — loglog ——
(K) ﬁ\/ g gC(K) g gC(K)
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1 1 1
~ [2log = —loglog =—
ﬁ\/ Tk F )

+ 0<<log %)2) (9.33)

as K — oo. Therefore,
V2 1 1
I1(K)=—|,/logK +log =—— — |log =——
) ﬁ[\/og MRS \/Ogcm}

_1
+0 ((log %) loglog 5(11{)> (9.34)

as K — oo.

Formula (9.33) can be established exactly as (9.15). Formula (9.34) follows
from (9.33) and the mean value theorem.

We can also replace a call pricing function C in (9.15) by a function C under
more general conditions. However, this may lead to a weaker error estimate. For
instance, put

1 1
—log = .
C(K) C(K)

7(K) = |log (9.35)

Then the following theorem holds:

Theorem 9.12 Let C € P Fy, and suppose Cisa positive function satisfying the
following condition. There exist K1 > 0 and c with 0 < ¢ < 1 such that

T(K) < clog % (9.36)

forall K > K1, where t is defined by (9.35). Then

1 1 1
1(K) = ﬁ\/ﬂogK—i—ZlogW —loglog =

) C(K)
—L 2lo L—lo lo L
JT\ T T R k)
Ol (L ! B 1 K 9.37
+ ((OgG(K)) [+r( )]) (9.37)

as K — oo.
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Proof 1t is not hard to check that (9.36) implies the formula

1

log =—— ~log ———
8kt

as K — oco. Now using (9.15), (9.35), and the mean value theorem, we ob-
tain (9.37). Il

The next statement follows from Theorem 9.12 and the mean value theorem.

Corollary 9.13 Let C € P Fw,, and suppose Cisa positive function satisfying the
following condition. There exist v > 0 and K¢ > 0 such that

1
<vloglog =—— (9.38)

1
1
8 &) ‘ C(K)

1
log = —
el

forall K > K. Then

V2 1 1

1
1 T2 1
* 0((1°g am) 1°g1°g%)

Remark 9.14 1t is not hard to see that if C(K) ~ 5(1() as K — oo, or if (9.38)
holds, then log ﬁ ~log -5% as K — oo.

as K — oo.

Corollary 9.15 Let C € P Fy, and suppose Cisa positive function satisfying the
condition

1 1
as K — o0o. Then
I(K)~£[ logK + 1o L— Io Li| (9.40)
JTLV 8 8CK) 8T '

as K — oo.

Proof 1t follows from (9.16) that

I(K)Nﬁ[ log K + 1o ;— lo ;:|A(K) 9.41)
JTL 2T TR ER) T R '
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where

\/logK +10g—c=% +\/10g-c=%
\/logK +logﬁ +\/10gﬁ

We will next prove that A(K) — 1 as K — co. We have

A(K) =

A(K):\/AI(K)-’-AZ(K)‘F\/Az(K)
VAEK F1+1
where
1
log K log =—
AK)=—2" and Ay(K)= —K
8T T

It is not hard to show that for all positive numbers a and b,
|«/a+b—\/a+1| < |«/E— 1|.

Therefore,

_ IV A1(K) + A2(K) — /AL(K) + 1] + |/ A2(K) — 1]
JAEK) F1+1

<|VA2K) —1] (9.42)

for K > Ky. It follows from (9.39) and (9.42) that A(K) — 1 as K — oco. Next
using (9.41) we see that (9.40) holds.
This completes the proof of Corollary 9.15. 0

|AK) — 1]

9.5 Extra Terms: First-Order Asymptotic Formulas for Implied
Volatility

Formula (9.15) characterizes the asymptotic behavior of the implied volatility in
terms of the call pricigg function C, while in formula (9.33), the function C is re-
placed by a function C, equivalent to C in a certain sense. We call these formulas
zero-order asymptotic formulas for the implied volatility. In an important recent pa-
per [GL11], K. Gao and R. Lee obtained a hierarchy of higher-order asymptotic
formulas generalizing formula (9.15). Note that formula (9.33) cannot be general-
ized in a similar way.

