Generating Series of the Poincaré Polynomials
of Quasihomogeneous Hilbert Schemes

A. Buryak and B.L. Feigin

Abstract In this paper we prove that the generating series of the Poincaré polyno-
mials of quasihomogeneous Hilbert schemes of points in the plane has a beautiful
decomposition into an infinite product. We also compute the generating series of
the numbers of quasihomogeneous components in a moduli space of sheaves on
the projective plane. The answer is given in terms of characters of the affine Lie
algebra Qm

1 Introduction

The Hilbert scheme (C?)["! of n points in the plane C? parametrizes ideals I C
Clx, y] of colength n: dimc C[x, y]/I = n. There is an open dense subset of
((Cz)[”], that parametrizes the ideals, associated with configurations of n distinct
points. The Hilbert scheme of n points in the plane is a nonsingular, irreducible,
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quasiprojective algebraic variety of dimension 2n with a rich and much studied ge-
ometry, see [9, 22] for an introduction.

The cohomology groups of (C?)[" were computed in [6] and we refer the reader
to the papers [5, 1517, 24] for the description of the ring structure in the cohomol-
ogy H*((CH).

There is a (C*)?-action on (C?)[" that plays a central role in this subject.
The algebraic torus ((C*)2 acts on C2 by scaling the coordinates, (¢1, ) - (x,y) =
(t1x, t2y). This action lifts to the (C*)2-action on the Hilbert scheme (C2)"1.

Let Tp p = {(t%,t#) € (C*)?|t € C*}, where o, 8 > 1 and gcd(a, B) = 1, be a
one dimensional subtorus of (C*)2. The variety ((C?)"1)7«# parametrizes quasi-
homogeneous ideals of colength n in the ring C[x, y]. Irreducible components of
((C?)InhTep were described in [7]. Poincaré polynomials of irreducible components
in the case o = 1 were computed in [3]. For « = 8 =1 it was done in [12].

For a manifold X let H,(X) denote the homology group of X with rational co-
efficients. Let P,(X) =), ,dimH; (X)qlf. The main result of this paper is the
following theorem (it was co_njectured in [3]):

Theorem 1

N 1 1
ZP‘I((((CZ)[ ])T ﬁ)t = 1_[ 1—1¢i 1_[ 1 _qt(a+}3)i' M

n=0 i>1 i>1

(a+p)fi

There is a standard method for constructing a cell decomposition of the Hilbert
scheme ((C2)[n1)Tep using the Bialynicki-Birula theorem. In this way the Poincaré
polynomial of this Hilbert scheme can be written as a generating function for a cer-
tain statistic on Young diagrams of size n. However, it happens that this combina-
torial approach doesn’t help in a proof of Theorem 1. In fact, we get very nontrivial
combinatorial identities as a corollary of this theorem, see Sect. 1.1.

We can describe the main geometric idea in the proof of Theorem 1 in the fol-
lowing way. The irreducible components of ((CHIMNYTep can be realized as fixed
point sets of a C*-action on cyclic quiver varieties. Theorem 4 tells us that the Betti
numbers of the fixed point set are equal to the shifted Betti numbers of the quiver
variety. Then known results about cohomology of quiver varieties can be used for a
proof of Theorem 1.

In principle, Theorem 4 has an independent interest. However, there is another
application of this theorem. In [4] we studied the generating series of the numbers
of quasihomogeneous components in a moduli space of sheaves on the projective
plane. Combinatorially we managed to compute it only in the simplest case. Now
using Theorem 4 we can give an answer in a general case, this is Theorem 5. We
show that it proves our conjecture from [4].
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Fig. 1 Arms and legs in a ]
Young diagram

ly (s) = number of &

ay (s) = number of ©

» QI3 (3

1.1 Combinatorial Identities

Here we formulate two combinatorial identities that follow from Theorem 1. We
denote by ) the set of all Young diagrams. For a Young diagram Y let

n)={G. perlj=1j
a®) =|{G. )Herli=1}.

