Chapter 2

Multidimensional Griiss-Cebysev
and-Trapezoid-type inequalities

2.1 Introduction

During the last two decades many researchers have given considerable attention to the fa-
mous inequalities (1), (3) and (4) associated to the names of Ceby3ev, Griiss and Trapezoid.
In view of the usefulness of these inequalities and their applications, many authors have in-
vestigated a large number of new multidimensional, Griiss, CebySev and Trapezoid type
inequalities. Some of these results provide simple and elegant extensions of the inequali-
ties (1), (3) and (4) and have a wider scope of applicability. These results did not just add
new objects of study, but also brought new insights and techniques to handle such inequal-
ities. This chapter deals with a number of new multidimensional inequalities discovered
by various investigators, which claim their origin to the well-known inequalities in (1), (3)

and (4). Some applications are given to illustrate the usefulness of certain inequalities.

2.2 Some Griiss-type inequalities in inner product spaces

In this section we offer some fundamental Griiss-type inequalities established by Dragomir
[32,43,53] and Dragomir, Pecari¢ and Tepe$ [56] in inner product spaces.

We start with the following Griiss-type inequality investigated in [32].

Theorem 2.2.1. Let (H,(-,-)) be an inner product space over K (K=R, C) and ¢ € H,

le]| = 1. If ¢, v, ®, I are real or complex numbers and x, y are vectors in H such that the

condition
Re(®e —x,x—¢e) >0, Re(le—y,y—7ye) >0, (2.2.1)
holds, then we have the inequality
(63) ~ (we)(e)] < 71@ = IIT 71 222)

The constant % is the best possible.
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Proof. It is obvious that (see [156])

(xvy) - (xve)(evy) = (X— (x7e)€7y - (yve)e)' (223)
Using Schwarz’s inequality in inner product spaces, we have

|(63) = () (ey)]* = (x— (v, e)e,y = (. 0)e)

< Jlx= (x,)ellPlly = (s e)el
= (W=l eP) (WP = l0e)P). @24
On the other hand, a simple computation shows that
(@~ (x.0)) ((re) = 8) — (@e—xx—ge) = x| ~|(xe) 2, (225)
and
(T-.0) (0:)-7) — Te—yy—r) = WP - o) 2. @26)

Taking the real part in both the above equalities, we can write

Re {(be (x,€)) (W*@)] —Re(®Pe —x,x — ¢e) = ||x]|> — |(x,e)|?, (2.2.7)

and
Re [(T—(1e)) ((5e) =) | ~Re(Te—yy—7ye) = Iyl ~(me) . (228)
From the condition (2.2.1), we deduce
> ~|(x.e) < Re [ (@~ (x.0)) (0] =6 | (229)
and
Iy 1P~ I < Re | (= (1)) () - 7) | 22.10)

Using the elementary inequality 4Re (ab) < |a-+b|* holding for real or complex numbers

a,b, fora:=®— (x,e) and b := (x,e) — ¢, we get
Re (@ (v.0)) ((v.e) ~5)] < 710 o2 @211)

and, similarly

Re (0= () (Tre) - 7)] < gIr— 7. 2.12)

Consequently, using (2.2.3)—(2.2.12), we have successively
|(63) = (@) (e )2 < (IlelP = 1 e)P) (Iv117 = 10 e) )

<Re|(@— (x,0)) ((ce) =) | Re (T = (.e) (0ne) -7)
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1
b — 62T — v
I 0T,
from which we get the desired inequality (2.2.2).

To prove that the constant }1 is sharp, we can restrict ourselves to the real case. Let e,m € H

with ||e]| = ||m|| = 1, e L m and assume that ¢,y, P, are real numbers. Define the vectors
_®+9 -9  y+l I'-— v
y ‘fTy YT
Then
b o6\2
(Pe —x,x— pe) = <2¢) (e—m,e+m)=0

and similarly (I'e — y,y — ve) = 0, i.e., the condition (2.2.1) holds. Now, observe that
_ D+ ¢ y+TI D—9¢ I'—y
(P49 y+T
waen=(252) (557)-

()~ () )| = 1@ 9lIC 7],

which shows that the constant % is sharp.

and

Consequently,

In [53], the author gave an alternative proof of (2.2.2) by using the following lemmas.

Lemma 2.2.1. Let a,x,A be vectors in the inner product space (H,(-,-)) over K (K =
R,C) with a # A. Then

Re(A —x,x—a) >0,

if and only if

o2

1
<:lA—al.
| <31a-a
Proof. Define

a+A 2
2

1
I, ' =Re(A—x,x—a), L:= Z||A—a|\2— Hx—

A simple calculation shows that
Iy = L = Re[(x,a) + (A, x)] ~Re(A,a) — |lx]*,

and thus obviously, /; > 0 if and only if I, > 0, showing the required equivalence.

The following corollary is obvious.
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Corollary 2.2.1. Letx, e € H with |le| = 1 and J,
Delta € K with § # A. Then

Re(Ae —x,x— 8e) >0,

if and only if

1
< - |lA-46].
fl| < 5 1A=l

S+A
o
2

Lemma 2.2.2. Letx,e € H with ||e|| = 1. Then one has the following representation
0 < ||x||> = |(x,e)* = inf ||x— Ae|?, (2.2.13)
AeK
where K is as in Lemma 2.2.1.
Proof. For any A € K observe that
(x—Ae,x—(x,¢)) = [lx]* — |(x,€) > = A [(e,x) = (e,x)le]|*] = 1> — |(x, ).
Using Schwarz inequality, we have

[P = ()] = |(x— e, x = (x,e)e)

<= 2el? x = (x,e)el = x — Ael* [|lx]]* = |(x.e)]
giving the bound
el = 1Cxs ) < [l = Ael . (2.2.14)
Taking the infimum in (2.2.14) over A € K, we deduce
lx[l> = (e e) < liggﬂx—lel\z-
Since, for Ag = (x,e), we get ||x — Agpe||> = ||x||> — |(x,e)|?, then the representation (2.2.13)

is proved.

The following result is proved in [53].

Theorem 2.2.2. Let (H,(-,-)) be an inner product space over K (K=R, C) and ¢ € H,
le]| = 1. If @, 7y, ®, I' are real or complex numbers and x, y are vectors in H such that the

conditions (2.2.1) hold, or, equivalently, the following assumptions

o+ 1 y+T 1
— el <z — I e <=zl — 2.
‘x 5¢ \2\(13 o, |y 7 \2|F Y, (2.2.15)
are valid, then one has the inequality
1
|(x,y) = (v e)(ey)] < 7|P— [T = . (2.2.16)

The constant % is the best possible.
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Proof. As in the proof of Theorem 2.2.1, we have (2.2.3) and (2.2.4). Using Lemma 2.2.2

and conditions (2.2.15), we obviously have

1 ()] 1
2 212 _ < ,b < —|P—
[l = 1Cxe)]* = inf Jlx—Ael| < Hx 5 H <5le-9l, 22.17)
and
1 r 1
[y =1 e) ] llrel]{(lly Ae| < |ly— || < 3 IT=7l. (2.2.18)

Using (2.2.17), (2.2.18) in (2.2.4), the desired inequality in (2.2.16) follows. The fact that
% is the best possible constant, has been shown in the proof of Theorem 2.2.1 and hence
we omit the details.

The refinement of the inequality (2.2.2) proved in [53] is embodied in the following theo-

rem.

Theorem 2.2.3. Let (H,(-,-)) be an inner product space over K (K=R, C) and ¢ € H,
le]| = 1. If @, 7y, ®, I" are real or complex numbers and x, y are vectors in H such that the

condition (2.2.1) or equivalently, (2.2.15) hold, then we have the inequality
|(x,y) = (x,€) (e, y)]
1
< 710 = 9|~ 7] — [Re(@e —x.x— ge)]* [Re(Te — y.y—ye))? (22.19)

Proof. Following the proof of Theorem 2.2.1, we have (2.2.3), (2.2.7), (2.2.8), (2.2.11),

(2.2.12) and consequently, we observe that

() = (e < [ 310 0 - (Rele —x.x- ge))) |

X HF—YZ— ([Re(Fe—y,y—ye)]é)z]. (2.2.20)
By a suitable application of the elementary inequality
(mz—nz) (p2 —qz) < (mp—nq)z, (2.2.21)
for m,n, p,q € R, to the right hand side of (2.2.20), we have
|(x.) = (x.€) (e,

1 ! 1217
< Z|CI>— olIT—7]— ([Re(dJe—x,x— de)]? [Re(Fe—y,y—ye)]2> } ,
from which the desired inequality in (2.2.19) follows.
The following Theorem given in [56] deals with the inequalities of the pre-Griiss-type in

inner product spaces.
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Theorem 2.2.4. Let (H,(-,-)) be an inner product space over K (K =R, C) and ¢ € H,
|le]| = 1. If ¢, ® are real or complex numbers and x,y are vectors in H such that either the

condition
Re(®Pe —x,x—¢e) >0

or equivalently,

Hx o+ H f@ 9|, (2.2.22)
holds true, then we have the inequalitles
[(6,y) = (xe)(ey)| < *I‘P O (IlylI* = 1(e)l )% (2.2.23)
and
[(6y) = (x,e)(ey)] < *\‘P BllIyll — (Re(@e —x,x— 9e))? |(y.e)]. (2.2.24)

Proof. As in the proof of Theorem 2.2.1, we have (2.2.3) and (2.2.4). Now, the inequality
(2.2.23) is a simple consequence of (2.2.2) for x =y or of Lemma 2.2.2 and (2.2.22).
Furthermore, from the proof of Theorem 2.2.1, we have (2.2.7) and (2.2.11). Using (2.2.7)
and (2.2.11), we have

1 2 1\2
Il — | (x,0) < <2c1>— ¢) ~ ((Re(®e—x,x—ge))?) . (2225)
From (2.2.4) and (2.2.25), we get
[(x— (x,e)e,y— (v,e)e)|?

: 1
< <<;|<I>—¢|> - ((Re(CIJe—x,x—q)g))Q)z) (||y||2—|(y,e)|2). (2.2.26)

Now, by a suitable application of the elementary inequality (2.2.21) to the right hand side
of (2.2.26) and rewriting, we get the desired inequality in (2.2.24). The proof is complete.
Before closing this section, we present a Griiss-type inequality for sequences of vectors in
inner product spaces given in [43].

The following lemma given in [43] is of interest in itself.

Lemma 2.2.3. Let (H,(-,-)) be an inner product space over the real or complex number
field K,x; e Hand p; >0(i=1,...,n)suchthat}} , p; =1 (n >2). If x, X € H are such
that

Re(X —x;,x;—x) =0, (2.2.27)

foralli € {l1,...,n}, then we have the inequality

n
sz ‘xl” - szxz

2
1
<glx — x| (2.2.28)

1 .
The constant  is sharp.
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Proof. Define

n n
I = (X— Zpixi,ZPixi—x> )
i=1 i=1

and
n
L= Zp,-(X — Xj, X —X).
i=1
Then
2
n n n
Li=Y pi(X,x)—(X,x)— | Y pixil| + Y pi(xi,x),
i=1 i=1 i=1
and
n n n
L=Y pi(X,x)—(X,x)= Y pillxil>+ Y pi (xi,x).
i=1 i=1 i=1
Consequently,
2
n n
L—=hL=Y pillxl®— |} pix (2.2.29)
i=1 i=1
Taking the real value in (2.2.29), we can state
2
n 2 n n n
Zpi||xi|| - Zpixi =Re| X — Zpixi7 Zpixi —X
i=1 i=1 i=1 i=1
n
—Y piRe(X —xi,xi—x), (2.2.30)

i=1
which is an identity of interest in itself.

Using the assumption (2.2.27), we can conclude by (2.2.30), that

2
n n n n
ZP:’”XI‘Hz* Zpixi <Re <X2pixi72p,~xix> . (2.2.31)
i=1 i=1 i=1 i=1

It is known that if y, z € H, then

4Re(z,y) < |2+, (2.2.32)

with equality if and only if z =y. Now, by (2.2.32), we can state that

n n ‘l n n
Re (X =Y pixi, ) pixi —x> <zIE- Y pixi+) pixi—x
=1 = i=1 i=1

Using (2.2.31), we can easily deduce (2.2.28).

’ 1
= 71X —xP.
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To prove the sharpness of the constant }T, let us assume that the inequality (2.2.28) holds

with a constant ¢ > 0, i.e.,
2

n
0< Y pillxil* - <ol X —x|?, (2.2.33)

i=1

iXi

for all p;, x; and x, X as in the hypotheses. Assume that n =2, p; = py = % x; = x and
xo =X with x, X € H and x # X. Then, obviously,

(X —x1,x1 —x) = (X —x2,x0 —x) =0,

which shows that the condition (2.2.27) holds. If we replace n, p1, p2,x1,Xx2 in (2.2.33) as

above, we obtain

sz ‘-xl” - szxz

from where we deduce ¢ > Wthh proves the sharpness of the constant factor 1 i

x+X 2
2

1
= ( [l + 11112 ~ ) = 2 IIX = <cllx =,

The following Griiss-type mequallty holds (see [43]).

Theorem 2.2.5. Let (H, (-

,+)) be an inner product space over K (K =R, C) and x;, y; €
H,pi=0,(i=1,....n) (n>22)with Y , p;=1.1fx, X, y, Y € H are such that

Re(X —xj,xi—x) =20, Re(Y —y,yi—y) =0,

foralli € {l1,...,n}, then we have the inequality

n

Y pilxiyi) (Z pixi, me>

1
< g IX =¥ -y (2.234)
i=1

1 .
The constant 7 is sharp.