In the present section we establish a first-order asymptotic formula, which is dif-
ferent from similar first-order formulas obtained in [GL11]. Higher-order asymp-
totic formulas from [GL11] are discussed in Sect. 9.6. Our proofs of above-
mentioned formulas are refinements of the proof of Theorem 9.7 given in Sect. 9.3,
and they differ from the proofs given in [GL11].

For the sake of simplicity, we assume xo = 1 and » = 0.
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Theorem 9.16 Let C € P F, and suppose there exist a number A > 0 and a con-
tinuous function A satisfying the following conditions:

1
A(K):o(log C(K))
and
log K =XtlogK + O(A(K)) (9.43)
as K — oo. Then
2 1 1 1 ViFl—n
1(K) =22 [logK +1 — —logl 1
Ky ="ryleekrloeciy —yloeloe iy ey m
—ﬁ lo ;—llo lo ! +lo A+1_\/X
JTV Fok) 2% e Tt o miT
1 Ly
+0<A(K)(°gcu<>> )
3
+0<lo log ! (10 L>_7> (9.44)
g0t e "t cx) :
as K — oo.

Proof Suppose v is a positive slowly increasing function such that ¢ (K) — oo and

4Mm+mg%a% 0
—

w(K :
log—C(K)
as K — oo. Put
2
K) =21 —logl 2log A
»*(K) OgC(K) 0g OgC(K)+ 0g
A(K) + loglog =1~
+M%P+wm) 1 am} (9.45)
log—c(K)

Here A > 0 is a constant that will be chosen later. We have

{wz(K)
Xp 2

}C(K)

1

3
1 2 1 1 2
= A(log —C(K)> + A¢(K)|:A(K) + loglog C(K):|<10g C(K)) .
(9.46)
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Lemma 9.17 Let I be the Sfunction, for which (9.29) holds with ¢ given by (9.45).
Set

A= 7M (9.47)

27NN+ 1
Then T(K) < I(K).
Proof Tt follows from (8.22) and (8.25) that

11 1 1
V2r 9(K) 27 /2102 K + ¢2(K)
+0(¢p7(K)) (9.48)

2
exp{‘” (2K) }CBS(K, T(K)) =

as K — oo. Using (9.43), (9.45), and the formula

A+m)"2=1+40(), h—0,
we obtain
1
1 1(1 1 )z
- = og ———
o(K) 2\ CK)

3
1 I \ 2
+ 0<10g log cK) <10g m) ) (9.49)

as K — oo. Moreover, we have

1 1 ( A )2( 1 )5
= —[ — log ——
V2IogK +¢%(K) ~2\A+1 C(K)

sofusionc) )

1 1\
+ 0<10glog K <log m) ) (9.50)

as K — oo.
Our next goal is to combine formulas (9.46)—(9.50). It is not hard to see that there
exists Ko > 0 such that

Ces(K. I(K)) — Cps(K, T(K)) = C(K) — Cgs(K, T(K)) >0

forall K > Ko. Now Lemma 9.17 follows from the fact that the vega is an increasing
function of o. g
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Let us return to the proof of Theorem 9.16. Since formula (9.27) holds, we have

~ 2(K ~
1(K) - T(K) = 0<exp{ ¢ (2 ) }[C(K) — Cas(K, I(K))])

as K — oco. Now using formulas (9.46)—(9.50) again, we obtain

I1(K) = I(K)

+ 0(1//(]() |:A(K) + loglog C(IK)i| (log C(lK))

as K — oo. It follows from (9.30) and (9.45) that

[S1[o%)

) (9.51)

1
—logl g—~|—2logA+V(K)

IN(K)=\/210gK+2log cK)

C(K)

1 1
—./21 —logl 2logA+ V(K 52
\/ %2~ k) T loglee m +2log A+ V(K), (9.52)

where

A(K) +loglog ﬁ)

1
log o(9)

A(K) —Hoglogﬁ)

= O(WO :
lOg W

V(K):Zlog(l + ¥ (K)

(9.53)

as K — oo. Applying the mean value theorem to (9.52) and taking into ac-
count (9.47), (9.51), and (9.53), we obtain (9.44) with an extra factor ¢ (K) in the
error term. Finally, using Lemma 3.1, we get rid of the extra factor.

