Chapter 2
Green’s Dyad for Plane-Layered Media

The Green’s dyad, which is the electric-field response to a delta-function vector
current source, plays a principal role in volume-integral equations, as we shall see
later. In this chapter we develop the theory of the Green’s dyad for plane-parallel
layered media. In Chap.9 we extend the development to multilayered media with

cylindrical geometry.

2.1 Eigenmodes of Anisotropic Media

We will consider plane-parallel bodies of infinite extent in the (x,y) plane, which are
made up of layers of homogeneous, anisotropic material. To be specific, we consider
magnetic host materials that are characterized by the following biaxial generalized

electrical permittivity matrix:

& &30
Er=|&x & 0 |,
0 0 g

where the entries are generalized permittivities € + o/ j.
Maxwell’s equations for an electrically anisotropic body are

VXE = —jou,H— jo(u(r)— pu,)H
= —jouH+Jy

VxH= joe, - E+ jo(e(r)—¢;)-E
= joe,-E+J,
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8 2 Green’s Dyad for Plane-Layered Media

where J,, and J. are anomalous magnetic and electric currents that account for the
presence of flaws, or anomalies, in the otherwise-uniform host material. From here
on we drop the subscript 4 on the generalized host permittivity and permeability.

Because of the material anisotropy, it is convenient to work with a matrix
formulation of these equations that has been useful in crystal optics, plasmas, and
microwave devices [13-21]. If the body is homogeneous with respect to (x,y), then
Maxwell’s equations can be Fourier transformed with respect to (x,y) and written
as the following four-vector matrix differential equation in the spectral domain:

0.é=S-é+U-J, (2.3)

ko~ ke~

E.= i, — A+ L., (2.4)
f20) &0 f20)

A= "2F+2F— L. (2.5)
) Lo Lo

where the tilde denotes a function defined in the transform domain (ky, k), and

Jex |

J=171. (2.6)

o
Il

The subscript e denotes an electric current and m denotes a magnetic current.
The matrices in (2.3) are given by

0 0 a b 0 0 k/og 0 1 0
§—_ 0 0 ¢ d U= 0 0 k/weg, —1 0 0
o B 0 0’ 0 1 0 0 0 —k/ou
y 6 0 0 -1 0 0 0 0 —k/op
2.7
The entries of S are given in terms of the entries of (2.1) by
J J
a = w—gzkxky,a = w—u(—‘ugyxa)z —kxky)
J J
b= w—gz(l«lgzw2 —k):B = w—u(—ﬂgyw2+k§)

J 2 ., 2 2
(xzag@ﬂ%w«+ghr—aﬁm&w<—@)

J J
d= _a)_s:zkxky§5 - a)_u(.ugxywz +kiky). (2.8)
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When J is a surface current confined to z = 7/, ie., J = J;6(z — Z), then
integration of (2.3) produces

e _g) U], (2.9)

which is called the equation of discontinuity. The superscript (+) denotes the limit
z approaches 7' from above and the superscript (—) denotes the limit from below.
Equation (2.9) will be used in the next section to compute the Green’s dyad for a
layered workpiece.

Starting with these equations, Roberts [24] has developed a fairly complete
theory of normal modes of biaxial anisotropic media. This work is based on, and
extends, earlier work performed at Sabbagh Associates [22,23,25-29]. From here
on we specialize the theory developed in [24] to the case to be considered here,
in which the media involved are transversely isotropic to the z-coordinate. The
dielectric permittivity tensor, in its principal-axis coordinate system, then takes the
form

& 00
eE=10¢g0|. (2.10)
00 g

The entries in S now become

J J
a = w—gzkxk)r;a = a)—‘u(—kxky)
J J
b= w—&(uszwz —K):B = w—u(—ﬂgzwerkf)

o 2 2 ) 2 2
c = w—gz(—,ueza) +ky),7/— (J)_[.,L(‘ugtw —ky)
J J
= ———kiky;0 = —(kiky). 2.11
d we, 7 5 wu( ) @11

