Chapter 1
Basics of Numerical Analysis

1.1 Introduction

An ever increasing amount of computational work is being relegated to computers,
and often we almost blindly assume that the obtained results are correct. At the same
time, we wish to accelerate individual computation steps and improve their accuracy.
Numerical computations should therefore be approached with a good measure of
skepticism. Above all, we should try to understand the meaning of the results and
the precision of operations between numerical data.

A prudent choice of appropriate algorithms is essential (see, for example, [1, 2]).
In their implementation, we should be aware that the compiler may have its own
“will” and has no “clue” about mathematical physics. In order to learn more about
the essence of the computation and its natural limitations, we strive to simplify com-
plex operations and restrict the tasks of functions to smaller, well-defined domains.
It also makes sense to measure the execution time of programs (see Appendix J):
large fluctuations in these well measurable quantities without modifications in run-
ning conditions typically point to a poorly designed program or a lack of under-
standing of the underlying problem.

1.1.1 Finite-Precision Arithmetic

The key models for computation with real numbers in finite precision are the
floating-point and fixed-point arithmetic. A real number x in floating-point arith-
metic with base B is represented by the approximation

() =£(do+di ™" +daf 2+ +dp_1 BP7V) . B = Ldody .. .dpy - B,

where {di}f;_ol, di €{0,1,...,8 — 1}, is a set of p integers and the exponent e

is within [emin, emax]. The expression m = do.dy ...dp—1 is called the significand
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Table 1.1 The smallest and largest exponents and approximate values of some important numbers
representable in single- and double-precision floating-point arithmetic in base two, according to
the IEEE 754 standard. Only positive values are listed

Precision Single (“float”) Double (“double”)
€max 127 1023

emin = 1 — emax —126 —1022

Smallest normal number ~1.18 x 10738 ~2.23 x 107308
Largest normal number ~3.40 x 108 ~1.80 x 10308
Smallest representable number ~1.40 x 1074 ~4.94 x 10732
Machine precision, em ~1.19 x 1077 ~2.22 x 10716
Format size 32 bits 64 bits

or mantissa, while f =0.dy...dp_1 is its fractional part. Here we are mostly in-
terested in binary numbers (8 = 2) which can be described by the fractional part
f alone if we introduce two classes of numbers. The first class contains normal
numbers with dy = 1; these numbers are represented as fl(x) = 1. f - 2¢, while the
number zero is defined separately as fl(0) = 1.0 - 2¢mn—!_ The second class con-
tains subnormal numbers, for which dy = 0. Subnormal numbers fall in the range
between the number zero and the smallest positive normal number 2°min. They can
be represented in the form fl(x) = 0. f - 2°min, Data types with single (“f1loat”)
and double (“double”) precision, as well as algorithms for computation of basic
operations between them are defined by the IEEE 754 standard; see Table 1.1, the
details in Appendix B, as well as [3, 4].

Computations in fixed-point arithmetic (in which numbers are represented by
a fixed value of e) are faster than those in floating-point arithmetic, and become
relevant when working with a restricted range of values. They becomes useful on
very specific architectures where large speed and small memory consumption are
crucial (for example, in GPS devices or CNC machining tools). In scientific and
engineering work, floating-point arithmetic dominates.

The elementary binary operations between floating-point numbers are addition,
subtraction, multiplication, and division. We denote these operations by

+:xdYy, —:1x0Yy, X:xQYy, /i x @Y.

Since floating-point numbers have finite precision, the results of the operations x +
y,x —y,x xy,and x/y, computed with exact values of x and y, are not identical
to the results of the corresponding operations in finite-precision arithmetic, x @ y,
X6y, xQ®Yy,and x @ y. One of the key properties of finite-precision arithmetic is
the non-associativity of addition and multiplication,

XOODPD#xDy) Dz, IR #F(x®y) Rz

This has important consequences, as demonstrated by the following examples.
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Fig. 1.1 Computation of (1 — x)3 in the vicinity of x = 1 in double-precision floating-point arith-
metic. [Left] Formula p(x) = (1 — x)8 by using pow (1-x, 8) and formula g(x) =1 — 8x +
28x2 — .- by using simple multiplications of x. [Right] Computation of r(x) with formula for
q(x), but by using pow functions for the powers

Example By writing a simple program in C or C++ you can convince yourself that
in the case float x=1e9; floaty=—1e9; float z =1; with the GNU
compiler c++ and option —O2 you obtain (x ®y) bz =1, whilex® (yd z) =0
(Other compilers may behave differently.)

Example The effects of rounding errors can also be neatly demonstrated [5] by
observing the results of three algebraically identical, but numerically different ways
of computing the values of the polynomial (1 — x)? in the vicinity of x = 1. Let us
denote the results of the three methods by p(x), ¢(x), and r(x). We first compute

px)=(1-x°

by using the standard power function pow (1-x, 8) available in C or C++. The
same polynomial can also be expanded as

g(x)=1—8x +28x% — 56x°> 4+ 70x* — 56x° + 28x® — 8x7 + x8,

which we compute by simple multiplication, for example, x> = x - x - x. Finally,
we compute 7 (x) just like g(x), each term in a row, but evaluate the powers x”* by
using the pow (x, n) function. Figure 1.1 shows the results of the three methods
(be alert to the change of scale on the vertical axis).

Binary operations in floating-point arithmetic are thus performed with errors
which depend on the arguments, the type of operation, the programming language,
and the compiler. The precision of floating-point arithmetic, called the machine pre-
cision or machine epsilon, and denoted by e, is defined as the difference between
the representation of the number 1 and the representation of the nearest larger num-
ber. In single precision, we have ey = 2723 &~ 1.19 x 1077, while in double preci-
sion ey = 2792 &2 2.22 x 1070, The precision of the arithmetic can also be defined
as the largest ¢ for which fi(1 4+ ¢) = 1, but the value of ¢ obtained in this man-
ner depends on the rounding method. The IEEE standard prescribes rounding to the
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nearest representable result: in this case € & ep/2, which is known as unit round-
off. For arbitrary data or result of a basic binary operation between normal numbers
we have

) — x| < ‘%Mm, Axoy) —xoy|< %M|xoy|,

where o denotes a basic binary operation. The floating-point numbers therefore be-
have as exact values perturbed by a relative error:

A) =x(1+8), 18] < %M

When operations are performed between such numbers, a seemingly small perturba-
tion § can greatly increase the error of the result, leading to a loss of significant digits
(one or more incorrect digits). As an example, we subtract two different numbers
x =fl(x)(1+61) and y =fi(y)(1 + 62):

- _ finé — (s
x=y=(0@ - AR)A+h). h=— g

The relative error is bounded by |k| < ey max{|x|, |y|}/|x — y| and can become very
large if x and y are nearby.

Considering the effects of small perturbations also helps us analyze the rela-
tive errors of other basic operations and the precision of more complex algorithms.
Special libraries like GMP [7] do allow for computations with almost arbitrary pre-
cision, but let us not use this possibility absent-mindedly: do not try to out-smart an
unstable algorithm solely by increasing the arithmetic precision!

For a detailed description of how floating- or fixed-point arithmetic behave in
typical algorithms, see [4, 8—10]; for details on floating-point data format according
to the IEEE 754 standard see Appendix B. We conclude this section by advices for
a stable and precise solution of a few seemingly trivial tasks [4, 6].

Branch Statements In programs, we tend to use simple branch statements like
if (|xk — Xp—1| <5abs) then ..., (1.1)

where, for example, g5 = 10~°. But for fl(x;) = 10°° the nearest representable
number in double precision is ey fl(x;) 2 103* away. By using an algorithm which
returns xj in double precision, the condition (1.1) will never be met, except in the
trivial case of equal x; and x;_; (for example, due to rounding to zero). It is much
better to use

1£ (Jak — Xk—1| < Eabs + €rel max{xy, xg—1}) then ...,
where gr] &~ eym. Similarly, we repeatedly encounter sign-change tests like

if (fifie1 <0) then .... (1.2)
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If fr =10720 and fi_; = —1072%, we expect fi fie1 = —107%% < 0, but in
double precision we get an underflow fl(—107%%) = 0 and the statement (1.2)
goes the wrong way. If fi = 10%% and fi_; = —10?%°, we get an overflow. Let
us rather check only the sign of the arguments! In C or C++ this can be accom-
plished by using the function template <typename T> int sign(const
T & val){ return int((val>0) - (val<0)); 3}, and then compar-
ing

if (sign(fk) * sign(fk_l)) then ....

Roots of the Quadratic Equation  The quadratic equation ax? + bx + ¢ = 0 has
the roots

—b+b% —4ac 2c
x:l: - - k]
2a —b ¥ /b* — dac
related by x;x_ = c/a. In most cases the absolute value of one of the roots is

larger than the other and is computed with a larger relative precision in floating-
point arithmetic. Once b and +/b? — 4ac are known, it is therefore preferable from
the numerical viewpoint to first compute the larger root xmax and then use xpin =
¢/(axmax) to compute the smaller one. In a similar spirit we compute +/1 4+ x2 — 1
for |x| « 1 where subtraction and potential loss of significant digits can be avoided
by rewriting the expression as

L WT+2=DT+x2+1) x2
Vi+xZ+1 VI+x24+1

Area of Triangle Heron’s formula § = /d(d — a)(d — b)(d — ¢) for the area of
a triangle with sides a > b > ¢, where d = (a + b + ¢) /2, is very sensitive to round-
off errors, in particular when one of the angles is larger than 90° and a & b + c. In
such cases it is advisable to use the following formula which is accurate to 210gp:

1+x2-1

§= ;1\/[““”“)][6— (@—b)][c+@—b]la+®-0)]

Magnitude of Complex Number, Ratio of Complex Numbers The magnitude
(absolute value) of a complex number z = x + iy is |z| = (x* 4+ y?)!/2. Squaring
and addition of large numbers, which both may lead to overflows, can be avoided
by using the formula

Xl 1+ (yl/1xD% 0 <yl <x],
2l = Iy 14+ (xl/IyD* 0 <Ix| <Iyl,

x| +/2; otherwise.

We can exploit a similar trick to avoid overflows when computing the ratio of com-
plex numbers (a +ib)/(c +id) = (ac + bd)/(c* + d*) + i(bc — ad)/(c* + d?). If
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this formula is applied directly, overflow may occur even though the correct result
is within the allowed range. A safer way to compute the ratio is

: at+b(d/c) | :b—a(d/c).
a+1b_ C+d(d/£‘)+lc+d(d/c‘)’ |d|<|C|,
cHid | bra/d) _jashe/d. g s ).

d+cc/d) — Yd¥ele/d)
Natural Logarithm To compute log(1 4 x) at 0 < x < 3/4 we recommend

X; 1dx=1,

log(1+x)= (1.3)
%; otherwise,

which has an error smaller than 5epp. Such a precise calculation finds its uses in eco-
nomics for computation of interest rates where wrong results literally cost money.
Let us assume we have some funds A and a small interest rate x for a short period of
time. After n periods we have A’ = A(1 + x)". If x < 1, errors can accumulate in
computing A’ for n >> 1. It is preferable to use the formula A’ = A exp(nlog(1+x))
and resort to (1.3).

Average of Two Numbers Even a simple expression like the arithmetic mean

of two floating-point numbers, x = (a + b)/2, may overflow, and one should use
x=a+ (b —a)/2ora/2+ b/2 instead.

1.2 Approximation of Expressions
Approximation is one of the key concepts of numerical analysis [11, 12]. In this

book we only refer to approximations of scalar functions and expressions involving
operators, and therefore only discuss these two examples.

1.2.1 Optimal (Minimax) and Almost Optimal Approximations

The optimal approximation of degree n of a continuous function f on the interval
[a, b] is defined as the polynomial p;; for which E}; € R exists such that

Ey= max [p}(x) = f(0)| = max |p,(x) = f(x)], (1.4)

a<x<b a<x=<b
where p, is any polynomial of degree n. We are therefore seeking a polynomial p,
that minimizes the maximal error with respect to the function f. Such a polynomial
represents an optimal or minimax approximation. The curve pg in Fig. 1.2 (left) is
the optimal approximation of the function e* sin(37x) by a polynomial of degree
eight (n = 8), while the corresponding curve in the right panel is the error of the
approximation.
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Fig. 1.2 Approximation of f(x) =e*sin(37wx) by an optimal polynomial and by a Chebyshev
expansion. [Left] The function f, the optimal polynomial pg of degree eight, and the expan-

sion in terms of Chebyshev polynomials ¢g(x) = ZE:O Tk Ti (x). [Right] Error of the approxi-
mations. The symbols e denote (n + 2) characteristic points at which the absolute value of the
error +E; = %|p; — f| is maximal, and between which the error changes its sign (n 4 1)-times.
The symbols o denote the points at which 7,4 (x) = £1

The optimal polynomial approximation of a continuous function f on [a, b] can
be computed by the iterative Remes algorithm (see e.g. [13]). The basis for this pro-
cedure is the Borel equi-oscillation theorem which states that a degree-n polynomial
p;, is the optimal approximation of f precisely when (n 4 2) distinct points x; exist,
arranged as a <xg < x| < -+ < Xp41 < b, for which

prxi) — fx) =A=D'Ey, i=0,1,....n+1,

and where A has a fixed value of +1 or —1. The extremes £ E; of the error of the op-
timal approximation p;; therefore occur at the points x; with the signs flipping back
and forth (Fig. 1.2 (right)). This implies that the coefficients of p, (x) = Z?:o a jxj
and the parameter E, must fulfill the system of equations

n

Y ajx! = fai)=(=1E,, i=01,....n+1, (1.5)
=0

n .