This completes the proof of Theorem 9.16. g

Formula (9.44) will be used in Sect. 10.5 to study the asymptotic behavior of the
implied volatility in the correlated Heston model.

9.6 Extra Terms: Higher-Order Asymptotic Formulas for
Implied Volatility

In this section, we discuss higher-order asymptotic formulas for the implied volatil-
ity obtained in [GL11]. We restrict ourselves to second- and third-order formulas,
since the higher-order cases can be treated similarly. Note that when the order grows,
the formulas become more and more complicated. That is why we decided to use
simpler formulas from Sects. 9.3 and 9.4 in the rest of the present book.
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Let us begin with a second-order formula (see [GL11], formula (6.2) in Corol-
lary 6.1). Our presentation of this result of Gao and Lee is different from that
in [GL11]. The main idea is to replace the constant A in Theorem 9.16 by the func-
tion

A(K) = (log K) " log

C(K)
and put A(K) = 0. Then formula (9.47) takes the following form:

\/logK +logﬁ — \/logﬁ

27, /log K —Hogﬁk)

This choice of the function A leads to the cancellation of all the terms in the upper
estimate for the function C(K) — Cgs(K, T (K)), except for the higher-order error
terms (see the proof of Theorem 9.16). To justify the previous statement, we will
need the estimate

A(K) =

(9.54)

0<1
= log AK)
=log(2y/7)
\/logK—l—logﬁK)(\/logK+logﬁ+\/logﬁ)
+ log log K
= 0| loglo ! (9.55)
= g gC(K) . .

Taking into account the previous remarks, we see that the following assertion holds.

Theorem 9.18 Let C € PFy. Then

I(K)—£ log K +log —— — L loglo +1log A(K)
= 7yl Sem) 2 lele gy Tloe

V2 . 1 11 | 1
— — [log—— — = loglo
g7V 2ok 2 %% k)

1 1\~
+ 0 <loglog ) <10g @)

as K — 00, where the function A is defined by (9.54).

+1log A(K)

[SI[o%)

) (9.56)

Our next goal is to establish a third-order asymptotic formula for the implied
volatility (see formula (9.68) below). The proof of this formula is similar to that of
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formula (9.56), but is more involved. Put

9(K)? =2log K —loglo g% +2log A(K)
+ 210g|:1 + (K) + 1/f(1()71 glog” ey } (9.57)
(K) C(K)
In (9.57), ¥ is a positive continuous function such that iy (K) — oo and
-1
W (K) <log C(K)) —0 (9.58)

as K — oo. The function B, appearing in (9.57), will be chosen later. This function
should satisfy the following condition:

1
B(K)=0 (loglog C(K)) (9.59)
as K — o0o. We have
o(K)> 1 \7?
exp{ > }C(K) = <log C(K)> A(K)
logl e
x [1 + (K) +w<mm} (9.60)
o2 ox5 o2’ =gy

On the other hand, using (8.22) and (8.25), we obtain

K)? ~
exp{w(z) }CBS(K,I(K))

1 1 1 1 1
= _ T — +
\/ﬂ[ﬂlﬂ QlogK +¢(K)?): »(K)? (210g1<+¢(1<)2)%]

5
| _s
O<<log C(K)) 2) (9.61)

as K — 00. Set

loglog =g log A(K)
2log —C(IK) log —C(lK)

1 \! B(K (loglog =1==)?
+<logC(K)) 1og[1+l (1) +1//(K)41 - Cl(’“ }

C(K) 08" iy

h(K)=—
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Using (9.55), (9.58), and (9.59), we obtain

loglog ﬁ )

h(K) = 0< 1
S-¥eve)

as K — o00. Therefore,

1 1 1
V2rnp(K) 27 C(K)

1 1 \"2 loglog ey —2log A(K)
= ——| log + N
Sﬁ(logm)i

1 ! 7% logl ! ’ 2
*0(("*‘%%) ("g"gm)) 062

as K — oo. Similarly,

1

V27y/2log K + ¢2(K)

1

1 \"2 loglogﬁ —2log A(K)
(log K ) + 3
(K) 8/ (log K +log ()2

_3 2
1 2 1
+0 <<log C(K)) <log log m) ) (9.63)

as K — 00. Moreover,

D=

_ 1 ( log =gy )
2y 10gK+logﬁ

LS

1 1 1\~
= 1
V2mp(K)3 4ﬁ< o8 C(K)>

5
1 T2 1

and
1
V2 (2log K + ¢2(K))3

1 3 _
_ 1 ( log =% )2 <log 1 )
4y \log K +1og &g C(K)

[SI[o%)
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[N

1\~ 1
+0 ((10g C(K)) loglog Tm) (9.65)

as K — oo.

