
Chapter 2
Resonance Properties of Metallic Ring
Systems: A Single Ring

2.1 Introduction

In 1968, Veselago proposed that a medium with simultaneously negative per-
mittivity and permeability possesses a negative refractive index, and exhibits many
unusual EM properties [1]. This proposal did not attract immediate attention, since
it is well accepted that a natural material shows no magnetism at high frequencies
[2]. A breakthrough appeared in 1999, when Pendry showed that a split-ring
resonator (SRR) could provide magnetic responses at any desired frequency [3].
Metamaterials with negative refractive index were then successfully fabricated by
combining SRRs and electric wires [4], and later the concept of metamaterial was
greatly expanded to beyond negative-index materials. Many unusual EM phe-
nomena were subsequently demonstrated based on metamaterials, such as negative
refraction [4–10], super focusing [11–14], and subwavelength resonant cavities
[15–17].

As the first realization of artificial magnetism, the SRR structures naturally
attracted the most extensive attention. Circular SRRs [3, 4, 6, 18–36], rectangular
SRRs [5, 37–51], SRRs with different cross-sections, metal line widths, metal
thicknesses, and substrates [4–6, 19, 38, 43, 44], SRRs with different numbers of
splits [19, 20, 39], and different numbers of rings [31, 47] have been studied.
Applications were also proposed for the SRR, for instance, as antennas [52], as
couplers for channel dropping [53]. SRRs were inserted inside a cut-off waveguide
to enhance the transmission [54, 55], and as a lens for imaging [56, 57]. Recently,
the designs and fabrications of isotropic metamaterials began to draw intensive
attentions [58–64].

Many theoretical efforts were devoted to understand the exotic EM wave
properties of the SRR structures. Pendry et al. [3] first analyzed the resonance
properties of a SRR by assuming a metallic ring as a single lumped element with
empirical circuit characteristics. Later, Shamonin et al. considered more inductive/
capacitive effects by assuming the SRR to consist of an infinite number of lumped
circuit elements [25]. Many other analytical methods were developed to study the
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properties of SRRs [24, 26–29, 31, 32, 47, 48] from various aspects. However, in
all these approaches, the inductive/capacitive effects in the rings were not com-
pletely considered, since self (mutual)-inductive/capacitive effects exist every-
where inside the system. In addition, all these approaches need a set of empirical
circuit parameters that cannot be calculated rigorously. Those empirical parame-
ters were generally determined under some approximations [3, 25]. The SRR
systems have also been studied by numerical calculations [37, 38, 44, 45, 49, 50].
Although such full-wave studies contain all relevant field information, it is
sometimes difficult to extract useful properties of an SRR, such as the bianisotropy
polarizabilities, from the obtained information.

We recently developed an analytical approach on more rigorous ground for
metallic wire systems [33–36]. In this chapter, we illustrate our approach to wires
in ring geometries, and apply it to quantitatively study the EM resonance prop-
erties of a single ring SRR [33]. In our theory, the inductive/capacitive effects are
fully included and all circuit parameters are calculated rigorously. One of the key
ideas of our approach is a simple way to implement the boundary condition that
the current is zero at the free ends of the wire. This idea consists of the intro-
duction of localized electric fields at ends and junctions. We show that the circuit
equations can be analytically solved in the thin-wire limit, leading to useful
analytical formulas. Our theoretical results were all successfully verified by FDTD
simulations on realistic systems and/or available experiments. This chapter is
organized as follows. We describe our simple picture of split rings in the next
section, briefly review the theoretical developments in Sects. 2.3 and 2.4, and then
apply our theory to study the EM resonance properties of a single ring SRR
analytically (Sect. 2.5) and numerically (Sect. 2.6). For those readers who prefer to
go directly to the heart of the matter, they can start with Eq. (2.18) where the
circuit equation in the angular momentum basis including the localized field is
introduced. We summarize our results in the last section.

2.2 Simple Physical Picture

Before we start going into the details of dealing with the problem quantitatively,
first we would like to explain the simple physics for this class of structures. Central
to the understanding of the EM response is the resonance mode of a wire structure.
These resonance modes are characterized by the spatial dependence of the tan-
gential current along the wire. To a good approximation the current depends on the
arc length of the wire sinusoidally with a period that is twice the length of the wire
divided by an integer. This is independent of the shape of the wire. The more
spatial oscillation the current exhibits, the higher the resonance frequency of the
normal mode. We shall see why this is true and how this will be modified
quantitatively when the wire becomes thicker.

From this spatial dependence of the current one can calculate the response of
the wire to external EM fields. The response is characterized by the multipole
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moments induced. Because different wire structures can have different shapes, the
multipole moments will depend on the shape of the wire structure. The magnetic
moments depend on the current and can be easily calculated. For example, for the
split ring we get a finite magnetic moment, whereas for the dipole antenna we do
not, even though the normal modes, when expressed in arc length, are very similar.
The electric multipole moments can be derived from the charge density q; which
can be determined from the charge-current conservation law as q ¼ ir �~j=x: To
illustrate, we show in Fig. 2.1 the dependence of the current on the azimuthal
angle for the lowest mode of a split ring. Note that the current is zero at the free
ends. The corresponding charge density is also shown in Fig. 2.1. For this mode,
the electric dipole moment is in the plane of the ring, whereas the magnetic dipole
moment is perpendicular to the ring. Either an external electric or magnetic field
can excite this normal mode, generating both an electric, and a magnetic moment.
This picture remains valid as the number of wires is increased or the topology is
changed.

