Chapter 2
Consequence

Abstract Belief revision theory assumes that the agents reason according to a logic.
As an abstraction that encompasses many different logics, we can consider a logic as
a pair (£, Cn) such that .Z is the language of the logic and Cn is the consequence
operation Cn : 2% — 2% that gives the consequences of a set of sentences. We are
particularly interested in Tarskian logics and certain properties that they may satisfy
e.g., compactness, decomposability, distribuitivity, etc. In this chapter, Tarskian log-
ics, some logical properties, and relations between these properties will be presented.
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As usual, the symbol 2% represent the set of subsets of .£. We represent sets of
sentences (subsets of .Z’) using upper case letters A, B, C, .... Sentences of the
language are represented with lower case Greek letters «, 3, . ...

Given a logic (£, Cn), consider a sentence o € . and two sets of sentences
A,Be27:

1. «is a consequence of B iff a € Cn(A).

2. A is a consequence of B iff every element of A is a consequence of B i.e.,
A C Cn(B).

3. A and B are equivalent iff Cn(A) = Cn(B).

4. Ais trivial iff Cn(A) = Z.

Following the above definitions, a set A is not a consequence of B iff A ¢ Cn(B)
i.e., there is at least one sentence o € A which is not a consequence of B. An alter-
native definition would impose that A is not a consequence of B iff BN Cn(A) = @.
We will use the former.
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2.1 Tarskian Consequence Operator

Some very basic properties that a consequence operator may satisfy are the following:

monotonicity: if A € B then Cn(A) € Cn(B).
idempotence: Cn(A) = Cn(Cn(A)).
inclusion: A C Cn(A).

A consequence operator that satisfies these properties is called Tarskian. In gen-
eral, if a consequence operator of a logic satisfies certain property, we will simply
say that the logic itself satisfies it. For example, a logic (£, Cn) with a Tarskian
consequence operator is also called Tarskian.

Although Tarskian logics do not encompass every logic in the literature (e.g., linear
logic [Gir87] and non-monotonic logics [AW97] are not Tarskian), it encompasses
enough logics so that we will only consider them in this book. Hence, from now on,
whenever we write logic we mean Tarskian logic.

The following are simple lemmas about Tarskian consequence operator that will
be used throughout the book without reference:

Lemma 2.1 Let A and B be sets of sentences in a Tarskian logic (£, Cn). Then
the following equations hold:

1. Cn(Cn(A)U Cn(B)) = Cn(A U B)
2. Cn(Cn(A) N Cn(B)) = Cn(A) N Cn(B)

Proof

1. By inclusion we have A € Cn(A) and B € Cn(B). It follows that AU B C
Cn(A) U Cn(B) and by monotonicity Cn(A U B) € Cn(Cn(A) U Cn(B)).

By monotonicity both Cn(A) and Cn(B) are subsets of Cn(A U B). It follows
that Cn(A) U Cn(B) € Cn(A U B) and by idempotence Cn(Cn(A)UCn(B)) €
Cn(AU B).

2. Ofcourse, Cn(A)NCn(B) € Cn(A) and by idempotence Cn(Cn(A)NCn(B)) C
Cn(A). Analogously we have that Cn(Cn(A)NCn(B)) € Cn(B). It follows that
Cn(Cn(A)NCn(B)) € Cn(B)NCn(A) Cn(A)NCn(B) C Cn(Cn(A)NCn(B))
follows directly by inclusion. O

Lemma 2.2 Let A, B, K € 2Z If A and B are equivalent then A C Cn(K) iff
B C Cn(K).

Proof By monotonicity and idempotence Cn(A) € Cn(K). Since by hypothesis
Cn(A) = Cn(B) then Cn(B) € Cn(K) and by inclusion B € Cn(K).
The converse is analogous. O

A set K C Zis closed (under Cn) iff K = Cn(K). We reserve the uppercase
letter K to represent closed sets.

The class of all closed sets in a logic (-Z, Cn) will be denoted K ¢ or simply K
when the context is clear. In symbols:
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Fig.2.1 This diagram represents the logic of example 2.3

K ={K €2% : K = Cn(K)}

Of course, the relation of inclusion is a partial order over K i.e., for every
K1, K7, K3 € K we have:

transitivity: if K1 C K, and K, € K3 then K| C K3.
reflexivity: K1 C K.
anti-symmetry: if K1 C K, and K € K then K| = K».

