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Abstract This chapter obtains identification of structural coefficients in linear
recursive systems of structural equations without requiring that observable vari-
ables are exogenous or conditionally exogenous. In particular, standard instrumental
variables and control variables need not be available in these systems. Instead, we
demonstrate that the availability of one or two variables that are equally affected
by the unobserved confounder as is the response of interest, along with exclusion
restrictions, permits the identification of all the system’s structural coefficients. We
provide conditions under which equiconfounding supports either full identification
of structural coefficients or partial identification in a set consisting of two points.
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1 Introduction

This chapter obtains identification of structural coefficients in fully endogenous linear
recursive systems of structural equations. In particular, standard exogenous instru-
ments and control variables may be absent in these systems.! Instead, identification
obtains under equiconfounding that is to say in the presence of (one or two) observ-
able variables that are equally directly affected by the unobserved confounder as is
the response. Examples of equiconfounding include cases in which the unobserved
confounder directly affects the response and one or two observables by an equal

K. Chalak (<)

Department of Economics, Boston College, 140 Commonwealth Ave.,
Chestnut Hill, MA 02467, USA

e-mail: chalak@bc.edu

! Standard instruments are uncorrelated with the unobserved confounder whereas conditioning on
control variables renders the causes of interest uncorrelated with the confounder.

X. Chen and N. R. Swanson (eds.), Recent Advances and Future Directions 27
in Causality, Prediction, and Specification Analysis, DOI: 10.1007/978-1-4614-1653-1_2,
© Springer Science+Business Media New York 2013



28 K. Chalak

proportion (proportional confounding) or an equal standard deviation shift. We show
that the availability of one or two variables that are equally (e.g., proportionally)
confounded in relation to the response of interest, along with exclusion restrictions,
permits the identification of all the system’s structural coefficients. We provide con-
ditions under which we obtain either full identification of structural coefficients or
partial identification in a set consisting of two points.

The results of this chapter echo a key insight in Halbert White’s work regard-
ing the importance of specifying causal relations governing the unobservables for
the identification and estimation of causal effects (e.g., White and Chalak 2010,
2011; Chalak and White 2011; White and Lu 2011a,b; Hoderlein et al. 2011).
A single chapter can do little justice addressing Hal’s prolific and groundbreak-
ing contributions to asymptotic theory, specification analysis, neural networks,
time series analysis, and causal inference, to list a few areas, across several disci-
plines including economics, statistics, finance, and computer and cognitive sciences.
Instead, here, we focus on one insight of Hal’s recent work and build on it to intro-
duce the notion of equiconfounding and demonstrate how it supports identification
in structural systems.

To illustrate this chapter’s results, consider the classic structural equation for the
return to education (e.g., Mincer 1974; Griliches 1977)

Y =6,X + a,U + o, Uy, (1)

where Y denotes the logarithm of hourly wage, X determinants of wage with observed
realizations, and U and U, determinants of wage whose realizations are not observed
by the econometrician. Elements of X may include years of education, experience,
and tenure. Interest attaches to the causal effect of X on Y, assumed to be the
constant 3,. Here, U denotes an index of unobserved personal characteristics that
may determine wage and be correlated with X, such as cognitive and noncognitive
skills, and Uy, denote other unobserved determinants assumed to be uncorrelated
with X and U. Endogeneity arises because of the correlation between X and o, U,
leading to bias in the coefficient of a linear regression of ¥ on X. The method of
instrumental variables (IV) permits identification of the structural coefficients under
the assumption that a “valid” (i.e. uncorrelated with o, U + a,Uy) and “relevant”
(i.e. E(XZ') is full raw rank) vector Z excluded from Eq.(1) and whose dimen-
sion is at least as large as that of X is available (e.g., Wooldridge 2002, pp. 83-84).
Alternatively, the presence of key covariates may ensure “conditional exogeneity”
or “unconfoundedness” supporting identification (see e.g., White and Chalak 2011
and the citations therein). We do not assume the availability of standard instruments
or control variables here, so these routes for identification are foreclosed.
Nevertheless, as we show, a variety of shape restrictions®> on confounding can
secure identification of (3,. To illustrate, begin by considering the simplest such

2 Shape restrictions have been employed in a variety of different contexts. For example, Matzkin
(1992) employs shape restrictions to secure identification in nonparametric binary threshold crossing
models with exogeneity.
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possibility in which data on a proxy for o, U, such as I Q score, is available. Let Z
denote the logarithm of 7 Q and assume that the predictive proxy Z for U does not
directly cause Y, and that Z and Y are equiconfounded. In particular, suppose that
Z is structurally generated by

Z =o,U+ a;U,,

with U, as a source of variation uncorrelated with other unobservables. Then, under
this proportional confounding, a one unit increase in U leads to an approximate
100, % increase in wage and I Q ceteris paribus. It is straightforward to see that,
by substitution, (3, is identified from a regression of ¥ — Z on X. Note, however,
that Z is not a valid instrument here (E(Za,U) # 0) since Z is driven by U.

The above simple structure excludes I Q from the equation for Y to ensure that
0, is identified. Suppose instead that X = (X, X7, X /3)/ and that the two variables
X1 and X are structurally generated as follows

X1 =0,U +ay Uy, and X2 =, U+ ay,Uy,,

with Uy, and Uy, sources of variation, each uncorrelated with other unobservables.
‘We maintain that the other elements of X are generally endogenous but we restrict
X1 and X, to be equiconfounded joint causes of Y . For example, X1 may denote the
logarithm of another test score, such as the Knowledge of World of Work (KW W)
score (see e.g., Blackburn and Neumark 1992), and we relabel log(Z Q) to X».
Here, wage, KWW, and I Q are proportionally confounded by U. Substituting for
o, U = X1 — o Uy, in (1) gives

Y — X1 =06,X —a, Uy +a,Uy,

and thus a regression of ¥ — X on X does not identify (3, since X is correlated
with ay, Uy, . Further, although X, and X3 are exogenous in this equation, they are
not excluded from it and thus they cannot serve as instruments for X . Nevertheless,
we demonstrate that in this case [, is fully (over) identified.

In the previous example, two joint causes and a response that are equiconfounded
secure identification. Similarly, one cause and two joint responses that are equicon-
founded can ensure that 3, is identified. For example, let Y| and Y, denote two
responses of interest (e.g., two measures of the logarithm of wage, one reported by
the employer and another by the employee). In particular, suppose that

Y1 = 10X + U +ay Uy and Yy = 52X + U + ay,Uy,.

Note that 31, and 32, need not be equal. As before, we maintain that an element X
(e.g., log(1 Q)) of X is structurally generated by

X1 = auU+ax|pr



30 K. Chalak

with the remaining elements of X generally endogenous. We demonstrate that here
(81, B5,)" is partially identified in a set consisting of two points.
Various other exclusion restrictions can secure identification of structural coeffi-

cients in the presence of equiconfounding. Consider the classic triangular structure:

Y =6,X + a,U + o, Uy,
X =9%Z+nmU+ ayU.

