Chapter 2
Macroscopic Quantum Electrodynamics

The theory of macroscopic quantum electrodynamics is developed which forms the
basis for the analysis of dispersion forces presented in this book. Basic concepts of
classical electrodynamics and quantum electrodynamics in free space are recalled.
Using these as a guiding principle, we then construct a consistent theory of the
quantised electromagnetic field in the presence of magnetoelectric media based on
the classical Green’s tensor for the electromagnetic field. Atom—field interactions are
implemented via the minimal and multipolar coupling schemes.

2.1 Elements of Classical Electrodynamics

Let us first review the basic concepts of classical electrodynamics. Starting with the
simplest case of electrodynamics in free space, we then discuss the more general
cases of charged particles and magnetoelectric media being present.

2.1.1 Electrodynamics in free Space

Classical electrodynamics is governed by the classical Maxwell equations for the
electromagnetic field. In the absence of charges or currents, they take their simplest
form

V.E=0, @2.1)
V.B=0, (2.2)
VxE+B=0, (2.3)
1 .
VxB—-—=E=0, 24)
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46 2 Macroscopic Quantum Electrodynamics

where both the electric field E = E(r, t) and the magnetic field! B = B(r, 1) are
functions of position and time. The first of these equations is commonly known as
the Gauss law, the second one states the non-existence of magnetic monopoles, the
third one is the Faraday law of induction and the last one is the Ampere law.

To simplify this system of equations, we introduce the scalar potential ¢ and the
vector potential A for the electromagnetic field according to

E=-V¢—A, (2.5)
B=VxA. (2.6)

Equations (2.2) and (2.3) are then automatically fulfilled and the remaining equa-
tions (2.1) and (2.4) are equivalent to

—Ap—V-A=0, (2.7)
1. 1.
—-Vo+5A-AA+V(V-A4)=0. (2.8)
c c
Note that ¢ and A are not uniquely defined. In particular, the electric and magnetic
fields as given by (2.5) and (2.6) are invariant under the gauge transformation

é—>d—A, (2.9)
A—> A+ VA (2.10)

with some arbitrary scalar field A. One can exploit this freedom in order to sim-
plify (2.7) and (2.8). Throughout this book, we employ the Coulomb gauge imposed
by the condition

V-A=0. (2.11)

We recall that any vector field f can be uniquely decomposed into its longitudinal (]|)
and transverse (L) parts defined by

F=r"+rt (2.12)
with
vx fl=0, v.ft=o0. (2.13)
They can explicitly be given by
fW%ﬂz/&ﬂMmu—ﬂny) (2.14)

! Note that B is alternatively referred to as the induction field.
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5“(,.) =-VV—, ()‘J-(r) =Vx(VxIh— (2.15)
Ay 4rr

being the longitudinal and transverse delta functions, recall that
1
ory=0r)l=-4—1 (2.16)
4mr

(I unit tensor). In Coulomb gauge, (2.5) uniquely relates ¢ and A to the longitudinal
and transverse parts of the electric field, respectively,

El =—vg, (2.17)
Et=—A. (2.18)

As a consequence of this gauge, the equations for ¢ and A decouple. The scalar
potential is seen to be identical with the electrostatic Coulomb potential (hence the
name Coulomb gauge) satisfying a Laplace equation

Ap =0, (2.19)
while the vector potential obeys a Helmholtz equation
1
—A—-AA=0. (2.20)
c

The Laplace equation is trivially solved by ¢ = 0. In view of the quantisation
of the electromagnetic field, it is favourable to reformulate the remaining dynamical
equation for A within a Langrangian/Hamiltonian based formalism. To that end, we
introduce the Lagrangian of the transverse electromagnetic field

L =/d3r£, @.21)

with the Lagrangian density being given by

c=1 I:E()Az LN A)2] . (2.22)
2 )

One can show that
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_ / d*m(A‘? VA) (2.23)

('V: differentiation to the left), where the second term on the second line leads to a
surface integral at infinity which vanishes while the third term vanishes according to
the Coulomb gauge used. The alternative Lagrangian density

1T .2 1
L=-= [50A2 _ tr(A? : VA)] (2.24)
2 Ho

is therefore equivalent to the one above. To ensure that the Lagrangian is correct, we
need to verify that the associated Lagrange equation

0L d L (2.25)
SA ~ drsA '
is equivalent to the dynamical equation (2.20). Calculating
oL _0L o 9L _ 1 44
0A O0A OVA o
d JL d oc .
= — = — " =¢)A, 2.26
ar6A  droa " (2:20)

we see that this is indeed the case.
Next, we introduce the canonically conjugate momentum associated with A via

oL 0L .
= — = — =¢gA=—cE". 2.27
A 9A " 0 (2.27)
Applying a Legendre transformation
H:/d3rn.A—L (2.28)

and expressing the result in terms of canonically conjugate fields A and IT rather
than A and A, we find the Hamiltonian of the transverse electromagnetic field

H = / &rH, (2.29)

with the Hamilton density being given by
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M=l [i m+ L (V x A)2] : (2.30)
2 Leo Ho

Recalling (2.23), we may equivalently use

11 1
H=g S (4T va) @31)
2| ¢ep Ho

Note that H has the physical meaning of being the energy of the (purely transverse)
electromagnetic field,

L[ 3 2, Lo
H=- [ & |c0E* + — B2 . (2.32)
2 1o

The associated Hamilton equations

a2l gt (2.33)
o’ - A '

are equivalent to both the original dynamical equation (2.20) and the Lagrange equa-
tion (2.25), as can be easily seen by calculating

A_&H_@H_l
e ol gy
§H  OH v OH 1

- —— = — AA. 2.35
0A 0A * OVA o (2:39)

(2.34)

We cast the Hamilton equations may be cast into an alternative form which can
later be transferred to the quantum case by means of the correspondence principle.
To that end, we introduce the Poisson bracket of two fields f and g according to

_ (@ (8L 99 _0F 99
{f,g}—/dr<5A ST 310 M). (2.36)

When calculating the Poisson brackets of the canonically conjugate fields A and I,
the fact that these quantities are transverse has to be taken into account. By writing

A(r) = / S ot —r) AW, (2.37)
() =/d3r’ Str—r) O, (2.38)

one finds

§Ai(r)  OIT;(r)
SA;(r')  OI;(r)

SA;(r)  OI(r)

SI;(r'y — 0A;(r) 0, 2.39)

_ sl
—51']'("_"/)’
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so the canonical Poisson brackets are given by

{A(r), A}y ={O(r), O(r")} =0, (2.40)
(A(r), ()Y =6+(r —r'). (2.41)

Using (2.39), the definition of Poisson brackets leads to a more compact form for
the Hamilton equations,

A={A,H), HO={0H)}. (2.42)

More generally, the time derivative of any physical quantity f, which is a functional
of A and I, is given by

f=1{fH}, (2.43)

as can be easily verified by using the chain rule

o [ (2L 4420 g
f_/dr(éA Av ot n) (2.44)

together with the Hamilton equation (2.33). As we will see in Sect.2.2, the fun-
damental Poisson brackets (2.40) and (2.41), the Hamilton equation (2.42) and the
dynamical equation (2.43) remain valid in the quantum case with slight modifica-
tions.

2.1.2 Electrodynamics in the Presence of Charged Particles

Next, we introduce point particles « with charges g, and masses m, at positions r,.
They give rise to a charge density

pr) =D qud(r —ra) (2.45)
and a current density
J(I‘) = uni'(y(S(r —Ta) (2.46)

which obey the continuity equation
p+V.-j=0. (2.47)
Charge and current density act as sources for the electromagnetic field, so that two

of the Maxwell equations, namely the Gauss law and the Ampere law, become inho-
mogeneous:
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eV -E =p, (2.48)

1 .
— VXxB—¢gE=j. (2.49)
o

Introducing scalar and vector potentials (2.5) and (2.6) for the electromagnetic field,
the homogeneous Maxwell equations (2.2) and (2.3) are again automatically fulfilled,
while the inhomogeneous ones lead to

—e0Ad—egV-A=p, (2.50)
i .1 1
coVo+e0A — — AA+ —V(V-A)=j. (2.51)
Ho 1o

As before, we employ the Coulomb gauge V - A = 0 which results in an effective
decoupling of the two equations. The first one simplifies to the Poisson equation

—e0Ad =p 2.52)

which can easily be integrated by making use of the delta-function representa-
tion (2.16):

(r") da
B = _ 2.53
9(r) / : dreglr — 1| %: dreglr — ro| ( )

In Coulomb gauge, the scalar potential ¢ is thus just the electrostatic Coulomb
potential associated with the particles. Combining the Poisson equation with the
continuity equation, we find

V. (soVod—j)=0, (2.54)

so that )
eoVo = jl; (2.55)

hence the vector potential is subject to the inhomogeneous Helmholtz equation
| N
g0A — — AA = j—. (2.56)
Mo

In Coulomb gauge, the vector potential thus only depends on the transverse current
density, hence the alternative name transverse gauge.

So far, we have only considered the influence of the particles on the electromag-
netic field. Conversely, the electromagnetic field acts on charged particles via Lorentz
forces

Fo =qulE(ro) + 7o x B(ra)l, (2.57)
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where by use of definitions (2.45) and (2.46), the total Lorentz force acting on the
particles can be written as

F=ZFQ=/d3r(pE+ij). (2.58)

The Newton equations describing the non-relativistic motion of the individual parti-
cles under the influence of the Lorentz force are given by

Mmaofo = Fo = qalETa) +7a X B(ry)]. (2.59)

Upon introducing the potentials (2.5) and (2.6) for the electromagnetic field and
using (2.53) for the Coulomb potential, one obtains

qp(ra —
MaFa = g Z 4ﬂ§0|r“ —rg|3 — A(a) +#a X [V X A(ra)l | . (2.60)

Note that the electric field associated with the Coulomb potential (2.53) contains
contributions from all particles, so the Lorentz force (2.57) or (2.58) on a particle «
contains an unphysical divergent self-force associated with the action of the particle’s
own electrostatic field. By writing out the Coulomb forces explicitly in (2.60), we
have been able to remove the self-force by discarding the term § = «.

In contrast to the free-space case, we now have a coupled system of equations of
motion for the dynamical degrees of freedom of the field, A, and the particles, r,.
Note that the scalar potential ¢ has been completely eliminated, it does not play the
role of a dynamical degree of freedom. As in the free-space case, we reformulate
the dynamical equations within the context of a Lagrangian/Hamiltonian framework
in order to facilitate quantisation of the system. According to the minimal coupling
scheme, the interaction of the particles with the transverse electromagnetic field may
be implemented by means of a term | dr j-A, sothat the non-relativistic Lagrangian
of the system is given by

1 ) qdadqps / 3

== > mait— > — 4 [ dr soA——(VxA)
2 - a#38ﬂ'eo|ra—r5| 140
+/d3rj-A. (2.61)

The correctness of this Lagrangian can be easily verified by deriving the associated
Lagrange equations. We calculate
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oL 1
O AAyjt
0A o I
d 0L .
= —— = A s 2.62
4 3A €0 (2.62)

showing that the Lagrange equation (2.25) for the vector potential A is equivalent to
the Helmholtz equation (2.56). The Lagrange equations

oL d oL

for the particle positions r, are found to be equivalent to the Newton equation (2.60)
by calculating

6L . C[@C]ﬂ(l’a — l‘ﬂ)
— =¢q,VA . 4a4p\Ta — T
oro " (re) Tt Z dmeglra —rpl?
B#a ‘
d JOL B . )
Pk Mmoo + qaAry) + gafa - VA(r,), (2.64)
«

where definition (2.46) of the current density has been recalled.
According to the Lagrangian (2.61), the canonically conjugate momentum asso-
ciated with the vector potential A is given by

O=-— =¢yA=—cyE", (2.65)

whereas the canonically conjugate momenta of the particles are given by

oL

r =maFa + qaA(re) . (2.66)
rao

Pa =

The non-relativistic Hamiltonian of the system can thus be constructed by applying
a Legendre transformation

H=Zpa-ia+/d3rH~A—L (2.67)
«

and eliminating 7, and A in favour of Po and IT. This results in

P ;mA(m)]Z §y e

M, by 8meglra — rgl

L s |1 s 1 2
+- [ &Pr | —I*+ = (VxA?|. (2.68)
2 €0 140
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Comparing this with the Hamiltonian of the particles and the electromagnetic field
without interactions (obtained by letting ¢, — 0),

3 i 2 i 2
H= sza /d LOH +M0(V><A)], (2.69)

we note that the minimal coupling scheme is equivalent to making the replacement
Po > Pa —qaA(ry) and adding a Coulomb interaction term. The full Hamiltonian
again has the physical meaning of being the total energy of the system,

9aqp / 3 |: e |1 2}
m r + d’r |eo(E +—B“|, (270
Z “ Z 87T80|ra—rd| o(E7) Ho (270

where the first term is the kinetic energy of the particles, the second one their Coulomb
energy and the last term is the energy of the transverse part of the electromagnetic
field. By combining (2.45), (2.52) and (2.53) and integrating by parts, one can write

1 I
S 1 / 3r pg = ——/d3r50¢Aq§ = —/d3rao(E”)2,
&meglra — rgl 2

aFf
2.71)
so the Coulomb energy may alternatively be regarded as the energy associated with
the longitudinal part of the electromagnetic field, El = —V¢. In this picture, the
total energy of the system is given by

1 1 1
= > mal + §/d3r [50E2 + — 32} (2.72)
«

10

(note thatintegrals over mixed longitudinal/transverse vector fields vanish), where the
second term is the energy of the whole electromagnetic field. It is worth mentioning
that by rewriting the electrostatic interaction in terms of the Coulomb potential (or
the longitudinal part of the electric field, respectively), we have introduced divergent
self-energies associated with the interaction of each particle with its own electrostatic
field. Such contributions are not present when writing out the Coulomb interaction
explicitly asin (2.70) and excluding the terms o = (3, in close analogy to the exclusion
of self-forces from the Lorentz force in (2.60) discussed above.