For every I' C K, an upper-bound of T is any K € K such that K’ € K for
every K’ € I'. The supremum or the least upper-bound of T' (denoted sup(T)) is
an upper-bound of I' such that sup(I") € K’ for every upper-bound K’ € K of T.
Notice that for every I' € K, there is a unique sup(I") € K defined by the formula:

sup(l') = Cn(U r)

The infimum, the greatest lower bound, of I in K is defined analogously. Again
notice that inf (') = Cn((\T') € K. Hence, (K, C) form a complete lattice i.e., a
partially ordered set such that every subsets has a supremum and an infimum.

Furthermore, K is closed under intersection i.e., forevery ' € K we have (T €
K. In other words, K forms a closure system. Hence, we have that:

inf(D)= (T

Logics will be illustrated by means of diagrams like the one in Example 2.1. Each
node in the diagram represent an element K of K and will be labeled by one set A
such Cn(A) = K. The transitive closure of the arrows represent the consequence
relation i.e., Cn(K ;) € Cn(K;) iff there is a path in the diagram from K; to K ;.

Example 2.3 defines a simple logic' which is represented in the diagram of
Fig. 2.1.

Example 2.3
< ={a, b}
Cn(Z)=Cn({b}) =2

Cn({a}) = {a}
Cn(@) =9

1 This logic was borrowed from [Flo06].
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Since we will present several examples of logics like the above, some conventions
are useful. We will use Cn(a) as an abbreviation for Cn({a}). Furthermore, we will
use a instead of {a} to label the diagram. The value of Cn () will be omitted in
future presentation of logics, since it is always equal to .# in Tarskian logics.

2.2 Consequence Relation

Another way to present Tarskian logics is via a consequence relation R C 24 x &L,
In this case a logic is a pair (., R) and (A, @) € R means that « is a consequence
of A. Tarskian consequence relation satisfies the following properties:

1. if« € Athen (A, @) € R,
2. if (A,a) € R and (B, ) € R forevery 3 € A then (B, @) € R and
3. if (A,a) € Rand A C B then (B, a) € R.

A Tarskian relation R induces the following consequence operator:
Cn(A)={ae Z:(A,a) € R}

We call Cn the consequence operator that is induced by R. As we should expect, the
consequence operator Cn induced by a Tarskian relation R is Tarskian:

Proposition 2.4 If R is a Tarskian relation then the consequence operator Cn
induced by R is Tarskian.

Proof The proof is simple and follows like this:

Inclusion: If o € A then (A, o) € R and by definition o € Cn(A).

Idempotence: Let « € Cn(Cn(A)). For every 8 € Cn(A), by definition, we have
that (A, 3) € R. Since (Cn(A), o) € R then (A, ) € R. Hence, o € Cn(A).
Monotonicity: Let A C B and o € Cn(A). By definition (A, o) € R which implies
(B, o) € R. It follows that o« € Cn(B). m|

Moreover, a Tarskian consequence operator Cn induces a relation:
(A,a) € Riffa € Cn(A)

Proposition 2.5 If Cn is a Tarskian operator then the consequence relation R
induced by Cn is Tarskian.

Proof This proof is omitted since it is trivial and very similar to the previous one. O

2.2.1 Properties of the Consequence Operator

In this section, we present a list of properties which are not as basic as the ones
presented in previous section. These properties would not be generally assumed, but
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they will be useful throughout the book. The list of properties that will be considered
include compactness, finiteness, Descending Chain Condition (DCC), closure under
complement, distribuitivity and decomposability.

Compactness guaranties that any consequence of a set of sentences is a conse-
quence of a finite subset of it:

compactness: A logic (£, Cn) is compact iff for all « € £ and all A C 2, if
a € Cn(A) then there is a finite A’ C A such that « € Cn(A).

A consequence relation is compact if for every v € .Z and A € . we have that
(A, @) € R there is a finite A’ C A such that (A’, @) € R. It is trivial to verify that
a compact relation induces a compact consequence operator and vice-versa.

Compact logics are sometimes called finitary. We would not name them finitary
to avoid confusion with what we call finite logics:

finiteness: A logic (£, Cn) is finite iff there is only a finite number of distinct belief
sets i.e., K ¢ is finite.

Of course, finite logics are compact, but the converse is not true in general.

Another logical properties related to compactness and finiteness are the chain
conditions. A sequence of sets of sentences Ag, Aj ... is an descending chain iff
Cn(Ag) D Cn(A1) D ....The Descending Chain Conditions (DCC) states that any
chain in (&, Cn) is finite.

descending chain condition: A logic (£, Cn) satisfies the descending chain condi-
tion iff every descending chain in (., Cn) has a minimal element i.e., a A; such
that for every A;, we have that Cn(A;) € Cn(A;).

