Chapter 2
Mathematical Preliminaries

2.1 Introduction

In this chapter, the fundamental mathematical concepts and analysis tools in systems
theory are summarized, which will be used in control design and stability analysis in
the subsequent chapters. Much of the material is described in classical control theory
textbooks and robotics books as standard form. Thus, some standard theorems, lem-
mas and corollaries, which are available in references, are sometimes given without
a proof. This chapter serves as a short review and as a convenient reference when
necessary. In addition, for the robotic control, stability analysis is the key core for
all the closed-loop system, therefore, some metric or norms need to be defined such
that system could be measured. Those norms that are defined to easily manipulate
for the control design, also, all norms have some physical significance.

2.2 Matrix Algebra

Matrix Definition A vector x defined as a column (n x 1) vector and m X n
matrix X that has m rows and n columns are given as follows:

X1 X111 X12 o Xin
x2 - X2l X2 vt Xop

x=| . |, x=xx..xn], X=| . . ] .1
Xn Xml  Xm2 *** Xmn

Matrix X is defined as a square matrix if m = n, that is, X is an m X m matrix.
Vectors may also be viewed as particular matrix (n = 1), and x;; is an entry from
the ith row and jth column of the matrix X. The transpose X’ of m x n matrix X
is an n x m matrix, the entry x;; is the element x j; of the matrix X. Moreover, the
related properties are listed as follows:

XT:[_)le']7 (XT)TZX,

2.2)
X =y'x?, X+Y"=X"+Y"
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Definition 2.1 The square matrix X € R"*" is said to be

(1) positive semi-definite (denoted by X > 0) if a’Xa >0, Va e R";

(2) positive definite if a” Xa > 0 for all nonzero a € R";

(3) negative semi-definite if —X is real positive semi-definite;

(4) negative definite if —X is positive definite;

(5) indefinite if X is positive for some a € R" and negative for other a € R”,;

(6) symmetric if XT =X;

(7) skew-symmetric if X = —X;

(8) symmetric positive definite (semi-definite) if X > 0 (> 0) and X = X7 and

(9) a time-varying matrix X(#) is uniformly positive definite if there exists a > 0
such that X(¢) > al.

The product of XY of m x n matrix X by an n x r matrix Y is an (m X r)
matrix Z:

n
Z=XY. zij=) Xipyp (2.3)
p=1

and satisfies
XY #YX, (XYZ) =X(YZ), X+Y)Z=XZ+YZ (2.4)
If the matrices X, Y and Z are symmetric, the following properties are satisfied:

XY =YX, XYZ =YXZ =7ZXY =7ZYX (2.5)

Inner and Outer Product The inner product of two n-dimensional vector x and
y is a scalar z = x"y =y’ x. The n-dimensional Euclidean space, denoted by E”, is
R”" with the inner product

n
xy)=x"y=Y xiy (2.6)
i=1

The outer product of x and y is a matrix Z (x € R™,y € R"):

X1y1r  X2y2 -+ X1Yn

T X2y1 X2y2 0 X2Ynm
7Z=xy = . . . . 2.7

XmYl Xm)Y2 - XmYn

Linear Independent of Vectors The vectors x are linearly independent if

n
Yax=0 = a=ay=-=a,=0 (2.8)

i=1

The columns (rows) of X € R”*" are linearly independent if and only if X” X is a
nonsingular matrix, i.e., det(X” X) = X" X| #0.
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Vector Norms  Vector norms are positive scalars and are used as measures of
length, size, distance, and so on, depending on context. An L, norm is p-norm of
an (n x 1) vector x defined as

n 1/p

||X||p=<Z|xi|”) , forl<p<oo (2.9)
i=1

[lxllooc = max |x;|, for p=o00 (2.10)
1<i<n

The three most commonly used norms are ||X]||1, ||X||> and ||X||c, Which are defined
as

Ixll =Y Ixi] @.11)

i=1

n 12

Ix[l2 = v'xT :\/x%+x§+-~-+x3=(zx§> (2.12)
i=l1

X[loc = max [x;| (2.13)

All p-norms are equivalent in the sense that if || - ||, and || - ||, are two different
p-norms, then there exist positive constants c¢; and c¢; such that

cillxllp, < Ixllp, < c2llxllp,  VxeR" (2.14)

Determinants of Matrix The determinant of an n x n square matrix X is defined
as the sum of the signed products of all possible combinations of n elements, in
which each element is taken from a different row and column. The determinant of
X is denoted by det(X) as

n!

det(X) =Y “(=1)Px1p,X1p, .. X1p, (2.15)
where pi, p2,..., pn is a permutation of 1,2,...,n and the sum is taken over
all possible permutations. A permutation is a rearrangement of 1,2,...,n into
some other order, such as n, 1, ..., 2, that is obtained by successive transpositions.
A transposition is the interchange of places of two numbers in the list 1,2, ..., n.
The exponent p of —1 is the number of transpositions it takes to go from the natural
order to pi, p2, ..., pn. There are n! possible permutations of n numbers, so each

determinant is the sum of n! products.

Eigenvalues and Properties of Matrix For a given general matrix X € R"*",
there can be up to n such special vectors satisfying det(X — AI) = 0. These vectors
Ay -5 My ..., Ay are called the eigenvectors of X, and the proportionality constants
are called the eigenvalues.

