2
Edge-Magic Total Labelings

2.1 Basic Ideas

2.1.1 Definitions

An edge-magic total labeling on a graph G is a one-to-one map A from V(G) U
E(G) onto the integers 1,2, ...,v + e, where v = |[V(G)] and e = |E(G)|, with
the property that, given any edge zy,

Az) + AMzy) + Ay) =k

for some constant k. In other words, wt(zy) = k for any choice of edge xy. Then
k is called the magic sum of G. Any graph with an edge-magic total labeling will
be called edge-magic.

As an example of edge-magic total labelings, Fig. 2.1 shows an edge-magic
total labeling of K4 — e.

An edge-magic total labeling will be called (V- )super edge-magic if it has the
property that the vertex-labels are the integers 1, 2,..., v, the smallest possible
labels. A graph with a super edge-magic total labeling will be called super edge-
magic. Recall that some authors may call such a edge-magic labeling strong and
the resulting graph a strongly edge-magic graph.
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6 4 2

Fig. 2.1. An edge-magic total labeling of K4 — e with k = 12

2.1.2 Some Elementary Counting

As a standard notation, assume the graph G has v vertices {x1, 22, ..., 2, } and e
edges. For convenience, we always say vertex x; has degree d; and receives label
a;. As we shall frequently refer to the sum of consecutive integers, we define

ol =G+ 1)+ (i+2)+-j=i(—4)+ (). 2.1)

The necessary conditions in order that {a1, as,...,a,} = AV(G)), where A
is an edge-magic total labeling of a graph G with magic sum k, are

1. ap + a; + aj = k cannot occur if any two of xp, z;, x; are adjacent.
2. The sums a; + a;, where z;x; is an edge, are all distinct.

3. 0 <k —(a; +a;) < v+ ewhenz; is adjacent to x;.

Suppose A is an edge-magic labeling of a given graph with sum k. If  and y
are adjacent vertices, then edge xy has label k — A(z) — A(y). Since the sum of
all these labels plus the sum of all the vertex labels must equal the sum of the first
v + e positive integers, k is determined. So the vertex labels specify the complete
labeling.

Of course, not every possible assignment will result in an edge-magic labeling:
the above process may give a non-integral value for &, or give repeated labels.

Among the labels, write S for the set {a; : 1 < i < v} of vertex labels, and s
for the sum of elements of S. Then S can consist of the v smallest labels, the v
largest labels, or somewhere in between, so

v v+e
og <s<o,"",

(”;’1)§s§ve+<vgl). (2.2)

Clearly, 3, cp(A(@y) + A(z) + A(y)) = ek. This sum contains each label
once, and each vertex label a; an additional d; — 1 times. So
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ke =0yt + > (di —1)a 2.3)

If e is even, every d; is odd and v + e = 2(mod4) then (2.3) is impossible.
We have

Theorem 2.1 [82] If G has e even and v + e = 2(mod 4), and every vertex of
G has odd degree, then G has no edge-magic total labeling.

(A generalization of this Theorem will be proven in Sect. 2.2).

Corollary 2.1.1 The complete graph K, is not magic when v = 4(mod 8). The
n-spoke wheel W, formed from C,, by adding a new vertex and joining it to every
existing vertex, is not magic when n = 3(mod 4).

(We shall see in Sect. 2.3.2 that K, is never magic for n > 6, so the first part of
the Corollary really only eliminates /4.)

If G is super edge-magic, then S must consist of the first v integers. In many
cases equation (2.3) can be used to show that this is impossible, because there is
no assignment of these integers to the vertices such that o™ + > (d; — 1)a; is
divisible by e. For example, for the cycle C,, where v is even, (2.3) is

kv=03"+0§ =v(2u+1)+ sv(v+1),

sok =2v+1+ %(v + 1), which is not integral. Thus no even cycle is super
edge-magic.

Exercise 2.1 Prove that the graph tKy4, consisting of t disjoint copies of Ky,
has no edge-magic total labeling when t is odd. Is the same true of tK, when
v = 4(mod 8)?

Exercise 2.2 Prove that the union of t n-wheels, tW,, has no edge-magic total
labeling when t is odd and n = 3(mod 4).

Research Problem 2.1 Investigate graphs G for which equation (2.3) implies the
nonexistence of an edge-magic total labeling of 2G.

Equation (2.3) may be used to provide bounds on k. Suppose G has v; vertices
of degree j, for each ¢ up to A, the largest degree represented in G. Then ke
cannot be smaller than the sum obtained by applying the v smallest labels to the
vertices of degree A, the next-smallest values to the vertices of degree A — 1, and
so on; in other words,
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ke > (da —1)og® + (da—y — 1)gpatva-) 4. ..

vat(va—y)ttv | (VHe+]
vat(va—1)+-+us ) )

An upper bound is achieved by giving the largest labels to the vertices of highest
degree, and so on.

“+o

Exercise 2.3 Suppose a regular graph G of degree d is edge-magic. Prove
ke=(d—1)s+oit*=(d-1)s+i(v+e)v+e+1), (2.4)
kdv=2(d—1)s+ (v+e)(v+e+1). (2.5)

Avadayappan, Vasuki and Jeyanthi [5] define the magic strength of an edge-
magic graph G to be the smallest value k such that G has a magic labeling with
magic sum k. From equations (2.4) and (2.5) we deduce that for an edge-magic
regular graph

(d—Dvlv+1)+(v+e)(v+e+1)
keg( 2 )7
SO

Theorem 2.2 An edge-magic regular graph of degree d, with v vertices and e
edges, has magic sum at least
[(d —o(v+1)+ (v+e)(v+e+ 1)"
2e ’

(2.6)

Exercise 2.4 Prove that the magic strength of a cycle Cy, is at least [ % (5v + 3)].

2.1.3 Duality

Given a labeling )\, its dual labeling X" is defined by
N(zi)=@w+e+1)— Nay),
and for any edge xy,
N(zy) = (v+e+1) = Aazy).

It is easy to see that if \ is a magic labeling with magic sum k, then X" is a magic
labeling with magic sum &' = 3(v + e + 1) — k. The sum of vertex labels is
s=vv+e+1)—s.

Either s or s’ will be less than or equal to $v(v + e + 1). This means that, in
order to see whether a given graph has an edge-magic total labeling, it suffices to
check either all cases with s < Jv(v+e+ 1) orall cases with s > Jv(v+e+1)
(equivalently, check either all cases with &k < %(v + e+ 1) orall with & >
S(v+e+1)).
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2.2 Graphs with no Edge-Magic Total Labeling

The results of this section are from the unpublished technical report [51].

2.2.1 Main Theorem

Theorem 2.3 Suppose G is a graph with v vertices and e edges, where e is even,
and suppose every vertex of G has odd degree. Select a positive integer ¢ such
that for each vertex x;

d(z;) = 2°d; +1
Sfor some nonnegative integer d;. If T = d;, define T and Q by
T =27-Q, 7 integral, Q odd.
If G has an edge-magic total labeling A, then

7=0= v=2% forsome V =1 mod 2
e = 29F forsome E = 1 mod 2
7=1=v=2%1V forsome V' = 1 mod 2
e = 29T’ for some £/ = 1 mod 2
7 > 2 = 2%%2 divides v and 2912 divides e

Proof. Since e is even, let us write e = 2" E for some odd integer E. The familiar
equation 2e = " d(x;) yields

2e = v+ 2°T,

SO
v4e=3e—2"T.Q =2V.3E — 2°77.Q.

So (2.3) is
(27-3E —2°77-Q)(2"-3E - 27T-Q +1)/2 = 2"-Ek — 2°-) " d;A(wi),
which is of the form

2.(2R—-27-X)=2""Y

where R =Y di\(z;), X = (25”@—3 2vtl_1)QandY = 2Ek—2Y - 9E?—
3E. The actual values of X and Y are unimportant; what matters is that both are
odd, and the result follows. O

Corollary 2.3.1 Suppose e(G) is even and e(G) + v(G) = 2(mod 4), and sup-
pose each vertex of G has odd degree. Then G is not edge-magic.
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2.2.2 Forests

Theorem 2.4 Suppose G is a forest with ¢ component trees and suppose G satis-
fies the conditions of Theorem 2.3. Then

7=0=c=0mod 2°t! and ¢ = 29 mod 20+!

7=1= ¢=0mod 2°t2 and e = 2+ mod 20+2
or ¢ = 2t mod 2%*2 and e = 0 mod 2912

7>2=c=c=xmod 2°72 where z = 0 or 2011,

Proof. For a forest, v = ¢ + e; the results follow from Theorem 2.3. O

A family F of forests is defined as follows. If ¢ is any positive integer, a d-tree
is a tree in which each vertex x; has degree d(z;) = 1+2%d, for some nonnegative
integer d;, and a d-forest is a forest with an even number of edges in which every
component tree is a d-tree. Figure 2.2 shows a 2-forest—the vertices have degrees
1,5(=22+1)and 9 (= 23 + 1).

@)

Fig. 2.2. A 2-forest

If F is a §-forest define 7(F) = 7 to be the nonnegative integer such that
Zi d; = 27-T where T is odd, then F;s is the set of all §-forests F' that satisfy
one of the following conditions, where e is the total number of edges and c is the
number of component trees of F':

(i) 7(F) =0and c# 0 mod 2°*! ore # 0 mod 2%;

(i) 7(F) = 1 and ¢ # Omod 27! or e # 0mod 2°F! or ¢ 4 e # 20+!
mod 20t2;

(iii) 7(F) > 2and c # e mod 2°*2 or ¢ # 0 mod 2%+,
Finally, F is the union of all the sets Fj.

Theorem 2.5 For every nonnegative integer T there are infinitely many forests F'
belonging to F that have 7(F) = 7.
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Proof. Select natural numbers p, g and ¢ such that p > ¢. Fj,; is the disjoint union
of (2t + 1)-27 copies of the star with 2 + 1 edges. This forest has ¢ = (2t 4 1)-24
components. Vertex x; of Fj,;, has degree 2Pd; + 1, whered; =0or 1 and ) d; =
(2t 4+ 1)-29. In terms of the definition of F, § = p and 7 = q. Clearly c is not
divisible by 2P, since the largest power of 2 dividing ¢ is 29, s0 Fpy € F. So
for any natural number 7 we have constructed infinitely many members of F with
that 7-value.

For 7 = 0, consider the graph Fj, consisting of the disjoint union of a 5-star
with (4n — 3) 3-stars. One vertex has degree 2'-2+1 (d; = 2), 4n — 3 vertices have
degree 2'-1 4 1 (d; = 1), and the other vertices have degree 2'-0 4 1 (d; = 0). So
0 = 1 and 7 = 0. Moreover ¢ = 4x — 2 is not divisible by 4 = 2041 5o F, € F,
and we have constructed infinitely many members of F that have 7 = 0. (]

It is clear from Theorem 2.4 that a member of F cannot have an edge-magic
total labeling. So we have:

Corollary 2.5.1 There are infinitely many forests with no edge-magic total
labeling.

2.2.3 Regular Graphs

Theorem 2.6 Suppose G is a regular graph of odd degree d with v vertices and
e edges, where e is even. Write

d=2"s+1

where s is an odd positive integer and r is a positive integer. If G is edge-magic,
then 2"+2 divides v.

Proof. As usual, 2e = dv. Since e is even and d is odd, 4 divides v; write v = 4V,
so that e = 2dV. Then (2.3) becomes

(4V +2dV)(4V +2dV +1)/2 = 2dVEk — (d — 1) >_ A(z),

and

V[(d+2)(4V +2dV +1) — 2dk] = 2"s > A().

The coefficient of V' on the left-hand side is odd, so 2" divides V, giving the
result. O
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Remark. This theorem could also be expressed as follows. If a regular graph
with v vertices is edge-magic, then

d = 3(mod 4) = v = 2(mod 4) or v = 0(mod 8)
d = 5(mod 8) = v = 2(mod 4) or v = 0(mod 16)

d=2P"1 +1(mod 2P) = v = 2(mod 4) or v = 0(mod 2P*1).

A family R of regular graphs is now defined as follows. If G is regular of
degree d and has v vertices, then G € R if and only if there exist natural numbers
«, B, ~ and ¢ satisfying

0 < 2%,
d=20F15 29 41,
v=4(2%~—9).

Theorem 2.7 No member of R is edge-magic.

Proof. Suppose «, 3, v, and ¢ are natural numbers and § < 2¢. Consider a regular
graph G of degree d = 2913 — 2% 4+ 1 with v = 4(2%-7 — §) vertices (a typical
element of R). Writing » = « and s = 25 — 1 we have d = 2"s + 1 so by
Theorem 2.6 G can have an edge-magic total labeling only if v is divisible by
272 = 2272 However v = —44 # 0(mod 2°72) as 0 < § < 2. So G has no
edge-magic total labeling. O

Lemma 2.8 If d is any odd natural number greater than 1, there are infinitely
many graphs of degree d that belong to R.

Remark. Lemma 3 of [51] allows the case d = 1. The first line of the proof there
is “For the case d = 1, lemma 4 (sic) follows immediately from Theorem 3.” (His
Theorem 3 is our Theorem 2.6.) However, if d = 1, the definition of R would
require 2913 = 2%, which is impossible for natural 3.