It is trivial to notice that finite logics satisfies DCC.
The complement of a set A C &, if it exists, is a set A’ C . such that:

« Cn(AUA) = &
« Cn(A) N Cn(A) = Cn(®)

A set A C & is finitely representable iff there is finite A’ such that Cn(A) =
Cn(A").

closure under complement: A logic (£, Cn) is closed under complement or simply
complemented iff every finitely representable A C % has a complement A’ C ¥

Dropping the restriction to finitely representable would narrow too much the
scope of complemented logics. If this restriction was dropped, even CPL would not
be complemented.?

Notice that the complement of a set A € . may not be unique. In the logic of
Example 2.6 and Fig. 2.2 the set {a} has two distinct complements {b} and {c}.

2 This was noted by Flouris in personal communication.



12 2 Consequence

A
a / b \ c
0
Fig.2.2 Logic of Example 2.6
Example 2.6
& =la,b,c}
Cn({a,b}) =Cn({b,c}) =Cn({la,c}) =%
Cn(a) = {a}
Cn(b) = {b}
Cn(c) = {c}
Cn@) =49

The following property guaranties the uniqueness of complement:

distribuitivity: A logic (£, Cn) is distributive iff for all A, B, C € 2% we have:
Cn(AUB)NCn(AUC) CCn(AU(Cn(B)NCn(C)))

By monotonicity we have that the converse of this property holds. Hence, Tarskian
distributive logics satisfy the following property for every set A and every finitely
representable sets B and C :

Cn(AU (Cn(B)NCn(C))) =Cn(AUB)NCn(AUC)

For now on when we mention distributive logics we mean Tarskian distributive
logics.

A logic is called Boolean iff it is distributive and complemented. In Boolean
logics, every sentence has an unique complement modulo equivalences:

Proposition 2.7 Let (£, Cn) be a Boolean logic and consider A C . If A’ and
A" are two complements of A then Cn(A’) = Cn(A”).

Proof

Cn(A") = Cn(A' U Cn(®))
= Cn(A' U (Cn(A) N Cn(A")))
= Cn(A'UA)NCn(A’UA") by distribuitivity
= £ NCn(A"UA"
= Cn(A'UA")
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Using an analogous argument we prove that Cn(A”) = Cn(A’ U A”). Hence,
Cn(A") = Cn(A"). o

Furthermore, if two sets of sentences are equivalent in a Boolean logic then their
complements are also equivalent:

Proposition 2.8 Let (£, Cn) be a Boolean logic and consider A, B € 2<% and let
A’ be a complement of A and B' be a complement of B then Cn(A) = Cn(B) if
and only if Cn(A") = Cn(B).

Proof

Cn(A’) = Cn(A') U Cn()
= Cn(A") U (Cn(B) N Cn(B'))
= Cn(A’) U (Cn(A) N Cn(B")
= Cn(A'UA)NCn(A’UB’) by distribuitivity
= ZNCn(A'UB)
= Cn(A'UB)

The proof that Cn(B’) = Cn(A’ U B) is analogous and we conclude that Cn(A") =
Cn(B) 0

In Boolean logics, the closure of the complement of A is denoted —A. —A is well
defined precisely because it is unique i.e., = A = Cn(A’) for A’ a complement of A.

Let A, K € 2 such that K = Cn(K) and Cn(¥) C A C K, the complement of
A relative to K (denoted K ~(A)) is the class of all sets K’ such that:

* Cn(K'") C Cn(K)
* Cn(K'UA) =Cn(K)

decomposability [FPA04]: A logic (£, Cn) is decomposable iff for every A, K €
2 such that K = Cn(K), Cn(@) C Cn(A) C K and A is finitely representable
we have that K~ (A) # 0 i.e., there is K’ € £ such that Cn(K’") C Cn(K) and
Cn(K'UA) = Cn(K).

Decomposability was first introduced in [FPA04] and it is intimately related with
AGM theory as will be showed in Chap. 4.
The following is a sufficient condition for a logic not to be decomposable:

Lemma 2.9 [FPAO05] Consider a logic (£, Cn). If for some K, K’ € 2% such that
K' = Cn({f € £ : Cn(B) C K}) we have that Cn()) C K' C Cn(K) then
(&, Cn) is not decomposable.