As before, Uy and Uy denote exogenous sources of variation. The method of IV
identifies (3, provided that the excluded vector Z is valid (E(a,UZ') = 0) and
relevant (E (X Z') full raw rank) and thus has dimension at least as large as that of X.
Suppose instead that Y, Z, and an element X of X are equiconfounded by U':

X1 =%0Z 4+ U + 0y Uy, and Z =, U+ U,

where Uy, and U, are each uncorrelated with other unobservables. The remaining
elements of X are generally endogenous. For example, a researcher may wish to
allow I Q to be a structural determinant of the subsequently administered K WW
test, in order to capture learning effects, and to exclude 7 Q from the equation for Y
if this test’s information is unavailable to employers. Then Z denotes log(I Q) and X
denotes log(K W W). In this structure we refer to Z and X as equiconfounded pre-
cause and intermediate-cause, respectively. We demonstrate that (ﬂ;, %)’ is either
fully identified or partially identified in a set consisting of two points. Importantly,
in contrast to the method of IV, here Z is a scalar endogenous variable.

This chapter is organized as follows. Section 2 introduces notation. Formal identi-
fication results, including for the examples above, are discussed in Sects. 3 to 6. Often
we present the identification results as adjustments to standard regression coefficients
thereby revealing the regression bias arising due to endogeneity. Section 7 contains
a discussion and Sect. 8 concludes. All mathematical proofs as well as constructive
arguments for identification are gathered in the appendix.

2 Notation

Throughout, we let the random k& x 1 vector X and p x 1 vector Y denote the
observed direct causes and responses of interest, respectively. If there are observed
variables excluded from the equation for Y, we denote these by the £ x 1 vector Z.
We observe independent and identically distributed realizations {Z;, X;, Y;}"_, for

3 This chapter considers linear recursive structural systems. Recursiveness rules out “simultaneity”
permitting distinguishing the vectors of primary interest X and Y as the observed direct causes
and responses, respectively. In particular, elements of ¥ are assumed to not cause elements of X.
While mutual causality is absent here, endogeneity arises due to the confounder U jointly driving
the causes X and responses Y.
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Z, X, and Y and stack these into the n x £, n x k, and n x p matrices Z, X, and
Y, respectively. The matrices (or vectors) of structural coefficients , and /3, denote
finite causal effects determined by theory as encoded in a linear structural system
of equations. The scalar index U denotes an unobserved confounder of X, Z, and
Y and the vectors Uy, Uy, and U, of positive dimensions denote unobserved causes
of elements of Z, X and Y, respectively. Without loss of generality, we normalize
the expectations of U, U, Uy, and U, to zero. The structural coefficients matrices
o, a and oy denote the effects of elements of U,, U, and Uy on elements of Z, X
and Y, respectively. Equiconfounding restricts the effect of the confounder U on Y
and certain elements of X and Z to be equal; we denote this restricted effect by «,
and we denote unrestricted effects of U on elements of X by ¢,.

We employ the following notation for regression coefficients and residuals. Let
Y, X, and Z be generic random vectors. We denote the coefficient and residual from
a regression of Y on X by

myx = EQCXVE(XXX)™" and €, =Y — 7y, X.

Similarly, we denote the coefficient associated with X from a regression of ¥ on X
and Z by
Tyx|lz = E(Ey.ze;.z)E(ex.ze;_z)il~

This representation obtains from the Frisch-Waugh-Lovell theorem (Frisch and
Waugh 1993; Lovell 1963; see e.g., Baltagi 1999, p. 159). Noting that

E(ey,€. )= E(Ye, ) — E(YZ)E(ZZ)"'E(Zé, ) = E(Y€, )
= E(YX")— E(YZE(ZZ')"'E(ZX') = E(e, . X)),

We can rewrite my |, as
Tyxle = E(Ye, VE(Xe, )7 = E(ey . X)E(ex . X) 7.

Last, we denote sample regression coefficients by 7, , = (X’ X)~!'X’Y and residuals
by éy.x,i = Yi — 7y xX;, which we stack into the n x p vector €, .. Similarly, we let
Fyale = (€, X)71EL Y.

Throughout, we illustrate a structural system using a directed acyclic graph as in
Chalak and White (2011). A graph G s associated with a structural system S consists
of a set of vertices (nodes) {V,}, one for each variable in S, and a set of arrows
{agn}, corresponding to ordered pairs of distinct vertices. An arrow agj, denotes that
V, is a potential direct cause for Vj, i.e., it appears directly in the structural equation
for Vj, with a corresponding possibly nonzero coefficient. We use solid nodes for
observables and dashed nodes for unobservables. For convenience, we sometimes
use vector nodes to represent vectors generated by structural system S. In this case, an
arrow from vector node Z to vector node X indicates that at least one element of Z is
a direct cause of at least one element of X. We use solid nodes for observable vectors
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and dashed nodes for vectors with at least one unobservable element. For simplicity,

we omit nodes for the exogenous vectors U, Uy,and U,. Lastly, we use dashed
arrows emanating from U to Y, X1, Z , and possibly X» to denote equiconfounding.

3 Equiconfounded Predictive Proxy and Response

The simplest possibility arises when the response Y and a scalar predictive proxy
Z for the unobserved confounder U are equiconfounded. The predictive proxy Z
is excluded from the equation for Y. In particular, consider the structural system of
equations Sy with causal graph G:

) Z = U + a.U., Lu

AN
N

@) X1 = ¢uU + axUs

3) Y = B,X + U + oy Uy
with U, Uy, Uy, and Uy,
pairwise uncorrelated
and with X = (X7, 1)".

Graph 1 (G,)
Equiconfounded Predictive Proxy

and Response
Similar to Chalak and White (2011), we use the “Z” potation instead of “=" to
emphasize structural equations. We let £ = p = 1 in S as this suffices for iden-
tification. Here and in what follows, we let the last element of X be degenerate
at 1. The next result shows that the structural vector (3, is point identified. This is
obtained straightforwardly by substituting a,, U with Z — o, U in the equation for Y.

Theorem 3.1 Consider structural system S; withk > 0, £ = p = 1, and expected
values of U, Uy, Uy, Uy normalized to zero. Suppose that E(U?) and E (U, U,) exist
and are finite. Then (i) E(XX'), E(ZX'), and E(Y X') exist and are finite. Suppose
Surther that E(XX') is nonsingular. Then (ii) 3, is fully identified as

Bo = Ty—z.x+

Under standard conditions (e.g., White 2001) the estimator 7y, , = (X’ X)X’
(Y — Z) is a consistent and asymptotically normal estimator for 3,. A heteroskedas-
ticity robust estimator (White 1980) for the asymptotic covariance matrix for 7, .
is givenby X'X)" !0, &2 X X)H(X'X)~L

y—z.X,i
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4 Equiconfounded Joint Causes and Response

Identification in S| requires the predictive proxy Z to be excluded from the equation
for Y. However, 3, is also identified if two causes X| and X and the response Y are
equiconfounded. In particular, consider structural system S, with causal graph Go:

(la) Xl é auU + Qixy les

(16) X2 = a,U + ax, Uy,
(1¢) X31 = ¢uU + ay Uy
(2) Y = BoX + o, U + Uy
with U, Uy, Uy,, Uy, and Uy,
pairwise uncorrelated and
X = (X}, X5, X5, 1) = (X}, X5, X3).