Proof of Lemma 2.8. We construct solutions in the special case § = 1 (so that
0 < 2% is obviously true).

Assume d is an odd positive integer greater than 1. There exist unique integers
« and b such that b is odd and d = 2%b + 1. Define 8 = (b + 1)/2. Then
d=2°T13—2% 41,

If d is any natural number and v is any even integer greater than d, there exists
a regular graph of degree d on v vertices (select any one-factorization of K, and
delete any v — d — 1 factors). If d is odd, then among the even integers greater
than d, there will be infinitely many of the form 4(2%-y — 1) where o was defined
above, and each gives rise to a member of k. O



2.3 Cliques and Complete Graphs 23

Corollary 2.8.1 If d is any odd natural number, there are infinitely many regular
graphs of degree d that have no edge-magic total labeling.

Proof. For d = 1, the graphs eK5, e even, suffice. For larger values of d, use
Lemma 2.8. O

2.3 Cliques and Complete Graphs

2.3.1 Sidon Sequences and Labelings

Suppose the graph G has an edge-magic total labeling A, and suppose G contains
a complete subgraph (or cliqgue) H on n vertices. Let us write x1, x2, ..., x, for
the vertices of H, and denote \(z;) by a;. Without loss of generality we can
assume the names x; to have been chosen so that a; < as < -+ < ay.

If % is the magic sum, then A\(x;x;) = k — a; — a;, so the sums a; + a; must
all be distinct. This property is called being well-spread; in particular, a Sidon
sequence or well-spread sequence A = (a1, as, . .., ay,) of length n is a sequence
with the properties:

LO0<ar <as < - < ap.

2. If a;, a;, ax, a, are all different, then a; + a; # ax + ay.

Such sequences are related to the work of Sidon [84]. Their study was initiated
by Erdds and Turan [27]. A survey of work on them appears in [41].

In discussing Sidon sequences (or, equivalently, cliques in edge-magic graphs),
the difference d;; = |a; — a;| (the absolute difference between the labels on the
endpoints of the edge x;x ;) will be important.

Lemma 2.9 Suppose A is a Sidon sequence of length n. If dij = dyq, then
{a;,a;} and {ap,a,} have a common member. No three of the differences d;;
are equal.

Proof. Suppose d;; = d,,. We can assume thati > j and p > ¢. If p = 4, we get
a; = a, and a; = a4 and the result is trivial. Thus, without loss of generality we
can also assume p > i. Then a; — a; = a, — ay, 80 a; + aq = a; + a,. Therefore
a; = aq and @ = g (a; = a, is impossible), and p > i > j—the common element
is the middle one in order of magnitude.

Now suppose three pairs have the same difference. By the above reasoning
there are two possibilities: the pairs must have a common element, or form
a triangle. In the former case, suppose the differences are d;j, dir and dp.
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From d;; = d;; we must have either & > ¢ > jorj > i > k; let’s assume
the former. Then d;; = d;¢ implies ¢ > j > {. So j is greater than both k
and /. But d;x = d;; must mean that either kK > j > for ¢ > j > k, both
of which are impossible. On the other hand, suppose they form a triangle, say
di;j = d;, = dj.. We can assume 7 > j. Then d;; = d;;, implies ¢ > j > k, and
j > k and d;, = d;j, imply k > ¢, again a contradiction. (]

Lemma 2.10 Suppose A is a Sidon sequence of length n. If d;; = di, then
dij < 3diy.

Proof. Suppose d;; = d;i, and assume j < k. Thend;, = ar — a; = a; — a; +
ar — a; = dij + di, = 2d;j. But a1 < aj and ai, < ay,, 50 dji, < dip, giving the
result. g

Theorem 2.11 In any Sidon sequence of lengthn, () < | 2d1,], or equivalently
din > [3n(n —1)].
Proof. There are (g) unordered pairs of elements in the sequence, so there are
(g) differences. From Lemmas 2.9 and 2.10, the collection of values of these
differences can contain the integers 1,2, . .., | 3| at most twice each, and [ 37|+
1,...,dy, at most once each. The result follows. O

2.3.2 Complete Graphs

Theorem 2.12 [90] Suppose K, has an edge-magic total labeling with magic
sum k. The number p of vertices that receive even labels satisfies the following
conditions:

(i) Ifv=0or3(mod4) andk is even, thenp = (v — 1+ /v +1).
1
2

( )
(i) Ifv =1 or2(mod4) and k is even, thenp = (v — 1 + /v — 1).
(iii) Ifv =0 or3(mod 4) and k is odd, thenp = 3 (v + 1 + /v + 1).
(iv) Ifv=1o0r2(mod4) and k is odd, thenp = % (v + 1 £ /v + 3).

Proof. Suppose ) is an edge-magic total labeling of K, with magic sum k. Let V,
denote the set of all vertices x such that A(x) is even, and V, the set of vertices x
with A(z) odd; define p to be the number of elements of V. Write E; for the set
of edges with both endpoints in the same set, either V;, or V,, and E for the set of
edges joining the two vertex-sets, so that |E| = (5) 4+ ("5”) and |E2| = p(v—p).

If k is even, then A(yz) is even whenever yz is an edge in £ and odd when yz
is in Ej, so there are precisely p+ (5) + (“37) even labels. But these labels must
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v+1
2

P v—p 1/v+1
=|= . 2.7
o)+ (2= 53] e
If (“2'1) is even, this equation has solutions p = (v — 1 ++/v + 1), while (”;1)
odd gives solutions p = (v — 1 + /v — 1).

be the even integers from 1 to ( ), taken once each; so

If k is odd, the edges in E; are those that receive the odd labels, and instead

of (2.7) we have
1 1
p+p(v—p) = b(”; )J 2.8)

with solutions p = 1(v + 1 £ v/v + 1) when (”‘51) isevenandp = $(v+ 1=+
Vv + 3) when (“2'1) is odd.

Using the fact that (“3") is even when v = 0 or 3(mod 4) and odd otherwise,
we have the result. O

Now p must be an integer, so the functions whose roots are taken must always
be perfect squares. Therefore:

Corollary 2.12.1 Suppose K, has an edge-magic total labeling. If v = 0 or
3(mod 4), then v+ 1 is a perfect square. If v = 1 or 2(mod 4), then either v — 1
is a perfect square and the magic sum of the labeling is even, or v+ 3 is a perfect
square and the magic sum of the labeling is odd.

This corollary rules out edge-magic total labelings of K4 (again!—see Corol-
lary 2.1.1) and K7, as well as infinitely many larger values. The larger values,
however, will all be excluded by the next theorem.

Suppose there is an edge-magic total labeling of K,,, where v > 8. The vertex
labels will form a Sidon sequence of length v, A say. Let us denote the edge labels

by,ba,...,be, Wwhere by < by < - -+ < bg; of course, e = (Z) If the magic sum is
k, then

k=a1+ as + be 2.9)

=a1+ a3+ be_1 (2.10)

=Qy + Ay—1 + by (2.11)

= Qy + Qp—2 + bQ. (212)

Subtracting (2.9) from (2.10),
az —ag = be — be—1, (2.13)

while (2.11) and (2.12) yield
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Ay—1 — Qy—2 = bg — bl. (214)

Suppose labels 1,2, v+e—1 and v+ e were all edge labels. Then b = 1,05 =
2,bo_1 =v+e—1and b, = v+e. So, from (2.13) and (2.14), a3 —as = a,_1 —
ay_o = 1.But2,3, v—2and v — 1 are all distinct, so this contradicts Lemma 2.9.
Sooneof 1,2, v+e—1,v+ eis a vertex label. Without loss of generality we can
assume either 1 or 2 is a vertex label (otherwise, the dual labeling will have this
property). So a; = 1 or 2.

Equations (2.9) and (2.11) give
Ay = be — (CLU,1 - ag) - (bl - al). (215)

Since (as, as, . . .,a,—1) is a Sidon sequence of length v—2 (any subsequence of a
Sidon sequence is also well-spread), Lemma 2.11 applies to it, and (a,—1 —az) >
[+(v — 2)(v — 3)], which is at least 10 because v > 8. Also (by — a1) > —1
(b — 1isatleast 1 and a4 is at most 2), and b, < v + e. So, from (2.15),

ay <v+4+e—9.
So the six largest labels are all edge labels:
bes=v4+e—5boy=v+e—4,....bo=v+e.
From (2.9) and (2.10), we get
k=a+ax+v+e=a+az+v+e—1,

so a3 = as + 1. The next smallest sum of two vertex-labels, after a1 + a2 and
aj + a3z, may be either as + a3 or a; + ay.

If it is as + ag, then
k:a2+a3+v+€—2

and by comparison with (2.10), as = aj + 1. The next-smallest sum is a; 4 a4, sO
k=a1+as+v+e—3

and ay = as + 2. Two cases arise. If a; = 1, then as = 2,a3 = 3,a4 = 5.
Also, a5 cannot equal 6, because that would imply a; + a5 = 7 = as + a4,
contradicting the well-spread property. Every integer up to v + e must occur as
a label, so by = 4 and b, = 6. So (2.14)is a,_1 — ay_2 = by — by = 2. But
a4 — a3z = 2,50 dy—1,9—2 = d3a4, in contradiction of Lemma 2.9. In the other
case, a; = 2, we obtain ay = 3,a3 = 4,a4 = 6,s0b; = 1,bp = 5, and
Qy—1 — Gy—2 = 4 = a4 — a1, again a contradiction.

If a1 + a4 is the next-smallest difference, we have

k=a14+as+v+e—2,
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soay = az+ 1. If a3 = 1 and ay = 3, it is easy to see that by = 2,bs = 6, and
we get the contradiction a,—1 — ay,—2 = a4 — a; = 4. Otherwise az > 4, s0 3 is
an edge-label. If a; = 1,thenb; = 2,bp =3, and ay—1 —ay—2 = 1 = a3 — as.
Ifa; = 2,thenb; = 1,bo = 3,and ay,—1 — ay—2 = 2 = a4 — ao. In every case, a
contradiction is obtained. So we have

Theorem 2.13 The complete graph K, does not have an edge-magic total label-
ing if v > 6.

This theorem was first proven in [55] (see also [54]) but the above proof follows
that in [22].

2.3.3 All Edge-Magic Total Labelings of Complete Graphs

The proof in the preceding section used the fact that v > 7. There are edge-magic
total labelings for all smaller complete graphs except K4 and K7 (which were
excluded by Corollarys 2.1.1 and 2.12.1). A complete search has been made for
smaller orders, and we now list all edge-magic total labelings for complete graphs.

In each case we list the possible values for the magic sum k, the corresponding
sum of vertex labels s, and the set .S of vertex labels that realize that value s and
give an edge-magic total labeling.

The values to be considered are determined by equations (2.2) and (2.4). For
Ky, e = (3).So0(2.2) becomes Jv(v +1) < s < Lo(v? + 1), while (2.4) is

v(v+1)(v? +v+2)+8(v— 2)8'

= 4dv(v —1)

For example, when v = 6, we have 21 < s < 11l and k = 1—15(231 +4s). As k
is an integer, s = 6(mod 15), and the possibilities are s = 21, 36, 51, 66, 81, 96,
111,k = 21,25, 29,33, 37, 41, 45.

e [, is trivially possible. Label 1, 2, or 3 can be given to the edge; in each
case k = 6.

e 5 The magic sums to be considered are k£ = 9,10, 11, 12.

k= 9,s= 6,5={1,23}.
k=10,s= 9,8={1,35}.
k=11,s =12, 5 = {2,4,6}.
k=12, s=15 5= {4,5,6}.

e [, No solutions, by Corollary 2.1.1.
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e 5 The magic sums to be considered are k = 18, 21, 24,27, 30. Theorem 2.12
tells us that no solutions exist when k is odd, so only 18, 24 and 30 are listed.

k=18,5s=20,5=1{1,2,3,5,9}.
k=24,s=40,5=1{1,8,9,10,12}.
k=24,s=40,5={4,6,7,8,15}.
k=30,s=060,5={7,11,13,14, 15}.

e K The magic sums to be considered are k = 21,25, 29, 33, 37,41, 45.
k =21, s = 21, no solutions.
k=25 s= 36,5=1{1,3,4,5,9,14}.
k=29,s= 51,5=1{2,6,7,810,18}.
k =33, s = 66, no solutions.
k=237,s= 81,5 =1{4,12,14,15,16,20}.
k=41,s= 96,5 ={8,11,17,18,19,21}.
k = 45, s = 111, no solutions.

From this it follows that the magic strengths of Ko, K3, K5, and Kg are 6, 9,
18, and 25, respectively.

2.3.4 Complete Subgraphs

If A= (ay,as,...,ay) is any Sidon sequence of length n, we define

o(A)=ap, —a1+1

p(A) =an+an-1—as—a; +1
=o0(A)+an—1—az

mino(A)

p*(n) = min p(A)

*

a*(n)

where the minima are taken over all Sidon sequences A of length n. o is called
the size of the sequence. Without loss of generality one can assume a; = 1 when
constructing a sequence, and then the size equals the largest element.