> ajx! — f(xi) = extreme. (1.6)
=0

If f is differentiable, we can rewrite the last equation as

> jaix! Tt = i =o0. (1.7)
j=1
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The iteration is started with an initial guess for x;. We show in the following that
a very good choice for x; are the points at which the Chebyshev polynomials 7},
are equal to £1, so

| 7T
x,-:cos(l ), i=0,1,...,n+ 1.
n+1

By solving the linear system (1.5) we obtain n + 1 coefficients a; and the parameter
E,, which are the first approximations for the coefficients of the optimal polyno-
mial and the maximum error of p — f. These parameters are then used to solve
the system (1.6) or (1.7): we search for points x; at which the error p — f has an
extreme. This is the most difficult step in the procedure, especially when it needs
to be automated. The new points x; are then again used in (1.5) and we repeat the
procedure until the difference between the consecutive values of E,, drops below a
desired tolerance. At the end of the iteration the {a j}7:0 are the coefficients of the
optimal polynomial p}, and E, = E},.

Actually, the power basis {l,x,xz, ...} of p; is a bad choice. The condition
number of the matrix corresponding to the system (1.5) deteriorates exponentially
with increasing n. Instead of polynomials, rational functions p(x) = P, (x)/Qm(x)
can be plugged into the Remes procedure, but the system of equations for the (n +
1) 4+ (m + 1) coefficients and the errors £ becomes non-linear; it can be solved by
linearization [14]. In the context of high-order optimal approximations, Chebyshev
polynomials are also an attractive option [15].

Even without the Remes algorithm, the Chebyshev polynomials lead to an al-
most identical goal. Instead of searching for the optimal polynomial p};, we may be
satisfied by finding an approximation g, for which

£ = max |p}(x) — gn(x)|
a<x<b

with some small ¢. Such an approximation is called an almost optimal or near-
minimax approximation. Often it is much easier to find than the true optimal ap-
proximation. The most important among them is the approximation by Chebyshev
polynomials

n
)= gu(x) =) HTi(x), (1.8)
k=0
where the coefficients 7 are given in (4.39). We switch between the intervals [a, b]
and [—1, 1] (on which Chebyshev polynomials are defined) by the transformations
—a 1—x 1+x

t
t =2 —1, t=
= X b a X = 5 a—+ >

b.

The summation of the series (1.8) can be terminated at the same »n that would be
used in the optimal approximation. The error due to the series truncation is then
determined by the term 7,4 7,+1(x), which has interchanging extreme values of
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+7,41 at (n + 2) points on [—1, 1] and closely resembles the genuine optimal ap-
proximation (see Fig. 1.2 (left and right)).

Chebyshev polynomials have many pleasing and useful properties which we ex-
ploit heavily in function and signal transformations (Chap. 4) and spectral methods
for partial differential equations (Chap. 11). In the context of optimal approxima-
tions, an important property of Chebyshev polynomials is their point-wise orthog-
onality (4.38). There exists a whole class of polynomials which are orthogonal on
a discrete set of points, but only Chebyshev polynomials on [—1, 1] oscillate uni-
formly and can be generated by so few numerical operations (see recurrence (4.37)).

The shape of the optimal approximation depends on the norm in which its er-
ror is measured. Equation (1.4) defines the uniform optimal approximation in the
“max”-norm || - ||o. The computation of the optimal approximation for an arbitrary
function, in particular if it is given only at specific points, can be cumbersome. The
main nuisance is the large sensitivity of the Remes algorithm to individual values
f(x;) that strongly deviate from the average (e.g. outliers in discrete-time signals).
In physics we often resort to the optimal approximation in the Euclidean norm (A.2).
In this case, the optimal approximation of the function f on [a, b] is a function p*
for which E* € R exists such that

b b
E*= / [p*(x) — f(0)] dx < / [p(x) — F(0)] dx (1.9

for any polynomial p of degree n (compare this expression to (1.4)). The form (1.9)
is less sensitive to outliers mentioned above. We are of course referring to the
method of least squares which we most often encounter in its discrete form, where
we search for

min > [pi) - el

1.2.2 Rational (Padé) Approximation

Suppose that, on some interval, we wish to effectively approximate a function f
possessing a power expansion

o0

f@ =) a (1.10)

k=0

A Padé approximation of f is a rational function with a numerator of degree L and
denominator of degree M, determined such that its power expansion matches the
series (1.10) up to including the power L + M. In other words, if we can find a
polynomial P;, of degree L and O, of degree M such that

PrL(z) L+M+1
= O N O = la
f@ On@ +0(z ), Om(0)
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then

PL(z)  ao+aiz+apz?+---+arzh
Oum(2) b0+b12+b222+~~-+szM’

[L/M]f(z) = bo=1,
defines a Padé approximation of order (L, M) of the function f. The coefficients ay
and by can be determined by equating the approximation [L/M]; with the power
series for f and reading off the coefficients of the same powers of x:

(bo+biz+ -+ +buz")(co+crz+--+)
=ap+aiz+ - +apz + OV,

L+1 _L+42

By comparing the terms with powers z=7", z%7*, ...,z we obtain a system of
equations for the coefficients by of the denominator Q s, while by comparing terms
with powers z°, z!, ..., z& we obtain explicit equations for the coefficients ay of the
numerator Py . For example, with L = M = 3, we get

L+M

a coc 0 0 O 1
c3 ¢ C] by —c4 0 0

aj cit ¢ 0 O b
cs 3 allb)=|-c], =

ar ¢ c¢1 ¢ O by
c5 €4 C3 b3 —cq

as c3 €2 C1 CQ b3

Since bg = 1, the first line of the equation on the right tells us that the zeroth coeffi-
cient of Py, is equal to the zeroth coefficient of the power expansion of the function,
ap = co. The bulk of the work is hidden in the matrix system on the left. Large
Padé systems of this type are solved by robust algorithms like Gauss elimination
with complete pivoting because, in most cases, we are interested in relatively low
degrees L and M and because accuracy takes precedence over speed. In the sense
of properties mentioned in the following, diagonal Padé approximations, in which
L = M, are the most efficient.

Example (Adapted from [16], p. 4.) The function

1+2/2 < & 339, 2675 7563,
=/ = T Tt s ST N B |
7@ 1122 D e 22739 T 128% T ooast (111

k=0

has the first two diagonal Padé approximations

1+ 1z 1407408022
/1) =—2-, 220 =—8——02—.
/ 1+%z ! 1+%z+%zz

(Compute them!) The comparison of two power expansions and these Padé approx-
imations is shown in Fig. 1.3, revealing a most delightful property: if some power
series converges to a function with a convergence radius p, that is, for all |z| < p
and 0 < p < oo, then an appropriately chosen Padé approximation converges to f
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Fig. 1.3 Comparison of power expansions of degree two and four for the function (1.11) and
the diagonal Padé approximations [1/1]y and [2/2]7. The curves for f and [2/2]; are barely
distinguishable in this plot

for all z € R, where the domain R is larger than the domain defined by |z| < p.
The function f in example (1.11) has the limit lim,_,» f(z) = 1/2 and its power
series has a convergence radius of only p = 1/2. On the other hand, both lowest-
order diagonal Padé approximations are stable at infinity. Moreover, when the or-
der of the approximation is increased, the correct limit 1/2 is approached rapidly:
lim, ., 00[1/1]¢(2) =7/13 ~ 0.5385 and lim;_, o6[2/2] r(z) = 61/121 ~ 0.5041. In
other words, the Padé approximation tells us something about how the function
behaves outside of the convergence radius of its power series, and ensures better
asymptotics.

Example Take the function f(z) = e?, for which the lowest-order Padé approxima-
tions are listed in Table H.1. This table shows the Padé approximation in the context
of solving partial differential equations and also summarizes the leading error terms.
The Padé approach is also fruitful in approximating the time evolution of Hamilto-
nian operators: see example (1.17) below.

In certain cases the Padé approximation of a function f does not exist. For ex-
ample, for f(z) = 1 4+ z> we would attempt to compute the Padé coefficients such
that (ag + a12)/(bo + b1z) =1+ 224+ 0%, and by comparing coefficients with
equal powers of z we would get ag = by, a; = by and ag = 0. This would lead to
[(1/1]f =0+ a12)/0+b1z) =1#1+ 22 4+ O(z%). One can encounter problems
if the denominator of the Padé approximation is zero when z = 0. For details, see
[16].

Padé approximations have numerous important transformation and invariance
properties, of which duality and unitarity are the most relevant. Duality connects
the Padé approximations for reciprocal functions:

g ={f@}" ad FO#0 & [L/Ml)={IM/LI;@)} VL, M.
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In physical applications, unitarity is even more important, in particular in the
theory of scattering matrices. Assume that f(z) = Y jo cxzk is unitary, so that
f(@ f*(2) =1, and that [M/M] is its diagonal Padé approximation. Then we also
have

[M/M]§()[M/M]};(2) =1,

where the symbol * denotes complex conjugation of the coefficients of the approxi-
mation (not of the argument z). In approximations of time evolution of Hamiltonian
operators (see (1.16)), preservation of unitarity is crucial.

1.2.3 Summation of Series by Using Padé Approximations (Wynn’s
e-Algorithm)

Summation of series is the topic of Sect. 1.4, but here we wish to discuss an im-
portant method based on the Padé approximation. We have just witnessed how this
approximation can be used to extend the convergence radius of a power series. But
this very same approximation can be used to accelerate the summation of a series
within its convergence radius. Assume that a series (in the region where it converges)
can be approximated by a rational function f which is analytical in this region and
has the form

Pr(z)
Om(2)

f@=cot+ciz+c?+---= =[L/M]¢(2),

where Pr(z) =ap +aiz+---+arzh and QO (2) =1+ b1z + -+ byz™. An
efficient procedure to compute the diagonal approximations at a given z can be ob-
tained by transformations between the values of [L/M]s(z) for different L and M.
A connection between these approximations can be established which is known as
the Wynn’s e-algorithm [17]. It can be written as a recurrence,

1
+6(n+1,m)—6(n,m)'

c,m+1D)=em+1,m—1) (1.12)

We start the recurrence with €(n, —1) = 0 for Vn > 0 and €(n, 0) which contain the
partial sums

n
e(nsO)ZSn:ZCka, n=>0.
k=0

The initial state of the algorithm is given by the first two columns of the €(n, m)
table:
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€0,—-1)=0 €0,00=5) €(0,1) €(0,2) €(0,3) €(0,4)
e(l,—1)=0 €(1,00=8; e(,1) €(1,2) €(1,3) €(,4
€2,—1H)=0 €2,00=5 €2,1) €2,2) €2,3) 2,4
€e3,—1)=0 €3,00=98; €B3,1) €@3,2) €@3,3) €@3,9

By repeated use of (1.12) we obtain all other entries, and these are related to Padé ap-
proximations of various orders. The diagonal approximations [p/p]s(z) at a given
z can be read off from the underlined entries with even indices m:

[p/plf(2) =€(0,2p), p=0,1,....

We stop the algorithm when the value of the denominator of the fraction in (1.12)
drops below a prescribed tolerance; since the convergence is very fast, this can be
set to ~ep. Some authors recommend the Wynn procedure as the best general algo-
rithm to accelerate the summation of any slowly converging series [18].

As an exercise, compare the extremely slow convergence of the partial sums
Sy = Zzzo(—l)k/(k + 1) with lim,—« Sy = log2 (second column of the Wynn
table) to the much faster convergence of the entries €(0, 0), €(0, 2), €(0,4), ... in
the first row of the table!