For a point s = (i, j) € Zzzo let
ly(s)=rj(¥Y)—i—1,
ay(s) =ci(Y)—j—1,

see Fig. 1. Note that Iy (s) and ay (s) are negative, if s ¢ Y.
The number of boxes in a Young diagram Y is denoted by |Y|.

Theorem 2 Let « and 8 be two arbitrary positive coprime integers. Then we have

1 1
HseYlal(s)=pal)+D} Y] _
Zq = 1_[ l_tinl_qt(a+ﬁ)i'
Yey i>1 i>1

(a+p)i

In the case « = B = 1 another identity can be derived from Theorem 1. The
g-binomial coefficients are defined by

[M] _ [, —4"

Ny TS a=gH TN —qh

By P we denote the set of all partitions. For a partition A = (A1, A2, ..., A), A1 >
A== let A =300 A

Theorem 3

S ] =T
Mgl — e (1 —t2’_1)(l —qt2’)

rePis1 Ait2
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Here for a partition A = (A1, A2,...,Ar), A1 > Ay > -+ > A,, we adopt the con-
vention A, = 0.

1.2 Cyclic Quiver Varieties

Quiver varieties were introduced by H. Nakajima in [20]. Here we review the con-
struction in the particular case of cyclic quiver varieties. We follow the approach
from [21].

Let m > 2. We fix vector spaces Vy, V1,..., V;y—1 and Wy, Wy, ..., Wy,—1 and
we denote by

v=(dimVy,...,dimV,,_1), w=(dim Wy, ..., dimW,,_;) € Z’Z”O
the dimension vectors. We adopt the convention V,, = Vj. Let

m—1 m—1
M(v, w) =(EB Hom(V¢, vkm) ® (EB Hom(V¢, vk_1)>

k=0 k=0

m—1 m—1
fan) (@ Hom (W, Vk)> ©® (@ Hom(Vy, Wk))

k=0 k=0
The group G, = [[{'=y GL(Vi) acts on M (v, w) by
g (Bi,Ba.i, j) > (¢Big™ " gBag " gi. jg').
The map p: M(v, w) — @k”‘;o‘ Hom(Vy, V) is defined as follows
w(B1, By, i, j) =By, B2l +ij.

Let

-1 s .. -1 if a collection of subspaces Sy C Vi
2 (0) = {(B» i, ]) eEn (O) is B-invariant and contains Im(i), then Sy = Vj

The action of G, on u_l (0)* is free. The quiver variety (v, w) is defined as the
quotient
M, w) =u~ " (0)°/ Gy,

see Fig. 2.
The variety (v, w) is irreducible (see e.g. [21]).
We define the (C*)2 x (C*)™-action on (v, w) as follows:

.. 1. .
(t1.12,ex) - (B1, By, ik, ji) = (1 Bi, 12Ba, e i, titaey ).
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Fig. 2 Cyclic quiver variety 9t (v, w)

1.3 C*-Action on t(v, w)

In this section we formulate Theorem 4 that is a key step in the proofs of Theorems 1

and 5.

Let o and B be any two positive coprime integers, such that « + 8 = m. Define
the integers Ao, A1, ..., Ay—1 € [—(m — 1), 0] by the formula Ay = —ak modm. We

define the one-dimensional subtorus Ta, g C (C*)? x (C*)™ by

Top = {8,020,/ 1) e (C) x (C*)"|r e C*).

For a manifold X we denote by H2M (X) the homology group of possibly infinite
singular chains with locally finite support (the Borel-Moore homology) with rational

coefficients. Let P (X) =Y. dim HEM (X)q>.

Theorem 4 The fixed point set (v, w)ﬁhﬂ is compact and

PEM (M, w)) = g 4 mAw.0) P (Mo, w)%).
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1.4 Quasihomogeneous Components in the Moduli Space of
Sheaves

Here we formulate our result that relates the numbers of quasihomogeneous com-
ponents in a moduli space of sheaves with characters of the affine Lie algebra si,,,.
The moduli space M(r, n) is defined as follows (see e.g. [22]):

(1) [B1,B2]+ij=0
(2) (stability) There is no subspace
S C C" such that B,(S) C S (@ =1,2) GL,(C),

M(r’n) = {(B17B21lvj)
and Im(i) C S

where Bp, By € End(C"),i € Hom(C", C") and j € Hom(C", C") with the action
of GL, (C) given by

g (Bi.Ba,i,j)=(gBig . gBrg " gi, jg '),

for g € GL,(C).