The properties for the eigenvectors can be obtained as

e If ;(X) > 0 (> 0), then X = X” € R"*" is positive (semi-)definite.
e If 1;(X) <0 (<0), X =X" € R"™" is negative (semi-)definite.
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e If a matrix is symmetric, then its eigenvalues are all real.

e A necessary condition for a square matrix X to be positive definite is that its
diagonal elements be strictly positive.

e A necessary and sufficient condition for a symmetric matrix X to be positive
definite is that all its principal minors be strictly positive.

e IfX=XT>0=0andY=Y? >0 (=0), then X+ Y > 0 (> 0) and has all
eigenvalues real positive but it is not true in general that XY > 0 (> 0). If and
only if X and Y are commutative, i.e., XY = YX, then XY > 0 (> 0).

e If matrix X is symmetric positive semi-definite, then it can be decomposed as
X = UT AU, where U is a unitary matrix and satisfies U7 U =1, and A is a di-
agonal matrix containing the eigenvalues of the matrix X, moreover, the following
inequality is satisfied Amin(X)lla|l? < a”Xa < Amax (X) |la||?.

o If X is skew-symmetric, then a’ Xa = 0 for all a € R".

e If X >0, then X + X’ is symmetric positive semi-definite.

e If matrix X is square, then it can be represented as the sum of a symmetric matrix
and a skew-symmetric matrix as follows: X = X+TXT + X_TXT

. T .. . . .
e Since a’Xa =a” XEX a, the positive definiteness of a matrix can be determined

by only the symmetric part of X.
o If det(X) # 0, the square matrix X is non-singular. Otherwise, X is singular.

Diagonal Matrix Given D = diag[d;;] e R"*", d;; >0,i=1,...,n, we have
the following inequality

0<yix’x<xTDx <yxTx, VxeR" (2.16)

where both y; and y, are positive constants, and y; < min;—
max;—1,...n{di}.

nidij} and y» >

,,,,,

Lemma 2.2 For K = diag[k;;] € R"*", and a = [a1, az, ...,a,]" € R", if u =
—K sgn(x), and k;; > |d;|, then x” D(u — a) <0.

Lemma 2.3 For K =diag[k;;] € R"*" and k = min;=1, _n{kii}, ifu = —K sgn;(x),
and k > ”Dﬂ% (or > % lal), then xT D(u — a) < 0.

Symmetric Positive Definite Matrix

Lemma 2.4 Consider u = —ksgn,(x), and 0 < y1x"x <x"Dx < yoxTx, if k >
Dllel (o > ), then x™ D(u —a) < 0.

72

Yilall

Although D(¢) is time variant and usually unknown, the lower and upper bounds

of D can be obtained from the view point of physical model for practical systems,

therefore, it can be chosen such that y; < Apin(D) and y2 > Amax (D). If D is sym-
metric negative definite, we have

—yxlx <xTDx <—yixTx <0, VxeR" 2.17)

where y| and y; are positive constants.
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Induced Norm of Matrices For an m x n matrix X, the induced p-norm of X is
defined by

IXyllp _
20 IYllp y,=1

I1XIlp =

Xyl p (2.18)

As similar as the vector norms, for p = 1, 2, 0o, the corresponding induced norms
could be obtained as follows:

m

IX|I1 = maxz |xij| (column sum) (2.19)
o

IX[l2 = max ,/2; (XTX) (2.20)

1

m

IX]|oo = miaxZ] |x;j| (row sum) (2.21)
J:

The induced norms are also satisfying the following:

XY, < IXIp1Y],, YXeR™™ YeR"! (2.22)

2.3 Norms for Functions
Open and Closed Sets

Definition 2.5 A set S C R" is called open, if for each x € S there exists and € > 0
such that the interval (x — €, x + €) is contained in S. Such an interval is often called
an e-neighborhood of x, or simply a neighborhood of x.

Continuous Function

Definition 2.6 A function f : R” — R" is said to be continuous at a point x € R" C
R™, if for each € > 0, there exists a § (¢, x) such that for all y € R” satisfying ||x —
yll<éd=|f(x)— f(y)| <e€.Afunction f is continuous on R” if it is continuous
at every point in R”.

Definition 2.7 A function f : R” — R™ is uniformly continuous on R” C R if for
each e, there exists a §(¢) such that for all x, y € R" satisfying |x — y| < §(€), then

If ) = f] <e.

Definition 2.8 A function f : [0, 0c0) — R is piecewise continuous on [0, co0) if
f is continuous on any finite interval [a, b] C [0, co) except at a finite number of
points on each of these intervals.
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Definition 2.9 A function f : R” — R™ is said to be Lipschitz continuous if there
exists a constant L > 0, which is sometimes called the Lipschitz constant, such that
| f(x) — f(y)| < L|x — y| forall x, y € R", where R" C R™,

A function f is continuous on a set of S if it is continuous at every point of S,
and it is uniformly continuous on § if given € > 0, there is §(¢) > 0 (dependent only
on ¢€), such that the inequality holds for all x, y € S.

Differentiable Function The derivative of function f : R — R at a point x is
defined
. Sx) —
Fy = tim LETD = S0 (2.23)
sx—0 §x
A function f : R" — R™ is continuously differentiable at point x (on a set S)
if the partial derivatives df;/dx; exist and continuous at x (at every point of ) for
1 <i<m,1<j<n,and the Jacobian matrix f : R"” — R™ is defined as

o afi/ox1 -+ 0f1/0xn

J= |:8 :| : : e R™*" (2.24)
X : :

Ofm/0x1 -+ Ofm/0xy

For a scalar function f(x, y) that depends on x and y, the gradient with respect to
x is defined as
0 af of 0
Vif(x,y) = f | LAY (2.25)
0x1 0x3 0xy,

If f is only a function of x, we denote V f (x).

Mean Value Theorem If a function f : R” — R™ is differentiable at each point
x,y € R", where R" € R™, such that the line segment L(x, y) € R”, then there
exists some z € L(x, y) such that

f(X)

JO) = f)= (y—x) (2.26)

3f(X) — fW-f)

which is equivalent to
y—x

Function Norms  Given the time varying function x(¢) : Ry — R, be continuous
or piecewise continuous. The p-norm for x(¢) is defined as

00 1/p
[x0] , = (/ |x(r)1’}dt> ., forpell, o0) (2.27)
0
lx@| for p = 00 (2.28)

The function space over which the signal norm exists is define by letting p =
1,2, 0o, the corresponding norm spaces are called L1, L, L, respectively, let
x(t) € [0, 00), which is define by
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L,={x(®)eR":||x]l, < o0} (2.29)

for p € [1, 00), that is, L, is the set of all vector functions in R" for which the
p-norm is well defined (finite). From a signal point of view, the 1-norm, ||x||1, of
the signal x(¢) is the integral of its absolute value, the square || x ||% of the 2-norm is
often called the energy of the signal x(¢), and the co-norm is its absolute maximum
amplitude or peak value.