Proof. A simple calculation shows that

n

Z (X1, i) (ZP:MaZP:}’:) = Z pipj(Xi—Xj,yi —Yj)- (2.2.35)

i=1 z J=1
Taking modulus in both parts of (2.2.35), and using the generalized triangle inequality, we

obtain

ZPsz X —xj,yi— ;)| (2.2.36)

i=1 1] 1

Y pilxi,yi) (Z pixi, Zm:)

By using Schwarz’s inequality in inner product spaces we have

[ =531 7)] < =il =311 (22.37)
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fori, j€{l,...,n}, and therefore

n

Z (%1, 1) <Z pixi, pryi>

1 n
<3 Y pipjllxi—xjl[|yi = ;- (2.2.38)
ij=1
Using the Cauchy-Schwarz inequality for double sums, we can state that
l n
3 2 pivjlxi=xlllyi =yl
ij=1

1 1
1 & 2 2
< (2 )y Pipj||xi—xj||2> ( Z pipillyi— il ) : (2.2.39)
ij=1

i,j=1
and a simple calculation shows that

2
n n n
5 Z pipjllxi— x> =Y pillxl* = || Y pixi||
=1 i=1 i=1
and
1 n 2 n 2 n 2
5 L pipilyi=yillP = Y pelyill” = || X povi
ij=1 i=1 i=1
We obtain
n
Z pi(xi,yi) szx,,Zp,y,
i=1
1 1
2\ 2 2\ 2
n 2 n n 2
< | Y pillxil> = | Y pixi Y pillyill* - (2.2.40)
i=1 i=1 = i=1
Using Lemma 2.2.3, we know that
2
n 2 n 1
Y pillill* - X < 51X —a, (2.2.41)
i=1 i=1
and
2\ 2
n 2 n 1
Y pillyill® = || X pivi <Y =yl (2.2.42)
i=1 i=1

Using (2.2.41) and (2.2.42) in (2.2.40), we get the desired inequality in (2.2.34)

To prove the sharpness of the constant }1, let us assume that (2.2.34) holds with a constant
c>0,1ie

sz x”)’z <ZP;XHZP1)’1>

<X =Y =y, (2.2.43)
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under the above assumptions p;, x;, yi, X, X, ¥, Y and n > 2. If we choose n =2, x| =

x,xn=X,y1=y, yzzY(x;éX,y;éY)andpl:pzz%,then

2 2
Zpl(xuy, (Z ,Zpiyi)— szp,(xl X, Yi—Yj)
=1 i=1

tjl

= Y pipjlxi—xjyi— )—*(x X,y—Y),
1<i<j<2

and then

1
= =X y-7).

(i, i) (Z pixi, Z pzy,>

Choose X —x =1z, Y —y =1z, z# 0. Then using (2.2.43), we derive

*HZII2 cllzl|*,z #0,

which implies that ¢ > %, and the Theorem is proved.

2.3 Griiss-and Cebyéev-type inequalities in two and three variables

This section deals with some Griiss and CebySev-type inequalities established by Pachpatte
in [89,91,122,129], involving functions of two and three independent variables.

LetA=[a,b] X [c,d],a, b, ¢, d E R. The partial derivatives of a function A(x,y) defined on
A are denoted by Dh(x,y) = aX h(x,y), Dah(x,y) = ay h(x,y), DaD1h(x,y) = %{;xh(x,y).
We denote by C(A) the class of continuous functions & : A — R for which Dh(x,y),
D>h(x,y), DaDih(x,y) exist and are continuous on A and belong to L..(A). For any function
h(x,y) € Leo(A), we define ||h[| = sup(, y)ea [2(x,y)| < . For convenience, we introduce

the following notation to simplify the details of presentation:

k=(b—a)(d—c),

H(x) = [i(b_a)2+ (x_a;rb>2

Hy(y) = [l(dc)2+ <y C;d>2

P =@ [ e+ ¢-a) [ sixsas).

)

)

Gley) = [(d—e) [ steyaso-a dg(x,sms],
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aoe) =) [ [ stespasars sy [ [ stesyasar,
mte) =gt [ [ ptenpistesasas ) [ [ ptnpistsasar
aae) =80) [ [ atvsipastestasai ey [ [t s)pag s)asar,
aste) =g(e) [ [ per)atrs)DaDy 0,5)dsa

+f(x.y) /a ' /c dp(x,t)él(y,s)Dleg(t»S)dsdt,
M, (x,y) = [g(Ce ) I1D1flleo + | (2, 9) [ D18]| oo,
Ma(x,y) = g ) ID2f [l + | £ (x, 7)1 D28 ]|,
M;(x,y) = [g(x,y)|1D2D1flloo + | £ (x,9) [ D2D1g] |
A(x,y) = [ID1 flleo(d = €)H1 (x) + | D2f || oo(b = @) Ha(y) + [ D2D\ f || ooHi (x) Ha(y),

B(x,y) = [D1gll-(d — ¢)Hy (x) + [ D2gle= (b — @) Ha(y) + || D2D1 8| H1 (x) Ha (),

for some suitable functions f, g defined on A, and p : [a,b]> — R, ¢ : [c,d]? — R are given
by

) t—a, t€]a]
p(x’t)_{t& t € (x,b]

(.5) = s—c, SE€E][ey]
7 s—d, se€(yd

and set

Lih(x,y)] = / ’ / C o(eO)DIA(E,5)dsdr
b rd b rd
+/ / q(y,s)Dzh(t,s)dsdt+/ / p(x,1)q(y,s)DaDyh(t,s)dsdt,

b pd
MIh(x,y)] = / / p(x,1)q(y,5)DaD1h(t,s)dsd,
a c
for some suitable function % defined on A.

We begin with proving some auxiliary results.
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Lemma 2.3.1 (see [37]). Let & : A — R be such that the partial derivatives D;h(x,y),
D>h(x,y), DaDih(x,y) exist and are continuous on A. Then for all (x,y) € A, we have the

representation

kh(x,y) — /ab /C.dh(t,s)dsdt = L[h(x,y)]. (2.3.1)

Proof. We use the following identity, which can be easily proved by integration by parts,

B B
g(u) = 5o a/ g(z)dz—l—ﬁ%oc/oC e(u,z)g (2)dz, (2.3.2)

where e : [a, B]* — R is given by
z—a, z€|[o,u]
e(u,z) =
=B, z€ (up]
and g is absolutely continuous on [, B]. Now, write the identity (2.3.2) for the partial map
h(-,y),y € [c,d], to obtain

1 b 1 b
=— o D 2.3.
hy) = 5= [ ey)dr+ — [ plenDineya, (233)
for all (x,y) € A. Also, if we write (2.3.2) for the map A(r, -), we get
d
/ h(t,s ds+—/ q(y,5)Dh(t,s)ds, (2.3.4)
—c

for all (,y) € A. The same formula (2.3.2) applied for the partial derivative Dh(-,y) will

produce

d 1 d
Dih(t,y) = 7 / Dlh(t,s)ds—l—ﬂ/ q(y,8)D2D1h(t,s)ds, (2.3.5)
o - c

—c /.
for all (¢,y) € A. Substituting (2.3.4) and (2.3.5) in (2.3.3), and using the Fubini’s theorem,

we have

h(x,y) = bi / ’ [dic / dh(;,@dwﬁ / dq(y7s)D2h(t,s)ds} dt

aJa

1 b 1 d 1 d
+m/a p(x,1) {d—c[ D]h(t7s)ds+ﬁ/c q(y,s)Dleh(t,s)ds]dt

= m [./ab /th(t,S)dsdt +'/ab /qu(y,s)Dzh(z,s)dsdt

b rd b d
+/a /C p(x,t)Dlh(Ls)dsdt—l—./a /C p(x,t)q(y,s)Dleh(t,s)dsdt}. (2.3.6)

Rewriting (2.3.6), we get the required identity in (2.3.1).
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Lemma 2.3.2 (see [8]). Letz: A — R be a continuous mapping on A and D,Dih(x,y)

exists on (a,b) X (c,d). Then, we have the identity
kh(x,y)—H(x,y) :M[h(x7y)]7 (2.3.7)

where
b d b rd
H(x7y):(dfc)/u h(t7y)dt+(bfa)/c h(x,s)dsf'/a /C h(t,s)dsdr.
Proof. Integrating by parts twice, we can state:
/a ' / "t —a)(s — )DaDyh(t, s)dsdt = (x—a)(y— c)h(x, )
—(y—c) /axh(t,y)dt—(x—a) /Cyh(x,s)ds—I—/:/Cyh(t,s)dsdt, (2.3.8)
/ax/yd (t—a) (s —d)DaDh(t,s)dsdt = (x—a)(d — y)h(x,y)
X d X rd
f(dfy)/a h(t,y)dtf(xfa)/y h(x,s)ds+/a /y h(t,s)dsdt, (2.3.9)
/x ’ /y (0= b) (s—d) DaDyh(t,5)dsdt = (b—)(d — y)h(x.y)
b d b rd
—(d—y) / h(t,y)dt — (b—x) /} h(x,s)ds—f—/x /) h(t,s)dsdt, (2.3.10)
/ ’ / "t = b)(s — ) DaDy h(t, 5)dsdt = (b—x)(y— c)h(x,y)

b y b ry
—(y—c)/ h(t,y)dt — (b—x)/ h(x,s)ds+/ / h(t,s)dsdr. (2.3.11)
Adding (2.3.8)—(2.3.11) and rewriting, we easily deduce (2.3.7).

In the following theorems, we present the inequalities investigated in [89,122].
Theorem 2.3.1. Let f, g € C(A). Then
1 b pd
EG)< 35 [ [ PGy (d - () + Mal.y) (b - Ha)
a c

+M;(x,y)Hi (x)Ha (y)] dydx, (2.3.12)

and

1 b pd
EGol<g | [ By (23.13)

where

b pd
E(f&)z% /a /C f(x,y)8(x,y)dydx

_ <11{ / ’ / ‘ f(x,y)dydx) <]1{ / ’ / ’ g(x,y)dydx). (23.14)
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Proof. From the hypotheses, we have the following identities (see, Lemma 2.3.1):
b

kf(x,y) = / / ! fle,s)dsde + / ’ / (e f (1, 5)dsdr

b rd b rd
+ / / 4(y.5)Daf (¢, 5)dsd1 + / / p(x.0)q(ys)DaD f(t,5)dsdi,  (2.3.15)

and

b rd b rd
kete) = [ [ eteodsar+ [ [ plxnpigte,s)dsar
a C a c

b rd b prd
+ [ [ aopastesiasar+ [ [ plxnglusDaDiglesdsar,  @3.16)
a c a C

for (x,y) € A. Multiplying (2.3.15) by g(x,y), (2.3.16) by f(x,y), and adding the resulting

identities, we get
Zkf(xay)g(xay) :A()(X,y) +A1 (X,y) +A2(X,y) +A3(X,y). (2317)

Integrating (2.3.17) over A and rewriting, we get

1 b rd
E(f,g) = ﬁ/a /L [A1(x,y) +A2(x,y) +As(x,y)] dydx. (2.3.18)

It is easy to observe that

A1 (x,y)| < My (x,)(d — c)Hi (x), (2.3.19)
|A2(x,y)| < Ma(x,y) (b —a)Ha(y), (2.3.20)
A3 (x,y)| < M3(x,y)Hi (x)Ha(y), (2.3.21)

for (x,y) € A. From (2.3.18)—(2.3.21), we get

b rd
ECI< 55 [ [ 141G+ x| + ) dyd

1 b d
< 27{2/61 /C M (x,y)(d — c)H (x) +Ma(x,y)(b—a)Hy(y) + M3 (x,y)H) (x)Ha (y)] dydx.

This is the required inequality in (2.3.12).
The identities (2.3.15) and (2.3.16) can be rewritten as

Kf (o)~ / ’ | / ! s)dsdt = LLF(ry)]. (23.22)

and

b rd
kg(x,y)f/a /C g(t,s)dsdt = L[g(x,y)], (2.3.23)
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for (x,y) € A. Multiplying the left hand sides and right hand sides of (2.3.22) and (2.3.23),

we have

d b
€ p(engtn) ko) [ [ st stasai ki) [ [ rte.spasar

+ </ab'/cdf(t’s)dsdt> (/ab./cdg(t,s)dsdt) = L[f(x,y)]L[g(x,y)] (2.3.24)

Integrating (2.3.24) over A and rewriting, we get

8= / / 1 (x,y)]L g (x,y)|dydx. (2.3.25)

From (2.3.25) and using the properties of modulus, we get

B0 <5 [ [ st y)avas 0326)

It is easy to observe that

IL[f(x,y)] / / P (e, )||DLF (2,5 |dsd

bord b rd
+/H/L_|6I(y7S)|\sz(t,s)|dsdt+/a /L 1p(x,0)||g(v,5)||D2D1 f(t,5)|dsdt

b rd
<Ioiflle [ [ Iptenlasar

b rd b rd
102l [ [ lats)dsdi+ 10201 f e [ [ b)) dsa
b
= 1D flletd =) [ p(e.r)

od b pd
ADaf b= [ laGs)lds+[DaDisf e [ [ Iptenllaty.lasar
= D1l = By () + D2 (b= a) o (3) + D21 ()
= A(x,y). (2.3.27)

Similarly, we have

IL[g(x,y)]| < B(x,y). (2.3.28)

Using (2.3.27) and (2.3.28) in (2.3.26), we get the desired inequality in (2.3.13). The proof

is complete.



86 Analytic Inequalities: Recent Advances

Remark 2.3.1. From (2.3.17), (2.3.19)—(2.3.21), it is easy to obtain the inequality
|2k f(x,y)8(x,y) —Ao(x,y)| < M) (x,y)(d — c)H) (x)

+Ma(x,y)(b—a)Ha(y) + M3 (x,y)H1 (x)Ha(y), (2.3.29)

for (x,y) € A and from (2.3.24), (2.3.27), (2.3.28), it is easy to see that the following in-
equality

et~ g [ [ [ stesasar +aten) [ [ stesyasa

(L [ ) (][]

1
holds for (x,y) € A.