The variety M ((r, n) has another description as the moduli space of framed tor-
sion free sheaves on the projective plane, but for our purposes the given definition
is better. We refer the reader to [22] for details. The variety M(1, n) is isomorphic
to (C2)"] (see e.g. [22]).

Define the (C*)? x (C*)"-action on M(r, n) by

(t1,1,e) - [(B], By, 1, ])] = [(llBl, By, ie_l, tltzej)].
Consider two positive coprime integers « and 8 and a vector
w=(w,w,...,0,) €Z"

such that 0 < w; < a + B. Let Toj"’ ) be the one-dimensional subtorus of (C*)2 x
(C*)" defined by

=t P, 1) € (C*)? x (C*) 1 e C).

(0]
In [4] we studied the numbers of the irreducible components of M (r, n)T“vf‘ and
found an answer in the case « = f = 1. Now we can solve the general case.

We define the vector p = (00, 1, - - -, Pat+p—1) € Z‘;(;ﬂ by pi = #{jlw; =i} and

the vector p € Z‘g’g by Wi = p—igmoda+p-

Let Ex, Fy, Hy, k=1,2,...,a + B, be the starlc\lard generators of ;70[4,_/3. Let V
be the irreducible highest weight representation of sly 1 g with the highest weight p.
Let x € V be the highest weight vector. We denote by V), the vector subspace of V
generated by vectors Fj Fj, ... F x. The character x, (¢) is defined by

Xu(q) =) _(dimV,)q”.
p=0

We denote by ¢(X) the number of connected components of a manifold X.
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Theorem 5

3 o (M m)E8)g" = xu(g).

n>0

In [14] the authors found a combinatorial formula for characters of ?lm in terms
of Young diagrams with certain restrictions. In [8] the same combinatorics is used
to give a formula for certain characters of the quantum continuous gl/,. Compar-
ing these two combinatorial formulas it is easy to see that Conjecture 1.2 from [4]
follows from Theorem 5.

Remark 1 There is a small mistake in Conjecture 1.2 from [4]. The vector a’ =
(ay, ay, ..., a¢/x+ﬁ—l) should be defined by a; = a_qimoda+p- The rest is correct.

1.5 Organization of the Paper

We prove Theorem 4 in Sect. 2. Then using this result we prove Theorem 1
in Sect. 3. In Sect. 4 we derive the combinatorial identities as a corollary of Theo-
rem 1. Finally, using Theorem 4 we prove Theorem 5 in Sect. 5.

2 Proof of Theorem 4

In this section we prove Theorem 4. The Grothendieck ring of quasiprojective vari-
eties is a useful technical tool and we remind its definition and necessary properties
in Sect. 2.1.

2.1 Grothendieck Ring of Quasiprojective Varieties

The Grothendieck ring Ko(vc) of complex quasiprojective varieties is the abelian
group generated by the classes [ X] of all complex quasiprojective varieties X mod-
ulo the relations:

1. if varieties X and Y are isomorphic, then [X] =[Y];
2. if Y is a Zariski closed subvariety of X, then [X]=[Y]+ [X\Y].

The multiplication in Ko(vc) is defined by the Cartesian product of varieties: [X] -
[X2] =[X1 x X3]. The class [A(lc] € Ko(vc) of the complex affine line is denoted
by L.