The following inequalities for signals will be useful:

o Holder’s Inequality: If scalar time varying functionx € L, and y € L, for p,q €
[1,+00)and 1/p+1/q=1,thenxy € Ly and |xy|l1 < [lx[lpllyllg-

o Minkowski Inequality: If scalar time varying function, x, y € L), for p € [1, +00),
thenx +ye Ly and [x +yll, <lxllp + Iyl p-

e Young’s Inequality: For scalar time varying function x(#) € R and y(¢) € R, it
holds that 2xy < éxz + eyz, for any € > 0.

e Completing the Square: For scalar time functions x(¢) € R and y(¢) € R, we have
—x? 4 2xy = —x? 4 2xy — y> +y2 < y%

Let f(t) : Ry — R, f =[f1(t), /o(t), ..., f(t)]" be a continuous or piece-
wise continuous vector function. Then, the corresponding p-norm spaces are de-
fined as

L’;é {f:R+—>R" | ||f||p=/0 | fII” dt < oo, forpe[l,oo)} (2.30)
L2 f R > R floo= sup Il < 0] 231)
t€[0,00)

In some cases, during the period [0, T'], signals are bounded over finite time in-
tervals, but may become infinity as time goes to infinity. Therefore, we only choose
this period to extend L’}, spaces by

T
Lgé{f:R+—>R"|||f||,,T=/O I £17dt < oo, VTER+} (2.32)

Ly 2{ £ Ry > R | I flloo = supll 1 < o0, VT € R, | (2.33)
1<

Definition and Properties of Sign Functions  The signum function of a real num-
ber x is defined as follows:

1, x>0
sgn(x) =1 0, x=0 (2.34)
-1, x<0O

The properties of sign function are listed as follows.

(1) Any real number can be expressed as the product of its absolute value and its
sign function:

x =sgn(x) - |x| (2.35)
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whenever x is not equal to 0, from Eq. (2.35), we have

sgn(x) = — (2.36)
x|
(2) The signum function is the derivative of the absolute value function (up to the
indeterminacy at zero): Note, the resultant power of x is 0, similar to the or-
dinary derivative of x. The numbers cancel and all we are left with is the sign
of x,
x|

d
T =sgn(x) (2.37)

(3) The signum function is differentiable with derivative O everywhere except at 0.
It is not differentiable at O in the ordinary sense, but under the generalized notion
of differentiation in distribution theory, the derivative of the signum function is
two times § function,

dsen() _ o (2.38)

dx

where
oo, x=0 /+OO3( Ydx =1 (2.39)
0. ¥ 20, . xX)dx = .

(4) For k > 0, a smooth approximation of the sign function is

§(x) = {

sgn(x) ~ tanh(kx) (2.40)

(5) For vectors, the sign function is defined as

sgn(X) £ [sgn(x]) sgn(x2) ... sgn(xn)]T (2.41)

(6) In general, sgn(x) # sgn;(x). However, sgn(x) = sgn(x) and szgn(x) =
xT sgn, (x) if and only if one element of x is nonzero and the remaining ele-
ments of x are zero.

(7) The Ly-norm of sgn(x) is 1 and | sgn(x)|| = «/n. From x7 sgn(x) = Z’}zl |x ]

2
= |lxll and x” sgn(x) = M- = x|

(8) While sgn(x) defines a unit vector in the direction of x, sgn(x) maps all the
vectors that are in the same quadrant (excluding those vectors on the axes) into
one vector, sgn(x) covers an n-dimensional unit ball. In other words, sgn(x)
defines 3" — 1 vectors evenly distributed in the n-dimensional space.

(9) If M € R"™" is positive definite (negative definite), i.e., x’ Mx > 0 (< 0), then
xTAT4 sgn; (x) is also positive (negative) and well defined because x'm sgn; (x)

x' Mx

= "Il while no conclusion can be drawn for xT M sgn(x).

2.4 Definitions

Consider the following nonautonomous system:
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%= f(t,x) (2.42)

where f : [0, 00) x D — R" is piecewise continuous in ¢ and locally Lipschitz in x
on [0, 00) x D and D € R” is a domain that contains the origin x = 0.

Definition 2.10 The origin x = 0 is the equilibrium point of (2.42) if

f@ 0 =0, Vvt>0 (2.43)

Definition 2.11 A continuous function « : [0, @) — R is said to belong to class K
if it is strictly increasing and «(0) = 0. It is said to belong to class K, if a = 0o
and o (r) — co as r — Q.

Definition 2.12 A continuous function 8 : [0, a) x RT — R™ is said to belong to
class K L if, for each fixed s, the mapping S(r, s) belongs to class K with respect
to r and, for each fixed r, the mapping S(r, s) is decreasing with respect to s and
B(r,s) — 0 as s — oo. It is said to belong to class K L, if, in addition, for each
fixed s the mapping B(r, s) belongs to class K, with respect to r.

Definition 2.13 The equilibrium point x = 0 of (2.42) is

(1) stable if, for each ¢ > 0, there is § = 8 (¢, fy) > 0 such that

[x@)|| <8 = |x@®)]<e Vi=2>0 (2.44)

(2) uniformly stable if, for each ¢ > 0, there is § = § (&) > 0 independent of 7 such
that (2.44) is satisfied;

(3) unstable if it is not stable;

(4) asymptotically stable if it is stable and there is a positive constant ¢ = c(#p) such
that x(r) — 0 as t — oo, for all ||x ()| < c;

(5) uniformly asymptotically stable if it is uniformly stable and there is a positive
constant ¢, independent of 7y, such that for all ||x(fo)|| < c,x(t) - 0ast — oo,
uniformly in #y; that is, for each n > 0, there is T = T () > 0 such that

[x®| <n, Ve=to+Tm), ¥|xto)| <c (2.45)

(6) globally uniformly asymptotically stable (GUAS) if it is uniformly stable, §(e)
can be chosen to satisfy lim,_, », §(¢) = oo, and, for each pair of positive num-
bers 1 and ¢, there is T = T (1, ¢) > 0 such that

|x®| <n, Ve=to+Tm, c), ¥|x@to)| <c (2.46)

Definition 2.14 The equilibrium point x = 0 of (2.42) is exponentially stable if
there exist positive constants c, k, and A such that

x| < k(|x@0)|)e ™, Ve>19>0, ¥|x(t0)| <c (2.47)
and GES if (2.47) is satisfied for any initial state x ().
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Definition 2.15 The equilibrium point x = 0 of (2.42) is K -exponentially stable if
there exist positive constants ¢ and A and a class K function « such that

[x@] < a(|x@)|)e™ ), Vi>1>0, ¥|xt)| <c (2.48)

and globally K -exponentially stable if (2.48) is satisfied for any initial state x (¢).