The Hamiltonian gives rise to Hamilton equations for both the electromagnetic
field and the particles. The Hamilton equation (2.33) for the transverse part of the
electromagnetic field are equivalent to the respective Lagrange equation (2.25) as
well as the original Helmholtz equation (2.56):

A= 0H ln (2.73)
o o '
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. OH 1 da 1
M=——=—AA+ D> 2o — quAra)]- 64 —ra). 2.74
5 m a[p qaA(ry)] (r—rq) (2.74)

(e}

The Hamilton equations for the particles

. OH . OH
Fo = 8_I7a ) Do = _Wa (2.75)

are in turn equivalent to the respective Lagrange equation (2.63) and the Newton
equation (2.59), as is seen from

OH _ Pa— qaA(ry)

Fo = apa - My 270
. . oH
Pa= org

qaqp(ra —rp) 4 do [ Po — GaA@Tr)] - [VAF)] . (2.77)

= 47r50|ra—r;|3 Moy,

In order to reformulate the Hamilton equations in terms of the Poisson bracket,
its definition must be generalised to account for all dynamical degrees of freedom of
the system:

o Opa Opa
of og of dg
3
—_ == - . =] 2.
+/dr(5A S~ oM GA 278)
The fundamental Poisson brackets then read
{ra,rg} ={pa, ps} =0, (2.79)
{ra, pg} = dapl (2.80)

for the particle variables, while the Poisson brackets (2.40) and (2.41) for the field
variables remain valid. Obviously, mixed Poisson brackets of particle and field vari-
ables vanish. With the aid of the Poisson bracket, the Hamilton equations can be
presented in the compact form

i‘az{PouH}a I"a:{raaH}3 (281)
A ={A, H}, I1={IH). (2.82)
The dynamics of an arbitrary physical quantity f depending on the fundamental

variables can be expressed in terms of the generalised Poisson bracket according to
(2.42), as can be seen by applying the chain rule
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- af . of . 3 (0F L, 0f o
f_Z(ara~ra+apa-pa)+/dr(6A A+6H H) (2.83)

«

together with the Hamilton equations (2.33) and (2.75).

We have thus formulated the dynamics of the coupled system of electromagnetic
field and charged particles in a suitable form in terms of Poisson brackets, which can
conveniently be carried over to the quantum case by means of the correspondence
principle. Before discussing this in Sect.2.2, we need to generalise our theory to
allow for the presence of macroscopic media.

2.1.3 Electrodynamics in Media

Magnetoelectric media, usually present in the form of one or more macroscopic bod-
ies, may be thought of as an aggregate of a very large number of mutually bound
charged particles. In principle, the microscopic description of the particles interact-
ing with the electromagnetic field described in the previous section remains valid.
In most cases of interest however, the number of particles and hence also the num-
ber of coupled equations is enormously large? and the system becomes practically
unsolvable. Fortunately, it is in most cases sufficient to describe the gross influence
of these particles on the electromagnetic field in an effective, macroscopic theory,
as will be outlined in the following.

Let us first concentrate on the case of no free charges, so that only the bound
charges contained in the magnetoelectric media are present. Denoting the internal
charge and current densities associated with these charges by pi, and jiy, the inho-
mogeneous Maxwell equations take the form

coV - E = pin, (2.84)

1 .
— VxB-5E = ji. (2.85)
10

Assuming the internal charge and current densities to obey the continuity equation
/')in"‘V'jin:O, (2.86)

one can cast these equations into a homogeneous form by introducing a polarisation
P and a magnetisation M. Defining the polarisation according to

pin=—V-P, (2.87)

the Gauss law (2.84) can be rewritten as

2 For instance, 12 g of carbon contain (6 4 1) x Na & 4 x 10%* particles.
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V. .(e0E+ P)=0. (2.88)
The continuity equation implies that
V- (jin—P)=0, (2.89)

so the quantity in brackets can be written as the curl of a vector field—the aforemen-
tioned magnetisation—hence>

jin=P+VxM. (2.90)

Upon substitution of this relation, the Ampere law (2.85) reads

1
Vx(—B—M)—Q@MHana (2.91)
Ko ot

By introducing electric excitation D and magnetic excitation H according to*

D=cE+P, (2.92)
1

H=_—B-M, (2.93)
110

we can write the Gauss and the Ampere laws in their well-known forms

V.-D=0, (2.94)
VxH-D=0. (2.95)

So far, we have only formally simplified our set of equations, because the behav-
iour of the bound charges (now represented by P and M) under the influence of
the electromagnetic field is still given by an enormously large number of equations
of the type (2.60). We now introduce the simplifying assumption that these charges
may be described by some equilibrium arrangement which is only weakly perturbed
by the presence of an electromagnetic field. Assuming the response of the charges
to this perturbance to be linear and causal, the constitutive relations for the media is
given by the Langevin equations’

3 Note that (2.87) and (2.90) do not uniquely define P and M. For instance, the relations remain
valid when making the replacements P — P +V x f, M — M — f + V A for any vector field
f and scalar field A.

4 Alternatively, D is often called displacement field and H is referred to as magnetic field.

5 A recently proposed new derivation of the macroscopic Maxwell equations results in an alternative
form governed by a single constitutive relation between j;i, and A [1].
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P(r,t) =¢p / dT/d3r’x(r, r,7)-Er',t—7)+ PN, 1), (2.96)
M(r,t) = ,ui / dT/d3r/C(r, r',7)- B, t —7)+ Mn(@,t). (2.97)
0

As expected for an effective, statistical description of a large number of particles,
polarisation and magnetisation have reactive and random parts. The reactive part is
given by a linear response to the applied electromagnetic field, with the respective
response functions being the electric susceptibility x and the magnetic susceptibili-
ties ¢ of the medium. Causality requires that

x(r,r', =0, (@, r,7)=0 for|r—r'|>cr. (2.98)

In other words, x and ¢ are retarded response functions; the reactive part of polari-
sation and magnetisation at a given instant only depends on previous, not on future
influences. The random parts are given by noise polarisation Py and noise magneti-
sation My which account for the fluctuations occurring in the medium. Note that
the noise terms vanish on the classical average,

(PN)a =0, (MnN)a=0. (2.99)

In complete analogy to (2.87) and (2.90) above, noise polarisation and magnetisation
are related to the noise charge density

N = —V - Py (2.100)

and noise current density )
JN=Pn+V x My, (2.101)

with the respective continuity equation
IN+V-jn=0 (2.102)

being automatically fulfilled.
For simplicity, we will assume in the following that the medium response is local

x(r,r', Ty =xr,t =Yoo —r"), (2.103)
Cr,r, ) =Cr, t — )o@ — 1) (2.104)

and isotropic
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x(r.t—t)y=x@r,t —t"Hl, (2.105)
Crot—1t)y=Cr,t —1)l. (2.106)

The constitutive relations are then given by

P(r,t) = ¢ / dr x(r,)E(r,t — 1) + PN(r, 1), (2.107)

—0o0
(o.0)

M(r,t) = ,ui / dr {(r,7)B(r,t — 1) + Mn(r,t), (2.108)
0

—0o0

with the x and ( fulfilling the causality requirement
x(r,7) =0, ((r,7)=0 forT <0. (2.109)

Polarisation and magnetisation depend on the history of the electromagnetic field.
This integral time-dependence can be disentangled by working in the Fourier space.
We introduce the Fourier transform of an arbitrary function f according to

oo

flw) = % / dr f(n)e" (2.110)

—00
with the inverse relations being given by

oo oo

f@ = / dw f(w)e ™ = /dwi(w)e*i“’ +Cec. (2.111)

—00 0

[note that f*(w) = f(—w™*) for real f(¢)]. As a consequence of the convolution
theorem, the constitutive relations in Fourier space take the much simpler form

P(r,w) =cox(r,wE([r,w) + Py(r,w), (2.112)
Mo =" Brow) + My (r, w) 2.113)
110

where
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e ¢]

X(r,w) =2mx(r,w) = / dr x(r, 7)e (2.114)
—0oQ
o

C(r,w) =27¢(r,w) = / dr ¢(r, m)eT . (2.115)

—00

The response functions giving the reactive parts of polarisation and magnetisation
are thus g9 and (/uo, respectively. According to fluctuation—dissipation theorem
of classical statistical physics [2, 3], the fluctuation spectrum of a physical quantity
f can be related to the imaginary part of the respective response function. Denoting
classical fluctuations by

Af = f—{(fla, (2.116)

this theorem reads in our case

T
(APN(r, ) APY(r', W) = At eolm x(r, w)o(r — r")o(w — '),
)
(2.117)
. Iﬂ Im {(r, w) s
T qw

(AMN(r, ) AMY (', W))a 0

r—r)o(w—uw)
2.118)

(kg: Boltzmann constant, 7': temperature). The imaginary parts of the response func-
tions determine whether the medium is absorbing or amplifying. We will only con-
sider absorbing media for which x and { have a positive imaginary part. The above
equations thus reveal the intrinsic connection between fluctuations and absorption:
Fluctuations are necessarily present in any absorbing system at non-zero temperature.
Note that the classical fluctuations vanish in the zero-temperature limit.

Before introducing polarisation and magnetisation, we had described the internal
charges by their charge and current densities. It is therefore instructive to note that
these quantities can also separated into reactive part and random parts. Combining
the respective results for the polarisation (2.112) and magnetisation (2.113) into the
defining relations (2.87), (2.90) and using (2.100) and (2.101), one easily finds

P, rw) = =gV - [x(r,wE(r,w)] +p (r,w), (2.119)

4 0 LA
(2.120)

The response of the internal charge and current densities to the electromagnetic field
is slightly more involved than that of the polarisation and magnetisation given above,
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while the random terms are simply the noise charge and current densities introduced
earlier.

The constitutive relations complete our system of equations for the electromag-
netic field. In Fourier space, this system is given by the Maxwell equations

V.D=0, (2.121)

V.B=0, (2.122)
VxE—iwB =0, (2.123)
V x H+iwD =0 (2.124)

together with the constitutive relations, which upon combining (2.92), (2.93), (2.112)
and (2.113) can be written in the form

D =¢cocE + Py, (2.125)
1
H=—B-M\y. (2.126)
Mo

Here, we have introduced the electric permittivity
e(r,w) =14 x(r,w) (2.127)

and the magnetic permeability

1

of the medium.

Before solving the equations for the electromagnetic field, it is worthwhile dis-
cussing the introduced permittivity and permeability in little more detail. We first
provide some examples. According to the Drude-Lorentz model, the response of a
homogeneous dielectric e(r, w) = £(w) may be derived by considering a uniform
density n of electrons bound in harmonic potentials. The displacement x of one
such electron from its equilibrium position under the influence of an electric field is
governed by the equation

me (¥ + vk + wix) = —eE (2.129)

where m, and e denote the electron mass and charge, respectively, v > 0 is the
damping constant accounting for absorption and wr is the transverse resonance
frequency of the electron. This equation can be easily solved in Fourier space,
leading to

(2.130)
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The polarisation associated with all bound electrons is hence given by

P=—exn=———— E. (2.131)

Comparison with (2.112) shows that the permittivity (2.127) of the dielectric can be
described by the single-resonance form

e’n 1 w%
P BT B
gome (Wi — w* —iyw) (W — w* —iyw)

c(w) =1+ (2.132)

Here, we have introduced the plasma frequency wp = e+/7/(egm,.) which charac-
terises the behaviour of a plasma of unbound and undamped electrons. Note that
the positive damping constant y present for an absorbing medium ensures that the
imaginary part of (w) is positive for all real w. An analogous single-resonance form
is commonly used for the permeability .