We need the following property of the ring Ko(vc). There is a natural homomor-
phism of rings 6 : Z[z] — Ko(v¢), defined by 6(z) = L. This homomorphism is an
inclusion (see e.g. [18]).
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2.2 Proof of Theorem 4

Letr = Z;”:_Ol 6;. For an arbitrary v € Z" let I') 5 C T, 5 be the subgroup of roots
of 1 of degree m. Let

0=00,....,0, 1,..., ALy eees Aty ees Am—1) €Z".
— —
wo times wi times Wy, —1 times

Lemma 1 1. We have the following decomposition into irreducible components

MmTes = 1] M, w). o)
veZl,

> v=n

2.The T? ﬂ-actwn on the left-hand side of (2) corresponds to the Ta g-action on
the right- hand side of (2).

Proof Let I, be the group of roots of unity of degree m. By definition, a point
[(B1, B2,1i, j)] € M(r, n) is fixed under the action of I, 0 . p if and only if there exists
a homomorphism A: I}, — GL,(C) satisfying the following conditions:
¢“B1=1(0)" ' Bir(Q),
7By =1(0) "' B2A(0), 3)
i odiag(¢?, %, ..., ) =)V,
diag(¢”,¢%,..., %) 0 j = jA(0),

where { = e ”mr Suppose that [(B1, Ba, i, j)] is a fixed point. Then we have the
weight decomposition of C" with respect to A(¢), i.e. C* = @keZ/mZ V/, where
Vi={veC'r() -v= c*v}. We also have the weight decomposition of C”, i.e.
C = @kGZ/mZ Wy, where W, = {v € C |diag(¢?, ..., ¢%) - v = ¢*v}. From con-
ditions (3) it follows that the only components of By, By, i and j that might survive
are:

Bi:V,—> V.
By: V= V|,
it W=V,
jivi— W

Let us denote V', . by Vi and W', . =~ by Wi. Then the operators

By, By, i, j act as follows: B1a: Vi = Vix1,i: Wy — Vi, j: Vi = Wi, The first
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part of the lemma is proved. The second part of the lemma easily follows from the
proof of the first part and from the definition of the T, g-action. U

0 ~
In [4] it is proved that the variety M (r, n) Tap is compact. Therefore, M (v, w)Tes
is compact.

re o
We denote by M(r, n)v"’ﬁ the irreducible component of M(r, n) «.f correspond-
T0
ing to M(v, w). Let M(r,n),*" = (/\/l(r n)v“ﬁ) aﬁ We denote by I, the set of

irreducible components of M (r, n)v“ 7 and let M(r, n)v = ]_Lel M(r,n),% e ‘g be
the decomposition into the irreducible components. We define the sets Cy ; by

re T?
Cyi= {z e M(r,n)y™" lim tz e M(r, n)v‘fllﬂ }

0
t—>0,teTayﬂ

I-ﬂ
Lemma 2 (1) The sets C, ; form a decomposition of M(r, n),*" into locally closed

subvarieties.

T()
(2) The subvariety Cy ; is a locally trivial bundle over M(r, n)vfllfﬁ with an affine
space as a fiber.

Proof The lemma follows from the results of [1, 2]. The only thlng that we need to

check is that the limit hmt —0,re7? tz exists for any z € M(r, n)v

Consider the variety M(r, n) from [23]. It is defined as the affine algebro-
geometric quotient

Mo(r,n) = {(B1, B2, i, )I[B1, B2l +ij =0}//GL,(C).

It can be viewed as the set of closed orbits in {(Bj, B2, i, j)|[B1, B2] + ij = 0}.
There is a morphism 7 : M(r,n) — Mo(r,n). It maps a point [(By, B2, i, j)] €
M(r,n) to the unique closed orbit that is contained in the closure of the orbit of
(B1, B, i, j) in {(B1, B2, i, ))|[B1, B2] + ij = 0}. The (C*)? x (C*)"-action on
M(r, n) is defined in the same way as on M(r, n). The variety Mg(r, n) is affine
and the morphism 7 is projective and equivariant (see e.g. [23]).

By [19], the coordinate ring of M (r, n) is generated by the following two types
of functions:

(a) tr(Bay Bay_, -+ B, : C* = C"), where a; =1 or 2.
(b) x(jBayBay_, - Bayi), where a; =1 or 2, and x is a linear form on End(C").