Definition 2.16 The solutions of (2.42) are as follows:

(1) uniformly bounded if there exists a positive constant ¢, independent of 7y > 0,
and for every a € (0, ¢), there is 8 = B(a) > 0, independent of 7, such that

x| <a = |x®|<B. V=1 (2.49)

(2) globally uniformly bounded if (2.49) holds for an arbitrarily large a;

(3) uniformly ultimately bounded with ultimate bound b if there exist positive
constants b and ¢, independent of 7y > 0, and for every a € (0, c) there is
T =T(a,b) > 0, independent of 7y, such that

lxt)| <a = |x®|<b Vizt+T (2.50)

(4) globally uniformly ultimately bounded if (2.50) holds for an arbitrarily large a.

2.5 Lemmas and Theorems

Lemma 2.17 The equilibrium point x =0 of (2.42) is

(1) uniformly stable if and only if there exist a class K function o and a positive
constant c, independent of ty, such that

[x@] = «(]x0)

(2) uniformly asymptotically stable if and only if there exist a f function and a
positive constant c, independent of ty, such that

|x@| < B(||x) .t —10), VYt=10=0, Vx(to) | [x(t0)|| <c (2.52)

(3) GUAS if and only if inequality (2.52) is satisfied with B € K L, for any initial
state x(tg).

). Vt=190>0, Vx(to) | |x(t0)| <c (2.51)

Lemma 2.18 Assume that d : R" — R" satisfies

ad ad1”
Pl=|+|=| P>0, VxeR" (2.53)
dx dx

when P = PT > 0. Then

(x — y)TP(d(x) — d(y)) >0, Vx,yeR" (2.54)
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Theorem 2.19 Let D = {x e R" | ||x|| < r} and x =0 be an equilibrium point of
(2.42). Let V : D x R* — R* be a continuously differentiable function such that
Vt>0,Vx e D,

y1(||x||) < V@0 < y(lxl)
3V (2.55)

ar T —f(t x) < =y3(lxll)

Then the equilibrium point x =0 is

(1) uniformly stable, if y\ and y, are class K functions on [0,r) and y3 > 0 on
[0,7r);

(2) uniformly asymptotically stable, if y1, y» and y3 are class K functions on [0, r);

(3) exponentially stable if y;(p) =kip* on[0,r), ki >0, >0,i=1,2,3;

(4) globally uniformly stable if D = R", y| and y, are class Koo functions, and
y3>0o0nRT;

(5) GUAS if D =R", y| and y; are class K functions, and y3 is a class K func-
tion on Rt

(6) GES,if D=R", y;(p) =kip* on RT, k; >0, >0,i=1,2,3.

Theorem 2.20 Let x = 0 be an equilibrium point of (2.42) and suppose that f is
locally Lipschitz in x and uniformly continuous int. Let V : R" x Rt — RT be a
continuously differentiable function such that

n(lxl) < Vo < (i)
v (2.56)

V—E+—f(t X)<—Wx)<0

for all t > 0 and x € R", where y| and y> are class Koo functions, and W is a
continuous function. Then all solutions of (2.42) are globally uniformly bounded
and satisfy

lim W(x(1))=0 (2.57)
—00
In addition, if W (x) is positive definite, then the equilibrium point x =0 is GUAS.

Theorem 2.21 Let V : [0, 00) x D — R be a continuously differentiable function
and D € R" be a domain that contains the origin such that
ar(llxll) = Vex, 0 <aa(lixl)
av  av (2.58)
a T —f(t x)=-=W), Vixlzpn>0

forallt >0 and x € D where oy and oy are class K functions, and W is a contin-
uously positive definite function. Take r > 0 such that B, C D and suppose that

n< ()52_1(0{1 (r)) (2.59)
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Then, there exists a class K L function B and for every initial state x(tg), satisfying
lx ()] < az_l(al(r)), there is T > 0 (dependent on x(ty) and () such that the
solutions of (2.42) satisfies

[x®] = B(|x )
lx®] <oy (ea(w)), Vizto+T

Moreover, if D =R" and a1 belongs to class K, then (2.60) holds for any initial
state x (ty) with no restriction on how large . is.

Jt—10), Viost=to+T .60

2.6 Input-to-State Stability

Definition 2.22 The system
Xx=f@t,x,u) (2.61)

where f is piecewise continuous in ¢ and locally Lipschitz in x and u, is said to
be input-to-state stable (ISS) if there exist a class KL function § and a class K
function y, such that, for any x(¢p) and for any input u(-) continuous and bounded
on [0, 00), the solution exists for all # > #y > 0 and satisfies

|x®)] < B(]|x(0)

= io) +y( sup [u]]) (2.62)
0=t=

The following theorem establishes the equivalence between the existence of a
Lyapunov-like function and the input-to-state stability.

Theorem 2.23 Suppose that for the system (2.61) there exists a C' function V :
R* x R* — Rt such that for all x € R" and u € R™,

yi(lxll) < v, x) < ya(lixll)
av. oV
Ixl = o(lul) = o T af(l,x, w) < —ys(llxl)

where y1, y2 and p are class K functions and ys is a class-K function. Then the
system (2.61) is ISS with y =y o 2 0 p.