Let’s introduce some notation: k2 + k§ =k, 0*ug = Q?F, o*ue, = .QZZ, €=
& /€. Then the eigenvalues of S are

M=V —QF h=-MA=Ve\[k}—Q2hy=—25 - (2.12)

The linearly-independent eigenvectors that correspond to these eigenvalues are:

— joopioky — joopioky Aok Aok
Jo Uk, JOUoky Asky A3k
V] = V) = V3 = V4 =
Mk —Aky Jjogky — jogky
Aiky —Aiky — jogky Jwgk,

(2.13)
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When k, = ky = 0, the following are linearly-independent eigenvectors:

1 1 0 0
0 0 /2 B
vy = 0 V) = 0 V3 = & | va= &g |. (2.14)
& & 1 1
Vo to 0 0

When we substitute v, v, of (2.13) into (2.4), with the source currents set to
zero, we find that Ez = 0; hence, v, v, are transverse electric (TE) modes, with
respect to z. Similarly, v3, v4 are transverse magnetic (TM) modes. Note that the
TE modes are orthogonal to the TM modes. This will facilitate the computation
of the Green’s dyadic. v| and v3 are downward-traveling waves in the z-direction;
i.e., they represent waves that travel in the negative z-direction. v,, v4 are upward-
traveling waves (in the positive z-direction). We see from (2.4) and (2.5) that all
modes are TEM (transverse electric and magnetic) with respect to z for k, = k, = 0.

2.2 Green Dyad for Plane-Parallel Layered Media

Though the theory of eigenmodes that was developed in the preceding section
is applicable to the class of transverse-isotropic media, we will apply it only to
isotropic media. Hence, & = €, = € in (2.10), which means that | = A3 in (2.13).

The flaw, or other anomaly, in a workpiece produces an anomalous current which
is to be determined as the solution of a volume-integral equation. The kernel of this
equation is a Green dyad for a plane-parallel layered workpiece, and we turn our
attention to determining this dyad.

Consider the system shown in Fig. 2.1. The point-source of electric or magnetic
current is in region 0, and we want to compute the fields in this region, or in any
other region. This will give us the Green dyad. If the source is an electric current, and
the field electric, then the resulting dyad is called electric—electric. If the source is
a magnetic current, and the field electric, then the dyad is called electric—-magnetic,
and so-on.

We write for the system of four-vectors in the ith region

—jouky —jouiky Aiky Aiky
Jouky JoUk, Aiky Aiky
Vi = Vo = V3 = A V4; = A
/'Likx —/'Likx ja)é‘iky —ja)8iky
A,,'ky —A,,'ky —ja)é‘,’kx j(l)é‘,‘kx

2.15)
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Fig. 2.1 Plane-parallel layered workpiece. The source is in region 0

2.2.1 Infinite-Space Green Dyad

First of all, we will compute the infinite-space Green dyad, which is the dyad
associated with an infinite, uniform, unlayered medium. This corresponds to the
situation wherein region O of Fig. 2.1 extends to z = £oo; i.e., 790 =0, and z_| = —oo.

Figure 2.2 shows a source located at z = 7’ in region 0, together with the
appropriate field eigenvectors on each side of 7. This choice of the eigenvectors is
consistent with the fact that v| and v3 travel in the negative z-direction, and v, and
v4 are positively traveling waves. The superscript, (inc), denotes “incident” fields
due to the source.