From the inequalities —m < 6; < 0 it follows that both types of functions
have positive weights with respect to the T? ﬁ-actlon Therefore, for any point

z € My(r,n) we have lim,_ et?, tz=0. The morphism 7 is projective, so the

limit lim, 0 GT(:)./S tz exists for any z € M(r, ”)v ’/3. The lemma is proved. O
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Denote by d:i the dimension of the fiber of the locally trivial bundle C,; —

70
M(r,n) v'j’l-”s .
Lemma 3 The dimension dI i doesn’t depend on k € I, and is equal to
+ L.
dv’k = 3 dimMN(v, w).

Proof The set of fixed points of the (C*)? x (C*)"-action on M (r, n) is finite and
is parametrized by the set of r-tuples D = (D1, D», ..., D,) of Young diagrams D;
such that Y ;_, |Dj| =n (see e.g. [23]).

Let p € M(r,n)(c*)zx((c*)r be the fixed point corresponding to an r-tuple D.

Let R((C*)? x (C*)") = Z[tlil, tzil, eftl, eécl, ey e;“] be the representation ring

of (C*)? x (C*)". Then the weight decomposition of the tangent space T, M(r, n)
of the variety M(r, n) at the point p is given by (see e.g. [23])

,
_ —Ilp;(s) a ; (5)+1 Ip; (s)+1 —ap;(s)
T,M(rn) =Y eje; 1(25 T AR A ) (4)

i,j=1 seD; seD;
For a computation of d;r « We choose an arbitrary (C*)? x (C*)"-fixed point p in

Tﬂ
M(r, n)v‘f,‘f . Let D be the corresponding r-tuple of Young diagrams. We have

dIk=Zﬁ{seDi
i
+ij{s €D,
i

0;—0;i—alp . (s)+pB(ap. (s)+1)=0modm
=Zﬁ{seDi ! " y }
i,J

0;—06; —Otle (S)-‘rﬂ(aDl. (s)+1)>0
+ Zﬂ {S (S] Dl‘
iJ

=Zji{s € D;|0; — 6 —O{le(S) + Blap,(s) + 1) EOmOdm}
ij

0;—0; —ale (x)—HS(aDi (s)+1)=0modm
0;—0; —Otle (s)+B(ap; (s)+1)>0

0; —9i+‘1(lD,- (s)+1)—ﬂaD’. (s)=0modm
0;—0; —Hx(lD[, (s)+1)—/f5a1)j (5)>0

0;—0; —olej (s)+,3(a131. (s)+1)=0modm
0;—0; —ocIDj (S)—HS(aDl. $)+1)<m

0<0;—06; 70111)]. (s)+/3(aD,. (s)+D)<m

0j—0i—alp ()+p(ap; (s)+1)=0modm }

+Y 4 {s e D;
i.j
It is easy to see that the last sum is equal to zero, thus

df .= t{seDilo; —0; —alp,(s) + B(ap,(s) + 1) = 0modm}.
inj
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On the other hand

F()
dim M(r, n),*"
=Y #{s € Dil6; — 6 —alp;(s) + B(ap,(s) + 1) = Omodm}
inj
+Y #{seDjlo; — 6 +a(lp,(s) + 1) — Bap;(s) = Omodm}
inj

=2 #{s e Dilo; — 6 — alp;(s) + B(ap,(s) + 1) = Omodm}.
ij
I—-ﬂ
Hence df, = 5 dim M(r, n),"” = J dimM (v, w). O
From Lemmas 2 and 3 it follows that
r)g 1 dim M (v, w) Ty s
[M(r,n),*" ] =12 M, ) .

Using the (C*)? x (C*)"-action it is easy to get a cell decomposition of the vari-

re ¢
eties M(r, n),*" and M(r, n)val‘f . Therefore

re I
(M = P (M), s
T T
(M), T = Py (M), )| -

The theorem is proved.