2.3 Circuit Parameters for a Single Ring

We consider a single ring of radius R with a small gap at / ¼ 0 � lying on the
xy-plane, as shown in Fig. 2.2 [33]. In what follows, a common time-varying
factor eixt is omitted for every quantity. We assume that a� R; where a is the
radius of the metal wire forming the ring. For a good metal, the skin effect dictates
that the current should mainly distribute on the metal surface, within a thin layer of

a thickness equal to the metal skin depth d ¼ ðlxr=2Þ�1=2: For typical material
like Cu with a resistivity 1=r ¼ 1:68� 10�8X � m; we get

d ¼ 3:76k1=2lm ð2:0Þ

Fig. 2.1 The current and
charge densities as a function
of angle for the lowest
resonance of a single ring
SRR
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at a wavelength of k measured in m. Typically, the largest wavelength of interest is

of the order of twice the circumference: k � 4pR (see below). We thus get d=R �
0:47� 10�4=k1=2: From microwave to infrared frequencies with the wavelengths
of the order of a centimeter to a micron, the current flows on the conductor’s outer
surface within a layer of thickness of the order of the skin depth, so that~jð~r0Þ is
basically a very complicated function of~r0: However, when the wire is very thin,
we can simplify the realistic current distribution as a delta-function localized in the
middle of the wire,

~jð~r0Þ ¼~e/0Ið/0Þ sin h0dðcos h0Þdðr0 � RÞ=R ð2:1Þ

With ~e/0 ¼ � sin /0~ex þ cos /0~ey: This simplification will not generate any sig-
nificant errors for calculating the fields outside the metal wire in the thin-wire
limit. On the other hand, both the inductive ~ELð~rÞ [Eq. (1.4)] and the capacitive
electric fields~ECð~rÞ [Eq. (1.5)] should still be calculated on the outer surface of the
metal wire where the current physically flows. Again considering the fact a �R,
we understand that ~ELð~rÞ and ~ECð~rÞ would not vary dramatically around the wire
(as long as on the same position of the ring with a fixed /), so that we can pick up
a particular (convenient) point on the wire surface to calculate these fields.

The particular symmetry of the ring geometry indicates that all physical
quantity (i.e., Ið/Þ;~ELð~rÞ; and ~ECð~rÞ; etc.) are periodic functions of / with period
of 2p. Therefore, we can expand those quantifiers as a Fourier series of the azi-
muthal angle /. Such a choice of basis will simplify the calculations dramatically,
as will be shown soon. Substituting Eq. (2.1) into Eq. (1.4), we can choose a
particular observation point on the wire surface to calculate the inductive field
projected along the wire direction,

Fig. 2.2 Geometries of a single ring SRR
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~ELð/Þ � ê/ ¼ �ix
Z
ðê/ � ê/0 ÞIð/0Þgð/;/0ÞRd/0=c2; ð2:2Þ

where the reduced Green’s function is defined by

gð/;/0Þ ¼ Gð~r;~r0Þjr0¼R;h0¼p=2;r¼R�a;h¼p=2 ð2:3Þ

so that r is at the surface and r0 is at the center of the wire. Here the observation
point is selected at r ¼ R� a h ¼ p=2; / ¼ /ð Þ for the convenience of cal-
culations and r0 ¼ R; h0 ¼ p=2 come from the fact that current is localized at the
wire center. Other choice of observation point will not affect the final results under
the thin-wire limit, but the calculations may not be as easy as the present choice.

Putting the Fourier expansion Ið/0Þ ¼
Pþ1

m¼�1 Imeim/0 into Eq. (2.2), we obtain
that

Em
L ¼ �ix

X
m0

Lmm0Im0 ð2:4Þ

where

Em
L ¼

1
2p

Z2p

0

ð~EL �~e/Þe�im/d/ ð2:5Þ

and

Lmm0 ¼
1

2pc2

ZZ
ðê/ � ê/0 Þeiðm0/0�m/Þgð/;/0ÞRd/0d/ ð2:6Þ

are the elements of the inductance matrix. Similarly, we obtain the result

Em
C ¼ �

1
ix

X
m0
ðC�1Þmm0Im0 ; ð2:7Þ

where

Em
C ¼

1
2p

Z 2p

0
ð~EC �~e/Þe�im/d/ ð2:8Þ

is the Fourier component of the capacitive field projected along the wire direction,
and

ðC�1Þmm0 ¼ �
1

2p

ZZ
ðim0Þeiðm0/0�m/Þ 1

ðR� aÞ
o

o/
gð/;/0Þ

� �
d/0d/ ð2:9Þ

are the capacitance matrix elements. Both the inductance and capacitance matrixes
can be calculated numerically by performing the integrations in Eqs. (2.6) and
(2.9). For the present symmetric ring geometry, analytical formulas can be derived,
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which offer us physical insights. The details of this are described in Appendix in
this chapter. The result under the quasi-static approximation (QSA) contains the
leading log contribution and will be discussed here. Corrections beyond the QSA
are discussed in the Appendix. Putting the formula (r[ , r\ are the larger and the
smaller of r, r0)

1
j~r �~r0j ¼

X
l¼0

Xl

m¼�l

4p
2lþ 1

Ylmðh;/ÞY�lmðh
0;/0Þ rl

\

rlþ1
[

ð2:10Þ

into Eqs. (2.6) and (2.3), we find for the present ring geometry that Lmm0 and
ðC�1Þmm0 are diagonal with matrix elements given by