Our next goal is to combine formulas (9.60)—(9.65). Recalling the cancellation
properties of the function A, we see that the correct choice of the function B is as
follows:

1
B(K) = NG

3 3
(loglog ﬁ —2log A(K) —2)[(log K + log ﬁ)f — (log ﬁ)z]
X 3 .
A(K)(log K + log C(lK))z

(9.66)

Indeed, it is not hard to see that with this choice of B all the terms in the estimate for

the difference C(K) — Cps(K, T(K)), containing the factor (log ﬁ)_% , cancel
out. It follows that formula (9.66) can be rewritten in the following form:

loglog 1= — 2log A(K) — 2

4(log K + log ﬁ)

1 1 1
X <logK + 2log CK) + \/(logK + log C(K)) log %) (9.67)

Here we take into account (9.54).

It remains to prove that the function B satisfies condition (9.59). It is not hard to
see that this condition follows from formulas (9.55) and (9.67). Analyzing the proof
sketched above, we see that the following assertion holds.

Theorem 9.19 Let C € PFy. Then

1(K)
V2
~ T
x [logK +1 L oglog —— +log A(K) +1 [1+ B(K)}
(0] (0] — — 102108 ——— (0] o
g S oK)~ 7 08l08 gy tlog g T
V2 1 1 1 B(K)
— — [log—— — —loglog—— +1log A(K) + lo |:1+ :|
Ty tem) 2t %em Tt Ty

1 \2 1\
+0<(log10gC(K)> <log%> ) (9.68)
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as K — oo, where the function A is defined by (9.54).

Formula (9.68) is a third-order asymptotic formula for the implied volatility in a
general model of call prices.

9.7 Symmetries and Asymptotic Behavior of Implied Volatility
Near Zero

In this section, we turn our attention to the asymptotic behavior of the implied
volatility as K — 0. It is interesting to mention that one can derive asymptotic for-
mulas for the implied volatility at small strikes from similar results at large strikes,
by taking into account certain symmetries existing in the world of stochastic as-
set price models. We will next describe those symmetries and explain what follows
from them.

Let C be a general call pricing function, and let X be the correspond-
ing stock price process. This process is defined on a filtered probability space
(2, F, {F:}, P*), where P* is a risk-neutral probability measure. We assume that
the interest rate r and the initial condition x( are fixed, and denote by w7 the distri-
bution of the random variable X 7. Put

nr(K) = (xoe’T) K.

We call n7 a symmetry transformation. It is easy to see that the Black—Scholes
pricing function Cgg satisfies the following condition:

—rT

K
Cos(T.K.0)=x0— KT + == Cs(T. nr(K), o). (9.69)

On the other hand, the put—call parity formula implies that

—rT

—rT Ke
C(T,K)=x9—Ke + G(T, nT(K)), (9.70)
where G is given by
G(T,K)=—=P(T,nr(K)). (9.71)
Xoe
It follows from (8.4) and (9.71) that
nr (K) K [
G(T,K) =xo/ dur(x) — —5= xdpr(x). 9.72)
0 Xoe 0

Define a family of Borel measures {fi7}7>0 on (0, c0) as follows. For every
Borel subset A of (0, co) put

1
errT

fr(A) = / xdpr(x). 9.73)
nr(A)
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It is not hard to see that {fir}7>0 is a family of probability measures. Moreover, for
all K >0and T > 0, we have

oo 1 n7(K)
| dnrer=— [ vdur e ©.74)
K Xoe 0
and
00 nr(K)
/ xdpr(x) =xoerT/ dur(x). (9.75)
K 0
It follows from (9.72), (9.74), and (9.75) that
o0 o0
G(T,K)= e*rT/ xdiir(x) —e*’TKf djr(x). (9.76)
K K

Remark 9.20 Suppose for every T > 0 the measure w7 is absolutely continuous
with respect to the Lebesgue measure on (0, c0). Denote the Radon—-Nikodym
derivative of w7 with respect to the Lebesgue measure by Dr. Then, for every
T > 0 the measure i admits a density Dy given by

rT\3 rT\2
5T(x)=(xoe ) DT<(xoe )>, x> 0.

x3 X

The next theorem has important consequences. For example, it will allow us to
establish a link between the asymptotic behavior of the implied volatility at large
and small strikes.