If the source is an electric current vector, then the right-hand side of (2.9) consists
of the three electric excitation vectors:

0 0 kyJe: ] ©8
0 0 ko Jo ) 08

£ — = | 0| =" e/ 80 | (2.16)
0 Ty 0

_j:ex 0 0
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Fig. 2.2 Showing the eigenvectors used to calculate the infinite-space Green dyad. The source is

located at z =7/

and if the source is a magnetic current, then the right-hand side consists of the
magnetic excitation vectors:

0 Iy 0
om) _ | = | gmy _ | O | ) 0
f fr f = f = ~ B 2.17
* 0 Y 0 ¢ —kamz/(DlJo ( )
O O —kyjmz/wﬂ()

Equation (2.9) becomes therefore
. a(inc)vloel{)z’ + b(inc)VZOefﬂoz/ _ C(inc)v3oe%z/ +d(inc)V4067%z/ =f, (2.18)

where f denotes one of the six excitation vectors in (2.16) or (2.17). We will return
to this shortly.

Take the dot product of (2.18) with respect to the TE-mode vectors, vig, V2o,
and get

—A(i)OCn +B<i)0612 =N
~ADo +BV oy = B (2.19)

where we have used the orthogonality of the TE and TM modal vectors to eliminate
clin?) and d("°), Here

A — 4inc) S0
Bl — plinc) ,— A7’

F1 :Vlo-f
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F, =vy-f
on1 = vio-vVio =k (A5 — 0°ug)
oy = Vig- Va0 = —k; (A + 07 115)
02 = Va0 - Voo = k2 (A3 — 0 11). (2.20)

Upon solving (2.19) for A® B and then using (2.20) we get

gine) _ F1022 = F0hn g0
= 2
—01002 1+ 04,

—Fou +Fionp v
—05110522+0612

pline) — (2.21)

Hence, the contribution of the TE-modes to the infinite-space Green dyad is

—Foq + Frogs - /
—————vye Yol=2) o>
—01002 + O,
Fropy — ko,
—= vy ero(z=7)

,2<7. (2.22)
— 011007 + 0512

To compute the TM-mode contribution, take the dot product of (2.18) with
respect to v3g, vao. Proceeding as before, we get for the TM-mode contribution

Fapys —FsPa g2

B33Bas — B, A

BB o) <y (2.23)
B33Bas — B,

where

F5=v3-f

Fy=vyo-f

B33 = va0- V30 = ki (AG — ©°&F)

Baa = V30 vao = ki (A5 + 0°&;)

Baa = vao - Vag = k2 (A3 — 0%83) . (2.24)
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Therefore, upon combining (2.22) and (2.23) we get for the composite infinite-

field Green dyad:

{—anu + Fiop
— 0102+ 06122

[ Frony — o,
2
—0o1002+ 0,

Fyf33— F3Bsa
B33Bas — B2,

F3B44 — FyBsa
B33Pas — B

_ 7/
V40]€ M=2) 2>

v 0} M) a<d L (2.25)

The F's that appear in (2.25) are defined in (2.20) and (2.24). They are computed
by taking the dot product of the eigenvectors of (2.15) (with i = 0) with the
excitation vectors in (2.16) and (2.17). For example, the value of F; that is associated

with electric excitation in the x-direction is given by F1<e %) =Vio- = — Aok, oy

Continuing in this manner, we find:

F = okyJee, ™ = — jo ok,
= bl <o
F3(ex) = jwé&k, JexaF = —)*Ok T
Fy = = jodokeden F\"™ = —AokyJns
F = Dok, ™) = — joopioky Ty
Fz("y) = )Lokxjey,F(my ) = — jotokyJmy
R = ngokyfey,ﬂmy - %kxfmy
F4<ey) = — joék, Jey, = Aok imy
Pl — g pm) = Mok

oo
Ff = 0,F"™ = Mk Jonz
F) %ﬁj A (2.26)

When these are combined with the o’s and ’s of (2.20) and (2.24), we get for

the infinite-space Green dyad
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Vavao +Javag)e 207 7> 7
[ivio+Jsvs ) 2 <2 (2.27)
where
J 1 J 2 J 3 J4
(ex) . kyjex kyjex jkxj;x jkxfex
' 2)L()kt2 2)L()kt2 Zwéoktz Zwéoktz
(Ey) . kxjey _ kxjey jkyjey jkyiey
' ZAoktz ZAoktz Zwéoktz Zwéoktz
Jez Je:
: 0 0 —
(e2) 208 2Awé,
()« — Jhdme  jkedme kydme kg
© 2douy 2oy 2A0kE  2A0k7
(my) : Jhsdmy  Jkydmy  kidmy  kadmy
T oo Wope 220k 220k
Iz Iz
: 0 0. 2.28
(mz) Toolo 200 (2.28)