Example The Wynn procedure also enables us to evaluate asymptotic (divergent)
series in the sense of Sect. 1.3.2. The exponential integral f(z) = Ei(z) for large
positive z can be represented by the asymptotic series

, 00 gt e ? o2 3
Ei@)= [ —di~—|l——+5-S+-| zooo  (LI3)
.t z z ¢z

The partial sums of (1.13),

Sn:— n>0, (1.14)

do not converge for any z, as the upper two curves in Fig. 1.4 (left) indicate for z = 2
and z = 4. (At even higher z, the minimum of the error would just shift to the right
and downwards.) The lower two curves in the same Figure show the error when the
series is evaluated by the Wynn algorithm.

Example A physically more convincing use of the Wynn’s method for divergent

series is described in Problem 1.5.5. There, the function f represents the Coulomb
scattering amplitude with a divergent power series in z = cos6:

1 & i
FO) =52 ;(21 + 1) Pi(cos0) (e*" —1). (1.15)

The errors of the partial sums of (1.15) and of the Wynn approximations with respect
to the exact amplitude are shown in Fig. 1.4 (right).
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s =
£ 5 . 18 50 2=cos(65°) . ]
o series ul-‘ series
L z=2 z=4 ~ Re f,(z)
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° 0 = o0 YMVM .AW.Y.AVA y 3
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logulS.(z)-Ei(z)l | = \ Im f.(2)
-5 g, -5t 7 R B
Wynn =
z=2 SR Im [n/nl(z)
10t 4 -0t 1
Wynn o\
Re [n/n)(z)
_15 [ logyolln/nle(z)—Ei(z)! ]l —1s8f
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n n

Fig. 1.4 Evaluation of asymptotic series by the Wynn algorithm. [Left] Errors of the partial
sums (1.14) of (1.13) and of the Padé approximation [n/n]g; with respect to the exact values
Ei(2) and Ei(4) as a function of the index n. [Right] Errors of the partial sums of (1.15) and of
[n/n]y with respect to the exact amplitude (1.71) at 6 = 65°

1.2.4 Approximation of the Evolution Operator for a Hamiltonian
System

The time evolution of a quantum Hamiltonian system from time ¢ to time ¢ + At
(for example, of a wave-function W (x, t) governed by the non-stationary Schrédin-
ger equation) is given by

W(x,t+ At)=e HA/Mg (x 1), (1.16)

In difference methods for partial differential equations (Chap. 9) we prefer to ap-
proximate the evolution operator exp[—iH At /h] by low-order unitary approxima-
tions. If the order of the approximation is too low, the solution can become noisy and
meaningless even on short time scales. If H does not depend on time, a good way to
improve the accuracy of the difference method in its temporal part is to approximate
the exponential operator by a diagonal Padé approximation

o0 M
Il+aiz+---+auz
z_ k_ O(2M+1 1.17
=2 as T bzt by TOE ) (1

where cx = 1/k!, and the coefficients a,, and b, are complex in general. The coef-
ficients at a chosen order M are computed by the procedure described on p. 10. The
numerator and the denominator of (1.17) can then be factorized as [16]

_ H( 1 —z/z*(M)> L O(2MH), (1.18)

142z/z
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where zEM) are the zeros of the numerator, and z:(M) the zeros of the denominator

(which are just their complex conjugates). For example, these zeros up to M = 3, in
double precision, are

zil) = -2,
25 =-3£iV3,
2Y = —4.6443707092521712,
25 = —3.6778146453739144 £ i3.5087619195674433.
At the lowest order (M = 1) the expression (1.18) with z = —iH At /h simplifies to

1 — JiHAt/h
1+ JiHAt/h

—iHAt/h _

+0(AF).

€

In the context of (1.16) this can be read as

1H At iH At
|:1+ ]\I/(x,t+At)=[l— ]lll(x,t)

2h 2h

(see Problem 9.13.8). At higher orders, we get a product operator

M . (M) (M)
e iHAL/R l—[ EM)  pOn) _ L+ GHAL/R)/zs " Ry
s s : *(M) — (M)’
1 — GHAL/R) /2 L

s=1

which allows us to compute the time evolution as
W, tyr)) = ESD - EMEMW (1), gt — 1, = At
In a practical implementation, this implies a sequence of steps
LgM)\IJ(x, iy 1/m) = RgM)\I’(x, In),

M M
LW, tyraym) = RMW G, tygm),

M M
LUPW(x, tyr1) = ROPW (X, tar -1y m)-

Note the symbolic notation: #,+1 = t, + At for each n, but the time advance in each
line (t, = tat1/M> tar1/M = tag2/M, - - -) is not equidistant. If A does not depend
on time, the sequence of steps is arbitrary. The band structure of matrices L and R
depends on the spatial discretization of H': if it contains the kinetic energy operator
—(h?/2m)d?/9x?, which is discretized in the form (9.11) on an equidistant spatial
mesh, the matrices are tridiagonal; if it is discretized as in (9.12), they are pentadi-
agonal. Details can be found in [19]; the methods for time-dependent Hamiltonians
are discussed in [20, 21].
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1.3 Power and Asymptotic Expansion, Asymptotic Analysis

Power expansion is a tool to describe the behavior of a function in the vicinity of
a specific point, while asymptotic expansion and analysis are languages in which
we express the dependence of integrals and solutions of differential equations on
parameters governing their behavior in the limit of very small or very large values.
The basic notation (symbols O, © and ~) is given in Appendix A.1.

u, Th Example A nice instance of asymptotic analysis can
0 ¢ 6, be found in the study of the system of two freely
\ Ja \ rotating electric dipoles with an interaction of the
ro form
K12
Vi(r, Q)= 3 F (), Q=(01,02,9),
dmegr
where F(€2) = —2cos6i cos6 + sind; sin6, cos¢. One encounters such systems

in studies of orientation of nitroaniline molecules in zeoliths. The relevant quantity
is the interaction energy V weighted by the Boltzmann factor exp(—V/kT) and
averaged over all possible orientations of the dipoles €2,

(Ve V/AT) = k2 [dQF(Q) et _ M
dregrd  [dQerFE) 7 dreor3kT’

where d2 = sin 6 sin6, d9; df, d¢. By using standard collections of integrals [22,
23] the triple integrals can be reduced to a single integration [24, 25],

d 8 2 sinh2
(Ve V/AT) = — B2 2 100 K0, K(A) = —— / T dx
4 egr3 da NIV

We are interested in the behavior of K (1) for large values of the parameter 1, i.e. at
fixed r and low temperatures 7. By asymptotic analysis (see p. 23) we get

KO dm & jy 2ty (1.19)
3 A2 30 A2 9p3 ’
or
doeky=rd , 2 2 A — 00 (1.20)
4. _ Ak, 22 _ .
an 8 K dx YV

The terms in the expansion (1.20) have clear physical meanings. The leading term
42 does not depend on T and reflects the attraction of the dipoles in the state with
61 = 6> = 0 that has the lowest energy, (Vexp(—V/kT)) = —uip2/2meor>. The
second term (proportional to 7') expresses the average potential energy of a pair
of anisotropic two-dimensional oscillators [24, 25]. The third term (proportional to
T?) corresponds to the non-harmonic part of the potential.



1.3 Power and Asymptotic Expansion, Asymptotic Analysis 17

1.3.1 Power Expansion

Assume that a real function f is at least (n + 1)-times differentiable in the vicinity
of the point xo. The nth order power (Taylor) expansion of f is defined as

n (k)
f(X)=Z%(X—Xo)k+Rn(X) (1.21)
k=0 :

with the remainder

_ X f(n—H)(t) ; B f(n+l)(x*) el .
Rn(X)_/XO T(X—t) dt-w(x—xo) s X G[X(),X].

In the last step we have used the mean value theorem [26]: for any continuous func-
tion g on the interval [a, b] there exists a point a < x* < b such that

b
/ ¢ () dx = g(x*) (b — a),

and g(x*) is the average value of g. If at x¢ all derivatives of f exist and are finite,
f can be expanded in the vicinity of x¢ in an infinite series. This series converges
on the interval (xg — r, xo + ) where r is the convergence radius of the series. It is
given by the formulas (1.55).

The extension of the Taylor series to the complex plane and inclusion of negative
powers of the arguments is called the Laurent expansion:

f@=Y at -0t a= 1 @

= —_— Z_
3 k+1
= 271 ), (z —z0)

Here y is an arbitrary closed contour encircling zg in the positive sense. According
to the coefficients {a_j}ren of the negative powers, we have three distinct cases.
The function f is analytic if all these coefficients are zero; it is meromorphic if
there exists a minimal N such that a_; = 0 for Vk > N; if such N does not exist,
we say that f has an essential singularity at zg.

1.3.2 Asymptotic Expansion

The asymptotic expansion of a function is a series, the partial sum of which is an
approximation of this function in the regime where the parameter describing the
asymptotics becomes large or small. The classical example, used by virtually all
textbooks (see, for example, [27]), is the gamma function. For small x we have the
Laurent expansion

y:

1
F)=——y+|5+=75)x+. 0<lx|<l, (1.22)
X 2 12
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where y ~ 0.577216 is the Euler constant. The expansion (1.22) converges for all x
satisfying O < |x| < 1, and both the left and the right side are functions of x. On the
other hand, for large positive x, we have the expansion

F(x)fve_"x",lz—n l—l—i—l—;—l—--- , X — 00, (1.23)
X 12x  288x2

which does not converge for any x! The right side of (1.23) represents an asymptotic
expansion of the function I'(x) in the limit x — oo and is not a function of x.
It is merely a sequence of approximations for the function. The error due to the
truncation of the series at order n and fixed x does not go to zero when n is increased,
but it does vanish when x — oo at fixed n.

An asymptotic series may converge or diverge. Colloquially, an asymptotic series
usually means a divergent series. If the series converges, it can be summed up to an
arbitrary term. But it makes no sense to sum a divergent asymptotic series; rather, we
use such a series to obtain as good as possible an approximation to the function f.
We sum the series only until the sequence of partial sums appears to converge, or
stop the summation with the term just before the smallest one. (It turns out that in
many asymptotic series the truncation error does not exceed the first omitted term.)

For a more general discussion of asymptotics at an arbitrary point xo we choose
a sequence of functions {¢y};2,, with the property ¢x11(x) = O(¢(x)) in the limit
x — xo and ¢k (x) # 0 in the neighborhood of xq, excluding xq itself. The sum
Y heo ck@x (x) is called the general asymptotic expansion of f if

f&) =) cape(x) + 0(du(x)),  x — xo. (1.24)

k=0

The limit point x¢ can be finite or infinite. With the chosen sequence of functions
{&x}, the expansion coefficients in (1.24) are given by

) = e e ()
cr = lim

X—>x0 o (x)

, k=0,1,...,n. (1.25)

Example (See [27], p. 30) We seek an asymptotic expansion of the function

1 _x( 1)‘1
fO)=—+e(1-=) , x—o00, (1.26)
X X

based on the sequence of functions {qbk(x)},fio = {l,x_1 Jx 72 .}. We compute
the coefficients c; of (1.24) by using (1.25): we get co = limy_— 00 f(x)/do(x) =0
and c; = limy— o (f(x) — coo(x))/¢p1(x) = 1, while ¢ = 0 for k > 2. Based on
the chosen sequence {¢ (x)};2,, the function f has the expansion

1
f(x)~c1¢>1(x)=;, x — 00. (1.27)
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The same function f can have another asymptotic expansion if a different sequence
(i), is chosen. If we select {¢ )2, = {Ix e * e *x~le*x2 ..}, we
get for the same f as before the coefficients co =0 and ¢, = 1 for k > 1, thus

1 o0
fx)~— —l—Ze_xxl_k, X — 00.
x
k=1

By reading this example backwards we realize that different functions may corre-
spond to the same asymptotic expansion. Based on the sequence {1, x~ !, x72,...}
both (1.26) and f(x) = 1/x have identical expansions, namely (1.27).

1.3.3 Asymptotic Analysis of Integrals by Integration by Parts

For an arbitrary function f and positive m € N let f;,, (lower case) represent its mth
derivative and F,, (upper case) its mth indefinite integral,

am f dF,,
fO:fy fmzm, K: m—1-

Suppose we are interested in the asymptotic behavior of the integral

b
I(}) :/ gA, x)h(A, x)dx,

where the asymptotics is determined by the parameter L. Let g be at least n-times
differentiable and let & be integrable. By using integration by parts, /(X) can be
written as the sum

n—1

L0) =" sk(W) + Ru (),

k=0

where the terms s; and the remainder R, are
st = (=D*[ge(r, b) Hi1 0n, b) — gk (s @) Hy1 (1, )],
RaG) = (—1)" /abgna,x)Hn(x,x)dx.
If g is (n + 1)-times continuously differentiable, we have R, =s;,, + R,+1, which

can be used to estimate the value of the remainder in two cases [28].