We now revert to the more general case, where the graph GG has an edge-
magic total labeling A and G contains a complete subgraph H on n vertices.
Z1,Ta,...,T, are the vertices of H, and a; = A(z;). We assume a1 < ag <
<+ < ap, 0 A =(ay,asg,...,a,) is a Sidon sequence of length n. Then

/\(:Enxn—l) =k—an— Ap—1,
and since A(2,2,—1) is a label,

k—a, —a,—1 > 1. (2.16)



2.3 Cliques and Complete Graphs 29

Similarly
)\(SCQZCl) =k— a2 — aq,

and since \(zox1) is a label,
k—as—a1 <v+te. 2.17)
Combining (2.16) and (2.17) we have

vte>an+an—1—az—ar+1=p(4) > p*(n).

Theorem 2.14 [55] If the edge-magic graph G contains a complete subgraph
with n vertices, then the number of vertices and edges in G is at least p*(n).

Exercise 2.5 Suppose G = K,, UtK;. In other words, G consists of a K,, to-
gether with t isolated vertices. Prove that if G is edge-magic, then

t>p*(n) —n— (g)

The magic number M (n) of K,, is defined to be the smallest ¢ such that K, U
tK is edge-magic. So the preceding exercise shows that

M(n) > p*(n) —n — (’;)

Evaluation, bounds

In view of the above theorem, it is interesting to know more about Sidon se-
quences. Some bounds on o*(n) and p*(n) are known:

Theorem 2.15 [53] 0*(n) > 4 + (") whenn > T7.
The proof appears in [53].
Theorem 2.16 [53] p*(n) > 20*(n — 1) whenn > 4.

Proof. Consider the sequences

A= (a1,a2,...,ay)
B = (a1,a2,...,an-1)
C = (az,as,...,an)

where n > 4. Clearly
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o (n) > p(A)
=ap+ap—1—ay—a;+1
=(ap—a2+ 1)+ (ap-1—a1+1)—1
=o(B)+0(C)-1
>20%(n—1)—1.

Moreover, equality can apply only if 0(B) = o(C) = ¢*(n — 1). But

o(B)=0(C) = an,—a2=an—1— a1

= p—1 + a2 = an, + ag,
which is impossible for a Sidon sequence A. Since o* and p* are integral,
p*(n) >20"(n—1).
Exercise 2.6 Prove that, whenn > 7,
p*(n) >n? —5n+ 14.

From Theorems 2.16 and 2.15, p*(n) > 20*(n — 1) > 2(4+ ("))
(n—2)(n—3) =n?—5n+14.

In practice, values of 0*(n) and p*(n) have been calculated using an exhaus-
tive, backtracking approach. The following result proves helpful in restricting the

search for p*(n), once some o* values are known.

Theorem 2.17 Suppose the sequence A = (1,z,...,y,z2) satisfies p(A)

p*(n), and suppose B is any sequence for which p(B) is known. Then

o'(n)<z<p(B)—c"(n—2)+1

and
x<(pB)—c*(n—2)+1)—0c*(n—1)+1.
Proof. Since (z, ..., y) is a Sidon sequence,
y—x+1>0"(n-—2).
But
prn)=z+y—=
)
z=p"(n) = (y—=)
<p'(n)—oc*(n—2)+1
<p(B)—c*(n—2)+1
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Also (z,...,y,z) is Sidon, so
z—x >0 (n—1)-1

and the second part of the theorem follows from the upper bound for z. O

We know the following small values of the two functions. The values forn < 8
are calculated in [53] and listed in [55].

o*(3) = 3 p3)= 3
o (4) = 5 pr4) = 6
o*(5) = 8 p*(5) = 11
o*(6) = 13 p*(6) = 19
o*(7) = 19 p*(7) = 30
o*(8) = 25 p*(8) = 43
o*(9) = 35 p*(9) = 62
o*(10) = 46 p*(10) = 80
o*(11) = 58 p*(11) = 110
o*(12) = 72 p*(12) = 137

Sample sequences attaining the o* values are:

o*(1) through ¢*(6): 1 23 5 8 13 (or part thereof);
0*(7):123591419;
0*(8):12359152025;
0%(9):1235916253035;

0*(10): 128 11 14 22 27 42 44 46;
o*(11): 12610 18 3234 45 52 55 58;
0*(12): 123813233841 556468 72.

The same sequences attain p*(n) forn, = 1,2, 3,4, 5, 6, 8. For the other values,
examples are

*(7): 1681011 14 22;

~—  ~—

*(9): 1579121726 27 40;

p*(

p*(

p*(10): 123591625 30 35 47;
p*(11): 12359 16 25 30 35 47 65.
p*(

*(12): 1358 1121303951 626377.

Note: The only other sequence of length 7 with p = 301is 1, 9, 12, 13, 15, 17, 22.
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From Theorem 2.17, we have

Forn =17 r <12 19<2<24
Forn =8 r <13 25 <z <31
Forn =9 <21 35 <z<45
Forn =10 <30 46 < 2 <64
Forn =11 xr <32 8 <z <77
Forn =12 r < 36 72 <2<93

and these bounds were used in calculating the example sequences for p*(n)
whenn > 7.

A greedy approach

Here is a simple observation. If (a1, as, ..., a,—1) is well spread, then none of
its sums can exceed a,,_o +a,—1. Puta,, = a,,—1 + a,—o. Then all the sums a; +
a, are new, and (since the sequence is strictly monotonic) they are all different.
So we have a new well-spread sequence. This will be useful in constructing the
smallest well-spread sequences for small orders: for example, after observing that
(1,2,3,5,8,13) is a minimal example for n = 6, one need not test any sequence
in the case n = 7 which has size greater than 21. (Unfortunately, 21 is not small
enough.)

Suppose (a1, as,...,a,—1) had minimal size, and put a; = 1. Then o*
(n—1) = ap_1. Clearly a,—2 < a,—_1, so we have the (bad) bound

o*(n) <20*(n—1)—1.
Another application of this idea comes from noticing that the recursive con-
struction a; = 1,as = 2,a, = an—1 + an—2 gives a well-spread sequence. This
is the Fibonacci sequence, except that the standard notation for the Fibonacci

numbers has f1 = fo = 1, f3 = 2, etc. So we have a well-spread sequence
with its size equal to the (n + 1)-th term of the Fibonacci sequence: a,, = fp+1.

Therefore
n+1 n+1
") < 1 [14+5 1 (1-+5
o — | ———— - — | — .
A 2 V5 2

The same reasoning shows that

p () < for1+ fn—2= foya —2.

Note. For further information on the Fibonacci numbers, see, for example,
Sect. 7.1 of [19].

Exercise 2.7 (Continuation of Exercise 2.5.) The magic number M (n) of K,
was defined to be the smallest t such that K,, UtKy is edge-magic. We know that
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M (n) > p*(n) —n— (3). Find an upper bound for M (n). (It need not be a good
upper bound. The point is to show that some upper bound exists. )

Research Problem 2.2 (Continuation of Exercise 2.7.) Find M (7). Find M (8).

Research Problem 2.3 Find good lower and upper bounds on M (n), as a func-
tion of n.

Exercise 2.8 Use the results on the evaluation of Sidon sequences to prove Theo-
rem 2.13. (Note: this was the original proof of Theorem 2.13, as given in [54, 55].)

2.3.5 Split Graphs
A split graph K,y n\, consists of a complete graph K, a null graph K,,, and
the Ky, ,, joining the two vertex-sets.

Suppose Ky, 1\ 18 edge-magic. This graph has v =m +n, e = mn + (g),
andv+e=m+n+mn+ (3) = 3(2m+n)(n + 1), so by Theorem 2.14

%(2m +n)(n+1)>p*(n).

This gives no useful information for small n. However, provided n > 6, (2.18)
applies and from

1
5(2m—|—n)(n—|— 1) >n?—5n+14

we find that there is no edge-magic total labeling of K, |\, unless

n—12 20
m >

. 2.19
z 5t (2.19)

Research Problem 2.4 Observe that Koy, always satisfies (2.19). Does it al-
ways have an edge-magic total labeling?

2.4 Cycles

The cycle C, is regular of degree 2 and has v edges. So (2.2) becomes
v(v+1) <25 <20% +ou(v+1)=0v(3v+1),

and (2.4) is
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kv=s+v(2v+1),

whence v divides s; in fact s = (k — 2v — 1)v. When v is odd, s has v + 1
possible values $v(v + 1), %v(v +3),..n3v(v+2i—1),..., 3v(3v + 1), with
corresponding magic sums 5 (50+3), 3(50+5), ..., 3(5v+2i+1),..., 1(Tv+3).
For even v, there are v values s = 20+, 202+ 2v,..., 202 +iv,. .., 302, with
corresponding magic sums 3v +2,2v+3,..., 3v+i+1,..., Tv+ 1.

Kotzig and Rosa [54] proved that all cycles are edge-magic, producing exam-
ples with k = 3v + 1 for v odd, k = 3v + 2 for v = 2(mod 4) and k = 3v for
v = 0(mod 4). In [33], labelings are exhibited for the minimum values of & in
all cases. For convenience we give proofs for all cases, not exactly the same as the
proofs in the papers cited. In each case the proof consists of exhibiting a labeling.
If vertex-names need to be cited, we assume the cycle to be (u,ug, ..., uy).

Theorem 2.18 If v is odd, then C, has an edge-magic total labeling with k =
$(5v + 3).

Proof. Say v = 2m + 1. Consider the cyclic vertex labeling (1, m + 1,2m +
1,m,...,m + 2), where each label is derived from the preceding one by adding
m( mod 2m+1). The successive pairs of vertices have sums m+2, 3m+2, 3m+
1,...,m + 3, which are all different. If £ = 5m + 4, the edge labels are 4m +
2,2m+2,2m+3,...,4m+1, asrequired. We have an edge-magic total labeling
with k = 5m +4 = (50 + 3) and s = $v(v + 1) (the smallest possible values).

(]

By duality, we have:

Corollary 2.18.1 Every odd cycle has an edge-magic total labeling with k =
(Tv+3).

Theorem 2.19 Every odd cycle has an edge-magic total labeling with k = 3v+1.

Proof. Again write v = 2m + 1. Consider the cyclic vertex labeling (1,2m +
1,4m+1,2m — 1,...,2m + 3); in this case each label is derived from the pre-
ceding one by adding 2m( mod 4m+2). The construction is such that the second,
fourth, ..., 2m-th vertices receive labels between 2 and 2m + 1 inclusive, while
the third, fifth, ..., (2m + 1)-th receive labels between 2m + 2 and 4m + 1. The
successive pairs of vertices have sums 2m + 2,6m +2,6m,6m —2,...,2m +4;
if £k = 3v+ 1 = 6m + 4, the edge labels are 4m + 2,2,4,...,4m. We have an
edge-magic total labeling with k = 3v + 1 and s = v? (the case i = 3(v + 1) in
the list). ]

Corollary 2.19.1 Every odd cycle has an edge-magic total labeling with
k=3v+2.
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Figure 2.3 shows examples with v = 7 of the constructions in Theorems 2.18

and 2.19; they have k = 19 and 22, respectively. (Only the vertex labels are shown
in the figure; the edge labels can be found by subtraction.)

k=19

Fig. 2.3. Two edge-magic total labelings of C'7

Theorem 2.20 If v is even, then C,, has an edge-magic total labeling with k =
1

Proof. Write v = 2m. If m is even,

(i+1)/2 fori=1,3,....m+1
3m fori =2
AMug) = ¢ 2m+1)/2 fori =4,6,...,m
(1 +2)/2 fori=m+2m+4,...,2m

2m+i—1)/2 fori=m+3,m+5,...,2m—1,

while if m is odd,

(t+1)/2 fori =1,3,...,m
3m fori =2
(2m+i+2)/2 fori=4,6,...,m—1

AMu;) =< (m+3)/2 fori=m+1
(t+3)/2 fori=m-+2,m+4,...,2m—1
(2m +1)/2 fori=m-+3,m+5,...,2m—2
m+ 2 for ¢ = 2m.

O
From Theorems 2.2, 2.18 and 2.20, it follows that the magic strength of a cycle
of length v is [ (5v + 3)].

Corollary 2.20.1 Every cycle of even length has an edge-magic total labeling
with k = $(Tv + 2)
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In Fig. 2.4 we present two examples, for v = 8 and 10. The constructions of
Theorem 2.20 yield £ = 22 and 27.

k=22 k=27

Fig. 2.4. Edge-magic total labelings of C's and C'1o

Theorem 2.21 Every cycle of length divisible by 4 has an edge-magic total la-
beling with k = 3v.

Proof. For v = 4 the result is given by Theorem 2.20. So assume v > 8, write
v = 4m,m > 1. The required labeling is

) fori=1,3,...,2m —1
dm4+1+1 fori=2,4,...,2m—2
Auy) = i+1 fori=2m,2m+2,...,4m — 2
‘ dm +1 fori=2m+1,2m+3,...,4m —3
2 fori=4m —1
20— 2 fori = 4m.

O

Corollary 2.21.1 Every cycle of length divisible by 4 has an edge-magic total
labeling with k = 3v + 3.