When we introduce the vectors of (2.15) into (2.27), and then use (2.28), we
obtain an expression for the x- and y-components of the field in terms of the
source components. The z-component of the fields are obtained from (2.4) and
(2.5). For instance, we will compute the x-component of the electric field, due to

the x-component of electric current:

[ —jouk e iAo
2A0k? 208k?

[ —jooki e k2 Aoy |
20k? 2w8pk?

. . K2\ e okl
= oo (1-3) 57—

ex -

67&)(171/)7 z 2 Z/

e <7

(2.29)
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The coefficient of J,, in (2.29) is the xx-component of the Fourier-domain,

infinite-space, electric—electric Green dyad G§8§>~ The complete expression for the

dyad is

V= K2/Ky —keky/KE Ljkiedo /K3 ]
e

GES? (keskysz,2) = —jopo | —kiky /g 1=y /kg =+ jkyAo/kG 220
+ jk Ao /K3 £ kAo /K3 1+ A2 /K2
8(z—7)
, 2.30
+J—wé‘0 aza; , ( )
6(z—7)

where (+) sign goes with z > Z/ and (—) with z < . The term jTaZaZ

is called the “depolarizing” term [34] and follows from the last term i(I)l (2.4).
A similar analysis holds for the magnetic-magnetic Green dyad and produces the
same expression as (2.30), except that iy is everywhere replaced by —&.

The spectral-domain, infinite-space, magnetic—electric Green dyad is given by

0 £ —jky ]| ol

Gl (kokizd) = | Fho 0 jke | =5 2.31)
. . 220
Jky —jky O
It is not difficult to show that
Gme) — glem (2.32)

2.2.2 Layered-Space Green Dyad

The infinite-space dyad that we computed in the previous section serves as the
“incident” field in the layered medium of Fig.2.1. We are interested in computing
the fields produced when the incident dyad is scattered from the layers.

As before, we focus our attention on region 0, but this time assume that it has a
finite upper-boundary, zg, and lower-boundary, z_1, as shown in Fig. 2.3. Region 1,
which lies above region 0, is a half-space, as is region -1, which lies below region 0.

The infinite-field Green dyad is shown in Fig.2.3. Because of the singularity
of this dyad, we split it into that part, [J2v2 +J4V4o]e*7‘0(z’zl), which is valid for
z>7, and [J1vyo +J3V30]e%(1’1/), which is valid for z < 7. The scattered field,
(apvio+ C0V30)€%z + (bovao + d0V40)e’AOZ, is continuous throughout region 0.
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Fig. 2.3 Showing the source, at 7, in region 0, together with the incident and scattered fields.
Regions 1 and —1 are half-spaces

Continuity of the fields at z = z¢ requires that
/ /
bll Vo1 + diV41 — a6V10 - C6V30 = bé)Vz() + d6V4() —i—Jﬁe}‘UZ V20 —i—JQe}‘UZ vao , (2.33)
where

by = bie M0, dy = dye Mo, ay = age™o, by = boe*0%0

. 2.34
¢y = coe™0, dl = doe M0, J) = Jre M0 Ji = Jue~M% (2.3

b}, di, ay, c; are scattered fields at z and by, d{,, J5, and Jj are incident upon z.