Theorem 2.3.2. Let f, g € C(A). Then
Lbord 1 (b pd 1 b pd
’k/g /C f(x,y)g(x,y)dydx + (k/a /C f(x,y)dydx) (k/a /C g(x,y)dydx)

b pd
i [ T nF ) 069G v

1 b pd
S / / M3 (x,y)Hi (x)H2 (y)dydx, (2.3.31)
and
1 b pd
L[ s
1 b pd o . 1_ .
) /a /c [f(x,y)G(x,y)+g(x,y)F(x,y)—kF(x,y)G(x,y)} dydx
1 b pd
<k7||D2D1f||mI\D2D1gllm/ / [Hi (x)Ha ()] dydx, (2.3.32)
where

F(x,y) =F(x,y) — /ub /cdf(t,s)dsdt,é(x,y) =G(x,y) — /ab /cdg(t,s)dsdt.
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Proof. From the hypotheses, we have the following identities (see, Lemma 2.3.2):

kf(x,y) = F(x,y) / / flt,s dsdt—|—/ / (x,6)q(y,s)D2D; f(t,s)dsdt, (2.3.33)

and

b pd b rd
kex.y) = Gley) = [ [“glto)dsdr+ [ [ p(en)gs)DaDig(e,s)dsdr, - 2334)

for (x,y) € A. Multiplying (2.3.33) by g(x,y), (2.3.34) by f(x,y), and adding the resulting

identities, we get

2kf(x,y)g(x,y) = g(x,y)F (x,y) + f(x,9)G(x,y) — Ao (x,y) +A3(x,y). (2.3.35)

Integrating (2.3.35) over A and rewriting, we have

b pd 1 b pd
| [ ressendss= 52 [* [Men)F ) +£(x) Gy dyds

([ ) ([ [ etwntras) + 3 [ [“astupiasas. @330

We note that, here (2.3.21) holds for (x,y) € A. From (2.3.36) and (2.3.21), we observe that
1 b rd 1 b rd 1 b rd
[ reosteoasas+ (¢ [ [ e (¢ [ [ steiava )

_27]1{2/:7 /C.d [g(x,y)F(x,y) + f(x,9)G(x,y)] dydx

< 2k2/ / |A3(x,y)|dydx

< T / / M (x,y)H; (x)Hz(y)dydx.
This is the required inequality in (2.3.31).
The identities (2.3.33) and (2.3.34) can be rewritten as

kf()C?y) 7f(x7y) = M[f(x7y)]> (2.3.37)
and
kg(x,y) 76()6’))) = M[g(xay)L (2.3.38)

for (x,y) € A. Multiplying the left hand sides and right hand sides of (2.3.37) and (2.3.38),

we have
sz(x,y)g(x,y) _kf(xvy)a(xvy) - kg(xvy)F(xvy)

+F (x,5)G(x,y) = M[f (x,y)|M[g(x,y)]. (2.3.39)
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Rewriting (2.3.39) and integrating over A and using the properties of modulus, we have

| b
L[ [ penistesyasas

2 / / [ Fx,y)G(x,y) + g(x,9)F (x,y) — }{F(x,y)G(x,y)} dydx

1 b rd
<5 [ [ MMt y)idyds. (2340
It is easy to observe that
b pd
MU < DD flle [ [ 190l a5)ldsde = DD f by ()Ha0). 2341
Similarly, we get
MI8(5.0)]| < D21 ey (O H ) 2342)

Using (2.3.41) and (2.3.42) in (2.3.40), we get the desired inequality in (2.3.32). The proof

is complete.

Remark 2.3.2. From (2.3.35) and (2.3.21), it is easy to observe that the following in-
equality holds,

12k f (x,y)g(x,y) +Ao(x,y) — [8(x,y)F (x,) + £ (x,5) G (x,y)]]

< M3 (x,y)H; (x)Ha (), (2.3.43)

for (x,y) € A and from (2.3.39), (2.3.41), (2.3.42), one can very easily obtain the following

inequality

f(x,y)g(x,y) — % F(6,y)G(x,y) +8(x,y)F (x,y) — %F (x, y)G(x,y)} ’
<z HDzD1f|| |D2D) gl [Hy (x)Ha ()], (2.3.44)
for (x,y) € A.

In our further discussion, the following notation will also be used to simplify the details of
presentation.

Let Q = [a,k] x [b,m] X [c,n],a,b,c,k,m,n € R. The partial derivative azgi;axe(x,y,z) of
a function e defined on Q is denoted by D3D;Dje(x,y,z) and the function e is said to
be bounded if [|e[|e = sup, ,,cq [€ (%,¥,2)| < co. For some suitable functions /2 : A — R,

e:Q — R, we set

A(Dleh(X,y)) =A[a,c;x,y;b,d;Dleh(s,t)]
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Xy X pd
= / / Dleh(I,S)detf/ / Dleh(l‘,S)dsdl‘
a Jc a Jy

b ry b rd
- / / DDyt s)dsdi+ / / DDy h(t,s)dsdt,
x Jc X JYy
E(h(x,y)) = Ela,c;x,y;b,d; h]

[h(a,c)+h(a,d)+h(b,c)+h(b,d)],

= %[h(x,c) +h(x,d)+h(a,y)+h(b,y)] — %

B(D3DyDye(r,s,t)) = Bla,b,c;r,s,t;k,m,n;D3DyDye(u, v,w)]
r S t r S n
:///D3D2Dle(u7v,w)dwdvduf///D3D2D1e(u,v,w)dwdvdu
a Jb Jc a Jb Jt

rorm pt k ps ot
—/ / /D3D2Dle(u,v,w)dwdvdu—/ / /D3D2D1e(u,v,w)dwdvdu
a Js c r Jb Jc
roopmopn k rmo ot
+/ / / D3D2Dle(u,v,w)dwdvdu+/ / /D3Dlee(u,v,w)dwdvdu
a N t r s c

k ps rn k rm rn
+/ //D3D2D1e(u7v,w)dwdvdu7// /D3D2Dle(u,v7w)dwdvdu,
r Jb Jt r Js t
L(E(r,s,t)):L[a7b,c;r,s,t;k,m,n;e]
1
= g[e(a,b,c) +e(k,m,n)]
1
—Z[e(r,b,c)+e(r,m,n)+e(r,m,c)+e(r,b,n)]
1
—Z[e(a,s,c)+e(k7s,n)+e(a,s,n)+e(k,s,c)]
1
—Z[e(a,b,t)+e(k,m,t)—ﬁ—e(l@b,t)—i—e(a,mﬁ)}
1 1
+§[e(a,5,t)+e(k,s,t)]+§[e(r7b,t)+e(r,m,t)]

1
—|—§ le(r,s,¢c)+e(r,s,n)].
The Griiss- and Cebysev-type inequalities established in [91,129] are given in the following

theorems.
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Theorem 2.3.3. Let f, g: A — R be continuous functions on A and D,D; f(x,y),

DD, g(x, y ) exist, continuous and bounded on A. Then

[ 70et00) = G )etc) + Elelr) 5] v

1 b rd
< glb-a)d—0) / / (g IDaD1 fle +|f(ey)|[DaD1gllc] dydx,  (23.45)

and

[f(x,9)8(x,y) — [E(f(x,3))g(x,y) + E(g(x,¥)) f(x,¥)

—E(f(x,))E(g(x,y))]] dydx

16 (b—a)(d—c)}||D2D1 o] D2D1 g co- (2.3.46)

Proof. From the hypotheses, it is easy to observe that the following identities hold for
(x,y) € A (see [86,91]).

Fry) = —fla,e) + f(x,¢) + flay) + / / DaDy f(t,5)dsd,
fx,y)=—f(a,d)+ f(x,d)+ f(a,y) / / DyD f(t,s)dsdr,
Fx5y) = —f(bye) + f(x,€) + f(byy) — / / DDy f(1,5)dsdt,

153 = =)+ 1)+ 70.3)+ [ [ DaDus(s)asar
Adding the above identities and rewriting, we have
f6y) —E(f(x,y)) = 7A(D2D1 f(x,7)), (2.3.47)
for (x,y) € A. Similarly, we have
8(09) ~ E(glx.3)) = A (DaD1g(x.)), (2.3.48)

for (x,y) € A. Multiplying (2.3.47) by g(x,y) and (2.3.48) by f(x,y) and adding the result-

ing identities, rewriting and then integrating over A, we have

[ [ ot - JpComet + Betmmsoavas

1
4

1 b d
:é/a / [A(D2D1 f(x,y))g(x,y) +A(D2D1g(x,y)) £ (x,y)]dydx. (2.3.49)
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From the properties of modulus and integrals, it is easy to see that

b rd
A(D2D1 £ (x,y))] < / / D>y £(1,5)|dsdt < | D2Dy fllw(b—a)(d—c),  (2.3.50)

b
A(DaD1g(x,y))| < / / ID>Dyg(t,5)|dsdt < |DsDigll(b—a)(d—c).  (2.3.51)
From (2.3. 49) (2 3.51), we observe that

[f e )ale) — 2 [E(Fx g +E<g<x,y>>f<x,y)]} dydsx

<3 / [ e A2 )] 170 14 (DaDigls ) v

< é/ / [|g x7y)|/ / |D2D, f(2,5)|dsdt +|f(x,y)|/a /L D2D1g(t,s)|dsdt} dydx

b rd
$0=a)@=0) [ [ gxy)lID2D1 sl +1f(5.3)|D2Drg-] v
which is the required inequality in (2.3.45).
Multiplying the left hand sides and right hand sides of (2.3.47) and (2.3.48), we get

flxy)g(x,y) = [f(x,y )f(g(x )+ 8 YE(f(x,y)) —E(f(x,)E(g(x,y))]
= TgA DD (x 1) A(DD1g(x,))- (2:3.52)
Integrating (2.3.52) over A and using the properties of modulus, we have

[ [renetes) = () E(gxn)) + s B (x.3)) = E(F ) E(gx.y)) | dvd

b d
1
< g'/ / [A(D2D) £ (x,3))|A(D2D1g(x, ) |dydx. (2.3.53)

a ¢
Now, using (2.3.50) and (2.3.51) in (2.3.53), we get (2.3.46). The proof is complete.

Theorem 2.3.4. Let f, g: Q — R be continuous functions on Q and D3D,D f(r,s,t),

D3DyDg(r,s,t), exist, continuous and bounded on Q. Then
k m n

///[ f(rs,t)g(rs,t)— [ (f(r,s,1))g(r,s,t) +L(g(r,s,1))f(r,s,1)]| dtdsdr

k m n
1
—6(k a)(m—>b)(n—c) /// lg(r,s,0)|||D3D2D1 f || oo
+|f (s, t)|HD3D2D1gH |dtdsdr, (2.3.54)

and
f(r,s,t)g(r,s,t) - [L(f(rasvt))g(rasvt)

+L(g(r,s,2))f(r,s,t) — L(f(r,5,t))L(g(r,s,t))]] dtdsdr

1
<6*4{(k*a)(m b)(n—c)}*|DsD2D | | D3D2D1 gl - (2.3.55)



92 Analytic Inequalities: Recent Advances

Proof. From the hypotheses, it is easy to observe that the following identities hold (see

[83,90]):

—fabit) — flars,c) — F(rb.c) + / ' /b ' / " D3DaDy £ (u,v, w)dwdvd,
F5,0) = F(5,m) + Fl@y5,8) & Frb,t) + (@ by)
—lasbut) = fla,s,m) = (rbym) / ' /b ) /t " DsDaDy £ (v, w)dwdvdu,
f(rs,t) = f(r.m,t)+ f(r;s,c) + f(a,m,c) + f(a,s,1)

— Flrm,¢) = flaymit) — f(ass,c) — / ' / ! / " D3DaDy £ (u,v, w)dwdvd,
f(rys,t) = f(k,s,t)+ f (k,b,c)+ f(r,s,¢) + f(rb,1)
—f(ky5,¢) = f(k,bot) — f(r,byc) — / ‘ /b ' / " DsDaDy £ (1, v, w)dwdvd,
f(r,s,t) = f(r,m,t)+ f(r,s,n) + f (a,m,n) + f(a,s,1)
—f(rmn) — flasm,1) — fa,s,m) + / ' / ! /t " D3DaDy f(u, v, w)dwdvdu,
f(rs,t) = f(r.m,t)+ f(r,;s,c) + f(k,s,1) + f (k,m,c)
k) = fks5,0) = Frme) + / ‘ | / " / " DsDaDy f (1, v, w)dwdvd,
f(r.s,t) = f(k,s,1) + f(k,b,n) + f(r,s,n) + f(r,b.1)
—Fk,s,n) — £l bt) — F(rbn)+ / ' /b ' /t " DsDaDy £ (1, v, w)dwdvdu,
f(rs,t) = f(k,m,n) + f(k,s,t) + f(rm,t) + f(r,s,n)

—f(k,m,t) — f(k,s,n) — f(r,m,n) — /k /m /tnD3D2D1f(u,v, w)dwdvdu.
Adding the above identities and rewriting, we have
f(rs,t) = L(f(r,s,1)) = %B(D3D2D1f(r,s,t)), (2.3.56)
for (r,s,1) € Q. Similarly, we have

g(rs,t) —L(g(r,s,t)) = éB(D3D2D1g(r,s,t)), (2.3.57)
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for (r,s,1) € Q. Multiplying (2.3.56) by g(r,s,7) and (2.3.57) by f(r,s,t) and adding the

resulting identities, then integrating over Q and rewriting, we have

/ k‘/b m/ ! [f(ns,t)g(r,s,t)—;[f(r,s,t)L(g(r,s,t)) +a(r s, VL(f(r,5,1))] | dedsdr

1 k rm rn
= / /b / (g(r,5,1)B(D3D2D1 f(r,5,1)) +f(r,5,0)B(D3D2D1g(r.s,1))] drdsdr.