Graph 2 (G,)
Equiconfounded Joint Causes and
Response

We can rewrite 1(a, b, c¢) as
(1) (X}, X5, X5) =0, U + Uy,

with n, = (&, o, ¢},), Uy = (U)/q’ U;z, U;S)/, and «, a block diagonal matrix
with oy, oy, , and «, at the diagonal entries and zeros at the off-diagonal entries.
Here, we let X| and X, be scalars, k; = k» = 1, as this suffices for identification.

The next theorem shows that the structural vector (3, is point identified.

Theorem 4.1 Consider structural system Sy with dim(X3) = k3 > 0, and
k1 = ko = p = 1, and expected values of U, U, Uy, Uy normalized to zero. Suppose
that E(U?) and E(U,U,) exist and are finite. Then (i) E(XX') and E(Y X") exist
and are finite. Suppose further that E(X X') is nonsingular. Then (ii) the vector (3,
is fully (over-)identified by:

By = Bic = myx — [E(X2X}), E(X2X}), ECX1 XDIE(X X)) ™!
=Bl =myx — [ECQX), E(X2 X)), EXaXDIE(XX) ™"

The above result obtains by noting that the moment E (Y X’) identifies 3, when
E(XX’) is nonsingular provided that oy, E(U X’) is identified. But this holds since,
E(X1X}) = E(X2X}) = (Cov(¢,U, o, U)',0) and E(X1X2) = Var(a,U). The
expressions for 37 and B;C emphasize the bias m, , — 7, (or Ty — B}C) in a
regression of ¥ on X arising due to endogeneity. The plug-in estimators ﬁAjC and

3% for 375 and B}_C, respectively:
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n
Bre =y — D [ X2 X{;, Xai X[, X1 X}y, 01X'X) ™!, and

i=1

n
Bre =Ryx — D [ X2 X{;, X2 X{;, X2 X}y, 01X'X) 71,
i=l1

are consistent estimators under conditions sufficient to invoke the laws of large num-
bers.

A testable restriction of structure S, is that Cov(Xy, X3) = Cov(X», X3) =
(o ECU 2)(;5;, 0). Thus, &> can be falsified by rejecting this null. In particular, one
can reject the equiconfounding restrictions in equations 1(a, b, ¢) if E(X1X}) #
E(X>X%). For this, one can employ a standard F-statistic for the overall significance
of the regression of X; — X5 on X3.

5 Equiconfounded Cause and Joint Responses

The availability of a single cause and two responses that are equiconfounded also
ensures the identification of causal coefficients. Specifically, consider structural sys-
tem S3 given by:

(la) X1 = o, U + ay, Uy,

(1b) X21 = ¢y U + ax, Uy,
2a) Y1 = B1oX + U + ay, Uy,

(2b) Y2 = (2o X + U + ay, Uy,
with U, Uy, Ux,, Uy,, and U,,
pairwise uncorrelated and

X = (X}, X}, 1) = (X}, Xb)'.

Graph 3 (G3)
Equiconfounded Cause and Joint Responses

Letting ¥ = (Y,Yy), B, = (B,.0,), U« = (Uy,U,), and
U, =U ;1, U )’,2)’, and letting o, be a block diagonal matrix with diagonal entries
o, and ay, and zero off-diagonal entries, and similarly for cvy, we can write 1(a, b)
and 2(a, b) more compactly as

(D) (X7, X5)" = U + axUx
(2) Y = BoX + aytpU + ayUy,
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with ¢, a p x 1 vector with each element equal to 1 and 7, = (aj,, ¢;)". Here it
suffices for identification that dim(X;) = k; = 1 and p = 2. The next theorem
demonstrates that the structural matrix (3, is partially identified in a set consisting of
two points.

Theorem 5.1 Consider structural system S3 with dim(Xp) = kp > 0, ky = 1,
p = 2, and expected values of U, U, Uy, and Uy normalized to zero. Suppose
that E(U?) and E(U,U)) exist and are finite, then (i) E(XX') and (Y X') exist
and are finite. Suppose further that E(X1X') and E(X2X)) are nonsingular then
(ii.a) Py, = E(€x,x,€y,x,) and Py, = E(ex,x €y, ,,) exist and are finite. If also
Py, and Py, are nonsingular then (ii.b) E(X X') is nonsingular, 7y  and E (ey, +Y3)
exist and are finite, and (ii.c)

2
Ayg = [2Px—11E(X1x;) - 1] —4p; [E(X1X/2)PX_ZIE(X2X/1) + E(eyl,xyz/)] ,
exists, is finite, and is nonnegative.
(iii) B, is partially identified in a set consisting of two points. In particular,
(iii.a) if
Var(ay, Uy,) + Cov(g, U, oy, U)
[Var(¢,U) + Var(ay, Ux,)]~ ' Cov(¢u U, a,,U) — Var(a, U) < 0,

then
0= 0} = EXIX} + 3 Py (1 = /A sp) < 02 EWY), and
ojr = E(X1X)) + %le(—l +VAR) = 2EWU?),
and thus

Bo =g = Tyx — tplofg, EIX)IEXX) ™
(iii.b) If instead the expression in (iii) is nonnegative then
ohp=a2EWU? and 0<a2EU?) < d’p,

and thus .
Bo = By = myx = tplof g EXIX5)IEXX)

Observe here that, unlike for the case of equiconfounded joint causes, (3, is not
point identified but is partially identified in a set consisting of two points. Also,
observe that 31, — 32, is identified from a regression of ¥Y; — Y, on X. How-
ever, 81 ;o — B3 jp = ﬁf JR — ﬁ; s and thus this does not help in fully iden-
tifying B[,. Similar to S, with E(X)’(’) nonsingular, the moment E (Y X') identifies
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B, provided Cov(¢,U, a,,U) and Var(a,U) are identified. While E(X»1X|) =
Cov(¢,U, a,U), identification of Var(«,U) is more involved here than in S;.
Appendix B.1 presents a constructive argument showing that the moment E (Y1Y5)
delivers a quadratic equation in Var(«, U) with two positive roots, 0; g and o p.
Under suitable conditions sufficient to invoke the law of large numbers, the follow-
ing plug-in estimators are consistent for Ayg, o} R, 0’; r B g» and 5;  respectively.

To express these, let f’xl = X; and Px2 = X5. Then

n x1x2 n x2x1

. L1 2 1

A,Rz[szl‘ —xgxl—1] — 4P [ X\X, P ‘—x/x1+ WYz}
n

1, 14 -

O'JRE;XIX1+§PX1 —14++/Ayr and

IR 1, N
UJRE;XIXI +§le —1— AJR 5

. 1 1 -1

Bir=Tyx—tp [&jR, —X’1X2i| (—X’X) , and
n n

. A 1 1 -1

B =yx —tp [a,R, ~Xj Xz} (;X’X) :

Thus, under suitable statistical assumptions, Bj r and BA}  converge to (3} 5 and B'IJ_ R

respectively; under the structural assumptions of S, either 37, or 6}_  identifies the
structural coefficient vector (,.

6 Equiconfounding in Triangular Structures

Next, we consider the classic triangular structure discussed in the Introduction and
show that if one excluded variable Z, one element X; of the direct causes X, and the
response Y are equally confounded by U then all the system’s structural coefficients
are identified. Consider structural system S4 with causal graph G4:
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(1) Z1 = o, U + U,
(2a) X4 = Y1oZ + o, U + axlle
(2b) X21 = 120Z + ¢uU + a, Uy,
(3) Y = BoX + o, U + Uy,
with U, U, Uy, Uy,, and U,
pairwise uncorrelated,
and with Z = (Z, ') = (2}, Z}),
and X = (X|, X5, 1) = (X}, X5)'.