The electric response of a metal may be addressed by using the Drude model,
where the focus is on the conduction electrons. With the motion of these unbound
electrons being described by

M, (x + 'yk) = —¢FE, (2.133)
the permittivity can be given in the form

()—1—w—f2’—1+'w (2.134)
Ew) = w(w_l_lfy)_ 1 w .

where we have introduced the conductivity

2
wp

o(w) = (2.135)

v—iw
These simple models can be generalised by combining the response of bound and
conduction electrons and by considering more than one resonance. Alternatively,
€ and p for real materials can be obtained from measurements rather than theoretical
models.

Independently of the specific form obtained from either a model or measured
data, permittivity and permeability exhibit a few general properties. They are both
complex-valued functions of position and frequency. The frequency-dependence is
usually referred to as dispersion, because it leads to the well-known dispersion of
light (i.e., the spreading of a wave packet as it passes through a dispersive medium).
As noted in the example, absorption is associated with a positive imaginary part of
€ and p. We require all present media to be absorbing, so that
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Ime(r,w) >0, Im p(r,w) >0 (2.136)

for real frequencies. From the fact that x(r, 7) and ((r, 7) are real, it follows by
virtue of (2.114) and (2.115) that the Schwarz reflection principle holds for the
susceptibilities, x*(r, w) = x(r, —w*), (*(r,w) = ((r, —w*), and hence also for
the permittivity and permeability

e*(r,w) = e(r, —w"), wir,w) = ulr, —w*). (2.137)

Further general properties of € and p follow from the causality conditions (2.109).
Together with definitions (2.114) and (2.115), they imply that x(r, w) and ((r, w)
and hence also e(r, w) and p(r, w) are analytic functions of w in the upper half of the
complex frequency plane including the real axis, provided that x(r, 7) and ((r, 7)
are finite and vanish in the limit 7 — oo. This is true for all (magneto)dielectrics, but
not for metals. In the latter case x(r, 7) has a non-vanishing long-time asymptote,
leading to a simple pole of e(r, w) at w = 0 (as already seen for the Drude model).
For metals, we can thus write

io(r,w)

e(r, w) = Epound (r, w) + (2.138)

where both the component of the permittivity associated with the bound charges,
€bound (7, w), and the conductivity associated with the free charges, o(r, w), are
again analytic in the whole upper half of the complex frequency plane. Another
consequence of causality is the asymptotic high-frequency behaviour [4]

e(r,w) —1=0(1/%), pr,w) —1=0(1/u%). (2.139)
Together with the analyticity, these asymptotes imply the Kramers—Kronig relations

which relate the real and imaginary parts of e(r, w) or u(r, w) on the real frequency
axis. They read [4]

o0
2 "Mme(r, o'
Res(r,w) = 1 + —P/dw’%('f), (2.140)
T w? —w
7R N1
Ime(r,w) = P/dw’ ee(r w)z— (2.141)
™ —(JJ
0

(P: principal value) and

o0
2 m p(r, o
Reu(r,w):1+—7>/dw/%(r;}), (2.142)
Vs w

—w
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o0
R —1
Im p(r, w) = P/dw’ e“(r ”) (2.143)
i
0

for (magneto)dielectrics, whereas for a metals, (2.140) and (2.141) need to be
replaced with

o
1 Ime(r, o'
Res(r,w)=1+—P/dw/M, (2.144)
T w —w
—00
o 1_ [ R =1
me(r,w) = 20 )——P/dw’w. (2.145)
w Vs w —w

After this little digression, let us construct a solution to the Maxwell equations.
In contrast to the free-space case where all quantities were expressed in terms of the
vector potential A, itis here more convenient to formulate a dynamical equation for E.
Substituting the Faraday law (2.123) together with the constitutive relations (2.125)
and (2.126) into the Ampere law (2.124), we find that the electric field is subject to
an inhomogeneous Helmholtz equation

1 w? . ,
Vx=-Vx ——¢elE=inwj,, (2.146)
I c =N

with the source term being given by the noise current density

= —iwPy+V x My. (2.147)

A formal solution to this equation can be given by
E(r,w) = ipow/d3r’ G(r.r',w) - j (' w) (2.148)

where the Green’s tensor @G is a solution to

2
|:V X ! Vx — w—a(r, w)i| Gr,r',w)=6r —r"). (2.149)
u(r, w) c?

The Green’s tensor is uniquely defined by this partial differential equation together
with the boundary condition

G@r,r',w)— 0 for|r—r'| - oo (2.150)
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for any given arrangement of absorbing bodies characterised by e(r, w) and u(r, w),
provided that the strict inequalities Ime(r, w) > 0 and Im p(r, w) > 0 hold. The
general properties of the permittivity and permeability stated above imply some
useful general properties of the Green’s tensor. It is an analytic function of frequency
in the whole upper half of the complex plane. Furthermore one can show that the
Schwarz reflection principle

G (r,r',w) =G, r, —w), (2.151)

Onsager reciprocity
G'r,r',w)=Gr' r,w) (2.152)

and the integral relation

Im p(s, w) e * ’

/d3S [—W[G(r,s,w) X Vs] . [Vs x G (s,r ,w)]
2

+ %Im (s, w) G(r. 5. w) - G*(s. 7, w)] =ImGr.r.w)  (2.153)

are valid [5, 6] (see App. B.1).

The solution (2.148) for the electric field can be used to construct explicit expres-
sions for the other relevant fields. From (2.123), we conclude that the magnetic field
must be given by

1
B(r,w)=—V x E(r,w) = i / Er'V x Gr.r'w) - j (' w), (2.154)
iw =
while (2.125) and (2.126) imply that the electric and magnetic excitations read

D@r,w) =i % e(r, w)/d3r/ Gr,r',w)- jN(r’, w) + PN(rw), (2.155)
- J
1
p(r, w)

H(r, w) = /d3r/V X Gr,r',w) - j (' w) — My(r,w).  (2.156)

The Maxwell equations (2.123) and (2.124) as well as the constitutive rela-
tions (2.125) and (2.126) are thus fulfilled by construction. Our solution further
automatically obeys the remaining two Maxwell equations: The validity of (2.122)
follows directly from (2.154). The Gauss law (2.121) can be verified by calculating

VoDriw) =i 5V srw) [ G0 ) £V - P
; i

= iv W) +iwPy(r,w)] =0, (2.157)
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where we have used j = —iwPy + V x My as well as the relation

2
LV e WG P w) = =V - S(r — 1), (2.158)
c

The latter can be found by taking the divergence of (2.149).

Comparing the electromagnetic field in free space with that in the presence of
media, we note two important differences. Firstly, the electromagnetic field in free
space obeys a homogeneous Helmholtz equation, while the field in the presence
of media is subject to an inhomogeneous Helmholtz equation with the noise cur-
rent density acting as a source. Secondly, in contrast to the free-space case, the
electromagnetic field in the presence of media is a fluctuating quantity. These field
fluctuations are an immediate consequence of the source fluctuations. For example,
the fluctuation spectrum of the electric field can be inferred from the fluctuation
spectra (2.117) and (2.118) of the noise polarisation and magnetisation by using the
representation (2.148) of the electric field:

(AE(r, »)AE*(r',w))a
=;%M{/@ﬁ/@f{deOng)%APN@¢@AP§@Cd»d-GﬂfJﬁw)
—[GOJ&OX?J%AMMLMAM§WJAM~WVXGWVJCMH

_ poksT
e

wIm G(r, r', w)d(w — W), (2.159)

where 1N = —iwPy + V x My and the integral relation (2.153) for the Green’s
tensor have been used.

Next, consider the case where in addition to the internal charges comprised in
the medium, free charges are also present, which give rise to additional charge and
current densities p and j as given by (2.45) and (2.46). The inhomogeneous Maxwell
equations are then given by

oV -E = pin+p., (2.160)

1 ,
— VxB-—cE=jn+j. (2.161)
110

In complete analogy to the case of no free charges, one can relate the charge and cur-
rent densities pi, and ji, of the internal charges to polarisation P and magnetisation
M via (2.87) and (2.90) and then introduce electric and magnetic excitations D and
H according to (2.92) and (2.93). Due to the presence of the free charges, the Gauss
and the Ampere laws are now inhomogeneous:
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V.D=p, (2.162)

VxH-D=7j. (2.163)

As before, we describe the behaviour of the internal charges under the influence of
the electromagnetic field in an effective way by assuming the medium response to
be linear, local and isotropic, so that the constitutive relations (2.107) and (2.108)
hold. On the contrary, the motion of the free charges is described in an exact way by
the Newton equations (2.59).

A solution for the electromagnetic field can again be constructed by working in
the Fourier domain. The homogeneous Maxwell equations (2.122) and (2.123) as
well as the constitutive relations (2.125) and (2.126) remain their form whereas the
inhomogeneous Maxwell equations now read

: (2.164)
(2.165)

IS IS

V.
V x H +iw

|~. I

Combining these equations, one obtains a Helmholtz equation for the electric field

1 W . . .
|:V X ;V X — C—zs]Ez 1pow(iN +l)’ (2.166)

with the sources being given by both the noise current density and the current density
associated with the free charges. The relevant electromagnetic fields can again be
expressed in terms of the Green’s tensor, where in slight generalisation of the case
without free charges, one has

E(r,w) = i,uow/d3r’ G(r,r'w) - [jr' w) —i—lN(r’, w)], (2.167)
B(r,w) = po/d3r/ V x Gr,r,w)- [l(r’, w) —I—iN(I‘/, )], (2.168)

D(r,w) = iz”—zg(r,w)/d%’ Gr.r',w) - [j(r',w) + j (', w)] + Py(r.w),
(2.169)

H(r,w) = L. /d3r/V x G(r,r'w) - [jr',w) + j (' w)]— My, w).
p(r, w) = =N
(2.170)

This solution satisfies Maxwell equations (2.123) and (2.165) as well as the consti-
tutive Equations (2.125) and (2.125) by construction. The remaining two Maxwell
equations also hold: Equation(2.122) follows immediately from (2.168) and the
validity of (2.164) is seen from
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V.- D(r,w)

=i :u—z V- e(r, w)/d3r’ G(r,r'\w) - [J0 0+ j (' D]+ V- Py(r,w)

1 .
= ;V . [i.(r/, Ct)) +1N(r’ W) + 1C¢)£N(r, (,())] = B(r’ w) (2171)
where we have used j, = —iwPy + V x My and (2.158) as well as the continuity
equation
—iwp+V-j=0 (2.172)

for the free charges.

Note that (2.167) can be used to infer the fluctuation spectrum of the electric field
without referring to the fluctuations of polarisation and magnetisation. To see this,
we write this equation in the form

E(r,w) =ipw / &rGer.r w) - jr W)+ Ex(rw), (2.173)

where the fist term is the reactive part of the field and the second term is the ran-
dom part. This equation is analogous to (2.96) where the roles of electric field and
the charges are now reversed: While (2.96) describes the response of the internal
charges to an applied electric field, the equation here characterises the response of
the electric field to the free charges. To get a complete analogy, one has to introduce
the polarisation associated with the free charges instead of their current density via
a relation similar to (2.90). The response function hence being given by pow? G, the
fluctuation—dissipation theorem [2, 3] implies

knT
(AE(r, )AE*(r', W) = == pow? Im G(r, ', w)d(w — '), (2.174)
W

in agreement with the previously derived (2.159).

2.1.4 Duality

In the absence of free charges, the electric and magnetic field quantities are governed
by very similar laws. This can be exploited to determine magnetic field configu-
rations without a calculation simply by comparison with the respective analogous
electric field configuration and vice versa. This symmetry is known as the duality of
electric and magnetic fields and the interchange of these fields constitutes a duality
transformation. In the following, we will establish explicit prescriptions for duality
transformations of the various fields and establish under which conditions duality is
a valid symmetry. Duality will be very useful in the later chapters when studying
dispersion forces.
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The Maxwell equations in the absence of free charges or currents are homogeneous
and may be grouped into two pairs of analogous equations

V.-D=0, (2.175)
V-B=0, (2.176)
and
VxE+B=0, (2.177)
VxH-D=0 (2.178)

where the relations between the fields and the excitations forms a third such pair,

D=¢cE+ P, (2.179)
1

H=—B-M. (2.180)
Ko

Accordingly, we group the electromagnetic field quantities into six-component dual-
pair vectors (E, ZoH)T (ZyD, B)T and (Z,y P, MOM)T where the vacuum impe-
dance Zy = +/10/€0 has been introduced for dimensional reasons. In this dual-pair
notation, the Maxwell equations assume the compact form

ZoDY (O
v ( A )_ (o) , (2.181)
E 0 1\ (ZoD 0\

and the relation between the fields and excitations reads

ZoD _1 E ZoP
( B )_Z(ZOH)—F(MOM)' (2.183)

It is now immediately obvious that these equations are invariant with respect to a
duality transformation

@ .
(’;) = D) (’;) ., with D(®) = ( cos Sma) €S0(2) (2.184)

—sin @ cos 6

being the most general real matrix that commutes with the matrix in (2.182), up to
a global constant rescaling factor. Such a matrix D(f) is commonly know as a sym-
plectic matrix. The transformation may be viewed as a rotation in the space of dual
pairs (0 < 6 < 2m). The name of the duality transformation can be understood from
the fact that in relativistic free-space electrodynamics, it mixes the electromagnetic-
field tensor (with electric and magnetic fields as components) with its dual tensor
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(having magnetic and electric excitations as components) [7, 8]. Alternatively,
the real-valued electromagnetic fields are often combined into complex Riemann—
Silberstein vectors x + iy [9], in which case duality invariance manifests itself as
a U(1) symmetry. In a more general, metric-free formulation of electrodynamics
especially suited for curved spacetimes, the notion electric/magnetic reciprocity is
used in place of duality [10].