Proof Forany A C %, if Cn(A) C Cn(K) then Cn(A) € K’. It follows that
Cn(K'UA) =Cn(K') # Cn(K). O

Now let us present some relations between decomposability and the other logical
properties presented so far.
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Proposition 2.10 Boolean logics are decomposable.

Proof Consider a Boolean logic (., Cn) and two sets of sentences A, K C £ such
that A is finitely representable and Cn(#) C Cn(A) C Cn(K). We will prove that
then Cn(K) N Cn(A’) € K~ (A) for some complement A’ of A (which must exist
because (£, Cn) is complemented).
Let B = Cn(K) N Cn(A’), then Cn(A U B) = Cn(A U (Cn(K) N Cn(A"))). By
distributivity this is equal to Cn(A U K) N Cn(A U A’) = Cn(K).

If A C Bthen Cn(K)NCn(A') = B = Cn(B) = Cn(BU A) = Cn(K), so
Cn(A’) 2 Cn(K) D Cn(A).In this case, Cn(A) = Cn(#) which is a contradiction.
It follows that A ¢ B. Hence, B € K~ (A). O

Proposition 2.11 If a logic is decomposable and satisfy the descending chain con-
dition then it is complemented.

Proof Let A C .Z. By decomposability we have that £~ (A) # (. By the descend-
ing chain condition, there is an X" € .~ (A) such that X" C X and there is no X”
such that Cn(X") C Cn(X"). We will show that X’ is a complement of A.

Since X' € £~ (A) then Cn(X'UA) = .£. Now suppose that Cn(X')NCn(A) #
Cn (), by decomposability, there is ¥ € X'~ (Cn(X") N Cn(A)).

In this case, we have that X’ = Cn(Y U (Cn(A) N Cn(X"))) € Cn(Y U A).
However, since A € Cn(Y U A), we have that Cn(X' U A) € Cn(Y U A). Hence,
Cn(YUA)=2.

Inthis case, Cn(Y) C Cn(X’)and Cn(YUA) = Z. Itfollows that X’ is not the min-
imal which contradicts the definition. We conclude that Cn(X’) N Cn(A) = Cn(9).
O

As a corollary of this result we have that finite decomposable logics are comple-
mented.

2.3 Standard Languages

So far, no assumptions was made over the structure of the language .# . In this section,
the standard language for propositional logics will be presented together with logical
properties that depend on it.

Alanguage .Z is closed under an n-ary connective N iffforevery o, ..., a, € £
we have that N(aq, ..., a,) € Z. We will use standard infix notation for binary
connectives i.e., we will write N 3 instead of N («, 3).

A language is standard if it is closed under the standard connectives A (conjunc-
tion), Vv (disjunction), — (implication) and — (negation) (of course only the last
connective is unary while the others are binary).

Consider a language .Z closed under negation. We say the negation — in .Z is
classical iff (.Z, Cn) satisfies the following properties for every o € £

1. Cn(a) N Cn(—a) = Cn(Y)
2. Cn({a, 7)) =&



2.3 Standard Languages 15

If a set contains both a,, ~a € Cn(A) then we say that A is contradictory. Using
this terminology we say that the second statement above guarantees that if (£, Cn)
is closed under classical negation then if A is contradictory it must be trivial. Of
course, if a logic is closed under classical negation then it is complemented.

The following property of negation states that the negation of a sentence never
“helps” to prove the sentence [Was00]:

a-local non contravention: A logic (£, Cn) closed under negation satisfies a-local
non contravention iff for every o € £ and every A C . we have thatif a ¢ Cn(A)
then o ¢ Cn(A U {—a})

Proposition 2.12 If (£, Cn) is distributive and closed under classical negation
then (£, Cn) satisfies a-local non contravention.

Proof LetaeCn(AU{—a}).Since a € Cn(AU {—a}) N Cn(AU{a}), by distrib-
utivity, &« € Cn(A U (Cn(a) N Cn(—cq))). Since — is classical, Cn(a) N Cn(—a) =
Cn(®). It follows that o € Cn(A). |

In Chap. 4 classical AGM theory will be presented. This theory makes certain
assumptions about the underlying logic (., Cn). First, it assumes that the language
is a standard language i.e., it is closed under the standard connectives. The other two
assumptions are presented below:

deduction: Alogic (£, Cn) closed under implication satisfies deduction iff for every
a € Z and every A C .Z we have that « € Cn(A U {5}) iff 8 — «a € Cn(A).
supraclassicality: A logic (£, Cn) is supraclassical iff for every o € £ and every
A C % we have that if & € Ccpr(A) then a € Cn(A) i.e., if « is a classical
consequence of A then o € Cn(A). Classical consequence will be formalized in the
next section.