1. If g and h are real and the products g, H, and g,4+1H,+1 have constant and
equal signs on [a, b], then R, has the same sign as s, and opposite than R, 1,
and |R,| < |s,|. Example:

g0 x)=(1+rx)"", h(x) = exp(—x),
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Fig. 1.5 Computation of the / (A) = fah e (1 + Ax)~'dx on [a, b] = [0, 3] at small A by asymp-
totic series. [Left] Divergent behavior of partial sums as a function of A at n = 10, 30, and 50.
[Right] The size of the first omitted term s, and the remainder R, as a function of n at A = 0.02
and 0.06: we see that |R,| < |s,|. (The error /(1) — I,(X)| has the same qualitative behavior.)
We stop the summation when we reach the minimum in this graph. This point also determines the
smallest error one can achieve at a given A

where 0 < (=1)" R, < (—1)"s,,. In the case a = 0 and b = 0o we are dealing
with the Euler integral 1(}) = fooo e *(1 + Ax) " dx, which can be represented
as a finite alternating series and the remainder

e—x

T = (=D + (=" o+ 1)!/0 A +ix)2 dx,

k=0

and which is closely related to the exponential integral Fi (see Fig. 1.5).

2. If g is real, | H, 41| an increasing function of x, and both g, and g, have con-
stant and equal signs on [a, b], or if g is real, |H,1]| is a decreasing function
of x, and both g, and g,1 have constant but opposite signs on [a, b], we have
|Rn| < 2|sn|.

If A is complex, we rename x — x/A; thus g(x) = (1 + x)~! and (A, x) =
A~ Lexp(—x/A). Then for Re > 0, the functions g,, g,+1 and H,, correspond
to the second criterion of item 2 above, and we have |R,| < 2|s,|. At any rate, the
remainder R, is on the order of the first omitted term, R, = O(s,).

The approach described above is particularly useful when % can be integrated
easily, like in the case of h(A, x) = exp(Ax) when H,, (X, x) = h(x)/A™. This is the
foundation of the asymptotic expansion of Laplace and Fourier integrals

b b
L(A):/ e M (x)dx, F(A):/ e (x)dx,
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in the limit A — o0, which are hard to compute by other means. The asymptotic
expansion of the Fourier integral is

n—1 ,.\ k+1
Fa() = ZG) [e"6© (@) — ™ © B)] + Ru(2).
k=0

The remainder after the truncation of the series to n terms,

\n b
an:(%) / 6™ (1) dr,

has an upper limit when dealing with finite intervals [a, b]. By integrating the re-
mainder by parts one more time, we get [28]

b
|Rn()")i < k_"_1|:|¢(n)(a)| + |¢(n)(b)| +/ |¢(n+1)(x)| dxi| — O()\_n_l).

1.3.4 Asymptotic Analysis of Integrals by the Laplace Method

Here we analyze integrals of the form

b
I(W) = / ¢ (x)e M dx (1.28)

in the limit of large positive A, where ¢ and & are real functions of a real variable x.
Assume that / has a global minimum at one of the internal points £ of the interval
[a, b], thus A’ (§) =0 and h” (&) > 0. Therefore exp(—Ah(x)) reaches its maximum
at £ and in its vicinity we may expect the largest contribution to the integral (1.28).
We expand £ in the Taylor series around &,

1
hx) =h(E) + 2" ) 0x - £)2+0((x —8)), (1.29)

while we take simply ¢ (x) = ¢ (£). When these are used in the integral (1.28) and
its integration limits are extended to [—o0, +00], we obtain

b 00
IO ~ / @ (€) e—)»[h(é)-ﬁ-h &) (x—£)?/2] dx ~ ¢ (¢) e—)»h(f) / e—)»h #)x%/2 dx.
a —00

This is the Laplace approximation, which is the leading term in the asymptotic ex-
pansion
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If h reaches its maximum only at x = a and #’(a) > 0, the leading term in the
asymptotic expansion becomes

1 1
1oy =e @[ 2@ (1 . A , 1.31
) =e v O — 0 (1.31)
while if it reaches its minimum only at x = b and 4’ (b) < 0, we have
_ b) 1 1
1oy =e | 2O L (1 . A . 1.32
A =e W) +0( 3 — 00 (1.32)

The asymptotics of the integrals of the form (1.28), where the dominant contri-
butions originate in the minima of 4, is given by expressions (1.30)—(1.32) [27].
Similar formulas can be derived for the case where exp(Ah(x)) appears in the inte-
gral (1.28) instead of exp(—Ah(x)).

Example We seek the leading term in the asymptotic expansion of the integral

1 _ _
109 :/‘ exp(—A[l —;—x(l X)) d
0 xc+1

, A—> 00

In this case A(x) =1 4+ x(1 — x) and ¢ (x) = 1/+/x2 + 1. The function / reaches
its minimum at both extreme points of the interval, x =a =0and x =b =1, at
which h(a) = h(b) =1, h'(a) =1, K’ (b) = —1, ¢(a) = 1 and ¢(b) = 1/+/2. The
asymptotic expansion is therefore given by the sum of (1.31) and (1.32):

1(%) =e)‘[(1 + %)% + O(%)} A — o0.

As an exercise, see how the integral behaves in the limit A — —oo.

For better Laplace approximations, we need a more general expansion [29]. As-
sume that 2 has only one minimum on the interval [a, b], at x = a; otherwise, we
split the whole interval on suitable subintervals. Assume that £ in the vicinity of
x =a (in limit x N\ a) can be represented as

h(x) ~ h(a) —{-Zas(x —a)’te, (1.33)
s=0

where o € R and o > 0, ag # 0, while ¢ can be represented as

$(x) ~ Y by(x —ay Pt (1.34)

s=0

where by # 0 and we require Re 8 > 0 for the constant 8 € C. Let &’ and ¢ be con-
tinuous around x = a (except perhaps at x = a itself). Under these assumptions, if
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s =
h(x)=x—log(1+x) "g h(x)=x—log(1+x)
T
<
= (w/2)"2 "2
I3 (leading term)
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Loplace (leoding term)
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Fig. 1.6 Asymptotic behavior of (i) = fooo ¢ (x)exp[—Ah(x)]dx, where ¢(x) = 1 and
h(x) = x — log(1 + x). [Left] Exact dependence on A and the leading Laplace approximation.
[Right] The error of the approximation. The function 4 has a minimum at a = 0, where it can be
expanded as h(x) = x2/2 — x3/3 +x*/4 — ... . By comparison with (1.33) and (1.34) we get
a=2,a,=(—1)°/(s+2),B=1,bp=1, and by =0, s > 1. From here we get the coefficients
co=1/+/2,¢1 =2/3,and ¢; = +/2/12 of (1.35)

the integral 7 (1) absolutely converges for all large enough A, we have the asymp-
totic expansion

—Mh(a) (St 8 Cs
I(W) ~e >r — )i Ao (1.35)
s=0

The coefficients c; in the expansion (1.35) can be expressed by the coefficients ay
and by for k < s. Here we write the first three,

bo
=47
Ol(lg/a
by (B+Darby| —g+1
¢ = [; s (136)
0

_[bz (B +2aib
o=|--—

5 + {(a+ﬁ+2)a12—2aaoa2}

ag 203a?

(B +2)bo ]a—(ﬁ+2)/a
0

o o 0 ’
while the procedure to compute any ¢ can be found in [29] and [30]. The estimate
of the error due to the truncation of (1.35) to a finite number of terms is discussed
by [31] in Sect. 3.9. The general Laplace method is illustrated in Fig. 1.6 and by the
following example.

Example Let us revisit the calculation of the average interaction energy of two
electric dipoles and its asymptotic behavior at low temperatures (1.19). We use the
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Laplace method to analyze the integral

K 8 / 2 sinhAx & 47 |: / 2 M q /‘ 2 e dx}
— = x— —_—
N RV V3L Var=a VX2

o L)

in the limit A = 12/ (dmweor3kT) — oco. By using x > —x the first term can be
rewritten as

2 eAx —1 e—)Lx
Il(k)zf 4dx=/ ——dx,
1 V/x2 -1 2 AxZ—1
so that h(x) = x and ¢ (x) = 1/+/x% — 1. The function & has a minimum at x =a =

—2, as required by the assumptions for the expansion (1.35). Since % is so simple,
its expansion (1.33) has only two terms,

hG)=x=h@)+ Y as(x —a)*** = -2+ ap(x — (=2)) " +0+0+---,
s=0

from which we read off « = 1, ap = 1, and a; = 0 for s > 1. We expand ¢ around a
in the Taylor series and compare it to the expansion (1.34),

1 1 2(x —a) (x—a)2 ad _
= = — —— bs _ ) tB 1’
e e R R W S V- D Dl

from which we infer 8 = 1, by = 1/+/3, by =2/(3+/3), and by = 1/(2+/3). By
using the coefficients a; and by we compute cg by (1.36) and use them in the ex-
pansion (1.35). We get co = by, c1 = by, ¢ = by. Finally, we have —Ah(a) = 24,
thus

Li(}) e”[l+ 2,1y }
1) = o,

V3h3V332 0 V33
from which (1.19) follows. The integral I>()) is already in the appropriate form,
with the function A (x) = x reaching its minimum at x = a = 1. Since I(X) behaves
like e it is negligible in comparison to /7 (X) in the limit A — oo.

1.3.5 Stationary-Phase Approximation

The method of stationary-phase approximation is used to deduce the asymptotic
series for integrals of the form

b
1(}) :/ ¢ (x) e dx, (1.37)
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2 —

h(x), cos(Ah(x)), sin(Ah(x))

Fig. 1.7 The basic idea of stationary-phase approximation. At large A the function exp(iii(x))
in (1.37) rapidly oscillates around zero. In the regions of large variations of 4 (x) the contributions
to the integral therefore largely cancel out, while there is much less cancellation where the variation
is small (near maxima and minima)

where & is a real function of a real variable x. The integrand thus contains the expo-
nential function with an imaginary argument, and we are interested in the behavior
of the integral at |[A| > 1. In order to compute I (1) for negative arguments, we use
the symmetry I (A)* = 1(—X).

The approximation can be established by realizing that the leading contribution
to I(A) for A — oo comes from the integral over the points at which the phase
function h is stationary, that is, h’(x) = 0. Assume that # has only one minimum
(h" (&) > 0) or one maximum (h”(£) < 0) on the interval [a, b], at £. We insert the
expansion (1.29) into (1.37) and obtain

b b
o= / b (&) MO OC—67/2] 4 — g () G E) / M ) —8)7/2 4
a a

We extend the integral on the right to the whole real axis and obtain the leading term
of the stationary-phase approximation:

2 . T .
I()~ ¢(€)‘/m exp{l[kh(é) + 1 sign(h (E))} } (1.38)

where we have assumed h”(§) # 0 and used ffooo e dx = Jmel /4,

Example We are interested in the leading asymptotic term of the integral

)

T .
1) = / G (x) e dx,  h(x) =sin@x)e" /10, p(x) =
0 x2+1
in the limit A — oo. On [0, ], the function /4 has a maximum at & = 0.8266 and
a minimum at & =~ 2.4776 (see Fig. 1.7). At these points, h”(§1) ~ —4.0841 and
h" (&) ~ 7.2550. The asymptotics of the integral is determined by two contributions
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of the form (1.38) which, at any A >> 1, are computed for £ = & and & = &, and
then summed. With A = 20, for example, we obtain

1(20) ~ (—0.0487 + 0.35661) + (—0.4814 + 0.27811) = —0.5301 4 0.63471,

while 7(20) &~ —0.5290 + 0.62801 by precise numerical integration. The leading-
order stationary-phase approximation to the complex value of the integral thus leads
to the error in the modulus of ~0.5 % and in the phase of &~ 0.2°.