In order for duality to be a valid symmetry transformation in the presence of
magnetoelectric media, it must also be compatible with the constitutive relations

D =¢epcE + Py, (2.185)
1
H=—B-M,. (2.186)
ok

Recall that they are most conveniently formulated for the Fourier components of
the fields which are complex-valued. This is why we use 6-vectors rather than the
complex Riemann-Silberstein vectors; it would be difficult extract the electric and
magnetic field components x and y from the latter. In dual-pair notation, the consti-
tutive relations read

ZD\ _1(c0 E 10\ { ZoPy
(5) = (o) (o) + ) (iy) - e

and hence their invariance under duality transformations requires that

e® 0 e0 1
(2 2) =m0 ;)

_ £cos? @ + psin® @ ( — €) sinf cos 6 (2.188)
~ \(u—¢)sinfcos b esin®§ + pcos® 6 '
and
P ® _ cos 6 [ sin 6 Py (2.189)
My/c) — \=/u®)sinb (u/p®)cosd ) \ My/c ) '

The first of these conditions can only be fulfilled in two ways: It holds if the relative
impedance of the media is equal to unity, Z = /u/e = 1. In this case, which
includes both free space and a perfect lens medium (¢ = p = —1, cf. Sect.4.1),
duality is manifest as a continuous SO(2) symmetry of the electromagnetic field and
one has e® = ;® = ¢ as well as

P ® cos esinf P
(MN/C) - (—(1/5) sinf cosf ) (MNN/C) . (2.190)
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For media with a nontrivial impedance, (2.188) holds for § = n7/2 withn € Z only.
The presence of such media hence reduces the duality invariance from the full SO(2)

group to a discrete Z4 symmetry with the four distinct members

01

Dy =7, D =(_10

where (2.188) and (2.189) imply the transformations
® 20 «in2
€ cos- # sin- 0 €
(M) B (sin20 00529) (u) ’ (al27)
Py \? _ cosf  psind Py (2.193)
My /c “\—(/e)sinf cosh My/c) " :

The Maxwell equations in the absence of free charges and currents are thus invari-
ant with respect to a duality transformation in one of its two forms. The same must
hold for their unique explicit solutions (2.148), (2.154)—(2.156). Upon expressing
the noise current density in terms of noise polarisation and magnetisation via (2.147),
the latter can be written in the alternative forms

1 /
E(r,w) = —5/d3r G..(r.r',w) ~£N(r’, w)

- zo/d3r’ Gon(r, 1, w) - My (r',w), (2.194)
Brow) =20 [ & Guulrr', ) Py(r', )
— uo/d3r/ Gum (r, 1, w) - M (r', W), (2.195)

D(r,w) = —/d3r’ [e(r,w)Gee(r. ', w) = 6(r — )] - Py(r, w)

_ E(r, (.{J) /d3r/ Gem(r’ r/’ w) . MN('J’ w) s (2196)
¢
H(r,w) = _,u(rc, ) /d3r’ Ge(r,r',w) - Py(r',w)
3/|:Gmm(r»r/aw) /] ’
—/dr 4 S =) | My w), (2.197)
p(r, w)

making the dual structure more apparent. Here, we have introduced the tensors
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G (r.r',w) = 1?@ G(r,r',w) 1%; (2.198)
Gn(r,r',w)=V x G@r,r',w) x <V_/, (2.199)
Gen(r, 7, w) = % Gr.r',w)x V', (2.200)
G.(r,r',w)=V x G@r,r',w) 1%) , (2.201)

where G relates the induced electric and magnetic fields (for A = e, m) to their
two possible sources polarisation and magnetisation (for A’ = e, m). The duality
invariance of these solutions can be used to determine the transformation behaviour
of the Green’s tensor. We concentrate on the duality transformation D; which is a
generator of the entire discrete Z4 group, i.e., the three other transformations can be
generated by repeated application of Dj. According to (2.192), we have (6 = 7/2)
e® =y and u® = &, so the dual Green’s tensor is the solution to the differential
equation

2
[V w — L vk - w)] GO(r,r',w) =8 —r). (2202)
e(r,w) c?

In order to relate it to the original Green’s tensor, we apply the duality transformation
to both sides of (2.194) and (2.195), where the dual Green’s tensor appears on the
right hand side of the transformed equations together with P, ® M, ﬁ? ,e®and u®. We
express these fields and response functions as well as the fields on the left hand side in
terms of the untransformed ones via (2.184), (2.192) and (2.193) (f = m/2). Finally,
we expand the fields on the left hand side in terms of the Py, My by using (2.194)-
(2.197). Comparing the coefficients on the two sides of the resulting equations, we
find the transformation laws

1
® / _ ’
G, (r.r'w) = o) Gm(r,r',w) )
5r—r), (2.203)
p(r, w)
G® (r,r',w) = e(r,w)Gee(r, r', w)e(r', w)
—e(r,w)ér —r'), (2.204)
GE (r,r',w) = — ! Ge(r, 1, w)e(r’,w), (2.205)
p(r, w)
G (r,r',w) = —e(r,w)Gen(r, v, w) ) (2.206)
p(r', w)

It can easily be seen that these laws are self-inverse; by applying them twice, one
returns to the original Green’s tensor (note that the roles of € and p have to be
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Table 2.1 Dual-partner fields and response functions and their behaviour under the duality trans-
formation D; = D(@=m/2)

Dual partners Duality transformation

E H: E® = ZyH, H® =—-E/Z7,

D, B: D® = B/Z,, B® = —-7ZyD

P, M: P® =M/c, M® = —cP

Pn, My: Py = uMy/ec, My = —cPn/e

g, i e® =p, u® =c

Gee, Grum: Gg®e = (I/N)Gmm(l/:u) + (1/#)6, G%m =eGeec — €6
Gen, Gie: Ge@;n = *(I/N)Gme& G,%e = *5GBm(1/N)

exchanged for the second transformation). By starting from (2.196) and (2.197)
instead of (2.227) and (2.195), one would arrive at equivalent transformation laws
for the Green’s tensor.

The action of the duality transformation associated with D1 = D(6 = /2) on the
various fields and response functions is summarised in Table 2.1. The transformation
exchanges the two fields of each dual pair while in addition, one of them acquires a
minus sign; the transformation therefore needs to be applied four times in order to
return to the original state. On the contrary, the duality transformation is self-inverse
when applied to the response functions.

As we have seen, duality in its discrete form with the transformation laws as
given in Table 2.1 is an exact symmetry of the Maxwell equations in magnetoelectric
media in the absence of free charges or currents. It will break down in the presence of
charged systems like single electrons or ions where the Maxwell equations (2.175)
and (2.178) become inhomogeneous, thus breaking the symmetry with the homoge-
neous Maxwell equations (2.176) and (2.177). Duality invariance can be recovered
under specific circumstances if only electrically neutral systems are present which
may be polarisable or magnetisable. In particular, duality is a useful symmetry of
the dispersion forces between atoms and/or bodies in free space, as will be shown in
Sects. 3.2, 4.4, and 5.3.

2.2 Field Quantisation in free Space

In a quantum theory, physical observables are represented by operators acting on an
appropriate Hilbert space. For a system prepared in a state [¢) of this Hilbert space,
the quantum average of an observable f is given by

(f) = Wl f1v) (2.207)

and its quantum fluctuations can be calculated according to
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(AN = (27 (2.208)

with .
Af:f—(f). (2.209)

Two operators f and g representing different observables do not necessarily com-
mute, this is accounted for by introducing the commutator

[f.4]=Ffa—af. (2.210)

According to the Heisenberg uncertainty principle, the fluctuations of two observ-
ables are related to their commutator by

[{vaa)e @211)

A=

((AHH)ap?) =

showing that fluctuations necessarily occur when considering two non-commuting
observables.

The quantum electromagnetic field is thus given by field operators E and B which
represent probabilistic, fluctuating quantities; in contrast to the classical c-number
fields E and B. In spite of this fundamental difference, QED must resemble classical
electrodynamics as closely as possible. Thus, we require that operators describing the
quantum electromagnetic field in free space are also subject to the Maxwell equations

V.E=0, (2.212)
V.-B=o0, (2.213)
VxE+B=0, (2.214)
a 1 x
VxB-—E=0, (2.215)
C

so that the averages of the fluctuating quantum electromagnetic field behave in the
same way as the non-fluctuating classical electromagnetic field.

As we will see, this requirement is automatically fulfilled when employing canon-
ical quantisation, a procedure which at the same time renders the yet unknown com-
mutators of the quantum electromagnetic field. Canonical quantisation starts from
a Hamiltonian formulation of quantum electrodynamics, as was given at the end of
Sect.2.1.1. According to the correspondence principle, classical observables in this
formulation may then simply be replaced by the corresponding operators, whereby
classical Poisson brackets must be replaced by commutators

1,4
Uﬂﬂ»EUﬁ} (2.216)
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The vector potential of the electromagnetic field A and its canonically conjugate
momentum IT, which represent the dynamical degrees of freedom, thus become
operator valued and the classical Poisson brackets (2.40) and (2.41) imply that the
canonical equal-time commutation relations are given by

[A), A¢)] = [, )] =0, (2.217)
[A(r), ()] = ikt — 7). (2.218)

The relation between these fundamental fields and the electromagnetic field is
assumed to be completely analogous to the classical one. In Coulomb gauge, we
have

1 .
RE— ; g (2.219)
€0

x A, (2.220)

E

A

I
4 @

recall (2.6), (2.18) and (2.27). Hence, the equal-time commutation relations of the
electromagnetic field are given by

[E(r), E)] = [B(r), Bt)] =0, (2.221)
[E(r), Ba)] = ;—hv x 8(r —r) (2.222)
0

where we have recalled the property V x 8! (r) = 0.
The classical Hamiltonian of the free electromagnetic field is replaced by the
Hamilton operator

y_ | 3 ey 2
H=—-[dr|—0O"+—(VxA~“], (2.223)
2 €0 Ho
which is the operator representing the energy of the (transverse) electromagnetic
field
y_ | 3 LY
H=—- [ dr |egE“+ — B~ | . (2.224)
2 )

More importantly, the Hamiltonian governs the equations of motion in a similar way
as in the classical theory. As implied by the correspondence principle, the dynamics

of a quantum observable f is given not by the classical equation (2.43), but by the
Heisenberg equation of motion

A A

X 1
i = E[f JH| (2.225)
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instead. When writing down the Heisenberg equations of motion for the canonically
conjugate fields, we have to calculate the commutators of the Hamiltonian with
these fields. As a direct consequence of the canonical commutation relations, the
commutator of the Hamiltonian with respect to one of these fields is directly related
to its derivative with respect the other one; this can be verified by repeated use of the
rule

[a. b¢] = bla, ¢] + [a. b]e. (2.226)

The Heisenberg equations of motion for the canonically conjugate fields

2 1.~ =«

A=—|AH|=—=—1I, 2.227
iﬁ[ | SII <o ( )

PO RN §H 1 .

I=—[H|=-—=—AA (2.228)
ih JA 1o

are thus of exactly the same form as the classical Hamilton equations. As in the
classical case, these equations are equivalent to the Helmholtz equation

1 = ~
—2A —AA=0. (2.229)
c

The Helmholtz equation, together with the definitions (2.219) and (2.220) implies
that the Maxwell equations (2.212)—(2.215) for the quantum electromagnetic field in
free space hold, as required.

We have thus successfully obtained a quantum theory for the electromagnetic
field from classical electrodynamics by means of canonical quantisation. The use of
a Hamiltonian formulation together with the correspondence principle has ensured
that the quantum theory is very analogous to the classical theory.

2.3 Field Quantisation in Media

Canonical quantisation cannot be applied to the electromagnetic field in the presence
of media, since a Hamiltonian formulation of the respective classical theory is not
readily available. Instead, we employ three guiding principles in order to construct a
quantum theory for the macroscopic electromagnetic field in the presence of media
(macroscopic QED): (i) The equations of motion for the quantum electromagnetic
field must be the same as the classical ones, i.e. the Maxwell equations together
with the constitutive relations must hold. (ii) The quantum fluctuations of the elec-
tromagnetic field must obey the fluctuation—dissipation theorem, just as the classical
fluctuations do. (iii) In a medium, one has to distinguish between the electric and
magnetic fields and excitations. The latter contain contributions from the medium
degrees of freedom via polarisation and magnetisation. The electric and magnetic
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fields, however, represent purely field degrees of freedom, so their commutation rela-
tions must be identical to those in free space. To summarise, we require the behaviour
of the quantum macroscopic electromagnetic field to resemble that of the classical
field as closely as possible while being consistent with the properties of the quantum
electromagnetic field in free space derived in the previous section.