Theorem 9.21 Let C be a call pricing function and let P be the corresponding put
pricing function. Then the function G defined by (9.71) is a call pricing function
with the same interest rate r and the initial condition xo as the pricing function C.
Moreover, if X is the stock price process associated with G, then for every T > 0
the measure it defined by (9.73) is the distribution of the random variable X T.

Proof According to Theorem 8.3, it suffices to prove that conditions 1-5 in the
formulation of this theorem are valid for the function G. We have already shown
that for every T > 0, fir is a probability measure. In addition, equality (8.8) holds
for fir, by (9.75). Put

o]

V(T,K):/ xd/lr(x)—Kf dit (x).
K K

Then G(T, K) = e "TV(T, K). Moreover, the function K — V (T, K) is convex
on [0, 00), since its second distributional derivative coincides with the measure [i7.
This establishes conditions 1 and 2 in Theorem 8.3. The equality G (0, K) = (xo —
K)™ can be obtained using (9.71). Thus condition 4 holds. Next, we see that (9.76)
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implies
o0
G K =T [ xdiireo,
K
and hence limg .o, G(T, K) = 0. This establishes condition 5. In order to prove the

validity of condition 3 for G, we notice that (9.70) gives the following:

K x2
G(T,e'"K) = x_oC(T’ e’T?O> +x0— K. (9.77)

Now it is clear that condition 3 for G follows from the same condition for C. There-
fore, G is a call pricing function.
This completes the proof of Theorem 9.21. O

Remark 9.22 Tt is not hard to see that if the call pricing function C in Theorem 9.21
satisfies C € P F, then G € P Fy. Similarly, if C € P Fy, then G € P F .

Let C be a call pricing function such that C € PFs, N PFy. Then G € PFoo N
P Fy, and hence the implied volatilities /¢ and I associated with the pricing func-
tions C and G, respectively, exist for all 7 > 0 and K > 0. Replacing o by Ic(K)
in (9.69) and taking into account (9.70) and the equality

Cps(T, K, Ic(T, K)) = C(T, K),

we see that
Ces(T. nr(K), Ic(T, K)) = G(T, n7(K)).

Therefore, the following lemma holds.
Lemma 9.23 Let C € PFy, N P Fy, and let G be defined by (9.76). Then

Ic(T, K) =I6(T, n7(K)) (9.78)
forall T >0and K > 0.

Lemma 9.23 shows that the implied volatility associated with C can be obtained
from the implied volatility associated with G by applying the symmetry transfor-
mation.

9.8 Symmetric Models

The notion of a symmetric model is based on the symmetry properties of stochastic
models discussed in the previous section.
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Definition 9.24 A stochastic asset price model is called symmetric if, for every
T > 0 the distributions w7 and fir coincide.

Lemma 9.25 The following statements hold.

1. Suppose for every T > 0 the measure put admits a density Dr. Then the model
is symmetric if and only if for all T > 0,

D7 (x) = (xoerT)3x73DT((xoerT)2x71) (9.79)

almost everywhere with respect to the Lebesgue measure on (0, 00).

2. Suppose the asset price process X is strictly positive and for every T > 0 the
measure vy admits a density Dr. Define the log-price process by X'°2 =log X
and denote by DITOg the distribution density of XlTOg, T > 0. Then the model is
symmetric if and only if

DITOg(x) = xoerTe_xDlTOg(—x +2log(xoe’"))

almost everywhere with respect to the Lebesgue measure on R.