A consequence relation R satisfies deduction if the following holds:
(AU{B},a) e R iff (A,B— a)€R

If R satisfies deduction then the consequence operator induced by R also satisfies
deduction and conversely.

We say that a logic satisfies the AGM-assumptions if it satisfies four requirements:
closure under standard language, deduction, supraclassicality, and compactness. We
will sometimes call well behaved a logic that satisfies AGM assumptions.

Well-behaved logics are Boolean.

Lemma 2.13 If (&, Cn) satisfy the AGM-assumption then Cn(AU{a1})) NCn(AU
{an}) € Cn(AU{a1 Vv az}).

Proof By deduction we have that oy — 3, ap — § € Cn(A). Since (o] V ap) —
B € Ccpr({ay — B, ar — f}), by supraclassicality, monotonicity and idempo-
tence (o V ap) — B € Cn(A). Finally, by deduction, § € Cn(A U {a] V a2).

O
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Fig.2.3 Relation between distributive
logical properties )
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Proposition 2.14 [f a logic (£, Cn) satisfies the AGM-assumptions then (£, Cn)
is Boolean.

Proof Letf € Cn(AUB)NCn(AUC). By compactness there are A € AU B and
Ay € AUC both finite and such that 3 € Cn(A1)NCn(Ay).Let A’ = AjUA,, B’ =
A1NA, C'= Ay, NC.tis easy to verify that A’, B’ and C’ are finite and that 3 €
Cn(A’UB)YNCn(A'UC"). Let B ={Bo,...,0u}, C' = {Bust,-..Bnam} 11 =
BoA...NBypand 2 = Byg1 A ... A Buym. By supraclassicality we have that
Cn(A’UB)YNCn(A'UC") = Cn(A’"U{y ) NCn(A" U{y:}). Using Lemma 2.13
Cn(A"U{y}) NCn(A"U{y}) € Cn(A"U{v Vv 12}). It follows that:

Be Cn(A'UB)NCn(A'UC)
= Cn(A' U {1} N Cn(A’ U {a))
C Cn(A"U{y vy
C Cn(A"U(Cn(B)NCn(C"))
C Cn(AU(Cn(B)NCn(C)))

We conclude that 3 € Cn(AU (Cn(B)NCn(C))) and, hence, Cn(AUB)NCn(AU
C) CCn(AU(Cn(B)NCn(C))).

Now consider a set X C .Z. If X is finitely representable then there is a finite X’
such that Cn(X) = Cn(X’). Let X' = {Bo., ..., B,}. Since (&, Cn) is supraclassi-
cal we have that Cn(0y, ..., B,) = Cn(Byo A ... A B,). We will show that —c is the
complement of « = By A ... A Gy.

Since 8 € Ccpr(a, ~a) (see Sect. 3.1) for every § € £ we have § €
Cn(a, —av), by supraclassicality. Furthermore, let 3 € Cn(«) N Cn(—«). By deduc-
tion it holds that « — 3,—-a — [ € Cn(¥). Since o vV =« € Ccpr(¥) (see
Sect. 3.1), by supraclassicality, we have that 3 € Cn (). Hence, Cn(a) NCn(—a) C
Cn(). O

A trivial corollary of this result states that if a logic (., Cn) satisfies the AGM-
assumptions then it is decomposable.
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2.4 Conclusion

In this chapter, a very general framework for logics was presented. A logic was
defined as a language together with a consequence operator. In this book, we are
interested only in Tarskian logics i.e., in logics with a consequence operator that
satisfies monotonicity, inclusion, and idempotence. Not every logic in the literature
is Tarskian, non-monotonic logics [AW97] and linear logics [Gir87] are examples of
non-Tarskian logics. These logics would not be considered in this book.

One nice property of Tarskian logics is that there is a bijection between them
and complete lattices. For this reason, it is possible to visually illustrate certain toy
logics. We will use lattice many times throughout the book as an heuristic to generate
examples of logics with certain properties. For a more complete presentation of
consequence operator see [W9j88].

Tarskian logics may satisfy certain properties such as distributivity, decompos-
ability etc. These properties are not independent. Some combinations of properties
may imply other properties. Several such relations between properties were proved in
this chapter. Diagram in Fig. 2.3 sums up the these results. The points in the diagram
correspond to logics that will be presented in the following chapter.
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