(2.3.58)
From the properties of modulus and integrals, we observe that
IB(DsD>Dy f(1,5.1))| < / ‘ /b ! / " \DsDaD f(r,5,1)|dwelvdu
< ||D3D2Dy o (k — @) (m —b) (n—c). (2.3.59)
Similarly, we get
|B(D3D;D1g(r,s,t))| < ||D3D2D1g||.. (k—a)(m—Db)(n—c). (2.3.60)

Now, from (2.3.58)-(2.3.60) and following the same arguments as in the proof of inequality
(2.3.45) with suitable changes, we get the required inequality in (2.5.54).
Multiplying the left hand sides and right hand sides of (2.3.56) and (2.3.57) and integrating

over Q, we get
k m n
/a /h /C [f(r,s,0)g(r,s,t) = [f(r,s,0)L(g(r,s,1))

+g(r,s,t)L(f(r,s,1)) — L(f(r,s,1))L(g(r,s,1))]] dtdsdr

k rm prn
:6714 L[ [ B0sD2D(15,0) B(D3D2Dg r5.0)) s (2.3.61)
a Jb Jc

From (2.3.61), using the properties of modulus and (2.3.59) and (2.3.60), we get the desired
inequality in (2.3.55). The proof is complete.

2.4 Trapezoid-type inequalities in two variables

In this section we present some Trapezoid-type inequalities involving functions of two
independent variables, recently established by Dragomir, Barnett and Pearce [39], Barnett
and Dragomir [6] and Pachpatte [86]. In our subsequent discussion, we make use of some
of the notations and definitions given in Section 2.3 without further mention.

We start with the Trapezoid-type inequality established in [86].
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Theorem 2.4.1. Let f: A — R be a continuous function on A, D,D; f(x,y) exists and

continuous on A. Then

[ [ sesasae-3[@-o [ 1.0+ s +o-a [ @)+ fb5)as

+50-0d=(@0)+1ad) + (6.0) 1 0.0)])

1 b pd
< (b-a)(d—0) / / D21 (1,5)|dsdr. 24.1)
a c
Proof. By following the proof of Theorem 2.3.3, we have the following identity

F6.3) = 3160+ )+ £lay) + £(b.3)) + 51 @e) + flad) + £(bi) + (b))

1
= 7AD2D1f(x.y)), (2.4.2)

for (x,y) € A. Integrating both sides of (2.4.2) over A, we get

/ / (t,5)dsdt — ~ [(d—c)/ [f(t,¢)+ f(t,d)|dr +(b—a)/cd[f(a,s)+f(b,s)]ds
+%(b—a)(d—6)[f(a,6)+f(a7d)+f(b70)+f(b’d)]

b prd
:% / / A(DaDy f(t,5))dsdt. (2.43)

Using the properties of modulus and integrals, we observe that
b rd
MDD < [ [ 1DaD1f(5) dsar (2.4.4)
From (2.4.3) and (2.4.4), we have

Cd (1,5)dsdi — % {(d 0) / "F(.0) + Fe.d)d + (b—a) / ‘Uas) + f(b,s)]ds]

+5 -0 0.0 + @)+ 0.0+ 0]
1 b rd
<3| [ A@Disa.ldsar

1 b rd
< b-a)d—0) / / DDy f(1.5)dsdr,

which is the required inequality in (2.4.1) and the proof is complete.
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Remark 2.4.1. From (2.4.2) it is easy to observe that the following inequality holds

F03) = 3L (00) + 70 d) + £(@n) + F(b)] +51F(@) + f(ad) + F(b,0)+ £ (b, )]

1 b pd
<3 [ [ 1Dirtesasar, 245
4 a c
for (x,y) € A.
The next Theorem deals with the Trapezoid-type inequality investigated in [39].

Theorem 2.4.2. Let f: A — R be a continuous mapping on A, D,D; f(x,y) exists on
(a,b) x (c,d) and is bounded, then

/{;b/cdf(t,s)dsdtf% [(dc) /ab[f(t,c)Jrf(;,d)]dt

+(b—a) / “[Flas)+ f(b,s)]ds}
+40-0d=l(@0)+ad) + (b.0) 1 (0.0)

1
< 1 (b—a)(d—c)}* | D2D1 f|o- (2.4.6)

Proof. From the hypotheses, the following identity holds (see, Lemma 2.3.2):
b rd
/ / p(x,1)q(y,s)Da2D) f (t,s)dsdt
b
— (d=o)(b-a)f(xy) = (d=0) [ flt.v)d
d b pd
—(b—a) / Flx,5)ds+ / / Ft,s)dsdr, 2.4.7)
c a c

for all (x,y) € A, where p(x,t), q(,s) are as given in Section 2.3. In (2.4.7) choose (i) x =

a,y=c; (i) x=>b, y=c; (iii) x =a, y =d; and (iv) x = b, y = d to obtain the following

identities:

b rd
/a /C p(a,t)q(c,s)DaD1 f(t,s)dsdt
b
= (=) b-a) (@)~ d=0) [ flt.c)i

—(b—a) / ! ays)ds+ / ’ / ! b s)dsdr, (2.4.8)
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b rd
/a /c p(b,1)q(c,s)DaDyf(t,s)dsdt
b
:(d—c)(b—a)f(b,c)_(d_c)/a Ft,c)de
d b ed
~(b-a) [ £+ [ [ sles)asar, 2.49)
b pd
/a /C pla,1)q(d;s)DaD1 f(t,5)dsd1
b
= (@=a)b-a)fad) - (d—c) [ fidd

—(b—a) /Cdf(a,s)ds+/ab /Cdf(t,s)dsdt, (2.4.10)

and

b rd
/a /C p(b,t)q(d,s)D2D1 f(t,s)dsdt
b
:(d—C)(b—a)f(b,d)—(d_c)/a Ft.d)di

d b pd
—(b—a) / F(b,s)ds + / / Ft,s)dsdr, 2.4.11)
c a c
Adding (2.4.8)—(2.4.11) and dividing by 4, we have

% /ab /Cd (p(a,t) + p(b,1)) (g(c,s) +q(d,5)) DaDy £(t,5)dsdt

= /ab /Cdf(t,s)dsdt + i(b —a)(d—c)[f(a,c)+ f(a,d) + f(b,c) + f(b,d)]

1 d

3|0 [veosseanaso-a [t +ros1a)

and as
pla,t)+p(b,t) =2t —(a+b),q(c,s)+q(d,s) =2s— (c+d),

then we get the identity:

/ab /cdf(t,s)dsdt - % [(d L Lb[f(t,c) +f(t,d)dt+(b—a) [d[f(“’s) +f(b’s)]ds}

+%(b—a)(d—6)[f(a,0)+f(a7d)+f(b70)+f(b,d)}
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—//< “+b> <sc—'2_d>D2D1f(t,s)dsdt. (2.4.12)

Now, using the identity (2.4.12) and the properties of the integral, we get

’ c'd f(t,s)dsdt—% {(d—c) / "0 + £l d)]de + (b—a) / ‘) + f(b,s)]ds]

+iw—uxd—cmﬂmcraﬂaﬂ>+fwmrfﬂhdﬂ

b d
_at H et ‘|D2D1f(t §)\dsdt

(b—a)(d—c)}* |D2D1 f]|--

16
Since a simple calculation gives,
b _ )2 d )2
/ t_a—l—b dt:(b a) ’/ _c+d dtz(d c) 7
a 2 4 ¢ 2 4

the inequality (2.4.6) is thus obtained. The prof is complete.
In order to prove the next two Theorems we need the following integral identity proved in

[6].

Lemma2.4.1. Let f:A— R be acontinuous mapping on A such that D, f (a,-) , D2 f (b,-)
are continuous on [c,d], Dy f (-,¢),D1f(-,d) are continuous on [a,b] and DD f(+,-) is

continuous on A. Then we have the identity:

Lb[{ﬂLywﬂu+«b—®[7<y_c;d>ﬁ°m”+”d_”17<x EDLLG

(b a)(d—c)|[f(a,c)+ f(a,d)+ f(b,c)+ f(b,d)]
+/ / ( a+b> <yc;d>DzD1f(x,y)dydx, (2.4.13)

fi3) = 311 () + D1 (), (24.14)

~ \

where

for x € [a,b] and

f20) = 3 [Daf (@) + Daf (b)), @4.15)

fory € [c,d].
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Proof. A simple integration by parts gives

/aﬁh(x)dx: w(ﬁ—a)—/j (x—a—;ﬂ> W (x)dx, (2.4.16)

provided that % : [or, ] — R is absolutely continuous on [a, B]. Using (2.4.15), we can

write:
/bf(x,y)dx:(bfa)w /b<xa;b)le(x,y)dx7 (2.4.17)

for all y € [c,d]. Integrating (2.4.17) over the interval [c,d], we obtain

/Cd (/abf(x,y)dx) dy= %(b—a) [/Cdf(a,y)dy—f—/cdf(b’y)dy]
_/cd </ah (x_ anrb> le(x,y)dX> dy.

Using x’s theorem, we can state:

/ab /Cdf(xyy)dydx: %(b—a) {/cdf(a,y)der /cdf(b,y)dy}
_(/ab (x a+b> </ Dif(x, y)dy) dx. (2.4.18)

By the identity (2.4. 16) we can also state:

[ Hanay= i@+ sadn@-a- [ (=) pasanas. - @a19)

c+d

[ 7009005 = 5150+ soaia—o - [ <y

and

[ Purte = 2piste) 40y ) -

d d
- / (y— C; >Dlef(x7y)dy. (2.4.21)

Now, using (2.4.18) and (2.4.19)—(2.4.21), we have successively

Lb /cdf(x,y)dydx: %(bfa) [;[f(a,c) + f(a,d)](d —c) 7/:1 (y

c+d

—i—%[f(b,c)—i—f(b,d)](d—c)—/Cd (y— 5 )sz(by)dy}

d
c; ) Dy f(a,y)dy

[ (+-52) [+ pisaia—e
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d
*/C (y C;d>DzD1f(x7y)dy} dx

[f(a,¢) + f(a,d) + f(b,c) + f(b,d)|(b—a)(d —c)

1
4
,l( ,a)/cd <y C+d>D2f(a,y)dy;(ba)/cd <yc—;d>D2f(b»Y)dy

2 2
b b
_%(d—c)/a (x—a_;b>D1f(x,c)dx—;(d—c)/a (x—a_;b>D1f(x,d)dx
+ / / ( a+b) (y—cgd>D2D1f(x,y)dydx. (2.4.22)

Rewriting (2.4.22), we get the desired identity in (2.4.13).

The Trapezoid-type inequalities given in [6] are embodied in the following theorems.

Theorem 2.4.3. Let f, f1, f> be as in Lemma 2.4.1 and assume that DD f(x,y) is

bounded. Then
d b b
CJ; )fz(y)der(d—C)/a (x at >f1( )dx

df(x,y)dydx+ (b—a) /d (
5 (@, + fad) + £(b,0) + 16, )b~ a)(b—0)

1
16 {(b=a)(d=)}?|D:D1 f], (2.4.23)
where fi(x) and f>(y) are given by (2.4.14) and (2.4.15).

Proof. Using the identity (2.4.13) and the properties of integral, we have

Ut -0 [ (- ) poay a0 [ (x-S ) s

—% [f(a,e)+ fla,d) + f(b,c) + f(b,d)](b—a)(b—c)

a+b c+d
22| S 1D ) avs
b d
< ||DaD f||eo / xfa—'_ ‘dx/ _or ‘dy
¢ 2
(b—a)* (d—c)?
== DD oo 9
D20y .7

and the inequality (2.4.23) is proved.
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Theorem 2.4.4. Let f, f1, f> be as in Theorem 2.4.3 and assume that
[fille = sup [fi(x)| <oeo, [|falle = sup |f2(y)] < oo

x€la,b) y€(ed]
Then

‘/a-b /Cdf(x,y)dydxf %[f(a,c) + f(a,d)+ f(b,c)+ f(b,d)](b—a)(b—c)

1 1
< Z(b—a)(d—c) [(b—a)|| fille + (d—=0) |l f2]]eo +Z(b —a)(d—c) |D2D1f|w} . (2.4.24)
Proof. As in the proof of Theorem 2.4.3, we have, by the identity (2.4.13) that

" e y)dyds — L [F(a) + flad) +£(b.)+ F0.)](b—a)(b— )

a C
d
<(b—a)/ y—

a+b

b
Oy + @) [ |v= 32170
+// x_a+bH C+d‘|D2D1f(XY)|dydx
2 b a) (d—c)?
<t-alnl- S+ @-anal- LS )+||szlf||w( )

:Z(b*a)(d*C)[(b*a)Hfll\m d—c)|fall~ + b a)(d C)IDlefoo]

Hence the proof is completed.

Remark 2.4.2. We note that, one can very easily obtain bounds on the right hand sides in
(2.4.23) and (2.4.24) for || - || , norm, p € [1,00). Here, we do not discuss the details.

2.5 Some multivariate Griiss-type integral inequalities

Our main goal in this section is to present some multivariate Griiss-type integral inequalities
recently investigated by Pachpatte in [94,130].

Let B = []",[ai,bi] be a bounded domain in R”, the n-dimensional Euclidean space.
For x; € R, x = (x,...,x,) is a variable point in B and dx = dx;---dx,. For
any integrable function u(x) : B — R we denote by [pu(x)dx the n-fold integral
ff: . -~ff1‘ u(xy,...,x,)dx; - - -dx,. For integrable functions f, g: B— RonBand p: B —

R an integrable function on B such that P = [ p(x)dx > 0, we set

TEp.f.B) =5 [P | 5 [pesear | 5 [p@s@ax |,
B B B
(2.5.1)

and assume that the integrals involved in (2.5.1) exist.