(2.63)

Proof 1f x(p) is in the set
Ry ={x eR" | |Ix]| < p(sup[u)] . )} (2.64)
then x () remains within the set
S =1{x eR" | Ixl =y ' ey20p(suplu] . )} (2.65)

for all t > #y. Define B = [fo, T') as the time interval before x(¢) enters Ry, for the
first time. In view of the definition of R;,, we have

V<-yop, '(V), VteB (2.66)
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Then, there exists a class-K L function 8, such that V(¢r) < B,(V(ty),t — tp),
Vt € B, which implies

x| < v (Bo(r2(||xt0)

).t = 10)) == B([[x )]

,t—1y), VieB
(2.67)
On the other hand, by (2.65), we conclude that
[x@f =y oraop(suplu@|..,) =y (suplu@],.,)  (268)
for all ¢ € [tg, oc]. Then by (2.67) and (2.68),
lx@ | < B(|x(0)
By causality, we have
|x@)] < B(]|x0)

A function V satisfying conditions (2.63) is called an ISS Lyapunov function. [J

,t—to)—l—y(supHu(I)Hth), Vi>1>0 (2.69)

o —to) +y(supu@, ), Yr=0=0 (2.70)

2.7 Lyapunov’s Direct Method

This section presents an extension of the Lyapunov function concept, which is a
useful tool to design an adaptive controller for nonlinear systems. Assuming that
the problem is to design a feedback control law «(x) for the time-invariant system:

x=f(x,u), xeR"' uelR .71)
f(©0,0)=0 (2.72)

such that the equilibrium x = 0 of the closed loop system:

X = f(x, oe(x)) (2.73)

is globally asymptotically stable (GAS). We can take a function V (x) as a Lyapunov
candidate function, and require that its derivative along the solutions of (2.73) satisfy
V(x) < —W(x), where W(x) is a positive definite function. We therefore need to
find o (x) guarantee that for all x € R" such that

aV(x)
0x

This is a difficult problem. A stabilizing control law for (2.72) may exist but we
may fail to satisfy (2.74) because of a poor choice of V (x) and W (x). A system for
which a good choice of V(x) and W (x) exists is said to possess a control Lyapunov
function (CLF). For systems affine in the control:

X=f@)+g@u, fO)=0 (2.75)
the CLF inequality (2.74) becomes

f(x a) < —W(x) (2.74)
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A% A%
8—f(x) + —g(Xax) < -W(x) (2.76)
X 0x

If V(x) is a CLF for (2.75), then a particular stabilizing control law «(x), smooth
for all x # 0, is given by

I f 0+ (B 02+ g0

. We)#0

u=o(x)= &V e(x)
0, Hex)=0
It should be noted that (2.76) can be satisfied only if
ov oV
—gx)=0 = —f(x)<0, Vx#0 2.77)
0x 0x
and that in this case (2.77) gives
v N> [av \*
Wx) = —f)] +1—¢g] >0, Vx#0 (2.78)
0x 0x

The main drawback of the CLF concept as a design tool is that for most nonlinear
systems a CLF is not known. The task of finding an appropriate CLF may be as
complex as that of designing a stabilizing feedback law.

2.8 Barbalat-Like Lemmas

This section presents lemmas that are useful in investigating the convergence of
time-varying systems.

If a function f € L; may not be bounded. On the converse, if a function f is
bounded, it is not necessary that f € L;. However, if f € L1 N Lo, then f € L,
for all p € [1, 00). Moreover, f € L, could not lead to f — O as t — oo. If f is
bounded can also lead to f — 0 as t — co. However, we have the following results.

Lemma 2.24 (Barbalat’s Lemma) Consider the function ¢ : RT™ — R. If ¢ is uni-
formly continuous and lim;_, » fot ¢ (t) dt exists and is finite, then

lim ¢(1) =0 (2.79)

Lemma 2.25 Assume that a nonnegative scalar differentiable function f(t) enjoys
the following conditions

<k f@)

| d
. ‘Ef(t)
o (2.80)
Z-f f@®)dt <ky
0

forallt >0, where k1 and ky are positive constants, then lim,_, o, f(¢) =0.
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Proof Integrating both sides of (2.80) gives

t
FO <O+ / F(s)ds < £(0) + kika
0 (2.81)

t
f(t)zf(O)—/q/O f($)ds = f(0) — kika

These inequalities imply that f(¢) is a uniform bounded function. From (2.81) and
the second condition in (2.80), we have that f(¢) is also bounded on the half axis
[0, 00), i.e., f(t) < k3 with k3 a positive constant. Hence, |%f(t)| < kik3. Now as-
sume that lim;_, , f(¢) 7 0. Then there exists a sequence of points #; and a positive
constant € such that f(#;) > ¢€,t; - 00,i — 00, |t; — t;—1| > 2€/(k1k3) and more-
over f(s)>€/2,seL; =[t; — €/(2ki1k3),t; + €/(2k1k3)]. Since the segments L;
and L ; do not intersect for any i and j with i # j, we have

00 T
| roa= [ roa=y
0 0

ti<T

€ €
/L,.f(t)dtziﬁM(T) (2.82)

where M (T') is the number of points #; not exceeding T'. Since limr_, oo M (T') = 00,
the integral fooo f()dt is divergent. This contradicts Condition 2 in (2.80). This
contradiction proves the lemma. g

Remark 2.26 Lemma 2.25 is different from Barbalat’s Lemma 2.24. While Bar-
balat’s Lemma assumes that f(¢) is uniformly continuous, Lemma 2.25 assumes
that |%f(t)| is bounded by k1 f(¢).

Corollary 2.27 If f(t) is uniformly continuous, such that fooo f(r)drt exists and is
finite, then f(t) — 0 ast — oo.

Corollary 2.28 If f(t), f(t) € Loo, and f(t) € Lp, for some p € [1,00), then
f(@)—>0ast— oo.