Lmm0 ¼ dmm0Lm ¼ dmm0 ðAm�1 þ Amþ1Þp=c2

ðC�1Þmm0 ¼ dmm0 ðCmÞ�1 ¼ dmm0m
2Am2p=½RðR� aÞ	

ð2:11Þ

The function Am is defined as

Am ¼
X1
l¼jmj

ðl� mÞ!
ðlþ mÞ! a

l Pm
l ð0Þ

� �2 ð2:11aÞ

where Pm
l is the associated Legendre function, and a ¼ ðR� aÞ=R\1:

There are several important points about the circuit parameters:

(1) In the thin-wire limit (a � R), the sum in Eq. (2.6) can be carried out ana-
lytically. We found (see Appendix in this chapter) an asymptotic form

Am � Dm � lnð2a=RÞ=ðampÞ: ð2:12Þ

Thus in this limit all the Am are the same. The inductances are independent of
m. We obtain

Lm ¼ �2 lnð2a=RÞ=c2: ð2:12aÞ

Similarly we get

1=Cm ¼ �2m2 lnð2a=RÞ=R2: ð2:12bÞ

This logarithmic divergence is a typical characteristic of a thin-wire system
[65]. It comes out because of the factor of 1=j~r �~r0j in the Green’s function inside
the integrations for the inductive/capacitive fields. Such logarithmic dependence of
circuit parameters on wire radius is the basis to justify for the QSA, as we have
discussed in Chap. 1. In wire structures of lower symmetry, the circuit parameters
are no longer ‘‘diagonal’’ and we have to consider the ‘‘off-diagonal’’ elements of
matrixes L and C�1: As we shall show in the next chapter this off-diagonal element
with m not equal to m’ is not log divergent and much smaller. Much of compu-
tational electromagnetics involves calculating the inverse of the matrix Lmm0 and/or
ðC�1Þmm0 in a local basis. In our basis, it is nearly diagonal; the inversion of the
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matrixes Lmm0 and ðC�1Þmm0 becomes simpler, the physical implication of the
results is much easier to understand.

(2) In our basis ðCmÞ�1 is proportional to m2. Thus Im; which is of the order of
CmEm; decreases rapidly as m is increased. This sets the limit of the number of
Fourier mode that needs to be retained. In the following, to emphasize this

point, we sometimes write ðCmÞ�1 as m2=Cm:
(3) One can consider the m = 0 components to correspond to the lump circuit

elements normally considered. The approach here thus provides for a simple
extension of previous considerations. However, there is no m = 0 capacitive
term. To include a capacitive effect, the m = 1 term need to be included.

(4) If one goes beyond the QSA, a damping term proportional to kR will be
introduced in addition to the log divergent terms, as is discussed in the
Appendix.

The above characteristics are true for all wire structures and will be exploited in
our discussion in later chapters.

2.4 Implementation of the Boundary Conditions

We can now solve the circuit Eq. (1.1)

qð~rÞ~jð~r; tÞ ¼ ~Eextð~r; tÞ þ~ELð~r; tÞ þ~ECð~r; tÞ:

in the basis that we have chosen. So far we have assumed that the Fourier com-
ponents of the current are independent variables. There is a boundary condition
that the current at the gap vanishes, Ið/ ¼ 0Þ ¼ 0; which can be written asP

m Im ¼ 0 in terms of the Fourier components. We describe, in this chapter, two
ways that we have tried to implement this condition. They lead to identical results,
thus providing confidence in our method. We describe these next.

2.4.1 The Gap Resistance Approach

The boundary condition of zero current can be incorporated by introducing a very
large resistance in the gap region. In terms of the Fourier components and using
the formulas derived in last section, Eq. (1.1) can be written as the following
matrix equation,

X
m0

Hmm0Im0 ¼ Em
ext; ð2:13Þ

where

Hmm0 ¼ �qðm� m0Þ þ ixLmð1� X2
m=x

2Þdmm0 : ð2:14Þ
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Here, �qðm� m0Þ is the Fourier component of the normalized resistivity function
defined by �qð/Þ ¼ qð/Þ=S (S is the wire cross-section area and qð/Þ is the true
resistivity function) and Xm ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
LmCm
p

. In the thin-wire limit (a=R! 0), Xm !
mxu where

xu ¼ c=R ð2:14aÞ

is the frequency unit of the present problem. Suppose �qð/Þ ¼ �q0 inside the gap of
width D centered at / ¼ 0 and �qð/Þ ¼ rc elsewhere (in the metallic wire), we
found easily that

�qðm� m0Þ ¼ rcdm;m0 þ
sin½ðm� m0ÞD=2	

pðm� m0Þ ð�q0 � rcÞ: ð2:15Þ

Putting Eq. (2.15) into Eq. (2.14) and then diagonalizing the H matrix, we
obtain the eigenvalues fkjg and eigenvectors of all the EM modes, from which we
can calculate the resonance frequencies, induced EM dipole moments, and the
polarizabilities as well as the bianisotropic polarizabilities. We will present
numerical solutions of Eq. (2.13) for several examples in the following sections.