Graph 4 (G,)
Equiconfounded Pre-Cause,

Intermediate-Cause, and Response
To rewrite 2(a, b) more compactly, let v, = (v],,75,) and n, = (v, ¢;,)’, and
write Uy = (U,,, Uy,)’, with oy, and a, the diagonals entries of the block diagonal
matrix o, with zero off-diagonal entries. Then

2 (X}, X5) =Y%Z + U + oy Uy.

We sometimes refer to Z; as a pre-cause variable as it is excluded from the equation
for Y and to X as an intermediate cause as it mediates the effect of Z; on Y. As
discussed in the Introduction, necessary conditions for the method of IV to identify
B, are that E(Z(cy,U + ayUy)) = 0 and that E(XZ') is full raw rank. Both of
these conditions can fail in Sy, since E(Z (o, U)) is generally nonzero and only one
excluded variable suffices for identification here so thatdim(Z) = ¢; = dim(X) =
k1 = p = 1 and thus dim(Z) = ¢ < dim(X) = k. Nevertheless, the next theorem
demonstrates that the structural vectors 7y, and 3, are jointly either point identified
or partially identified in a set consisting of two points.

Theorem 6.1 Consider structural system Sy with dim(X;) = ko > 0, £; =
ki = p = 1, and expected values of U, U,, Uy, Uy normalized to zero. Sup-
pose that E(U?), E(U.U)), and E(U,Uy;) exist and are finite. Then (i) E(ZZ'),
E(XZ,E(XX"), E(YX"), and E(Y Z') exist and are finite. (ii) Suppose further that
P, = E(e;,.;,2)) = E(Z\Z}), and thus E(ZZ'), and E(XX") are nonsingular.
Then (ii.a) Ty ;, T7.x, E(exl_ZXé), and E(ey_xZi) exist and are finite and (ii.b)

’ 2
x.21lz2 "z1.x 71.X11x2 + 1]

—1
+ 4P11 W;Mﬂ [x2 [E(ey_xZQ) + E(exl-ZX/Z) Wél-nl)ﬂ]

Apc = [—7! P

exists, is finite, and nonnegative.
(iii) B, is either point identified or partially identified in a set consisting of two
points. In particular, (iii.a) if
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! —1_ 2 2
Tezilz ™ Zl at 71-Zl ai — P 2P 1, 0 EUT) <0, 2
then
/
™ + 7T —1- APC
U;C = il Toia ZI Silie < aiE(Uz) and
2PZ' 21 X1 |x2
ot = 7TJCleZz le+7rzl xllxz —1+Apc —azE(Uz)
PC — =« ,
2PZ‘ Zl EIEY)

and we have

Vio =V pe = Taz — [0pe. 01E(ZZ) 7!,
Y20 =5 pe = Ty .o — [E(Xa1€,, )1 — aPCP 7Y o1Ezz)7!, and

Bo = ﬁ;C =Tyx — [O-PC(le‘zl\ZZ UPC + D), E(€x1 zxz)
+ 0Py 2y E(XX) T
(iii.b) If instead the expression in (2) is nonnegative then a}f,c = q E (U?) and

O'PC > auE(Uz), and

Mo = pe =Tz — [0pe, 01E(ZZ) 7",
Y20 = 7§,PC = Txgz = [E(X216x1 Il = O'I’CP 171 01E(Z2))” L and

21
Bo = ﬁ;’C =Tyx — [UPC(le.zl\m UPC + D), E(Exl ZX2)
+ O p Ty 2 JEXX) T

Similar to S3, the moment E (Y X”) identifies (3, provided o, E (U X') is identified,
which involves identifying Var(c, U). Appendix B.2 provides a constructive argu-
ment showing that the moment E(Y Z’) delivers a quadratic equation in Var(a,U)
which admits the two roots 0; ¢ and o~ Note that it is possible to give primitive
conditions in terms of system coefficients and covariances among unobservables for
(2) to hold, similar to the condition given for the case of equiconfounded cause and
joint responses. We forego this here but we note that, unlike for the case of equicon-
founded cause and joint responses, if (2) holds, it is possible for a; ¢ to be negative,
leading to aﬁE (U?), and thus (Yo, Bo), to be point identified.

The following plug in estimators are consistent estimators under conditions suit-

able for the law of large numbers. First, we let f’z | =€ 1.2, then
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N A/ A/
Apc = [_ﬂ-x.zllzzﬂ-zwc - zl xw T 1]
b1 1 1
+ 4P Tz1x11x2 Zl + X1 ZX2 11 x2|x1

~ ok —lA/ 1 N
Opc = (2P Tz xllxz) |: Tx.z1)22 21x+7r11x1|x2 I+ Apc

- 1 A/ /A i
(2P z1 X1|x2) |: xm\zz z1 x T T e — 1=y Apc

X
Opc

-1
Ak _ A Ak 1,
"}/LPC = 7TX1<Z — [UPC, 0] (ZZ Z) and
. 1 -1
:Yl',PC =Ty — [(IPC, 0] (ZZ/Z) ,

. . 1o, . “19-1 1 -
Y2,pC = Txar.z — ;X21€x1.z (1- Upc 1.0 nZ Z ,
~F A lo/ o AT —19—1 1 -
Ya.pc = Txzz — ;Xﬂexl_z [1— UPC o 17,0 nZ Z ,

px oA A% ~/ H—1
Bpc =Tyx —0pc Ty 2112 — opcP; + 1) x. €r.2X2
| -1
Ak i /
+‘7PC7rxz.Z||zz] (r_zX X) , and
Bl =Ryx — [6h (R T D. &, X
pPC = Ty.x PC\Tx)z1120% PC ) x1 222

51 A Lxx -
+UPC7Tx2.Z1|22] ; :

7 Discussion

Structures Sy, Sz, 83, and S4 do not exhaust the possibilities for identification under
equiconfounding. An example of another linear triangular structure with equicon-
founding is one involving equiconfounded cause, response, and a post-response vari-
able. For example, assuming that KWW score (a potential cause), hourly wage
(a response), and the number of hours worked (a post response directly affected
by hourly wage but not by the KWW score) are proportionally confounded, with
other determinants of wage generally endogenous, may permit identification of this
system’s structural coefficients.

Roughly speaking, equiconfounding reduces the number of unknowns thereby
permitting identification. In contrast, the method of IV supplies additional moments
useful for identification. In general, equiconfounding leads to covariance restrictions
(see e.g., Chamberlain 1977; Hausman and Taylor 1983) that, along with exclusion
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restrictions, permit identification. For example, in Sy, the absence of a direct causal
effect among X and elements of X; and excluding Z; from the equation for Y
permits identifying Cov(¢, U, o, U) and Var(c,U) given that Z;, X, and Y are
equiconfounded. This then permits identifying S4’s coefficients. Similar arguments
apply to S1, Sz, and S3. This is conveniently depicted in the causal graphs by (1) a
missing arrow between two nodes, one of which is linked to U by a dashed arrow
and the other by a solid arrow (e.g., X1 and X, in S4) and (2) a missing arrow
between two nodes that are both linked to U by a dashed arrow (e.g., Z and Y in Sy).
Recent papers which make use of alternative assumptions that lead to covariance
restrictions useful for identification include Lewbel (2010); Altonji et al. (2011) and
Galvao et al. (2012).