Let us begin by quantising the macroscopic electromagnetic field in the absence of
free charges or currents. As in the free-space case, all classical fields must be replaced
by operator-valued quantum observables, where according to requirement (i), the
Maxwell equations together with the constitutive relations must be valid for the
quantum fields. Again, it is convenient to introduce frequency components,

f= / dw f(w) + He., (2.230)
0

where we have accounted for the operator nature of the fields by using the hermitian
conjugate. Further, one should note that our definition of the frequency components
holds both in the Schrodinger picture where operators are time-independent and in the
Heisenberg picture where they explicitly depend on time. We require the frequency
components of the electromagnetic field to obey Maxwells equations

V-D=0, (2.231)
V.-B=0, (2.232)
VxE—-iwB=0, (2.233)
Vx H+iwD=0 (2.234)
and the constitutive relations
D =cpcE + Py, (2.235)
. 1 - .
H=—B-Mm,. (2.236)
ok

Quantum noise polarisation and magnetisation are related to the corresponding
noise charge and current densities according to

~

Jy= —iwPy+V x My, (2.237)

py=-V-Py (2.238)
and the continuity equation holds,

—iwp, + V- j=0. (2.239)
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As the noise fields are now quantum operators, we must specify their commutation
relations. Our choice must be such that noise polarisation and magnetisation vanish
on their quantum average and that their fluctuation spectrum obeys the fluctuation—
dissipation theorem. As we will show in the following, these conditions can be
fulfilled by relating polarisation and magnetisation to fundamental creation and anni-
hilation operators };(r, w) and }./\(r, w) [5, 6, 11-13],

Py(r,w) = i,/ el Ime(r,w) f,(r,w), (2.240)
™

~ . h Imp(r,w) -

My (r,w) = \V mpo |p(r, w)l? m(r @) (2241)

which obey bosonic commutation relations

[Fr@r.w). fu @ w)] = [Fle.w). fl @ w)] =0, (2.242)
[Far,w), FL', )] = dwd@r — F)ow — ). (2.243)

They represent the collective, polariton-like [14] bosonic excitations of the body—
field system. The system’s ground state [{0}) is the ground state of the bosonic
operators, defined by

FrE o) =0 VA r w. (2.244)

In particular, it implies that the electromagnetic field is in its ground state, which is
the quantum vacuum mentioned in the introduction. The complete Hilbert space of
the body—field system can be spanned by Fock states obtained in the usual way by
repeated application of the creation operators }'; to the ground state. For instance,
single- and two-quantum Fock states are given by

L, w) = Fir, w0}, (2.245)
| Y N
I, )y (r, W) = G FLa )i wiion, (2.246)
respectively; they are special cases of the general n-quantum Fock state
| BN N
Iy (ri,wi) .. 1y, (Fp, wn)) = \/—_' fin(r,,,wn) e ff\l(rl,wl)|{0}). (2.247)
n!

The normalisation factor 1/+/n! accounts for the fact that the product of two n-
quantum states is the sum of n! products of delta functions. From the above definition
of the ground state it immediately follows that the creation and annihilation operators
have a vanishing ground-state average,
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(FA(r, ) = ({0} FA(r, w){O}) =0, (2.248)
(£l w) = do)Flar, wlfo) =0. (2.249)

Invoking the bosonic commutation relations, one can further find the following results
for ground-state averages of quadratic combinations of f and f ;:

(A @) fr@' ) =0 (2.250)
(Falr,w) FL 0 ) = @ — r)dw — ), (2.251)
(Flawfy@e ) =0, (2.252)
(Fle,wfl e’ w))=0. (2.253)

The above relations imply that noise polarisation and magnetisation vanish on their
ground-state average,
(PN) =0, (MN) =0, (2.254)

and their fluctuations agree with the fluctuation—dissipation theorem [2, 3],

(S[APN(r, ) AP, )]) = % o Im x(r, w)d(r — r')d(w — w'),

(2.255)
N N hl ,
(S[ABtN(r. ) AL )]) = 5= It 9 5 — 16w — ),
T
(2.256)
in accordance with our requirement (ii). Here, S (ab) = %(&13 + ba) denotes a

symmetrised operator product. Note that the average thermal energy kg T appearing
in the classical fluctuation—dissipation theorem (2.117) and (2.118) has been replaced
with the quantum ground-state energy %hw of a bosonic system. The use of a noise
polarisation with a spectrum governed by (2.255) is known as Rytov theory [15], it
lies at the heart of Lifshitz’ famous calculation of the Casimir force [16].

Having introduced the fundamental variables of the system and their commutation
relations, explicit quantisation of the electromagnetic field can be performed by
expressing all field operators in terms of these variables; this can be achieved by
solving the Maxwell equations. In complete analogy to the classical case, we can
combine (2.233)—(2.236) into a Helmholtz equation for the electric field,

A

1 w? . A
Vx-Vx ——=¢|lE= 1wy s (2.257)
M ¢ -

which can be formally solved by means of the classical Green’s tensor:

E(r,w) = i,uow/d3r/ Gr,r',w) ~iN(r’, w). (2.258)
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Expressing the noise current density in terms of the fundamental fields jA‘ and jA”; by
means of iN = —inN + V x MN together with (2.240) and (2.241), we obtain
the desired expansion of the electric field,

(0 0)
E(r) :/dwE(r,w) + H.c.
0

=/dw Z /d3r’ G\(r.r',w)- f,(r',w) +Hec. (2.259)
0

A=e,m

The coefficients

w? h

G.(r,r',w) =i — | = Ime(r, w) G(r, r,w), (2.260)
c TEQ

Gorrwy =i | M[V/ < G(r'.r.w)]". (2.261)
c Ve |p(r', w)?

obey the integral relation
3 T 1 hio o /
E d’s Gy(r,s,w) -Gy (r',s,w) = —w ImG(r,r', w) (2.262)
m
A=e,m

which follows directly from the integral relation (2.153). Expansions of all other
relevant fields in terms of the dynamical variables follow from this result by virtue of
the Maxwell equations and constitutive relations in frequency space. Thus, (2.233)
leads to

o0

ii(r) = /dwﬁ(r,w) + H.c.
0
o0
dw 3.7 / p I
=[— > [ @FVxG\r.r.w)- f('.w)+He (2263)
1w
0 )\=€,

while (2.235), (2.236), (2.240) and (2.241) show that
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D(r) = /de(r, w) + H.c.

0
=/dw coe(r, w) Z /dSr’ G,\(r,r’,w)-}/\(r/,w)
0

A=e,m

+iy/ R0 1 e(r,w) f(r, w):| + H.c. (2.264)
Vs

and
o0
ﬁ(r):/dwﬁ(r,w)JrH.c.
0
i 1 3.7 / P, l
zo/dw W/\:Ze;m/d r'V x Gy(r,r',w) - f ' w)

B \/W }m(r’w)} He (2.265)
T p(r,w)

As in the classical case, the Maxwell equations and constitutive relations in Fourier
space are fulfilled by construction.

Commutation relations for the fields can be deduced from the bosonic commu-
tation relations of the fundamental fields in a straightforward way, as demonstrated
in App. A. In particular, it may be shown that electric and magnetic field obey the
equal-time commutation relations [5, 6, 11-13]

[E(r), E)] = [B(r), B(r)] =0, (2.266)
[Er), B()] = ;—hv x&(r—r'). (2.267)
0

They agree with those in free space, in accordance with our requirement (iii). Sim-
ilarly, the fundamental commutation relations can be used to calculate the ground-
state fluctuation spectrum of the electric field (2.259). Upon using the integral relation
(2.262), one finds [5, 11]

(S[AE(r, w)AETG, W)]) = 21 pow? Im G(r, r', w)d(w — '), (2.268)
I8

in agreement with the fluctuation—dissipation theorem. In comparison with the clas-
sical fluctuation spectrum (2.174), the average thermal energy kg7 has again been
replaced with the quantum ground-state energy %hw
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Next, we must specify the Hamiltonian of the system, which governs its dynamics.
We require this Hamiltonian to generate the correct time-dependence of the field
operators in the Heisenberg picture such that the Maxwell equations together with
the constitutive equations hold. As these equations are fulfilled in the frequency
domain by construction, we simply have to ensure that the time-dependent frequency
components of the field operators are ordinary Fourier components,

fw.t) = fwyee ™, (2.269)

so that the Fourier relation
oo
= / dw f(w)e ™ + H.e. (2.270)
0

holds. This is achieved by the Hamiltonian [5, 6, 11-13]

Hp = z /d3 /dwhwf/\(r w) - fr(r,w), (2.271)

A=e,m

as can be seen as follows: Hp generates the Heisenberg equations of motion

A 1,4 ~ ~
Farw) = S [Fatrw), He] = ~iw ] w) (2272)

which are solved by
Foar,w, ) =f(r,we ™. (2.273)

The electromagnetic field operators introduced in the section being linear combina-
tions of the fundamental fields, their time-dependent frequency components are thus
ordinary Fourier components, as required. Upon using the Fourier relation (2.270)
it follows that the Maxwell equations and constitutive relations in frequency space
(2.231)—(2.236) also hold in the time domain [5, 6, 11, 12],

v.b=o0, (2.274)
V.-B=0, (2.275)
V x B+ fs =0, (2.276)
VxH-D=0, (2.277)
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D(r,t) = oE(r,t) + =0 / drx(r,DE@, t — 1)+ Pn(r, 1), (2.278)
H(r, 1) = il}(r, 1) — 1z / dr C(r,T)B(r,t —7) — Mn(r,1). (2.279)
Ho Mo_oo

Having established the system’s Hamiltonian (2.271), let us find its eigenstates.
The ground-state |{0}) is obviously an eigenstate,

Ag|{0}) =0, (2.280)

as follows from its definition (2.244). By invoking the bosonic commutation rela-
tions (2.242) and (2.243), one can further show that the single- and two-quantum
Fock states (2.245) and (2.246) are also energy-eigenstates,

Hr|1\(r, w)) = hw|1)(r, w)), (2.281)
He|1\(r, )1y (', W) = h(w + )1\, )1y (', W) . (2.282)

Even more generally, every n-quantum Fock state is an energy eigenstate whose
energy is just the sum of the energies associated with the excitations involved,

Hel[1y, (r1, 1) - . 1y, (1, wn))
= W1+ A @)Ly, (F1, wi) Ly (s wp)) (2.283)

The ground state |[{0}) is obviously the eigenstate with the lowest energy, as required.

Let us summarise the constructed quantisation scheme: By using the Maxwell
equations in the frequency domain as a guide and expressing all relevant fields in
terms of appropriately chosen bosonic variables, we have thus succeeded in construct-
ing a macroscopic QED that fulfils our three initial requirements: It is compatible with
(1) classical macroscopic electrodynamics (because the Maxwell equations and con-
stitutive relations hold), (ii) statistical physics (the quantum fluctuations of both the
noise fields and the electric field being in accordance with the fluctuation—dissipation
theorem) and (iii) free-space QED (with the electromagnetic field obeying the correct
commutation relations).

Since the Maxwell equations for the quantised have exactly the same form as
the classical Maxwell equations, all our results regarding the duality of electric and
magnetic fields as given in Sect.2.1.4 remain valid in the quantum case. In particu-
lar, the duality transformation laws for the quantum fields are completely analogous
to the classical fields as listed in Table 2.1; and duality transformations leave the
equations of motion (2.274)—(2.279) invariant. Since the Heisenberg equations of
motion are generated by the Hamiltonian (2.271), we can conclude that this Hamil-
tonian itself must be duality-invariant. To see this more directly, let us determine
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the transformation behaviour of the fundamental fields } ) and JA“; Writing the
relations (2.240) and (2.241) between those fields and the noise polarisation and
magnetisation in dual-pair notation as

ZogN)z | hyo (i\/Ims 0 ) A}e 2984
(,U'OMN 71— 0 VImﬂ/|,Uf| fm ( 28 )

and recalling Eqgs. (2.190) and (2.193), they are seen to transform as

A ® X
Fo) _(  cost  —iGu/lnhsine (.
(}m) B (—i(|6|/€) sin 6 cos 8 )(}m) (2.285)

in both the continuous (¢ = p) and discrete (0 = nw/2 with n € Z) cases. For
the nontrivial transformations, the fundamental variables are thus exchanged and
multiplied with phase factors. The phase factors do not affect the Hamiltonian which
is quadratic and symmetric in f . and f m: It follows that a duality transformation

A

leaves the Hamiltonian invariant, A% F= - A F, as expected.