In the following theorems, we present the integral inequalities investigated in [130].
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Theorem 2.5.1. Let f, g: B — R be integrable functions on B and p : B — R an inte-
grable function on B such that P = [ p(x)dx > 0. Then

\T(P,p,f.8:B)| < VT (P.p.f,f:B)\/T(P.p,g.8:B), 2.5.2)

and in addition if ¢ < f(x) < P, y < g(x) < I for each x € B, where ¢, ®, 7, I are given

real constants, then

1
IT(P,p,f.&:B)| < 1(‘1’—¢)(F—Y)- (2.5.3)

Proof. By direct computation, it is easy to observe that the following version of the Ko-
rkine’s identity [79, p. 242] holds:

T(Pp,f,&B) = # /B /B p)p(y)(f(x) — f(»)(g(x) — g(y))dydx. (2.5.4)
From (2.5.4), it is easy to observe that
1 5 1 2
10t fiB) = 3 [P0 (5 [pfea) . s

Furthermore, by using the multivariate version of the Schwarz integral inequality, it is easy

to observe that T'(P, p, f, /3 B) = 0. Similarly, we have

T(P.p.gg:B) = 5 [ p)g - (‘ / p(x)g(x)dx)z, (25.6)

P P Jp
and T(P,p,g,g:B) = 0. From (2.5.4) and using the multivariate version of the Schwarz

integral inequality, we have

T(P.p.f.5:B) {ZPZ . [ pap )0~ 79 50 o]
{2 [ [0 - s avas{ s [ ] pwpo)eto) - st}
:{ /p f2(x dx—< /p x)dx) }

x {,ﬂ Jpgwas— (5 [ p(x>g(x)dx>2}

=T(Pp.f.f:B)T(P.p,8,8:B). (2.5.7)
The desired inequality in (2.5.2) follows from (2.5.7).

It is easy to observe that the following identity also holds:

1(epg.si8) = (0~ 5 [ prwia) (5 [ psiiax—o)
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5 [P0 @ = ) ()~ 0) . .58

Using the fact that (® — f(x)) (f(x) — @) = 0in (2.5.8), we have
1 s
1ep g s < (0 [ prwa) (5 [ petoar—e). 59
Similarly, we have

ﬂRm&gﬂ)é(F—;APQM@%k)( /p dX’O (2.5.10)

Using (2.5.9) and (2.5.10) in (2.5.7), we get

e p sl < (- [ psas) (},/B P ()9 )
« (r—; /B p(x)g(x)dx) ( / ()2 (X)dx — y> 2.5.11)

By using the elementary inequality cd < (%) ; ¢, d € R, we observe that

(05 [ pmswa) (5 [ osac—e) < (‘I’z“”)z @5.12)
OL/} )( /p )g(x)dx — i) C;y). (2.5.13)

The required inequality in (2.5.3) follows from (2.5.11)—(2.5.13).

Remark 2.5.1. We note that the inequality established in (2.5.3) can be considered as
a weighted multivariate generalization of the Griiss inequality. In the special case when
n=1, from (2.5.3), we get the generalization of the Griiss inequality (3) given by Dragomir
in [42].

Theorem 2.5.2. Let f, g: B — R be integrable functions on B and p : B— R an inte-
grable function on B such that P = [, p(x)dx > 0. Then

|T(P,p, f,&:B)]

<3 [ (100- 3 [ p01s01as ) (560~ 5 [ p02e1ay)

and in addition if ¢ < f(x) < ® for each x € B, where ¢, P are real constants, then

IT(P,p,f,g:B) ¢¢4FF§57 (2.5.15)

dx,  (2.5.14)
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Proof. In order to establish the inequality (2.5.14), we observe that

%/Bp(x) (f(x)_;)/gp(y)f(y)dy> <g(x)—;/9p(y)g(y)dy> dx

- %/Bp@> {f(x)g(x) - %f(x)/BP(y)g(y)dy

~ ) [ o010y 5 ([ 00 01ay ) ([ p0e00as ) bas
~ 5 [pt0 ﬂxw—<;LM@ﬂﬂm><;Ammgmﬂ>
- (113 /B p(X)f(X)dX> ( / p(x)g(x dx) sz ( / p()F(x ) ( / plx g(x)dx)
P/p (x)g(x) dx—< /p X)dX> (IIJ/BP(X)g(X)dX)

=T(P,p,f,g:B). (2.5.16)
From (2.5.16) and using the properties of modulus, we get the desired inequality in (2.5.14).
Following the proof of Theorem 2.5.1, we have T(P, p, f, f;B) > 0, T(P,p,g,g;B) > 0 and
(2.5.7), (2.5.9), (2.5.12) hold. From (2.5.9) and (2.5.12), we get
T(Pp.f.f:B) < 3(®—9)" @517)
The required inequality in (2.5.15) follows from (2.5.7) and (2.5.17). The proof is com-
plete.

Remark 2.5.2. By taking p(x) = | and hence P =[] (b; — ;) in (2.5.14), we get

1
T(P1fgiB) < 5 [

A (f(X)—;,/Bf(y)dy> (g(X)— ;/Bg(y)dy>

The inequality (2.5.18) can be considered as the multivariate version of the integral in-

dx. (2.5.18)

equality of the Griiss-type given by Dragomir and McAndrew in [34]. We note that the

inequality (2.5.15) can be considered as a multivariate version of the Pre-Griiss inequality

given by Matié, Pecari¢ and Ujevi¢ in [72].

Before giving the next result, we introduce the following notation used to simplify the

details of presentation.

Let Dia;,bi] = {x;: a; < x; < b;} fori=1,...,n; a;, b; € R, D =T, Di|ai, b;] and D be

the closure of D. For any function u : D — R, differentiable on D, we denote the first order

( ) and by Jpu(x)dx the n-fold integral. If

‘ du 8u(x)
ox; ox;

w  XxED
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ag)(;_c) are bounded. For continuous functions p, g
1

defined on D and differentiable on D and w(x) a real-valued, nonnegative and integrable

function for x € D and [, w(x)dx > 0 and x;, y; € Dj[a;, b;], we set

Awp.g:D) = [ wx)p(agods

—W </Dw(x)p(x)dx> (/Dw(x)q(x)dx) , (2.5.19)
H(p,xi,yi)zii g—i mlxi—yil, (2.5.20)

and assume that the integrals involved in (2.5.19) exist.

The Griiss-type integral inequalities established in [94] are given in the following theorem.

Theorem 2.5.3. Let f(x), g(x) be real-valued continuous functions on D and differen-
tiable on D, with partial derivatives oflx (,), ag)([ ) being bounded. Let w(x) be a real-valued,
nonnegative and integrable function for x € D and [, w(x)dx > 0. Then

W /D w(x) [|g(x)| /D H(f,xi,yi)w(y)dy

+[f(x)] /DH(g,xnyf)W(y)dy} dx, (2.521)

A £D)| < i [t (G

<(f Hemminar) . 2522)
D

[A(w, f,g:D)| <

Proof. Letx= (x,...,%,) €D,y= (y1,-..,yn) € D. From the n-dimensional version of

the mean value theorem, we have (see [146, p.174])

7= £0) = Y 22 5, (.52

and

()Ci 7y,')7 (2524)

8
where ¢; = (y1 + (X1 —¥1)y- -, Y0+ 0i(xn —yn)) (0 < oy < 1) for i = 1,2. Multiplying
both sides of (2.5.23) and (2.5.24) by g(x) and f(x

2f(x)g(x) —g(x)f(y) — f(x)g(¥)

) respectively and adding, we get
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~ 0 3 L )+ 1) 3 25 (). (2.5.25)

Multiplying both sides of (2.5.25) by w(y) and integrating the resulting identity with respect

to y over D, we have

() w(y)dy) 19809~ 8) [ wO)70)ay— 12) [ wig()ay

/ Z ax, X ywly)dy+flx / Zag(cZ) (xi—yw(y)dy.  (2.5.26)

Next, multiplying both sides of (2.5.26) by w(x) and integrating the resulting identity with

respect to x over D, we get

2( [ oy ) [ wio)r0as
- ([ wesas) ([ worsoar) - () w<x>f<x>dx) (/ wora)
= [t g<x</z i <>dy>dx

+ / W) f(x ( / Z agaxclz Xi— )dy) dx. (2.5.27)

Rewriting (2.5.27), using the notation given in (2.5.19) and the properties of modulus, we

have

A 01 < 57 [ [ wle) ( 8>
+/ )| £(x) (/ Zl
< s [ [0 [

+f(x I/Z‘i

df(c)
ox;

|x;i — y,~|w(y)dy> dx

dg(c2)

|xl Yi | W(y)dy> dx:|

Xi

—yilw(y)dy

inW(y)dy} dx

- 2/()d/DW(X) |:|g(x)|/DH(fvxiJi)W(y)dy-f—|f(X)/DH(g7xi7)’i)W(y)dy dx.
Jp
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This is the required inequality in (2.5.21).
Multiplying both sides of (2.5.23) and (2.5.24) by w(y) and integrating the resulting iden-

tities with respect to y over D, we get

w0y ) £@) — [ wofoay= [ ¥ 2D o way,  @528)
(/D ) /D /Di:1 dx;

([ w0iar) = [ wiorstay = [ 3 HD s —ypuiias. @529

Multiplying the left hand sides and right hand 51des of (2.5 .28) and (2.5.29), we get

( /D W(y)dy>2 f(x)g(x) — ( /D W(y)dy) f(x) /D W
_ ( /D w(y)dy) g() /D W) f()dy+ < /D w(y) f(y)dy> ( /D W(y)g(y)dy>

(/ Z (xz yz)w(y)dy> (/ Z 8g ) ‘y,')w(y)dy>. (2.5.30)

Multiplying both sides of (2.5.30) by w(x) and integrating the resulting identity with respect

and

to x over D and rewriting, we obtain

A(w,f,g:D) = %/DW(X) </Di afa(xil) (x; —y,)w(y)dy)
< /D W(y)dy>
x ( /Dg a%(;z) (i —yi)W(y)dy> dx. (25.31)

From (2.5.31) and following the proof of inequality (2.5.21) with suitable modifications,
we get the required inequality in (2.5.22). The proof is complete.

Remark 2.5.3. Ifwetaken=1and D=1= {x:a <x<b}in(2.5.21), then we get
1 b b
. < / w(r) f(t)dt) ( / w(t)g(t)dt)
/ w(t)dr N ¢
1 b b ,
< [ w0l [ 17 el =5

b
0] / [P s|w(s)ds} d. (2.5.32)

Similarly, one can obtain the special version of (2.5.22). It is easy to see that the bound

[ w0

obtained on the right hand side in (2.5.32) (when w(¢) = 1) is different from those given by
Griiss in [61].
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2.6 Multivariate Griiss-and (vieby§ev-type discrete inequalities

In this section, we deal with certain multivariate Griiss- and Ceby3ev-type discrete inequal-
ities established by Pachpatte in [95,103,129].

Let Ny ={1,2,....,k+ 1}, Mo ={1,2,...,m+ 1}, N3 ={1,2,...,n+ 1} fork,m,n € N and
denote by G = N| X N, H = N; x N, x N3. For functions /(x,y) and e(x,y,z) defined re-
spectively on G and H we define the operators Aji(x,y) = h(x+ 1,y) — h(x,y), Ash(x,y) =
h(x,y+1) — h(x,y), MAjh(x,y) = Ay (Arh(x,y)) and Aje(x,y,z) = e(x+1,y,2) —
e(x,5,2), Ave(x,y,2) = e(x,y+1,2) —e(x,3,2), Ase(x,y,2) = e(x,y,z+ 1) — e(x,,2),
AzAle(x,y,z) =M (Are(x,,2)), A3ArAje(x, V.2 z) = A3 (AvAje(x,y,2)). Let N;[0,a;] =

{0,1,2,...,a;}, a; € N, i=1,...,n and Q = HN [0,a;]. For a function u(x) : Q — R
we define the first order difference operators as Alu( ) =u(xi+1,x2,...,x,) —u(x),...,
Apu(x) = u(xq,...,xXp—1,%, + 1) — u(x) and denote the n-fold sum over Q with respect to

the variable y = (y1,...,yn) € Q by

all a,,l

Yup)=Y - Y ulyi,... o).