Research Problem 2.5 [33] If v is odd, does C, have an edge-magic total la-
beling for every magic sum k satisfying 3(5v + 3) < k < 1(Tv + 3)?If v is

even, does C,, have an edge-magic total labeling for every magic sum k satistying
Sv+2<k<Iv+1?

2.4.1 Small Cycles

We list all edge-magic total labelings of cycles up to Cj.
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There are four labelings of Cj5: see under K3, in Sect. 2.3.3.

For Cy, the possibilities are k = 12,13, 14, 15, with s = 12, 16, 20, 24, respec-
tively. The unique solution for k& = 12 is the cyclic vertex-labeling (1,3,2,6).
For k = 13 there are two solutions: (1,5,2,8) and (1,4, 6, 5). The other cases are
duals of these two.

For Cs, one must consider k& = 14,15,16 (s = 15,20, 25) and their duals.
The unique solution for & = 14 is (1, 4, 2, 5, 3) (the solution from Theorem 2.18).
There are no solutions for k& = 15. For & = 16, one obtains (1,5,9,3,7) (the
solution from Theorem 2.19) and also (1,7, 3,4, 10). Many other possible sets
S must be considered when £ = 15 or 16, but all can be eliminated using the
following observation. The set .S cannot contain three labels that add to k: for,
in C5, some pair of the corresponding vertices must be adjacent (given any three
vertices of Cj, at least two must be adjacent), and the edge joining them would
require the third label.

C has possible sums k = 17,18,19 (s=24,30,36) and duals. For k = 17
there are three solutions: (1,5,2,3,6,7), (1,6,7,2,3,5), and (1,5, 4,3,2,9).
Notice that two non-isomorphic solutions have the same set of vertex labels.
There is one solution for k = 18, (1,8,4,2,5,10), and six for k& = 19, namely
(1,6,11,3,7,8),(1,7,3,12,5,8),(1,8,7,3,5,12),(1,8,9,4, 3,11),(2,7,11, 3,4,9),
and (3,4,5,6,11,7).

In the case of C, the possible magic sums run from 19 to 26, and Godbold and
Slater [33] found that all can be realized; there are 118 labelings up to isomor-
phism. The corresponding numbers for Cg, Cy, and C1¢ are 282, 1540 and 7092,
[33].

2.4.2 Generalizations of Cycles

Paths

The path P,, can be viewed as a cycle C,, with an edge deleted.

Say A is an edge-magic total labeling of C,, with the property that label 2n
appears on an edge. If that edge is deleted, the result is a P, with an edge-magic
total labeling.

For every n, there is an edge-magic total labeling of C', in which 2n appears
on an edge—the labelings in Theorems 2.18 and 2.20 have this property. Deleting
this edge yields a path, on which the labeling is edge-magic. So:

Theorem 2.22 All paths have edge-magic total labelings.
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However, this simple method does not yield the smallest possible magic sum.
Avadayappan et al. [5] give the following simple construction for a super edge-

magic labeling of a path. Say n = 2m or 2m+1. Label the vertices z1, 2, . . ., Tam,
preceded by xg if n is odd. Vertices z1, x3, x5, . . ., Tap—1 receive labels 1, 2, 3,
..., n, while even vertices (zg, T2, x4, . .., Ta, Whennisodd, x2, x4, g, . . ., Topn

in the even case) receive n+1,n+2, ... in order. When this labeling is completed
in the obvious way, the magic sum is [ (51 + 1)], the theoretical minimum. So
the magic strength of P, is [$(5n + 1)].

Exercise 2.9 Prove that the minimum possible magic sum for the path P, is

B(Em + 1)—‘

Suns

Ann-sunis a cycle C,, with an edge terminating in a vertex of degree 1 attached
to each vertex. A 4-sun is shown in Figure 2.5.

Theorem 2.23 All suns are edge-magic.

Proof. First we treat the odd case. Denote by A the edge-magic total labeling of
C,, given in Theorem 2.18. We construct a labeling 1 which has p(u) = A(u) +n
whenever u is a vertex or edge of the cycle. If a vertex has label z, then the
new vertex attached to it has label a,, where a, = z — 3(n — 1)(modn) and
1 < a; < n, and the edge joining them has label b,, where b, = n + 1 —
2x(mod n) and 3n + 1 < b, < 4n. Then p is an edge-magic total labeling with
k= 1(11n+3).

In the even case, A is the edge-magic total labeling of C, given in Theo-
rem 2.20. The labeling p again has p1(u) = A(u) + n whenever u is an element of
the cycle. The vertex with label z is adjacent to a new vertex with label a,, and
the edge joining them has label b,, where:

o If 1 < < in, then
- awzx—kén(modn) and 1 < a, <mn,
- b, =2—2x(modn)and 3n+ 1 <b, <4n;
e If1+ in <z < nthen
- awzx—l—%n—i-l(modn)andlgawSn,
- by =1—2x(modn)and3n +1 < b, < 4n;

[ ] am=b@=1.
2 2

Then 11 is an edge-magic total labeling with k = £ (11n + 4). O
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O Oo——=0O

Fig. 2.5. A 4-sun and a (4, 2)-kite

Kites

An (n, t)-kite consists of a cycle of length n with a t-edge path (the zail) attached
to one vertex. A (4,2) kite is shown in Figure 2.5. We write its labeling as the list
of labels for the cycle (ending on the attachment point), separated by a semicolon
from the list of labels for the path (starting at the vertex nearest the cycle).

Theorem 2.24 An (n, 1)-kite (a kite with tail length 1) is edge-magic.

Proof. For convenience, suppose the tail vertex is y and its point of attach-
ment is z.

First, suppose n is odd. Denote by A the edge-magic total labeling of C,, given
in Theorem 2.18, with the vertices arranged so that A(z) = (n + 1). Define
a labeling p by pu(x) = A(x) + 1 whenever x is a vertex or edge of the cycle,
w(y) = 2n + 2 and u(y,z) = 1. Then 4 is an edge-magic total labeling with
k=3(5n+9).

If n is even, A is the edge-magic total labeling of Theorem 2.20, with A(z) =
#(n + 2). Define a labeling 1 by p(z) = () + 1 whenever z is a vertex or
edge of the cycle, u(y) = 2n + 2 and u(y, z) = 1. Then p is an edge-magic total
labeling with k& = 1 (51 + 10). O

Park et al. proved that an (n, t)-kite is super edge-magic if and only if n is even

(see Sect. 2.9 below).

Research Problem 2.6 Investigate the edge-magic properties of (n, t)-kites when
n is odd, for general t.

Exercise 2.10 A triangular book Bs ,, consists of n triangles with a common
edge. Prove that all triangular books are edge-magic.

Research Problem 2.7 The k-cycle book By, ,, consists of n copies of Cj, with a
common edge. Are all k-cycle books edge-magic?
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Research Problem 2.8 The books described in the preceding exercise and
problem can be generalized by replacing the common edge by a path. Investigate
the edge-magic properties of these graphs.

2.5 Complete Bipartite Graphs

An edge-magic total labeling of a complete bipartite graph can be specified by
giving two sets S7 and S of vertex labels.

Theorem 2.25 [54] The complete bipartite graph K,, ,, is magic for any m
andn.

Proof. The sets S1 = {n+1,2n+2,... ,m(n+1)}, Sy = {1,2,...,n}, define
an edge-magic total labeling with k = (m + 2)(n + 1). O

Research Problem 2.9 Recall that the complete tripartite graph K, ,, , has
three sets of vertices, of sizes m,n,p. Does K., , , always have an edge-magic
total labeling?

Research Problem 2.10 Generalize Research Problem 2.9 to complete t-partite
graphs (t parts).

2.5.1 Small Cases

A computer search has been carried out for edge-magic total labelings of Ky 3.
The usual considerations show that 14 < k < 22, with cases k& = 19, 20, 21, 22
being the duals of cases k = 17,16, 15, 14. The solutions up to k = 18 are

k = 14, no solutions

k=155 ={1,2}, S»={3,6,9}
k=16,5 ={1,2}, Sy={58,11}
Sy ={1,3}, Sy ={5,6,11}
Sy ={4,6}, So=1{1,2,7}
S; ={4,8}, S»=1{1,2,3)
k=175 ={1,8}, S =1{56,7}
Sy ={5,6}, Sy={1,4,9}
k=18, 5 ={1,5}, S =1{9,10,11}
Sy = {T.11}, S5 = {1,2,3.

(The last two are of course duals.)
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For K3 3 one has 18 < k < 30, and k must be even. Cases k = 26, 28, 30 are
dual to cases k = 22, 20, 18. The solutions are

k = 18, no solutions

k=20,5 ={1,2,3}, Sy =1{4,8,12}
S ={1,2,9}, Sy ={4,6,8}

k=225 ={1,2,3}, So={7,11,15}
S; ={1,3,5}, Sy ={7,8,15}
S1 =1{1,5,12}, S5 = {6, 7,8}

k = 24, no solutions.

2.5.2 Stars

Lemma 2.26 In any edge-magic total labeling of a star, the center receives label
IL,n+1lor2n+ 1.

Proof. Suppose the center receives label z. Then

ken = (2" ; 2) +(n—1)z. (2.20)

Reducing (2.20) modulo n we find
r=n+1)2n+1)=1

and the result follows. O

Theorem 2.27 There are 3 - 2" edge-magic total labelings of K1 ,,, up to equiv-
alence.

Proof. Denote the center of a K ,, by c, the leaves by vy, v2, ..., v, and edge
(¢, v;) by e;. From Lemma 2.26 and (2.20), the possible cases for an edge-magic
total labeling are A\(c) = 1,k =2n+4, AM(c) =n+ 1,k = 3n + 3 and A(c) =
2n 4+ 1,k = 4n + 2. As the labeling is magic, the sums A(v;) + A(e;) must all
be equal to M = k — A(c) (so M = 2n + 3,2n + 2 or 2n + 1). Then in each
case there is exactly one way to partition the 2n 4 1 integers 1,2, ...,2n 4 1 into
n + 1 sets

{/\(C)}, {al, bl}, {ag, bg}, ceey {an, bn}

where every a; + b; = M. For convenience, choose the labels so that a; < b;
for every 7 and a; < ag < -+ < a,. Then up to isomorphism, one can assume
that {\(v;), A(e;)} = {ai,b;}. Each of these n equations provides two choices,
according as A(v;) = a; or b;, so each of the three values of A(c) gives 2™ edge-
magic total labelings of K1 ,,. (]
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Exercise 2.11 A graph is derived from a star by adding a pendant edge to one of
the vertices of degree 1. Prove every such graph is edge-magic.

Double Stars

The double star S,, , has two adjacent central vertices x and y. There are m
leaves z1, z2, ..., Z,, adjacent to z and n leaves y1, y2, . . ., Y, adjacent to y. An
edge-magic total labeling of this graph can be specified by the list

({/\(‘Tl)v )\(.’L'g), ) )‘(xm)}v )\(CL‘), AY), {/\(yl)v )‘(y2)7 ey AMYn), })

One solution for Ss 2 is ({8,11}, 2,5, {4,10}) with k = 16.

Research Problem 2.11 For what m and n does S, ,, have an edge-magic la-
beling?

2.6 Wheels

Enomoto et al. [25] have checked all wheels up to n = 29 and found that the
graph is magic if n # 3 (mod 4). We shall prove that W, is magic in all other
cases.

To describe a wheel, we refer to the central vertex as the center, the edges
adjacent to the center as spokes, and the other vertex on a spoke as its terminal.
The remaining edges are arcs. We write c¢ for the label on the center; the spokes
receive labels ay, ag, .. ., ay, the terminal of the spoke a; gets label b;, and the
arc from b; to b;y; is labeled s;. (This scheme is illustrated in Fig. 2.6.) It then
follows that all the sums a; + b; in an edge-magic total labeling are the same; they
equal k — ¢, where k is the magic sum.

For the cases other than n = 6 (mod 8), our constructions (taken from [80])
use k = 2c. Then a; + b; = c for every i. It follows that c is greater than each a;
and b;; since labels are distinct and positive, ¢ > 2n + 1. Also s; = a; + a;4+1.
We then need to do the following:

1. Partition the integers from 1 to 2n into two classes A and B so that exactly
one member of {i,2n + 1 — ¢} is in each set, for every i.

2. Order the elements of A in a cyclic sequence so that the n sums of consecutive
pairs comprise the integers from 2n 4 2 to 3n + 1 in some order (or, what is
equivalent, the elements of B must be ordered so that the consecutive sums
are a permutation of {n +1,...,2n}).



2.6 Wheels 43

Fig. 2.6. Labeling a wheel

To visualize this process, it is perhaps easiest to consider a graph with vertices
1,2, ..., 2n, drawn in two sets so that 7 and 2n + 1 — ¢ are vertical opposite pairs.
Two vertices are connected if their sum lies between n 4+ 1 and 2n. The graph
for n = 5 is shown in Fig. 2.7. We need to find a cycle that contains exactly one
member from each opposite pair, all of whose edges have different sums. From
this representation it is clear, for example, that both 1 and 2 must be terminal
labels, because neither 2n nor 2n — 1 have degree 2 or greater.