As a preparation for the following section, where atom—field interactions will be
discussed, it is useful to introduce scalar and vector potentials for the electric and
magnetic fields in the usual way,

E=-Vi—4A, (2.286)
B=VxA. (2.287)

In Coulomb gauge V - A =0, we have
Bl —_A, (2.288)

so that <Z> and A can be expressed in terms of the fundamental variables by using the
representation of the electric field (2.259):

oo

Vo(r) = /dw Vo(r,w) + He.

0

=— Z /d3 ’/dw”G)\(r rw) - for,w) +He., (2.289)
A=e,m

oo
A(r) = /de(r, w) + Hec.
0
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o0
= > /d3r’/ELGA(r,r’,w)'f,\(r’,w)—i—H.c. (2.290)
1w
0

A=e,m

where we denote left/right longitudinal or transverse components of a tensor field
T(r,r’) by

e L () =/d3s/d3s’5”“‘(r —5)-T(s,s)- 84" —r), (2.291)

recall (2.15). Note that for a tensor fulfilling Onsager reciprocity (2.152), one has
G, r'y= GWV+u', r). (2.292)

As in the free-space case, the canonically conjugate momentum associated with the
vector potential is given by
I =—cE*, (2.293)

as can be easily demonstrated by verifying the canonical equal-time commutation
relations (Appendix A)

[A(r), A()] = [I(r), 1(+)] = 0, (2.294)
[A(r), H("] = ikt (r — 7). (2.295)

We conclude the section with a few remarks concerning the validity and phys-
ical interpretation of the macroscopic QED outlined above as well as its relation
to other theories. The validity of our quantisation scheme depends crucially on the
assumption that all space is filled with absorbing media, so that Ime(r,w) > 0
and Im p(r, w) > 0 hold everywhere. This condition acts as a regularisation which
guarantees the convergence of spatial integrals of the type (2.259). At the same
time, it is obviously vital for preserving the correct equal-time commutation rela-
tions for the electromagnetic field: In the extreme example that Ime(r,w) = 0
and Im p(r, w) = 0 everywhere, the electric and magnetic field operators would
vanish and thus commute trivially. As a consequence, even in free-space regions or
regions where absorption is very small and can be neglected in practice, the imag-
inary parts of permittivity and permeability must not be set equal to zero in the
integrands of expressions of the type (2.259). To allow for free-space regions, the
limits Ime(r, w) — 0 and Im u(r, w) — 0 may be performed after taking expec-
tation values and having carried out all spatial integrals. In this sense the theory
provides the quantised electromagnetic field in the presence of an arbitrary arrange-
ment of linear, causal magnetoelectric bodies characterised by their permittivities and
permeabilities, where Im e(r, w) > 0 and Im u(r, w) > 0; it may thus be regarded
as a generalisation of the free-space QED presented in the previous section.



86 2 Macroscopic Quantum Electrodynamics

Quantised electromagnetic Harmonic-oscillator Harmonic-oscillator
field in free space Rs polarisation <> reservoir
E, B P Y
U I
U Absorbing dielectric medium
3

Medium-assisted electromagnetic field

fe, fI

Fig. 2.1 The Huttner—Barnett model

Instead of introducing bosonic operators as the fundamental fields in terms of
which the electromagnetic field is expressed, one can also construct a quantisation
scheme by using noise polarisation and magnetisation as the fundamental quantities
whose commutations relations are chosen such that the fluctuation—dissipation the-
orem holds in the form of (2.255) and (2.256). Such a variant of the macroscopic
QED presented here was initially developed for dielectrics [17, 18] and was later
extended to magnetodielectrics [19]. Alternatively, macroscopic QED can be con-
structed by expressing the electromagnetic field in terms of auxiliary fields whose
dynamics is such that the Maxwell equations are fulfilled [20]. It has been shown
that this approach is equivalent to the one presented here [21].

All of the macroscopic theories presented above are effective theories where the
true behaviour of the charged particles constituting the medium is characterised
approximately by the introduced permittivity and permeability; such an approxi-
mation obviously breaks down on length scales comparable to the interatomic dis-
tances within the medium. When applying the macroscopic QED presented here to
a specific scenario, specific permittivities and permeabilities describing the media in
question are used as input to the theory, they can be obtained either from microscopic
model calculations or from experimental measurements. One of the strengths of the
approach is its generality: In principle, arbitrary linear, causal response functions
can be used for € and y in order to account for the specific properties of the respec-
tive media. The theory can be further generalised to include media with a non-local
and/or anisotropic response, recall (2.96) and (2.97) [12, 22].

For some special cases of simple model media, more explicit treatments of the
field-medium interaction have been carried out. They provide for an additional jus-
tification of our theory while shedding some light on the physical meaning of the
fundamental fields. This approach was first pursued by Huttner and Barnett [23]
who studied the case of a bulk absorbing single-resonance dielectric, their work was
later extended to inhomogeneous dielectric bodies [24-26], including bodies exhibit-
ing non-local properties [27]. The Huttner—Barnett model consists of the quantised
free-space QED field interacting with a harmonic-oscillator polarisation field which
in turn interacts with an additional harmonic-oscillator field acting as a reservoir to
model absorption (see Fig.2.1). Employing a Fano diagonalisation [28], Huttner and
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Barnett found the collective variables of this interacting system in two steps. First,
they diagonalised the Hamiltonian describing the coupled interaction of polarisa-
tion field plus reservoir, obtaining the collective variables of the absorbing medium.
They then treated the interaction of this medium with the electromagnetic field in a
similar way, leading to collective, bosonic variables which may be identified with
our fundamental variables }e and }Z Their calculation hence shows that the fun-
damental fields } » and };\ describe collective excitations of the absorbing medium
and the electromagnetic field. The expansions (2.259) and (2.263) may be regarded
as projections of the collective variables onto the field subspace of the medium—field
system.

2.4 Atom-Field Interactions

Let us next describe how the medium-assisted electromagnetic field characterised in
the previous section interacts with one or several atoms. To ensure that our macro-
scopic description of the medium remains valid, we will typically assume that the
atoms are situated in free space and that the medium is present in the form of
one or more magnetoelectric bodies [described by regions where €(r, w) # 1 or
u(r,w) # 1], with the atoms being well separated from the bodies. In particular, the
atom—body separations must be large compared to the interatomic distances of the
atoms forming the medium.

A neutral atom or molecule A (briefly referred to as atom in the following) may
be envisioned as a system of particles @ € A with charges g0 (3,4 90 = 0),
masses ., positions 7, and canonically conjugate momenta p,,. The Poisson brack-
ets (2.79) and (2.80) for classical particles imply by virtue of the correspondence
principle (2.216) that the canonical commutation relations are given by

[For 5] = [po 5] = 0. [Far By] = idasl. (2.296)

From the classical Hamiltonian (2.70), we conclude that the Hamiltonian for a non-
relativistic atom is given by

=3
a€A «a,BeA
o

)
Dy qdadqp3
_— 2.297
21, + Z 8meg|F o — 13 ( )

In close analogy to the classical case, one may introduce charge and current densities
associated with the atom,
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ﬁA (r) = Z qod(r — Fo). (2.298)
acA
Ja) =3 qaS [?aé(r - fa)] : (2.299)
a€A

which obey the continuity equation
PA(r)+V - jar)=0. (2.300)

The symmetrisation operator S arises, because 7, and Fo do not commute. It is
defined as the weighted sum over all possible orderings of an operator product, e.g.,

S@ab) = ~(ab+ba),  Sab*) = (ab2 + bab + b*a) . (2.301)

N —

The definition can be extended to analytic functions f(a, b) = >%_ fija'b’ ina
straightforward way,

Sf@.by= "> f;S(@'b’). (2.302)

i,j=0

For expressions containing the delta function, symmetrisation is implied after inte-
grating, e.g.,

/ Br F(r, po)SOF —Fa) = Sf(Fa Do) - 2.303)

By repeated use of the operator identity (2.226), one can show that time derivatives
automatically lead to symmetrised expressions, e.g.,

0 . 1 " A x A
00— Fa) = — [3r — Fa), A] = S[ra VE(r — ra)] . (2.304)

Introducing the atomic Coulomb potential

Sy = [@PAD 2305
9a(r) / 47750|r —r| z 47r50|r —Fa ( )

which is the solution to the Poisson equation
— 20ApA = pa, (2.306)

the Coulomb term in the atomic Hamiltonian can be rewritten as

1 1 0
> e 2/d3r pada = 2/d3’ eo(Va)®.  (2307)

o.BeA 8meg|Fa — r[5|
a#f
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Note that replacing the explicit form of the Coulomb interaction in (2.295) by an
expression in terms of the Coulomb potential q@ A has the effect of introducing diver-
gent self-energy contributions, recall the discussion below (2.72) in Sect.2.1.2.

Since an atom is a bound system of charges, it is useful to introduce centre-of-mass
and relative coordinates

A My L ES ~ ~
Fa=> —“Fa. Ta=Fa—Fa (2.308)

(ma = 2 ,c4Ma). The appropriate associated momenta are given by [29]

~ ~ 2~ ~ me A
Pa=2 Par Pa=Pa— " Pa (2.309)
a€A A
such that the commutation relations
[#a.7a] = [Pas Pa]l =0, [fa. ba] =inl, (2.310)

~

[Fo.75] = [Pa. Ps] =0, [Fa. D] =ik ((m —~ Z—Z) I ~ihd,pl, (2.311)

[Fa.#4] = [Pa: Pa] = [Fa Pa] = [f4. Pa] =0 (2.312)

follow from the canonical commutation relations (2.296), where the approximation
is valid for electrons. Using these definitions, the atomic Hamiltonian may be written
in the form

2 a7)
Aa= JA +Zzp%” + 2 3 oA =2PA + > Eyln)n|
wen 2Ma 2 meo|Fa — Fpl my <

a#B
(2.313)

with E, and |n) denoting the eigenenergies and eigenstates of the internal
Hamiltonian.

As a consequence of the continuity equation, the atomic charge and current densi-
ties can be related to the atomic polarisation and magnetisation, recall the discussion
at the beginning of Sect.2.1.3. Defining these quantities as

1

Pyry=>" q,fa/da&(r — P4 —OT), (2.314)
acA 0
1 .
Ma(r) = an/daos[%a x %aé(r—fA—a%a)] , (2.315)

a€cA 0
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one has
pa=—-V-Py, (2.316)
A= Pat VX Ma+ . (2.317)
Note that the Rontgen current density [29, 30]
JR(P) =V x S[PA(r) x 4], (2.318)

which is due to the centre-of-mass motion of the atom, may alternatively be included
in the contribution from the magnetisation in order to make the analogy with the
classical relation (2.90) more complete. When combined with the Poisson equation,
the relation (2.316) implies that

-
Vés=— P, (2.319)
€0

Within leading order of the relative particle coordinates, polarisation and magneti-
sation are well described by the electric and magnetic dipole moments of the atom,

d = Z Q(x%oz = Z qai‘a ’ (2.320)

a€eA a€A

N do ~ A

m= Z Tara XTa, (2.321)
acA

where we have made use of the fact that the atom is neutral.