Higher terms of the stationary-phase approximation can be obtained by the gen-
eralization of this method [29]. Assume that & has a finite number of stationary
points (zeros of A'(x)) on the integration interval. We split this interval into subin-
tervals such that there is one stationary point at the lower edge of every subinterval.
Let [a, b] be such a subinterval, and let 4 be monotonously increasing on [a, b],
thus 4’(x) > 0 for x € [a, b] (in the opposite case, we transform x — —x). Assume
that % has the form

h(x) =h(a) +(x —a)*hi1(x), hi(a)#0,
where 1 is smooth on [a, b] and a > 1. Let ¢ have the form
P(x)=(x—a) ' p1(x),

where ¢ is smooth on [a, b] and S € (0, 1]. Then the asymptotic expansion of the
integral (1.37) in the limit A — o0 is

L N=L e RN U BN .
1) =@ Zan(ﬁ + R —h®) Zb,,(ﬁ +R),
n=0

n=0

where R](\}) = O~ WN+P)/y and R1(v21) = o(A"M) are the remainders due to the
truncation of the series (see [29] for details). By introducing new variables r* =
h(x) — h(a) the coefficients a, can be determined as

1 n+B\/d\'[/x—a\l! dx
o (0@ () o]

and the coefficients b,, as

1 d\"[¢ex
by, = —
h'(x) dx h'(x)
Only few instances of functions . and ¢ allow for a simple calculation of the co-
efficients a, and b,,. We typically let this work be done by programs for symbolic

computation like MATHEMATICA [32] (routine InverseSeries). In connection
to the integration of rapidly oscillating functions see also Sect. E.2.

x=b
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General integrals along a contour C in the complex plane
1) = / g(2)e@Ddz, A — o0,
c

where f and g are analytic, can be computed by means of the method of steepest de-
scent and by the saddle-point method, which are both similar to the Laplace method
in spirit, but technically more complicated. For further information, we refer the
reader to [29] and [33].

1.3.6 Differential Equations with Large Parameters

Asymptotic approaches are also applicable to the analysis of differential equations.
For a physicist, second-order homogeneous equations

Y') + pCe, )Y () +g(x, My () =0 (1.39)

in the limit A — oo may be particularly relevant. By using the ansatz y(x) =
z(x) exp —% f p(x,2)dx) (1.39) can be put into the standard form

1 1
Z"(x) + h(x, M)z(x) =0, h(x,k):q(x,A)—Ep’(x,)»)—zpz(x,)»). (1.40)

Assume that i(x, A) has the Laurent expansion
o0
h(x,k):kszhn(x)A_", (1.41)
n=0

where k is a positive integer and hg # 0. By using this expansion, a large class of
problems can be treated, in spite of the seemingly restrictive character of the leading
term ~ A% in (1.41). Equation (1.39) has two types of solutions [28].

The First Type of the Solution has the form
20, ) = A(x, 1) S, (1.42)

where we have introduced the amplitude function A(x, A) and the action function
S(x, ). They are defined as series in the parameter A:

o) k—1
A, 2) =) an(0)r™", S(x. ) =25 by (x)n" (1.43)
n=0 n=0

When we insert (1.42) in (1.40) and collect the terms with powers A= we get

(by)” +ho =0, (1.44)
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m—1
2b0b), +hw+ Y byby, =0, m=12. k-1, (1.45)

n=1

where ’ denotes the derivative with respect to x. This is a system of differential
equations for the coefficient functions b, of the action S(x, A). Since hg # 0, squar-
ing in (1.44) implies two possible signs for the derivative of the leading coefficient,
b(y = +/—ho. These possibilities correspond to two linearly independent solutions
of (1.40), as expected for a second-order equation. We then use the computed b, in
the equations for the coefficient functions a,,:

k—1
2agby + ao (bg + hy + Zb;b,@n) =0,
n=1

(1.46)
n n
2apby+ Y an-mAn+2Y an by, tan =0, n=12,...
m=0 m=1
The functions h,, a,, and b, are zero if the subscripts are outside of their ranges

required by (1.41) and (1.43), thus h_, =a_,, = b_,, = by_14, = 0 for Vn € N. We
have also introduced

k—1
Am=by +hickm + D by
[=m+1

The Second Type of the Solution of (1.40) has the form

oo
s ) =D Z@ =2 ) a0 (1.47)
n=0

where k is a positive integer. When the ansatz (1.47) is used in (1.40) and the terms
with equal powers of A are combined, we obtain
(ch)* +ho =0, (1.48)

n—1
2hch +hnt Y CpChy =0, n=12,.. k=1, (149

m=1

n—1
24¢h +hn Yl ten =0, n=kk+1,..., (1.50)
m=1

while the functions c_, vanish for Vn € N. By determining the phase of the leading
term (the derivative of which has two possible dependencies, c;, = £+/—ho) this
procedure yields two linearly independent solutions of (1.40).

For subscripts 0 <n <k — 1 the system of equations (1.44) and (1.45) for the
functions b,, is the same as the system (1.48) and (1.49) for the functions c¢,, so
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b, = ¢, for 0 <n <k — 1. By comparing (1.42) to (1.47) it becomes clear that
the amplitude function of the first-type solution is just a formal expansion of the
remainder of the action of the second-type solution,

A(x,A) =exp (Z Cn (x)kk_"> ,

n=k

with functions {cn}zik determined by (1.50).
We have assumed that 2(x, 1) as a function of A has a pole of even degree at
infinity, h(x, ) = OO, If the pole has an odd degree, h(x, A) = OOk, the solu-
tions (1.42) and (1.47) are not valid. In this case we can introduce a new asymptotic
parameter A’ = A!/? and use A’ in the formulas derived above.
The procedure described here is called the WKB (Wentzel-Kramers—Brillouin)
method. The special case k = 1 coincides with the problems of the Schrédinger

equation for a particle of mass m in an one-dimensional potential V,

n? 92
—%QW(X)+[V()C)—E]W(X):0. (1.51)
In the limit of large energies £ — oo or small Planck constant 7 — 0 we speak of
a semi-classical approach. The asymptotic parameter A then represents high ener-
gies E = A2 or the smallness of = A~!. The WKB method is illustrated by the
following example adapted from [27]; for details, see [34, 35].

Example The classical example of the WKB method in quantum mechanics is the
calculation of the particle’s wave-function in a space with linear potential [34].
In (1.51) this means V (x) = A%x, and it can be rewritten as

Z"(x) = A2xz(x) =0 (1.52)

by a suitable change of variables. This equation is of the form (1.40) with h(x, L) =
—A2x, but let us pretend for a moment that & is still general and has the expan-
sion (1.41). To solve (1.52), we use the ansatz (1.42). First, we determine the leading
coefficient of the action, bg. From (1.44) it follows that

hg(x) *
by =/, b0 =F5 A b = [ (D
0 0 2J/=ho(x) o
The lower integration limit x* will be determined in the following. We compute
the coefficient g of the amplitude function (1.43) by using (1.46), 2a,b;, + aob; +
aoh1 = 0. This is a differential equation for ag:

d 1A, h
ﬂ:<___0;|: ! )dx
4ho  24/—ho
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We use hyy/ ho = (log hp)’, and obtain

ap(x) = exp{:;:l det}.

2 Jer N —ho(t)

Since k = 1, the series (1.43) for S(x, ) contains only the term Mbor0 = Abg. The
final structure of the solution to the leading order in A is therefore simply z(x, X)) =
ap(x) exp{rbo(x)}, but its precise form still depends on the sign of the coefficient
function h¢ from the expansion (1.41).

The point x*, in which kg has a simple zero, (ho(x*) =0, hf)(x*) #0), is called
the rurning or transition point, since the physical character of the solution changes
at this point. In the region where hg > 0, the expressions written above yield two
linearly independent oscillatory solutions

LY )
oGr )]‘/4 eXp{il / Vho(t)dr £ 5 0 d}

while in the region with /4y < 0 we get exponentially increasing or decreasing solu-
tions

ol )
T >|]1/4exp{ﬂf o] 3 Wdt}

In order for the WKB analysis to be valid, some authors require that the whole
function %, not just its leading term /¢, should have a zero at the turning point. It
turns out that it is very hard to formulate an asymptotic analysis of the WKB type if
h has a zero in the region being discussed while /¢ does not. The explicit demand
that /o has a simple zero can thus be understood as a necessary condition for the
applicability of the WKB method.

Let us reconsider (1.52). From (1.41) we read off hgo(x) = —x and h,(x) =0
for n > 1. In the exponents of zgtsc (x, ) and z;ip (x, 1) only the first term appears,
and the turning point is x* = 0. In its vicinity the WKB approximation fails (see
Fig. 1.8). The solution of (1.52) in the WKB approximation to the left of the turning
point (x < x* and hp(x) > 0) is a linear combination of the solutions zgic and Zosc
The solution on the right (x > x* and hg(x) < 0) is a linear combination of zexp and

1
[0 ()14

ZE () &

Zexp'

The method described above can be generalized to the case when /4 has a zero
x* of degree p. Assume that / is analytic at x* and that in the vicinity of x*, in the
limit A — oo, it has the asymptotic expansion

h(x,2)~Cr*(x —x*)’, CeR. (1.53)
By substitution x — x* = |C A2k|_1/(2+”)t and by using (1.53) we rewrite (1.40) as

d?z(r)

i +s5tPz(t) =0, s =sign(C).
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z(x)

A=20
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X

Fig. 1.8 The solution of z”(x) — A%xz(x) = 0 with A =20 in the WKB approximation. The exact
solutions (thin lines) are given by the Airy functions Ai and Bi (Problem 1.5.2). The coefficients «,
B, v, 8 and x in the linear combinations zZ_ and zip are determined such that the WKB solutions
match the exact solutions far from the turning point x* =0

This equation is valid near r = 0. Its solutions are known [36] and can be expressed
in terms of the Bessel functions of the first and second kind [22] as

2 =1 CiJipg(t?/q) + CaY1yaq 10 /q); s =+1,
Cili)2g(t7/q) + C2K1)24(t1/q); s =—1,

where g = %( p +2). In seeking the solutions over a larger region, the constants C
and C; can be determined such that the solution near the turning point matches the
solution far from the turning point in amplitude and phase.

For details on the formulation and use of asymptotic series see [28] and [29].
Connections of asymptotic series to special functions are discussed in the classic
work [31].

1.4 Summation of Finite and Infinite Series

Physical quantities are often represented as infinite or finite series

00 n
S=Zak, Sn=Zak, akeRorake(C.
k=0 k=0

The sum S, of the first n + 1 terms of S is the nth partial sum of S. The series S
converges if the sequence {S,} converges, i.e. if for any ¢ > 0 a « € N can be found
such that for each p € {0} UN we have n > x = |51, — Su| < &. A convergent
sequence converges to a finite limit and this limit is its one and only cluster point.
The series S is said to diverge if the sequence {S,} has a limit at infinity, has multi-
ple cluster points or has no cluster points at all. Sometimes we carelessly interpret
divergence as “convergence” to infinity.
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General properties of series and summation methods are treated by the theory of
summability [37, 38]. Further reading on modern techniques of symbolic summation
of series to closed forms can be found in [39, 40].

1.4.1 Tests of Convergence

Tests of convergence are procedures used to identify sufficient conditions for con-
vergence of infinite series Y, ak. In many tests, we disregard the signs of the
terms (if ax € R) or their phases (if a; € C) and only use their absolute values. This
simplification is based on the Cauchy inequality | Y, ax| < >, |ax|, from which we
infer that a series converges if the corresponding series with absolute values of terms
converges (absolute convergence). The necessary condition for the convergence of
any series is limg— o ax = 0.

Comparison Test For a given sequence {ay}ren,, Where all ax > 0, we find a
sequence {by}ren, . If there exists a N € Ny such that 0 < ay < by forall k > N and
the series Zk by converges, the series Zk ay also converges. If at some N € Ny we
find 0 < by < gy for all k > N and the series ) _, by diverges, then the series ), ax
also diverges.

Quotient and Cauchy Square-Root Test In the quotient test we observe the
upper limit of the quotient of the consecutive terms of the series,

Ak+1
ak

o = limsup
k— 00

3

while in the square-root test, we look at the upper limit of the square roots,

p = limsup |ak|1/k.

k—00
The series (absolutely) converges if p < 1, and (absolutely) diverges if p > 1. In the
case p = 1 the test is inconclusive (the series may either converge or diverge).

Integral Test Assume we have a sequence {ax}xen Where all a; > 0, and there
exists a continuous monotonously decreasing function f such that f (k) = aj for all
k > 1. Then the series Y o | ax and the integral /; loo f (x) dx either both converge or
both diverge. In the case of convergence, the difference R, =S — S, = > ¢, ak
satisfies [ f(x)dx < R, < [ f(x) dx.

Kummer’s and Raabe’s Test To perform the Kummer’s test, we need a sequence
{ar}keny» ax > 0, and a sequence {bi}reN,, bx > 0, from which we form the limit

. Ak
p = lim <bk— —bk+1).
k— 00 Ak+1
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The series ), ax converges if p > 0, while it diverges if p < O and the series
Zk 1/by diverges. If p = 0 the criterion is useless. In the case by = k we obtain
the Raabe’s test, where we observe the limit

p= lim (ka—k—k—1>= lim [k( ak —1”—1.
k—oo\  dp41 k—o00 ag+1

The series ), ax converges if p > 0, and diverges if p < 0. In the case p = 0 the
convergence or divergence cannot be ascertained.