2.4.2 The Local Field Approach

The matrix problem (2.13) can be analytically solved under some reasonable
assumptions, which help us to reach at an alternative approach to implement the
boundary condition at the wire ends. In the limit of D! 0; we found from Eq.
(2.15) that �qðm� m0Þ ! rcdm;m0 þ r, where r ¼ D�q0=2p
 rc is proportional to
the total resistance across the gap. We put �qðm� m0Þ into Eq. (2.14) and rewrite
the vector-matrix equation as

HI ¼ Eext ð2:16Þ

with H ¼ H0 þ X, where H0 ¼ rM; in which Mi; j ¼ 1; and X ¼ diag½Xm	 is a
diagonal impedance vector-matrix with elements defined as

Xm ¼ rc þ i½Lmx� m2=ðCmxÞ	: ð2:17Þ

We find that the vector-matrix problem (2.16) can be analytically solved in the
limit of r !1, as follows. Now H0I ¼ 0 so long as

P
m Im ¼ 0: This current

distribution is such that its magnitude is zero at the gap, which is a solution
satisfying the desired boundary condition. However, not all I satisfying

P
m Im ¼ 0

are the correct solutions of the circuit equation Eq. (2.13) because the internal emf
inside the ring is not generally zero: Eintð/Þ ¼

P
m Em expðim/Þ 6¼ 0, where Em ¼

XmIm � Eext
m : The only way the circuit equation Eq. (1.1) can be satisfied is if

Eint ¼ rdð/Þ for some constant r; the internal emf is zero inside the ring except at
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the gap where it is counterbalanced by the infinite gap resistance r. For this to be
true, it is necessary that all Em be the same. We thus write

Em ¼ XmIm � Eext
m ¼ r ð2:18Þ

so that Im ¼ ðEext
m þ rÞ=Xm: The existence of these fields r can also be appreciated

from the law of charge conservation: oq=ot ¼ �r �~j: At the end, the net diver-
gence of the current~j is not zero. We thus expect localized time-varying charges
and thus localized electric fields, which is represented by r: Since

P
m Im ¼ 0; we

find the solution of r given by:

r ¼ �
P

m Eext
m =XmP

m 1=Xm
ð2:19Þ

The resonance frequency xc is determined from the condition that a nontrivial
solution still exist even when Eext ¼ 0: We thus arrive at a sufficient resonance
condition:

X
m

1=XmðxcÞ ¼ 0: ð2:19aÞ

As we shall see, this applies to modes of even symmetry. There are additional
trivial resonances of odd symmetry.

Substituting in the expression for Xm, we arrive at the equation that determines
the entire spectrum:

1þ
X1
m¼1

2ðL0x
2 � ircÞ=ðLmx2 � m2=Cm � ircÞ ¼ 0:

Because Xm0 is proportional to m2, only a few terms in m need to be included in
the above sum. We have tested the eigenfrequencies obtained from this equation
with results from numerical FDTD calculations and found good agreement.
Substituting in the value of the end field r into the circuit equation, we obtain the
expression for the current response to the external field:

Im ¼ ðEm
ext �

X
p

Ep
ext=Xp=

X
n

1=XnÞ=Xm: ð2:19bÞ

The scattered field can then be obtained from the sum ELðrÞ þ ECðrÞ for
r outside of the wire.

The above consideration motivates the introduction of the boundary electric
field r: For more complicated circuit structures with free ends, it turns out to be
much easier to directly deal with the boundary electric field, since it is difficult to
introduce the infinite boundary resistance as we did for the split ring. Instead of
imposing zero boundary current constraint directly, we introduce the idea that
there is a new additional variable corresponding to a localized electric field r at the
free end of the split ring. The value of r is chosen to satisfy the desired boundary
condition—the current at the end should vanish. This boundary field is, in some
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sense, like a Lagrange multipler. The circuit equation, in terms of the Fourier
component of the impedance, the external electric field Em

ext and the localized
electric field at the free ends, r; is then given by

XmIm ¼ Em
ext þ r ð2:20Þ

which is consistent with Eq. (2.18). Solving Eq. (2.10) to obtain Im ¼ ðEm
ext þ rÞ

=Xm; and then imposing the boundary condition
P

m Im ¼ 0; we reach again at Eq.
(2.19) for the solution of r: Such consistency justifies the local field approach to
implement the boundary conditions at the wire ends.

In summary, we have completed the theoretical development of the mode-
expansion theory for a single-ring system, arriving at the circuit equation Eq. (2.13).
This is the basic matrix equation to be solved. The circuit parameters are explicitly
given in Sect. 2.3 and the boundary conditions are implemented in Sect. 2.4. In what
follows, we shall apply this theory to study a single ring SRR illustrated in Fig. 2.2.
For such a structure, the circuit matrix Eq. (2.13) can be analytically solved under
some particular assumptions, leading to analytical results on both resonance
frequencies and current distributions. Alternatively, in general situations where the
analytical approach does not apply to, we can also solve Eq. (2.13) numerically
to obtain all the necessary information. These two approaches are complementary
to each other, and combining them significantly deepens our understandings on
the inherent physics of the problem, and thus forms a comprehensive picture on
the physical problem. In the following, we will separately describe the analytical
and numerical approaches to study the single ring SRR.

2.5 Analytical Results for a Single Ring SRR

The circuit problem of a single ring SRR (Eq. (2.13)) can be solved analytically
under the following limits: (1) D! 0; (2) a=R! 0; (3) the metal is perfect
rc ¼ 0ð Þ and the gap is an ideal insulator r !1ð Þ: Under these conditions, we can

rigorously solve the vector-matrix problem which now takes the form

HI ¼ 0 ð2:21Þ

with the Hamiltonian vector-matrix H defined in last section. The resonance
frequency xc is determined from the condition that a nontrivial solution still exist
even when Eext ¼ 0: We have thus set Eext ¼ 0 here since we only need the
information of the resonance eigenmodes.