Corollary 2.29 For the differentiable function f(t), if lim;—, f(t) = k < 00 and
f () exists, then f(t) > 0ast — oo.
Lemma 2.30 Consider a scalar system

X=—cx+ p) (2.83)

where ¢ > 0 and p(t) is a bounded and uniformly continuous function. If, for any
initial time to > 0 and any initial condition x(ty), the solution x(t) is bounded and
converges to 0 as t — 00, then

lim p(t) =0 (2.84)
t— o0

Lemma 2.31 Consider a first-order differential equation of the form

t=—(a+ AiED))x + L2(ED) (2.85)
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where f; and f> are continuous functions, and & : [0, co) — R is a time-varying
vector-valued signal that exponentially converges to zero and, for all t > 7y > 0,
satisfies

1/(ED)| < vi(||gto)|)e ¢ (2.86)

where 0;,7 = 1,2 and y; are class-K functions. If a(¢) enjoys the property that there
is a constant o3 such that

n
/ a(t)ydt > o3( —t1), Vio>1>0 (2.87)
1

then there exist a class-K function y and a constant & > 0 such that

x| < v (|x(t0, £t0)) | )e o= (2.88)

2.9 Controllability and Observability of Nonlinear Systems

2.9.1 Controllability

This section deals with the controllability and observability properties of nonlinear
systems described by linear time varying state—space representations. In particular,
consider a nonlinear system defined by the state—space representation:

FO= )+ giu, xe2,CR (2.89)
i=1

where u = [uy,us, ..., uyl’ € 2, C R™ is the input vector. The system (2.89) is
defined to be controllable if there exists an admissible input vector u(¢) such that
the state x(¢) can converge from an initial point x (ty) = xg € £2, to the final point
x(ty) € £2, within a finite time interval # — 9. The controllability means that the
control system is with a set of input channels through which the input can excite
the states effectively to converge to the destination x . Then, the controllability
of (2.89) should mainly depend on the function forms of all f(x) and g;(x). The
controllability of the nonlinear system (2.89) is based on a useful mathematical
concept called Lie algebra, which is defined as follows.

Definition 2.32 A Lie algebra over the real field R or the complex field C is a vector
space G for which a bilinear map (X, Y) — [X, Y] is defined from G x G —> G
such that

[X.Y]=—[V.X], X.YeG (2.90)
[X.[v. Z1] +[Y.[Z. X1] +[2.[X.Y]] =0, X.Y.ZeG (2.91)
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From the above definition, a Lie algebra is a vector space where an operator [-]
is installed, which is called a Lie bracket, can be defined arbitrarily as long as it
satisfies two conditions (2.90) and (2.91) simultaneously. The condition (2.90) is
often called a skew symmetric relation and obviously implies that [X, Y] = 0. The
condition (2.91) is called the Jacobi identity, which reveals a closed loop cyclic
relation among any three elements in a Lie algebra.

Define a special Lie algebra £ that collects all n-dimensional differentiable vector
fields in R" along with a commutative derivative relation: For any two vector fields
f and g € R", which are functions of x € R", we have

of

_ % 2.92
[f,g]—af—ag (2.92)

We can see the above equation satisfy the two conditions (2.90) and (2.91) of a Lie
algebra.

It is easy to extend the above Lie bracket between two vector fields to higher
order derivatives, a more compact notation may be defined based on an adjoint
operator, that is, [ f, g] = adyg. This new notation treats the Lie bracket [ f, g] as
vector field g operated on by an adjoint operator ady = [ f, -]. Therefore, for an
n-order Lie bracket (n > 1), one can simply write

[f....[f gl...]=ad}e (2.93)

For a general control system given by (2.89), we define a control Lie algebra A,

which is spanned by all up to order (n — 1) Lie brackets among f and g; through
gm as

A:span{gl,...,gm,adfgl,...,adfgm,...,ad'}_lgl,...,ad’}_]gm}
(2.94)

With the control Lie algebra concept, we can show that the following theorem is
true and is also a general effective testing criterion for system controllability.

Theorem 2.33 The control system (2.89) is controllable if and only if dim(A) =
dim(£2,) =n.

Note that because each element in A is a function of x, the dimension of A may
be different from one point to another. Thus, if the preceding condition of dimension
is valid only in a neighborhood of a point in £2, C R”, we say that the system (2.89)
is locally controllable. On the other hand, if the condition of dimension can cover
all of region £2,, then it is globally controllable.

2.9.2 Observability

Consider the observability for the following nonlinear system
x=f(x), y=nh(x) (2.95)
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where y € £2, C R™ is the output vector. This system is said to be observable if for
each pair of distinct states x; and x7, the corresponding outputs y; and y, are also
distinguishable. Clearly, the observability can be interpreted as a testing criterion
to check whether the entire system has sufficient output channels to measure (or
observe) each internal state change. Intuitively, the observability should depend on
the function forms of both f(x) and A (x).

We introduce a Lie derivative, which is virtually a directional derivative for a
scalar field A(x), with x € R" along the direction of an n-dimensional vector field
f(x). The mathematical expression is given as

oA(x)
0x

Lyi(x)= fx) (2.96)

Since % is a 1 x n gradient vector of the scalar A(x) and the norm of a gra-
dient vector represents the maximum rate of function value changes, the product
of the gradient and the vector field f(x) in (2.95) becomes the directional deriva-
tive of A(x) along f(x). Therefore, the Lie derivative of a scalar field defined by
(2.96) is also a scalar field. If each component of a vector field 2(x) € R™ is consid-
ered to take a Lie derivative along f(x) € R", then all components can be acted
on concurrently and the result is a vector field that has the same dimension as
h(x); its ith element is the Lie derivative of the ith component of 4 (x). Namely,
if h(x) =[h1(x), ..., hu(x)]T and each component hi;(x),i =1,...,m is a scalar
field, then the Lie derivative of the vector field A (x) is defined as

Lyhi(x)
Leh(x)= : (2.97)

Lhy(x)
With the Lie derivative concept, we now define an observation space §2g over R” as
20 = span{h(x), L fh(x), ..., L';.—lh(x)} (2.98)

In other words, this space is spanned by all up to order (n — 1) Lie derivatives of the
output function h(x). Then, we further define an observability distribution, denoted
by d 2y, which collects “the gradient” vector of every component in £2¢. Namely,

Ao = span{ 2—4’ ¢ e 90} (2.99)
X

With these definitions, we can present the following theorem for testing the observ-
ability.