Limit Comparison Test To a sequence {ar}ien,, ar > 0, we find a sequence
{bi}keny> bk > 0, such that the limit p = limg_, o ax /by exists. If p is finite and
p # 0, then both )", ax and )", by either converge or diverge.

Leibniz’s Test for Alternating Series An important class of real series is rep-
resented by alternating series Z,‘:O:O(—l)kak where a; > 0 (the consecutive terms
change signs). If a; decrease monotonically and limk_, » ax = 0 holds true, the al-
ternating series converges. The remainder can be bounded as |S — S| < a,,.

Most of the enumerated tests are adapted for analytic work, but very often we can
also use them numerically to determine with large certainty whether a given series
diverges or converges.

We are also interested in the convergence of the power series

o
Y az-z0)f, @ z.20€C, (1.54)
k=0

which is used to describe functions around a point zg. Let us consider only absolute
convergence and define the largest disk (circular region of points z in the complex
plane) {z : |z — zo| < r}, within which the series (1.54) absolutely converges. The
disk radius r is the convergence radius and can be computed as

k41

-1
r= (lim sup |ak|1/k) or r =limsup (1.55)

k—o00 k— 00

1.4.2 Summation of Series in Floating-Point Arithmetic

In floating-point arithmetic, the summation of real series ) ;_,ax implies round-
ing errors. In particular for series with n — oo, precision is of utmost importance.
Substantial work has been done in the minimization of summation errors (see [8, 41—
43]). Here we list three most widely used summation methods that do not require
more than O(n) of operations.

Simple Recursive Summation  Assume that we have the values {ax}]_, and
wish to compute their sum § = ) }_,ar. Most obviously, this can be accom-

plished by computing § = (--- (((ao ® a1) ® a2) ® a3) -+ ® an—1) ® ay, in a loop
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Input: real numbers ag, ay, ..., a,
S = ay;
for k =1 step 1 ton do
| S=8+a;
end
Output: $ is the numerical sum of numbers ax

The deviation of the numerical sum § from the exact sum § strongly depends on
how ay, are sorted. If they are unsorted, we have

n
NN %MnZ|ak|+(9(e§4), (1.56)
k=0

where ¢ is the arithmetic precision (see p. 2) [42]. In simple summation one can
therefore expect a loss of up to log;y# significant digits. The estimate for the upper
limit of the error (not the error itself) is smallest when the terms are sorted as |ay| <
|ak+1]. Sorting requires at least O(n logn) additional operations.

Kahan’s Algorithm A much better procedure to sum a series, by which the effect
of rounding errors is greatly diminished, was proposed by Kahan [44]:

Input: real numbers ag, ay, ..., a,
S =ap;
c=0;
for k =1 step 1 to n do
y=ai —c;
=58+ v
c=(— S') —y; // do not omit brackets
S=r1;
end

Output: $ is the numerical sum of numbers ax

Algebraically, the value of c is zero, but in finite arithmetic it represents a large part
of the lost precision when summing ¢ = S+ y. It is added to the sum in the next
step and by doing this, it compensates the rounding error from the previous step.
The deviation of the numerical sum from the exact one satisfies

n

1S = 81 < (em+ O(neny)) Y lal. (1.57)
k=0

According to (1.57), Kahan’s summation is more precise than simple summation for
nem/2 < 1. In practice, this applies to even larger n (see Fig. 1.9). In the implemen-
tation of the algorithm we should make sure that the compiler does not simplify it,
since the essence of its strength is hidden in the rules of floating-point arithmetic. In
C and C++ variables should be declared volatile.
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Fig. 1.9 Rounding errors in summing series with many terms. Shown is the absolute error of the
numerical partial sums S, = Zzzo(—l)k /(k + 1) with respect to the limiting value S, = log?2.
[Left] Summation in single-precision arithmetic. [Right] Summation in double-precision arith-
metic. The horizontal lines correspond to ey = 1.19 x 107 (left) and ey = 2.22 x 10710
(right)—see p. 2

Recursive Summation of Pairs Summation is an associative and commutative
operation between real numbers. Algebraically, the order of summation is thus ir-
relevant, and this fact is exploited by the Linz procedure [45]. In the first step we
sum the consecutive pairs of terms and obtain a new series. In this series we again
sum the consecutive pairs and repeat this (r = [log, n1)-times, until we are left with
only one term, which represents the final sum:

Input: real numbers ag, ay, ..., a,—1, wheren =2",r e N
m=m'=n/2,
for k =0step 1 tom — 1 do
| So.k = ax + ax41;
end
for j=1stepltor —1do
m' =m'/2;
for k =0step 1 tom’ — 1 do
| Sjk=Sj—1.2k+ Sj—1,2k+15
end
end

Output: S= Sr—1.0 is the numerical sum of numbers ay

Because each term ay in the sum is touched only r-times, the deviation of the sum
S from the exact value S is much smaller than in simple recursive summation:

n—1

A~ EM
|5 =Sl < —logyn )l
k=0
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(compare to (1.56)). For the intermediate sums S; ; we need additional computer
memory to store n/2 real numbers, which is a bit wasteful compared to the simple
and Kahan’s summation which require only O(1) of memory. Linz’s algorithm can
be improved by compensating the numerical error and selecting the pairs in a more
intricate manner. For details, consult [46].

In all three methods we specified the upper bounds for |S — S|; for a given set
of numbers {ax}, all methods may be equally precise. In general, we recommend
Linz’s method unless pairs cannot be formed or this does not make much sense
(for example, for relatively short series). On the other hand, Kahan’s method, which
is both simple and precise, never fails to enchant (see Fig. 1.9). For very precise
summation, we resort to more sophisticated but slower methods like distillation
algorithms described in [41, 47, 48].

1.4.3 Acceleration of Convergence

The convergence of the partial sums S, = ZZ:O ar to the limit § = lim, . S,
may be slow. By “slow” we mean its leading behavior to be |S, — S| = On~7P)
(power) or |S, — S| = O((logn)~P) (logarithmic) where p > 0 is the convergence
order. Slow convergence is not desired since it implies large numerical costs and a
potential accumulation of rounding errors.

We speak of “fast” convergence when it is better than “slow” according to the
definition given above. Ideally, one would like to have exponential (geometric) con-
vergence |S, — S| = O(a™) where a € [0, 1). In many cases, convergence can be
accelerated by transforming the original series into another series that converges
more rapidly. In the following, we describe a few basic approaches. A modern in-
troduction to convergence acceleration with excellent examples and many hints can
be found in [49]; for a more detailed review, see [50, 51].

Richardson Extrapolation Assume that we already know the order of conver-
gence for a series § = ) ;2 ak, so that for its partial sums S, = Y ;_, ax we have

S:Sn—i-:—p—l—(’)(n*r), r>p>0.

We think of the “value of the series” as being the value of the partial sum plus a
correction with the known leading-order behavior «/n?. By transforming
2782, — S Son — Sn

a _ 278w = Sn _
L=y =St 5

the term «/n? can be eliminated and the terms T,,(l) give us a better estimate for the
sum, for which we obtain § = 7)) 4+ O(n~"). The very same trick can be repeated—
until this makes sense—by forming new sequences,

1 (D) (1) 2(2) )
20t T2n — T TG — 2pF T2n — T

7O — =
n p) 2 N n o217
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Fig. 1.10 Acceleration of convergence of partial sums. [Left] Aitken’s method for the sum
S, = ZZ:O(_I)k/(k + 1) with the limit § = lim,— o S, = log2. Shown is the acceleration
of this series with very slow (logarithmic) convergence by three-fold repetition of the Aitken’s
method. For typical series usually a single step of (1.58) suffices. [Right] Kummer’s acceleration
of the sums §,, = ZZ:I 1/ k% with the limit S = lim,_ o0 S, = 772 /6 by using the auxiliary series

Dy 1/ (k(k + 1))

Richardson’s procedure is an example of a linear extrapolation method X,
in which for partial sums S, and 7, of two series we have X(AS, + uT,) =
AX(Sp) + uX(T,). It is efficient if the partial sums S, behave like polynomials in
some sequence f,, that is, S, = S+ cihy,' 4+ cahy” 4+ or Sy =S+ crhlh +
czhﬁ_l + -- -, where the ratio A,/ h;, is constant. If this condition is not met, lin-
ear extrapolation may become inefficient or does not work at all. In such cases we

resort to semi-linear or non-linear extrapolation [49].

Aitken’s Method Aitken’s method is one of the classical and most widely used
ways to accelerate the convergence by non-linear extrapolation. Assume that we
have a sequence of partial sums S, with the limit § = lim,,_, s S;,. We transform the
sequence S, into a new sequence

(Sn-‘rl - Sn)2
Sn+2 - ZSn—H + Su

T =5, — , n=0,1,2,..., (1.58)
where the fraction should be evaluated exactly in the given form in order to min-
imize rounding errors. (Check that the transformed sequence (1.58) is identical to
the column €(n, 2) of the Wynn’s table (1.12).) We repeat the process by using T,,(l)
instead of S, to form yet another, even more accelerated sequence T,,(z), and proceed
thus until it continues to make sense as far as the rounding errors are concerned. Fig-
ure 1.10 (left) shows the comparison of convergence speeds for the unaccelerated
partial sums S, and the accelerated sequences T,,(l), Tn(z), and T,,(3).

Aitken’s method is optimally suited for acceleration of linearly convergent se-
quences, for which lim,_, 5 (S,4+1 — S)/(S, — §) = a with —1 <a < 1. Such se-
quences originate in numerous numerical algorithms based on finite differences. In
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some cases, we apply Aitken’s formula to triplets of partial sums S, p, S,, and
Su—p» where p > 1, because sometimes the geometric convergence of a series only
becomes apparent at larger p; see also Sect. 2.3 and [52].

Kummer’s Acceleration The basic idea of the Kummer’s method of summing
a convergent series S = ), ai is to subtract from it another (auxiliary) convergent
series B = Zk b with the known limit B, such that

lim — = 0.
im 2= p

k—00 D)

Then the original series can be transformed to

T=) a= Zbk+2(ﬂk pbk>—pB+Z(1— >ak (1.59)
k

The convergence of the series on the right is faster than the convergence of that on
the left since (1 — pbi/ax) tends to zero when k — oco. An example is the sum
S =322 ,1/k*> =n?%/6 from which we subtract B =32, 1/(k(k + 1)) = 1, thus
p =limg_ 0 k(k + l)/k2 = 1. We use the terms a; and by, as well as p and B,
in (1.59), and get the transformed partial sum

1
s _1+Z( k(k+1)>_2

which has a faster convergence than the original series. Again, the procedure can be
invoked repeatedly (see [53] and Fig. 1.10 (right)).

1.4.4 Alternating Series

In alternating series the sign of the terms flips periodically,

x n

S=ap—ar+am—a+--=y (~D'a,  S=Y (D
k=0 k=0

In physics such examples can be encountered e.g. in electro-magnetism in problems
with oppositely charged particles or currents flowing in opposite directions. An ex-
ample is the calculation of the electric potential U (x, y, z) of charges of opposite
signs lying next to each other at distances a along the x-axis:

(=¥
\/(x-i-ka)z—i-yz—i-zz.

Ulx,y,7) x Z

k=—o00
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Making a Monotonous Series Alternate For realistic physics problems, the re-
sults of series summation may be unpredictable. Simple recursive summation may
suffer from large rounding errors. On the other hand, the acceleration of alternating
series is typically more efficient than the acceleration of series with exclusively pos-
itive (or exclusively negative) terms. A monotonous sequence can be transformed
into an alternating one by using the Van Wijngaarden’s trick:

o0 o0 o0
Dar= Y (—Drbe. b= "2argini-
k=0 k=0 j=0

Euler’s Transformation  One of the oldest ways to accelerate the convergence of
an alternating sequence by a linear combination of its terms is the Euler transfor-
mation. We rewrite the original sum § =) k(—l)k ay and its partial sum as

ad Akag " Akag
_ § : k _} : k
k=0 =0

where

£ k
Afag = (=1 Z(—l)f'(j)aj.

Jj=0

If there exist N € N and C > 0 such that |A"ag| < C for all n > N, the series (1.60)
converges faster than geometrically with

C
IS = Snl <

_W’ n>N.