Continuity of the fields at the lower boundary, z = z_1, requires that
/ / / ! / / 1Ao7 1Ao7
d Vi1 v 1 — blyvao — dvao = ayvio+ chvao + Jie M0 vig 4+ Jhe M v,
(2.35)
where now
r A_1z— / A_1z— !/ _ /o —Aoz—
a_,=a_je*1%1, ¢ =c_1et 1% a, —aoe%Z 1, by = bpe Aoz

2.36
ch = coetoi-1, dy = doe M0z-1, Ji = Jyetoi-1, Ji = Jyehi-1 (2.36)

In this case, @’ |, ¢’ |, by, d are scattered fields at z_; and ¢, ap,, J}, and J; are
incident upon z_1.



18 2 Green’s Dyad for Plane-Layered Media

Equations (2.33) and (2.35) include TE- and TM-modes. They are easier to solve
if we separate these modes. Take the dot product of (2.33) with respect to the
TE-modes, v, and vy( and get

b/ ! o b/ J/ AoZ
1V21 V21 —agVio - V21 = bgV0 - Va1 + /277" V20 - V21

/ / / / !
b\ Va1 -Vio — ayVio - Vio = byvao - Vio+J5e™ vag - 1o, (2.37)

where

Va1 Va1 = kK (Af — o)

Vio-V21 = —ktz((l)zli(),ul + )LO)LI)

vio-vio = k(A — 0° 1)

Va0 - Va1 = kZ (Aod1 — @ Lioiy)

Va0 V1o = —k (@75 +23) - (2.38)
The solution of (2.37) is

zuoloe(}tl 71{))10

P oA+

(11 o — UoAy e~ P07
Ui Ao + toly

(bo + EAOZ,JQ)

ag = (bo+ €7 1) . (2.39)

Next, compute the TM-modes by taking the dot product of (2.33) with vy
and v3q:

d / —d J! AoZ
1V41 V41 — CoV30* V41 = doVao - V41 +J4€™ 0 Va0 - V41
d ! = d! Jhehod 2.40
141 - V30 — V30 - V30 = doV40 - V30 +J4€™° V40 - V30 , (2.40)
where
2092 2a2
V41 V41 :kt (A‘l — @ 81)
2 2A A
V30 V41 = ki (0°&& + o)
2092 242
V30 V30 =k (Ag — 0~ &)
2 2A A
V40 Va1 = k; (Aod1 — 0~ &é1)
2,222 | 22
Va0 V30 =k (0785 + 4g) - (241

The solution of (2.40) is
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280 Age M%)
YR

(A180 — Aoy )e o0
T b+ Aok

dy (d() + J4elozl)

(do+ J4e%zl) .

We repeat the analysis for (2.35). First, for the TE-modes:

/ / / 1 —AoZ
a \Vi—1Vi 1 —byvi_1-Vao = (ah+T1e M )vig- vy g

! / o ! —oZ
' (Vi1 Vag — bovao - Vag = (af+Jie 07 )vig-vag

where
Vi—1"Vi-1= k?(?ﬁl - wzlﬁl)
V20 Vi1 = —k (@ Hol_1 + AoA_1)
Va0 Va0 = k7 (A5 — 0 1g)
Vio Vi1 =k (AgA_1 — @ pop_1)
V20 V10 = =k (07U5 +43) -
The solution of (2.43) is

21 Ageo—A-1)z-1
HoA—1 + t—1Ag

_ (iAo — T
H_1Ag+ oA

a_y = (ao+e 7 Jy)

The TM-mode equations

/ ! / 1 A7
¢ V3 _1-V3 1 —divao-v3_1 = (ch+J5e 07 )vag-v3

/ ! / 1 —Ao7
¢ 1Vao- Va1 —dyvag - Vao = () +J5e 207 )30 Vag

where
3,-1°V3,-1 t \ =17 l)

V40 V31 = ki (0* 881+ AoA_1)

V30 Va1 = kX (AoA_1 — 0?82 ;)

(A2
(
_ 120192
Vao-Vao = ki (A — 07&5)
(
vao - Va0 = k(0785 +Ag)

(a() + 67%1/]1) .