=0 yn=0
Clearly Y, u(y) = Y., u(x) for x, y € Q. The notation

)C,'—l
Z Aiu(yh vy Vie U lisXig 1, - - 7xn)
Li=yi
for x;, yi € N;[0,a;]; i: 1,...,n, we mean fori =1, itis Zt]_yl Ayu(ty,x2,...,x,) and so on

and for i = n, itis Y;'=) "A u(yl, .yYn—1,tn). The functions h(x,y), e(x,y,z) and u(x) de-
fined on G, H and Q respectively are said to be bounded if ||| = sup(, y)c [2(x,y)| < oo,
llelleo = Sup .y ;) cm l€(x, ¥, 2)| < oo and [|uleo = sup,cq |[u(x)| < oo. We use the usual conven-
tion that the empty sum is taken to be zero. We give the following notation used to simplify

the details of presentation:

A(MA1h(x,y)) =A[1, L;x,y; k,m; AgArh(s,t)]

—1y—1 1 k y—1
:XZ AzAlh(S t XZ iAzAlh S l‘ Z ZAZAlh(S t -|—Z ZAZAlh S, t
s=1t=1 =1t=y S=X{= s=xt=y

E(h(x,y)) =E[1,1;x,y;k+ 1,m+ 1;h]

= I )G m 1)+ R (1Y) Ak +1,y)

1
—Z[h(171)+h(17m+1)+h(k+1,1)+h(k+1,m+1)],
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B(AsAxAje(r,s,t)) =BI1, 1, 1;ns,t5k,m,n; AsAoAre(u, v, w)]

- —1s—1
= Z Z Z AsApAje(u,v,w) o iA3A2Ale(u,v,w)
=lv=1w=1 u=1v=1w=t
r—1 m t—1 k s—1t—1
— Z Z A3 Mo Are(u,v,w) Z Z Z AsApAje(u,v,w)
u=1v=sw=1 u=ry=1w=1
r—l m n k m t—1
+ Z Z ZA3A2A1€ u,v,w)+ Z Z Z AsApAje(u,v,w)
u=1v=sw=t u=rv=sw=1
k s—1 n k m n
+ Z Z AsApAje(u,v,w) — Z Z Z AsMpAje(u,v,w),
u=ry=1w=t u=rv=sw=t

L(e(r,s,t))=L[1,1,L;n,s,t;k+ 1,m+1,n+ 1;¢]

1
= g[e(l,Ll)—l—e(k—i—1,m+17n+1)]
1
—Z[e(nl,l)—i—e(r,l,n—l—l)+e(r,m+1,l)+e(r,m+1,n—|—1)]

—Z[e(k+l,s,n+1)+e(k—|—1,s,1)+e(1,s,n+1)—|—e(1,s,1)}
1
—Z[e(k+ Lm+1,0)+e(k+1,1,6)+e(l,m+ 1,1)+e(1,1,7)]

[ (Ls,t)+e(k+1,s,1)]+ 1[ (r,1,t)+e(r,m+1,t)]

1
+§[e(r,s, 1)+e(rs,n+1)],

and for x € Q,

S(/.6.M50) = 5 X0~ (7 £ ) (3 B,

for some suitable functions f, g and a constant M.
In the following Theorems we present the inequalities of the Griiss-and Ceby3ev-type es-

tablished in [103,129].
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Theorem 2.6.1. Let f, g: G — R be functions such that AyA; f(x,y), AxA;g(x,y) exist
and bounded on G. Then

zz{ (5. y)gx.y) — {<x,y)E<f<x,y>>+f<x,y>E<g<x,y>>}]‘

x=ly=
k m
< Y Y sl 182l + £ )l [AoArgll), 260
x=ly=1
k m
21 ; [f (x,9)8(x,y)— {g(x, ) E(f(x,y)) + f(x,y)E(g(x,y)) —E(f(x7y))E(g(x,y))}]’
< 1 (km)? [As £ |21 2:62)

Proof. For (x,y) € G it is easy to observe that the following identities hold (see [86]):

—1y—1

fy) =)+ f(1y) = f(1,1)+ Z ZAZAlf 5,1),

s=11=

X—

floy)=f,m+1)+f(1L,y)—f(l,m+1)— ZZAzAlf(st

s=1t=y
k y—1

f(xvy) :f(x’ 1)+f(k+ lvy) _f(k+ 1, 1) - Z ZAZAIf(svt)v

s=xt=1

k m
Fy)=fle,m+1)+fk+1,y) = flk+1,m+1)+ Y Y AoA f(s,1).

s=xi=y
Adding the above identities and rewriting, we have

F0) = E(f(63)) = 34 (88 £ (x3)), (263
for (x,y) € G. Similarly, we have

89) ~ E(glx.3)) = JA(R2A1g(x,). (264)

for (x,y) € G. Multiplying (2.6.3) by g(x,y) and (2.6.4) by f(x,y), adding the resulting

identities, rewriting and then summing over G, we have

g i 8(69) — 3 18060 E(F () + £ () E(e())

Ms

SN

x=1)

A (A2A1f(x,)) + f(x,9)A(A2A18(x,y))]. (2.6.5)

oo\—k

l

:

-
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From the properties of modulus and sums, it is easy to see that

A (A f(x,3)))| ZZIAzAlfst)l 14241 f1.. (km), (2.6.6)

s=1t=

|[A(A2A1g(x,y)) Z Z |A2A1g(s,1)] < ||A2A gl (k). (2.6.7)

s=lt=

From (2.6.5)—(2.6.7), we observe that

k
; 1{ )8(%.y) = { (x,y)E<f(x,y>>+f<x7y>E<g<x,y>)}]‘

¥
k m
% Y Y [8Cen)lIA (A2ALf(x, )] + 1 f(x,9)| |A(A2A18(x,7)) ]
x=1y=1
k m
< %km Y ) UG 182A: fll +1f (e )| A2A18]ls],

x=1y=1
which is the required inequality in (2.6.1).

Multiplying the left hand sides and right hand sides of (2.6.3) and (2.6.4), we get
fx,)8(x,y) = {8, )E(f (x,y)) + f (x, ) E(8(x,y)) — E(f(x,y))E(8(x,y)) }
1
=164 (M0A1f(x,y))A(A2A18(x,y)). (2.6.8)

Summing both sides of (2.6.8) over G and using the properties of modulus, we have

Z Z [f(x,3)g(x,y) = {g(x, ) E(f(x,)) + f(x,¥)E(g(x,)) — E(f(x,y))E(g(x,y))}] ’

x=ly=

k m
zz (Ao £ ()| A (A28 x,3) . 269)
x=1y=1

in (2

Now, using (2.6.6) and (2. .6.9), we get (2.6.2). The proof is complete.

Theorem 2.6.2. Let f, g: H — R be functions such that A3AA| f(1,5,1), AsAaA g(r,s,1)
exist and bounded on H. Then

g;;[ S 08(rs.1) - ;{f(r,s,nL(g(r,sm+g<r,s,r>L<f<ns,z>>}]‘

k

kmn Z

r=ls

Y lls(rs.0)[1A382A: flloo +1 £ (r,5,0) | As A2 Ar g (2.6.10)

=

iMs

™=
ngE
=

[f(r,s,t)g(r,s,t) —{f(r,s,1)L(g(r;s,1))

ls

,
Il

t

—|—g(r,s,t)L(f(r,s,t)) —L(f(r,s,t))L(g(r,s,t))}] ‘

1

mn)”[| Az A A1 f | [[A3A2A1 8., - 6.
Sl ) [1838241 f|-- | A3 A2 8| (2.6.11)

O\
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Proof. For (r,s,7) € H, it is easy to observe that the following identities hold (see [83]):

r—1s—11t—1

*f(l,hl‘)*f(l,&l)*f(i’}l,l)ﬁ“ Z Z ZA3A2A1f(M,V7W),
u=lv=1w=1
f(rst)=f(LLn+ 1)+ f(rs,n+ 1)+ f(1,5,1) + f(r,1,1)
r—=1ls—1 n

—f(,s,n+1)— f(rLn+1)— f(1,1,¢) — ZZZA3A2A1fuvw)
u=lv=1w=
f(r,Svf):f(r7m+1,t)+f(1ys,t)+f(1ym4-1,1)+f(rys,1)
r—1 m t—1

—f(Lm+1,0) = frrm+1,1) = f(1,s,1) = Y Y Y AsfoAy f(u,v,w),

u=1v=sw=I

f(r,s,t):f(k+1,s,t)+f(r,1,t)+f( s, )+ fk+1,1,1)
—11—1

7f(k+ 1, 17t) 7f(k+ 17S7t) r71ﬂ 1) - Z Z Z A3A2A1f(u v, W)

u=ry=1lw=
f(rs,1) :f(r,m+1,t)+f(r,s7n+1)+f(r,m+1,n+l)+f(l,s,t)

r—1l m n

7f(r:m+ 17n+ 1)7f(17m+ 17t) 7f(17s7n+ 1)+ Z Z ZA3A2A1f(M,V,W)7

u=1v=sw=t

f(rvsvt) :f(r7m+ 1,t)+f(r,s,1)+f(k+ 1>S7t)+f(k+ L,m, 1)
k m t—1

—flk+1m+1,0)— fk+1,5,1) = frm+1,1)+ ¥ Y Y AsdoA; f(u,v,w),
u=rv=sw=1
f(rst) = flk+1,s,0)+ flk+1,L,n+ 1)+ f(r,s,n+ 1)+ f(r,1,1)
k s—1 n

—flk+ 1L Ln+ 1) = flk+1,1,0) = f(rLn+ D)+ Y Y Y At f(u,v,w),

u=ry=1w=t

frns,t)=flk+1,m+1,n+1)+ fk+ 1,s,6)+ f(r,m—+1,6)+ f(r,s,n+ 1)

7f(k+ 1vm+ lvt) 7f(k+17s7n+ 1) 7f(rvm+ lvn+ 1) - Z i iA3A2A1f(M,V,W)~

u=rv=s w=t
Adding the above identities and rewriting, we have

1
f(l",s,t) —L(f(r,s,t)) = gB(A3A2A1f(r7S’t))3 (2612)
for (r,s,¢) € H. Similarly, we have
g(rs,t) —L(g(r,s,t)) = %B (A3ApA 1 g(1y8,1)), (2.6.13)

for (r,s,t) € H. From the properties of modulus and sums, we observe that

IB(A3MaA f(1,5,1)) Z Z Z |A380A] f (1, v, w)| < [|A3A2A f||oo(kmn),  (2.6.14)
=lv=1lw=1
n

Z |A3A0A g (u, v, w)| < [|[A3A2A 8|, (kmn) . (2.6.15)

Msw

“
|B(A3A2A1g(r,s,1)) Z

u=lv
The rest of the proofs of (2.6. 0) and (2.6.11) can be completed by closely looking at the

proofs of (2.6.1) and (2.6.2) given in Theorem 2.6.1 with suitable modifications. We omit
the further details.

The inequalities in the following Theorem are proved in [95].



112 Analytic Inequalities: Recent Advances

Theorem 2.6.3. Let f, g: O — R be functions such that A;f(x), Aig(x) fori=1,...,n

exist and bounded on Q. Then

—_

i=

S(f,8:M: Q)| Z [i Oll1Aif [l + 1 (x )||Aigw]Hi(X)} ; (2.6.16)

I(f,g,MQ\\ZM2 [ [Z 145 fll] i = HZ laig]|- |xl-—yi|H, (2.6.17)

= i=1

—

where M = []'_; a; and H;(x) = ¥, [x; — yil-

Proof. Forx = (x1,...,x,),y= (V1,-..,ys) in Q, it is easy to observe that the following
identities hold:

n xifl
Y { ) A'f(yu---,yz‘1,fi,xi+17---7xn)}, (2.6.18)

i=1 \ti=yi

n X,‘*l
Z{ Z A,-g(yl,...,y,-1,t,~,xi+1,...,x,,)}. (2.6.19)

i=1 \ti=yi
Multiplying both sides of (2.6.18) and (2.6.19) by g(x) and f(x) respectively and adding,

we get

2f(x)g(x) —g(x)f(y) — f(x)g(y)

n i
Z{ Y AfO,- 7yi17ti7xi+1»~--axn)}

i=1 ti=yi

n xi—1
+£(x) Z{ Z Aig(yi, - 7yil,ti»xi+la~--axn)}- (2.6.20)

i=1
Summing both sides of (2.6.20) with respect to y over Q, using the fact that M > 0 and

rewriting, we have

09800 3380 £I0)~ 537/ L)

i=1 =i

n xi—1
= ﬁ [g(x)z [Z{ Z Aif(yis-- 7yi1,ti,xl'+1,...,xn)}:|

i=1 \ti=yi

n xl'*l
Z [Z{ Z Aig(yla"'vyi17ti7xi+17"'axn)}:|] . (2621)
y
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Summing both sides of (2.6.21) with respect to x over Q, rewriting and using the properties

of modulus, we have

xi—1
IS(f,8:M;0)| 2M2 Z [|8(x)|z [Z { Y |Aif(y17---7yilatiyxi+1,---7xn)|}‘:|

1 i=yi
anoglg
y |i=1

xi—1

xi—1
{Z |Aig(yl7"'7yi—luti7xi+17"'7xn)|}H‘| .
li=Yi

1 n xi—1
<pL [T LIk 1] +r0ir Y Il | X 1
X Li=Yi

Y1
_;WZ{B(XNZ”‘,HAflexz vil +f(x |Z||A,g||m2|xl y;]

—

ti=yi
i=1

n

=L [2 DA o +1F(x >||A,»g||m1H,-<x>} ,

i=1
which proves the inequality (2.6.16).

Multiplying the left hand sides and right hand sides of (2.6.18) and (2.6.19), we get
F(x)g(x) = g(x)f(y) = f(x)g(y) + f(¥)g(¥)

n X,'fl
= [Z{ Z Aif(yla---m1,t,~,x,-+1,...,x,,)H

Li=yi

n xi—1
X |:Z{ Z Aig()’1>~- Vi1l Xig 1, 7xn)}‘| . (2622)
1i=y;

i=1
Summing both sides of (2. 6 22) with respect to y over Q and rewriting, we have

989~ s OLI )~ 33/ Le0)+y Zf ()
n xi—1
IZ[Z{ZA'f(yl,...,yi1,tj,Xi+1,...,)Cn)}:|
T \ti=yi
q)

xi—1
{ Y Ay, ,yil,ti,xiﬂ,---,xn)H . (2.6.23)
L=y;

Summing both sides of (2.6.23) with respect to x over Q, rewriting and using the properties

of modulus, we have

)Cifl
IS(f,8,M;0)| WZ [Z [Z {Z Aif()mu-,yi—l,fi,xm,--~7xn)|}H
X =1 1i=y;
4b

xi—1
{Z |Aig(y1,-- 7)’1‘I»tiyxi+1w-~axn)}‘:|:|
ti=y;

MZZ{Z[ZI 14 1le] 1xi = y,HZmA,g J i - mH,

which is the required inequality in (2.6.17). The proof is complete.




114 Analytic Inequalities: Recent Advances

2.7 Applications

One of the main motivations for investigating different types of inequalities given in earlier
sections was to apply them as tools in various applications. In this section we give applica-
tions of some of the inequalities and it is hoped that these inequalities will provide a fruitful

source for future research.

2.7.1 Some integral inequalities via Griiss inequality in inner product spaces

In this subsection, we present some integral versions of Theorem 2.2.1 given by Dragomir
and Gomm [54], that have potential for applications.