Because of the reflection (m to –m) symmetry of X; Xm ¼ X�m there are two
classes of solutions for Eq. (2.21), corresponding to even and odd symmetries
under the transformation from m to -m. Those with odd symmetries
(i.e., I�m ¼ �Im) are purely geometrical resonance modes with resonance
frequencies determined by Xm ¼ 0: Explicitly, we found from Eq. (2.17) that the
resonance frequencies are given by
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x2m ¼ mxu; m ¼ 1; 2; . . . ð2:22Þ

We note that these modes do not depend on the gap resistance r. The odd
symmetry modes are simple in the limit of narrow gap D! 0 because the con-
dition that Ið/ ¼ D=2Þ ¼ �Ið/ ¼ �D=2Þ implies that the current is automatically
zero at the gap and there is no additional need to deal with this constraint. As the
gap widens, this is no longer true. This limit can be studied with extension of the
ideas described below as is described in later chapters.

To study another set of resonance modes with even symmetries (i.e., I�m ¼ Im),
we describe a formal approach to solve the circuit Eq. (2.21), which can be easily
extended to more complicated situations. This approach explicitly displays the
eigenvectors, which can be used to calculate the responses of the structures to
external fields. Because r is very big, we solve the matrix problem (2.21) by a
standard perturbation method. For the unperturbed matrix problem, H0Ið0Þ¼ 0, any
vector Ið0Þ satisfying

X
m

Ið0Þm ¼ 0 ð2:23Þ

is a solution. Now consider the full matrix problem Eq. (2.21). Assume the
solution to Eq. (2.21) can be written as I ¼ Ið0ÞþIð1Þ, where Ið1Þ is of the order of
r�1Ið0Þ. Put I into Eq. (2.23), since H0Ið0Þ¼ 0, we get HI ¼ rMþ Xð Þ Ið0ÞþIð1Þ

� �
¼

rMIð1ÞþXIð0Þ þ oðr�1Þ ¼ 0. Substituting in the elements of X and M, we get

Ið0Þm ¼ E0=Xm where E0 ¼ �r
P

m0 I
ð1Þ
m0 is a constant independent of m. Employing

the constrain (2.23), we arrive at the Eq. (2.19a) :
P

m 1=Xm ¼ 0, which leads to
the following polynomial equation

1þ
X1
m¼1

2L0x2

Lmx2 � 1=Cm
¼ 0 ð2:24Þ

to determine the resonance frequencies. Choosing an appropriate normalization
constant K, in the limit 1=r ! 0, we find the eigenvector at resonance to be

I ¼ Ið0Þ ¼ K . . .; 1=X2; 1=X1; 1=X0; 1=X1; 1=X2; . . .½ 	T : ð2:25Þ

We emphasize that Eqs. (2.24) and (2.25) are the exact solutions of the matrix
problem (2.21), since the perturbation theory becomes exact in the limit of
1=r ! 0.

We now solve Eq. (2.24) analytically. Since as a=R! 0, we have Eq. (2.12):
Lm ! lnðR=aÞ and 1=Cm ! m2 lnðR=aÞ, using the identity kp cotðkpÞ ¼ 1þP1

m¼1 2k2=ðk2 � m2Þ [67], we found that Eq. (2.24) can be written as ðx=xuÞ cot

ðxp=xuÞ ¼ 0; leading to the following solutions

x2mþ1 ¼ ðmþ 1=2Þxu;m ¼ 0; 1; 2; . . . ð2:26Þ
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In terms of the wavelength, this condition is equivalent to k2mþ1 ¼
4pR=ð2mþ 1Þ.

We next study the current distribution for the resonance modes. In the thin-wire

limit, we get Xm ¼ iLm½x2 � m2=ðLmCmÞ	=x ¼ ðiLx2
u=xÞ½ðx=xuÞ2 � m2	. There-

fore, according to Eq. (2.25), the current in real space is given by

Ið/Þ ¼
P

m eim/Im ¼ K
P

m eim/=Xm ¼ �iKx=ðLx2
uÞ
P

m eim/=½ðx=xuÞ2 � m2	.
Using the identity cos kð/þ pÞ ¼ k sin kp½

P
m eim/=ðk2 � m2Þ	=p, we obtain, for

the nth even resonance mode,

Ið/Þ ¼ �iK=ðLxÞup sinðnþ 1=2Þ/: ð2:26aÞ

In terms of the arc length s ¼ R/ and the circumference l ¼ 2pR: This
eigenfunction can also be written as IðsÞ / sin psð2nþ 1Þ=l; the same as what one
expects for a straight wire. Thus, in terms of the arc length, the nature of the
eigenstate does not depend much on the shape of the wire, as we discussed in
Sect. 2.2.

We next discuss the response of the wire structure to external fields. The
discussion in this section is general and not restricted to split rings. We shall use
the notation of linear algebra so that the external electric field is written as |E [ .
In Eq. (2.16) H is a sum of a big (H0) and a small term (X). We try to calculate the
eigenstate |f [ by perturbation theory as |f [=|wf [+|ef [ where H0|wf [ = 0 and
|ef [ is the perturbative correction. From the condition that H|f [=0 at the reso-
nance frequency, we obtain

H0jf [ ¼ H0jef [ ¼ �Xðxf Þjf [

In the language of the discussion above, H0jef [ ¼ �rf , the localized electric
field at the ends for the fth eigenstate. Under an external field E and at an arbitrary
frequency, we expand the current in terms of the eigenfunctions as I ¼

P
j

If jf [

and get

HI �
X

f

If ½H0 þ XðxÞ	jf [ ¼
X

f

If ½XðxÞ � Xðxf Þ	jf [ ¼ jE [

We thus get
X

f

If \gj½XðxÞ � Xðxf Þ	jf [ ¼\gjE [ ð2:27Þ

where the notation \f jg [ ¼
R

fg is used. Solving this matrix equation, we
obtain the coefficients If .