19

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)
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have for their solutions
28 AgePo—A-1)z-1
T TRA Tk
(BoA -1 —& 1)1
&A-1+& 140

(co+Jse 707

dy =

(co+Jze 07y | (2.48)

We introduce the following transmission and reflection coefficients:

7 _ koMo ) 280h
! HoAr + (o ! &M +E1h

R(E) _ MIAO_IJ()Al_ (M) _ &M — &

b mo+ oY BAe+ B0k
7 _ 200 ) _ 280
! MoA_i+ A" ! EoA_1+E 1A
R(E) _ l"’“*l% - IJ,())L,] R(M) _ 80}'71 - 871)“) (249)

Ao poA T B+ E0A

The final expressions for the mode coefficients are given in terms of these scattering
parameters:

RgE)Rg)€7M(2T+ZI)JI _’_RgE)ef?q)(Zzon')Jz

apg =
1 - REIRE) =207
. R(fl)elo(szrz’)Jl +R§E)R£E1)e*%(2T*Z’)Jz
0 =
1— RgE)R(,El)efzaﬂT
RgM) R(ff) e MRT+) g o REM) e H00-7)
co =
1 — RMRM) =227
. R%)e}‘ﬁ(ZZ—l ) +R§M)R%)e*%(2T*Z')]4
0 =
1 — RMRM 2207
(E) p(E) ,—Ao(T—z_+7 (E) ,~2o(z0—7
b — T 7R e~ Mo(T—2142) gy 4 7™ e P00 Z)Jzelm)

1 - REIRE) e-207
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70 ROD g AolT 214 g, 4 700 g 2oz0—2)
1 — RMRM =220

Ja e?leo

d

- TEEl)e7%<ZI7Z*l)J1 + TEEI)REE>E*7LO(T+ZO*z’)J2 e*?Lf[Zf]
1 —REE)RSEBe*M“T

o T£1‘14>671{)(Z/7171)J3+T£A14>R§M>6710(T+107Z/> . (2.50)
~1 1 —REM)R%)e*ZMT | |

where T = zp — z_ is the height of the source region.
In order to determine the scattered fields within the source region, we start with
the expression aovloe%Z + bovzoe’%Z + C0V3oe%1 + dov40€710z and use (2.15):

E¢ = M%(— jopokyan + Aokeco) + e 0% (— joopokybo + Aokedo)

Ey — otz (jw,uokxao + ).()kyco) + e oz (ja)‘uokxbo + Mkyd())
N _ o(z— Z/) .
E. = ~k2 Aoz d Aoz _ J
2 = jki (coe 0€ ) —J(Déo ez

H, = 2% (Aoksag + jodokyco) + e 2% (—Aokyby — jwéokydo)

H, = 2% (Aokyag — jwéokeco) + e 2% (—Aokybo + jwéokydo)

o
o2y 2.51)
JHo

H. = jk*(ape™ + bye %07) +
From here on we will drop the delta-function terms in E, and H,, because they will
be associated with the infinite-field Green dyad.
The coefficients ag, by, co, do that appear in (2.51) have been previously
expressed in terms of Ji, Jp, J3, J4 in (2.50). When these results are substituted
into (2.51) we get:

—REIRE) jopok,y . RM R 2ok
1-RERE) 2001 1 — RIMRM) =207

E, = o M0(2T+( 7))

E E). M M
el 2) [—Ri R jouoky, — RMR™ gk,

1= RERE 2201 | — RIMRM) 2297
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JopokyJ>

RM™ 2okJs

+ 6710(2107(1#1)) 1

r E
_R®)