In practical algorithms, we first form the partial sums

n
sO=3"(Dfar, n=0.1,....N—1,
k=0

and recursively compute the partial Euler transforms
_Log iy
sl =S s ) i=0n (1.61)

The values T, = s(()") represent the improved (accelerated) approximations of the

partial sums S, (Fig. 1.11 (left)). The procedure is numerically demanding, since it
requires O(n?) operations and O (n) of memory for a complete transformation of a
series with n terms. It turns out that the optimally precise results are obtained not
by using the transform (1.61) with j = N — 1 and n = 0, but with j = [2N /3] and
n = [N/3]. An efficient implementation is given in [54].
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Fig. 1.11 Examples of acceleration of alternating series. Shown are the partial sums
Sy = ZZZO(—I)"ak without and with acceleration. [Left] Euler’s method (1.61) fora, =1/(k+1)
(limit S = lim,_« Sy = log2). [Right] Cohen—Villegas—Zagier’s algorithm 1 from p. 42 by
using Chebyshev polynomials (1.65) and algorithm 2a in [55] for ay = 1/(2k 4+ 1) (limit
S =1lim,;_ o Sy = 7/4). To compute the partial sum to ~ 15 significant digits typically less than
~10-20 terms of the accelerated series are required

Generalizing the Euler’s Method Euler’s transformation can be generalized by
using the theory of measures. In this fresh approach to the summation of alternating
series [55] we assume that for a series Z,fio(— l)k ay, there exists a positive function
w such that the series terms ay, are its moments on the interval [0, 1],

1
asz xFw(x) dx. (1.62)
0

The sum of the series can then be written as

00 1/ o 1
S:Z(—l)kak:/ Y (= Dixfw() dx:/ W) 4y
k=0 0 \x=0

0 1+x

(In the final summation formula the weight function does not appear.) In the last
step, we have used the identity

n—1 n
3 (= kxk = % x| < 1, (1.63)

in the limit n — co. We now choose a sequence of polynomials { P,}, where P, has
a degree n and P,(—1) # 0. To the sequence { P,} we assign the numbers

Py (— 1) Pn(X)
Sy, = P l)f w(x)dx.
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The numbers S, are linear combinations of the series terms ag. This can be seen by
inserting the expression for a general polynomial P,(x) =Y ;_, pr(—x)¥ into the
equation for S,, and observe (1.63) and a; (1.62). We obtain

1 n—1
Su=— > (-Dc"a. d, —Zpk, o = Z P
" k=0

Jj=k+1

The S, defined in this way represent the partial sums of S that converge to S when
n is increased. The difference between the partial sum S, and the sum § can be
constrained as

15— 5] < /] T wwar < )
|P( D TPy (=1)]

where M, = sup,c(o.1j|Pn(x)| is the maximum value of the polynomial P, on
[0, 1]. The sufficient condition for the convergence of the partial sums S, to S is
therefore lim;,—, oo M,/ P,(—1) = 0. The authors of [55] recommend to choose a se-
quence of polynomials {P,} such that M,/ P,,(—1) converges to zero as quickly as
possible. The following three choices are the most fruitful.

The first type of the polynomials P, that may cross one’s mind is

Px)=(1—-x)"=)" (’Z)(—x)k, Pi(-1)=2",  M,=1.
k=0

Namely, the corresponding partial sums are

Si=13 Z( Deear, M=) (”) (1.64)

=k M

and they are identical to the partial sums of the Euler transform (1.60), except for a
different subscripting (the sums (1.60) with subscript n are equal to the sums (1.64)
with subscript n 4 1). By this choice we obtain |S — S,| < |S]/2". Faster conver-
gence, |S — S| < |S]/3", can be obtained by using the polynomials

P(x)=(1—-2x)"= sz( )( —x)k, P,(—1)=3", M, =1.

Here the partial sums have the form

1 n—1 n n
Si= g 2D m. ¢ = 30 2J<.>.
k=0 jokr1 N

A third choice is a special family of Chebyshev polynomials, which have other
beneficial algebraic properties and are orthogonal. We define these polynomials im-
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plicitly by P, (sin? 1) = cos(2nt) or explicitly by

n+j
P,(x) = T(l—2x)—§4’n+l(2 )( —x)/,

where T, (x) = cos(n arccos x) are the standard Chebyshev polynomials of degree n

n [—1, 1]. The polynomials of this sequence are computed by using the recurrence
Pii1(x)=2(1—-2x)P,(x) — P,—1(x), which is initiated by Po(x) =1 and P;(x) =
1 — 2x. For polynomials chosen in this way, one can show that P,(—1) = %[(3 +
V8" 4+ (3 —+/8)"] and M,, = 1. The partial sums

n—1
+J
s DreMay, ™ = g (T 1.65
" P(1)Z( ) “ Z nt+j\ 2j (1.65)

Jj=k+1

converge to the final sum as
21S| 28]
(3++/8)" 5.828"

so we need to sum only n =~ 1.31 D terms for a precision of D significant digits!
The coefficients c,((") and other constants can be computed iteratively and the whole

computation of S, can be implemented in a very compact algorithm [55]

IS —Sul =

Input: numbers ag, ai, ..., a,—1 of an alternating series ZZ;(I)(—l)kak
=GB+ d=(d+1/d)/2:

b=—-1;c=—-d;s=0;
for k=0step1ton—1do

c=b—c;

s =S5 +cag;

=(k+n)(k —n)b/((k+1/2)(k +1));

end
Qutput: partial sum S, =s/d

This algorithm requires O(1) of memory and O(n) of CPU. Similar results can
be obtained by using other families of orthogonal polynomials; the paper [55] de-
scribes further algorithms in which the coefficients of the partial sums cannot be
generated as easily, but yield even faster convergence. For many types of sequences,
these algorithms allow us to achieve convergence rates of |S — S, | < |S|/7.89", in
some cases even the breath-taking |S — S,| < |S]/17.93". However, they require
O(n) of memory and O(n?) of CPU.

1.4.5 Levin’s Transformations

Levin’s transformations [56] are among the most generally useful, handy, and effi-
cient methods to accelerate the convergence of series by semi-linear extrapolation.
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We implement them by using divided differences which are computed recursively:

(Sk—l _ ak—l
akfn — fn+1 fn ’ 80fn _ fn,

Intk — In

where 1, = (n 4+ no)~! and we usually take ng = 0 or ng = 1. To compute the ex-
trapolated partial sums we need the partial sums S, and auxiliary functions i which
depend on the terms of the sequence and its character (monotonous or alternating).
We use the formula

(o) [ ()]
Sjn =28 5 . k=1,2,... (1.66)
Y (n) Y (n)

and take S o (with ngp = 1) or Si,1 (with ng = 0) as the extrapolated sum. Levin’s
transformations differ by the functional forms of 1. The best known are

T:ym)=a,, U:ym)=@m+n)a,,  W: ¥n)=a2/(@1 —an).

The T -transformation is best for alternating series in which the partial sums behave
as S, ~ r", where r is the convergence ratio. The U -transformation works well with
monotonous sequences for which S, ~ n~/ applies. The W-transformation can be
used in either case regardless of the series type, although it is more sensitive to
rounding errors than the U- and T-methods. The U-method is recommended [49]
as a reliable way to speed up the summation of any series. The U -transformation,
including the extrapolation to the limit and providing the remainder estimates, is im-
plemented in the GSL library [57] in the gs1_sum_levin_u_accel () func-
tion.

Example Let us sum the slowly converging series S,, = ZZ:O(_l)k/ (k + 1) with
the limit S = lim,,_, o, S;, = log 2. We choose the Levin’s T'-method and ny = 0, thus
th=n"Vand y(n) = (=1)"/(n+ 1). By using (1.66) with n = 1 we obtain

k= 1 Sy= 0.5 Sk1= 0.7
2 0.8333333333333334 0.6923076923076924
3 0.5833333333333334 0.6932153392330384
4 0.7833333333333333 0.6931436119116234
5 0.6166666666666667 0.6931472579962513
6 0.7595238095238096 0.6931471858853886
7 0.6345238095238096 0.6931471799439380
8 0.7456349206349208 0.6931471805844429
9 0.6456349206349208 0.6931471805603313
10 0.7365440115440117 0.6931471805598398.

While the partial sums S; merely hint at convergence, the accelerated sum Si ; at
k =10 is already precise to 12 digits. See also Fig. 1.12 (left).
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Fig. 1.12 [Left] Precision of Levin’s methods 7', U, and W in accelerating the convergence of the
partial sums S, = ZZ:O(—I)k /(k + 1) with the limit S = lim,,_, o S, = log2. [Right] Precision of
the Poisson’s summation formula (1.67) for f(x) = 1/(1 4 x?) with different samplings x; = k A
on the real axis, where —n < {j, k} <nandn > 1

1.4.6 Poisson Summation

Often we encounter sums of function values f at equidistant points on the real axis,

S=Zf(Xk), Xk =kA, A=xp41— Xk
keZ

Assume that f is differentiable, that it decreases sufficiently fast at infinity, and that
its Fourier transform

F(y)= / ” fx)e 2™ dx

exists. The sum of the values f (xx) and the sum of the transforms F(y;), computed
at y; = j/A, j € Z, are linked by the Poisson’s summation formula (see Fig. 1.12
(right))

o0

> 1
k;oof(xk)ZX > F@)). (1.67)

j=—o00

1.4.7 Borel Summation

Perturbative solutions in classical and quantum mechanics often appear as formally
divergent series which, by appropriate means of summation, can yield a condition-
ally valid final result. Assume we have a sequence {ay}ken, With the sum Z,fio ar
that diverges. In the case when all a; can be explicitly expressed as functions of
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the index k, the series can be summed by Borel resummation. The original sum is
resummable in the form

0.¢] é_n n
S=lime*) 28, S=) a, 1.68
£ 00 Z ! n n Z k ( )
n=0 k=0

if the corresponding limit exists. In practice, the summation parameter £ is not al-
lowed to go to infinity; rather, we try to locate a range of its values in which the
value of S stabilizes when £ is being increased.

The resummation (1.68) is defined in its differential form. Even more often, we
use the integral form, in which the series terms ay (not the partial sums S,,) are used:

Y Ry Y
S_/O e <k§) k!)dg.

This form is particularly useful when the function f(§) =Y 72, ar€%/k! can be
written in closed form or is well known in the region where it contributes most
significantly to the integral fooo f(&)e ¢ d&. To do this, we can use the Padé ap-
proximation (see Sect. 1.2.2 and Problem 1.5.5).

1.4.8 Abel Summation

Assume that the series S = Y ;o ax formally diverges, but that the limit of the
expression S(x) = > 72, x*ay still exists when x ' 1. We can also introduce an
auxiliary parameter ¢ such that x = e~° and observe the limit ¢ \ 0. Then the value

o0 o
Sa = lim S(x) = lim kap =1im ) ek
A x /1 x) x/lkX_:OX G S\OkX_:O k

is called the Abel’s generalized sum of the series S. Like with the Borel summation,
we introduce an intermediate parameter to regularize a divergent series and then try
to sum it in the hope that the generalized limit is finite.

Example The divergent series
(0.¢] o0 )
S= choskr = ReZkelkr, 0<r<2m,
k=0 k=0

has the Abel sum

0 o ir
. i . ik € 1
Sa =Relim Y xfke* =Relim Y k(xe”)" =Re = )
x/'ll; x/'lkzz(:) (ve") (1—eir)? 4sinr/2
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As an exercise, change the parameter 0 < x < 1 (approach x /1) and the upper
range of the sum, and watch what happens to the values S and Sa.

An analogous method can be used with divergent integrals. If the integral S =
f aoo f(x)dx diverges, its generalized Abel sum is given by

o0
Sa=1li e dx.
A Sl\il(l)[a e 7 f(x)dx

Example The divergent integral

o
S:/ Jxcosaxdx, a>0
0

has the generalized value

0 0 . ﬁ
Sa = lim e ¥*/xcosaxdx =Re lim/ Vxe EHiOr gy — VT
eN\O0 Jo e\0 Jo (2(1)3/2
For exercise, take « = 1. Change the upper integration limit in the expressions for S
and Sa, and force the limiting parameter ¢ to approach zero from above. Compare
the results to the analytic limit —/7 /(2at)3/2.