For frequencies close to the lowest mode |0 [ , we include only the term with
f = 0 in the summation on the right hand side of the above equation. We get
approximately

I0 ¼\0jE [ =\0j½XðxÞ � Xðxf Þ	j0 [ ð2:27aÞ
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From these and from Eq. (2.26) the induced electric and magnetic dipole
moments P and M induced by external electric or magnetic fields can be
computed.

The information of the eigenvectors enables us to evaluate the EM responses of
the system. At the nth resonance mode, from Eqs. (2.1) and (2.27), we get the current
density given by~jðr0Þ ¼~e/K sin½ðnþ 1=2Þ/	 sin hdðcos hÞdðr0 � RÞ=R. The corre-

sponding charge density is given by qðr0Þ ¼ �ir �~j=x ¼ �iKðnþ 1=2Þ
cos½ðnþ 1=2Þ/	 sin hdðcos hÞdðr0 � RÞ=xR2. For example, for n = 0, j / sin /=2,
q / cos /=2, as is illustrated in Fig. 2.1

2.6 Numerical Results for a Single Ring SRR

Away from the thin-wire limit when the three conditions mentioned in Sect. 2.5
are not satisfied, the circuit equation for such systems can be solved numerically.
We discuss this in this section. One main lesson we learn is that not that many
Fourier modes need to be included. The convergence is very fast. This comes
about because the inverse capacitance and hence the impedance Xm increases
rapidly as m2 for increasing m.

In the microwave frequency regime, we can safely set the metal’s resistivity to
zero (i.e., rc ¼ 0), and assume a very large but finite r for the gap resistance.
We found from numerical calculations that the final results do not depend on
r when r !1. For a particular single ring SRR characterized by the wire radius
a=R and the air gap size D, we can unambiguously compute all the circuit
parameters (i.e.., Lm and Cm) and thus the matrix elements Hm;m0 , based on the
formulas developed in Sect. 2.3. We then diagonalize the H matrix through

~H ¼ P�1HP;~I ¼ P�1I; ~Eext ¼ P�1Eext; ð2:28Þ

where P is the transformation matrix containing the eigenvectors of the H matrix,
and get from Eq. (2.13) that,

~Im ¼
~Em

ext

kmðxÞ
ð2:29Þ

where km is the mth eigenvalue of the H matrix. Therefore, the resonance fre-
quencies of the system are determined by the condition kmðxÞ ! 0: Numerically,
we determine the resonance frequencies by the condition that the magnitude of the
lowest eigenvalue of the matrix H exhibits a minimum.

The magnitude of the lowest eigenvalue of matrix H is shown as a function of
frequency in Fig. 2.3 for a typical single ring SRR with D ¼ p=40 and a ¼ 0:99:
The general agreements among different sets of calculations show that the adopted
approximations, namely taking finite values of angular momentum cut off Mmax

and gap resistivity parameter r, do not introduce any significant errors. The series
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of resonances in Fig. 2.3 can be categorized into two classes. The even-numbered
resonances x2m coincide well with the intrinsic resonances Xm; which, in con-
sistency with the analytical results Eq. (2.22), become Xm ! mxu in the thin-wire
limit a=R! 0ð Þ: Since k2m ¼ 2pc=x2m ¼ m � 2pR; these resonances are solely
determined by the ring geometry, with currents forming standard standing waves
in the ring. On the other hand, the resonance frequencies of the odd-numbered
eigenmodes also match with the analytical results Eq. (2.26) very well.

The eigenvectors (contained in the matrix P defined in Eq. (2.28)) are shown in
Fig. 2.4 for the lowest four resonances. The odd-numbered (even-numbered)
resonance modes possess symmetrical (anti-symmetrical) eigenvectors with
respect to index m, which is consistent with the analytical results. In addition, for
the even-numbered modes, we note that only the �m Fourier components are
excited for the 2mth resonance eigenmode, verifying the analytical predictions. In
contrast, for the odd-numbered modes, all Fourier components are excited but the
contribution a Fourier component decrease significantly as m increases, again in
agreement with the analytical results.

With the current distribution ( Imf g and in turn~jð~rÞ) explicitly known by di-
agonalizing the H matrix, we can compute the electric and magnetic dipole
moments P and M induced by external electric or magnetic fields by

M ¼ 1
2c

Z
~r �~j
� �

d~r;P ¼ i

x

Z
d~r r �~j
� �

~r ð2:30Þ

Explicitly, we find the SRR to possess the following nonzero components of
dipole moments:

px ¼
P

j

1
kjðxÞ

pR
x P�1j � P1j

� �
� ~E j

ext

py ¼
P

j

1
kjðxÞ

pR
ix P�1j þ P1j

� �
� ~E j

ext

mz ¼
P

j

pR2

kjðxÞP0j � ~E j
ext

8>>>>><
>>>>>:

ð2:31Þ

Fig. 2.3 min½jkmj	 as
functions of x=xu for a
single-ring SRR with D ¼
p=40 and a ¼ 0:99,
calculated with different
values of Mmax (the cutoff
value of m) and r (in units of
l0xu). (From Ref. [33])
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where

~E j
ext ¼

X
l

ðP�1ÞjlEl
ext ¼

1
2p

Z X
l

ðP�1Þjl~Eextð~rÞ �~e/ expð�il/Þd/ ð2:32Þ

represents the external field component projected on the jth eigenmode. A com-
mon feature of metallic wire structures is that quite often either an external
magnetic or electric field alone can induce both electric and magnetic dipole
moments. This property is called magnetoelectric or bianisotropic, which we will
discuss explicitly in the following.