As discussed in Sect. 4, the availability of multiple equiconfounded variables can
overidentify structural coefficients, leading to tests for equiconfounding. Further,
equiconfounding can be used to conduct tests for hypotheses of interest. For exam-
ple, one could test for endogeneity under equiconfounding without requiring valid
exogenous instruments. To illustrate, consider the triangular structure discussed in
structure Sy of Sect.6 then Theorem 6.1 gives that under equiconfounding (3, is
either fully identified or partially identified in {3}, ﬁ; ¢} Theorem 6.1 allows for
the possibility Var(c,U) = 0 of zero confounding or exogeneity. Further, if X is
exogenous then clearly the regression coefficient 7y , also identifies /3,. This over
identification provides the foundation for testing the exogeneity of X without requir-
ing the availability of exogenous instruments with dimension at least as large as
that of X. Instead, it suffices that a scalar Z; and one element X of X are equally
(un)affected by U as is Y. For example, in estimating an Engle curve for a particular
commodity, total income Z is often used as an instrument for total expenditures X
which may be measured with error. Nevertheless, as Lewbel (2010, Sect.4) notes, “it
is possible for reported consumption and income to have common sources of mea-
surement errors” which could invalidate income as an instrument. One possibility for
testing the absence of common sources of measurement error is to assume that the
consumption Y of the commodity of interest, total expenditures X1, and income Z
are misreported by an equal proportion. In the absence of common sources of mea-
surement error, Var(a, U) = 0 and one of the equiconfounding estimands should
coincide with the regression coefficient 7y ., providing the foundation for such a test.
A statistic for this test can be based on the difference between the regression esti-
mator 7, , and the equiconfounding estimators B}i c and B; ¢ for 3, or alternatively
on the estimators 57 and &]; ¢ for Var(a,, U). Such a test statistic must account for
Var (o, U) being possibly partially identified in {07 -, a; c}- We do not study formal
properties of such tests here but we note the possibility of a test statistic based on
min{Gy, &I’C }. A similar test for exogeneity can be constructed in other structures,
e.g., S3.

A key message of this chapter is that, when exogeneity and conditional exogeneity
are not plausible, one can proceed to identify structural coefficients and test hypothe-
ses in linear recursive structures by relying on a parsimonious alternative assumption
that restricts the shape of confounding, namely equiconfounding. Here, we begin to
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study identification via restricting the shape of confounding by focusing on equicon-
founding in linear structures but there are several potential extensions of interest.
One possibility is to maintain the equiconfounding assumption and relax the con-
stant effect structure, e.g., by allowing for random coefficients across individuals.
Another possibility is to maintain the constant effect linear assumption and study
bounding the structural coefficients under shape restrictions on confounding weaker
than equiconfounding. Relaxing the restriction on the shape of confounding could
potentially increase the plausibility of this restriction albeit while possibly leading
to wider identification sets.

8 Conclusion

This chapter obtains identification of structural coefficients in linear systems of struc-
tural equations with endogenous variables under the assumption of equiconfound-
ing. In particular, standard instrumental variables and control variables need not
be available in these systems. Instead, we demonstrate an alternative way in which
sufficiently specifying the causal relations among unobservables, as Hal White rec-
ommends (e.g., Chalak and White 2011; White and Chalak 2010, 2011; White and
Lu 2011a,b; Hoderlein et al. 2011), can support identification of causal effects. In
particular, we introduce the notion of equiconfounding, where one or two observables
are equally affected by the unobserved confounder as is the response, and show that,
along with exclusion restrictions, equiconfounding permits the identification of all
the system’s structural coefficients. We distinguish among several cases by the struc-
tural role of the equiconfounded variables. We study the cases of equiconfounded
(1) predictive proxy and response, (2) joint causes and response, (3) cause and joint
responses, and (4) and pre-cause, intermediate-cause, and response. We provide con-
ditions under which we obtain either full identification of structural coefficients or
partial identification in a set consisting of two points.

As discussed in Sect.7, several extensions of this work are of potential interest
including characterizing identification under equiconfounding in linear structural
systems, developing the asymptotic distributions and properties for the plug-in esti-
mators suggested here, extending the analysis to structures with heterogenous effects,
relaxing the restriction on the shape of confounding, developing tests for equicon-
founding and for endogeneity, as well as employing these results in empirical appli-
cations. We leave pursuing these extensions to future work.
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Appendix A: Mathematical Proofs

Proof of Theorem 3.1 (i) Given that the structural coefficients of S; are finite and
that E(U?) and E (U, U,) exist and are finite, the following moments exist and are
finite:

0, 1
E(ZX') = ayEWUX") = [, E(U?)¢),, 0]
E(YX')=B,E(XX) + o, EUX") = B,E(XX") + [0y EU*)),,  OL.

2\ A ’
E(XX/) _ |:¢ME(U )¢u +leE(Uxe)Oém 0:|

(i7) Substituting for a,, U in (3) with its expression from (1), o, U = Z — U,
gives

Y —Z=03,X—a,U,+a,Uy,and thus E[(Y — 2)X'] = B,E(XX').
It follows from the nonsingularity of E(X X”’) that 3, is point identified as
By =my_rx = EL(Y — Z2)X'IE(XX)~'.0

Proof of Theorem 4.1 (i) Given that the structural coefficients of S» are finite and
that E(U?) and E(U,U +) exist and are finite, we have that

2N,/ A
E(XX') = [”ME(U )+ ax EUxUpa, (1)] and

07
EYX')=B,EXX) + [a,E(UX)), cu EUXY), ay E(UX})), au E(U)]
= BoE(XX') + [2E(U?), a2E(U?), o, E(U?)¢],, 0]

exist and are finite. (ii) Further, a2 E(U?) is identified by o2 E(U?) = E(X2X))
and ¢, E(U?)a, is overidentified by ¢, E(U?) o, = E(X31X) = E(X31X}).Given
that E(X X’) is nonsingular, it follows that (3, is fully (over)identified by

Bo = Bjc =Tyx — [E(XZX/I), E(XZX/l), E(Xlxg)]E(XX/)q
= ﬂ;c = ’/Ty)c - [E(szll)’ E(szll)’ E(szg) ]E(XX/)_ID

Proof of Theorem 5.1 (i) Given that the structural coefficients of S3 and E (U?) and
E(U,U;) exist and are finite we have

2y, A
E(XX') = [WE(U )i+ ax EUxUpa, (1)] and

07
EYX") =B,E(XX') + aup EUX)), E(UX))]
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= BoE(XX") + 1yl g E(U?), [ E(U*)¢),, 01]

exists and are finite.
(ii.a) Given that E(X X)) and E(XX}) are nonsingular, we have
Py, = E(€x,.1,€0, 1) = E(6x; ;X)) = E(X1X}) — T, 1, E(X2X]) and

sz = E(EXZ-XIG;Q.X]) = E(Exz.xlx/z) = E(X2X/2) - ’/sz.xlE(XIX/Z)

exist and are finite. (ii.b) If also Py, and P,, are nonsingular, then E (XX "~ L exists,
is finite, and is given by (e.g., Baltagi 1999, p. 185):