A duality transformation (2.184) applies to the atomic polarisation and magneti-
sation in the same way as it does to a macroscopic polarisation and magnetisation.
In particular, application of the discrete transformation Dj results in

PO =My/c, M%=—cP,. (2.322)
The transformation behaviour of the dipole moments follows immediately:
d® =m/c, m®=—cd. (2.323)

Finally, note that using the atomic Hamiltonian (2.313) together with the com-
mutation relations (2.311) and the definition (2.309), one can easily verify the useful
relation

q()[
Z m|Pa|n = iwpmndmn (2.324)

(yeA

withwy,, = (E, — Ey)/handd,,, = (m |3|n). It implies the Thomas—Reiche—Kuhn
sum rule [31-33]
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1 2
% E Win (@i din + din d i) = E 26’{'3 I. (2.325)
k acA T

2.4.1 Minimal Coupling

As in the classical case, there is a mutual interaction between the body-assisted field
and the charged particles constituting the atom: The atomic charges act as sources
in the Maxwell equations for the electromagnetic field which in turn influences their
motion via Lorentz forces. In the classical theory, we have studied the coupled dynam-
ics by working in Fourier space. In quantum theory, however, the time-dependent
frequency components of the electromagnetic field, as prescribed by an appropri-
ate Hamiltonian, do not necessarily coincide with ordinary Fourier components, so a
Fourier analysis is not particularly well adapted to the quantum dynamics. Instead, we
construct the interacting theory from our separate descriptions of the body-assisted
electromagnetic field and the atom by means of the minimal coupling scheme: In
close analogy to the free-space case, the Hamiltonian of the interacting atom—field
system is obtained by summing the separate Hamiltonians Hy and Hp, making the
replacement p,, — p, q,),A(rn) and adding the Coulomb interaction of the atom
with the body-assisted field. One obtains [5, 6, 11-13, 34]

Z [Pa ‘IaA(ra)] z 904953

8meg|Fa — f'g|

a€cA a,feA
“ath

+ > /d3 /dwhwf)\(r w) - A w)+ D qudFa)

A=e,m a€eA

= Hy + Hp + Har (2.326)

where Hy and Hp are given by (2.313) and (2.271), respectively, and the atom—field
interaction reads

2
A =D GadFa) = D > po-AGa) + D 2617“ A2, (2.327)

a€eA acA Ma acA @

note that the scalar product of p,, and A(#,) commutes in the Coulomb gauge. The
expansions (2.259), (2.263), (2.264) and (2.265) for the fields E, B, D and H remain
valid. Due to the presence of the atom, not all of them coincide with the physical
electric/magnetic fields and excitations, which for distinctness are denoted by curly
letters and are given by
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E=E-Vj,, B=B, (2.328)
D=D—-cVos, H=H. (2.329)

To verify the correctness of the above Hamiltonian, we have to show that the
physical fields obey the Maxwell equations

V.-B=0, (2.330)
V. D=pg4, (2.331)
Vx E+B=0, (2.332)
Vx fH-D=], (2.333)

and that the motion of the particles constituting the atom is given by the Newton
equations

Mmafa = 4aE (o) + quS|Fa x BFa)). (2.334)

The canonical commutation relations for 7, and p,, imply that the particle veloc-
ities are given by
P I .
Fo = gplFe Al = = [ba — 4aAGo)]. (2.335)
in close analogy with the classical relation (2.66). Let us begin with the Maxwell
equations. The first Maxwell equation follows directly from the expansion (2.263),

o0
n d ~
V-Br= > /f/d%’v-v x Gy(r,r',w) - fo(r',w)+H.c.
/\=e,m0

=0. (2.336)

It should be stressed again that due to the influence of the atom—field coupling, the
time-dependent frequency components }' A\ w, t) = }‘ A(r, w) in the Heisenberg
picture are not ordinary Fourier components (2.273) in the presence of the atom.
Similarly, the expansion (2.264) leads to the Gauss law
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V.ﬁ(r):/dw eV -e(rw) Y. /d* "G, r W) - f(r w)
0 A=e,m
. | heo ~ A o
+1 TIma(r, w) f.(r,w, t)] +H.c. —e0Ada(r) = pa(r)

(2.337)

where we have recalled definitions (2.260) and (2.261) together with the iden-
tity (2.158) to realize that the contribution from the terms in the square brack-
ets is vanishing; and we have invoked the Poisson equation —50A¢§ 4 = pa. The
Faraday law can be verified by calculating the time derivative according to the Heisen-
berg equation of motion. Since B commutes with A [recall (2.294) and (2.287)] and
qb (cf. App. A) and hence also with H AF, the expansion (2.263) leads to

1
B(r) = [B (r), He]

Z/ /d3r’V><G,\(r row) [ iwf\ @, w)] + Hec.

A=e,m
=V x &(r) (2.338)

where we have used the commutator (2.272). The Ampere law is a bit more involved

since D has several contributions:

X | A N 1.4 ~
D(r) = o [D(r), He] + o [D(r), Hae]
1 . . 1 R .
= - [20V0a(r), Ha] = o [20V0a(r), Har]. (2.339)

Using the commutator (2.272) and the relation (2.234), one finds

%[b(r), A = —/dw iwD(r,w) 4+ H.c. =V x H(r) (2.340)
0

The commutator of D with H AF can be found by noting that D commutes with quS
while A .
[D(r), A(r)] =it (r — 1) (2.341)

(cf. App. A), so that

1.4 A A A
(D). Aar] = = 3 Loy — quAGa)] - 8- = 7o) = —j 4 (). 2342)
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The contributions due to (;AS A as given by (2.305) can be calculated by means of the
canonical commutation relations for ¥, and p,,. From the Hamiltonians (2.297) and
(2.327), we find

[0V Aa] = = 3 | 2o sl — i) + 8V — o) L |
ih

- 2meq 2mq
(2.343)
1 - . . )
— —[eoVdar) Har] = D> 20 AGa) - 81— 70)
ih Mg
a€eA
(2.344)
[recall definition (2.15) of the longitudinal delta function], so that
! 2 5 ! 2 : A
- E[Eov@x(i‘), Hal - E[€0V¢A("), Hpp]| = —j,(r), (2.345)

cf. (2.335) above. Combining these results, we finally obtain the Ampere law.

Next, we address the Newton equation (2.334) by considering the Heisenberg
equation of motion for 7. The relation myr, = p, — qaﬁ(f‘a) together with the
Hamiltonian (2.335) shows that we have to calculate five contributions to the Lorentz
force:

1
ih

malo =

PO 1. =~ .. =~ 1 A A
[mara. H] = E[pa Hy|+ E[P(y Hyg] — E[QaA(ra), Hy|
! A(Fo), H : A(fo), H 2.346
—E[qa (Fa), F]—E[qa (Fa), Har]. (2.346)

Four of these follow directly from the Hamiltonians (2.297) and (2.327) together
with the canonical commutations relations for 7, and p,,,

e, ~ A
ﬁ[pa, Hpl = —qaVoa(Fa), (2.347)
Lo g il o VIR
Z[Par Har] = B! (o) + 0aS{[V AG)] - 7o}, (2.348)
1. o~ . A . Ao
——[quAGo), Aa] = =22 Sp, - [V AG]) (2.349)
ih My
e a oo a5 . .
——[9aA(Fo). Hap] = =% A(Fo) - [V AGFW)], (2.350)
ih mey
where we have recalled E!l = —V(ﬁ and mai;'a =P, — qa;l(f‘a) and exploited the

fact that A and (/3 commute (App. A). The remaining term in (2.346) follows trivially
from the commutator (2.272) upon comparison of definitions (2.259) and (2.290)
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1 n - 2 - A
= 7[90AGa), Hr] = gu B (Fa) . (2.351)

Combining these results by usmg the rule @ x (b x ¢) = b(a - ¢) — c(a - b) and
recalling the relations E=E- ng 4and B = B =V x A, we find that the Newton
equation (2.334) is valid.

Macroscopic QED for a single atom interacting with the body-assisted elec-
tromagnetic field has thus been successfully established by obtaining the total
Hamiltonian of system via the minimal coupling scheme and relating the electromag-
netic field to the expansions in terms of fundamental fields as obtained for the non-
interacting case. Some properties of the interacting electromagnetic field are directly
inherited from the case of no atom being present; in particular, the fundamental equal-
time commutation relations (2.266) and (2.267) as well as the fluctuation—dissipation
theorem (2.268) remain valid. Furthermore, the dynamics of the theory is in accor-
dance with the Maxwell equations for the electromagnetic field in the presence of
charged particles and the Newton equations for the motion of the particles under the
influence of the field.

In most cases of practical interest one may assume that the atom is small compared
to the wavelength of the relevant electromagnetic field. It is then useful to apply
the leading-order long-wavelength approximation by performing a leading-order
expansion of the interaction Hamiltonian (2.327) in terms of the relative particle
coordinates (2.308). For a neutral atom, this results in

Hyp = —d - EV(#) — m—ﬁa A(rA)+Z g Az(r) (2.352)

« aeA

acA
In the minimal coupling scheme, the leading-order long-wavelength approximation
may alternatively be referred to as an electric-dipole approximation because results
obtained from Hyup as given above generally only depend on the electric dipole
moment of the atom. Note that the last term of the interaction Hamiltonian has
become independent of the relative particle coordinates, hence it does not affect the
internal state of the atom. When considering processes caused by resonant transitions
between different internal states of the atom, it may therefore be neglected.

2.4.2 Multipolar Coupling

An equivalent description of the atom—field dynamics that is widely used, is the mul-
tipolar coupling scheme. The multipolar-coupling Hamiltonian can be obtained from
the minimal coupling form by means of a Power—Zienau—Woolley transformation
[35-37]

A

F=0f0" with 0 = exp [% / &$r Py - A] . (2.353)



96 2 Macroscopic Quantum Electrodynamics

The unitarity of the transformation (together with the fact that all relevant equal-
time commutators are c-numbers) implies that the transformed variables obey the
same equal-time commutation relations as the unprimed ones. In particular, (2.266),
(2.267), (2.294) and (2.295) for the electromagnetic field, the bosonic commutation
relations (2.242) and (2.243) for the fundamental fields as well as (2.296) for the
particles also hold for the transformed variables. Unitarity further implies that the
expansions of the electromagnetic fields in terms of the fundamental fields remain
valid after the transformation, i.e., (2.259), (2.263)—(2.265), (2.289) and (2.290)
apply with primed operators instead of unprimed ones. Similarly, the definitions of
derived atomic quantities, (2.298), (2.299), (2.305), (2.308), (2.309), (2.314),(2.315),
(2.318), (2.320) and (2.321) hold for the primed operators.

Explicit expressions for the transformed variables in terms of the untransformed
ones can be calculated with the aid of the operator identity

~ A

s oa | N
e‘be “=b+[a,b]+5[a, [a.b]]+ - (2.354)

The following quantities remain unchanged, because they commute with both 7,
[and hence with PA, recall (2.314)] and A [recall (2.294) and note (A.21), (A.23)]:

B =8B, A=A, o=, (2.355)
Plo=Fo, Fh=Fa, Th=Taq, (2.356)
Py=pa. Iy=0a. P)=Ps. (2.357)

The Heisenberg dynamics (2.225) still being given by the same Hamiltonian (2.326),
it follows that time derivatives of the above quantities are also unaffected by the
transformation, hence

Fly="Fa. N=Fa. P =Ta. (2.358)
iy =Ma,  Ji=Ja. Jh=Jr- (2.359)

Next, we turn to those operators which do not commute with both P4 and A and
are hence affected by the Power—Zienau—Woolley transformation in a nontrivial way.
Upon invoking the commutation relation (A.12) for A and E, the rule (2.354) implies
that

BT [
E =E+—P;. (2.360)
€0
The canonically conjugate field momentum I =—¢E + thus transforms as

m=ri-py. (2.361)



2.4 Atom-Field Interactions 97

Similarly, the transformed fundamental fields follow from their bosonic commutation
relations (2.242) and (2.243); upon using the definition (2.290) of A, one finds

far.w) = }‘A(r,w)+%/ rPEE) G T w). (2.362)

The transformation of the canonically conjugate particle momenta is slightly more
involved. Upon recalling definition (2.314) of P4, application of the commutation
relations (2.296) and use of the rule @ x (b x ¢) = b(a - ¢) — c(a - b) results in

1

ﬁivzﬁ(y Z%’i‘( (yi__)/dO'A(rA"i‘O'rq)

BeA

/d3 Zqﬁ da [U§Oﬂ+(1 o) —} A(r)(r - V)3 (r—Fa—orp)

BeA

&*r d Sap + (1—0) == B
/ Zqﬁ 0’|:0‘ g+ (1—0) A:| (r FA— or )rﬁx )

BeA

=i7a—qa21(fu)—/ &rE,xB (2.363)

~

1
é'a(r)zé' qaT o /daadr—m—ara)
0

- — E q@rg/do'a(S(r —FA — O'%ﬁ)—{—@ Pu(r).
ma
JeA 0
(2.364)

The second equality in (2.363) has been obtained by partially integrating with respect
to o and exploiting the fact that the atom is neutral. The derived transformation
rules can be summarised by noting that the Power—Zienau—Woolley transforma-
tion affects the canonically conjugate momenta IT and D, while leaving A and 7,
unchanged.
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In the multipolar coupling scheme, the transformed variables are used as basic
variables instead of the original ones. In particular, the multipolar Hamiltonian is
obtained by expressing the Hamiltonian (2.326) of the system in terms of these new
variables. We start by applying the above transformation rule for the fundamental
fields to calculate

A=e,m

> /d%/dwm};(r,w)-h(r,w)
0

oo

= Z /d%/dwhw}j(r,w)-}i\(r,w)

A=e,m 0

—/d3r1?>;\L B+ i/d%(ﬁ;&)z; (2.365)

2e0
where the expansion (2.259) of E’ has been recalled and the identities (2.262)
and (A.11) have been employed. As this result depends on i’f and E’, the
re-expressed Hamiltonian assumes its most compact form by writing the other
terms of the Hamiltonian in terms of these fields as well. Combining the iden-
tities (2.307) and E()VQASA = IA’/li and using the fact that i’A is not affected by
the Power—Zienau—Woolley transformation, the atomic Coulomb interaction can be
written as

S deas | /dsr(i,ﬂ)zz%/d%(pgl)z. (2.366)

8meglFa — Tl 2e0

«, QEA EO
a#f
Similarly, upon noting that V(Z) = —E/, the Coulomb interaction of the atom with

the body-assisted field may be rewritten as

> ud(Fa) =/d3r,aA(£= —/d%i’ﬂ El = —/d%iﬁ“' LBV, (2367

acA

as both P4 and E! are invariant under the transformation. Combining the results
(2.363) and (2.365)—(2.367), the Hamiltonian (2.326) can be expressed in terms
of the new variables. Noting that integrals over mixed scalar products of longitudi-
nal/transverse vector field vanish, the resulting multipolar-coupling form of the same
Hamiltonian reads [5, 6, 11-13, 34]
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o
H= Z/d /dwhwf (r,w) - f/\(rw)
A=e,m 0
1 AR
S|p d&rz. x B
+ 3y S Pt f Pk

1 . "
+ — [ & P’z—/d3r P, - E
2¢0 A A

= A, + B+ Hx (2.368)

In the multipolar coupling scheme, the atomic, field and interaction parts of the
Hamiltonian are given by

N i’/Z
H, = a a&r P}
= 2m, 260
2mA “2m, 20 A
+ Z El ') (2.369)
H = Z /d3 / dwhw f(r,w) - fir,w), (2.370)
A=e,m 5
Al = — d3i”-E’—/d3M B /d3é' < B
AF / r Py rMy - +22ma
1 .
o &r Py x p, - B'. (2.371)

Note that in contrast to the physical magnetisation (2.315), the canonical magneti-
sation

M (r) = Z da /dJJSr < PLo(r—#y—or.)] (2.372)

2m
a€A @

is here defined in terms of the canonically conjugate momenta rather than the veloc-
ities, as is required in a Hamiltonian formalism. The Hamiltonian (2.368) is the
generalisation of the multipolar Hamiltonian obtained earlier for moving atoms in
free space [29, 38, 39] to the case where dispersing and absorbing magnetoelectric
bodies are present.