1.5 Problems

1.5.1 Integral of the Gauss Distribution

The standard (Gaussian) probability distribution (1/+/27) exp(—x2/2) pervades all
branches of probability and statistics. Usually we need the probability over an inter-
val, which can be computed by the integral

erf(x) = % /0 ' exp(—1%) dt, erfc(x) = 1 — erf(x). (1.69)

Let us restrict the discussion to x > 0. The erf function monotonously increases and
rapidly converges to 1 for large arguments. Its values are tabulated in textbooks, but
for general purposes we wish to be able to compute them by exploiting different
representations and approximations of the erf and erfc functions. If erf(x) is known,
erfc(x) is also known (and vice versa), but it is preferable to compute the function
having a smaller argument because the error is easier to control. We can switch
between calculations of erf and erfc at the point x & 0.4769362762044695 where
erf(x) = erfe(x) = 5.
For small x, we can use the power expansion

2k

2k
erf(x)_ﬁkg( AT
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The convergence radius of this series is infinite, but its terms alternate and without
acceleration it is not suitable for the computation of erf(x) at x much larger than 1.
For large arguments, x >> 1, the asymptotic expansion is suitable:

2k — D)1l
[1+Z(— D= Tl }

In the range of x where both the power and the asymptotic expansions provide a
poor description of erf, a rational approximation

—x2 ZZ:O akxk
ZZ:O byxk

may be used. The parameters of this formula are listed in the following table.

erfc(x) ~

(1+e(x))

erfc(x) =e

k ag by,

0 1.000000000000013  1.000000000000000
1 1.474885681937094  2.603264849035166
2 1.089127207353042  3.026597029346489
3 0.481934851516365 2.046071816911715
4 0.133025422885837  0.873486411474986
5 0.021627200301105 0.237214006125950
6 0.001630015433745  0.038334123870994
7 —0.000000000566405  0.002889083295887

The relative precision of this parameterization is £(x) < 10~'% on x € [0, 5]. An
elegant, fast, but almost impenetrable implementation of the power expansion of erf
and of the computation of erfc by means of tabulated values with a precision of 14
to 16 digits in C can be found in [58]. The algorithms in the GNU C library are also
based on rational approximations with many parameters [59, 60].

(© Examine the applicability and usefulness of different methods to compute
erf(x). Watch the convergence of the power and asymptotic series. In the latter, sum
the terms until the series appears to be converging. Does the convergence improve
if Euler’s method or Levin’s U -transformation is used? By using all three ways of
computation, write a program to calculate erf(x) in double precision on the whole
real axis with an error less than 10710, Try to maximize the speed of the program.
Show a comparison table of erf(x) for x = 0(0.2) 3 and erfc(x) for x =3 (0.5) 8.

The integral (1.69) can also be integrated numerically. What would be the re-
quired size of the subintervals in the Simpson’s formula (Appendix E) in order
to achieve a precision that would be comparable to the summation methods used
above?

€ Write a program to compute the inverse function erf~! with an absolute pre-
cision of 1072, Now that we are in possession of an efficient procedure to compute
erf(x), the inverse can be found by finding the root of the equation

F(x)=erf(x) —y=0
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N\

Fig. 1.13 Airy functions Ai and Bi for real arguments. Ai is bound everywhere, while Bi diverges
at x — 0o. The zeros of both functions occur only on the negative semi-axis

by using a method to solve non-linear equations. You can use bisection because
erf is monotonous, but since the derivative [erf(x)]’ = Ze’xz/ /7 is also known,
the much faster Newton’s method can be used. Compare the computed erf~! (y) for
small values of y to the power expansion [61, 62]

00 2k+1 k—1
Ck ﬁ CmCk—1—m
1 (y) = v Cco=1. g = S Gmlhklom
erf= () sz+1<2y> 0= Gzl mX:;)(m—i—l)(Zm—{—l)

1.5.2 Airy Functions

In physics, the Airy functions Ai and Bi (Fig. 1.13) appear in optics and quantum
mechanics [63]. They are defined as the independent solutions of the equation

Y'(x) —xy(x) =
and have the integral representations
1 o
Ai(x) = = f cos(/3 + xt)dt,
T Jo
p L[ 3 /3+xt (43
Bi(x) = — [e + sin(#°/3 + xt) ] dr.
T Jo
For small x the functions Ai and Bi can be expressed by the Maclaurin series

Ai(x) =af(x) — Bg(x), Bi(x) = v3[af (x) + Bg(x)],
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where, at x = 0, we have « = Ai(0) = Bi(0)/+/3 ~ 0.355028053887817239 and
B = —Ai'(0) = Bi’'(0)/+/3 ~ 0.258819403792806798. The series for f and g are

o0 1 3k 3k oo 2 3k 3k+1
fxy= g(i)k Gy fW= §<§)k Gk+ DI’

where (z), =T'(z+n)/T'(z) and ()9 = 1.
For large |x| the Airy functions can be approximated by their asymptotic expan-
sions. By substituting & = %|x|3/ 2 and by using the asymptotic series

'S} 00 00

u U2 Us+1

LO~Y < PO~ DS 0@~ YD
s=0 s=0 s=0

with coefficients
I3s+1)
MA == —’
T S4ssIT (s + 1)

we get, for large positive x,

—§ 3

e . e
WL(—%'), Bi(x) ~ ——7L(§),

Ai(x) ~ Nk

while for large negative x we have

Ai(x) ~ sin(§ — 7/4)Q(§) + cos(§ — /4 P ()],

'
NeTeo

Bi(x) ~ —sin(§ —/4) P(§) +cos(§ —m/4)Q(6)].

S
Jr 0l

(© Find an efficient procedure to compute the values of the Airy functions Ai
and Bi on the real axis with a precision better than 10~1° by using a combination of
the Maclaurin series and the asymptotic expansion. When estimating the errors, use
programs that are capable of arbitrary-precision computations, e.g. MATHEMAT-
ICA.

@ The zeros of Ai have an important role in mathematical analysis when one
tries to determine the intervals containing zeros of other special functions and or-
thogonal polynomials [64], as well as in physics in computation of energy spectra of
quantum systems [34]. Compute the first hundred zeros {as}igol of the Airy function
Ai and the first hundred zeros {b; }51,201 of Bi at x < 0, and compare the computed
values to the formulas

a5 =—f(w>, by =—f(w>, s=1.2. ...
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where f has the asymptotic expansion [22]

5 5 77125 108056875
f(z)~12/3<1+—12——z4+ 6 -8 )

48 36 82944 ° 6967296 -

1.5.3 Bessel Functions

Solving differential equations in circular or spherical geometry often leads to Bessel
functions of the first kind J, and second kind Y,. A physical example which does
not belong to this group but is related to it, is the problem of the oscillations of a
freely hanging heavy rope in a constant gravitational field, as shown in the figure
below.

A rope of length L is suspended from a ceiling and
the origin of the y axis is placed at the free end of
the rope. We study small deflections z(y) of the
rope in the field of the gravitational acceleration g.
Three lowest eigenmodes are shown. The eigen-
modes are described by the equation

n=3 d dz() )
L <y ) d _
—\» +—z(y) =0,
dy ( dy g
where z(y) is the deflection of the rope at y
n=2

when oscillating with the angular frequency w.
The eigenfrequencies are determined by the equa-
tion and the boundary conditions [z(0)| < oo (de-
flection bounded at y = 0) and z(L) = 0 (fixed end at y = L). By substitution
t = 2w./y/g the differential equation can be transformed to 7(¢) +z(¢)/t +z(t) = 0.
The solution of this equation is a linear combination of the Bessel functions Jy and
Yy. With o« = +/L/g the boundary conditions become

z(y)

|2t =0)] <oo,  z(t=2wa)=0.

The second condition eliminates Yy which is singular at the origin. The condition
for the eigenfrequencies is then

wn=§0,n/(2<¥), n=12,...,

where &p , is the nth zero of Jy. The values of Jo(x) for small x can be computed
by using the power expansion

o]

(—D¥(x/2)%
Jo(x) = E 7(](!)2 ,
k=0
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while at large enough arguments, we use the formula

Jo(x) =,/ %[P(x)cos(x —n/4) 4+ Q(x)sin(x — n/4)], X — 00,

where P(x) and Q(x) are known in terms of the asymptotic series [65]

[} 2 [ee} 2
~ %k ~ Nk Dok+1
P kg( D oo W 1;( D ke

with coefficients a, = (2n — 1)!!. (Note (—1)!! = 0!! = 1.) For intermediate x we
compute Jo(x) by using Bessel functions of higher orders J,. In the limit n — oo
and constant x we have J,,(x) ~ (x/2)"/n!, and for x ~ 1 and n > 2x this is a very
good approximation. Suppose we wish to calculate Jy(x) at given x in arithmetic
with precision ey;. With the asymptotic approximation we determine an even N >
2x such that ¢ = Jy (x) < &um. This value of Jy (x) is not normalized. Let us denote
J,, temporarily by C,, and, for given x, start the iteration

2n
Cni1=0, Cn =c¢, Cpo1(x) = 7Cn(x) — Cpt1(x).

We obtain Cy(x) which differs by a factor from the true value, Jy(x) = Co(x)/A.
The factor A is determined by using the identity Jo(x) + 2 Z,fil Jou(x)=1:

N/2

A=Co(x)+2)  Co(x).
k=1

(O Write a procedure to compute Jy on the real axis to an absolute precision of
10~!2 and compare it to the result of a tool of higher precision, like MATHEMATICA
or MATLAB. Determine the first N = 10000 zeros {éo,n},[:/:] of Jy and compare them
to the asymptotic formula [22, 31]

: ngr1 33779 6277237
O 8B 38483 ' 1536085 3440640 B7 ’

n— 0o,

where 8 = (n — 1/4)x. Draw the first five eigenmodes of the oscillating rope.

1.5.4 Alternating Series

Some alternating series are literally famous, for example

o0 k 00 k 2 o0 k
-1 -1 -1
ZZZ( ) ’ logZZZ( )’ ﬂ_:Z ( )2.
4 =2k +1 —k+1 12 = k+1)
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Just as well-known, the natural algorithm has the expansions

S (_1)k+l
logxzzT(x—l)k, x—1]<1, x#1,

k=1
(1.70)

00 1 1)\ 2K+
logx=2Z— , x>0,
k=02k+1 x+1

that enable us to compute log x on the whole positive semi-axis.

(® Compute the sums of these series to a precision of ¢ = 10~ by using dif-
ferent methods applicable to alternating series, and study their convergence. (The
second series in (1.70) is an exception since it is not alternating.) Compare these
methods to simple summation. Make a detailed analysis of the rounding errors first
by using single-precision data types (type £1oat in C or C++), and then by using
double precision (type double).

@ Sum the series given above by using a data type that allows for variable
precision (for example, by using the GMP library mentioned in Appendix B.3).
Draw a diagram of computational (CPU) times versus the required precision ¢ in
the range log;, & € [—-300, —4].

1.5.5 Coulomb Scattering Amplitude and Borel Resummation

An eloquent example [66] of trouble we may face by careless summation of diver-
gent series is the Rutherford scattering amplitude for Coulomb scattering

fO)=-— xp[i(2oo —nlog sin2(9/2))]. (1.71)

———e
2k sin“(6/2)
We know that the asymptotic expansion of this amplitude is

o]

1 .
FO~ 5 Y @1+ 1) P(cost) (e — 1), (1.72)

=0

where o7 is the phase shift for Coulomb scattering in the partial wave with the or-
bital angular momentum quantum number /, and P; is the Legendre polynomial of
degree [ (see (4.28)). The phase shift in the /th partial wave is

oy=argl'({ + 1 +1in).

In the limit [ — oo the phase shifts behave as o; ~ logl, while the values P;(cos6)
at fixed 0 fade out like P;(cos@) ~ I~1/2. Therefore, for I — oo, the terms in the
sum (1.72) oscillate within an envelope that is proportional to /!/2, and the series
diverges.
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(© Sum the series (1.72) directly by summing the terms up to Imax = 100 by
using n = 1 and k = 1fm~'. Compute the sum for angles 30° < 6 < 180° in steps
of 10° and compare the results to (1.71). Do not calculate the phase shifts by using
the gamma function. Rather, use backward recurrence: start with the value of o; at
I = I;max, for which the Stirling approximation applies:

sinf sin38  sin58 sin7p sin9p8
120 36003 1260c®  1680a’ 1188a° ’

1
o1~ <l+§),3+nlogoz—r/—

where

— 1 12 2’ — t L .
a=/I+D+n B arcan<l+1>

Then use the recurrence to compute the phase shifts at lower /:

alzal_H—arctan( ), Il =lnax — 1, lmax — 2, ..., 0.

n
I+1
Similarly, compute the Legendre polynomials by using the three-term recurrence
formula ({+1) P41 (x) = QI+ 1)x Pi(x) —{ Pi—1(x), which is initialized by Py(x) =
land Pi(1) =x.

In addition, sum the series by Borel resummation in differential form (1.68).
Compare the exact value (1.71) to the numerical one at angles 6 = 10°, 60°, 120°,
and 150° with the parameter £ in the range 5 < £ < 100 in steps of 5.

@ Compute the Rutherford sum by applying the Wynn algorithm (1.12). At
scattering angles 6 = 10°, 60°, 120°, and 150°, calculate the diagonal Padé ap-
proximations [n/n] for 0 < n < 20. Stop the recurrence in the algorithm when the
denominator of the fraction on the right side of (1.12) becomes equal to zero.
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