Theorem 2.34 The system (2.95) is observable if and only if dim(d$2¢) = n.

Similarly to the controllability case, this testing criterion also has locally observ-
able and globally observable cases, depending on whether the condition of dimen-
sion in the theorem is valid only in a neighborhood of a point or over the entire state
region.
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2.9.3 Brockett’s Theorem on Feedback Stabilization

The following theorem, which is due to Brockett [21], gives a necessary condition
for the existence of a stabilizing control law for the system

X = f(x,u) (2.100)

at an equilibrium point xo with x being the state and u being the control input.

Theorem 2.35 Let the system (2.100) be given with f(xg,0) =0 and f(x,u) con-
tinuously differentiable in a neighborhood of (x¢, 0). A necessary condition for the
existence of a continuously differentiable control law that makes (x¢, 0) asymptoti-
cally stable is that

1. the linearized system should have no uncontrollable modes associated with
eigenvalues whose real part is positive;

2. there exists a neighborhood S2 of (xo,0) such that for each & € §2 there exists
a control ug defined on [0, 00) such that this control steers the solution of x =
S ug) fromx =8 att=01to x =xp att = o0;

3. the mapping A x R™ — R" defined by (x,u) — f(x,u) should be onto an open
set containing 0.

Remark 2.36 If the system (2.100) is of the form

m
F= @)+ ) uigi(x) 2.101)
i=1
then condition of Theorem 2.35 implies that the stabilization problem cannot have
a solution if there is a smooth distribution D containing f(-) and g1(-), ..., gn(*)
with dim D < n. One further special case: If the system (2.100) is of the form

m
=) uigi(x), xefRCR" (2.102)
i=1

with the vectors g; (x) being linearly independent at xg, then there exists a solution
to the stabilization problem if and only if m = n. In this case, we must have as many
control parameters as we have dimensions of x.

2.10 Lyapunov Theorems

The Lyapunov approach provides a rigorous method for addressing stability. The
method is a generalization of the idea that if there is some “measure of energy” in a
system, then we can study the rate of change of the energy of the system to ascertain
stability. Here, we review several concepts that are used in Lyapunov stability theory.
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Definition 2.37 A continuous function V : R” x Ry — R is a locally positive def-
inite function if for some ¢ > 0 and some continuous, strictly increasing function
a: Ry >R,

V(©0,)=0, and V(x,t)>alx|, V>0 (2.103)

Definition 2.38 A continuous function V : R" x Ry — R is a positive definite
function if it satisfies the conditions of Definition 2.37 and, additionally, «(p) — oo
as p — o0.

Definition 2.39 A continuous function V : R” x Ry — R is decrescent if for some
& > 0 and some continuous, strictly increasing function 8 : Ry — R,

Vix,t)<B(lxll), Vxef, ¥i>0 (2.104)

Using these definitions, the following theorem allows us to determine stability for
a system by studying an appropriate energy function. Roughly, this theorem states
that when V (x, ¢) is a locally positive definite function and V (x, #) < 0 then we can
conclude stability of the equilibrium point. The time derivative of V' is taken along
the trajectories of the system:

) dv vV v T
Ve =—-n=—-(0+ [a(x,z)} f(t,x) (2.105)

Theorem 2.40 (Lyapunov Theorem) Any nonlinear dynamic system

x=f(x,1), x0)=xp (2.106)

with an the equilibrium point at the origin, let 2 be a ball of size around the origin,
ie,2={x:|x||<e, >0},

(1) iffor x € 2, there exists a scalar function V (x,t) > 0 such that —V(x, 1) <0,
the origin of system is stable;

(2) if for x € $2, there exists a scalar decrescent function V (x,t) > 0 such that
—V(x,1) <0, the origin of system is uniformly stable;

3) iffor x € 82, there exists a scalar function V (x,t) > 0 such that —V(x,t) <0,
the origin of system is asymptotically stable;

(4) if for x € §2 there exists a scalar decrescent function V(x,t) > 0 such that
—V(x,1) <0, the origin of system is uniformly asymptotically stable;

(5) if and only if there exists an ¢ > 0 and a function V(x,t) which satisfies
vilxl? < Voo < plixl Vo< =pslxlP 155 G0l < yallxll with some
positive constants yi1, V2, V3, va and ||x|| < e, x =0 is an exponentially sta-
ble equilibrium point of x = f(x,1);

(6) if there exist a scalar decrescent function V:R" x Ry — R, and a time ty > 0,
such that V <0, and for any sufficiently small positive real number r, there
exists a non-origin point x € B, such that V (x, ty) > 0, the origin of system is
unstable.

The function V (x, t) is called the Lyapunov function.
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The indirect method of Lyapunov uses the linearization of a system to determine
the local stability of the original system.

Theorem 2.41 (Stability by Linearization) Consider the system x = f(x,t) and
define
of (x,t
Ay = &0 (2.107)
ox
with x = 0 to be the Jacobian matrix of f(x,t) with respect to x, evaluated at the
origin. It follows that for each fixed t,

fike,)=fx, 1) —A@)x (2.108)
approaches zero as x approaches zero. Assume
t
I fiCx, o)l _o (2.109)
Ixl=0,>0 x|

Further, if 0 is a uniformly asymptotically stable equilibrium point of

t=A@)z (2.110)

then it is a locally uniformly asymptotically stable equilibrium point of x = f(x,t).

Invariant Set Theorems Asymptotic stability of a control system is a very im-
portant property. However, the Lyapunov theorems are usually difficult to apply
because frequently V, the derivative of the Lyapunov function candidate, is only
semi-definite. With the help of the invariant set theorems, asymptotic stability can
still possibly be concluded for autonomous systems from LaSalle’s invariance prin-
ciple [113]. The concept of an invariant set is a generalization of the concept of
equilibrium point.

Definition 2.42 (o Limit Set) The set £2 € R" is the o limit set of a trajectory
w(t, xp, tp) if for every y € £2, there exists a strictly increasing sequence of times T’
such that w (T, xo, to) > y as T — o0.