3 Proof of Theorem 1

In this section we prove Theorem 1. First of all, in Sect. 3.1 we remind the reader a
notion of a power structure over the Grothendieck ring K¢o(vc). This technique al-
lows us to simplify some combinatorial computations. Then in Sect. 3.2 we review
standard combinatorial constructions related to Young diagrams. In Sect. 3.3 we
review a connection between Hilbert schemes and quiver varieties and do an impor-
tant step in the proof of Theorem 1. Instead of considering the T, g-fixed point set
in the Hilbert scheme (C2)™), we first look at the fixed point set of a finite subgroup
of Ty, g. Finally, in Sect. 3.4 we combine everything and prove the theorem.
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3.1 Power Structure over Ko(vc)

In [10] there was defined a notion of a power structure over a ring and there was
described a natural power structure over the Grothendieck ring Ko(vc). This means
that for a series A(t) = 1+ ayt +art?+--el+r- Ko(ve)[[t]] and for an element
m € Ko(vc) one defines a series (A(2))" € 1 +1t - Ko(ve)[[#]] so that all the usual
properties of the exponential function hold. We also need the following property of
this power structure. For any i > 1 and j > 0 we have (see e.g. [10])

(1-L/) =11/ (5)

3.2 Cores and Quotients

In this section we review the well known construction of an m-core and an m-
quotient of a Young diagram.

The set Core,, is defined as the set of Young diagrams Y such that for any box
s € Y we have ly (s) + ay (s) + 1 £ Omod m. For a Young diagram Y let

w;(Y)=t{(p.q) €Y|p+g=imodm}.
We remind the reader that we consider a Young diagram as a subset of Z2>o~ Let

m—1
Z Ak = 0}.
k=0

o= {x = A0y Ay evvs A1) €Z™

Define the map ¥ : Core,, — IT" ! by
Corem > Y = ()"Oa)"la . "a)"m—l)a)\'i = wl-’rl(Y) - wl(Y)

The map ¥ is a bijection (see e.g. [13], Chap. 2.7).
There is also a bijection (see e.g. [13], Chap. 2.7)

@:Y — Coreyy x V", @Y)=(2X¥)0, P(N)1,...., 2V )m).

We don’t give a construction of this map, we will only list all necessary proper-
ties. The diagram @ (Y)q is called the m-core of the diagram Y and the m-tuple
(@(Y)1,2(X)2,...,D(Y),) is called the m-quotient. The bijection @ has the fol-
lowing properties (see e.g. [13], Chap. 2.7):

Y| =|DX)o|+m Y |0

i=1

; (6)
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wi (V) = w;(

@)

i=1
jj{seYlly(s)—i—ay(s)—i—lEOmodm}:Z|d>(Y)i|. (8)
i=1

3.3 Hilbert Schemes and Quiver Varieties

For an ideal I C C[x, y] of codimension n let V(I) = C[x, y]/I and By, B; €
GL(V (1)) be the operators of the multiplications by x and y correspondingly. Let
i: C— V(I) be the linear map that sends 1 € C to the unit in C[x, y]. Define the
map f: (CHIM 5 M(1,n) by I +— [(B1, B2,1i,0)]. This map is an isomorphism
(see e.g. [22]).

For integers 1 and v let I, ;, be the finite subgroup of (C*)? defined by I}, w=
{7V, ¢7M) € (C*)?)¢ = exp(ZL)). Tt is clear that the isomorphism f transforms
the T, g-action on (CH] to the T£ ﬁ-action on M(1, n) and the I}, g-action to the
F£ ﬂ—action. Thus, by Lemma 1, we have

(@)™ = 1] Mmw.eo.

veZZ,
Y vi=n
T, 9)
(@)™ = 1] mM.en)™.
veZl,
> vi=n
where by eg we denote the vector (1,0, ...,0) € Z'ﬁo. Until the end of this section

we consider a quiver variety 9(v, o) as a subset of M(1, ) v;) = (CHIvil,
The last factor C* of the product ((C*)2 x C* acts trivially on M(1,n), so now
we start to consider only the (C*)?-action on M(1, n).