-1 -1 —1
E(XX,)_IZ[E(XMQ), E(Xlxp] =[_WP’”’ ~Tn P }

E(X>2X)), E(X2X)) Y e p!

x1.xtxy

with Px_llml_)62 =Ty szl. It follows that 7y, exists and is finite. To show that

E(ey, xY3) = E(Y1Yy) — EMXYEXX)'EXY))
exists and is finite, note that

E(YY") = E[(BoX + autpU + ayUy) (BoX + autpU + ayUy)']
= BoE(XX")3, 4+ Bo E(XU) )0, + ayty EUX S,
+ pthan E(U?) + oy E(U, U,

Substituting for the diagonal term E(Y1Y}) in the above expression for E(ey, (Y;)
then gives

E(ey, xYy) = BioE(XX") 35, + Bioa E(XU) + a E(UX") 3,
+a2EWU?) — EMMXYEXX)VE(XY)),
and thus E(ey, Y;) exists and is finite given that o, E(UX') = [a%E(Uz),
[ E(U?),., O]].
(ii.c) Next, we have that

Asr =[2P ' E(X1X}) — 117 — 4P ' [E(X1 X)) P  E(X2 X 1) + E(ey, £ Y31,

exists and is finite as it is a function of finite moments and coefficients. We now show
that A is nonnegative. Given the nonsingularity of E(X X’), substituting for

Bo =[E(YX") — a1, EUXE(XX")™",

in the expression for E(YY’) gives
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EYY)=[EXYX) - au,EUXNEXX) 'E(XXE(XX) ' [E(XY)
- EXUN,a, 1+ [E(YX') — aL,L,,E(UX/)]E(XX/)_lE(XU)L/pa;
+aut, EUXVE(XX) ' EXXY") — E(XU)/, 0]
+ 1yt 0n E(U?) + oy E(U, U, ),
= EYXE(XX) 'E(XY') — autp EUXVE(XX) ' E(XU")! cl],
+ 1pth0n E(U?) + oy E(U, U0,

The off-diagonal term then gives

E(ey, 1Y) = E(Y1Y;) — E(YlX’)E(XX’)_lE(XYZ/)
=2EWU? — o, EUX)E(XX) 'E(XU"/,

Substituting for a, E(UX') = [a2EU?), [a,EU?)¢,,0ll = [a2EU?),
E(X1X})] gives

 EUXYE(XX)'E(XU),

P—l R P—l
=[a£E(U2>,E(X1X§>][ oy e }[aﬁE(U%,E(XlX’Z)]’
xl X2t xp 0 X2

= ay E(U*? P! — E(X 1 X)), , P e E(U?)

— ag E(UHT,, . P E(X2 X)) + E(X 1 X5) P  E(X2XY).

Thus, we expand the term E(X1X2) 1E(X2X ) + E(ey, XY )in Ajp as:

E(X1X3) P, E(X2X) + E(ey, < Y3)
= E(xlxg)P—lE(xzxg) +agE(U?) — oy EU? P!
+ E(X1 X)), o, Pilan E(U?) + an E(UHT, . Py,
— E(X1X3) P,  E(X2X))
=—a E(U2)2P_1 +ag E(UD2P; T iy E(X2X7) + 1]
—ayE(WUY? P! + a2 EWUD2P, [E(X1 X)) — Py 1+ 1]
=—atEWw )2 P, +ozuE(U )[2Px11E(X1X1) —1]

'E(X, X))

where we use Px_llﬂ'xl.xz = l'and P, = E(XlX ) — Ty, sz(XQX ). Then

X2.X1 X2
Ajr =[2P ' E(X X)) — 117 —4 —I[E(Xlxp o ECOXY) + E(ey, 1Y)

= 2P 'E(X1X}) — 11 + 40, E(U)* P,
—4P o E(UH2P E(X X)) — 1]
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={2P 'E(X,X}) — 1] = 2P 'ag E(UH)}* > 0.
(iii) We begin by showing that
Var(ay, Uy,) + Cov(¢, U, a, U (A.1)

x [Var(¢,U) + Var(ay, sz)]_ICOV(¢uU, a,U) — Var(a,U)

has the same sign as the expression 2Px_11E(X1X’1) -1 - 2Px_11045E(U2) from
A jr. First, clearly, (A.1) can be negative, zero, or positive (e.g., set dim(X»1) = 1,

Var(ay, Uy,) = 1, and Var(oy,Uy,) = Var(¢,U) = % Then (A.1) reduces

to

1—- %Var(au U) with sign depending on Var(«,, U)). Next, multiplying this expression

by Py, = E(ex,.x, e;l_xz) preserves its sign and we obtain

2E(X1X)) — Py, — 202 E(U?)
=2E(X1X)) — [E(X1X}) — E(X1X5)E(X2X5) ' E(X2X))] — 202 E(U?)
= E(X1 X)) + E(X1X) E(X2X5) " E(X2X]) — 202 E(U?).

But we have

E(X1X}) = ag E(U?) + ay, E(Uy, U}, )0/, and
puEUUG, + g, E(Uy, U}, o}

X2

E(X2Xp) = [ 0 |

Then using [ oy, E(U?)¢),, 0] = E(X|X}) gives

E(X1X}) + E(X1 X EX2X5) "L E(Xo X)) — 202 E(U?)
= a2E(U?) + ax, E(Ux, U} oy, + [ EUD,, 0]

-1
y [@,E(UU’)% + oy EUx, Ul )l 0] [¢ME(U2)au
0, 1 0

= Var(ay, Uy,) + Cov(¢u U, ay U)'[Var(¢,U) + Var(ax, sz)]_l
x Cov(¢p,U, ayU) — Var(ay, U).

] —2a2EWU?)

(iii.a) Now, recall from (ii.c) that

Ajr ={2P'E(X1X}) — 11— 2P o E(UHY.
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Suppose that (3) is negative, then

Arr ‘2Px_11E(X1X/1) —1—2P ' 2EW?)

—2P'E(X X)) + 1+ 2P Lol E(UP),
and we have
1
ohp=EX1X}) + 5P (1= VAR
=2E(X1X]) — Py, — a2E(U?)
= Var(ay, Uy,) + Cov(p, U, a,, U) [Var (¢, U) 4 Var(cx, Uy,)] ™!

x Cov(¢p,U, o, U)
< 2EU?) (and > 0),

and
1
Tir = EXIXD) + 2 P (=1 + VA R) = aGEQU?).
(iii.b) Suppose instead that (A.1) is nonnegative then
_ —1 / -1 2 2
VAR = ’2le E(X X)) — 1 —2P'a2E(U )‘
=2P 'E(X1X]) — 1 —2P_ oy E(U?),

and we have .
a}R = ocﬁE(Uz),

and

0% o = Var(ay, Uy,) + Cov(¢, U, a, U) [Var (¢, U)
+ Var(ay, Uy,)] ™' Cov(¢, U, o, U)
> 2EWU? = 0.