Let (Q,X,1t) be a measure space consisting of a set Q, a c-algebra ¥ of subsets of Q
and a countably additive and positive measure f on X with values in R U {eo}. Denote
L2 5(Q,K) (K=R, C) the Hilbert space of all measurable functions f: Q — K that are
2 — p-integrable on Q, i.e., [ p(s)|f(s)[>di(s) < oo, where p : Q — [0,0) is a given mea-
surable function on Q. The inner product (-,-) : ’23(52, K) x Lf, (Q,K) — K that generates
the norm of Lf,(Q,K) is

(1.9 = | 16)8GIP(5)dn(s) @7.1)

The following proposition holds.

Proposition 2.7.1. Let¢, y, @, TcKandh, f, g€ Lf, (Q,K) be such that

Re |(@h(x) ~ £(x)) (70~ 8h(9) | > 0, (2.7.2(a))
Re | (Th(x) — g(x)) (800~ 7(x) ) | >0, 2.7.2(b))

fora.e. x € Q and
[P (o) = 1. 273)

Then one has the inequality

oG~ ([ ot ) [ peontotiauco )|

1
< gle-olr-v, (2.7.4)

and the constant i in (2.7.4) is sharp.
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Proof. Follows from Theorem 2.2.1 applied for the inner product (2.7.1), on taking into

account that

Re(®h—f.f ~9h)y = [ p()Re [(@h(x) ~ £(x)) (FG) - FHD) | da() > 0
and
Re(Th—g.5 = 7h), = | p(x)Re[(Th(x) — g(0) (200 ~7h() ) | au() > 0

The details are omitted.

The following result may be stated as well:

Corollary 2.7.1. Ifz, Z, 1, T € K, p € L(Q,R) with [,p(x)du(x) >0 and f, g €
leJ (Q,K) are such that

Re [(z — ) (ﬁ - ?)} >0, (2.7.5(a))
Re [(T—g(x)) (@—fﬂ >0, (2.7.5(b))
fora.e. x € Q, then
W / p(x)f(x)g(x)du(x)

1 1
[P @) | | ——— [ p()edn )
/Q p(x)du (x) /ﬂ /Q p(¥)du (x) /ﬂ

1
< Z|Zfz\|T7t|. (2.7.6)
The constant % in (2.7.6) is sharp.

Proof. Follows by Proposition 2.7.1 on choosing
1

, [N

[Jap(x)du(x)]?

@zz[/gp(xw(x)]é, ¢=z[/ﬂp<x>du<x>}é
ol - [

‘We omit the details.

h=
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As mentioned in [32], if p : Q@ C R — [0,00) is a probability density function, i.e.,
Jop(t)dt =1, then p% € L*(Q,R) and obviously Hp%
that f, g € L?(Q,R) and

,= 1. Consequently, if we assume

apt < f<Ap?.bpt <g<Bp?,
a.e. on Q, where a, A, b, B are given real numbers, then by Proposition 2.7.1, one has the

Griiss-type inequality

[ rorgorar - (/Q f(r)p%mdr) (/Q g(r)piwz)\ <la-am-p. @1

The following particular inequalities are of interest.
1. If f, g € L*(R,R) are such that

@ A=) Ay
\/Eme gf('x) \/Eme 9
b MY <) < B e A0,
Vov2rn Vov2n

for a.e. x € R, where a, A, b, B€ R, m € R, 6 > 0, then one has the following Normal-

Griiss inequality

‘ L Z Sl — 127: ( L Z f(x)ei(xs’")zdx) < [ ig(x)ei(*a”"fdx)’

(A—a)(B—D). (2.7.8)

<

B —

2.1f f, g € L*(R,R) are such that

for a.e. x € R, where a, A, b, BER, o € R, B > 0, then one has the following Laplace-

Griiss inequality

/_:f(x)g(x)d - % (/:of(x)e XZﬁadx> </_D;g(x)e Xzﬁadx>

1
<;@-a)B-0). (2.7.9)
3.If f, g € L*([0,00),R) are such that
¢ x'res <flx) < A xp%le*%,
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B p-l
7

) N NN

for a.e. x € [0,0), where a, A, b, B € R, p > 0, then one has the following Gamma-Griiss

inequality

/Omf(x)g(x)dx— rl(p) < Omf(x)x”z‘e‘idx) (/Omg(x)x”zleidx)

< ~(A—a)(B—b). (2.7.10)
4.1f f, g € L*(x € [0, 1],R) are such that

(10T <f) <

A
VB(p:q) VB(p;q)
B

~

Nl

(10T <) < (-0
—x 2 (1=x)7 <gx) L —/—=x7 (1—x) 7,
B(pg) B(p,q)
fora.e. x€[0,1] where a, A, b, BER, p, g € [1,), then one has the following Beta-Griiss
inequality
1 1 1 p1 g1 ! p=t a1
| fwgdr - —— ([ e (10" ax ) ( [ e (120" dx
0 B(p,q) \Jo 0

1 .
gZ(A—a)(B—b). (2.7.11)
Finally, we note that Theorem 2.2.1 allows us to state some discrete versions of the Griiss-

type inequalities for real and complex sequences, see [54]. Here we omit the details.

2.7.2 Application to numerical integration

In this section, we consider an application of Theorem 2.4.2 to numerical integration in
connection with a general cubature formula given by Dragomir, Barnett and Pearce in [39].
First, by employing the identity (2.4.12), we present the perturbed version of Griiss in-

equality proved in [39], which may be useful in certain applications.

Theorem 2.7.1. Let f, g: [a,b] — R be continuous on [a,b] and differentiable on (a,b)

with derivatives being bounded. Then

[ et (1 [ ran) (5 [ stwar)

- HU6) 1@ s(6) 50|

1
<

[l = f(@)ll=llg = &(@) | + [ (D) = Fllll& (D) = g]|c]

N |

1
+1 0= 1f =18l (27.12)
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Proof. Define the mapping 4 : [a,b]> — R given by
h(x,y) = (f(x) = f(7)(g(x) — &),

and write the identity (2.4.12) for A, to get
b b 1
[ [ ne)asd+ 3 (6= Plh(a.)+hla.b) +hib.) + (b, b)]

:%(b—a)/ lh(s,a) +h(s, b)|ds+ ~ (b a)/b[ h(a,s)+ h(b,s)]ds

b b
+//< at >< “er )Dleh(sJ)dtds. (2.7.13)

‘We observe that

%[h(a,a) + h(a,b) +h(b,a) + h(b,b)]

= SU0)~ F(@)(&(6) ~ 8(@)

% /  Uh(s,a) + h(s, b)]ds = % / " lh(as) + (b, 5))ds

s [ 106~ @) s5)~ 8(a) + (76) ~ 75 600)  gls)] s,

DyDih(x,y) = —f (x)¢'(y) — f' ()¢ (x),

L (552 ) (=552 ooty
[ ( “§b> (t - “;”) ()8 (6) + £ (0)g!(5)drds
—2 [ [ (5= 50) (- 52 ror aras
o] 52 e 52

Consequently, by (2.7.13), we get
1
[ [0 100609 g0t 1 o—a(510)

and

—f(a))(g(b) — g(a))

=(b—a) /a [(f(s) = f(a))(g(s) —g(a)) + (f(b) = £ (5))(g(b) — g(s))]ds

—2/ab <s— ) s)d/ <t—> '( (2.7.14)
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Now, dividing by 2 and taking into account the fact that

3 [ 000~ stair=-a) [ sgtas— [ oo [ gtwran

the identity (2.7.14) becomes

-a) [ $scode— [ s [ s+ 3o a2 () ) s) - g(@)

;(b a)/ [(f(s) = f(a))(g(s) —g(a)) + (F(b) = £ (5))(&(b) — 8(s5))lds

b b
—/a (s— a—;b)f’(s)ds/a (r—“?’) ¢ (). (2.7.15)

Rewriting (2.7.15) and using the properties of modulus, we get

’b a/f Wx—( /f(x )(/ g(x)dx>

+7(70) — F(@)(20) —g(a))\

S 3—a) [(b—a)|lf = f(a)ll»llg —&(a) | + (b= a) [ f(B) = fllllg (D) — &ll]
b
+1£ | / ‘ ‘ S ‘ (2.7.16)
A simple calculation gives
2
/b s—“;b ds— & 4“) . 2.7.17)

Using (2.7.17) in (2.7.16), we deduce the desired inequality in (2.7.12). The proof is com-
plete.

Consider the arbitrary division I, =a =xop <xj < ++- <x,_1 <X, =bof [a,b] and J,, = ¢ =
Yo <1 <+ <Ymei <ym=dof [c,d], puthi :==xip1 —x;, lj:=yj+1—y;,i=0,1,....n—1;
j=0,1,...,m— 1. Define the sum given by

lm 1 1
Cr(fotnsdn)i= X, X i [ 1/0) + f i 1)
i=l 0 Jj= O Yj

n—1m—1
+ZZI / [f(s,9)+ f(s,yj41)] ds

i=0 j= 0
n—1lm— 1
_Z Z hl xnyj +f(xl7y/+1)+f(xl+17y/)+f(xl+17y/+l)} (2.7.18)
i=0 j=0

As an application of Theorem 2.4.2, in [39], the authors proved the following theorem.
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Theorem 2.7.2. Let f: [a,b] X [c,d] be as in Theorem 2.4.2 and I,, J,, as above. Then

we have the cubature formula
b rd
/ / f(s,t)dtds = Cr(f dn,Jm) +Re (fdn, Tn), (2.7.19)
a c
where the remainder term Ry (f,1,,J,) satisfies the estimation
IRE (f ds )| < IIDlefIIm th Z i (2.7.20)
=0

Proof. Apply Theorem 2.4.2 on [x;xi41] X [yj,yj41] for i =0,1,....n—1; j =
0,1,...,m—1, to get

Xitl  [Yj+1

Sf(s,t)dtds

1 Vj+1 1 Xit1
- [zhi/y_i [f(xi,f)+f(xz‘+17f)]df+§lj/x’_ [f(s,y) + f(s,yj41)] ds

—Zhilj [f (i, y) + f iy ja1) + f(xig1,¥5) +f(xi+la))j+l)]:| ’
—h2lz|\D2D1f||m (2.7.21)

Summing both sides of (2.7.21) over i from O to n — 1 and over j from 0 to m — 1 and using

the generalized triangle inequality, we deduce the desired inequality in (2.7.20).

2.7.3 Approximation for the finite Fourier transform of two independent
variables

The Fourier transform has applications in a wide variety of fields in science and engineer-
ing. In this section, we present the inequality established by Hanna, Dragomir and Roume-
liotis [66] for the error, in approximating the finite Fourier transform in two independent
variables.

Let A = [a,b] X [c,d] and f : A — R be a continuous mapping defined on A and F(f) its

finite Fourier transform. That is
F(f)(u,via,b,c,d) = / ’ / ‘ F(x,y)e” ) gy, (2.7.22)
a c
(u,v) € A. For a function of one variable we use the notation
Fg)(wab) = [ (e ax
a

The following inequality in approximating the finite Fourier transform (2.7.22) in terms of

the exponential means was obtained in [66].



Multidimensional Grijss»éebyéev and-Trapezoid-type inequalities 121

Theorem 2.7.3. Let f: A — R be an absolutely continuous mapping on A and assume

that DDy f (x,y) exists on (a,b) X (c,d), then we have the inequality
Ji;
|F(f)(u,v;a,b,c,d)711712+I3| <9 s (2.7.23)
J3;
for all (u,v) € A, where
b
= h(uvia,b.e.d) = Ew) [ F(f(5,)(v5c.d)ds
d
L :=Dh(u,v;a,b,c,d) = E(v)/ F(f(-,0))(u;a,b)dt

L= L(u,v;a,b,c,d) = // Sf(s,t)deds,
with
E(u) = E(—2miub, —2miua),
E(v) = E(—2mivd, —2mivc),
given that E is the exponential mean of complex numbers, that is

& — eV

E(z,w):=¢ z—w
eW

if z#w,
if z=w
for z, w € C, and

b—a)*(d—c)?
Ji:=J(a,b,c,d,||D2D\ f|l-) = %HDleﬂlwv

if DyD)f(x,y) € Leo(A);

[}

2[(b—a)(d C)]qT
(g+1)(g+2)

. 1 1
if DD f(x,y) € Ly(A), ;—0—;:1, p>1

Jr:=J(a,b,c,d,|DaDiflp) = 1D2D1 £]]p,

J3:=J3(a,b,c,d,||D2D1 f|1) = (b—a)(d —c)||D2D1 f |1,
if D2D1f(x,y) el (A),

where

[D2D1fle = sup |[DaDif(s,t)| < oo,

(s,t)eA

1
b rd 3
20usl = ([ [ 1p2D1 s atas) <o 15 p <o

are the usual Lebesgue norms.
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Proof. Using the identity obtained by Barnett and Dragomir in [8] (see, Lemma 2.3.2),

we have
1 b
f(x»y):m/a f(svy)ds+ /fxt dt — = a(d_c//fstdtds

1 b rd
T E=a / / P(x,5)Q(y.)DaD1 f(s,1)drds, (2.7.24)

provided that f is continuous on A and

s—a,a<s<X
P(x’s):{ b AN AN b)

s—b, x<s<b.

t—c, c<t<y,
O(nt) =
t—d, y<t<d.