1= RRE) e=2h07

1

jw.uOkyJI

1= RMRM =240 |

R™M 2ok J3

+ ro(2z1=(Z+2)

|1 —REIRE) 2207

RERY jouok.y

11— RMRM =240 |

RMRYD 2ok T

Ey _ e*}t{)(zT‘f*(Z/*Z)) [ —
1 - REIRE) =207

1— RMRM 2207

| g hoeT—-) RERE) jouok, — RMRY Aok, Jy
1-REIRE) 2201 1 — RIMRM) =227

R\ jouokJ

R™ 20k, Jy

71{)(2107(1/ Z)) l
+e
E)(E
1 - REIRE) =207
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1 - REIRE) =207 -
When the sources, Ji, J», J3, Js4, are expressed in terms of the electric and

magnetic currents, as in (2.28), then we can express the fields in (2.52) in terms

of layered-space Green dyads:

Ei;) (kx;ky;zvzl) 'je(kkay)

Ee;n) (kx;ky;zazl) 'jm(kkay)

N

E(kx;ky;zazl) =G

E(kx;ky;zazl) =G
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ﬁ(kmky;zvz/) ") (kmky;zvz/) 'je(kx=ky)

G lm
(s
Bk, kyi2,2) = G (kiokyi2,2) - Tl k) (2.53)
The result for the spectral-domain, electric—electric, dyadic Green function is

shown here:
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2% ! kg}

where ¢(7 —z) = M2 4 ¢ %2 and s(7 —z) = M) — M2 The
superscript (a) denotes terms that are convolutional (“Toplitz”’) in z and 7, i.e.,
depend upon z — 7/, whereas (b) denotes terms that are correlational (“Hankel”) in z
and 7, i.e., depend upon z+ 7. The Gs are defined in terms of the TE and TM-mode
reflection coefficients:

E) p(E E (E
GB _ RY"R) GlE _ R B R
P REIRE) parr T T RIEIRE) ot T _RIEIRE) 20T
(M) (M) M (M)
o _ _ RiR M _ R} ™ _ R, _
P RMORM 2igr” L gD RN 2igr” T gD RO 2T

(2.55)

The physical origin of the Toplitz and Hankel terms follows from the definitions
in (2.55), and a graphical illustration is shown in Fig. 2.4.

The Toplitz structure, as shown in the top of Fig.2.4, arises when the path
between the source point, 7/, and field point, z, includes reflections from both
boundaries. The total z—directed path length between 7' and z is z — 7/ + 2T for
path A and 7/ — z+ 2T for path B. In each case, the length includes the difference
between the z-coordinate of the source and field points.

The Hankel structure, as shown in the bottom of Fig. 2.4, arises when the path
between the source and field points includes reflections from only one of the
boundaries. The total path length between 7' and z is 2Zy — (z +Z’) for path A and
z+7 —2Z_ for path B. In each case, the length includes the sum of the source and
field z-coordinates.
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Fig. 2.4 Illustrating the difference between Toplitz (fop) and Hankel (bottom) Green’s functions

The spectral-domain, magnetic—magnetic, dyadic Green function is given by the
dual of (2.54):
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Finally, we list the mixed dyadic functions, starting with the electric—-magnetic:
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and ending with the magnetic—electric:
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Fig. 2.5 Definition of scattering parameters and intrinsic wave-immittances in layered structures

2.2.3 A Recursion Relation for Stratified Media

The reflection and transmission coefficients of (2.49) are those of a slab surrounded
by a half-space above and below it. We will derive a recursion relation that will
allow the computation of the reflection coefficients, R(flM) , that are used in (2.55)
when there are an arbitrary number of layers above and below the source slab [35].
Of course, there will ultimately be half-spaces that terminate the system at oo,

Let region i be bounded above by z; and below by z;_;. Region i+ 1 lies
immediately above region i and region i — 1 lies immediately below. The intrinsic
wave-admittance, 1);, and wave-impedance, &;, for the TE and TM modes in region
i are

A A
(TE) n; = &= —"(TM). (2.59)

jou;’ JOE;
We define Rgi’m to be the reflection coefficient in layer i at the interface with layer

i+1, and T[f’m to be the transmission coefficient, as shown in Fig.2.5. Then, as
shown in (2.49), for a slab sandwiched between two half-spaces
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RE) _ HiziAi— fidicy _ Mi— Nixs
= Milit1 + Mic1Ai M+ Nitt
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R. = = "~ =
i Eidiv1 + &l &+ Ein
7B _ M 2n;
R e
Hit1 Mi + Nit1
A 2E,
T = & 25 (2.60)
Eiv1 &+ &