One major advantage of the multipolar coupling scheme is the fact that it allows
for a systematic expansion in terms of the electric and magnetic multipole moments
of the atom. Thus in the long-wavelength approximation, after retaining only the
leading-order termsin the relative coordinates, the interaction Hamiltonian in the
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multipolar coupling scheme simplifies to

2
App = —d'- E'@) — i B¢y + 3 S [F, x B'@T
a€eA o
_3 7 D/ sl \1? 1 o/ A Y
g4 < BGY] - —d x py - B 2.373)
where the canonical magnetic dipole moment
i =D S P, (2.374)
a€eA a

is again different from the physical magnetic dipole moment (2.321). The first two
terms H '\ represent electric and magnetic dipole interactions, respectively; the next
two terms describe the diamagnetic interaction; and the term on the second line
is the Rontgen interaction due to the centre-of-mass motion. In the multipolar cou-
pling scheme, the long-wavelength approximation is obviously not an electric-dipole
approximation, because magnetic interactions are still explicitly present. The long-
wavelength approximation thus has different meanings in the two schemes, because
the Taylor expansion in terms of relative particle coordinates does not commute with
the Power—Zienau—Woolley transformation. For non-magnetic atoms, the interaction
Hamiltonian reduces to its electric-dipole form

A A A 1 - A
Hyp=-d -E'F))— —d x p)y-B'F)). (2.375)
m4

At the end of this section, let us compare the minimal and multipolar coupling
schemes. As the total Hamiltonian is the same in both formalisms, the eigenenergies
of the total system and the equations of motion for the physical variables are the
same in both schemes. However, the separation of the total Hamiltonian into a field
part, an atomic part and an interaction part is different in the two schemes, as can be
seen by comparing (2.326) and (2.368). Hence, the ground state |{0'}) of I:Ilé

Fra w0} =0 VA r w, (2.376)

is different from that of Hg; and similarly the eigenstates |n’) of H ', are different from
the eigenstates |n) of H 4 (and these uncoupled eigenstates are not simply related to
each other via the Power—Zienau—Woolley transformation). When accounting for the
atom—field interaction only in a perturbative way, two different approximations to the
same exact eigenenergy of the coupled system may thus occur in general. Depending
on the specific perturbative calculation, one of the two schemes may yield a better
approximation. For instance, it was found that the multipolar scheme leads to a more
realistic result for the shape of resonance lines of the H atom [40].
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The second main difference between the two formalisms is the different relation of
the canonically conjugate momenta to the physical variables. In the minimal coupling
scheme, physical and canonical particle momenta differ by the term ¢, A(Fy) [recall
(2.335)], whereas in the multipolar formalism we have

1

Moto = maf, = E[muf"w H] =p, + /d r&,xB, (2.377)
as follows from the Hamiltonian (2.368) together with the canonical commutation
relations for 7, and p/,. In a certain sense, the canonical particle momenta in the
multipolar coupling scheme are thus more intuitive, since they coincide with the
physical momenta in the long-wavelength approximation,

Pl =matq. (2.378)

=

The situation is reversed for the field momenta: The canonical momentum in the
minimal coupling scheme is directly proportional to the transverse part of the physical
electric field, A

M=—c&t (2.379)

while in the multipolar coupling scheme, canonical field momentum differs from the
transverse part of the physical electric field according to

A

= —céL— Py . (2.380)

2.4.3 Multiple Atoms

Our treatment of the interaction of the electromagnetic field with a single atom as
described in the previous sections can easily be extended to more than one atom.
In the case of multiple atoms, the charged particles v may be grouped into several
atoms A, so in straightforward generalisation of (2.326), the total Hamiltonian of the
system in the minimal coupling scheme reads [12, 41]

[Pa QaA(ra) 904953
ZZ Z Z 8meg|Fo — gl

A a€A A,B «a€A,B€B
a#B
+ 3 [ / dwhw Fio,0) - Far )+ Y gud(Ea)
A=e,m A a€A
= ZHA + > Hag+ Hr + ZHAF (2.381)

A<B
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Here, the individual atomic Hamiltonians H 4 are given by (2.313), where one has
to bare in mind that their eigenenergies E, — E,f and eigenstates |n) — |n4)
may be different for different atomic species. The atom—field coupling Hamiltonians
HF are given by (2.327). In long-wavelength approximation, they reduce to (2.352)
where the atomic dipole moment d—d A 1s also species-dependent. In addition to
these trivial generalisations, an atom—atom interaction term has appeared which is
due to the Coulomb interaction of particles belonging to different atoms:

Arp= 3, 7. (2.382)
a€A,BeB 7T60|ra - rﬂ'

In long-wavelength approximation, it reduces to the dipole—dipole interaction

5 dy-dp —3(dy -eap)(éap -dp)

Fing (2.383)

A3
dmeory g

[Fap = |Fa — Tgl, €ap = (Fa — Fp)/FaB].

The multi-atom Hamiltonian is completely analogous to the single-atom one with
the charged particles just being grouped in a different way. It is therefore evident that
the Newton equation (2.334) for the particle motion and the homogeneous Maxwell
equations (2.330) and (2.331) remain valid, while the source terms of the inhomoge-
neous Maxwell equations are now given by the total charge and current densities of
all atoms

V.D= > ha. (2.384)
A
Vxﬂ-i):Z}'A. (2.385)
A

The multipolar coupling scheme can be obtained by applying the generalised Power—
Zienau—Woolley transformation

f=U0f0" with U = exp [%/cﬁr > Py 21} . (2.386)
A

Again, the transition from the single to the multi-atom case can be made by using
our result (2.368) for the transformed Hamiltonian of the field interacting with one
atom, while regrouping the particles into several atoms. Assuming that the atoms
are well separated from one another, so that their electronic wave functions do not
overlap, we have

/d3r P, -P,=0 forA+B. (2.387)
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The total Hamiltonian in the multipolar coupling scheme then reads [12, 41]

A=Y /d%/dwhw}’j(r,w)-};(r,w)
0

A=e,m

=> Hj,+Hi+ D Hjg (2.388)
A

where in contrast to the minimal coupling scheme, no atom—atom interaction term is
present. Again, the individual atom and atom—field Hamiltonians (2.369) and (2.371)
remain valid, and so do the long-wavelength and electric dipole forms (2.373) and
(2.375) of the latter.

2.4.4 Magnetic Atoms

In order to obtain an accurate description of magnetic atoms, we have to slightly
generalise our theory by taking into account the particle spins. In analogy to the
orbital angular momentum %a X ﬁo of a particle «, its spin §,, satisfies the angular
momentum commutation relations

[§a, §€(3] = —ihdagl X 8¢ . (2.389)
The particle spin induces a magnetic dipole moment
Mo = YaSa (2.390)

where the proportionality constant 7, is called the gyromagnetic ratio. It can
be given as a multiple of an elementary unit, the magneton g, according to
Yo = S1g0(G0) G e/ 1, With the dimensionless constant g, being the (spin) g-factor.
For electrons, the relevant magneton is the Bohr magneton ug = eh/(2m,.) and
the g-factor is approximately given by g, =~ 2, leading to a gyromagnetic ratio
Yo A~ —e/m,. The electron spin and the induced magnetic dipole moment are
hence antiparallel to each other. The gyromagnetic ratio of nuclei is commonly
given in terms of the nuclear magneton yi, = eh/(2mp) (m,: proton mass), so that
Ya = gae/(2mp); the spin and its induced magnetic dipole moment for a nucleus
are parallel. Note that the g-factors and gyromagnetic ratios can strongly differ for
different nuclei.
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The magnetic dipole moments associated with the particles’ spins present an
additional contribution to the atomic current density and magnetisation which
modify to

Ja@) =D aaS [Fadr =) | = D iita x Vo ), (2.391)

a€cA acA

MAGr) = Z qo /do‘ 03 ra X raé(r Fa— Urw ] + Zr?laé(r —Fa).

a€cA a€eA

(2.392)

Note that the relation (2.317) between atomic current density, magnetisation and
polarisation remains valid. The magnetic dipole moment of the atom also acquires a
contribution from the particle spin, so that it now reads

g = 3 (B Fa x o+ vaba) - (2.393)

a€A

One can also assign a gyromagnetic ratio to the orbital angular momentum contribu-
tion to the magnetic moment, the first term in the above equation; it obviously reads
—e/(2m,) for electrons, with the associated g-factor being equal to unity. Finally,
one may of course define a gyromagnetic ratio for the total angular momentum of
each particle, with the associated g-factor being known as the Landé g-factor.

The coupling of the particle spin with the electromagnetic field can be imple-
mented by means of a Pauli interaction term, which tends to align the spins with the
magnetic field. The atom—field interaction Hamiltonian for magnetic atoms in the
minimal coupling scheme thus reads [12, 42]

Aar = " qadFa) = D 2% po - AFa) + D 51 g2,

« mq

a€cA a€cA aeA
=D Yaba - B(Fa). (2.394)
a€EA
it reduces to
Hap = —dy - EVGy) - —ia A(#a) + Z A%(70)
aeA aEA
— D Yo - B(Fa) (2.395)
a€A

in the long-wavelength approximation.



2.4 Atom-Field Interactions 105

One can easily see that the Maxwell equations remain valid in their usual form:
Equations (2.330) and (2.331) or (2.384) obviously still hold, since the occurring
quantities are not affected by the particle spin. Noting that the Pauli interaction term
commutes with B = B, the same is true for (2.332). The commutator (A.20) of
D with A being non-trivial, the Pauli interaction does give rise to an additional

contribution to D:

1] 4 A A a
- [D(r), IR B(ra)}

a€A

1] 4 A Aa
- [D(r), - D aba B(ra)}

a€A

z Yala X VO — Fa) . (2.396)

a€eA

As this additional term is exactly cancelled by the spin-dependent contribution to
the current density, the Ampere law (2.333) or (2.385) also remains valid, with } A
being given by (2.391) for a magnetic atom. The Newton equations for the particles
are modified due to the action of the magnetic field on the particle spins. Using the
canonical commutation relations for 7, and p,,, one finds that the Pauli interaction
gives rise to an additional term

1 ; I 1. I
E |:mar0u - Z'Yasa : B(ra):| = E |:Pw - Z'Yasa : B(ra):|

acA acA

= ’Yava[l}(i‘a) : §u] s (2.397)

so that the Newton equations are modified to
Mata = Ga& Fa) + gaS[Fa x Bl | + Valita - BG)].  (2398)

with the last term being the Zeeman force.
When applying the Power—Zienau—Woolley transformation to the minimal cou-
pling Hamiltonian of a magnetic atom, one notes that B’ = B and

§\, =%8a, (2.399)
so the Pauli interaction term is invariant:

- Z 'Y(ygu ' E(;'a) = - Z’Ywe; . B/('A';) . (2400)

a€cA a€cA

Its contribution to A g can be included by redefining the canonical magnetisa-
tion (2.372) according to [12, 42]
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M) = z da /do’O’S ¥l X pad(r—#,—ar, ]+Z%S 5(r—"*),
aeA acA
(2.401)
so that the multipolar interaction Hamiltonian (2.371) remains valid. Accordingly,
upon redefining the canonical magnetic dipole moment as

=> ( Qo 2 o 3+ m’a) , (2.402)

acA

the multipolar interaction in long-wavelength approximation is still given by (2.375).
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