3. The model is symmetric if and only if for all T > 0 and K > 0, G(T,K) =
C(T,K).

4. The model is symmetric if and only if for all T > 0 and K > 0,

C(T,K) = C(T, (xo¢ T’ K +x0—e 7K.

errT

5. Let C € PFs N PFy. Then the model is symmetric if and only if for all T > 0
and K > 0,

I(T, K)=I(T, (xoe'T) K1),

Proof Part 3 of Lemma 9.25 follows from (8.3), (9.76), and from the fact that the
measures (o and fi7 are the second distributional derivatives of the functions K +>
C(T,K) and K — G(T, K), respectfully. Part 4 can be easily derived from (9.77).
As for part 5 of Lemma 9.25, it can be established using part 3 and Lemma 9.23.
In addition, part 1 follows from Definition 9.24 and Remark 9.20. Finally, the
equivalence 1 < 2 follows from the standard equalities DlTog (x) =e*Dy(e*) and
Dr(y) =y~ Df%(logy).

This completes the proof of Lemma 9.25. 0

Special examples of symmetric models are uncorrelated stochastic volatility
models in a risk-neutral setting. Let us consider a stochastic model defined by

{dXt:rX[dt—}-f(Y[)X;dW[, (9 80)

dY[ Zb(Y[)dt +G(Yt)dZ[,

where W and Z are independent Brownian motions on (£2, F, {F;}, P*), and sup-
pose that the measure P* is risk-neutral. Suppose also that the solvability conditions
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discussed in Sect. 2.1 hold. It is clear that for such a model, formula (9.79) follows
from formula (3.6). Therefore, part 1 of Lemma 9.25 shows that the model in (9.80)
is symmetric.

Remark 9.26 The symmetry condition for the implied volatility in part 4 of
Lemma 9.25 becomes especially simple if the strike K is replaced by the log-
moneyness k defined by

k=1 K K=>0
=log——, > 0.
ngerT

In terms of the log-moneyness, the symmetry condition can be rewritten as follows:
I (k) = I(—k) for all —oo < k < oo. For uncorrelated stochastic volatility models,
the previous equality was first obtained in [RT96].

In [CLO9], P. Carr and R. Lee established that under certain restrictions, stochas-
tic volatility models are symmetric if and only if p = 0. We will next prove this
result of Carr and Lee. We restrict ourselves to models with time-homogeneous
volatility equation. However, Theorem 9.27 also holds when volatility equations are
inhomogeneous (see [CL09]).

Let us consider the stochastic model given by

{dX,:rX,dt—i—«/?;X,dW,, (981)

dYt = b(Yt)dt +O(Yt) dZt

It is assumed in (9.81) that Z = /1 — ,022 + oW, where 7 is a standard Brownian
motion independent of W, and the correlation coefficient p is such that —1 < p < 1.
It is also assumed that the functions b and o in (9.81) satisfy the linear growth
condition and the Lipschitz condition, the function o is positive, and for every p and
every positive initial condition yg the solution Y to the second equation in (9.81) is
a positive process.

Theorem 9.27 Suppose the model in (9.81) satisfies the conditions formulated
above. In addition, suppose the discounted price process is a martingale. Then the
model is symmetric if and only if p = 0.

Remark 9.28 1t is worth mentioning that the conditions in Theorem 9.27 are rather
restrictive. For example, this theorem is not applicable to the Stein—Stein model,
or the Heston model. Indeed, in the Stein—Stein model the volatility process is not
positive, while in the Heston model the function o does not satisfy the Lipschitz
condition. On the other hand, Theorem 9.27 can be used to prove that a negatively
correlated Hull-White model cannot be symmetric. Indeed, in such a model the
volatility process is a geometric Brownian motion, and hence it is a positive process.
Moreover, the stock price process is a martingale (use Theorem 2.33). Note also that
if a geometric Brownian motion Y is the solution to the equation

dYt :VY[dt—’—SY[dZ[
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with the initial condition yo > 0, then the process Y=+Yisalsoa geometric Brow-
nian motion satisfying the equation

e~ voEN\~ £~
le: (E - §>Ytdt+§Y,dZ,

with the initial condition ,/yo. Summarizing what was said above, we see that Theo-
rem 9.27 can be applied to the negatively correlated Hull-White model. If the Hull-
White model is positively correlated, then Theorem 2.33 implies that the stock price
process is not a martingale. Therefore, Theorem 9.27 cannot be applied to such a
model. It would be interesting to extend Theorem 9.27 to a larger class of stochastic
volatility models.