Thus, aﬁE (U?) is partially identified in the set {oj r» 0 g} It follows from the
moment
E(YX') = BoE(XX') + ylag E(U?), E(X1 X5)].

and the nonsingularity of E(XX') that f3, is partially identified in the set {37,
Blg)- O
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Proof of Theorem 6.1 (i) We have that

N [a2EW?, 0
E<ZZ>—[ 0 ]],

n_ o (XL X502 [EZZ) + [mEWU?d, 0]
E(XZ)_E( Z%l )—[ 0. 1] s

, ZE(ZX' WEUX' EWU.X), E(X
E(XX)=|:7 (ZX") +1 E(g(/)wa (U X") (1>]

YE(ZX") + I E(U?)a,, 01, /
+n EUHn,, 01+ [ ax E(UcUx) o, 0], [0, 1] |,
[0, 1], 1

EYX') = B,E(XX") + a, E(UX") = B,E(XX')
+[[aZEU?), 01, + a2 E(U?), [[e2E(U?), 01, + ay E(UH ], 011,
E(YZ)=B,E(XZ) + [a2EU?),0],

Thus, these moments exist and are finite since they are functions of existing finite
coefficients and moments.

(ii.a) Given that P, = E(e;, ., Z}) = E(Z1Z)) is nonsingular and Z> = 1, we
have that

_ P! -l P! EZ1Z)H)7 "o
nN—1 _ z1 .21t 2 _ 149
Bezy = [—W’ P! P! } [ 0 1

21.227 21

is nonsingular and thus 7, ; and E (e, . X5) = E(X1X}) — 7y, . E(ZX}) exist and
are finite. With E (X X’) also nonsingular, 7, , exists and is finite. Also,

E(eyxZ)) = E(Y€,, )
= BoE(Xe,, )+ auEWUE, ) +ayE(Uye, )
=, EWUe

/
o)

Using E(X1X}) = v10E(ZX}) + o, E(U X)) then gives

E(eyxZy) = E(U€, ) = a, E(UZy) — aw E(UXYE(XX)'E(XZ})
QAZEW?) - [[a2EW?), 01y,
+ Q2E(U?), E(X1X5) — 10 E(ZX))]I7!

z1.x

exists and is finite.
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(ii.b) We have that A p¢ exists and is finite as it is a function of finite coefficients

and moments. Next, we verify that Apc > 0. We begin by expanding the term
E(ey.x Zi) in A pc. For this, we substitute for 1, with

Yio = Ty,.. — [@2EU?), 01E(ZZ") ",
in —a, E(UX")r] , which gives

— o E(UX"7,
= —[lag E(U?), O, +aiEWU?), EX1X5) —eEZXb)rl
= [0z E(WU?), Oy, 7. 1 + L0 EWU?), 01E(ZZ)) g EW?), 017!

z.X1]x2
—« E(U )7TZ X1l — E(ex, ZXZ)WZXQL\”] — [auE(Uz) 0]7erZ Zxa
= 2E(U2)7rx1 z1lz2 zx1|x2 +oy E(U2)2 lelxz @ E(U )ﬂ—z x1]x2
- E(exl-ZXZ)ﬁz.xglxl @ E(U2)7rx2 21\227Tz xalx1°

where we make use of [ a2 E(U?), 01E(ZZ)~'[a2E(U?), 0] = aiE(U2)2PZ_11.
Thus,
E(eyrZ}) = 02EWUY) — ay EUX)7,

2
=« E(U )—« E(U )7TX1 1™ 11 X110

71X

2 2
+a EU)P, Zl Xllxz

—auE(U Yl — E(ey,. ZX2)7r

zpx20x

2\2 —1 /
+O‘ EWUS"P, Tz1x1lx2

E(U )7r

z1.X1|x2 x2.211z22™ Zl X2 lxi

=2EWU% — a2E(WUHT!
—a2EWUHT

x.z1122™ 21 X
E (e, ZX2)7T

z1x1lxa z1-x2|x1°

Then
Apc =[-m. z1lz2 7r;1 x 7 21 xil T 1P +4P 21 aibe[E(€yxZ D
+ E(€X1 ZXZ) 7r21 lexl]

= [-n! 7

x.z1lz2 Mz x T 7T21.x1|xz +1]

+4P*‘wz1xllx2[a2E(U2) AEUHT. 7

x.z1lz2 " z1x

2 2 2
+Ol EWU)P Zl X1]x2 - E(U )WZIXI|X2
- E(le ZXZ)’/TZI X2 ]x1 + E(Exl ZX2)7TZI x2|xl]
2\12
= {[7‘(‘; Z]|Zz Zl x + 7'('Z1 X1|X2 1] 2P Z] XI‘XZ E(U )} Z 0
(iii) Suppose that
—1 2

71')/: 21122™ z1 x T 7r21 Xl - 1= 2PZI 7r£1 X1l “E(U ) <0
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Then
Apc= | . 7 4+ —1-2P; Q2EWU?)
PC = [Ty 21122z x 71.x1|x2 11 Xl Su

. ’ . 2

- 7rx.11|22ﬂ-2|.x Zl X1 |x2 + 1 + 2P Zl Xp]x2 ”E(U )’
and thus

/
oo Tzl ™ z1 X +7Tz1 Xl T 1 - VArc
Opc = 2P—1 ’
Tz1x11x2
/ 2
Tx.T ZX +7Tz x1lx2 —-1- P 11 X1 |x2 ”E(U )
- 1 .~
Py Tz1xilx
P a E(U 2)
u
< Zl_/Ill):Z _ aﬁE(Uz),
P Tz1x11x2
and ,
/ /
ot = TezilzTaa T 7rz1 X1lx2 — 1t Varc = azE(UZ)
pc = 1 = Ay :
2P11 7Tz1.x1|x2

Now, with E(ZZ') nonsingular, we have

E(X1Z") = 10E(ZZ') + [a2EU?), 0], or
Yio = Tx 2 — [0he O1E(ZZ) 71

Further, with E(X X”) nonsingular, we have

E(YX') = B,E(XX') + a E(UX'), or
By = {E(YX) — [[@2EU?), 01,
+a2EU?), E(X1X5) — Y1, E(ZX)NE(XX) ™!

Substituting for v, gives
[2EW?), 0]7}, + a2 E(WU?)
=[2EW?), 0], . — [a2EWY), 0] EZZ) ' [a2EW?), 0] + a2 EWU)
=[a2EW?), 0]}, . — o EWUS? P! + aZ E(U?)

=a2EWU? ) (T 2112 —afEWUH P+ D),

and
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E(X1X5) —110E(ZX))
= E(X1X5) — [mx,.. — [2E(U?), 01E(ZZ) " 1E(ZX})
= E(ex, : X5) + [a2EU?), 017, . = E(ex, . X}) + a2E(U?) 7!

X2.2 x2.21122°

so that

Bo =Tyx =05 (T 1o — The Pyt 4+ 1), Eex 2 X)

+ Ut’C 7T;z.mlzz]E(XX/)_l'
Also, we have

E(X1X5)) = Y10E(ZX})) + o E(UX5))

= MoE(ZX%) + ay E(UZb, + ay E(UH,

= o E(ZXy) + [a2EU?), 010, + ay E(U?)¢), and
E(X201Z') = 7,E(ZZ") + [ p, E(U?)al,, 0].