10 9 8 7 6
Fig. 2.7. The spoke-terminal graph

2.6.1 The Constructions for n # 2 (mod 4)

We construct, for each n = 0,1,40r5 (mod8), a labeling of the terminal
vertices of the wheel W,,. That is, we construct a sequence of n members of
{1,2,...,2n} such that

(i) Foreachi = 1,2,...,n, exactly one of 7 and 2n + 1 — ¢ is a member of the
sequence, and

(i) The set of sums of pairs of successive elements of the sequence (including
last and first elements) is precisely n + 1, n + 2, ..., 2n.
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In every case the sequence is defined in terms of several subsequences which are
then joined.

It will be observed that the constructions do not provide solutions for n =5
or 13. There is no sequence for n = 5; for n = 13 one example is

(12420124216 6131059 8).

Casen =0 (mod 8),n > 8.
Foreach i = 1 (mod 4) with 1 <i < 3 — 3 define
Si=(i,2n+1—3i,i+1,2n+1—3i—4,i+3,2n+1—3i —8),
and define
S = (g+j:jzo,1(mod4)and1§jgg).

Then the desired sequence is

5155 ... 5%735.

Casen =4 (mod 8),n > 4.
For eachi = 1 (mod 4) with 1 <4 < § — 5 define
Si=(i+1,2n+1—3i,i,2n+1—3i —4,i+3,2n+1—3i —8),
and define
S = (5—2+j . j=0,1(mod4)and1 < j < 5+2).
Then the desired sequence is

$185... 835 (5.5 +4) 5.
(Note that when n = 4, the sequence is simply (5, 5 +4)S = (2,6,1,4).)
Casen =1 (mod8),n > 0.
Foreachi =1 (mod 4) with 1 <i < 251 — 3 define
Si={i,2n+1-3i,i+1,2n+1—3i—4,i+3,2n+1—3i — 8},

and define

1 1
S:{n_+j;j51,2(mod4)and1§j§n;— }
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Then the desired sequence is

S185... Suzs 8.

Case n =5 (mod 24),n > 29.

Define

1 1
S: (TL—; O,n—5,n;— ,n—|—3,n+7

n—1,42n+1-7,1,
2n+1-3,22n+1—11)

and

T = (nT_2,n,n—3,n—4,n—7,...,n+5 n-lnts n—|—11>.

2 7 2 7 2 7 2

For each i = 6 (mod 8),7 > 6, define
Si=(i,2n+1—(3i+1),i+22n+1—(3i—3),i—1,2n+1— (3i+5)),
and for each ¢ = 1 (mod 8),4 > 9, define

Si=(i,2n+1— (3i+4),i+3,2n+1—3i,i+1,2n+1— (3i +8)).

n—29

o write

Foreachj =1,2,...,

10 10
C; = (”“; +4j,n—5—12j,”“; 453,

n+ 10
3

n—5—12j+4, +4j—1,n—5—12j+8>.

Then the desired sequence is
3 3 3 24
(Note that when n = 29 this sequence is SSsT".)
Casen = 21 (mod 24),n > 21.
Define

6
S = (%,n—1,4,2n+1—7,1,2n+1—3,2,2n+1—11)

and

~3 _3
T:("7,2n+1—(n—z),"T+2,2n+1—(n—6),
n—3

3
n+5 n—1 n+3 n—i—ll)

2 7 2 7 2 7 2

—1,n,n—-3,n—4n—-"7,...,
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For each i = 6 (mod 8),7 > 6, and for each ¢ = 1 (mod 8),i > 9, define S; as

in the n = 5 (mod 24) case. Then, for each j = 1,2, ..., 2221 write

6 6
Cj = (—”; +4j,n—1—12j,%+4j—3,n—1—12j+4,

n-+6

+45-1,n—-1- 12j+8).
Then the desired sequence is
585659 ... 5n-21Sn-18TCn-21...CyC}.
3 3 24
(Note that when n = 21 this sequence is ST'.)
Case n = 13 (mod 24).

Define
5 5 2 1 2
S—(n-1-8"F2 1o 1402 g2ntlnts
3 3 3
n—1,4,2n+1-71,2n+1-322n+1—11)
and
5 2 1 2 1
T = i,nn—?),n—él,n—?,..., nt +4, nt +1,
3 3 3
n+1 42n—|—1 3 n+5 n+7 n—3 n+11
3 3 27 20 9 2 '

For each i = 6 (mod 8),7 > 6, and for each i = 1 (mod 8),¢ > 9, define S; as
in the n = 5 (mod 24) case. Now we must break into two subcases:

1. n =13 (mod 48),n > 61.

Define
D= <n_?|:5+10,n—1—20,n+5—|—4,n—1—16,n;—5—|—8,
n—1—12,”—+5+3),
3
. n— .
and foreachj =1,2,..., write

5 5
C; = <”;)L +10+8j,n—1—24j—20,%+4+8j,

5
n—1—24j—16,%+8+8j,n—1—24j—12,

5 5
nt +6+8j,n—1—24j—8,%—1+8j,

5
n—1—24j—4,%+3+8j,n—1—24j>.
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Then the desired sequence is
(Note that when n = 61 this sequence is 55659514517 D.)

2. n =37 (mod 48),n > 37.

Write D = (%2 4 4), and foreach j = 1,2, ..., 237 define

5 5
C; = <”; +6+8j,n—1—24j—8,%+8j,

5
n—1—24j—4,%+4+8j,n—1—24j,

5 5
nt +2+8j,n—1—24j+4,%—5+8j,

5
n—1—24j+8,%—1+8j,n—1—24j+12).

Then the desired sequence is
55699 ... Sn%mSn%mTC% ...CC1D.
(Note that when n = 37 this sequence is 556595145171 D.)

Theorem 2.28 Every wheel W,, with n = 0or 1 (mod4) has an edge-magic
total labeling.

Proof. It will suffice to prove that the above constructions have the required prop-
erties (i) and (ii). We prove this for the hardest cases, the case n = 1 (mod 8) and
n = 13 (mod 48),n > 61; the proofs for n = 0 and 4 (mod 8) are similar to the
former, while the proofs in the other cases with n = 5 (mod 8) are similar to the
latter.

n =1 (mod 8)

Property (i): Suppose m = 1or2 (mod4),1 <m < nIf1 <m < 251 —2
then m appears in one of the S; (as an ‘¢’ or ‘i + 1’ term). If "T_l +1<m<n,
then m appears in S. Now suppose m = 0( mod 4),4 < m < 2n—2.1f4 <m <
2-L, then m appears in one of the S; (as an ‘i + 3’ term) while if "—%1 +4<m<

2n—2, then again m appears in one of the S;, as follows. If m = 5= +4 mod 12,
then m appears as a term of the form 2n+1— 3¢ —8";if m = ”Tfl +8 mod 12,
then m appearsas a ‘2n + 1 — 37 — 4’ term; if m = "T_l mod 12 (which means

m = 2n — 2 mod 12 since n = 1 (mod 8)), then m appears as a ‘2n + 1 — 34’
term. Now since we have all m = 0 (mod4), 4 < m < 2n — 2, we also have
represented all of their inverses mod 2n + 1, which yields all of the 3 (mod 4)
cases between 3 and 2n — 3. Hence we have property (i).



48 2 Edge-Magic Total Labelings

Property (ii): First we note that those sums from n + 2 to 2n — 3 inclusive which
are congruent to 3 (mod 4) appear as successive sums of pairs in S. Then those
sums from n + 4 to 2n — 1 inclusive which are congruent to 1 mod 4 appear as
the union of the sums of the first and second terms of each S;, the last term in .S;
with the first term in S; 4 and the last term in S noi_g with the first term in S.
The sums fron n + 1 to 2n inclusive which are congruent to 2 mod 4 appear as
the union of the sums of the second and third, and third and fourth terms in each
S; and the sum of the last term in S with the first term in S;. Finally, those sums
from n+ 3 to 2n — 2 inclusive which are congruent to 0 mod 4 appear as the union
of the sums of the fourth and fifth, and fifth and sixth, terms in each S;. Hence we
have property (ii).

n = 13 (mod 48)

The sequence for the case n = 13 can be verified directly, so we assume
n > 61.

Property (i): Suppose m = 1 or 2 (mod4),1 < m < n. If m = 1,2, 22
or 2%t then m appears in S. If m = 245 + 3,245 4+ 4 or 212 4 8, then m
appears in D.If m = "2 or 253, orif 22 < m < n,m # 2% then m
appears in T. If m = 5 or 6 (mod8), 5 g m < 25 — 8, then m appears in
an S; with ¢ = 6 (mod8), as the ¢ — 1 or ¢ term, whlle if m = 1 or 2 (mod

8),9 < m < %2 then m appears in an S; with i = 1 (mod8), as the i or
i + 1 term. There remain those m = 1 (mod4), 22 < m < 25 and the

' 347 2

m = 2 (mod4), #£5 < m < 251, These terms appear in the Cjs, the former

as the 5 "ff8j and 3f3ff8 terms, 1 < j < 2281 and the latter as the 3;1418] and
n+5 . n—=61

Trete; erms, 1 < g < S

Now suppose m = 0 (mod4),4 < m < 2n—2.If4 < m < gT*g or if
n —9 < m < 2n — 2, then m appears in S or in one of the S;s. If m = "74“5 +
10,n — 21,n — 17 or n — 13, then m appears in D. There remain the cases
m=0 (mod4) 245 4 14 < m < n — 25. Now the term 2L appears in 7.
The terms "+5 + 14 <m< "+3 appear in the Cjs as the *32 4 10 + 85 and
"+5 + 6+8j terms, 1 < j < "4861, while the terms "+19 < m < n — 25 appear
1ntheCsasthen—1—24]—4kterms 0<k< 5 1 <j < 258 Since
we have all 0 (mod 4) terms between 4 and 2n — 2 we have also represented all
3 (mod 4) terms between 3 and 2n — 3 (i.e., the inverses modulo (2n + 1)). This

verifies property (i).

Property (ii): Sums from n + 2 to 2n — 3 inclusive which are congruent to
3 (mod 4) appear as succesive sums of pairs of elements in 7". Sums from %
to 2n — 1 inclusive which are congruent to 1 (mod4) appear as sums in S in-
volving 1 (i.e., 2n — 1 and 42n — 5) and as sums of the fourth and fifth, and fifth
and sixth terms in .5;, the sixth term in .S; with the first term in S; 3, and the
first and second terms in S;43, where i = 6 (mod8),6 < i < "_Tlg. The sum
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% appears as the sum of the sixth and seventh terms in .S, while the sum n + 8
appears as the sum of the fourth and fifth terms in S; n 4 4 appears as the sum of
the last two terms in 7'. Now #7225 and 4213 appear as the sum of the last two
terms in D and the sum of the last term in D with the first term in .S, respectively.
There remain the sums congruent to 1 (mod 4) between n + 12 and @ in-
clusive; these appear as successive sums over the eighth through twelfth terms in
the Cjs, 1 < j < 2201 Sums from #%2 to 2n inclusive which are congruent to
2 (mod 4) appear as sums of the eleventh and twelfth, and twelfth and last terms
in S, the last term in S with the first term in Sg, and the first two terms in Sg; then
as sums of the fourth and fifth, and fifth and sixth terms in S;, the sixth term in
S; with the first term in S; + 5, and the first and second terms in S; + 5, where
i =1(mod8),9 < i < 2=30; then finally as sums of the fourth and fifth, and
fifth and sixth terms in Sn%lo, and the sixth term in Sn%lo with the first term in
T. The sum n + 1 appears as the sum of the fifth and sixth terms in S, while the
sums 4:?—7411? ,3 >k > 0, appear as successive sums over the second through sixth
terms in D. There remain the sums congruent to 2 (mod 4) between n + 5 and
4"3;58 inclusive; these appear as successive sums over the second through sixth
terms in the Cjs, 1 < j < 278 Sums from 2420 to 2n — 2 inclusive which
are congruent to 0 (mod4) appear as sums of the eighth and ninth terms in S,
and as sums of the second and third, and third and fourth terms in S; and S; + 3,
where ¢ = 6 (mod 8) and 6 < i < "_Tlg. The sum n + 3 appears as the sum of
the seventh and eighth terms in .S, while the sums 4371;51213 ,4 > k > 1, appear as
the sum of the first two terms in D and as succesive sums over the first through
fourth terms in S. There remain the sums congruent to 0 (mod 4) between n + 7
and 4”3;40 inclusive. When n = 61, this sum (namely 68) appears as the sum of
the last term in 7" (namely %11 = 36 and the first term in D (”TJr5 + 10 = 32);
when n > 61 these appear as the sum of the last term in 7" with the first term in
C nst, the sums of the first and second, sixth and seventh, and seventh and eighth
n—>61

terms in each C}, "5~ = J = 1, the sum of the last term in C; with the first term

inC; —1, "4’861 > 7 > 2, and the sum of the last term in C; with the first term

in D. This completes the verification of property (ii). O

2.6.2 The Constructions for n = 2 (mod 4)

Case n = 6 (mod 8).