Definition 2.43 A set £2 € R” is said to be an invariant set of the dynamic system
x = f(x)ifforall y € £2 and 1y > 0, we have w(t, y, tp) € §2, Vt > 19.

Theorem 2.44 (LaSalle’s Theorem) Let §2 be a compact invariant set §2 =
x€R":V(x)=0and V : R" — R be a locally positive definite function such that
on the compact set we have V (x) < 0. As t — 00, the trajectory tends to the largest
invariant set inside $2; i.e., its « limit set is contained inside the largest invariant
set in §2. In particular, if §2 contains no invariant sets other than x = 0, then 0 is
asymptotically stable.
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Corollary 2.45 Given the autonomous nonlinear system

= f(x), x(0)=xo 2.111)

and let the origin be an equilibrium point, V(x) : N'— R be a continuously dif-
ferentiable positive definite function on a neighborhood N of the origin, such that
V(x) <0 in N, then the origin is asymptotically stable if there is no solution that
can stay forever in S = x € N'| V(x) =0, other than the trial solution. The origin
is globally asymprotically stable if N =R" and V (x) is radially unbounded.

Other Stability Results

Definition 2.46 A system is said to be BIBO (bounded-input and bounded-output)
stable iff for any bounded-input, the output is bounded, i.e., if for any

lull < M < oo 2.112)

there exist finite « > 0 and S such that

Iyl <aM+ 8 (2.113)

Theorem 2.47 Let the closed-loop transfer function H(s) € R"*"(s) be exponen-
tially stable and strictly proper, and h(t) be the corresponding impulse response.
We have the following properties:

(1) For any minimal representation of H (s) (i.e., any minimal state representation
of the form x = Ax+ Bu, y = Cx with H(s) = C(s] — A)~' B), the equilibrium
point x = 0 is globally, exponentially, uniformly (in t) stable.

(2) IfuULY  ,theny=hxueLNLL,yeLy,y is absolutely continuous and
y(@) — 0ast— oo.

Q) Ifuell,theny=hxuelL]NLY, yelLy,y is continuous and y(t) — 0 as
t — o0.

4) Ifuell ,theny=hxuecl?l NLL, yelL?,yiscontinuous and y(t) — 0
ast— oo.

(5) Ifue LY, and if u(t) — u (a constant vector in R) as t — oo, then y —
H(O)uoo, as t — 00 and the convergence is exponential.

(6) Ifuelland1 < p <oo,then,y=h*ueL)andyelL’.

h x u denotes the convolution product of h and u.

Lemma 2.48 Let e(t) = h = r, where h = L~ (H(s)) and H(s) is an n x n
strictly proper, exponentially stable transfer function. Thenr € Ly = e € L5 N LY,
e — Lg, e is continuous and e — 0 as t — oo. If, in addition, r — 0 as t — 00,

then é — 0 [32].

Based on this lemma, we have the following corollaries, which are used in the
proof of the stability properties of the closed-loop system [44].
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Corollary 2.49 If H(s) is an exponentially stable and strictly proper diagonal ma-
trix with

N s"™ +ni(s)

where n;(s) and d;(s) are the remaining polynomial terms of s for the ith entry,
then, s'H(s), 1 <i < p are exponentially stable and strictly proper, too. Therefore,
ifrell =eeé,. e ¢ L3N LY, and e, é,. .., ePY are continuous and
e, é,....,e""V 5 0ast — oo, then P — 0.

Corollary 2.50 If H(s) is defined as above and p = 2, then, s H (s) is exponentially
stable and strictly proper, too. Therefore, r € L = e and é € Ly N L}, é € L},
e and é € Lg N L%, are continuous and e and é — 0 as t — o0o. In addition, if
r—>0ast— oo, thene — 0.

Theorem 2.51 Given a linear time-invariant (LTI) system
xX(t) = Ax(t) (2.115)

the system is stable iff there exists a symmetric positive definite solution Pr to the
Lyapunov equation

ATPL+PLA=-0; (2.116)

where Q7 is an arbitrary symmetric positive-definite matrix.

Theorem 2.52 For a given stable LTI system

x(t) = Ax(t) (2.117)
the system is exponentially uniformly stable.
Definition 2.53 A function 7' : U, — R” is called a diffeomorphism if it is smooth,

and if its inverse, 7! exists and is smooth. If the region U, is the whole space R”,
then 7 (x) is called a global diffeomorphism [113].

Definition 2.54 A nonlinear system

d=f)+ ) giou (2.118)
i=1

=f(x)+Gx)u (2.119)

is said to be feedback linearizable in a neighborhood U, of the origin if there exist
a diffeomorphism T : U, — R" and a nonlinear feedback control law

u=M"'0)[v-F®)] (2.120)

such that the transformed state
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z=T(x) (2.121)
and the new input v satisfies the linear time invariant system
z=Az+ Bv (2.122)

where (A, B) is a controllable linear system [113].

Consider the linear time-invariant system given by
X(@t)=Ax@®), t>0 (2.123)
In this special case, Lyapunov theory is very complete, and we have the following
theorem.
Theorem 2.55 For linear time-invariant system (2.123), the following statements
are equivalent:

(i) the system is asymptotically stable;
(i1) the system is exponential stable; matrix A is Hurwitz,
(iv) the Lyapunov equation

ATP+PA=—-0 (2.124)
has a unique solution P > 0 for any Q > 0; and

(v) Eq.(2.124) has a unique solution P > 0 for some Q > 0.

The last statement asserts the existence of a quadratic Lyapunov function
Vx)=xT Px

where P is symmetric and positive definite.
For the discrete-time linear time-invariant system

Xp+1 = Axg, keNy (2.125)

a similar result may be stated as follows.

2.11 Notes and References

This chapter briefly provides the fundamental concepts and tools that will be used
for control design and stability analysis of wheeled inverted pendulum in the coming
chapters. The interested reader is referred to [67, 72, 74, 79, 81, 95] for a detailed
and comprehensive coverage of the topics discussed in this chapter.
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