Substituting for
V2o = Txyz — [ G E(U?)a,, 01E(ZZ) ™!

in the expression for £(XX},) gives

E(X1X5)) = MoE(ZX5) + [ag E(U?), O]y,
—[a2EWU?), 01E(ZZ) [ pu E(UHal, 01 + au E(UH Y,
= Y1,E(ZX5)) + [2E(U?), 0],

X21.2

— ag E(UH P o E(U G, + ay E(U?) ).
Further substituting for 71, with [E(X1Z') — [@2E(U?), 011E(ZZ')~! gives

E(X1X5) — [E(X1Z) — [oZE(U?), O]]E(ZZ’)_IE(ZX’ZI) —[aZEWU?), 0]r%
= —ag EUH P au E(UH ), + au E(U) ),

21-2

or
E(X\€,, ) = —a E(U) P ay E(UN ), + au E(U?)4),.

Substituting for
G E(U)a), = E(Xai€, )1 —an EWUH P!

X1.2

in the expression for 2, gives
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Y20 = Txyz — [Pu E(U)a,, 01E(ZZ")™!
= Ty .z — LE(X21€, 1 — 05 P17 01E(22) 7

(iii.b) Suppose instead that

! ! -1_ 2 2
Tzl ™20 ﬂ-Zl il T - 2Pz1 7-‘-z1.)c1lxzo‘uE(U ) > 0.
Then
— / / )
\/E = |Mxzlz2Terx + 7721 Xl T 2P z1 1o Y E(U )
=7 —-1_ 2
= Txaile™ Zl at 7TZl Xl - 2P11 Tz1xi |x204uE(U )s
and thus
o2 2
opc = o EWUT),
and
! ! / _1_ p—1_ 2
v _ MrazilnTax + 7, x1lx 1 le Ty x| ME(U )
opc = T
<1 21 x|
P G EWU?)
u
SR L = Q2EWUP).
P M1l

It follows that

Yio =) =x .z = Lohe, 01E(ZZ)7Y,

Yoo =V = Ty — LE(X21€,, )1 — UPC 1] L 01EZZ) ",

Bo=4"= Tyx = [UPC (Wm 21z UPC + 1), E(ex, . X5)
+0he Ty E(XX )—1.

Appendix B: Constructive Identification

B.1 Equiconfounded Cause and Joint Responses: Constructive
Identification

We present an argument to constructively demonstrate how the expression for A s
and the identification of ag EWU 2), and thus (3,, in the proof of Theorem 5.1 obtain.
Recall that in S3
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E(YX') = B,E(XX) + 1,[ 2EU?), [a, E(UH ¢, 011

We have that o, E(U?)¢), = E(X1X}). It remains to identify o2 E(U?). For this,
recall that the proof of Theorem 5.1 gives

EQYY)=EYX)EXX) 'E(XXY') - aML,,E(UX’)E(XX’)fla,,E(XU)L;,
+ 1yl an E(U?) + oy E(Uy Uy,
which we rewrite as
Lpthan E(U?) — i, EUXVE(XX) ' E(XU) 0, (B.1)
— E(eyxY") + oy E(U, U, ), = 0.
From the proof of Theorem 5.1, we also have

auE(UX’)E(XX’)_lE(XU)o/
=t EWUHP P — E(X X))
—2EWU? )7r

2 2
iy Pl an E(U?)

S E(X2 X)) + E(X1 X5) P E(X2 X)),

X2.X1 x2

Thus, collecting the off-diagonal terms in Eq. (B.1) gives:

agE(U?) — oy EUM? P + E(X X)), xllazE(U%
—i—a E(U yol P E(XzX/l) E(X1X2) E(XzX) E(eyl_xYQ’)zo.

x2.x1 Txa
This is a quadratic equation in aﬁE (U?) of the form

actE(UH* + ba2E(U%) + ¢ =0,
with

a= P!
b=—[1+ E(X| Xy, szxl + wxm P E(X2X))]

=—[1+ E(X1X2)7rx1 WP P o E(X2 X))

= -l +2P Ty E(X2X1)]

= —[14 2P, [E(X,X]) — Py, )] = —[2P'E(X, X]) — 1], and

c = E(X1X5) leE(szl) + E(ey, £ Y3),

where we make use of Px_llml.x2 = T X_z and Py, = E(X1X)) — Ty
E(X2X}). The discriminant of this quadratic equation gives the expression for

Ajr = b? — 4ac. Theorem 5.1 (ii.c) gives that Ayg > 0 and (iii) gives the
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two roots a;) ¢ and o~ of this quadratic equation

b+ VAR |
EVRIR_ b, {2P*1E(X1X/1) 1+ \/A,R}

2a
— ECX\1 X)) + - le (—1 i\/AJR),

and shows that these are nonnegative. One of these roots identifies ozﬁ E(U?), depend-
ing on the sign of

Var(al,, Uy,) + Cov(¢, U, o, U) [ Var (¢, U)
+ Var(a, Uy,)]1 7' Cov(¢, U, oy, U) — Var(a, U).
S, is then identified from the moment E(YX') = B,E(XX') + tpla2EU?),
E(X1X5)].

B.2 Equiconfounding in Triangular Structures: Constructive
Identification

We present an argument to constructively demonstrate how the expression for A p¢
and the identification of aiE (U?) in the proof of Theorem 6.1 obtain. From the
proof of Theorem 6.1, we have that

By ={E(YX') — a, EUX"WEXX) ' =7y, —a, EUXE(XX")™".
Substituting for 3, in the expression for E(Y Z’) gives

E(YZ') = B,E(XZ') +[a2EU?), 0],
=1y E(XZ) -, EUXVE(XX') 'E(XZ') + [a2EU?), 0], or
— E(eyxZ) — ay EUX)l . +[a2EU?), 0] = 0.

From the proof of Theorem 6.1, we have

—a,E(UX"),
252
— E(U )7Tx1 z1lz2 ZX1|X2 —|—a EW"F le|x2 @ E(U )szlm
2
— E(ey,. zX2)7TZ ol T @ E(U )sz z1\zz7TZX2\X1

Substituting for —ay, E(U X")7., in the above equality then gives
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— E(eyZ)) — 2E(UHT, +a E(UY* P, 7!

x1.21lz2 le\xz z.x1|x2
2
-« E(U )TrZ x1|x2 E(EX] ZX2)7TZ x2|x1 -« E(U )7Tx2 z1\zz7r2x2\x1
+[ogE(U?), 0] =0.
Collecting the first elements of this vector equality gives
212 p—1
- E(eyxZ/) - E(U )7TM 2112 ™ 11 X T a”E(U )7P; 7rz1 x1]x2
2 2
—aE(U L I CRIED € L aE(U )T 2112 Mo sl
+a2EWU?) =0.

This is a quadratic equation in ¢ E (U?) of the from

act E(UH* + b’ E(U%) + ¢ =0,

with
_ p—1,7
a= PZI Tz1x1la2
—_ / / _
b= Tx.z1l227z1.x z1 xin T 1, and

c=—E(eyx /1) — E(exl.ZXz)w

z1.x20x1°

The discriminant of this equation gives the expression for Apc = b> — 4ac in
Theorem 6.1 where it is shown that A pc > 0 and that the solutions to this quadratic
equation are CTI,C and op

—b+ Apc _ 7r;culzz 21X +7Tzl Xilxeo T 1+ Apc
2a 2P111 '

Tz1x11x2

This then enables the identification of ((3,, 7,) as shown in the proof of Theorem 6.1.
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