If n = 6(mod8), the following construction (taken from [85]) provides an
edge-magic total labeling with k = bn + 2.

c=2n.

a; = 3(i+1)
Fori=1,3,...,%2,¢ b =3n+2—1(i+1)
S; = n—+1.
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ai=2n+1+3i
Fori=24,...,252 ¢ by =n+1—1i

S; =n+1.
ai = (i +3)
Fori =244 nd8 306 8 p, =3n+1—3(i+1)
s =n+1+ 1.
ai =2n+1+3i
Fori:nTﬂanT%w"agnffa bz:n+1—%l
s; =n+1+ 1.
ai:%(5n+2)
Fori =322 & b, = 2(19n + 14)
s; = 2n + 1.

ai:2n+2+%i
1

Fori = 30 Sndld -y &by =n — i
si=n+1+1.
Fori=3nH0 3ntl8 1y — 3 8 by =3n— $(i+1)
si=n+1+ 1.
ai:%(11n+2)
Fori=n—1, bi:%(n+6)
s; = 7(Tn +6).
Si(3n_2) =2n—1
with the exceptions { s, o = %(7714—2)

Case n =2 (mod 8),n > 10.

Research Problem 2.11 in our first edition was to show that wheels are edge-
magic when n = 2(mod 8). The following construction was given in [30]:

Letn = 8m+2,m > 1. Thus, v+e = 24m—+7. Let c = 8m+6 for all cases. In
the case where m = 1 we have (23, 2,26, 3,31, 4,22, 5,25, 8) as the vertex labels
on the cycle with k£ = 46. When m = 2 we have (38, 6, 39, 9,40, 2,41, 5,42, 13,
444,7,45,8,46,4, 55, 3) as the vertex labels on the cycle with k = 78. Form > 3

we have k = 32m + 14 and define

16m+5+:7 1<i<3m-—1
2dm + 7 1 =4m+ 1.

For the labels bo; (1 < i < 4m + 1), there are three subcases.
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Subcase 1: m = 0(mod 3). Set m = 3s (s > 1). Thus, n = 24s + 2 and
v+ e = 725 + 7. Define

i+5 1 <i < 6sand m # 0(mod 3)

i—1 1 <i<6sandm = 0(mod 3)

12s+1 i=6s+1

i+4 6s+2<i<9s—2andm # 1(mod3), s > 2
by i—2 6s+2<i<9s—2andm = 1(mod3), s >2
T ) 1554+3 i=9s—1

9s—1 1=09s

1+ 1 Is+1<1<12s—1

4 1 =12s

3 1=12s + 1.

Subcase 2: m = 1(mod 3). Set m = 35+ 1 (s > 1). Thus, n = 24s + 10 and

v+e=T72s+ 31.

Define

i+ 5

i—1

125+ 5
65+ 5
i+ 2

155 + 8
i+ 1

4

3

1 <i<6sand m # 0(mod 3)

1 <i<6s+3and m = 0(mod 3)
1 =06s+1

6s 4+ 21 =65+ 2
6s+4<i<9s+1

i =95+ 2
9s+3<1<125s+3
i=12s+4

i =125+ 5.

Subcase 3: m = 2(mod 3). Set m = 3s+ 2 (s > 1). Thus, n = 24s + 18 and

v+ e=7T72s+ 55.

b2i =

Define

6

T+ 7
2

i+1
125 +9
1+6
i
9s+ 7
155+ 13
9s+5
i+1
4

3

=1
2<i<6s+4andi=2(mod3)
1 =3

4<i<6s+4andi# 2(mod3)
it =06s4+5

6s+6 <i<9s+2andi=0(mod3)
6s+6 <i<9s+4andi# 0(mod 3)
1=9s54+3

i =9s4+5
i =954+ 6
9s+7<1< 12547
i=125+8

1=125+9.
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Exercise 2.12 The Petersen graph P consists of two 5-cycles x1x2x3x4%5 and
Y1Y3YsYay4, together with the five edges x1y1, Tayo, T3Ys3, Talya, T5Yys. What is
the range of possible magic sums for an edge-magic total labeling of P? Prove
that P is edge-magic.

Exercise 2.13 A fan F,, is constructed from a wheel W,, by deleting one arc.
Prove that all fans are edge-magic.

Research Problem 2.12 A helm H,, is constructed from a wheel W, by adding
n vertices of degree 1, one adjacent to each terminal vertex. Which helms are
edge-magic?

Research Problem 2.13 A flower F), is constructed from a helm H,, by joining
each vertex of degree 1 to the center. Which flowers are edge-magic?

Fig. 2.8. A fan, a helm and a flower

2.7 Trees

It has been conjectured ([54], also [82]) that all trees are edge-magic. However,
this seems to be a difficult problem.

We have already seen that stars and paths are edge-magic. A caterpillar is a
graph derived from a path by hanging any number of leaves from the vertices of
the path, so it can be seen as a sequence of stars where each star shares one edge
with the next one. We shall show that all caterpillars are edge-magic.

The typical caterpillar is a graph G = St U S? U ... U S™, where S° is a star
with center ¢; and e; edges, and in every case S° shares an edge with S**1. Then
Ghase = Y e; —n+ 1edges (n — 1 edges are shared by two stars), and
v=>7e; —n+2 vertices. ¢; will be aleaf in S*! (unless i = 1) and in S+
(unless ¢ = n), or equivalently the leaves of S% will include ¢;_1 and Cit1-



2.7 Trees 53

Theorem 2.29 [54] All caterpillars are edge-magic.

Proof. We describe an edge-magic total labeling A of the caterpillar G described
above. First the stars are ordered S',S%,5°,...,52% 54 56 ... and then the
leaves of the stars are labeled with the smallest positive integers, starting from
1 as a label on S! and ascending. When the leaves of S% are labeled, ¢;_; re-
ceives the smallest label (except when ¢ = 1) and c;4; the largest one. So the
leaves of S! receive 1,2, ..., e1,, with \(cz2) = ey, then the vertices of S5 receive
vi,v1 +1,...,e1 +e3 — 1, with A(c2) = ey and A(c2) = e; + e3 — 1, and so
on. This uses labels 1,2, ..., 2711 e; —n+ 2 = v. Then the edges are labeled. The
smallest available labels, namely v+ 1,v+2,...,v+e,, are applied to the edges
of S™, then the next e,,_; to the edges of S”~!, and so on until the edges of S!
are labeled. In each star, the smallest label is given to the edge whose perimeter
vertex has the largest label, and so on. The labeling is illustrated in Fig. 2.9.

Verification that the labeling has the edge-magic property is an easy exercise.

O
9 10 12 13 14
24 23 16
8 11 17 15
25 22 ~ 18
)
27 26 3 21 19 7
20

1 2 4 5 6

Fig. 2.9. Labeling a caterpillar

Exercise 2.14 Verify that the labeling described in the proof of Theorem 2.9 is
edge-magic.

This exhausts our systematic knowledge of edge-magic total labelings of trees.
However, Enomoto et al. [25] carried out a computer check and showed that all
trees with fewer than 16 vertices are edge-magic. In fact, labelings were easy to
find: they found that every tree on v vertices (v < 16) had a super edge-magic
labeling.

Research Problem 2.14 Are all trees edge-magic?
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2.8 Disconnected Graphs

2.8.1 Some Easy Cases

Kotzig and Rosa [54] showed that the one-factor F5,,, consisting of n independent
edges, is edge-magic if and only if n is odd (see Exercise 2.15), and n K4 is not
edge-magic for n odd (see Exercise 2.1).

Exercise 2.15 Prove that the one-factor Fay, consisting of n independent edges,
is edge-magic if and only if n is odd. [54]

Another interesting type of disconnected graph is a cycle plus one disconnected
edge (K2UC),). In the first edition of this book, we proposed investigating whether
such graphs are edge-magic. Park et al. proved something stronger:

Theorem 2.30 [50, 79] K9 U C,, is super edge-magic if and only if n is even.

The proof is lengthy, with separate analyses according to the value of n
modulo 12.

Exercise 2.16 Prove that Ko UCj is not edge-magic, but Ko UCy is edge-magic.

Research Problem 2.15 Is K5 U C), edge-magic for n odd?

2.8.2 Unions of Complete Graphs

In [70], edge-magic labelings of unions of triangles were discussed. Denote the
vertices of the ¢-th triangle as x;, y;, z; and the edges as X;,Y;, Z;.

Exercise 2.17 Show that for a component i of an edge-magic sCs, X; — x; =
Y, — yi = Z; — z;. This value will be referred to as the common difference.

The following two theorems give constructions for edge-magic labelings of
sCs for s odd and even, respectively.

Theorem 2.31 Let s be an odd positive integer. There exists an EMTL of sC's
such that the labels 1,2, ..., s occur on the vertices of different components and
such that the common difference of every component is 3s. The magic sum of this
EMTL is k = (21s + 3).
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Proof. Since every common difference is 3s, we need to only declare the set

{x,y:, zi } of edge labels for each componenti = 1,2, ..., s. These triples must
partition the set {1,2,...,3s} such that the sum of the elements in any triple
is constant. An explicit formula is found by letting s = 2¢ — 1 and z; = 1,

vy =49 —2iif 1l <gandy; =6q—1—-2t1ifg+1<i<s.Letz; =bqg—3+1
ifl<iv<gqgandz; =3¢g—2+1iif ¢+ 1 < i < s. This can easily be verified to
be edge-magic. (]

Theorem 2.32 Let s = 2t be a positive even integer. If t > 3 there exists an
EMTL of sC5 such that the labels 1,2, . .., s — 2 occur on the vertices of different
components and such that the common difference of each of these components is
3s. The magic sum is k = 21t — 1.

Proof. The two components without a common difference of 3s are labeled edge-
vertex-edge-vertex-edge-vertex as follows: [2¢, 9¢, 9¢— 1, 3¢, 8¢, 10t — 1] and [3t —
1,6t, 11¢,4t — 1, 5¢, 12t]. For the remaining components, we will list only the set
of edges for each component. This is sufficient as every common difference is
d = 3s. We distinguish between two cases:

Case 1: tis odd. Let t = 27 4 1. The edge sets are:

{¢,5t +i,4t — 1 — 2i}, for 1<i:<r—1
{r,4t,4t +r} and {r+1,4t — 2,4t +r + 1},
{i,5t =244, 4t+1—2i},for r+2<i<t+1
{(i,3t — 1 +i,6t—2i}, fort+2 <i<t-+r
{(i,3t +1+4,6t—2—2i}, for t+7+1<i<2t—2.

Case 2: t is even. Let t = 2r. The edge sets are:

(i,5t+i,4t —1—2i}, forl<i<r—1
{r,dt,4t +r—1} and {r+1,4t—2,4t+r},
{i,5t =24 4,4t +1—2i},for r+2<i<t+1
{i,3t — 1 41,6t — 2i}, for t4+2 <i<t+r-1
{(i,3t+1+4,6t—2— 2}, for t +7<i<2t—2.

Since the common difference is 3s, the edge-magic property can be verified by
checking that the sum of the edge labels on each component is 9¢ — 1. O

Exercise 2.18 Show that 2C5 does not have an edge-magic labeling.

The following lemma can be used to give other possible values for the
magic sum.
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Lemma 2.33 Let s be a positive integer and let Ay be an EMTL of sC'3 with magic
sum of k. Assume that one of the components has edge labeled 1 and a common
difference of 3s. Then there exists another EMTL )\ of sC5 with a magic sum of
k— 3.

Proof. Let T' be a component of sC'5 as in the statement of the lemma. Thus, \y
labels T as 1,z + 3s,y, 1 + 3s,z,y + 3s] for some z, y. Define A;(z) = Ag — 1
for any vertex or edge z which is notin T'. Clearly wty, (,y = k — 3 for any vertex
vnotin 7. Let Ay label T as [6s,2 — 1,y+3s—1,3s, 2+ 3s—1,y— 1]. The fact
that \; is a total labeling is easily checked, noting that the label 1 was replaced
by 6s. Also, one can easily check the magic property holds. O

Using Lemma 2.33, other values for the magic sum can be found for sC'3s when
s is both even and odd. In fact, when s is even, s other possible magic sums are
found and when s is odd, s — 2 other magic sums are found. In [70], the exact
spectrum of sC3 is found when s = 2 - 3F with k& > 1. Small cases of sC3 have
been checked by computer, and it was shown that 3C's does not have an EMTL
with magic constant 25, 26, 31, or 32. Furthermore, there is no EMTL for 4C's
with a magic constant of 32 or 43. But, an EMTL was found for each of the
feasible values for 5C5. The spectrum of sC3 has not been studied for s > 6, but
the following conjecture was made.

Research Problem 2.16 Prove or disprove the conjecture that for each s > 5,
the spectrum of sCs coincides with its range of feasible values.

Research Problem 2.17 Prove or disprove that nK, is edge-magic when n is
even.

2.8.3 Unions of Stars

Suppose G is the union of two stars, G = K3 ,,, U K7 . Then v(G) = m+n+2
and e(g) = m+n. If m and n are both odd, then all the vertices have odd degree,
e(G) isevenand e(G) +v(G) = 2m+2n+2 = 2 (mod 4), so by Corollary 2.3.1
G is not edge-magic. So let us assume n is even, say n = 2.