Consider different probing plane waves with (a)~Ejjŷ;~kjĵz; (b)~Ejjŷ;~kjjx̂;
(c)~Ejjx̂;~kjĵz; (d)~Ejjx̂;~kjjŷ; we show in Fig. 2.5 the induced dipole moments as
functions of the frequency. The odd-numbered resonance modes possess both
magnetic mzð Þ and electric py

� �
responses, while the even-numbered ones exhibit

only electric pxð Þ responses. The appearance of py is always accompanied by the
appearance of mz;which manifests the bianisotropy property of the SRR [26, 30, 32].
Symmetry restricts a probing field to excite only a particular set of resonance modes
of the SRR, and therefore, not all the resonance peaks appear simultaneously in each
spectrum. We have performed FDTD simulations [66] to verify these theoretical
results. To model a single ring SRR with R ¼ 4mm; a ¼ 0:1mm; and D ¼ p=40;

(a)

(b)

(c)

(d)

Fig. 2.4 The eigenvector
distributions for the lowest
eigenmode at the lowest four
resonance frequencies. (From
Ref. [33])
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we first construct a 0.2 mm-thick metallic disk of radius 4.1 mm, then cut it by a
0.2 mm-thick air disk of radius 3.9 mm, and finally cut an air gap of the required
width on the resulting structure. It is difficult to employ FDTD simulations to directly
compute the dipole moments of a single SRR induced by an external plane wave.
Instead, we study the transmission spectrum of an array of such SRR’s, and identify
the resonances by the dips of the transmission spectrum. For the two configurations
studied in Fig. 2.5a, c, we construct SRR arrays to periodically tile the xy-plane, with
lattice constants 16 mm along both x and y directions. For the other two configura-
tions, we construct SRR arrays to periodically tile the xz- or yz- plane, respectively,
with a lattice constant = 12 mm along x or y direction and 16 mm along z direction.
The transmission spectra under the four plane wave inputs are shown, respectively in
Fig. 2.6 a–d. When we compare Fig. 2.6 with the results shown in Fig. 2.5, we find
that they agree with each other quite well. We clearly identify the dips at x � 0:42x0

shown in Fig. 2.6a–d as the lowest eigen resonance mode x1ð Þ; the dips at x �
1:19x0 shown in Fig. 2.6c, d as the second resonance mode x2ð Þ; and the dips at

(a)

(b)

(c)

(d)

Fig. 2.5 Amplitudes of the
induced moments,
jpxj; jpyj; jmzj, of the SRR as
functions of x=xu for
different probing fields as
shown in the figure. (From
Ref. [33])
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x � 1:46x0 as the third one x3ð Þ: The quantitative differences between analytical
and FDTD results must be caused by the couplings among different SRRs, since we
have to adopt periodic arrays of SRRs to study the transmission spectra in the FDTD
simulations.

2.7 Summary

In this chapter, we have established a rigorous mode-expansion theory for metallic
systems in ring geometry in which the inductive/capacitive effects were included
completely and the relevant circuit parameters were calculated rigorously. We
have applied the theory to study the EM resonance properties of a single ring SRR.
We found that the circuit problem can be analytically solved for ideal structures,
leading to several useful analytical formulas for both resonance frequencies and
current distributions. For general nonideal structures, we numerically solved the

(a)

(b)

(c)

(d)

Fig. 2.6 FDTD calculated
transmission spectra of the
SRR arrays as functions of
x=xu for plane wave inputs
specified in the figure. Here
the SRR has R ¼ 4 mm, a ¼
0:1 mm, and D ¼ p=40.
(From Ref. [32])
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circuit equation and found that the obtained results match well with FDTD sim-
ulations on realistic structures. While there have been lots of efforts to study the
SRRs theoretically, we believe an analytical theory established on more rigorous
grounds is highly desirable, particularly since it can yield more physical insight
and analytical formulas helpful for researchers working in this area.

Appendix

We describe the evaluation of the circuit elements in this Appendix. The current is
along the ring, in component form, it is j ¼ ð� sin u; cos u; 0Þjjj. We expand the
current in a Fourier series as jjj ¼

P
m jm expðimuÞ. We get j� ¼ jx � ijy ¼P

m jm exp½iðmþ 1Þu	 .
In the QSA, the Green’s function is proportional to 1=jr � r0j ¼

4p=ð2lþ 1Þ
P

rl
\YlmðXÞY�lmðX0Þ=rlþ1

[ . We take the coordinate system so that the
z axis is perpendicular to the ring. The ring is thus in the plane with h=0. Assume a
time dependence of the form expðixtÞ. For the self inductance of a single ring, the
expansion parameter is a ¼ r\=r[ ¼ ðR� aÞ=R where a is the radius of the wire
that makes up the ring. For the mutual inductance of two concentric rings, the
expansion parameter is r\=r [ ¼ R1=R2. Carrying out the integration for Em