Proof Tt has already been established that for p = 0, the model is symmetric. We
will next prove the converse statement. With no loss of generality, we can assume
r = 0. Fix p > 0, and suppose the symmetry condition holds for the model given by

{dXt = \/YIX[ths
dY[ :b(Y[)dt + 1-— pZU(YI)dZt +pU(Y[)th

Using the Itd formula, we can rewrite the model above in terms of the log-price
process defined by X'°¢ = Jog X and Xg)og =logxg. This gives

1
dX\ ¢ = —Yidi+ VY dw;,

(9.82)
dYt Zb(Yt)dt +\/ 1-— p2(7(Yt)dZt +pG(Yt)th

Let us fix 7 > 0. Since the process X is a martingale, the measure P determined
from dIP = x;’ X7 dPisa probability measure. Define a new process by

t
W,:W,—/ VYeds, 0<t<T.
0

It follows from Girsanov’s theorem that the process (W,, Z), t €[0,T], is a two-
dimensional standard Brownian motion under the measure P. Therefore, the same
is true for the process (W,, Z), 0<t<T, where VT/, = —W, for all t € [0, T]. It
is easy to see that under the measure P, the system in (9.82) can be rewritten as
follows:

d(—X"%) = —%Y, dt + /Y, dW,,

(9.83)
dYt = @(Yt)dt +\/ 1 —,OQ’O'(Yt)dZt +,00(Yt)th

where

@ (u) =b(u) + po (u)/u.
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Recall that, by our assumption, the model described by (9.82) is symmetric. Us-
ing part 2 of Lemma 9.25, we obtain

o0
IE[XITOg] =/ xDITOg(x) dx
—00

1 [ 21 o
=—— ue“DlTOg(u) du + OEX0 / e“DIT?g(u) du
X0 J—o0 X0 —00

E[X7].

1 lo 2log xg
=——FE[X;X 2
o [XrX7°]+ .

Next, using the fact that the process X is a martingale, we see that
E[X¥] = —E[X}¥] + 2log xo. (9.84)

The next step in the proof is to take the expectation [E in the first stochastic
differential equation in (9.82), written in the integral form. This gives

1 T
]E[Xlrog]=—5/0 E[Y,1dt + log xo. (9.85)

Similarly, applying E to the first equation in (9.83), we obtain

~ 1 T~
E[xlﬁg] =3 /0 E[Y;]dt + log xo. (9.86)

It follows from (9.84), (9.85), and (9.86) that

T T _
f E[Y,]dz:/ B[y, 14z (9.87)
0 0

We will next use a coupling argument. Consider the following processes: X log
Y, W, Z under the measure P and —X'°¢, Y, W, Z under the measure P. Applylng
the lemma formulated on p. 24 of [IW77] we see that there exist a filtered measure
space (2, F, ]—",,]P’) and adapted stochastic processes X(, v, x@ y@ wo,
and Z( on £ such that the following conditions hold:
e The processes (Xlog, Y, W, Z) and (XD, ¥, w zMy have the same law un-
der the measures [P and P, respectively.
e The processes (—X}i’g, Y,/W, Z) and (X(Z), Y2, wi, Z(l)) have the same law
under the measures PP and P, respectively.
e The process (WD, zMYy is a two-dimensional F;-Brownian motion under the
measure P.

It follows (9.82), (9.83), and the previous statements that under the measure P ,

1
dx® = —EYJ” dt + YV aw,

(9.88)
ay® = (v V) dt +/1 - 020 (¥,")dZz" + po (v,") aw "
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and

1
dx{? =2y de+ v aw?,

(9.89)
ay? =& (vP)dt + /1 - p20(Y?)dz" + po (v,)aw,.
Moreover, (9.87) implies that
T = 1 T = 2
/ B[y "]dr = / E[v?]dr. (9.90)
0 0

Now we are ready to finish the proof. Applying the strong comparison theorem
for stochastic differential equations (Theorem 54 in [Pro04]) to (9.88) and (9.89),
we see that

y®>yv" forallo<r<T. (9.91)

Here we take into account that b(u) < @ (1) and the initial condition (xg, yg) is the
same for the processes (X M yMy and (XP, Y?). However, (9.91) contradicts
(9.90). It follows that if p > 0, then the model cannot be symmetric. The case where
p < 0is similar.