Theorem 2.34 [82] The graph K ,,, U K 2 is edge-magic for any positive in-
tegersm and t.

Proof. Denote the vertices of K ., by zo (center), z1,x2,. .., Ty, and those of
K, by yo (center), y1,y2, . . ., y2:. Then define a function A by
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Mzo) =2+2m+3t,

AMzi) =i forl <i <m,
Myo) =1+m+t,

My;) =m+j for1 <i<t,
My;) =14+m+j fort+1<i<2t,
Nzoxi) =2+ 2m+2t —i for 1 <i < m,
Ayoy;) =3+2m+4t—jforl <j<t,
Myoy;) = 2+2m +4t —jfort +1 < j <2t

This is seen to be an edge-magic labeling with sum 4 + 4m + 5t¢. O
(This construction is taken from [47].)

In fact, it is shown in [47] that K ,,, U K ,, is super-edge magic if and only if
either m is a multiple of n + 1 or n is a multiple of m + 1.

It follows from Theorem 2.34 that the union K ;1 U K o of the two trivial
stars P, and Ps is edge-magic. We also know that the union of m copies of P is
edge-magic if and only if m is odd (see Exercise 2.15). More generally, we have

Theorem 2.35 [47] Providedn > 1, mP, + nPs is always edge-magic.

The proof consists of exhibiting labelings in several cases. It is further shown
in [47] that all these graphs are super edge-magic, except for 2 P;.

Exercise 2.19 Verify that 2 P; has no super-magic edge labeling.

2.8.4 Trichromatic Graphs

Graph colorings were defined and discussed briefly in Chap. 1. Formally, suppose
C = {c1,c2,...} is a set of undefined objects called colors. A C-coloring (or
C-vertex coloring) € of a graph G is a map

§:V(G)— C.

The sets V; = {x : {(x) = ¢;} are called color classes. A proper coloring of G
is a coloring in which no two adjacent vertices belong to the same color class. In
other words,

z~y = () #Ey)-

A proper coloring is called an n-coloring if C has n elements. If G has an
n-coloring, then G is called n-colorable. 2-colorable and 3-colorable graphs are
also called bipartite and trichromatic, respectively.
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A total coloring is an assignment & of colors to the vertices and edges of a graph
G. A total coloring is called proper if the colors on a vertex and all edges that
touch it contain no repeats. We shall refer to a graph with a proper total coloring
in three colors as totally trichromatic. Ivano and Luckanicova [47] subsequently
redefined total 3-colorings, calling them e-m-colorings.

Lemma 2.36 Every 3-colorable graph is totally trichromatic.

Proof. Suppose G is a 3-colorable graph. Select a proper 3-coloring € : V(G) —
{1,2, 3}. Then define a 3-total coloringnp : VU E — {1,2,3} by

ifx e Vin(z) =£&(x)
ifz~y, {W(I)vn(y)vn(xy)} = {172a3}' [l

Theorem 2.37 [52] Say G is a 3-colorable edge-magic graph and H is the union
of t disjoint copies of G, t odd. Then H is edge-magic.

Proof. Suppose G has a proper total 3-coloring 7, as guaranteed by Lemma 2.36,
and suppose A is an edge-magic total labeling of G with magic sum k. Denote the
copies of G by Go, G, ...,Ga,, where t = 21 4 1, and write s for v + e. Write
A = a;; for the matrix (1.2) that was constructed in Sect. 1.1.3. Then vertex = of
G receives label

) 4 8050,

and edge xy of G; receives label

Azy) + 85 (2y) -

This is an edge-magic total labeling with magic sum 3sr + k. O

The trichromatic graphs include all cycles and paths, so tC, and ¢ P, are edge-
magic for all odd ¢. (This was later independently proven by Wijaya and Baskoro
[99], who gave a direct construction.)

The wheel W,, is trichromatic for n even. The union of an odd number of
Wy,’s is not edge-magic when n = 3(mod4) (see Exercise 2.2), but the case
n = 1(mod 4) remains in doubt.

Research Problem 2.18 Is tW,, edge-magic when n = 1(mod 4) and t is odd?

The single edge K> is of course trichromatic, so half of Exercise 2.15 follows
from Theorem 2.37.
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2.9 Super Edge-Magic Total Labelings

Recall that a (V'-)super edge-magic total labeling is one in which the vertex-labels
are the integers 1, 2, ..., v. As we noticed in Sect. 2.1.2, equation (2.3) can some-
times be used to show that a graph is not super edge-magic: if vertex z; has degree
d; and is to receive label a;, it is necessary to find an arrangement {a; } of the first
v integers that makes o "° + 3" (d; — 1)a; divisible by e. We used this to show
that the even cycles are not super edge-magic. However, Theorem 2.18 provides
a super edge-magic labeling of every odd cycle. We have already observed (in
Sect. 2.4.2) that all paths are super edge-magic.

Exercise 2.20 Prove that all edge-magic one-factors are super edge-magic.

Suppose G has a super edge-magic total labeling \. Excluding the trivial case
where G has no edges, some edge receives label v + e, so the weight of that edge
is at least 1 + 2 + (v + €). On the other hand, the edge with label v 4 1 will have
weight at most (v — 1) + v + (v + 1). So

142+ @w+e)<k<(v—-1)+v+ (v+1). (2.21)

So we have

Lemma 2.38 [25] Any super edge-magic graph other than K satisfies

e < 2v—3. (2.22)

This simple lemma has a number of consequences. For example, no wheel is
super edge-magic, nor is any complete graph with more than three vertices.

Lemma 2.38 also implies that no regular graph of degree greater than 3 can be
super edge-magic. Suppose G is a regular graph of degree 3 with an edge-magic
labeling . Necessarily v is even, say v = 2n. Then e = 3n. From equation (2.5),
6kn = 4s + 5n(5n + 1) where s is the sum of the vertex labels. If the labeling is
super, s = n(2n + 1), so 6k = 4(2n + 1) + 5(5n + 1) = 33n + 9, so n must be
odd. The first case isn = 3,v = 6.

There are two cubic graphs on six vertices. One is the triangular prism, which
is super edge-magic (one triangle receives labels 1,2, 3, and the other receives
labels 5, 6,4 in the corresponding places). The other, K3 3, has no super edge-
magic total labeling, as was seen in the complete search in Sect. 2.5.1. In fact, this
is an instance of a stronger result:

Theorem 2.39 [25] The complete bipartite graph K, ,, is super edge-magic if
andonlyifm =1orn = 1.
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Proof. One of the labelings in Theorem 2.27 is super, so the “if” part is easy. Now
assume m > n > 1. From Lemma 2.38, a super edge-magic K, ,, must satisfy
mn < 2(m+n) — 3, or (m —2)(n —2) < 1. So we only need to investigate
casesm =n =3 and m = 2.

We know from the complete enumerations that K9 o and K33 3 are not super
edge-magic. So assume m = 2,n > 3. (2.21) gives 3n +5 < k < 3n+ 6,
and these two cases are duals of each other. So let us assume that K5 ,, has a
super edge-magic total labeling with £ = 3n + 6. Denote the two vertex sets as
Uand W.

The largest (edge) label is 3n + 2, so x1x2 cannot be an edge. Say x; and x4
belong to U. To accommodate the edge with label 3n + 1, z123 must be an edge,
so x3 € W. Then x2x3 is the edge with label 3n + 1, so 2124 is not an edge, and
x4 € U. At this stage we see that the only possible edge with label 3n is zqx5.
But then z5 € W, and the K> ,, contains two edges with label 3n — 1, namely
ToT5 and r3T4. [l

Exercise 2.21 Prove that a graph G is super edge-magic if and only if there is a
map X from V(G) onto {1,2, ... v} such that

{Mz) + Ay) | zy € E(G)} (2.23)

is a set of consecutive integers. [29]
Research Problem 2.19 Which unions of disjoint cycles are super edge-magic?

Exercise 2.22 Suppose G is a bipartite graph with vertex-sets Vi and Va, of
sizes v1 and ve, respectively. An edge-magic total labeling of G is super-strong
if the elements of Vi receive labels {1,2, ... v1} and the elements of Vs receive
{v1 + 1,v1 + 2,...,v}. Prove that every super-strongly edge-magic bipartite
graph satisfies e < v — 1. [78]

Recall that an (n, 2)-kite consists of a cycle of length n with a 2-edge path
attached to one vertex. Consider such a kite with vertices z1, s, ..., Tn, Y, 2,
where (21,22, ..., %, ) is the cycle and x,,, y, z is the tail.

Theorem 2.40 [79] An (n,2)-kite has a super edge-magic labeling if and only
if n is even.

Proof. Suppose A is such a labeling, with magic sum k. If the sum of the vertex
labels is V' and the sum of the edge labels is F, then
n—+2

V=>i =3in+2)(n+3),

2n+4
E= Y i=$2n+4)2n+5)-V
1=n—+3
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and the sum of the weights of all the edges is

k(n+2) =2V + E+ XNazp) — A(2)
=1(n+2)(n+3)+ 32n+4)(2n+5) + A(z,) — A(2).

So

n+3 Mzn) — A(2)

2)(2 5
+(n+2)2n+5)+ )

) n+3  Axzn) — A2)
= t .
an integer + 5 + "

k=

Now A(x,, ) — A(z) is nonzero and less than n 4 2, and £ is an integer. The only
k(mn) >\(Z)

= =, and that n is even.

possibility is that

Now assume n is even; put n = 2m + 2, where m is a nonnegative integer. If
m is odd, define a labeling \ with vertex labels

My)=Bm+7)/2, AM(z) = B3m+5)/2, Man) =(m+1)/2,

and
(m—1i+1)/2 fori =2,4,...,m—1
i) = (Bm—i+4)/2 fori=1,3,...,m
Y=Y Bm—i+3)/2 fori=m+1,m+3,...,2m
(Bm—i+10)/2 fori=m+2,m+4,...,.2m+1,
and edge labels
Mzny) =3m+7, Myz) =2m+5, AN(z12,) = 3m + 6,
MzmTmsy1) = 3m+ 8, Mzpz1) =3m+9,
and

Maswosr) = Im+i14+9 forl<i<m-1
Tilitl) = Y4 i+5 form+1<i<2m.

For odd m, use
My) = (Bm+8)/2, AM(z) = B3m+4)/2, Mxyn) =m/2,
Mam41) =m, Mzn-1) = (3m+6)/2,

and



62 2 Edge-Magic Total Labelings

(m+1)/2 fori=2,4,...,m—2
o) = Bm+i+9)/2 fori=1,3,...,m—1
Y Y (m+i+2)/2 fori=m,m+2,...,2m
(i—m—10)/2 fori=m+3,m+5,...,2m—1,
and edge labels

Mzny) =3m+7, ANyz) =2m + 5, AN(z12,) = 3m + 8,
MTm—1%m) = 2m+ 6, Man,2z1) =3m+6, AN(Zp_2zp_1) =2m + 7,

and
Im+i+6 forl<i<m-—2
Mziwip1) =< dm—i+10 fori=m,m+1
m—1+10 form+2<1i<2m.
In both cases A is a super edge-magic labeling with sum 5m + 11. O

Finally, why have we restricted ourselves to the case of V-super edge-magic la-
belings, and ignored the existence of E-super edge-magic labelings? The answer
is that the two problems are equivalent. Suppose A is a V -super edge-magic label-
ing, with magic sum k, of a graph GG with v vertices and e edges. For each vertex
x, define u(z) = A(z) + e, and for each edge xy, define pu(zy) = A(zy) — v.
Then

(@) + p(y) + plzy) = AMz) + A(y) + AMzy) + 2e — v,

and p is an E-super edge-magic labeling of G with magic sum k + 2e — v. The
two problems are not the same for vertex-magic, however; see Sect. 3.10.

2.10 A Cycle with a Chord

The graph constructed by adding a chord to a cycle always satisfies Lemma 2.38.
We could ask wonder whether all such graphs are super edge-magic. The short
answer is ‘“no”’—an exception is the graph formed from a six-cycle by joining
two vertices of distance 2. But maybe this is the only exception. We shall provide
solutions for all cases of an odd cycle with a chord, and the majority of cases of
an even cycle with a chord. This work comes from [64].

We shall write C! to mean the graph constructed from a C,, by joining two
vertices whose distance in the cycle is ¢. In this notation, we have just remarked
that C? is not super edge-magic.

Suppose C! has a super edge-magic total labeling, and suppose the endpoints
of the chord receive labels a and b. Then (2.3) is

(v+ Dk =2142+--4+v)+a+db+((v+1)+(v+2)+- -+ (2v+1)) (2.24)
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so v+ 1 must divide a + b+ 6(v + 1), where d is 0 when v is even and  when v
is odd.

When v is even, say v = 2n, we have a + b = O(mod2n + 1),s0 a + b =
Oor2n+1ordn+2...and the condition0 < a,b < 2n implies a +b = 2n+ 1.
From (2.24), k = 2n + 1 and the set of sums (2.23) is

{n+1,n+2,....2n+1,...,3n+ 1}.

Foroddv =2n+ 1 we geta +b=n + 1 or 3n + 3 yielding sums
{n+1,n+2,....3n+2}or{n+2,n+2,...,3n+ 3},

respectively. In this case the vertex labels that induce a super edge-magic total
labeling of any C! will also induce such a labeling of C,,.