If we replace f(x,y) in (2.7.22) by its representation from (2.7.24), we get
F(f)(u,v;a,b,c,d)

,/ / ( ) /a f(s,y ds) dydx+/ / ( ey / f(x,t)d >dydx
) f(s,0)dtds | dydx+R(f,u,v;a,b,c,d), (2.7.25)
A ==

where
R(f,u,va,b,c,d) = m /a b /c d (6727ri(ux+vy))
X ( / ' / dP(x7S)Q(yvt)Dlef(s,t)dtds> dydbx. (2.7.26)
Let o
n=[[ ( ——— — bf(w)ds) dyd,
then

b e—277:iux d . b
I :/ - dx (/ e~y (/ f(s,y)ds) dy)

—2miub __ ,—2Tmiua b d . b
— i | ([ ey )as= £ [ P60

In a similar fashion we obtain

sz// <2mx+” /cdf( )d)dydx—E(v/F 1)) (w0, b)dt
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and

/ / < ‘ 27:)ux+iyc) / fls,1) dtds> dydx
T —a)(d—o) a)(d—c / / fls,t)dtds / / 2R =2 Gyl

E(v) / ’ / * (s, )deds.

From (2.7.25) and using the properties of modulus, we have

|F(f) (u,v;a7b,c,d) _Il _12 +I3‘

6—27171 ux—+vy)
(/ /d (b—a)(d (X>S)Q(Y7I)D2D1f(s,t)dtds) dydx

—27i(ux+vy)
) |p(x,9)[|Q(y,2)||D2D1 £ (s,1) |dtdsdydz
d
_/ / / / |p = ”Q ;'ID D1 f(s,1)|dtdsdydx. (2.7.27)

Now, we observe that

L [ 16 91100:011D01 5.0 v
<t | ([ 1ntestas)ax [ [“loueotar)ar]
R
St [([ 5 [ 05 ) ([ 05 e [0

N3 _\3
=||Dlef||m{(b @)’ (d—c) } (2.7.28)

(b—s)?

y 2
d—t
+( )

2

2

= [|D2D1 £l

c

3 3
Substituting (2.7.28) in (2.7.27), we obtain the first inequality in (2.7.28).
Applying Holder’s integral inequality for double integrals, we get

b ord b pd
/a/c/a/c |p(x,5)[|Q(v:t)|D2D1 £ (s,1)|dtdsdydx
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(L[] d{|p<x,s>||Q<y,s>|}qdrdsdydx)‘II
x </ab/cd/ab/cdD2D1f(s,t)|”dtdsdydx)[1)

= [D2D1fllp{(b—a)(d —c)}

(L (Frseirs)o) (] sors)o)

= [D2D1f|lp{(b—a)(d <)}

() (e o) ([ (g e )

2(21(ba)1+2(dc)1+4}

2
{(a+1)(g+2)}
Using (2.7.29) in (2.7.27), we get the second inequality in (2.7.23)
Finally, we obtain that

b rd b pd
L[] [ sy 100l D21 5.0 ldrdsdyas

==

==

= |D2D1 1], [ (2.7.29)

b prd b pd
< s ples)l swp (o)l [ [0 [ [ 102Dy f(sin)ardsavax

(x,x)e[mb]z ()’J)E[Cvd]z

:(bfa)(dfc)/ab/cd/ab/cd|D2D1f(s,t)|dtdsdydx

=||D2D1 |1 (b—a)*(d —c)*. (2.7.30)

Using (2.7.30) in (2.7.27), gives the final inequality in (2.7.23), where we have used the
fact that

max{X,Y} = - +

xX+y y—x
2

The proof is complete.
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2.8 Miscellaneous inequalities

2.8.1 Dragomir [53]

Let (H,(+,-)) be an inner product space over K (K=R, C)ande € H, |le]| = 1. If y, T € K
and x, y € H are such that

x+yx+y
Re(Te— _— =
( S y)

or, equivalently,

x+y y+r H

then, we have the inequality
1
Re[(x,y) — (x,¢)(e,y)] < 5[0 =72
The constant % is the best possible in the sense that it cannot be replaced by a smaller
constant.
2.8.2 Ujevié [153]
Let (X, (-,-)) be a real inner product space and {e;}] C X, (e;,e;) = §;;, where
l1if i=j,
8j=93 e,
0if i#j.
If ¢;, 7, i, Iy, i = 1,2,...,n, are real numbers and x, y € X such that the conditions
n n
x—Y yei, ) Tiei—x | >0
i=1 i=1

and
n n
y—Y ¢iei, Y Piei—y | 20
=1 izl

hold, then we have the inequality

(x,y) — Z(xe (e)

i=1

i\/&b 07 Y (T2

i=1 i=1

The constant % is the best possible.
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2.8.3 Dragomir [55]

Let (H,(+,-)) be an inner product space over K (K =R, C). Let {e;}ic; be a family of
orthonormal vectors in H, F' a finite part of I, ¢;, ®;, 7;, [ € K,i€ Fandx, ye H. If

n n
Re (Z Die; —x,x — Z (Piei) >0,
=1 i=1

n n
Re (Z Tiei—y,y— ), Yiei> 20,
i=1 i=1

or, equivalently,

1
D+ ¢ 1 ’
HX—Zzel‘ < 5 <Z(bl._¢i2> ,
icF icF
3
i+ 1
Y*Z%ei <2<Zri%‘|2> )
iclF icF

hold, then we have the inequalities
1 1

1 2 2
<3 <Z|¢’i—¢i|2> (Zrz‘—%2>
icF icF

1

Re (Z CIDieifx,xf Z ¢iei>‘| X

icl ieF

1 1
1 2 2
<z (Z ¢'i¢i|2> <Z|Fi%’|2> :
ieF icF

The constant % is the best possible.

(x,y) = ) (x,ei) (ery)

icF

B—

Re (gr,.e,.y,y y)]

iceF icF

2.8.4 Dragomir [55]

Let (H,(-,-)) be an inner product space over K (K =R, C). Let {e;}ic; be a family of
orthonormal vectors in H, F a finite part of [ and ¢;, ®; € K,i€ F,x, ye Hand A € (0,1),
such that either

Re <Z<I>i6i (Ax+(1=2A)y),Ax+(1=A)y— Z(Piei) >0,

iceF icF

or, equivalently,

D+ ¢
Jir 9,

Ax+(1-A)y—Y 5 ¢
icF icF

1 2 :
<5 <Z|q)i¢i| > ;
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holds. Then we have the inequality

1 1 2
Re | (x,y) — x,e;) (e, <~ D; — ¢
(09) = T e y>] EIn LI
1 CD—I—(P, . ) ? i 1 1?2

The constant 1—16 is the best possible.

2.8.5 Dragomir, Pecaric¢ and Tepes [56]

Let (H,(-,-)) be an inner product space over K (K =R, C). Let {¢;};c; be a family of
orthonormal vectors in H, F' a finite part of / and ¢;, ®; € K, i € F, x, y € H such that either

the condition

Re (Z <I>,~e,- — X, X — Z (Z)iei) > 0,

iceF icF

(E‘I’ w) ,

D;+ ¢
LY (e

or, equivalently,

\S) \

ieF

gt

holds. Then we have

(x,y) — Z(X ei)(ei,y)| <

icF

(Zlq’ ¢l|2> Iyl =X (v ei)l-

ieF ieF

2.8.6 Hanna, Dragomir and Roumeliotis [67]

Let (Q,X, 1) be a measure space consisting of a set Q, ¥ a ¢-algebra of subsets of Q and
U a countable additive and positive measure with values in RU {eo} and p : Q — [0,0) be
a u-measurable function on Q with [, p(s)du(s) = 1. Denote by L’% (Q,K) (K=R, C)
the Hilbert space of all measurable functions f : Q — K that are 2-p-integrable on €, i.e.
JaP ()| f(s)Pdu(s) <. If £, g € L,z, (Q,K) and there exist constants ¥, I' € K such that

either the condition

Re |(T— /() (F&)-7)] >0,

for p-a.e., s € Q or equivalently

‘f(S) SpAR)

1
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for p-a.e., s € Q holds, then

[P ) ~ [ p(6)6)di(s) [ pIIan(s)

1
2}2

Let (H, (-,-)) be areal or complex Hilbert space, Q C R” be a Lebesgue measurable set and

<%IF77| [ /Q p(s)lg(s)Izdu(s)’ /Q p(s)g(s)du(s)

2.8.7 Buge, Cerone, Dragomir and Roumeliotis [12]

p : Q — [0,00) a Lebesgue measurable function with [, p(s)ds = 1. Denote by L, ,(Q,H)
the set of all Bochner measurable functions f on Q such that ||f||%’p = Jop(s)|If(s)]ds <
co. Assume that f, g € L, ,(Q,H) and there exist vectors x, X, y, ¥ € H such that

| PORe(X — £(0).£0) = x)dr >0,

/Q p()Re(Y — g(1),g(t) — y)di >0,

|p®)
/Qp(t)

Then we have the inequality

Jop0ro.aenar—( [ posoya. [ p@rsnar)| <3 sl -]

or equivalently,

X+x 2

2

1
dr < 71X =,

'f(t) -

2
Y4y 1 2
t)— —=|| dt<-||Y— .
o)~ 52 ar< G

1

| [ PORx — 1(0).70) - [ )Rty (0 0) )| < FIX x5

The constant % in both inequalities is sharp.

2.8.8 Hanna, Dragomir and Cerone [62]
Let f, g [a,b] X [¢,d] — R be two mappings such that

‘f(xvy) _f(M,V)| <M, |x_u‘al +M2|y_v|a27

18(x,y) — g1, v)| < NiJx—ulPt +NyJy —v[P2,
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where M1, M, Ny, N, are positive constants and o, 0, 1, 2 are constants lying in (0, 1].

Then we have the inequality:

b rd
Wl(d,c) /a / f(x,)8(x,y)dydx

B (Ml(fld/ab/cdf(x’y)dydx) (mlb/cdg(x,y)dydx>

—g)uth 2Ub —a)¥ (d — )P
<4[M1N (b—a) MY, (b—a)* (d—c)

aa + B+ (o + pr +2) (a1 +1) (o +2)(B2+1)(B2+2)

2(b—a)Pr(d—c)® (d — c)%+h

N e D@ B B 12 N D@ Rt )

2.8.9 Pachpatte [94]

Let the assumptions of Theorem 2.5.3 hold. Then
1 .
A ’D < A LN H s Ay iH s A Vi d d )
40w 85D < 5 | W) (U7 ) Hig 3w () ) d

where A and H are as in Theorem 2.5.3.

2.8.10 Pachpatte [94]

Assume that the hypotheses of Theorem 2.6.3 hold. Let w(x) be a real-valued nonnegative
function defined on Q and ¥, w(x) > 0. Then

[P(w, f,8:Q)] < ZW(X) [Ig IZE f o yi)w(y) +1f (Ol YE (8,1, yi)w (y)} ;

y

[P(w, f,8:0) < (Zwl(x))ZZW(X) <ZE(faxi7)’i)W(y)> (ZE(g’xi,yi)W(y)> ;

| (W f’g Q | X 2y W(X Z (ZE(f,Xiy)’i)E(g,xiy)’i)W(y)) ;
X X y
where we have set the notations

POp. ) = Ew()p(a)a(s) fov(x)(;w(x)p(x)) (;woc)q(x)),

n
E(p,xi,yi) = Y [|Aiplles|xi — yil,
i=1

for some functions p, ¢ : Q — R.
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2.8.11 Pachpatte [130]

Under the notations and definitions given in section 2.6, let f, g : Q — R be summable
functions on Q and p : Q — R, a summable function on Q such that p =Y, p(x) > 0.
Then

[F(P,p.f,8:Q)l < \/F(F,p,ﬁf;Q)\/F(an,g;Q),
and in addition if ¢ < f(x) < P, y < g(x) < T for each x € Q, where ¢, ®, y, I are given

real constants, then

|F(P,p,f,8:0)| < (<I>—¢)(F—7),

4> \

where

_ 1
F(P,p,f,80)=

el
~ll —

L)~ (5 Er0s0) (FEre0) . ©)

2.8.12 Pachpatte [130]

Under the notations and definitions given in Section 2.6, let f, g : O — R be summable

functions on Q and p : O — R a summable function on Q such that P =}, p(x) > 0. Then

(f(x) - Il,Zp(y)f(y)> <g<x> - }sz@)g(y))

and in addition if ¢ < f(x) < ® for each x € Q, where ¢, P are given real constants, then

|F(F7p7f7g7Q)‘ g %(P

where F (P, p, f,g: Q) is defined by (0).

- 1

F(P,p,8,8:0),

2.9 Notes

The Griiss inequality has been generalized and extended over the last years in a number
of ways. In [32], Dragomir investigated the Griiss type inequality in Theorem 2.2.1 in
real or Complex inner product spaces. Lemmas 2.2.1 and 2.2.2 are due to Dragomir [53].
Theorem 2.2.2 provides a new proof of Theorem 2.2.1 by replacing the condition (2.2.5)
by an equivalent but simpler assumption and is due to Dragomir [53]. Theorem 2.2.3 deals
with the refinement of the inequality in Theorem 2.2.1 and is taken from Dragomir [53].
Theorem 2.2.4 is due to Dragomir, Pecari¢ and Tepes [56], while Theorem 2.2.5 is due to
Dragomir [43].
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Lemmas 2.3.1 and 2.3.2 are respectively taken from Dragomir, Corone, Barnett and Roule-
liotis [37] and Barnett and Dragomir [8] and the results presented in Theorems 2.3.1—
2.3.4 are taken from Pachpatte [89,122,91,129]. Theorems 2.4.1 and 2.4.2 deal with the
Trapezoid type inequalities and are taken respectively from Pachpatte [86], Dragomir, Bar-
nett and Pearce [39], while Theorems 2.4.3 and 2.4.4 are due to Barnett and Dragomir
[6]. The results presented in Sections 2.5 and 2.6 are due to Pachpatte and taken from
[130,94,103,129,95]. The material included in Section 2.7 is devoted to the applications
and adapted from Dragomir and Gomm [54], Dragomir, Barnett and Pearce [39] and
Hanna, Dragomir and Roumeliotis [66]. Section 2.8 contains a few miscellanous inequali-

ties investigated by various investigators.
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