3.4 Proof of Theorem 1

For a vector v € ZZ) let |v] = ;’:01 v;. By (9) and Theorem 4, we have

SR (((C)) )i = 37 g R pEM (m(y, e))e.

m
n>0 veZZO
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If the variety 1(v, eg) is nonempty, then (see e.g. [23])

m—1

dim9MN(v, ep) = 2vg — Z(Uz‘ — Vi)
i=0

Here we follow the convention v,, = vg. For A € IT"~! let

1 m—1
W) =3 )
k=0

m—2

n() =mvo(W) + Y _(m—1— k).
k=0

Using these notations and formula (10) we get

Z q_% dimim(v,eo)PqBM (M(v, eo))flv|

m
veZZo

_ Z o) Z PqBM(i)ﬁ(v,eo))(q_%t)m(v“_v()(k)).

rerm-1 veZl,
Vit~V =A

Lemma 4 For any A € IT"~! we have

l”()”)
PEM(M(v, e0))t"! = — . —
v;ﬂ q ( ( 0)) Hizl(l _ q’tm’)m*I(I _ql+1tml)
vi+l_Uz;0:Ai

(10)

Before a proof of this lemma we introduce a new notation and prove two useful

lemmas.

In the proof of Lemma 2 we used the morphism 7 : M(r, n) — Mo(r,n). We
have Mo(1, n) = S*(C?) (see e.g. [22]). Slightly changing notations we denote now
by 7 the morphism M (1, n) — S$"(C?). It can be described explicitly as follows.
Let [(By, B2,1i, j)] € M(1,n). We can make B; and B, simultaneously into upper
triangular matrices with numbers A; and w; on the diagonals. The morphism 7 is

giVen by jT(Bl’ B27 ia ]) = {()"17 Ml)’ A ()Ln, I‘LH)} (See e'g' [22])

It is useful to note that the subgroups Iy, g and 17 1 of ((C*)2 coincide, therefore

M1, n)lep = M(1,n)11.

For any I'{,_-invariant subset Z C C? and any vector A € IT" ! let

Hz, ()= Y [M@ e)na'(s"z)]e.
veZZ,
Vip1 —Vi=A;
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We denote by C, the x-axis in the plane C2.

Lemma 5 For any A € IT"! consider the unique diagram Y; € Core,, such that
W (Y;) = A. Then we have
A

Hizl (1 _ Litmi)m :

He, ,(1) = (11)

Proof The set of fixed points of the (C*)2-action on M(1, n) is parametrized by the
set of Young diagrams Y such that |Y| = n. Let p be the fixed point corresponding
to a Young diagram Y, then, by (4), we have

Tp(M(l, n)) _ Z(I;IY(S)t§Y(S)+1 + tiY(SHlt;uY(S))- (12)

seY

We choose y > 1 and for each point p € 9 (v, eo)((c*)2 we define the attracting set
C, as follows

Cp=1z2€M(v, ep)

lim  1z= }
i—ouer,, P
Clearly, if z € Cy, then lim,qo,telefy tz=0,and if z € (Cz\(Cx, then 7z goes to
infinity. By [1, 2], the sets C), form a cell decomposition of 9 (v, ep) N z~LshC,).
Using (12) we obtain

[mt(v’ 6‘0) N 7_[—1 (S|U|Cx)] — Z L:I{seY\ly(s)-i-ay(s)+150m0dm}. (13)
Yey
w; (Y)=v;
The formula (11) follows from (13) and properties (6), (7) and (8). O

Lemma 6 For any Y € Core,, we have |Y| =n(¥ (Y)).