It may well happen that one vertex labeling of C,, provides super edge-magic
total labelings of C!, for all possible chord lengths ¢. A labeling with this desirable
property will be called universal.

2.10.1 Odd Cycles

A chord in C,, of length ¢ is of course also a chord of length v — ¢. This means
that we can restrict our attention to chords of length at most %v, or, in the case of
odd cycles, to chords of odd length.

Itis easy to see that the labeling of C,, 1 constructed in Theorem 2.18 provides
chords of all lengths ¢ where ¢t = 3(mod 4), so C!, is super edge-magic for every
t = 3(mod 4), when v is odd. However, we have constructed better labelings.

Theorem 2.41 The following vertex labeling A of Cyp,t3 is universal:

|i values |/\(:131) |
ieven,2 <i<2m 2m+3+ i
ieven, 2m +2 < i < 4m+2(3(i + 2)

iodd 1<i<2m+1 2(i+1)
iodd 2m+3<i<d4m+12m+ 1(i+5)
i=4m+3 2m+3

Proof. It is easy to verify that A yields edges with vertex-weights {2m + 3, 2m +
4,...,6m + 5}. So it induces a super edge-magic labeling of Cy,, 3. To prove
that it is a super edge-magic labeling of C%, . 5 it suffices to exhibit a chord of
length ¢ with vertex-weight 2m + 2 or 6m + 6.
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For 1 < i < m, Aa2;—1) = and AN(Z4m42-2i) = 2m + 2 — 4. So the chord
T2;—1%4m+2—2; of length 4(m — i) 4+ 3 has vertex-weight 2m + 2. This covers
chords of lengths {3,7,...,4m — 1}.

For 1 S ) S m — 1, )\(.Igl) =2m-+3+1and A(I4m+1,2i> =4m+3—1.S0
the chord @9; X 4, 41—2; of length 4(m — i) + 1 has vertex-weight 6m + 6. This
covers chords of lengths {5,9,...,4m — 3}.

Finally, ©4/,+1%4m+3 is a chord of length 4m + 1 whose vertex-weight is
M&am41) + M@ams) = (4m + 3) + (2m + 3) = 6m + 6. So the construction
covers all lengths. O

No one has yet found a universal labeling for all cycles Cy,,41. We present two
theorems, one of which has chords with the appropriate weight of all odd lengths
except 5 and 9 (and, consequently, all even lengths except 4m — 4 and 4m — 8),
and another for chords of all lengths congruent to 1 (or 0) modulo 4 other than
4m — 3 (or 4). So all odd cycles with chords are super edge-magic.

It should be noted that the constructions fail when m < 3. However, universal
labelings of C'5 and CY exist; see Fig. 2.10.

Fig. 2.10. Universal labelings of C's and Cy

Theorem 2.42 The following vertex labeling )\ induces a super edge-magic la-
beling ofC}imH for every t exceptt = 5,9,4m — 4,4m — 8, other than m > 3:

|i values |)\(xz) |
ieven, 2 <1 <2m — 2 2m—|—4—|—%i
ieven, 2m <1< 4m %i+2
iodd,1<i<2m+1 1i+1)
iodd, 2m+3 <i<4m —3]2m+ (i +5)
i=4m=+1 1i+7)

Proof. Again it is easy to verify that A induces a super edge-magic labeling of
Clam+1. To prove that it is a super edge-magic labeling of Cf,, ,, it suffices to
exhibit a chord of length ¢ with vertex-weight 2m + 1 or 6m + 3.
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Forl <:<m-—1, )\(l‘gi_l) = jand )\($4m—2—2i) = 2m + 2 — i. So the
chord x9;—12Z4m—2—2; of length 4(m — i) — 1 has vertex-weight 2m + 1. This
covers chords of lengths {3,7,...,4n — 5}.

For 1 S ) S m — 5, A(I2m+2i+1) =3m+3+17and A(Imegfgi) =3m —1.
So the chord X2, 4-2i41%2m—s—2; of length 47 4 9 has vertex-weight 6m + 3. This
covers chords of lengths {13,17,...,4m — 11}.

Finally, we have the following chords: x2,,—1%2m+1, length 4m — 1, vertex-
weight m + (m 4+ 1) = 2m + 1; T4m—7Zam+1, length 4m — 7, vertex-weight
(2m+4)+ (dm—1) = 6m+ 3; and x4,,—1 T4 —5, length 4m — 3, vertex-weight
(2m + 3) +4m = 6m + 3.

So the construction covers all required lengths. O

Notice that the construction fails when m < 3. When m = 1 two values are
assigned to A(x3) and A\(x5) > 5; when m = 2 the value assigned to A\(z4y,—5)
comes from the third line of the table, not the fourth line, so chord length 4m — 3
does not arise.

Theorem 2.43 The following vertex labeling \ induces a super edge-magic la-
beling of C%,,, 1 for every t = 1(mod 4) except 4m — 3:

|ivalues |)\(!Ei) |
ieven, 2 <1<2m—2 2m—|—3—|—%i
1=2m m+ 2
ieven,2m—|—2§i§4m—22m—|—2+%i
1 =4m 2m + 2
iodd, 1 <i<2m+1 1(i+1)
iodd, 2m+3 <i<4m—1|1(i+3)
i=4m+1 1(i+5)

Proof. It is easy to check that A is an edge-magic labeling with vertex labels
{1,2,...,4m + 1} whose vertex-weights are {2m + 2,2m + 3,...,6m + 2}.
forodd i, 1 < i < 2m — 3, the chord z;24,,—2—; has vertex-weight 2m + 1
and length 4m — 4 — 24, so the labeling induces a super edge-magic labeling of

Cjﬁ;f*%. As i ranges from 1 to 2m — 3, this produces labelings for chords of
lengths 5,9,...,4m — 7. [l

2.10.2 Even Cycles

Suppose there is a super edge-magic labeling of C},,. Suppose the sums of ad-
jacent labels are k, k + 1, ...,k + 2n, where the sum of the labels on the chord
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is k + 4. If we add the sums for all edges of the cycle, we add the label on each
vertex twice, so

2n 2n
Dkt =k+i+2> j,
=0 =1
SO
2n(2n + 1
(2n+1)k+wz2n(2n+1)+k+i,

i:2n<k—2n2+1).

As 1 <1 < 2n,and as k is an integer, the only possibility is for k£ — % to equal

%, so that ¢ = n and k£ = n + 1. If a suitable labeling of the vertices is found, we

may take the chord to be any pair of vertices whose labels add to 2n + 1.

For example, consider the C's whose vertices are labeled (sequentially) 1,4, 3,
8,2,6,7,5. A chord could be added joining the vertices labeled 1,8, giving a
super edge-magic labeling of C3, or 2, 7, giving a super edge-magic labeling of
C2. This example does not provide a super edge-magic labeling of Cg, but such
labelings are available (an example is 1,5,3,2,8,4,7,6).

A complete search shows that the only examples for Cy and Cy are 1, 3,4, 2
and 1,3,2,6,4, 5. These give super edge-magic labelings of C and C§. There is
no such labeling of C3.

2.10.3 Some General Constructions

Theorem 2.44 The following vertex labeling )\ induces a super edge-magic la-
beling of C},, for all t = 2(mod 4):

|i values |)\(xl) |
teven, 2 <i<2m—2 2m+ 3 (i +2)
ieven, 2m < i < 4dm %(i+2)
iodd, 1 <i<2m—1 1i+1)
iodd, 2m+1<i<4m—12m+ (i+1)

Proof. There is no problem in seeing that the vertex labels run from 1 to 4m and
the vertex-weights run from 2m + 1 to 6m + 1, omitting 4m + 1.

When i isodd and 1 < ¢ < 2m — 1, the chord z;24,,—;, of length 4m — 2, has
vertex-weight 4m + 1. So the construction induces super edge-magic labelings of
Ct,., in all the required cases. (]
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This construction gives no other cases: the other chords with the appropriate
vertex-weight duplicate these lengths.

Theorem 2.45 The following vertex labeling \ induces a super edge-magic la-
beling ofC}imH, m > 1, for all odd t other than 5, and fort = 2,6:

|ivalues |)\(!Ei) |
=2 2m+4
i1=4 4m 42
1=2m m 4+ 2
1=2m+2 m+3
ieven, 6 <1<2m —2 2m—|—2—|—%i
i even, 2m+4§i§4m+22m+%i
iodd, 1 <i<2m+1 1(i+1)
iodd, 2m+3 <i<4m+1|i(i+5)

Proof. Again, the vertex labels have the required values, and the vertex-weights
cover all possibilities once each, with 4m + 3 missing. We see that the chords
with vertex-weight 4m + 3 are:

Tj41%am+4—2j, for j = 1,2,...,m, producing chords of all lengths =
3(mod 4);
Tom+42j+1%am+2;5, for 7 = 1,2,...,m — 5, giving chords of all lengths =

1(mod 4) other than 5;
Tom—2%2m and Top, —4Tom+2, giving chords of lengths 2 and 6. [l

Complete searches have been made for small cases, up to 12 vertices; see [64].
For example, there are 308 labelings for 11 vertices, covering all possible chords,
and 503 for 12.

Research Problem 2.20 For which values of t does C%, have a super edge-
magic labeling ?

Research Problem 2.21 For which n is there a universal vertex labeling of Cs,,?

2.11 Edge-Magic Injections

Recall that an edge-magic injection is like an edge-magic total labeling, except
that the labels can be any positive integers. We define an [m]-edge-magic injection
of G to be an edge-magic injection of GG in which the largest label is m, and call



68 2 Edge-Magic Total Labelings

m the size of the injection. The edge deficiency def.(G) of G to be the minimum
value of m — v(G) — e(G), such that an [m]-edge-magic injection of G exists.

Theorem 2.46 Every graph has an edge-magic injection.

Proof. Suppose G is a graph with v vertices and e edges. The empty graph is triv-

ially edge-magic, so we assume that G has at least one edge. Let(ay, as, ..., a,)
be any Sidon sequence of length v with first element a; = 1. Define k =
Ay—1 + 2a, + 1.

We now construct a labeling A as follows. Select any edge of G and la-
bel its endpoints with a,_; and a,, and label the remaining vertices with the
other members of the Sidon sequence in any order. If xy is any edge, define
Mzy) = k—A(z)—A(y). Every edge weight will be equal to k. The smallest edge
label will be k¥ — a,—1 — a, = a, + 1, which is greater than any vertex label. If
two edge labels were equal, say A(xy) = A(zt), then A(z) + A(y) = A(2) + A(t),
and as the labels of vertices are members of a Sidon sequence this implies that
xy = zt. The vertex labels are distinct by definition. So A is an edge-magic injec-
tion. O

The proof of Theorem 2.46 gives us an upper bound on the deficiency:

Corollary 2.46.1 If G is a graph with v vertices and (a1, as, . . . , a,) is any Sidon
sequence of length v with a; = 1, then

defo(G) < ay—1 4 2a, —az — v —e(QG).

Proof. In the above construction, no label can be greater than k — 1 — as. O

This upper bound will not usually be very good. For example, consider the
graph constructed from C’ by joining two inadjacent vertices. Using the Sidon se-
quence (1,2, 3,5,8), alabeling with k& = 22 is obtained, and the best assignment
of the sequence to the vertices gives largest label 17, and deficiency 6. However,
the graph is actually edge-magic. See Fig. 2.11.

Exercise 2.23 If G is an incomplete graph with v vertices and (a1, az, . .., ay) is
any Sidon sequence of length v with a; = 1, prove that

defo(G) < ay—1 + 2a, — as — v — e(Q).

In the case of complete graphs, we have essentially encountered the edge-magic
deficiency already:

Theorem 2.47 The edge-magic deficiency of K, equals the magic number M (v).



2.11 Edge-Magic Injections 69

Fig. 2.11. Deficiency 6 on left; magic on right

Proof. Consider a edge-magic total labeling A of K, U M (v)K;. This graph has
v + M (v) vertices and e(K,) edges, so the largest label is v + M (v) + e(K,),
and clearly this label occurs on a vertex or edge of K. The labeling constructed
by restricting A to K, is an [v + M (v) + e(kK,)]-edge-magic injection of K.
Obviously any injection of size v + m + e(kK,) gives rise to an edge-magic total
labeling of K, U mK; (apply the m unused labels to the extra vertices), so v +
M (v) + e(K,) is the smallest possible size, and de f.(K,) = M (v). O

From Theorem 2.47 it is clear that magic number and edge-magic deficiency
are essentially equivalent, but the two concepts are rather different when applied
to vertex-magic labelings.

Exercise 2.24 Suppose G is a graph with v vertices. Prove that

v

defo(G) < M(v) + (2) — e(G).

Both Corollary 2.46.1 and Exercise 2.24 give crude upper bounds for the
defo(G). Very little work has been done on finding good bounds for edge-magic
deficiencies, and the only known families of graphs for which the exact values
are known are the various families of edge-magic graphs (which of course have
edge-magic deficiency 0). Further results on edge-magic injections can be found
in [73].
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