Contents

Derivative Pricing and Hedging . . ... ... ... ... ... 1
1.1 Types of Derivative . . . . . .. . ... ... ... ....... 4
1.1.1 Options . . . . . . ..o 4
1.1.2 Forwards and Futures . . . . . ... ... ... .. ... 5
113 Swaps . . . . . o 6
1.2 Uses of Derivatives . . . . . ... ... ... .. ... ... 7
1.2.1 Hedging. . . . ... .. .. . oo 7
1.2.2 Speculation and Arbitrage . . .. ... ... ... ... 8
1.3 Pricing of Derivatives . . . . . . .. ... ... L. 8
A Simple Market Model . . . . . ... ... .. ......... 11
2.1 Model Assumptions . . . . . .. ... oL 11
2.2 Viability . .. ... 15
2.3 Derivative Securities and the Pricing Problem . . ... .. .. 20
2.4 Fair Pricing . . . . .. ... 23
2.5 Replication and Completeness . . . . . .. ... .. .. .... 25
2.6 Risk-Neutral Probabilities . . . .. .. ... .. ... ..... 28
Single-Period Models . . . . . ... ... ... ... ... .... 35
3.1 Single-Stock Models . . . . ... ... ... oL 37
3.1.1 Example: A European Put Option in a Ternary Model 38

3.1.2  Viability, Risk Neutral Probabilities and Completeness 41
3.1.3 Pricing Attainable Derivatives . . . . . .. .. ... .. 45
3.1.4 Pricing Non-attainable Derivatives . . . . . . . ... .. 47



Contents

3.2 Models with Several Stocks . . . . . . ... ... ... ... .. 57
3.3 Viability with Several Stocks . . . . . . .. ... .. ... ... 61
3.4 Risk-Neutral Pricing with Several Stocks . . . . .. ... ... 72
3.5 Completeness with Several Stocks . . . . ... ... .. .... 76
3.6 Derivative Pricing in an Incomplete Model . . . . . . . .. .. 81
Multi-Period Models: No-arbitrage Pricing . . . . . . . . .. 89
4.1 Stock Price Evolution . . . . . . ... ... ... 91
4.2 Trading . . . . . . ..o 96
4.3 Viability . . . ... 106
4.4 Pricing Attainable Derivatives by Replication . . . .. .. .. 112

4.4.1 Derivatives . . . . . ... oo 112

4.4.2 Fair Pricing . . . . .. ... . oo 115
4.5 Some General Results on Pricing . . . .. ... .. ... ... 122

4.5.1 FEuropean Putsand Calls . . . .. .. ... ....... 123

452 Forwards . . . . .. ... 125
4.6 Completeness . . . . . . ... 127
Multi-Period Models: Risk-Neutral Pricing . . . .. ... .. 133
5.1 Information and Measurability . . . . . .. .. ... ... ... 134
5.2 Equivalent Martingale Measures . . . . . . . . ... ... ... 143

5.2.1 Equivalent Probability Measureson 2 . . .. ... .. 143

5.2.2 Conditional Expectation and Martingales . . . . . . . . 148

5.2.3 Equivalent Martingale Measures . . . . . ... ... .. 154
5.3 Viability . . . . ... 158
5.4 Derivative Pricing in a Viable Model . . . ... ... ... .. 160
5.5 Completeness . . . . . ... Lo 164
5.6 Pricing Non-attainable Derivatives. . . . . . . . . . ... ... 166
The Cox-Ross-Rubinstein Model . . . . . . ... .. ... ... 177
6.1 Description and Basic Properties . . . .. ... ... ... .. 177
6.2 Viability and Completeness . . . . . . . .. ... ... ... .. 181
6.3 Pricing Path-Independent Derivatives . . . . . . .. . ... .. 184
6.4 Convergence of the Cox-Ross-Rubinstein Formula . . . . . . . 194
American Options . . . . . ... ... .. ... ... ... ... 211
7.1 American Call and Put Options . . . . .. .. ... ... ... 212

7.1.1 Pricing American Calls and Puts: Informal Theory . . 213

7.1.2 Comparison of American and European Calls and Puts 216
7.2 General American Options in a Complete Model: Informal

Theory . . . . . . . 220
7.3 Pricing American Options: Formal Theory . . . ... ... .. 226

7.3.1 Stopping Times . . . . . . .. ... ... ... .. 226



Contents xi

7.3.2 Definition of a Fair Price for an American Option . . . 230

7.3.3 Replication and Hedging . . . . ... ... ... ... .. 231
7.4 Attainable American Options . . . . . .. .. ... ... ... 234
7.4.1 Pricing Attainable American Options . . . . . . .. .. 234

7.4.2 Optimal Stopping and Minimal Super-replication
for Attainable American Options . . . . . . . . ... .. 236
7.5 Pricing American Options in a Complete Model . . . . . . .. 241
7.6 Pricing American Options in an Incomplete Model . . . . . . . 250
8 Advanced Topics . . . . .. .. ... 269
8.1 Futures . . . . . . ... 269
8.2 Stochastic Interest Rates . . . . . . ... ... ... ... ... 274
8.3 Transaction Costs . . . . . . . . . . .. ... ... ....... 281
8.4 Topics for Further Study . . . .. ... ... ... ... .... 292
Solutions to Exercises . . . . ... ... .. ... ... ... .... 295
Chapter 2 . . . . . . . 295
Chapter 3 . . . . . . . . 295
Chapter 4 . . . . . . . . 302
Chapter 5 . . . . . . . . 303
Chapter 6 . . . . . . . . . . 308
Chapter 7 . . . . . . . 311
Bibliography . . . . . . .. ... 321



2 Springer
http://www.springer.com/978-1-4471-4407-6

Derivative Pricing in Discrete Time
Cutland, N.).; Roux, A,

2013, XV, 325 p. 63 illus., Softcover
ISEM: 978-1-4471-4407-6