Proof Consider the quiver variety 9t (w(Y), eg). From the properties of the bijec-
tion @ it follows that if Y’ is a Young diagram such that |Y'| = |Y| and w(Y) =
w(Y’), then Y’ = Y. Thus, the (C*)2-fixed point set in M(w(Y), eg) consists of
only one point. Using the Bialynicki-Birula theorem we can construct a cell decom-
position of M(w(Y), ep) and it is easy to see that the unique cell has dimension O.
Therefore, M(w(Y), ep) is just a point. By (10), wo(Y) = vo(¥ (Y)) and clearly
Y| =n@(Y)). O

Proof of Lemma 4 For A = 0 this lemma was proved in [11].
Since [ (v, e0)] = P2M (M(v, €9))|4=L, it is sufficient to prove that

(k
Z [im(v,eo)]tlvlz _ tn : . —
1‘[[21(1 _ ]Lttmz)m—l(l _ ]Ll-‘rltml)

m
UEZzO
Vi1 —Vi=A;
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The 17, _1-action on CZ\CX is free. Therefore, if the intersection of (v, egy)
with 7 =1 (SPH(C2\Cy)) is nonempty, then vg = v; = - - = v,,—1. We get

Heo 5 (1) = He, 5. () Heay ¢ (D). (14)
We denote by O the origin of C2. Let

Ho(t)=Y [M(,n)ynx~'(5"(0))]t"

n>0
From [11] (see Theorem 1) it follows that

C\Cy)/T,—
HCZ\CX)O(I):HO(tm)[( \ )/ 1, 1].

It is easy to check that [((CA\Cy)/ n_il= L2 — IL. Therefore we have

2
1 L= by 5) 1 —Ligmi
H(CZ\vaO(t) = <1_[ (1 _ Li—ltmi)> 1_[ — Litlgmi ' (15)
i>1

If we combine formulas (11), (14) and (15) and also Lemma 6, we get the proof
of the lemma. O

Using Lemma 4 we get

Z tn(k) Z PBM(f)ﬁ(U 60))( 1 )m(vo vo(R))

refrm=1 veZ?Z,
Vip1—Vi =
) 2.)
= l_[ miym—1¢1 _ ,¢mi Z 4 :
<z>1 (=) (I —q™) arerm-1

By Lemma 6, Y, c 1 "™ =Yy ¢, 177]. We have (see e.g. [11])

(1_tmi)m

YeCore,, i>1

This completes the proof of the theorem.

4 Proofs of Theorems 2 and 3

Here we prove two combinatorial identities from Sect. 1.1.
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4.1 Proof of Theorem 2

Consider the (C*)2-action on ((C2)I"hTas. Let p e (C2)"! be the fixed point
corresponding to a Young diagram Y. By (4), the weight decomposition of
T, (((CHM)Tes) is given by

T,(((€)™)™")
— Z ly(s)+1 ay(s) + Z tl—ly(s)tzay(s)—H. (16)

seY seY
a(ly (s)+1)=Bay (s) aly (s)=p(ay (s)+1)

Let y be a big positive integer y. By [1, 2], the variety ((C?)[*1)7«¢ has a cellu-
lar decomposition with the cells C, = {z € (C?)lnhTap | lim;—er,, 1z = p}. By
(16), we have dim C), = f{s € Y|aly (s) = B(ay (s) + 1)}. Thus, we have

S P ((() 1) Tas) = 3 grleelaty )=Blay D) 171,
n>0 Yey

Now Theorem 2 follows from Theorem 1.

4.2 Proof of Theorem 3

In [12] it is proved that the set of irreducible components of the variety ((C%)InlyTi,
is parametrized by partitions A such that w + |A| = n. The Poincaré poly-
nomial of the irreducible component corresponding to a partition A is equal to

(see [12])
1—[ [/\i —Ait2 + 1}
. .

i>1 Aitl — Ait2

Combining this fact with Theorem 1 we get the proof of Theorem 3.

S Proof of Theorem 5
Let o + 8 = m. Similar to Lemma 1 we have the decomposition

M er = T Mm@, w. (17)
veZ'Z"O
|lv|=n
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and the T“’ﬂ-acnon on the left-hand side of (17) corresponds to the Ta _g-action on
the right-hand side. Using Theorem 4 we get

Zho M(r,n) aﬂ Z dim H1 [p—— ﬂ)(im(v,u))q v

m
n>0 veZl,

In [20] it is proved that the space €D, ez, HE (M(v, p)) is an irreducible

L d1m M (v, )
highest weight representation of sl with the highest weight p. This completes the
proof of Theorem 5.
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