L ¼
�ix

P
m Lmm0Im0 Lmm0 ¼ 1

2p

RR
ðê/ � ê/0 Þeiðm0/0�m/Þgð/;/0Þ Rd/0d/=c2 we get, using

the definition of the spherical harmonics Ylm=½ð2lþ 1Þ ðl� mÞ!=4pðlþ mÞ!	1=2Pm
l

ðcos hÞeim/,

Em�1 ¼ �ix=c2
X

l

½Pm
l ð0Þ	

2½ðl� mÞ!=ðlþ mÞ!	jm�1a
l=R ðA:1Þ

The inductance is thus given by

Lm�1 ¼
X1

l¼m
AlðmÞal=ðRc2Þ ðA:1aÞ

where

AlðmÞ ¼ ½Pm
l ð0Þ	

2½ðl� mÞ!=ðlþ mÞ!	: ðA:2Þ

We show below that for large l,

AlðmÞ � p�1l�12: ðA:3Þ

This slow decrease of the coefficients Al(m) of the infinite series with respect to
l leads to a log dependence on 1-a. We thus get

Lm�1 ¼ ½Bm�1 þ logðR=2bÞ=p	=ðRc2Þ ðA:4Þ

with a nonlog dependent coefficient Bm.
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Asymptotic Behavior of Al(m)

We now examine the asymptotic behavior of the coefficient of the infinite series.
Now the associated Legendre polynomial at the origin is given by [68] Pm

l ð0Þ ¼
2mp�1=2 cos½pðlþ mÞ=2	Cððlþ mþ 1Þ=2Þ=C½ðl� mÞ=2þ 1	: The asymptotic
behavior of the Gamma function for large n is given by CðnÞ / expð�nÞnn�1=2:

We get Pm
l ð0Þ ¼ 2mp�1=2 cos½pðlþ mÞ=2	R where the ratio of the Gamma func-

tions is given by R ¼ expð�mþ 1=2Þ½ðlþ mþ 1Þ=2	ðlþmþ1Þ=2=½ðl� mÞ=2þ
1	ðl�mÞ=2þ1: R can be written as R ¼ ðl=2Þm�1=2

exp½�mþ 1=2þ ½ðlþ mþ
1Þ lnð1þ ðmþ 1Þ=lÞ=2Þ � ðl� mþ 2Þ ln½1þ ð2� mÞ=l		=2: In the large l limit we
get Pm

l ð0Þ � p�1=2 cos½pðlþ mÞ=2	lm�1=221=2 exp½�mþ 1=2þ ðmþ 1Þ=2Þ � ð2�
mÞ=2	: This can be simplified as

Pm
l ð0Þ � p�1=2 cos½pðlþ mÞ=2	lm�1=221=2: ðA:5Þ

We thus have AmðlÞ � ½Pm
l ð0Þ	

2
exp½2mþ ðl� mþ 1=2Þ lnð1þ ð1� mÞ=lÞ �

ðlþ mþ 1=2Þ lnð1þ ð1þ mÞ=lÞ	l�2m: In the large l limit, this becomes

AmðlÞ � ½Pm
l ð0Þ	

2
exp½2mþ ð1� mÞÞ � ð1þ mÞÞ	l�2m: ðA:6Þ

Substituting in Eq. (A.5), we get Eq. (A.3).

Numerical Evaluation

The inductances can be calculated recursively. Pm
l ð0Þ ¼ 2mp�1=2 cos½pðlþ

mÞ=2	Cððlþ mþ 1Þ=2Þ=C½ðl� mÞ=2þ 1	: Pm
mð0Þ ¼ 2mp�1=2 cosðpmÞCðmþ

1=2Þ=Cð1Þ ¼ 2mp�1=2ð�1Þm½ð1Þð3Þ. . .ð2m� 1Þ	p1=2=2m:

AmðmÞ ¼ Pm
mð0Þ

2=ð2mÞ! ¼ ½ð1Þð3Þ. . .ð2m� 1Þ	2=ð2mÞ!:

AmðmÞ ¼ ð1Þð3Þ. . .ð2m� 1Þ=½ð2mÞð2m� 2Þ. . .2	:

Pm
lþ2ð0Þ ¼ �Pm

l ð0Þðlþ mþ 1Þ=ðl� mþ 2Þ:

Alþ2ðmÞ ¼ AlðmÞðlþ mþ 1Þ2½ðlþ 2� mÞðlþ 1� mÞ	=½ðlþ 2þ mÞðlþ 1þ mÞ	ðl
� mþ 2Þ2:

Alþ2ðmÞ ¼ AlðmÞ½ðlþ mþ 1Þðlþ 1� mÞ=½ðlþ 2þ mÞðl� mþ 2Þ	:
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Beyond QSA

It is possible to include the effect of the radiation resistance by using the formula
expðikjr � r0jÞ=jr � r0j ¼ 4pik

P
l jlðkr\Þhlðkr[ Þ

P
m YlmðXÞY�lmðX0Þ :

Instead of Eq. (2.1a) we now have

Lm�1 ¼
X1

l¼m
AlðmÞjlðkjR� ajÞhlðkRÞ=ðRc2Þ ðA:7Þ

The formula for Al(m), Eq. (A.2) and its asymptotic form, Eq. (A.3) remains the
same.

The leading correction to the QSA result is a damping term proportional to kR.
This can also be seen trivially from the formula expðikjr � r0jÞ=jr � r0j �
1=jr � r0j þ ik:

This calculation can be easily generalized to the mutual inductance of two
separate but concentric rings.
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