When we have layers above and below region i, we must replace the intrinsic wave-
parameters, 11, N+, by equivalent “load parameters,” nii, l-i , which are defined
to be the surface admittance and impedance in layer i at the interface with layer
i+ 1. The surface admittance is defined to be I:Iy /E, at the appropriate interface, and
the surface impedance is defined to be E, / I:Iy. These ratios are the same regardless
of which side of the interface they are evaluated at, because E, and I:Iy are each
continuous at the interface. Hence, we replace (2.60) by

R(E) _ Ni— ﬂii M) &ii -&

=T g Ry = e 2.61)
Let the TE-field in region i be
aivy;e i) 4 byvye M)
= bi [RE VM3 oy b, (2.62)
then the field components at the lower-boundary, z = z;_1, are
B = bi[RE) (—jopk)e T — jopk e ]
Ay = b [RE) (M) T = Ay (2.63)

The load-admittance at z = z;_1, therefore, is given by
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(2.64)

When we use v3; and vy4;, we find that the components of the TM-field at z = z;_;
are given by

E.=d; [Rf»ﬁr/l)likxeilm + A,,'kxe}t"T’}
i =d [RET)(— jodke)e M+ jwéikxe“f]. (2.65)
Hence, by an analysis similar to (2.64), we get
O _em_E
51'( =& = HT);

£ 4 & tanh(A,T))

=¢ . (2.66)
&+&" anh(A/T;)
Let the TE-field in region i below the source region be given by
a;ivy;e ) 4 piysiehilezi1)
= aj [0 4 Ry a0, 2.67)

where we treat the negatively-traveling wave, a;v,;e%(<~%-1), as being incident on
the surface z = z;_;. Therefore, we have

E, =a; |:—j(l),uikye7tiTi +RSE>(—‘](D‘UZky)€7)L’T’:|

Ay = a; 2k 4 RE (< Ay ), (2.68)
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for the fields at the upper-boundary, z;, of the ith region. Hence, the load admittance
atz =g is

+_ () _ A
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(2.69)

Similarly, for regions below the source region

‘éi(f) + &tanh(A;T;)
&+ £ anh(AT)

éiH) = éitl) = ‘5 (2.70)

In order to avoid large numbers in the computation of the hyperbolic tangent, we
write it as

e)L,'T

P e AT ] = e 2AT

LR TL) = R e~ 1o T

Equations (2.64), (2.69), (2.66), and (2.70) are the iterations that produce the
immittances that go into the expressions for the reflection coefficients, (2.61).
The iterations are started at the interface of the last slab with an infinite half-space,
for which

Thj\;q = n; = 77Na‘§1¢71 = 51? =&y

n:(M,l) =N_y= Tl*Maé:(M,l) = éjM =& um. (2.71)



2 Springer
http://www.springer.com/978-1-4419-8428-9

Computational Electromagnetics and Model-Based
Inversion

& Modern Paradigm for Eddy-Current Mondestructive
Evaluation

Sabbagh, H.A; Murphy, R.K.; Sabbagh, E.H.; Aldrin, J.C.;
Knopp, J.5.

2013, XV, 448 p., Hardcover

ISBM: 978-1-4415-8428-9



	ComputationalElectromagnetics andModel-Based Inversion
	Part I Computational Electromagnetics Background
	2 Green's Dyad for Plane-Layered Media
	2.1 Eigenmodes of Anisotropic Media
	2.2 Green Dyad for Plane-Parallel Layered Media
	2.2.1 Infinite-Space Green Dyad
	2.2.2 Layered-Space Green Dyad
	2.2.3 A Recursion Relation for Stratified Media