This completes the proof of Theorem 9.27. g

9.9 Asymptotic Behavior of Implied Volatility for Small Strikes

Lemma 9.23 and the results obtained in Sect. 9.3 imply sharp asymptotic formulas
for the implied volatility as K — 0.

Theorem 9.29 Let C € P Fy, and let P be the corresponding put pricing function.
Suppose
P(K)~ P(K) asK — 0, (9.92)

where P is a positive function. Then the following asymptotic formula holds:

I(K)—ﬁ Io ;—110 10L
“UTV PRk 2 2Rk

_Y2 e K L ios K
JTV B FEk) T2 BBk
1
K )
+ 0<<log ﬁ(K)) ) (9.93)

as K — 0.
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Corollary 9.30 The following asymptotic formula holds:

I(K)—ﬁ[ lo ;— lo Li|
Ut P | R Rk

K \~ K
+ 0 <<log ﬁ(K)) loglog ﬁ([{))

An important special case of Theorem 9.29 is as follows:

D=

as K — 0.

Corollary 9.31 Let C € P Fy, and let P be the corresponding put pricing function.

Then
V2 1 K
1= ﬁ[\/log P(K) _\/log P(KJ
0] I K _%1 1 —K
- <<°gP(K)> °g°gP<K)>
as K — 0.

Proof of Theorem 9.29 Formulas (9.71) and (9.92) imply that
G(K)~ 5([() as K — oo
where
G(K)=KP(nr(K)). (9.94)

Next, applying Corollary 9.11 to G and G, we get

v T 1 1 1
—Is(K) = [logK +1log =—— — —loglog =——
NG ¢(K) g gG(K) 3 g gG(K)

11 1
— [log =—— — —loglog =——
\/gG(K) 2 B8R

+ 0((log $>_7> (9.95)

as K — oo. It follows from (9.78), (9.94), (9.95), and from the mean value theorem
that

JT \/ (xpe'T)?
log

1
+1lo —logl

K= K & e T2P(K) 2

V2

8 e TY2B(K)
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K
/ S e T2R(K) 2 2% (e TY2B(K)

1

K )
+0((log—~ ) )
P(K)
= |lo L—llo lo L— lo L—llo lo L
“VEFx) 2 ®%Fk) 85k 2 B F k)

k \-}
+O((log—~ ) )
P(K)
as K — 0.

This completes the proof of Theorem 9.29. g

9.10 Notes and References

e The books [FPS00, Reb04, Haf04, Fen05, Gat06, H-L09], the dissertations
[Dur04, Rop09], the surveys [SkiOl, CL10], and the papers [SP99, SHK99,
LeeO1, CdF02, Lee04a, CGLS09, Fril0] are useful sources of information on
the implied volatility.

e Section 9.2 is mostly adapted from [Rop10]. However, the conditions in Theo-
rem 9.6 are not exactly the same as in the similar result (Theorem 2.9) in [Rop10].
Moreover, Theorem 9.6 is formulated in terms of the strike price, while the log-
moneyness is used in [Rop10].

e The asymptotic formulas for the implied volatility included in Sects. 9.3, 9.4,
and 9.9 are taken from [Gul10].

e The material in Sects. 9.7 and 9.8 (symmetries and symmetric models) comes
mostly from [Gull0]. We send the interested reader to [CL0O9, Teh09a, DM 10,
DMM10] for more information on symmetric models.

e The paper [GL11] of K. Gao and R. Lee is an important recent work on smile
asymptotics. In Sects. 9.5 and 9.6 of this chapter, several theorems from [GL11]
are presented. These theorems provide higher-order approximations for the im-
plied volatility at extreme strikes. However, we have not touched upon the results
in [GL11] characterizing the asymptotic behavior of the implied volatility with
respect to the maturity, or in certain combined regimes.
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